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Summary: The microbiota can be defined as the collection of all microbes, bacteria, 
viruses, and fungi living in a host. Recent evidence suggests that the bacterial mi-
crobiota of the human gut plays an important role in the pathogenesis of many 
diseases by promoting inflammation. Historically, the first structured model for data 
analysis of the human gut microbiota was proposed in (Holmes et al., 2012). The 
central idea of this model is that the microbiota of a given individual represents a 
sample of a bacterial metacommunity, also called enterotype. An enterotype 
therefore represents a particular composition of the microbiota in terms of the 
relative abundances of different bacterial species. A similar specification was 
recently proposed in the unsupervised setting in (Anderlucci & Viroli, 2020). In both 
cases, the focus is on classification, and it was proposed to marginalize with respect 
to probability distributions over enterotypes to obtain a class-conditional likelihood 
that depends only on the specific parameters of each component of the mixture and 
the latent indicator variable of the metacommunity (enterotype). We review these 
two models available in the literature to highlight their similarities and differences, 
also discussing possible future research. 

Keywords: Human Microbiome Data; Bayesian Statistics; Hierarchical Modeling; 
Multinomial-Dirichlet Finite-Mixture Model. 

1. Introduction 

The microbiome can be defined as the collection of all microbes, bacteria, viruses, 
and fungi living in a host. Recent evidence suggests that the bacterial microbiota of 

 
* Corresponding author: massimo.bilancia@uniba.it 
The three authors reviewed and revised the manuscript, contributing equally to the draft, and approved 
the final version by agreeing to submit it for publication.  



8 DiEF, Università degli Studi di Bari Aldo Moro - Metodi e analisi statistiche 2021 

 

the human gut plays an important role in the pathogenesis of many diseases by pro-
moting inflammation (Cammarota et al., 2020; Duvallet et al., 2017; Lu et al., 2019; 
Valdes et al., 2018). Furthermore, gut bacterial communities change after transplan-
tation and immunosuppressive therapy, and the prevalence of certain pathogens in 
these communities may be indicative of the establishment of an alloimmune response 
and graft rejection (Annavajhala et al., 2019). 

Gut microbial communities are profiled by sequencing specific regions, such as 
16S ribosomal RNA (or 16S rRNA). This biological macromolecule is part of the 
prokaryotic ribosome, and the genes that encode it evolve very slowly. Therefore, 
this sequence is largely similar across bacteria, but it also contains hypervariable 
subdomains that are specific to each bacterial species. These sequences are grouped 
into operational taxonomic units (OTUs), i.e. clusters of similar sequences, to repre-
sent the abundance of a particular bacterial species in the microbiota while avoiding 
the excessive sparseness that would result from grouping only identical sequences 
(Wang et al., 2007). 

Historically, the first structured model for data analysis of the human gut micro-
biota was proposed in (Holmes et al., 2012). The central idea of this model is that 
the microbiota of a given individual represents a sample of a bacterial metacommu-
nity, also called enterotype. An enterotype therefore represents a particular compo-
sition of the microbiota in terms of the relative abundances of different bacterial 
species and can be associated with particular physiological, pathological or experi-
mental conditions. Since we do not know which enterotype each individual belongs 
to, it is natural to treat the data generating process as a finite mixture of probability 
distributions, each of which is a probability distribution over bacterial species and 
determines their frequency of occurrence in samples belonging to the same entero-
type. This model has interesting performance when used for classification, both in 
supervised and unsupervised settings.  

A similar specification was recently proposed in the unsupervised setting in 
(Anderlucci & Viroli, 2020), which considered marginalization with respect to prob-
ability distributions over enterotypes to obtain a class-conditional likelihood that de-
pends only on the specific parameters of each component of the mixture and the 
latent indicator variable of the metacommunity (enterotype). In this way, the param-
eters can be easily estimated using the EM algorithm fitted to the Dirichlet-Multino-
mial distribution. 

The aim of this paper is therefore to review in more detail the two models avail-
able in the literature and to highlight their similarities and differences. The paper is 
organized as follows. In Section 2, we describe the Unigram model as a basic 
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building block for human microbiota data analysis. In Section 3, we present a simple 
hierarchical extension of the Unigram model, where we have a set of 𝑘 Multinomial 
parameters, each representing a particular enterotype. Section 4 is specifically de-
voted to the Holmes-Harris-Quince (HHQ) model and the description of its hierar-
chical structure, while Section 5 focuses on mixtures of Dirichlet-Multinomial dis-
tributions and, in particular, on the above-mentioned model of Anderlucci and Viroli, 
of which we present a simplified version (AV2 model) that has a simpler biological 
interpretation. Section 6 is devoted to the differences between the two models, com-
paring their relative hierarchical structures. Section 7 reports a simple case study 
with real data. Finally, Section 8 discusses possible future research approaches. 

2. Unigram models 

The basic data structure is an OTU table of size 𝑛 × 𝑝, where the generic element 
𝑦𝑖ℓ denotes the number of copies of the ℓ-th OTU (ℓ = 1,2, … , 𝑝) detected in the i-
th sample (𝑖 = 1,2,… , 𝑛). The natural model for the likelihood of OTU abundances 
detected in each experimental sample is the p-dimensional Multinomial distribution: 

 
𝑝(𝑦𝑖|𝛽) =

(∑ 𝑦𝑖ℓ
𝑝
𝑙=1 )!

∏ 𝑦𝑖ℓ!
𝑝
ℓ=1

∏𝛽ℓ
𝑦𝑖ℓ

𝑝

ℓ=1

, (1) 

where 𝛽 = (𝛽1, 𝛽2,… , 𝛽𝑝) ∈ ℝ𝑝 is the vector of multinomial parameters that must 
satisfy the constraints 𝛽𝑗 > 0 for 𝑗 = 1,2, … , 𝑝 and ∑ 𝛽𝑗ℓ = 1

𝑝
ℓ=1 . The multinomial 

coefficient is usually abbreviated as: 

 (∑ 𝑦𝑖ℓ
𝑝
𝑙=1 )!

∏ 𝑦𝑖ℓ!
𝑝
ℓ=1

≡ (
𝑦𝑖+
𝑦𝑖 ), (2) 

with 𝑦𝑖+ = 𝑦𝑖1 + 𝑦𝑖2 + ⋯+ 𝑦𝑖𝑝. The parameter 𝑦𝑖+ is a nuisance parameter that 
only enters the normalization constant and is therefore irrelevant for the inference 
from the posterior distribution of the parameters.   

From the perspective of textual data analysis, the Multinomial model can be in-
terpreted as a Unigram model (Nigam et al., 2000). Suppose we have a vocabulary  
𝑉 with 𝑝 = |𝑉| terms, where in this interpretation an OTU corresponds to a vocabu-
lary term, while the index i denotes the i-th document of a corpus of 𝑁 documents. 
A document can be viewed as a stream of 𝑆 terms from this vocabulary. The ℓ-th 
term in 𝑉 is represented by a 𝑝-dimensional vector 𝑤 of the unit basis, such that the 
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only non-zero component of 𝑤 is the ℓ-th component. In the Unigram model, the 
conditional likelihood has the expression: 

 𝑤𝑖𝑠|𝛽 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗎𝗂𝗅𝗅𝗂𝑝(𝛽) ,      𝑠 = 1,2,… , 𝑆. (3) 

Since the generic 𝑤-vector has expression 𝑤𝑖𝑠  =  (0, … , 0, 1, 0, … , 0), with 
𝑤𝑖+ = 1, the Multinouilli distribution in (3) indicates a Multinomial distribution on 
a single trial. It can also be viewed as a generalization of the Bernoulli distribution 
for the case of 𝑆 > 2 groups. The specification (3) is infinitely exchangeable 
(Gelman et al., 2013), and the data-generating mechanism can be viewed as a random 
mechanism that generates streams of terms such that, regardless of the length of the 
sequence, two sequences that differ only in the order of occurrence of the terms have 
the same probability of being generated. This model captures, at a low level, the 
outcome of the process of classifying 16S rRNA sequences into a bacterial taxonomy 
and encodes the fact that the only relevant information is whether a particular bacte-
rial taxon is present in the gut bacterial community of an individual. The frequency 
counts of each OTU can be expressed as: 

 
𝑦𝑖 =∑𝑤𝑖𝑠

𝑆

𝑠=1

, (4) 

since by summing the unit vectors 𝑤𝑖𝑠 over all possible terms in the document, we 
obtain the counts of each term in the vocabulary 𝑉. 

The vector 𝑦𝑖 = (𝑦𝑖1, 𝑦𝑖2, … , 𝑦𝑖𝑝) can obviously correspond to several different 
configurations of the indicator vectors 𝑤𝑖𝑠. Given the independence and expression 
of the Multinouilli pmf in (3), the probability of observing 𝑦𝑖 for a single configura-
tion is: 

 𝛽1 × 𝛽1 × ⋯× 𝛽1⏟          
𝑦𝑖1 times

× 𝛽2 × 𝛽2 × ⋯× 𝛽2⏟          
𝑦𝑖2 times

× ⋯×

× 𝛽𝑝 × 𝛽𝑝 ×⋯× 𝛽𝑝⏟          =
𝑦𝑖𝑝 times

 𝛽1
𝑦𝑖1𝛽2

𝑦𝑖2 ⋯𝛽𝑝
𝑦𝑖𝑝,  (5) 

and summing this probability over all possible configurations gives the Multinomial 
likelihood (1), showing complete equivalence between the two representations. 

3. Hierarchical mixtures of unigrams 

We can construct a finite mixture of Unigrams, that is a mixture of Multinomial 
distributions, to have greater flexibility. In this case, a microbial host community can 
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belong to one of k different enterotypes. An enterotype is a probability distribution 
over bacterial taxa, and different enterotypes therefore have different relative com-
positions, meaning that bacterial taxa that are highly expressed in one enterotype 
may be of little importance in another enterotype. In a finite mixture of Unigrams 
we have k probability distributions over the vocabulary of terms, each of which rep-
resents a different physiological or experimental condition (Cheng et al., 2014). In 
this case, the Multinomial parameter vector is replaced by a matrix 𝛽 ∈ ℝ𝑘×𝑝, i.e.:  

 𝛽 = {𝛽𝑗ℓ},    𝑗 = 1,2, … , 𝑘,   ℓ = 1,2, … , 𝑝. (6) 

In other words, each row of the 𝛽 matrix is a probability distribution representing 
a Multinomial probability vector (an enterotype). Since we do not know which en-
terotype each sample belongs to, we can use a finite mixture of Unigrams written in 
hierarchical form as follows (Gelman et al., 2013): 

 𝑦𝑖|𝛽, 𝑧𝑖 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗆𝗂𝖺𝗅𝑝(𝛽𝑗), 𝑖 = 1,2,… , 𝑛,

    𝑧𝑖|𝜆 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗎𝗂𝗅𝗅𝗂𝑘(𝜆), 𝑖 = 1,2,… , 𝑛,

 (7) 

where 𝛽𝑗 ∈ ℝ𝑝 denotes the row of the matrix 𝛽 corresponding to the index of the 
single element in the latent indicator vector 𝑧𝑖 ∈ ℝ𝑘 such that 𝑧𝑖𝑗 = 1, while 𝜆 ∈  ℝ𝑘 
denotes the mixture weights. Thus, the probability distribution over the j-th entero-
type (𝑗 = 1,2, … , 𝑘) is described by a Multinomial distribution with enterotype-spe-
cific Multinomial probabilities selected by the latent indicator vector 𝑧𝑖 specific to 
the i-th microbial community present in the i-th individual likelihood (1),. 

4. The Holmes-Harris-Quince (HHQ) model 

In a mixture of Unigrams, the Multinomial parameters 𝛽𝑗  are constant for all sam-
ples generated from the same enterotype. However, this hypothesis may not be valid 
due to variability in the underlying biological material. To account for this additional 
source of variability, we can treat the multinomial parameters as random variables 
by specifying a prior distribution for each row of the 𝛽 matrix (Subedi et al., 2020; 
Xia et al., 2013). The first formulation of a hierarchical mixture model for the anal-
ysis of the human microbiota goes back to (Holmes et al., 2012), who proposed a 
model with the following hierarchical structure:  
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          𝑦𝑖|𝛽𝑖 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗆𝗂𝖺𝗅𝑝(𝛽𝑖), 𝑖 = 1,2,… , 𝑛,

         𝑧𝑖|𝜆 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗎𝗂𝗅𝗅𝗂𝑘(𝜆), 𝑖 = 1,2,… , 𝑛,

𝛽𝑖|𝑧𝑖, 𝜃 ∼
𝗂𝗇𝖽. 𝖣𝗂𝗋𝗂𝖼𝗁𝗅𝖾𝗍𝑝(𝜃𝑗), 𝑖 = 1,2,… , 𝑛,

 (8) 

with 𝜃𝑗 ∈ ℝ𝑝, for 𝑗 = 1,2,… , 𝑘, and 𝜃𝑗ℓ > 0 for ℓ = 1,2,… , 𝑝. In a full Bayesian 
context, this structure can be completed, e.g., by setting independent Gamma priors 
over the mixture parameters 𝜃𝑗 and a Uniform distribution over each component of 
the mixing weights 𝜆. However, this hierarchical structure is quite peculiar, since we 
have a set of Multinomial parameters specific to each sample, and a mixture-like 
prior distribution over such parameters that depends on enterotype-specific hyperpa-
rameters 𝜃𝑗. To better understand this formulation, we observe that by integrating 
the multinomial parameters into the conditional likelihood in (8) we obtain: 

 𝑝(𝑦𝑖|𝑧𝑖, 𝜃) = ∫𝑝(𝑦𝑖, 𝛽𝑖|𝑧𝑖, 𝜃)𝑑𝛽𝑖 = ∫𝑝(𝑦𝑖|𝛽𝑖)𝑝(𝛽𝑖|𝑧𝑖, 𝜃)𝑑𝛽𝑖 =

                = ∫(
𝑦𝑖+
𝑦𝑖
)∏𝛽𝑖ℓ

𝑦𝑖ℓ

𝑝

ℓ=1

Γ(∑ 𝜃𝑗ℓ
𝑝
ℓ=1 )

∏ Γ(𝜃𝑗ℓ)
𝑝
ℓ=1

∏𝛽𝑖ℓ
𝜃𝑗ℓ−1

𝑝

ℓ=1

𝑑𝛽𝑖ℓ =

        = (
𝑦𝑖+
𝑦𝑖
)
Γ(∑ 𝜃𝑗ℓ

𝑝
ℓ=1 )

∏ Γ(𝜃𝑗ℓ)
𝑝
ℓ=1

∫∏𝛽𝑖ℓ
𝑦𝑖ℓ+𝜃𝑗ℓ−1

𝑝

ℓ=1

𝑑𝛽𝑖ℓ =

                = (
𝑦𝑖+
𝑦𝑖
)
Γ(∑ 𝜃𝑗ℓ

𝑝
ℓ=1 )

∏ Γ(𝜃𝑗ℓ)
𝑝
ℓ=1

𝑐−1∫ 𝑐∏𝛽𝑖ℓ
𝑦𝑖ℓ+𝜃𝑗ℓ−1

𝑝

ℓ=1

𝑑𝛽𝑖ℓ
⏟              

=1

,

 (9) 

where the inverse of the normalization constant 𝑐 in (9) has expression: 

 𝑐−1 =
∏ Γ(𝑦𝑖ℓ + 𝜃𝑗ℓ)
𝑝
ℓ=1

Γ(∑ (𝑦𝑖ℓ + 𝜃𝑗ℓ)
𝑝
ℓ=1 )

. (10) 

Using standard notation for the multivariate Beta function: 

 𝐵(𝑥) = 𝐵(𝑥1, 𝑥2, … , 𝑥𝑝) =
∏ Γ(𝑥ℓ)
𝑝
ℓ=1

Γ(∑ 𝑥ℓ
𝑝
ℓ=1 )

, (11) 

the conditional likelihood (9) can be rewritten as: 

 𝑝(𝑦𝑖|𝑧𝑖, 𝜃) = (
𝑦𝑖+
𝑦𝑖
)
𝐵(𝑦𝑖 + 𝜃𝑗)
𝐵(𝜃𝑗)

. (12) 
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The pmf (12) defines the Dirichlet-Multinomial distribution. It was studied, 
among others, by Mosimann (1962), who showed that the variance of each marginal 
component of the class-conditional distribution is: 

 𝖵𝖺𝗋(𝑦𝑖ℓ|𝑧𝑖, 𝜃) = 𝑦𝑖+𝖤(𝛽𝑗ℓ)𝖤(1 − 𝛽𝑗ℓ)(
𝑦𝑖+ + 𝜃𝑗+
1 + 𝜃𝑗+

), (13) 

with 𝜃𝑗+ = ∑ 𝜃𝑗ℓ𝑝  . Thus, as a consequence of explicitly accounting for variability 
in the multinomial probabilities, the variance of the class-conditional likelihood ex-
hibits overdispersion with respect to the variance of the class-conditional likelihood 
in (7). The extent of this overdispersion, which depends on the heterogeneity of the 
underlying biological material, is controlled by the term 𝜃𝑗+, with higher values of 
𝜃𝑗+ corresponding to lower overdispersion. 

5. Mixtures of Dirichlet-Multinomial distributions 

The generative structure of the HHQ model introduces a finite mixture prior, since 
the Multinomial parameters of each observation are generated by a finite mixture of 
Dirichlet distributions. A possible alternative specification is the following: 

  𝑦𝑖|𝛽, 𝑧𝑖 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗆𝗂𝖺𝗅𝑝(𝛽𝑗), 𝑖 = 1,2, … , 𝑛,

     𝑧𝑖|𝜆 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗎𝗂𝗅𝗅𝗂𝑘(𝜆), 𝑖 = 1,2, … , 𝑛,

   𝛽𝑗|𝜃 ∼
𝗂𝗇𝖽. 𝖣𝗂𝗋𝗂𝖼𝗁𝗅𝖾𝗍𝑝(𝜃𝑗), 𝑗 = 1,2,… , 𝑘.

 (14) 

In this model we have 𝑘 distinct probability distributions 𝛽𝑗 over the enterotypes 
that are explicitly part of the model. As in the case of the HHQ model: 
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 𝑝(𝑦𝑖|𝑧𝑖, 𝜃)  = ∫(𝑦𝑖, 𝛽|𝑧𝑖, 𝜃)𝑑𝛽 = ∫𝑝(𝑦𝑖|𝛽, 𝑧𝑖)𝑝(𝛽|𝜃)𝑑𝛽 =

                      = ∫𝑝(𝑦𝑖|𝛽𝑗)∏𝑝(𝛽𝑠|𝜃𝑠)
𝐾

𝑠=1

𝑑𝛽𝑠 =

                      = ∫𝑝(𝑦𝑖|𝛽𝑗)𝑝(𝛽𝑗|𝜃𝑗) 𝑑𝛽𝑗 ∫∏𝑝(𝛽−𝑗|𝜃−𝑗)
−𝑗

𝑑𝛽−𝑗 
⏟              

=1

=

                      = ∫(
𝑦𝑖+
𝑦𝑖
)∏𝛽𝑗ℓ

𝑦𝑖ℓ

𝑝

ℓ=1

Γ(∑ 𝜃𝑗ℓ
𝑝
ℓ=1 )

∏ Γ(𝜃𝑗ℓ)
𝑝
ℓ=1

∏𝛽𝑗ℓ
𝜃𝑗ℓ−1

𝑝

ℓ=1

𝑑𝛽𝑗ℓ =

                      = (
𝑦𝑖+
𝑦𝑖
)
Γ(∑ 𝜃𝑗ℓ

𝑝
ℓ=1 )

∏ Γ(𝜃𝑗ℓ)
𝑝
ℓ=1

∫∏𝛽𝑗ℓ
𝑦𝑖ℓ+𝜃𝑗ℓ−1

𝑝

ℓ=1

𝑑𝛽𝑗ℓ,

 (15) 

and then continuing the proof in the same way that applies to the HHQ model, the 
class-conditional result to be a Dirichlet-Multinomial: 

The hierarchical model defined by (14) is a suitably refactored version of the 
model presented in (Anderlucci & Viroli, 2020). In the originally proposed specifi-
cation of each 𝛽𝑗 prior in (14) also depended on the latent indicator variable 𝑧𝑖. How-
ever, this formulation was redundant since the exchangeable prior distribution in (14) 
induces a class-conditional likelihood equivalent to that of the model originally pro-
posed in Anderlucci & Viroli (2020). In what follows, we refer to the model we 
presented in this section as the AV2 model to highlight the subtle differences that 
exist in our hierarchical specification. 

6. A comparison of the AV2 and HHQ models 

The representation in terms of oriented graphs of the two hierarchical models HQQ 
and AV2 is shown in Figure 1. The specification of k probability distributions over 
the multinomial parameters of the AV2 model is equivalent to a subset of the gener-
ative structure of the Latent Dirichlet Allocation (LDA) model introduced in Blei et 
al. (2003), in which we have k probability distributions over the multinomial proba-
bilities of occurrence of terms from a vocabulary 𝑉. However, the LDA model is a 
mixed membership model (Airoldi et al., 2014), where each OTU can be associated 
with one of the 𝑘 probability distributions 𝛽𝑗. Therefore, the starting point of the 
LDA model is the Multinouilli conditional likelihood (3), and the bacterial commu-
nity of each individual can be viewed as a mixture of enterotypes with assignment 
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probabilities determined by the prior distribution over the latent variables 𝑧𝑖. The 
view based on the LDA model is discussed in detail in Sankaran & Holmes (2019) 
and will not be pursued here. In contrast, the AV2 model is based on a biologically 
simpler assumption, namely that each community can belong to a unique enterotype 
because the configuration of the latent indicator variable 𝑧𝑖 selects a row of the 𝛽-
matrix for the entire sample. 

Figure 1. The Dirichlet-Multinomial mixture model in graphical form. (a) HHQ model (b) 
AV2 model. The Bayesian specification of the HHQ model can be completed, for example, 
by setting independent Gamma priors over the mixture parameters 𝜃𝑗 and a Uniform distri-
bution over each component of the mixing weights 𝜆. In the AV2 model, the vector parame-
ters 𝜃𝑗 and 𝜆 are assumed to be fixed but unknown. 

 
 
Enterotype distributions do not appear explicitly in the model specification, but 

can be approximated using estimates of the Dirichlet parameters 𝜃𝑗s. To be more 
precise, define (for 𝑗 = 1,2,… , 𝑘):  

 
𝜓𝑗 =∑𝜃𝑗ℓ

𝑝

ℓ=1

∈ ℝ,

𝛼𝑗 = 𝜓𝑗𝑚𝑗 ∈ ℝ𝑝,

 (16) 

with: 

 
𝑚𝑗 = (𝑚𝑗1,𝑚𝑗2, … ,𝑚𝑗𝑝), ∑𝑚𝑗ℓ = 1

𝑝

ℓ=1

, (17) 
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that is each 𝑚𝑗 is a probability measure (normalized to 1). That every 𝑚𝑗 is actually 
a probability measure is easy to prove, because: 

 𝖤(𝛽𝑖ℓ|𝑧𝑖, 𝛼) =
𝛼𝑗ℓ

∑ 𝛼𝑗ℓ
𝑝
ℓ=1

=
𝜓𝑗𝑚𝑗ℓ

∑ 𝜓𝑗𝑚𝑗ℓ
𝑝
ℓ=1

=
𝜓𝑗𝑚𝑗ℓ

𝜓𝑗 ∑ 𝑚𝑗ℓ
𝑝
ℓ=1

= 𝑚𝑗ℓ, (18) 

where 𝛼 = (𝛼1, 𝛼2, … , 𝛼𝑘) and the j-index is determined by the value assumed by 
the latent indicator 𝑧𝑖. Thus, the elements of the 𝑚𝑗 vector can be interpreted as the 
expected values of the Multinomial probabilities of samples belonging to the 𝑗-th 
enterotype, where 𝜓𝑗 acts like a precision with a large 𝜓𝑗 giving a small variance 
around these expected values. 

The AV2 model explicitly introduces probability distributions 𝛽𝑗 for the entero-
types. However, in Anderlucci & Viroli (2020) a EM-like algorithm for parameter 
estimation is proposed based on the class-conditional Dirichlet-Multinomial likeli-
hood, where the parameters 𝛽𝑗 have been integrated out. A possible alternative ap-
proach is not to integrate over the enterotype distributions. In this way, we have more 
flexibility in modeling because we can structure the distributions over the entero-
types in a more realistic way that better fits the underlying biological processes with-
out the limitation of analytical integrability. The obvious drawback of this approach 
is that the analytical simplicity of the pure Dirichlet-Multinomial model is lost, and 
the marginal likelihood is no longer available in closed form. 

7. The Twin study 

In this section, we present a brief illustrative example of the capabilities of the meth-
ods we presented using a dataset originally presented in Holmes et al. (2012). The 
original data were sampled from 154 different individuals characterized by family 
and body mass index. Each individual was sampled at two time points approximately 
two months apart. Of the 308 possible samples, some contained no reads after pre-
processing, leaving a total of 278 samples available. 

Using the HHQ model, the mixture of Dirichlet prior can be used to cluster sam-
ples at the metacommunity level. Assuming that each sample represents a unique 
community, we can infer which metacommunity that sample is most likely to have 
originated from. The number of mixture components 𝑘 is estimated by minimizing 
the negative log-marginal distribution, approximated using the Laplace quadrature 
formula (Figure 2, left panel). In this way, we compute the model fit taking into 
account the model complexity, and the results show a minimum for 𝑘 = 4, suggest-
ing that a mixture of four Dirichlet distributions is more appropriate for these data. 
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Figure 2. Left: negative log-marginal distribution for varying k, estimated using the La-
place quadrature formula. Right: Estimated enterotype distributions. 

 

Enterotype estimates were obtained by expression (18) and are shown in Figure 
2 (right panel). They can be used to characterize the bacterial composition of the 
intestinal flora in the population we studied and possibly compare it with the com-
position of other populations (e.g., in individuals affected by a particular disease) or 
to assign each sample to the enterotype for which the respective posterior probability 
is highest.  

8. Future developments  

If we do not want to marginalize with respect to the 𝛽𝑗-distributions, it is natural to 
consider a fully Bayesian specification of the AV2 model consisting of the levels 
(14), and a symmetric Dirichlet prior distribution over the mixture weights:  

 𝑦𝑖|𝛽, 𝑧𝑖 ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗆𝗂𝖺𝗅𝑝(𝛽𝑗), 𝑖 = 1,2,… , 𝑛,

𝑧𝑖|𝜆   ∼
𝗂𝗇𝖽. 𝖬𝗎𝗅𝗍𝗂𝗇𝗈𝗎𝗂𝗅𝗅𝗂𝑘(𝜆), 𝑖 = 1,2,… , 𝑛,

𝛽𝑗|𝜃  ∼
𝗂𝗇𝖽. 𝖣𝗂𝗋𝗂𝖼𝗁𝗅𝖾𝗍𝑝(𝟏𝑝𝜃), 𝑗 = 1,2, … , 𝑘,

𝜆|𝛼   ∼ 𝖣𝗂𝗋𝗂𝖼𝗁𝗅𝖾𝗍𝑘(𝟏𝑘𝛼)

 (19) 

where 𝛼, 𝜃 ∈ ℝ with 𝛼, 𝜃 > 0. We will assume that the hyperparameters 𝜃 and 𝛼 are 
known and fixed by the researcher based on purely empirical considerations. Ex-
ploiting the conditional independence between the marginal components of the like-
lihood and the prior distributions of the model parameters, the marginal likelihood 
of the model is: 
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𝑝(𝑦|𝜃, 𝛼) = ∫∏∑𝑝(𝑦𝑖|𝛽, 𝑧𝑖)𝑝(𝑧𝑖|𝜆)𝑝(𝛽|𝜃)𝑝(𝜆|𝛼)𝑑𝜆𝑑𝛽

𝑧𝑖

𝑛

𝑖=1

, (20) 

which is clearly intractable. Therefore, the posterior distribution is not available in 
closed form, and we must resort to appropriate numerical methods for Bayesian es-
timation of the model parameters. One possibility, which was examined in Bilancia 
et al. (2021) is to use the methods of variational inference (Blei et al., 2017). The 
starting point is to approximate the posterior distribution 𝑝(𝛽, 𝑧, 𝜆| 𝑦, 𝜃, 𝛼) by a var-
iational distribution 𝑞(𝛽, 𝑧, 𝜆|𝜈), which itself depends on the variational parameters 
𝜈. Our variational objective is: 

 𝜈⋆ = argmin𝜈𝖪𝖫(𝑞(𝛽, 𝑧, 𝜆|𝜈)|𝑝(𝛽, 𝑧, 𝜆|𝑦, 𝜃, 𝛼)), (21) 

where the objective function is the reverse Kullback-Leibler (KL) divergence be-
tween the posterior distribution and the variational distribution. The solution of (21) 
provides the best possible approximation to the intractable posterior distribution with 
respect to the KL-divergence, and the optimized variational distribution 𝑞(𝛽, 𝑧, 𝜆|𝜈⋆) 
is used to approximate the posterior inference of the model parameters. In this way, 
the posterior inference is treated as an optimization problem rather than a Monte 
Carlo sampling problem (Ghahramani, 2015).  

The search for the optimal approximating distribution can be greatly simplified 
if we define the Evidence Lower Bound (ELBO) as follows: 

 𝖤𝖫𝖡𝖮(𝑞) = 𝖤𝑞[log 𝑝(𝑦, 𝑧, 𝛽, 𝜆|𝜃, 𝛼)] − 𝖤𝑞[log 𝑞(𝛽, 𝑧, 𝜆|𝜈)], (22) 

which is a functional of the variational distribution 𝑞. By making explicit the com-
putation of the expected values in (22), the ELBO is a function of both the variational 
parameters and the fixed hyperparameters 𝜃 and 𝛼. It can then be shown that (Tran 
et al., 2021): 

 log 𝑝(𝑦|𝜃, 𝛼) = 𝖤𝖫𝖡𝖮(𝑞) + 𝖪𝖫(𝑞(𝛽, 𝑧, 𝜆|𝜈)|𝑝(𝛽, 𝑧, 𝜆|𝑦, 𝜃, 𝛼)). (23) 

Since the KL-term is always positive, minimizing the KL-divergence with respect 
to the variational parameters is equivalent to maximizing the ELBO with respect to 
the variational parameters, and log 𝑝(𝑦|𝜃, 𝛼) ≥ 𝖤𝖫𝖡𝖮(𝑞), that is the ELBO is a 
lower bound on the marginal log-likelihood. Therefore, minimizing the free energy 
of the variational distribution with respect to the variational parameters is equivalent 
to determining the tightest possible lower bound on the marginal log-likelihood. Us-
ing an appropriate variational distribution 𝑞, Bilancia et al. (2021) provide an explicit 
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expression of the ELBO that is maximized for parameter estimation using a coordi-
nate ascent algorithm.  

Several other extensions to the proposed model are indeed possible, through the 
use of nonparametric Bayesian models that would allow flexible modelling of asso-
ciations between microbial communities and covariates such as environmental fac-
tors and clinical characteristics. These extensions are currently under investigation.  
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