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Abstract
We consider the Cauchy-type problem associated to the time fractional partial differ-
ential equation:

8,u+8tﬂu—Au=g(t,x), t>0, xeR"
u(0, x) = up(x),

with 8 € (0, 1), where the fractional derivative 8,’3 is in Caputo sense. We provide a suf-
ficient condition on the right-hand term g(t, x) to obtain a solution in Cp ([0, c0), H®).
We exploit a dissipative-smoothing effect which allows to describe the asymptotic
profile of the solution in low space dimension.

Keywords Multi-terms fractional ordinary and partial differential equations -
Asymptotic profile - Critical exponent - Global existence - Small data

Mathematics Subject Classification 35R11 (primary) - 35A01

1 Introduction

In the present paper we consider the Cauchy-type problem for a fractional (in time)
partial differential equation

(1.1)

8,u—|—8,ﬂu—Au:g(t,x) t >0, x e R,
u(0, x) = up(x),
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where 8,’3 u denotes the (forward) Caputo fractional derivative of order g € (0, 1), with
starting time 0, with respect to the time variable (see, for instance, [22]). Namely,

1 L 3u(s, x)

B _
o u(t’x)_l"(l—,B) 5P s,

for any r > 0 and x € R"; here, I"(-) denotes the gamma function. In Theorem 1, we
show that solutions to (1.1) are bounded in H*, with respectto ¢ € [0, 00), namely, are
in Cy([0, 00), H*), if g € L H*™2%¢ and (t)Pg € L® H*~*, where (t) = +/1 + 2.

In Theorem 2, in low space dimension n = 1, 2, 3, assuming initial data in L'NnHS
with s € [0,2 — n/2) we prove that the asymptotic profile of the solution to (1.1) is
independent of g, provided that suitable decay assumptions on g(¢, -) are satisfied.

As a corollary of this latter result, we investigate a class of nonlinear perturbations
of the problem, for which global-in-time small data solutions exist and we show that
their asymptotic profile is independent on the nonlinear perturbation.

One crucial property which allow us to get the previous results is a smoothing
effect. In particular, the H® norm of u(z, -) at any time ¢+ > 0 can be controlled by
C (1) |lug|l gys—2, if g = 0. However, C(¢) — oo ast — 0 (see (3.10) and (3.12)). This
effect is analogous to the smoothing effect of the heat equation and related parabolic
equations, but it only allows to gain a finite amount of regularity. The smoothing effect
also appears with respect to the inhomogeneous term g(t, -), with a different singular
power (see (3.9) and (3.13)), since the Duhamel’s principle does not hold in classical
sense, for Cauchy-type problems with Caputo fractional derivatives, as (1.1) (see later,
Lemma 1).

The counterpart of this limited smoothing effect is a limited dissipative effect which
appears at long time: higher order derivatives of the solution vanish as t — oo with
a faster speed, but not faster than t=#. As for the smoothing effect, this limitation is
due to the structure of the fundamental solution of the equation. In particular, to show
the optimality of the decay estimates, at least in low space dimension, we describe the
asymptotic profile of the solution, under suitable decay assumption on g(¢, x). Under
the moment condition M # 0, where

M = up(x) dx (1.2)
R’l

this profile is described by M K, 5 (t, x), where KJ is the fundamental solution to the
homogeneous Cauchy-type problem for the sub-diffusive fractional equation

(1.3)

8tﬁv—Av=0 t>0, x e R,
v(0, x) = vo(x).

o . np B . .
Explicitly, Ky (r,x) =172 Kg(l, 1~ 2x) is given by:

¢ sin(Bm) f_l(/‘” .3 & )
Bl =57\l ¢ v angPooigm ) Y
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Asymptotic profile for a two-terms time... 1201

in particular, Kg(l, -) belongs to H 2-3 (see for instance [10]). Here, and in the fol-
lowing, .# denotes the Fourier transform operator acting on the space variable x, and
f (t, &) = (F(t,-))(). By representation (1.4), the limited amount of smoothing
effect is motivated by the fact that Ikg(l, £)| ~ |E12(6) .

The dissipative-smoothing effect also appears in other evolution equations, for
instance, in the case of strongly damped waves [41] (see also [8]), and of more general
damped evolution equations [15]. However, those cases are more related to the heat
equation and other diffusive equations, since the smoothing effect is not limited by
(£)72. The study of the H* well-posedness for multi-point value problems for partial
differential equations of fractional order similar to (1.1) is already faced, for instance,
in [18].

The main difficulty in dealing with the equation in (1.1) is its lack of homogeneity.
Theorems 1 and 2 are based on the representation formula provided by Lemma 1 for
the solution to the Cauchy-type problem

Y @)+l y(0) +ryt) =gt) 1> 0,

1.5
y(0) = co, (-

with A > 0 and ¢g € R.

1.1 Background

We refer to [22] or [33] for a deep study about the theory of fractional derivatives.
It is well known that differential equations with fractional derivatives turned out to
be suitable to describe in a very good way various physical phenomena in areas like
rheology, biology, engineering, mathematical physics, etc. (see for instance [16, 25,
26, 28, 33] and the reference given therein). Open problem in this field is finding some
easy and effective methods for solving such equations. Such problem becomes even
more difficult when multiple fractional in time derivatives are involved in the equation.
In the literature some authors considered the two-term time fractional diffusion-wave
equation of the type

b1 w + 292w — 2 Aw = F(t, x, w), (1.6)

for by, by € R, 81,8, > 0 and F = 0 or F nonlinear; then, they investigate the exis-
tence of solution to the Cauchy-type problem associated to (1.6) in suitable spaces,
under given assumptions on the exponents §; and 8, and on the function F. A deep
review can be found for instance in [43]; here, the authors find the upper viscosity
solutions to (1.6) for by + b, = 1, ¢ = 1 and 81,82 € (0,2), considering a non-
linear lipschitz term F, in the L” (R") framework, for 1 < p < oo. Equation (1.6)
with §; = 267 is known as the time-fractional telegraph equation; it is studied for
instance in [39] where the authors obtain the Fourier transform of the solutions for
any & € (0, 1] expressed in terms of Mittag-Leffler functions and they give a rep-
resentation of their inverse, in terms of stable densities; the special case §, = 1/2
can be interpreted as a heat equation subject to a damping effect, represented by the
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1202 M. D'Abbicco, G. Girardi

1/2-order time-derivative; in this case they show that the fundamental solution is the
distribution of a telegraph process with Brownian time. In [42] the author investi-
gates the existence and uniqueness of local (in time) solutions to the nonlinear n-term
time-fractional differential equation with constant coefficients in the Banach space
C([0, T']). Some results about the well-posedness and regularity of solutions to (1.6)
in bounded domains are presented for instance in [4, 9, 45].

Having in mind to apply the Fourier transform to the linear equation associated
to (1.6), it is understandable as the problem of finding a suitable representation of
solution is strictly related to solving fractional ordinary differential equations in the
form

3w+ 02w + 2w =0, (1.7)

for A € R. In [24] the authors develop the operational calculus of Mikusinski’s type
for the Caputo fractional differential equation, in order to obtain exact solutions of the
initial value problem associated to (1.7) through Mittlag-Leffler type functions. The
special cases§; = 1,87 € (0, 1) and, respectively,d; = 2,52 € (1, 2) have been deeply
investigated in [17] taking A = 1 and are referred as the composite fractional relaxation
equation and, respectively, the composite fractional oscillation equation; here, by
applying the technique of Laplace transforms they derive the analytical solutions to
such equations.

In particular, the fractional differential equation in (1.7) with §; = 1, §, = 1/2
corresponds to the Basset problem: it represents a classical problem in fluid dynamics
where the unsteady motion of a particle accelerates in a viscous fluid due to the force
of gravity. The situation of a sphere subjected to gravity was first considered indepen-
dently by Boussinesq [6] and by Basset [2], who introduced a special hydrodynamic
force, which is nowadays referred to as Basset force. The whole was summarized
by Basset himself in a later paper [3], and, in more recent times, by Hughes and
Gilliand [19]. Nowadays the dynamics of impurities in unsteady flows is investigated
as shown by several publications, which aim to provide more general expressions for
the hydrodynamic forces, including the Basset force, in order to fit experimental data
and numerical simulations, see e.g. [5, 23, 29-32, 37, 38]. For a complete history of
the Basset problem one can refer to [7].

In [14] the Cauchy-type problem

8f3w—Aw=g(t,x) t >0, x e R,
w(0, x) = wo(x),
w; (0, x) = wi(x),

is investigated in the case B € (1, 2). Under suitable assumptions on the nonhomo-
geneous term g(f, x), the authors investigate some L? — L9 decay estimates for the
solution w; then, they apply such estimates to study the corresponding semilinear
problem.
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Asymptotic profile for a two-terms time... 1203

Notation

In this paper, L{°X denotes L*>°([0, 00), X), i.e., the space of essentially bounded
functions from [0, co) to X. Moreover, Cp ([0, 00), X) denotes the space of continuous
bounded functions from [0, c0) to X. In the both cases, ||g|[ .y denotes the norm
sup;>o lg(t, )|l x. For any s € R,

Ho=|res: ©fer?,

is the (fractional) Sobolev space equipped with norm || f | gs = [|(§)* f |12, where the
symbol (£) denotes the quantity /1 + |£|2. For f € H® with s > 0, we also define
I £l gs = IEI Fll2- Ttis clear that H® = L and || | go = I £l 2.

For g € (1, 00) and s € R we also define the Bessel potential space [1]

sz{fes/: <g)SfeL‘7},

equipped with norm || £l gsa = I3~ ((§)* f)llza. We recall that || f || grs.a < || f 1 La
forany s < 0.

In this paper, f < g means that f < Cg for some constant C > 0, and f ~ g
means that f < g < f.

1.2 Results
We first present a sufficient condition on g such that the solution to (1.1) remains
bounded in H®.

Theorem 1 Letn > 1 and s € R. Assume that ug € H® and that g € L}X’H“ZH for
some & > 0. Then the solution u to (1.1) is in C([0, 00), H®) and

t
(. s <C lluoll s +Cellgl oo grs-24¢ + C /O t —0) P g (x, ) go-s d,
(1.8)

foranyt > 0, where C > 0 and C; > 0 are independent of t. In particular, u is in
Cp ([0, 00), H*) and

lullzgoms < C (lluoll s + A) + Cellgll oo ys—2+e,

if A = sup,oo ()P l1g (1, )| o4 is finite.

Whenn < 3ands € [0,2 — n/2), the embedding L' < H52 holds, hence the
smoothing effect is sufficient to describe the asymptotic profile in H* of the solution
to (1.1), in the form M Kg (t, x), where M is as in (1.2), provided that we assume the

moment condition M # 0 and that we make suitable decay assumptions on g(z, -) as
t — o0.
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1204 M. D'Abbicco, G. Girardi

Theorem2 Letn = 1,2,3, and s € [0,2 — n/2). Assume that ugy € L' N HS, and
that g € L‘,’OH““‘“j for some ¢ > 0, also satisfies

By :=sup Q1(t) < oo, (1.9)
t>0
where
01() = ()T (0P gt Ygos + ) T l1g(t. Yl go-se)-
If

%ﬂ+ﬂzL (1.10)

we also assume that g € L{®° HST4=%4 for some g € (1,2), where

(Ll ] na(y ! 1 111
o=r(5m3) selg)eeen o

and that

By :=sup O»(1) < oo, (1.12)
>0

where

(1 1
0x(1) = (1) * (1=3)+# g, Il gsra—saq-

Then, u is in Cp([0, 00), H®) and there exists C > 0 independent of t, such that
(B2 = 0 in the following, if (1.10) does not hold)

_nB_sB
lu(t, Hlgs = CA+0)"+ 2 (luoll gsnpr + Br + Ba). (1.13)

In particular, if limsup,_, o, Q1(¢t) = 0 and, in addition, limsup,_, ., Q2(¢t) = 0
when (1.10) holds, then the solution u also satisfies

lu(t, ) — MKt ) s = 0= F %), 1 > . (1.14)

When M # 0, we may say that the asymptotic profile of u(z, -) in H® ast — o0, is
T
MK, ).

Remark 1 We stress that s — 4 < s — 2 4+ ¢ < 0 for sufficiently small ¢ > 0, and
s +a—4 < 0, in Theorem 2, so that B; and B; in (1.9) and (1.12) are finite if there
exists B > 0 such that

)

(0’ ((I)% g, 2 + (r) (1_5)”8(& Iize) < B; (1.15)
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Asymptotic profile for a two-terms time... 1205

in particular, conditions (1.9) and (1.12) are satisfied for By = 2B and B, = B.
Similarly, the conditions lim;_, o Q; () = 0 hold fori = 1, 2 if

. np mB(1-1
tl_lfgof’s (% llg, g2 +172 ( q)llg(t, Ilze) = 0. (1.16)

We may apply Theorem 2 to study the semilinear problem

du+3lu—Au=fu), t>0, xR, 11
u(0, x) = up(x), '
where f(u) = |u|? for some p > 2, or, more in general,
|f@) = f] = Clu—vl(ul?~" + [v|P ). (1.18)

Then, as a consequence of Theorem 2 we have the following result:

Corollary 1 Letn = 1,2 and assume that p > 1 4+ 2/n in (1.18). Fix s such that

1
E(1——>§s<2—ﬁ.
2 p 2

Then there exists ¢ > 0 such that for any initial data
uo € L'V HS,  with |lugll ;1 + lluollzs < e, (1.19)

there is a uniquely determined solution u € Cp([0, 00), H®) to (1.17). Moreover, if
p>1+2/nthen

nf kB
lu(z, ) — MKg(t, Mge =0t~ +77), fork =0,s, ast - oo. (1.20)

Thus, when M # O and p > 1+2/n, Corollary 1 means that the nonlinearity does
not influence the asymptotic profile of the solution to (1.17). The critical exponent
1 + 2/n is sharp [10]. We notice that in the critical case p = 1 + 2/n, Corollary 1
guarantees the existence of a global small data solution, but the asymptotic profile of
the solution to (1.17) depends on the nonlinearity, in general.

Theorems 1 and 2 are based on the following representation formula for the solution
to (1.5).

Lemma 1 Assume that y = y(t) solves the Cauchy problem (1.5). Then

t
¥ (o) =coKo<t>+/0 ¢(t — DK\ (1) dr,

where Ky and K have the following integral representations:

Ko(t) =

sm(ﬂn)/ o3t Ax dx, (121)
0

i (A —x)2 + x2B 4 2xB cos(Bm) (A — x)
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1206 M. D'Abbicco, G. Girardi

Ky = SB[ s dx, (1.22)
S /0 ¢ (A —x)2 + x28 4 2xF cos(Bm) (A — x) * '

foranyt > 0. Moreover, we may write Ko(t) =1 — A fé K (r)dr, thatis, 0; Ko(t) =
—AK(1).

The factthat K¢ and K are differentin Lemma 1 means that the Duhamel’s principle
does not hold in classical sense.

1
Remark2 Applying the change of variable xt = t# we obtain the following repre-
sentations for Ko(¢) and K (t):

1
; S —tF, . 2-8
At
Ko(r) = sin(Bm) / | e _dr,
B Jo (th —1F)2 4+ v2420=P) 4 27t1-B cos(Bm)(th — TF)
1
. 00 ~tB _F 1P
Ki(t) = sin(B) / 1 e T .
B Jo o (th — tF)2 4 12020-B) 4 2¢41-8 cos(Bm)(th — TF)

1.3 Comparison with the damped wave equation

By Theorem 2 we deduce that the solution u to the homogeneous Cauchy-type problem
associated to (1.1), asymptotically behaves as the solution v to (1.3). There are several
analogies with the diffusion phenomenon studied for the damped wave equation [27,
34, 36]:

u,,—Au—i—u,:O ZZO,XERH,
u(,x) =up(x), xeR",
u; (0, x) =u;(x), xeR"

The asymptotic profile of the solution is described by u ~ MG(t, x), where G =

? . .
(4711‘)_% e~ 4 is the fundamental solution to the heat equation and

M= [ (uo(x)+ui(x))dx,
Rl‘l

under the assumption of nonzero moment condition M # 0. This diffusion phe-
nomenon allowed to prove the global existence of small data solutions to the semilinear
problem with power nonlinearity f(u), in the supercritical case p > 1 4 2/n (see
[44]), as for the semilinear heat equation. A nonlinearity, in general, influences the
asymptotic profile of the solution, see [21]. In Corollary 1, we showed that this is
not the case for our equation in the supercritical case. This latter phenomenon is a
consequence of the special structure of the Cauchy-type problem for fractional equa-
tions, and of the fact that the Duhamel’s principle does not hold in classical sense, see
Lemma 1.
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Diffusion phenomena hold, more in general, for evolution equations

(1.23)
u(0, x) =uog(x), u0,x)=ui(x), xeR",

{u,t + (=AU + (=) u, =0, t>0,x eR",
when the damping is effective damping according to the classification introduced by the
authors in [12], that is, 260 < o. Here, (—A)* denotes the fractional Laplace operator
of order ¢ > 0 defined on S as (—A)* f = ﬁ"(|§|20‘f). If & = 0 the solution to
(1.23) behaves asymptotically like the solution to the corresponding diffusive equation,
with initial data ug + u1, namely by (=4 (uo + uyp); for & > 0 a double diffusion
phenomenon holds, that is, two different diffusive equations compete to describe the
asymptotic profile of the solution to (1.23) (see [11]). On the other hand, when 26 > o,
the asymptotic profile to (1.23) is completely different; in particular, the wave structure
appears and oscillations come into play (see [20]).

Inspired by the results just described, the main goal of the present paper is to show
how the fractional in time derivative 8,’9 u in (1.1) influences the asymptotic profile of
the solution with respect to the undamped heat equation: the presence of the fractional
order member deeply influences the structure of the fundamental solution of equation
(1.1); as a consequence, a dissipative-smoothing effect appears and the asymptotic
profile of the solution to (1.1) is described by M K, g (t, -), independently on the non-
homogeneous term, under suitable decay assumptions on g(z, -) (see Theorem 2).

2 Proof of Lemma 1

In order to prove Lemma 1 we will use the Laplace transform method. Given a function
@ = @(t) of areal variable t € Ry = [0, 00), L(¢) denotes its Laplace transform
defined by

(Lo)(s) i=/ elo)dt (s eC).
0

Under suitable assumptions, the inverse Laplace transform of a given function F =
F(s), holomorphic in some half-plane {ds > A}, is given for any + € R, by the
formula

a+ib

FO) = L7 FE)@ = lim —— / S E(s) ds. 2
b—o0 27T a—ib

where a > A.

The Laplace transform has many properties which are useful for studying dynamical
systems. In particular, we mention that for any o € (0, 1] the following transform rule
holds

L(3%¢)(s) = s“L)(s) — s* ' p(0), 2.2)
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1208 M. D'Abbicco, G. Girardi

for suitable good functions ¢ (see, for instance, [22]); such formula will allows us to
transform the fractional differential equation in (1.5) in a functional equation.

Let us apply the Laplace transform to the fractional differential equation in (1.5).
Applying the identity (2.2) we get the functional equation

SLY)(s) — co+ sPLG) ) — P eo + ALG)5) = L(g)(s),
that is

1+ sP1 L(g)(s)

. 2.3
s+sB4+1 s+sP+A 23

L(y)(s) = co

Here and hereafter, for any s € C, with s = rel? and o € (0, 1) we are denoting
by s its root of order « on the principal branch, i.e., s¢ := r%ei@? with 6 e (—m, ).

Thus, using the convolution theorem L(f * h) = L(f)L(h) we find

t
¥ (o) =col<o(t>+/0 ¢(t — DK\ (1) dr,

where for any r > 0 we set

p—1
Ko(t) := £~ <L>(t), K1) == £1<

s+sP+a >(t)- 24)

s+ sP 4+ 2

‘We notice that

o (Neoy—ae (P __/t
Ko(t) = L <s>(t) "L <”+sﬂ+A>(t)_1 w | Kiwar,

thanks to the properties of the Laplace transform.

The remaining part of this section is devoted to the proof of Lemma 1 starting from
the identities in (2.4). In order to get this aim we will use two different approaches:
the first approach is based on the direct evaluation of the inverse Laplace transforms
in (2.4); on the other hand, in the second approach we will express Ko(¢) and K (¢)
as a combination of Mittag-Leffler functions.

2.1 Laplace Transfrom method

In order to get the desired integral representations in (1.21)-(1.22) we will use the
integral formula for the inverse Laplace transform given in (2.1).

Let us define the function w : C — C such that w(s) := s + s# + . We remark
that @ has no zeros in C: suppose that so = rgcos 8y + ir sin 6y is a zero of w; then
the couple (rg, 6p) satisfies the system

(2.5)

rcos@ +rP cos(Bo) + A =0,
rsinf + rP sin(860) = 0;
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Fig. 1 Hankel path (from [35]) 4

Imp
a+ib
N~~‘
Cr \‘(R
X
L N \. Rep
L/ H "
P /
’
/
‘, //
Cr .
-
a-i

but this system has no solutions (rg, 8y) € Ry x [—m, 7); in fact, the second equation
admits as solutions only the couples (7, 0), and such couple never solves the first
equation.

By definition (2.1), in order to give an integral representation of K (¢) we evaluate
the limit

a+ib

lim — F(t,s)ds,
b—00 271 Ju_ip

wherea > 0and F (¢, s) := ¢*' Jw(s) for any ¢ > 0. In order to calculate such integral,
we consider the region delimited by the so called Hankel path, defined by the segment
(a—ib,a+1ib),arcs C}e and C}é, segments / and /1, and the circle C, as represented
in Fig. 1.

The path is contained in C \ R_, where the function F (¢, s) is holomorphic; thus,
we can apply the Cauchy theorem to get

a+ib

F(t.s)ds = L,(/F(z,s)dw/ F(t.5)ds
2mi\J; 11

+/ F(t,s)ds+/ F(t,s)ds+/ F(t,s)ds).
\ C/ C//

R R

270 Ja—ip

As a consequence of the Jordan lemma we immediately obtain that

m F(t,s)ds = lim/ F(t,s)ds =0;
R C%

li
R—o0 ch —00

moreover, it is easy to check that also the integral over C, tends to 0 as r — 0.
Therefore, we conclude
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1210 M. D'Abbicco, G. Girardi

Lo, !
K10 =72 | (S eomen T

— ! — )dx
—x + xP(cos(Bm) +isin(Bm)) + A
_ 1 / g xP sin(Br) 4
T Jo € (A —x)2 + x2B 4 2xP cos(Bm) (A — x) o

We use the same approach to get the desired integral representation of K, defined
as

1 a+ib
Ko(t) = lim —f G(t, s)ds,
b—o00 21i J,_ip

where G (t, 5) 1= e’ (14sP~1) Jw(s). Also in this case, the path is contained in C\R_,
where the function G (¢, s) is holomorphic. Thus, using the same notation as for K1,
we get

Ko(t) = L,(/{G(t,s)ds +/” G(t,5)ds

2mi
+/ G(t,s)ds+/ G(t,s)ds—i—/ G(t,s)ds).
o cl, c

As a consequence of the Jordan lemma we can conclude that the integrals over Cl,
and C} tend to 0 as R — oo; moreover, it is easy to check that also the integral over
C, goes to 0 as r — 0. Thus, we get

R _x,(l + xP~1(cos((B = 1)7r) — i sin((B — 1)7))
Ko(t) = =— e —
27 Jo —x + xB(cos(Bm) —isin(Bm)) + A
B 1+ xP~1(cos((B — 1)m) + i sin((B — 1)n))) d
—x + xP(cos(Bm) +isin(Bm)) + A

1 /00 u AxP=Lsin(Brr)
= — e d.x
7 Jo (A —x)2 + x28 4+ 2xB cos(Bm) (A — x)

This complete the proof of Lemma 1.

2.2 Mittag-Leffler functions

In this section we show how the simplestcase 8 = 1/2 can be treated with an alternative
approach. In order to obtain the desired representations (1.21) and (1.22) we follow
the idea given in [17] to provide the solutions Ko and K in terms of Mittag-Leffler
functions. By (2.3) we know that the Laplace tranform of the solution y = y(¢) to
(1.5) has the representation

t
¥(t) = coKolt) +/0 ¢(t — DK\ (1) dr,
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where for any ¢ > 0, the values of K¢ (7) and K (¢) are defined in (2.4).
Let s+ denote the two roots of the second degree polynomial s> + s + A; then, it
holds

—1£J1—-4x
w(s) = (s% —S+)(s% —s5_), St= —
Here, s+ satisfies the useful relations
S45— = A, Sy —Ss— =+1—4xr
Thus, we can write
1
1+s72 A_ A
=11 + T = (2.6)
w(s) §2(s2 —sy)  s2(s2 —s_)
and
1 Ap A_
=71 1 + ) 2.7
w(s) s2(s2 —s+) s2(s2 —5_)
where A+ = +54/(s+ — s—). As a consequence it is possible to write K(¢) and

K (t) as a linear combination of Mittag Leffler functions; such functions are defined
by the following series representation,

o0
E,(z) := 0, C.
@ go F(ak T ¢T%EE

In particular, it is possible to prove that for any u € R,

1
£1<#) = E1(uv1); (2.8)

$2(s2 — )

in fact, by formula (1.9.13) in [22] we know:

L((E (VD)) = ;
s2(s2 = p)

thus, (2.8) follows since E% (144/) is continuous with respect to ¢ € [0, 00).
As a consequence of (2.8), by (2.6) and (2.7) we obtain

Ko(t) = AfE%m«/E) +ALE] (s_/1), (2.9)
and

Ki(t) = ALEy (s43/D) + A_E (s-V/1). (2.10)
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1212 M. D'Abbicco, G. Girardi

In order to get the desired integral representations in (1.21)-(1.22) we will use the
following useful lemma that is a particular case of Theorem 1 in [40].

Lemma 2 The following representation holds

El(Z) ——/ T2+Z dr,

for any z € C such that | arg(z)| € (/2,7 ].

We remark that 9i(s+) < 0; thus, |arg(s+)| € (w/2, w]. Therefore, the proof of
Lemma 1 follows as a consequence of (2.9) and (2.10), applying Lemma 2.

Remark 3 In the general case B € (0, 1) one can express the kernels Ko and K; in
terms of multivariate Mittag-Leffler functions (see [24]):

14
k! m_,z
E(al,...,an),b(Zl, . Zn) = i=1%; .
/;)ZH-%” el!X'~-X€,,!F(b+2:?:1aigi)
£120,.. €">()

Indeed, one can prove
Ko(t) =1 —MEq_gy2(—t'"F, —1rn),
and

Ki(t) = E(l—ﬁ,l),l(—ll_ﬂ, —At).

3 Decay estimates

Applying the Fourier transform with respect to the space variable in (1.1) we get the
following Cauchy problem for a parameter dependent fractional differential equation:

Iatu+a*3 i+ |60 = 8. 6) A

1(0,8) = i1g(§).

By Lemma 1, the solution is

1
u(t, &) = Ko(t, &)ito(§) ~I—/0 Ki(t =7, 88, &) dr,

where
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Asymptotic profile for a two-terms time... 1213

Ko(t, &)

1
_ sin(B7) /°° i 0
B Jo (g2 — r§)2 + 120=B)72 4 27418 cos(Bm) (€%t — r%) ’
(3.2)
Ki(t,8)

1

sin(B) /'Oo e_TEt%tl_ﬂ d
= T’
B Jo (rg2 - r%)2 + 120=B)72 4 2¢¢1=B cos(Bm) (|€]*t — r%)
(3.3)

As a consequence, we obtain the representation
t
u(t, x) = Ko(t, -) *(x) uo +/ 8(t, ) xx) K1(t — 7, ) dt. (3.4
0

By the change of variable & — tgf;‘, forany s > 0 and 1 < g < oo, we obtain

. _nB_sB A
1K@, )NEF e =1 2 TR (t, )IEN I La, (3.5)
where
: 1 2
Rott. ) = sin(B7) 20-p) /00 TP €] ,
Br 0 o, 7,8)
1
R i o 1 17
Ri(t,) = wtl—ﬁ / e TP T—df,
B 0 ot 7, 8)

1 1
ot,7,8) = " PIgP —7)? + 2P L 20 P eos(B) (¢! P IE )P — 7)),

Noticing that

o(t,7,8) > (1 — |cos(Bm)((t' Plg* — o7)? 4 ?0=P72), (3.6)

it is useful to divide the half-line R in two regions, depending on ¢ and &:

70 _
1,,52[5, 2r0], w0 = (PP, T =Ry \ L. 3.7

Therefore, we can estimate

c1 121=P) 2 ift el

2 (3.8)
o (PO + ) +1F) ifr e Jg.

o, 7,8) > {
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1214 M. D'Abbicco, G. Girardi

Thanks to (3.8), we prepare the pointwise estimates for ﬁo(t, &) and Iél (t,&).

Lemma 3 The following estimates hold:

. ~U=Pgy=* ifr > 1,

< 3.
[R1(t,8)] S {< et <1, (3.9)
A &)~ ift>1,
Ro(t, < 3.10
[Ro(t, )] S {(zl Bev2 i<, (3.10)

Proof In order to get the desired estimates, we split the integral in the two regions I; ¢
and J; ¢ defined in (3.7).

We first consider Iél (¢, ). By using estimate (3.8) in /; ¢, we get

1

27 —B 1 1 27

tl—ﬂ/ Oﬂdtst—(l—me—(m/z)ﬂ/ ' E 2 e
w02 9, T, 8) 0/2

11 1
~ t—(l—ﬁ) .L.Oﬂ e—(TO/Z)ﬁ .

In particular, since 8 < 1 this latter term may be estimated by the quantity
t~0=P) (1 1=P1g|2)~M  for any M > 0. However, for short times, the estimate above
is singular at t = 0, so we proceed in a different way:

—1

279 tﬁ ‘L'/S 1 p279 B
1=# / £ T e < 1P rpe= (/D7 / : dr
w2 91,7, 8) 0/2 (11-BIE|2 — ©F)2 4 120-B) 2
1
< 1B g = @0/2)7 /

+00 1
o 4 20PT

1
ds < Ce—(fo/2)B ;

1
where we first used the change of variable s = t# — t!~#|&|? and then the change of
variable r = s/(t' P 1(). Summarizing, we proved

tl—ﬁ /2'{0 e_tﬁl'ﬁ S tf(]fﬁ) (ztlfﬁ|é_-|2>fM lfl > 1,
w2 ¢t T.8) (e =Plg?)M ifr <1,

for any M > 0. We now consider the integral over J; ¢. If we use (3.8) to estimate
o(t,7,8) 2 120D |£]*, then we find

e_fyr% o° F 1
H‘ﬂ/ —drf,l‘_(l_ﬁ)|5|_4/ e de S
th (p(ts T» é) 0
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Asymptotic profile for a two-terms time... 1215

whereas, if we use (3.8) to estimate ¢ (7, £) > r20=A) 72 as we did in I, ¢, we find

1

B 1 00 1

R ] 5 1_

tl_ﬁ/ ———drt §t‘“_ﬁ)/ A e I N
Jig ¢(t7 T,E) 0

Therefore, we obtain

1

P _%
(1P f £ ar <o)
Jre (p(t7 T, g)

Comparing with the estimate of the integral over I; ¢, we conclude the proof of (3.9)

. 18 . _4 —4
fort > 1, using (72 &)™ < (§)7".
However, for short times, the estimate above is singular at r = 0, then we estimate

2
o(t,1.8) 2121 "Pe? 4 77,
so that

tlfﬂ/ ;drgtlfﬂ/ ! ——drt
Je 9,7, 8) g p20-p) 4 TQ(B‘I)

1-8 * 1
<t~ ——ds < C,
~ /0 120=P) 4 5277 =

1 .
where we used first the change of variable s = 77 ! and then the change of variable
r = s/t~ Summarizing, at short time, we may estimate

1
_B_1L
tlfﬂ / id‘[ S (l‘lzﬂ};-')ié‘_
Jt,g (p(tv T’E)

Comparing with the estimate of the integral over I; ¢, we conclude the proof of (3.9)
. =8 4 -8 . 4
fort < 1l,using (% &)™" < (t72 &)~
We now prove (3.10). If we use (3.8) to estimate ¢(z, 7, §) 2, 1218 |& |4 when we
integrate over J; ¢, then we find

1 2(1-B) &2 00 1

t

/ e’ il dr S |E|_2/ e dr S g7
Ji g gO(t, Tvg) 0

On the other hand, if we use (3.8) to estimate ¢(z, 7, &) > t>(1=P)(|& I* + 12), we
obtain

1 20=p) g2 00 1 o
/ e_rﬂﬂd‘fﬁﬁff 4—2d‘f=/ —2dp=z.
Jie @, 1,8) o &7+ o 1+p 2
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1216 M. D'Abbicco, G. Girardi

Therefore,

1 200-p) g2
/ R <,
Jre (p(tv T, %-)

Now we consider the integral over I ¢. In this case, we get

1
,2<1—ﬂ>|§|2/ L
Wl e

-4 :
< APy oot
w/2 (t1-PlEPP — 1

1—1 1 400 1
< t2(17/3)|;§|2_5 P o—(10/2)F -
~ 0 oo s 120P7

279 T -1

dt

== ==

— 2
)2+ 120-5)72

1
s~ e ®/2F

1
where we used first the change of variable s = t# — t!~#|&|? and then the change of
variable r = s/ (t'=P1y). Therefore,

1
_ 1 B g2~
20 %lzf e ———dv S (PP,
Il,é QD(I, Tv%‘)

forany M > 0. Comparing with the estimate over J; ¢, we conclude the proof of (3.10).
(]

As a straightforward consequence of (3.5) and of Lemma 3, we have the following
estimates.

Lemma4 Forany s € [0, 4], we have

5 ci--P-F ifr>1
Ki(t, )& L~ < s - (3.11)
[ €17 P <1

furthermore, it holds
IKo(t, )= < C, (3.12)

forany t > 0. Moreover, for anyt > 1, and q € [1, 00),

np __sp

IR (t, )EF e < Crm P77 (3.13)
provided that s +n/q < 4, and
. _nB_sp
Koz, )& e < Ct 22 (3.14)

provided that s + n/q < 2. Here C is positive constant which does not depend on t.
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We stress that since (3.11) holds for any s € [0, 4], we may also write it in the form

1R, )EP &) S e < Crr=P=F  ifr > 1, (3.15)
IR (1, )(E) e < CE73 ifr <1, (3.16)

for any s € [0, 4].

Proof For any £ € R" and s € [0, 4], we use (3.9) to obtain

=B ifr>1,

If_\; S < s
IR\ (2, )& < [t—(l—ﬂ)é ifr < 1.

On the other hand, if > 1, we get

(/ R (1, §)E1°)7 dé)q <t U=p (/ (£)™4 (g5 d5)5 ~ (=P,
R” R

provided that s 4+ n/q < 4. Estimate (3.12) immediately follows from (3.10). More-
over, if t > 1, we get

|Ro(t, &)I€ |7 dt g < (€)% |&[° d&
(/. ) <(/, )

provided that s +n/q < 2. O

Q=

SC’

4 Proof of the main results
Proof of Theorem 1 Using (3.4), we may estimate
(e, s = 1) @t )iz < 1Ko(t, )l [1(8) dioll 2

t
+/0 1) Ki(t — 7,-) &(z, )2 dr;

in order to estimate the last term, we split the integral in the two domains [0, (r — 1) 4]
and [(r — 1)+, t]. Then, we apply estimate (3.15) in the first interval and (3.16) in the
second one:

t
/0II(SVK](t—f,~)§(f,~)I|L2dT
(=1 i s N
5/0 €E)" Ki(t — 7, )L 146) " &(x, )l 2 dT

t
+ /( )27 Ki(r — T, )l 1(E) T 728(x, )l 2 dT

=14
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1218 M. D'Abbicco, G. Girardi

=D+ |
<c /0 (t =)0 gz, )| oo d

t n
+ C gl o ppsse2 / (= )1+
=Dy

This proves (1.8). The second part of the statement follows noticing that

t
/ t—1)" Py Par
0

is bounded with respect to 7, since g € (0, 1). O
The proof of Theorem 2 will be given throughout the following two main lemmas.

Lemma5 Letn <3 ands € [0,2 —n/2). For any ug € H* N LY it holds

np_sp

HKS([, ) # 1y — (fR uo(x)dx)Kg(z, )HH = o~ %, @.1)

ast — oo, where Kg is the fundamental solution to (1.3).

Proof We follow as in [13, Lemma 4]. We first remark that, as in (3.14), with ¢ = 2,
we have

+ _nB_sp
1Ko (L, )lgs =Ct™+7 7, 4.2)

+ _np_sp
K, g =174 2

forany r > O and s € [0, 2 — n/2). Morover, it holds

[k su0— ([ wowdx)ie ||, = VerKie iz,

where p(£) = ig(€) — #ip(0). Since we are assuming ug € L'(R"), the function
p is continuous and then, for any ¢ > 0 there exists § sufficiently small such that
|p(&)| < e for any || < §. Thus, on the one hand we can estimate

N _np
/m IEPIRI 0 Op©F e < IRl = C T EL @)

due to (4.2). On the other hand, applying the change of variable n = & tg, for ¢ large
enough we find
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/ &R (2, €)p(6)? de
|&]=8

00 % |E|2+st2ﬁ—l 2
< f | / e . . dr| de
lg1=s 1 Jo 12B|E|* + 27|E|*1P cos(Br) + T2

np 00 1 2+s 2
=t_7_ﬁs+2ﬂ—2/ P / e—‘L'ﬁ |Z| 5 dt‘ dn
=8z 1 Jo n|*+ 1

< t7%75s+2ﬁ72/ , =2 dn < 82t7%fﬂx’
In|>8t2

for sufficiently large ¢. Indeed, due to s < 2 — n/2, the last integral tends to O as
t — oo. O

Lemma6 Lets € [0,2 —n/2). Then, it holds

_nf_sB_q_
IKo(t, ) — K (t, g < Ct— 52 1=A), (4.4)

fort > 1, where C is a positive constant which does not depend on t.

Proof We first note that it holds

_ng_sp t
1Ko(t, ) = K§ (2. )l gs =175 2 |Ro(t, ) = KG (1, )l gs.- 4.5

In particular, we have

: o) 1
Ro(t.&) — Ri(1,6) = S‘“(ﬁ”)/ e y(r.8) dr,
Br 0

where

1 1
|§1°cP 2! F1g2 — 77 422" cos(Brm))

ye = o(t, T, &)(E* + 27|&|? cos(Br) + T2)

1
By using (3.8), on the one hand, being t!~#|&|> ~ 7 in I; ¢ forany t > 1 we can
estimate
== (cF 4 ")

V(@61 S .
' 2(E* + 722

Sty if e L,
for some pg > —1; on the other hand, for any r > 1 we have

1 1
t=U=PB (g2 +1F + 1) -

W (r.8)] <
(&1* +12)3

e R X S

@ Springer



1220 M. D'Abbicco, G. Girardi

for some gg > —1.
As a consequence, we can easily conclude

IRo(t, ) — KJ(1, )l g S 1707,
since n < 4 — 2s. The proof of the desired result follows by identity (4.5). 0

Proof of Theorem 2 The solution to (1.1) is in Cp([0, 00), H®) thanks to Theorem 1.
By using (3.4), on the one hand, we may estimate

_nB_sB
(. M gs = CA+0)"* "2 ([luoll s + lluollL1)

t
4 /0 NEP R — DE(T )l 2 d: 46)

here, we used (3.12) for ¢+ < 1 and (3.14), together with Plancherel and Riemann-
Lebesgue theorem, for r > 1; on the other hand, we have

lu(r, -y — MK, )l gs = IEP @, ) — MRS (2, )2
< IEI° (Ko, it — MK (2, )l 2

t
+/0 NEP K1t —7,)8(x, )2 dr. 4.7

Recalling that s < 2 — n/2, we use Plancherel and Riemann-Lebesgue theorem
together with Lemmas 5 and 6 to conclude that

NEE G, ) — MR @, N2 S 1Ko, ) — K, )l s luoll 11
_np_sp
+ K ) w10 — MK () g = 0™ %~ 2).

It remains to estimate the integral term in (4.6) and (4.7): lett < T, with T > 0
arbitrarily large; then, as a consequence of assumption (1.12) and estimate (3.11) we
obtain

t 1
/ HEP Ki(t — 7,98, )l 2dT < 31/ (t—7)"""dt <CBi;;  (4.8)
0 0
Let us consider now ¢ > T'; we separately estimate three integrals:
t/2 R
I =/ HEI K1t =7, )8(r, )l 2 d,
0
-1 N
b= [ Ul R - n gl
t/2

t
I = / g R = 79205, )l 2
g
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Due to s < 2, using (3.15), we may estimate

t—1
b < f /2 IEP &) Ki(t =7, )l €)™ 8(x. )l 2 d
t

—1

_(1_R)_3B

sc/ (0 =)D gz, ) yos dr
t/2

< CBl(zr%ﬁ—ﬁ/ (-4 41 <cB ) 1%, (4.9)
12

Similarly, if we assume that
n
TBHB<L, (4.10)

then, using (3.15), we may estimate

t/2 R
I < /0 NEP ES K — 7, )l 1E) ™ &(x, )l 2 dT
1/2 s
<c / (0 =) 0D=% gz, ) pos dr
0

| s [1? 0 np_sp
<CB 1 UP-7 / (ty" P Par <cByi 7. (4.11)
0

If (4.10) does not hold, that is, (1.10) holds, using (3.15) we may estimate

I < /Ot/z HEFF & R = 7, )l 11617€) T8 (x, )l 2 d,
where a is as in (1.11). By the Hardy-Littlewoow-Sobolev theorem,
IE1 Fll2 = afll2 < C I lles,
provided that ¢ € (1, 2), where a is as in (1.11). Therefore,

HEI (€T 8(x, )l 2 < Cllg (T, )l pro—ssaa-

We obtain

1_1

/2 C(1—B)_3B_ng(1_1
IISC/ t —1) (1=-p)—% 2/3((1 2) llg(t, ) gs—ataq dT
0

—(1— _ﬁ_ﬂ 11 1/2 _n _1)_ n K}
< By P E-16(; 2>/ oy 3008 gp < oy -2 w12
0
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Due to s < 2, by using estimate (3.16), we obtain
t A
I < / 1 IE €2 Ki(t — 1, )l ) 244 (x, )l 2 de
-

t
< c/ (0 — D) g(r, Il gs-2ve d
—1

np s ! £ np _sp
< CB t_T_T/ (t—1) "F2dr <CByt— % 2. (4.13)
t—1

As a consequence, by (4.6) we conclude

_nB_sB
lu(t, Hlas = CA+0)"+ 2 (luoll gsnpr + Br + Ba).

Moreover, if lim sup,_, ., Q1(t) = 0 and, in addition, lim sup,_, ., Q2(t) = 0 when
(1.10) holds, then we can also conclude

_np_sp
lu(t, ) = MK (2, )l s = 0t~ 47 7),

as a consequence of (4.7); indeed, for any ¢ > 0 we can choose T > 0 sufficiently
large such that for any > 7' /2

_ng_ _np_sp
gt Mgs-a < ety 5 P g, Migs—ee <)+ 2,

and

By
||g(t1 ')”H574+a.q SS([) 2(1 ll) ﬂ,

where a and ¢ are as in (1.11); then, estimates (4.9) and (4.13) still hold replacing B
and B; by ¢. Additionally, if (4.10) holds we can estimate

L < Ct_(l_ﬂ)_%(Bl /
0

T/2

np t
(r)_T_ﬁ drt + 8/

(‘L’)_%_ﬁ dr)
T/2

g sB _nB_sp _nB_sp
<CBit VP74 Cet™ %77 < Ciet— 42

’

due to condition (4.10); similarly, if (4.10) does not hold we have
_(1—p)—3B_npg(Ll_1 T/2  _wg({_1)_
n<ci T 2ﬁ<q 2> (32/ (1) 2ﬁ(1 q) P ar
0

+st vy ##(1=7)# dr)

T/2
sB_n 11 wB s s s
< By 0P 48070 | o4 < crert-4,
as a consequence of condition (1.11). This completes the proof of Theorem 2. O
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We now prove Corollary 1.

Proof of Corollary T We equip the evolution space X(T) = Cp([0, T], H®) with the
norm

ng sB
lullx ) = SupT(l + 0 (lu, )2+ A +07 [lu, )l gs),

0<t<
and we define the operator
N:ueX(T)— Nu(t,x) = Ko(t,-) xug+ Ful(t, ),

where
'
Fu(t, ) = / Ki(t—r1,-)* f(u(z,-))dr.
0

We will prove the existence of the unique global (in time) solution to (1.17) as the
fixed point of the operator N. Hence, in order to get the global (in time) existence
and uniqueness of the solution in X (7), we need to prove the following two crucial
estimates:

INullxry < Clluoll ings + lull s (4.14)

-1 -1
INu = Nollxery < C llu=vlixay (luler + I5g) . @19)

with C > 0, independent of T.

As a consequence of Banach'’s fixed point theorem, the conditions (4.14) and (4.15)
guarantee the existence of a uniquely determined solution « to (1.17). We simultane-
ously gain a local and a global (in time) existence result.

Indeed, let R > 0 be such that CRP~! < 1/2. Then N is a contraction on X g(T) =
{u € X(T) : |lullxay < R}, thanks to (4.15). The solution to (1.17) is a fixed point
for N, soif |[Ko(t, ) *) uollxr) < R/2, then u € Xg(T), thanks to (4.14). As a
consequence, the uniqueness and existence of the solution in Xz (7") follows by the
Banach fixed point theorem on contractions. The condition || Ko (Z, -) *x) uollx(7)
R/2 is obtained taking initial data verifying |luoll;1ngs < &, with € such that Ce <
R/2. Since C, R and ¢ do not depend on 7', the solution is global (in time).

Let us prove estimates (4.14) and (4.15).

For any u € X(T), by Gagliardo-Nirenberg inequality, we obtain

IA

_ng(1-1
lullpr < (1 4+1) 2/3( r>||”||X(T)» rel2,2pl],
since H® < L2P. Therefore, for any u, v € X(T), the function
gt,x) = f(u(t,x)) — f(v(t, x))
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verifies the estimate

lg(t, e < C i@ — v)(t, Hipar (lut, 2w + I, 12

—(p-13p-3p(1-1 -1 —1
SC/(1+I) prRrT ( q) lu —vllx) (||u||1;((7‘)+||v||[;((]‘))a

forany g € [1, 2]. Due to p > 1 + 2/n, we obtain

-1 —1y £ (1-1)-8
g, Hlire = llu —viixm) (||u||X(T)+||v”§((T))t : ( q) .
Thus, (1.15) holds and we can apply Theorem 2. Thus, (1.13) implies estimate

(4.14) and, taking ug = 0 in (1.13) we obtain (4.15).
In particular, if p > 1 4+ 2/n we have

-8

y -1y~ (1-1)
g, Hlire = llu —viixm) (”u”X(T) + ”v”X(T)) o(t ),

and then, we prove (1.20) as a consequence of (1.14). O

5 Conclusions

In Theorem 1, we provided sufficient conditions for the non-homogeneous term g(¢, x)
which allow to obtain the boundness of the solution to (1.1) in H*; then, we describe
its asymptotic profile in Theorem 2, showing that it is independent of g, provided that
g(t, -) satisfies some additional decay assumptions. This latter effect is related to the
special structure of the solution to the Cauchy-type problem for equations with Caputo
fractional derivatives, in relation to the non-homogeneous term g(z, x).

There exist many functions g(¢, -) which satisfy the desired conditions. Let us test
the assumptions of Theorem 1 for the special class of auto-similar g:

2
glt,x)=1" h(tTVx), for some y > 0 and for any # > O.
Lethe L'NL%ands < min{4 — n/2, 2}. In particular, g € L;’OLZ, since

y
g, 2 =t" a2 = llhll2.

On the other hand, for any ¢ > 0 it holds

y -
g, gy =t |h@= g =17 |kl

Therefore, we can estimate

g, M ps—+ < 18, Ml pgs—2+e < llgllpeer2 = 12l 12, (5.1
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for any t > O (here ¢ is sufficiently small, namely ¢ < 2 — s); on the other hand, for
any ¢ > 1 we may produce a decay rate t~7, by the estimate

I8, prs—s < 166 218 (2 )iz
< IEFlellg . M = Clns) e Al

where C(n, s) is finite, due to the assumption s < 4 — n/2. Therefore, if y > B,
Theorem 1 may be applied with

A= sug<r>ﬁ||g<z, Mps—+ S Ml piaz2,
1>

so that we get the estimate
lull oo s < € (lluollas + 1Al inz2)-

In high space dimension n > 5, it may happen that 4 — n/2 < s < 2. In this latter
case, let r € (2, 00) be such that (4 — s) > n, and fix m € (1, 2) be such that

N =

. 1 1
—=—4—, ie. -=—
r m

~1
2

— L
Then we may produce a decay rate ¢ 2y<’” ) for any ¢ > 1, by the estimate

g, Mps—s < 1E) L2, g

— 211
SIES e ligt, Hipn = Cn, s, m)t (i 2)||h||Lm,

where C(n,s,m) is finite, due to the assumption r(4 — s) > n. Therefore, if
1

2y (% — i) > B, Theorem 1 applies. Given a fixed s and n, such m exists if 2y > rf
for some r > n/(4 — s), that is, if 2y > ng/(4 — s).

One may proceed with similar reasoning to test the assumptions of Theorem 2 for
a self-similar g.

One could also investigate the possibility to take g(z,-) in different functional
spaces; for instance, following the proof of Theorem 1 one could also prove that u is
in Cp([0, 00), H®) and

2

lullerrs < € (lluollzs + A) + Ce IIgIIL?OHJ,HW(l,%)‘q,

assuming
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and

A= sup(t)(ﬂ_%+%)

*l)r < Oo,
t>0 s

+
||g||L?oHS74+£+n(%

forsome g € [1,2n/(n —4);]and r > 1.
The validity of our main results could be discussed also for the Cauchy-type problem
associated to a more general fractional differential equation in the form

E)t“u—l—afu—Au:g(t,x), t>0, x e R",

with 0 < B < a < 2. On the one hand, if both o and 8 belong to (0, 1), then
one can apply the same approach used in the present paper to investigate the H*-
boundness of the associated Cauchy-type problem and the asymptotic profile of its
solution, assuming the initial data up = u(0, -) to be integrable; on the other hand,
if 0 < B < 1 < a < 2 new difficulties arise; in particular, the solution to the
corresponding fractional ODE

Wy+ofy+ry=2 y0) =cy y©0) =ci,

can be represented as

t

y(t) = coHo(t) + c1 Hy (1) +/0 g(t — 1)Hy (1) dr,

where

a—l B—1 a=2
1S +s 1S
Ho(t) :== L (—h(s) )(t), Hy(t) ==L (h(s) )(t),

(L
Hy(t) = L (ms))(”’

with i(s) := s¢ + 5P + 1. Here, unlike the case o, B € (0, 1) one need to take account
of the roots of 4 () in the complex plane in the derivation of an integral representation
of the kernels H;, i = 0, 1, 2. The study of these and other evolution models with
multi-term time-fractional derivatives will be object of future investigations.
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