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Abstract
We show that the classical Brezis–Nirenberg problem

�u + |u| 4
N−2 u + εu = 0, in �, u = 0, on ∂�

admits nodal solutions clustering around a point on the boundary of � as ε → 0, for smooth
bounded domains � ⊂ R

N in dimensions N ≥ 7.

Mathematics Subject Classification 35B25 · 35J47 · 35Q55

1 Introduction

In this paperwefind anew family of sign-changing solutions to the classicalBrezis–Nirenberg
problem

−�u = |u| 4
N−2 u + εu in �, u = 0 on ∂� (BN)

where ε > 0 is a small parameter and � is a smooth bounded domain in R
N , N ≥ 7.

In their seminal 1983 paper [6], Brezis and Nirenberg initiated the study of positive
solutions to (BN) and demonstrated that for dimensions N ≥ 4, the problem admits a
solution for ε ∈ (0, λ1,�), where λ1,� represents the first eigenvalue of −� with 0-Dirichlet
boundary conditions on ∂�. If dimension N is 3, they proved the existence of λ∗,� > 0

Communicated by M. del Pino.

B Giusi Vaira
giusi.vaira@uniba.it

Monica Musso
mm2683@bath.ac.uk

Serena Rocci
serena.rocci@uniroma1.it

1 Department of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK

2 Dipartimento di Scienze di Base e Applicate per l’Ingegneria, Sapienza Università di Roma, Via
Antonio Scarpa 10, Rome 00161, Italy

3 Dipartimento di Matematica, Università degli Studi di Bari Aldo Moro, Via Orabona 4, Bari 70125, Italy

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s00526-024-02727-3&domain=pdf


119 Page 2 of 32 M. Musso et al.

(whose definition depends on �) and of a positive solution to (BN) if λ ∈ (0, λ∗,�). If
� = B the unit ball, then λ∗,B = λ1,B

4 ; for general domains see [13]. Multiplying the
equation in (BN) against the eigen-function associated to λ1,� and integrating by parts on �

show that no positive solutions exist for ε ≥ λ1,�. Additionally, Pohozaev identity [23] gives
that problem (BN) has no non-trivial solutions when� is star-shaped and ε = 0. Conversely,
Bahri and Coron [2] presented an existence result for a positive solution to problem (1.1)
for � with a nontrivial topology and ε = 0. Subsequently, considerable attention has been
devoted to understanding the possibility of multiple positive solutions to (BN) in the regime
ε → 0 [3, 11, 19, 20, 25] and also to understanding the limiting behavior of the positive
solutions uε of (BN) as ε → 0 [14, 26].

Concerning the existence of sign-changing solutions to (BN), this has been established
for all range of ε > 0: it has been proven in [9] for ε ∈ (0, λ1,�) and N ≥ 6, and in [7] for
ε ≥ λ1,� and N ≥ 4. Devillanova and Solimini [12] proved the existence of infinitely many
sign-changing solutions to (BN) for any ε > 0 when N ≥ 7. Dimension 7 seems to be a
threshold case as for 4 � N � 6 there are no radial sign-changing solutions for (BN), when
� is a ball and ε ∈ (0, λ∗∗), for some λ∗∗ > 0 [1].

This paper wants to give a contribution in the understanding of multiple sign-changing
solutions to (BN) in the regime ε → 0. It is well known that in this regime a crucial role is
played by the bubbles, namely the positive solutions to (BN) when ε = 0 and � = R

N . For
any δ > 0 and ξ ∈ R

N , the bubbles

Uδ,ξ (x) = αN
δ

N−2
2

(
δ2 + |x − ξ |2) N−2

2

, αN := [N (N − 2)]
N−2
4 (1.1)

are all the solutions of the problem

�u + u
N+2
N−2 = 0 in R

N , u ∈ H1(RN ). (1.2)

The asymptotic analysis of low-energy sign-changing solutions to (BN) as ε → 0 has
been studied in [5] for N ≥ 4: assuming their existence, such solutions uε have a simple
positive and negative blow-up behaviour at two distinct points of � as ε → 0, provided the
rates of blow-up for the positive and the negative parts are comparable. Roughly speaking,
they can be described as follows

uε(x) ∼ Uδ1ε,ξ1ε (x) − Uδ2ε,ξ2ε (x) with δiε, → 0, ξiε → ξi ∈ � i = 1, 2,

δ1ε

δ2ε
= O(1), ξ1 �= ξ2, as ε → 0.

Construction, asymptotic analysis and multiplicity of sign-changing solutions exhibiting this
type of simple blow-up as ε → 0 were obtained in [4, 8, 18].

However, in the case of the unit ball, the low-energy radial sign-changing solutions
obtained in [9] do not have a simple blow-up if N ≥ 7. Indeed, both their positive and
negative parts blow-up in the form of a positive and a negative bubble both centered at the
center of the ball as ε → 0, with non comparable rates of blow-up [24]. Roughly speaking,
in this case solutions look like

uε(x) ∼ Uδ1ε,0(x) − Uδ2ε,0(x) with δiε → 0, i = 1, 2,

δ1ε

δ2ε
= o(1), as ε → 0.

This behaviour is known as tower of bubbles (see [10]). In [24] it is proven that sign-changing
tower of bubbles for (BN) exist as ε → 0 for dimensions N ≥ 7 in a general domain. In
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contrast, in low dimensions N = 4, 5, 6, sign-changing bubble-towers cannot exist, as shown
in [15].

In [30] Vaira constructed a different type of sign-changing solutions to (BN) which blow-
up in the form of a concentrated bubble and blow-up occurs at a point of the boundary of
�. Bubbling at the boundary is not always allowed [26], and some extra requirement on the
domain � seems to be necessary. In [30] it is assumed that � is a smooth bounded domain
with non-trivial topology such that the problem

− �u0 = |u0| 4
N−2 u0 in �, u0 = 0 on ∂�, u0 > 0 in � (1.3)

has a positive solution u0 which is non-degenerate, in the sense that the following linear
problem

− �τ = p|u0| 4
N−2 v in �, v = 0 in ∂� (1.4)

admits only the trivial solution v = 0. Existence of solutions to (1.3) for domain with
non-trivial topology has been obtained by [2]. Besides, for generic � these solutions are
non-degenerate [28].

Let ν be the unitary outer normal to ∂�. Assuming that the function ξ ∈ ∂� 	→ ∇u0(ξ) ·
ν(ξ) has a non-degenerate critical point ξ0, Vaira proves the existence of a sign-changing
solution to problem (BN) of the form

uε(x) ∼ u0(x) − Uδ,ξ (x), with δ ∼ ε
2(N−1)

N2−6N+4

ξ − ξ0 ∼ ε
N−2

N2−6N+4 as ε → 0.

Here Uδ,ξ is again the bubble defined in (1.1).
The main result of this paper is to prove that a sign-changing cluster solution to (BN)

around ξ0 is possible. Clustering configurations are those where the solutions blow-up as the
sum of a finite number of bubbles, of comparable heights, whose centers converge to the same
point. Clustering configurations are known to exist in several problems related to semi-linear
elliptic equations with critical non-linearity, but none was known for the Brezis–Nirenberg
problem (BN).

To state our result, let us denote by PW the projection of a function W onto H1
0 (�), i.e.

�PW = �W in �, PW = 0 on ∂�.

Our main result is the following

Theorem 1.1 Let � be a smooth bounded domain in R
N with N ≥ 7, such that Problem

(1.3) has a solution u0, which is non-degenerate in the sense that the linear problem (1.4)
has only the trivial solution. Assume there exists a critical point ξ0 ∈ ∂� of the function for
ξ ∈ ∂� → ∇u0(ξ) · ν(ξ), where ν is the unitary outer normal to ∂�, such that the second
variation D2

N−1 (∇u0(ξ) · ν(ξ)) is positive definite.
Let k ∈ N. Then there exist ε̄ > 0 and a constant C > 0 such that, for all ε ∈ (0, ε̄) there

exists a sign-changing solution uε to (BN) given by

uε(x) = u0(x) −
k∑

j=1

PUδ jε,ξ jε (x) + φε(x)

where

δ jε = ε
2(N−1)

N2−6N+4 d jε, ξ jε �= ξiε for i �= j, ξ jε = ξ0 + ε
N−2

N2−6N+4 ξ̂ jε ∈ �
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with

|d jε| � C, |ξ̂ jε| � C ∀ j = 1, . . . , k,

and

‖φε‖H1
0 (�) � Cε

N3−8N+8
2N (N2−6N+4)

+σ

for any σ > 0 arbitrarily small.

The solutions described in the theorem are rather delicate to capture, and precise expan-
sions of the parameters δ jε and the points ξ jε at two consecutive scales are required in the
construction. This is described in details in Sect. 2.

Themethodwe use to prove Theorem 1.1 also applies to the construction of sign-changing
solutions exhibiting a cluster configuration near the boundary of � for the almost critical
problem

−�u = |u| 4
N−2−εu in �, u = 0 on ∂�

where ε > 0 is a small parameter and � is a smooth bounded domain in R
N , N ≥ 7. This

observation is already present in [30] and we will not elaborate further on this point.
Clustering configurations are known in the literature for perturbation of the Yamabe prob-

lem to find metrics on Riemannian manifolds with constant scalar curvature. These have
been found in high dimensions N ≥ 7 in [21], in dimensions 4 and 5 in [29], see also [27].
We dont’t know if clustering sign-changing solutions exist for the Brezis–Nirenberg problem
(BN) in low dimensions 4, 5, 6, but if it does the form of the solution should though be
different from the one obtained in Theorem 1.1.

Finally, we mention that several interesting results have been obtained on the existence of
sign changing solutions to the Brezis–Nirenberg problem in regimes different from the one
treated in this paper, namely when ε converges to some fixed ε∗ > 0. Results in this direction
are contained for instance in [16, 22].

2 The setting of the problem

We consider the Hilbert space H1
0 (�) equipped with the usual inner product

〈u, τ 〉 =
∫

�

∇u · ∇τ

which induces the norm

‖u‖H1
0 (�) =

(∫

�

|∇u|2
) 1

2

.

For r ∈ [1,∞) and u ∈ Lr (�) we set |u|r ,� = (∫
�

|u|r ) 1r .

Let i� : L
2N
N+2 (�) → H1

0 (�) be the adjoint operator of the immersion i : H1
0 (�) ↪→

L
2N
N−2 (�). By definition u = i�( f ) if and only if

〈u, ϕ〉 =
∫

�

f ϕ for all ϕ ∈ H1
0 (�)
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or equivalently u weakly solves

−�u = f in �, u = 0 on ∂�.

The operator i� : L 2N
N+2 (�) → H1

0 (�) is continuous as

‖i�( f )‖H1
0 (�) � S−1| f | 2N

N+2 ;� (2.1)

where S is the best constant for the Sobolev embedding.
In terms of the operator i�, problem (BN) can be formulated as

u = i�(|u|p−1u + εu). (2.2)

We look for cluster solutions of the problem (BN) which change sign. They have the form

uε(x) = Wδ,ξ (x) + φδ,ξ (x) where Wδ,ξ (x) = u0(x) −
k∑

i=1

PUi (x). (2.3)

Here k is a fixed given integer, u0 is the positive non-degenerate solution to (1.3),

PUi = PUδi ,ξi = i�(U p
i ), δ = (δ1, . . . , δk) ∈ R

k and ξ = (ξ1, . . . , ξk) ∈ �k .

In our construction the scaling parameters δi will be positive and small, while the points ξi
will collapse into each other, as ε → 0.

In [30] Vaira constructs a solution to problem (BN) of the form (2.3), with k = 1 under
the assumption that there exists a non-degenerate critical point ξ0 of the function ξ ∈ ∂� 	→
∂νu0(ξ), where ν is the inner unit normal on the boundary. Such solution blows-up, as ε → 0,
at ξ0, in the sense that the scaling parameter δ and the point ξ in (2.3) can be described at
main order as

δ ∼ εαd0 with α = 2(N − 1)

N 2 − 6N + 4

ξ ∼ ξ0 + t0ε
βν(ξ0) with β = N − 2

N 2 − 6N + 4
,

as ε → 0. (2.4)

One has δ → 0 and ξ → ξ0 as ε → 0. The point (d0, t0, ξ0) ∈ R
+ × R × ∂� is a critical

point of the function

�(d, t, ξ) = −C∂νu0(ξ)d
N−2
2 t + αN

2N−1C
dN−2

t N−2 − Bd2 (2.5)

where C and B are the explicit positive constants

C =
∫

RN
U p
1,0 and B = 1

2

∫

RN
U2
1,0. (2.6)

A direct computation gives that (d0, t0, ξ0) satisfies the system
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

− 2Bd0 + αN

2N−1

dN−3
0

t N−2
0

C − C
N − 2

2
d

N−4
2

0 t0∂νu0(ξ0) = 0

− αN (N − 2)

2N−1

dN−2
0

t N−1
0

C − Cd
N−2
2

0 ∂νu0(ξ0) = 0

∇ξ0∂νu0(ξ0) = 0.

(2.7)
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Since by Hopf’s Lemma ∂νu0(ξ0) < 0, the function � has a critical point in the considered
region.

The result in [30] indicates that a solution with the form (2.3) and k > 1 would possi-
bly exhibit a cluster behaviour around the point ξ0. This suggests the form for the scaling
parameters δi and the points ξi in (2.3). Let us be more precise.

Locally around ξ0, the boundary ∂� can be described as the set of points x = (x ′, ϑ(x ′)),
for a certain smooth function ϑ : R

N−1 → R. Without loss of generality, we assume
∂x j ϑ(ξ0) = 0 for all j = 1, . . . , N − 1 and we write ξ0 = (ξ ′

0, ϑ(ξ ′
0)). For the construction

of a cluster solution, we assume that ξ = (ξ1, . . . , ξk) ∈ �k and δ = (δ1, . . . , δk) ∈ R
k in

(2.3) have the form

δi = εαd0 + εα̂di with α̂ = 3N 2 − 6N + 4

N (N 2 − 6N + 4)
;

ξ̂i = (ξ ′
0 + εβ̂τi , ϑ(ξ ′

0 + εβ̂τi )) with β̂ = (N − 2)2

N (N 2 − 6N + 4)
;

ξi = ξ̂i + (εβ t0 + εβ̃ ti )ν(ξ̂i ) with β̃ := 2N 2 − 6N + 4

N (N 2 − 6N + 4)
.

(2.8)

where d0, t0, ξ0, α and β are defined in (2.4), ξ̂i ∈ ∂�, τi ∈ R
N−1, τi , di ∈ R are parameters

to be found. For the moment, we make the following assumptions on these parameters: we
assume there exist a > 0 and ρ > 0 such that τi , τi and di

|di |, |ti | < a,∀i = 1, . . . , k, |τi − τh | > ρ ∀i �= h. (2.9)

Remark 2.1 Without loss of generality, we can choose a coordinate system such that
∇N−1ϑ(ξ ′

0) = 0. Now a computation shows that

|ξ̂i − ξ̂h |2 = ε2β̂
N−1∑

�=1

(τi − τh)
2
� + (ϑ(ξ ′

0 + εβ̂τi ) − ϑ(ξ ′
0 + εβ̂τh))

2

= ε2β̂ |τi − τh |2 + ε2β̂ ∇N−1ϑ(ξ ′
0)︸ ︷︷ ︸

=0

·(τi − τh) + o(ε2β̂ ).

and then

|ξi − ξh |2 = |ξ̂i + (εβ t0 + εβ̃ ti )ν(ξ̂i ) − ξ̂h − (εβ t0 + εβ̃ th)ν(ξ̂h)|2

= |ξ̂i − ξ̂h + o(εβ̂ )|2

= ε2β̂ |τi − τh |2 + o
(
ε2β̂
)

.

(2.10)

It is important to observe that α < α̂ and β̂ < β < β̃. Let us call

θ = 1 + 2α = (α − β)(N − 2) = N (N − 2)

N 2 − 6N + 4
, (2.11)

and

θ̂ = 1 + 2α̂ = (α − β̂)(N − 2) = N 3 − 8N + 8

N (N 2 − 6N + 4)
. (2.12)

Now we are able to state our main result.
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Theorem 2.1 Assume there exists is a C1-stable critical point ξ0 of the function ξ ∈ ∂� 	→
∂νu0(ξ) such that D2

N−1∂νu0(ξ0) is positive definite, and let k ∈ N. Then there exists ε0 > 0
such that for any ε ∈ (0, ε0) the problem (BN) has a sign-changing cluster solution which
blows-up at ξ0. More precisely, there exist constants C, a, ρ, a function φε ∈ H1

0 (�), points
ξ ε = (ξ1ε, . . . , ξkε) ∈ �k with ξiε �= ξhε if i �= h, and parameters δε = (δ1ε, . . . , δkε) ∈ R

k

satisfying (2.8)–(2.9) such that uε defined in (2.3) is a solution to (BN). Moreover

‖φε‖H1
0 (�) � Cε

θ̂
2 +σ

for some σ > 0 arbitrarily small.

Theorem 1.1 is a direct consequence of Theorem 2.1.
The rest of the paper is devoted to prove Theorem 2.1. The proof is done via a reduction

method.
In Sect. 3 we prove that, for given ξ = (ξ1, . . . , ξk) ∈ �k and δ = (δ1, . . . , δk) ∈ R

k

satisfying (2.8)–(2.9), there exists φε solution of a projected problem. We then show that
a true solution to our problem can be achieved by finding a specific set of parameters ξ =
(ξ1, . . . , ξk) ∈ �k and δ = (δ1, . . . , δk) ∈ R

k . This is the reduced finite dimensional problem
that we treat in the subsequent sections.

3 Reduction to a finite dimensional problem

The purpose of this section is to find the term φε in (2.3) for given ξ = (ξ1, . . . , ξk) ∈ �k

and δ = (δ1, . . . , δk) ∈ R
k satisfying (2.8)–(2.9). The term φε will be small in ε and satisfy a

set of orthogonal conditions. To introduce these orthogonality conditions, consider the linear
problem

−�ψ = pU p−1
1,0 ψ in R

N ,

whose set of solution is spanned by the functions

ψ0(x) = N − 2

2
U1,0(x) + ∇U1,0(x) · x = αN

N − 2

2

1 − |x |2
(1 + |x |2)N/2

and

ψ j (x) = ∂U1,0

∂x j
(x) = −αN (N − 2)

x j
(1 + |x |2)N/2 .

Set

ψ
j
δ,ξ (x) = 1

δ
N−2
2

ψ j
(
x − ξ

δ

)
for all j = 0, . . . , N

and define

Pψ
j
i = i�

(
pU p−1

i ψ
j
i

)
for all i = 1, . . . , k and j = 0, . . . , N

where Ui = Uδi ,ξi and ψ
j
i = ψ

j
δi ,ξi

. For any δ ∈ R
k and ξ ∈ �k , consider the space

Kδ,ξ = span{Pψ
j
i for all i = 1, . . . , k and j = 0, . . . , N }

123



119 Page 8 of 32 M. Musso et al.

and its orthogonal

K⊥
δ,ξ = {φ ∈ H1

0 (�) : 〈φ, Pψ
j
i 〉 = 0 for all i = 1, . . . , k and j = 0, . . . , N }.

The reminder term introduced in (2.3) will satisfy φε ∈ K⊥
δ,ξ

.
Now let us recall some useful results.

Lemma 3.1 Let N > 6 and q ∈
(
p+1
2 , p + 1

]
. Let δ ∈ (0,∞), ξ ∈ � and Uδ,ξ as in

(1.1). Then there exist there exists a constant C = C(a) > 0 and ε0 > 0 such that for any
ε ∈ (0, ε0) it holds

|Uδ,ξ |2�,� � C, (3.1)

|Uδ,ξ | 2N
N+2 ,�

� Cδ2, (3.2)

|ψ j
δ,ξ | 2N

N+2 ,�
� Cδ2. (3.3)

Let us denote by G(x, y) the Green’s function of the Laplace operator with Dirichlet
boundary condition and let H(x, y) be its regular part, namely

H(x, y) = γN

(
1

|x − y|N−2 − G(x, y)

)
, ∀ x, y ∈ �, with γN = 1

(N − 2)|SN−1| .

We remark that in [25] it was shown that for every ξ ∈ �

H(ξ, ξ) = 1

2N−2dist(ξ, ∂�)N−2 + o

(
1

dist(ξ, ∂�)N−2

)
.

By using the previous observations we get that

H(ξh, ξi ) = 1

2N−2

1

ηN−2
i

+ o

(
1

ηN−2
i

)

where

ηi = dist(ξi , ∂�) = εβ t0 + εβ̃ ti . (3.4)

Lemma 3.2 Let δ ∈ (0,∞), ξ ∈ � and ϕδ,ξ = Uδ,ξ − PUδ,ξ . We have

ϕδ,ξ (x) = αN δ
N−2
2 H(ξ, x) + O

(
δ

N+2
2

dist(ξ, ∂�)N

)

and

0 � ϕδ,ξ � Uδ,ξ .

Moreover

ψ0
δ,ξ − Pψ0

δ,ξ = αN
N − 2

2
δ

N−2
2 H(ξ, x) + O

(
δ

N+2
2

dist(ξ, ∂�)N

)

and for all j = 1, . . . , N

ψ
j
δ,ξ − Pψ

j
δ,ξ = αN δ

N
2

∂H

∂ξ j
(ξ, x) + O

(
δ

N+4
2

dist(ξ, ∂�)N

)

.
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Proof See Proposition 1 in [25]. ��
In particular Lemma 3.2 implies that PUδ,ξ ≥ 0 and that there exists a positive constant

C such that

|ϕδ,ξ |∞,� � C
δ

N−2
2

dist(ξ, ∂�)N−2 . (3.5)

In [25] it is also shown that

|ϕδ,ξ |2�,� � δ
N−2
2

dist(ξ, ∂�)
N−2
2

. (3.6)

More generally we can estimate the Lq(�) norm of ϕδ,ξ and the L
2N
N−2 (�) of Pψ

j
δ,ξ − ψ

j
δ,ξ .

Lemma 3.3 Let N > 6, q ∈
(
p+1
2 , p + 1

]
and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. Then

there exists a constant C = C(a) > 0 and ε0 > 0 such that for any ε ∈ (0, ε0) for all
i = 1, . . . , k and j = 0, . . . , N it holds

|ϕδi ,ξi |q,� � Cε
θ
2

and

|Pψ
j
i − ψ

j
i | 2N

N−2 ,�
� Cεσ

for some σ > 0 arbitrarily small.

Proof The proof easily follows from Lemma 2.2 in [30]. ��
Now let us define the operators

�(u) =
k∑

i=1

N∑

j=0

〈u, Pψ
j
i 〉Pψ

j
i

and

�⊥(u) = u − �(u).

Moreover the problem (2.2) is equivalent to solve the system

�{uε − i� ( f (uε) + εuε)} = 0 (3.7)

and

�⊥{uε − i� ( f (uε) + εuε)} = 0. (3.8)

Let us also define the linear operator

Lδ,ξφ = �⊥
{

φ − i�
[

f ′
(

u0 −
k∑

h=1

Uh

)

φ

]}

, (3.9)

the error term

Eδ,ξ = �⊥ {Wδ,ξ − i�
[
f
(
Wδ,ξ

)+ εWδ,ξ

]}
(3.10)

123
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and the nonlinear terms

N 1
δ,ξφ = �⊥{i� [ f (Wδ,ξ + φ) − f (Wδ,ξ ) − f ′(Wδ,ξ )φ + εφ

]}, (3.11)

N 2
δ,ξφ = �⊥

{

i�
[(

f ′
(

u0 −
k∑

h=1

PUh

)

− f ′
(

u0 −
k∑

h=1

Uh

))]

φ

}

, (3.12)

where f (u) = |u|p−1u.

Remark 3.1 Wewant to stress that�⊥
δ,ξ

is a continuousmap, i.e. there exists a constantC > 0

such that for any ε > 0, δ ∈ R
k , ξ ∈ �k it holds

‖�⊥
δ,ξu‖H1

0 (�) � C‖u‖H1
0 (�) for all u ∈ H1

0 (�).

Two important inequalities we will use throughout all our work are the following.

Lemma 3.4 For all a > 0 and b ∈ R, we have

||a + b|r − ar | �
{
C(r)min{ar−1b, br } if r < 1,

C(r)
(
ar−1b + br

)
if r ≥ 1

and

||a + b|r (a + b) − ar+1 − (1 + r)arb| �
{
C(r)min{|b|r+1, ar−1b2} if 0 � r < 1,

C(r)max
(|b|r+1, ar−1b2

)
if r ≥ 1.

Proof See Lemma 2.2 in [17]. ��
Now we want to solve (3.8). For this aim we start proving the invertibility of Lδ,ξ defined

in (3.9).

Proposition 3.5 Let N > 6 and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0 and ε0 > 0 such that for any ε ∈ (0, ε0) it holds

‖Lδ,ξ (φ)‖H1
0 (�) ≥ C‖φ‖H1

0 (�) for any φ ∈ K⊥
δ,ξ . (3.13)

Furthermore, the operator Lδ,ξ is invertible and its inverse is continuous.

Proof We will argue as in the proof of Lemma 1.7 in [19]. The main difference is that our
points are converging to the same point ξ0 ∈ ∂�while in [19] they are converging to different
points in �. In view of a contradiction, assume that there exist

· sequences εn → 0 as n → ∞, |di |, |ti | < a for all i = 1, . . . , k as n → ∞,
· φn ∈ K⊥

n := K⊥
δn ,ξn

, with ‖φn‖H1
0 (�) = 1;

· Lnφn := Lδnδnδn ,ξnξnξn (φn) = hn with ‖hn‖H1
0 (�) → 0.

We have that

φn = i∗
[
f ′ (u0 −

∑
Uhn

)
φn

]
+ hn + wn (3.14)

where wn ∈ Kn = Kδn ,ξn
, i.e.

wn =
k∑

i=1

N∑

j=0

c jin Pψ
j
in

.
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Observe that

| f ′ (∑Uh

)
−
∑

f ′ (Uh) | N
2 ,�

= O
(
ε2(α−2β)

)
. (3.15)

Indeed

| f ′ (∑Uh

)
−
∑

f ′ (Uh) | N
2 ,�

� C | f ′ (∑Uh

)
−
∑

f ′ (Uh) | N
2 �\∪Bηi ξi

+ C
∑

i

⎛

⎝| f ′
(

k∑

h=1

Uh

)

− f ′(Ui )| N
2 ,Bηi ξi

+
∑

h �=i

| f ′(Uh)| N
2 ,Bηi ξi

⎞

⎠

� C
∑

i

⎛

⎝| f ′
⎛

⎝
∑

h �=i

Uh

⎞

⎠ | N
2 ,Bηi ξi

+
∑

h �=i

| f ′(Uh)| N
2 ,Bηi ξi

⎞

⎠

+ C
∑

| f ′ (∑Uh

)
−
∑

f ′ (Uh))| N
2 ,�\∪Bηi ξi

� C
∑

i,h

⎛

⎜
⎝

⎛

⎝
∑

h �=i

(
δh

η2h

) N−2
2
⎞

⎠

4
N−2

+
∑

h �=i

(
δh

η2h

)2
⎞

⎟
⎠ |Bηi ξi |

2
N

+ C

⎛

⎝
∑
(

δh

η2h

) N−2
2
⎞

⎠

4
N−2

+
∑
(

δh

η2h

)2

where ηi is defined in 3.4. Let us also observe that wn ∈ Kn is orthogonal to φn, hn ∈ K⊥
n .

· Step 1. It holds that
‖wn‖H1

0 (�) → 0 as n → ∞.

Observe that

0 = 〈φn, wn〉 =
k∑

i=1

N∑

j=0

c jin

∫

�

φn f
′(Uin )ψ

j
in

.

Using (3.14) and using Lemma 3.4, we have

‖wn‖2H1
0 (�)

= 〈φn, wn〉︸ ︷︷ ︸
=0

−〈i∗
[

f ′
(

u0 −
k∑

h=1

Uhn

)

φn

]

, wn〉 − 〈hn, wn〉︸ ︷︷ ︸
=0

= −
∫

�

[

f ′(u0 −
k∑

h=1

Uhn ) − f ′
(

k∑

h=1

Uhn

)]

φnwn

−
∫

�

[

f ′
(

k∑

h=1

Uhn

)

−
k∑

h=1

f ′(Uhn )

]

φnwn −
k∑

h=1

∫

�

f ′(Uhn )φnwn

= −
k∑

i=1

N∑

j=0

c jin

∫

�

⎡

⎢⎢
⎢⎢⎢
⎣
f ′
(

u0 −
k∑

h=1

Uhn

)

− f ′
(

k∑

h=1

Uhn

)

︸ ︷︷ ︸
� f ′(u0)

⎤

⎥⎥
⎥⎥⎥
⎦

φn Pψ
j
in
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−
∫

�

[

f ′
(

k∑

h=1

Uhn

)

−
k∑

h=1

f ′(Uhn )

]

φnwn

−
k∑

h,i=1

N∑

j=0

c jin

∫

�

f ′(Uhn )φn(Pψ
j
in

− ψ
j
in

) +
k∑

h,i=1

N∑

j=0

c jin

∫

�

f ′(Uhn )φnψ
j
in

︸ ︷︷ ︸
=0

� f ′(u0)
k∑

h,i=1

N∑

j=1

|c jin ||φ| 2N
N−2 ,�

|Pψ
j
in

| 2N
N+2 ,�

︸ ︷︷ ︸
O(δin )2

+ | f ′
⎛

⎝
k∑

h,i=1

Uhn

⎞

⎠−
k∑

h,i=1

f ′(Uhn )| N
2 ,�

|φn | 2N
N−2 ,�

|wn | 2N
N−2 ,�

+
k∑

h,i=1

N∑

j=0

|c jin || f ′(Uhn )| N
2 ,�

|φn | 2N
N−2 ,�

|Pψ
j
in

− ψ
j
in

| 2N
N−2 ,�

where |Pψ
j
in

| 2N
N+2 ,�

,| f ′(
∑

Uhn ) −∑ f ′(Uhn )| N
2 ,�

and |Pψ
j
in

− ψ
j
in

| 2N
N−2 ,�

go to zero as

εn → 0 by (3.3), (3.15) and Lemma 3.3 and | f ′(Uhn )| N
2 ,�

is bounded as U1,0 ∈ L
N
2 (RN )

and

| f ′(Uh)| N
2 ,�

� α p−1|U1,0| N
2 ,RN .

Then we have

‖wn‖2H1
0 (�)

� on(1)
N∑

j=0

k∑

i=1

|c jin | + on(1)‖wn‖H1
0 (�). (3.16)

Moreover,

‖wn‖2H1
0 (�)

=
∑

c jin c
s
rn 〈Pψ

j
in

, Pψ s
rn 〉 =

∑
c jin c

s
rn [δ j,sδi,r + on(1)]. (3.17)

Putting together (3.16) and (3.17), we have that c jin are bounded and consequently

‖wn‖H1
0 (�) → 0 as n → ∞. Now as ‖φn‖ is bounded in H1

0 (�), it converges weakly in

D1,2(�) to φ∞. We want to show that φ∞ = 0.
· Step 2. For all i = 1, . . . , k let us define

φ̃in (y) = δ
N−2
2

in
φn(δin y + ξin ) for all y ∈ �in = � − ξin

δin
,

such that ‖φ̃in‖H1
0 (�in ) = ‖φn‖H1

0 (�) = 1. Then φ̃in is bounded and there exists φ̃i∞ such

that φ̃in → φ̃i∞ weakly in D1,2(RN ). We observe that

φ̃in = δ2in i
�
in

⎡

⎣ f ′
⎛

⎝u0(δin y + ξin ) − δ
− N−2

2
in

U1,0 −
∑

h �=i

Uh(δin y + ξin )

⎞

⎠ φ̃in

⎤

⎦

+h̃in (y) + w̃in (y),
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where i�in is the adjoint operator of the immersion i�in : H1
0 (�in ) ↪→ L

2N
N−2 (�in ), h̃in (y) =

hn(δin y + ξin ) and w̃in (y) = (δin y + ξin ). Recalling that |ξi − ξh |2 = O(ε2β) by (2.1),
for all ϕ ∈ C∞

c such that suppϕ ⊂ �in , we have

〈φ̃in , ϕ〉H1
0 (�in ) = δ2in

∫

�in

f ′ (u0 −
∑

Uh

)
φ̃inϕ + 〈hin + wi

n, ϕ〉
︸ ︷︷ ︸

=on (1)

� δ2in

∫

�in

f ′
⎛

⎝u0(δin y + ξin ) − δ
− N−2

2
in

U1,0 − αN

∑

h �=i

δ
N−2
2

h

(δ2h + |δi y + ξin − ξhn |2)
N−2
2

⎞

⎠ φ̃inϕ

+ on(1)

=
∫

�in

⎡

⎣ f ′
⎛

⎝U1,0(y) − δ
N−2
2

in
u0(δin y + ξin ) + αN

∑

h �=i

δ
N−2
2

hn
δ

N−2
2

in

(δ2h + |δi y + ξin − ξhn |2)
N−2
2

)

⎞

⎠

− f ′(U1,0)

]
φ̃inϕ + p

∫

�in

U p−1
1,0 φ̃inϕ + on(1)

�
∫

�in

f ′

⎛

⎜⎜
⎜
⎜⎜
⎜
⎝

δ
N−2
2

in
u0(δin y + ξin ) − αN

∑

h �=i

δ
N−2
2

hn
δ

N−2
2

in

(δ2h + |δi y + ξin − ξhn |2)
N−2
2

)

︸ ︷︷ ︸
O(ε

(α−β̂)(N−2)
n )=on(1)

⎞

⎟⎟
⎟
⎟⎟
⎟
⎠

φ̃inϕ

+
∫

�in

f ′(U1,0)φ̃inϕ + on(1)

→ p
∫

RN
U p−1
1,0 ϕφ̃i∞

where the first term goes to zero by the Dominated Convergence Theorem. Hence at the
limit

−�φ̃i∞ = pU p−1
1,0 φ̃i∞ weakly in D1,2(RN ).

We want to prove that the limit function φ̃i∞ is null. It is sufficient to show that

φ̃i∞ ∈ ker(−� − pU p−1)⊥,

i.e.
∫

RN
∇φ̃i∞ · ∇ψ j =

∫

RN
φ̃i∞ f ′(U1,0)ψ

j = 0 for all j = 0, . . . , N .

Indeed, if j = 0 we have that

0 = 〈φn, Pψ
j
in

〉 =
∫

�

∇φn(x) · ∇Pψ
j
in
dx =

∫

�

φn(x) f
′(Ui (x))ψ

j
i (x)dx

=
∫

�in

φ̃in (y) f
′(U1,0(y))ψ

0(y)dy →
∫

RN
φ̃i∞ f ′(U1,0)ψ

0

and similarly for j = 1, . . . , N . As φ̃in⇀φ̃i∞ in D1,2(RN ) and f ′(U1,0)ψ
0
1,0 ∈

L
2N
N+2 (RN ) then φ̃i∞⇀0 in D1,2(RN ).
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· Step 3. Now for all ϕ ∈ C∞
c (�) we have that

〈φn, ϕ〉H1
0 (�) =

∫

�

f ′ (u0 −
∑

Uhn

)
φnϕ + 〈hn + wn, ϕ〉

︸ ︷︷ ︸
=on(1)

=
∫

�

f ′ (u0) φnϕ +
∫

�

[
f ′(u0 −

∑
Uhn ) − f ′(u0)

]

︸ ︷︷ ︸
� f ′(

∑Uhn )

φnϕ + on(1)

�
∫

�

f ′(u0)φnϕ +
∫

�

[
f ′ (∑Uhn

)
− f ′ (U1n

)] |φn ||ϕ|

+
∫

�

f ′ (U1n

) |φn ||ϕ| + on(1)

�
∫

�

f ′(u0)φnϕ +
∑∫

�

f ′ (Uin

) |φn ||ϕ| + on(1)

=
∫

�

f ′(u0)φnϕ +
∑

δ
N+2
2

in

∫

�in

f ′ (∑Uhn (δin y + ξin )
)

|φ̃in ||ϕ| + on(1)

=
∫

�

f ′(u0)φnϕ +
∑

δ
N−2
2

in

∫

�in

f ′ (U1,0
) |φ̃in ||ϕ| + on(1)

→ p
∫

�

u p−1
0 ϕφ∞

as φ̃in converges to zero weakly inD
1,2(RN ) and U1,0 ∈ L

2N
N+2 (RN ). Hence φ∞ weakly

satisfies −�φ∞ = pu p−1
0 φ∞ in � and, by the non degeneracy of u0, we have that

φ∞ = 0.
· Step 4. Now we want to show that φn → 0 strongly in H1

0 (�). Indeed

‖φn‖H1
0 (�) = 〈i�( f ′ (u0 −

∑
Uhn

)
φn, φn〉 + 〈hn + wn, φn〉︸ ︷︷ ︸

=0

=
∫

�

(
f ′ (u0 −

∑
Uhn

)
− f ′ (∑Uhn

))
φ2
n +

∫

�

f ′ (∑Uhn

)
φ2
n

�
∫

�

f ′ (u0) φ2
n +

∫

�in

f ′
⎛

⎝U1,0 + δ
N−2
2

in

∑

hn �=in

Uhn (δin y + ξin )

⎞

⎠ φ̃2
in

�
∫

�

f ′(u0)φ2
n +

∫

�in

f ′(U1,0)φ̃
2
in

+
∑

h �=i

δ2in

∫

�in

α
4

N−2
N

(
δhn

δ2hn + |δin y + ξin − ξhn |2
)2

φ̃2
in

where the last term converges to zero by theDominatedConvergence Theorem.Moreover

φ2
n and φ̃2

hn
are uniformly bounded respectively in L

N
N−2 (�) and L

N
N−2 (RN ) and they

converge to zero almost everywhere in � andRN . Hence φ2
n and φ̃2

hn
converge weakly to

zero in L
N

N−2 (�) and L
N

N−2 (RN ) . As f ′(u0) ∈ L
N
2 (�) and f ′ (U1,0

) ∈ L
N
2 (RN ), we

have that ‖φn‖H1
0 (�) = on(1), and this contradicts the hypothesis ‖φn‖ = 1 and prove

that ‖Lδ,ξφ‖ ≥ C ‖φ‖.
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· Step 5. Nowwe have to prove thatLδ,ξ is invertible and its inverse is continuous. Indeed,

we know that �⊥ ◦ i� : L 2N
N−2 (�) → H1

0 (�) is a compact operator, then Lδ,ξ = I d − K
where K is a compact operator. By (3.13) we also know that Lδ,ξ is injective. Thus, by
the Fredholm’s alternative theorem is also surjective.

��
Now we want to estimate the error term defined in (3.10).

Proposition 3.6 Let N > 6 and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0 and ε0 > 0 such that for any ε ∈ (0, ε0) the error term satisfies

‖Eδ,ξ‖H1
0 (�) � Cε

θ̂
2 +σ

for some σ > 0 arbitrarily small, where θ̂ is given by (2.12).

Proof Observing that

Eδ,ξ = �⊥{i� [ f (Wδ,ξ ) + εWδ,ξ

]− i�[ f (u0) −
k∑

h=1

f (Uh)]}

and by (2.1) we get

‖Eδ,ξ‖H1
0 (�) � | f (Wδ,ξ ) − f (u0) +

∑
f (PUh) + ε(Wδ,ξ )| 2N

N+2 ,�

�
∣∣ f (Wδ,ξ ) − f

(∑
PUh

) ∣∣ 2N
N+2 ;∪Bηi (ξi )︸ ︷︷ ︸

(I )

+
∑

h

| f (Uh)| 2N
N+2 ;�\∪Bηi (ξi )︸ ︷︷ ︸
(I I )

+ ∣∣
∑

f (Uh) − f
(∑

PUh

) ∣∣ 2N
N+2 ,∪Bηi (ξi )︸ ︷︷ ︸

(I I I )

+ | f (Wδ,ξ ) − f (u0)| 2N
N+2 ;�\∪Bηi (ξi )︸ ︷︷ ︸

(I V )

+ | f (u0)| 2N
N+2 ;∪Bηi (ξi )︸ ︷︷ ︸
(V )

+ ε|u0| 2N
N+2︸ ︷︷ ︸

(V I )

+ ε
∑

h

|PUh | 2N
N+2 ;�

︸ ︷︷ ︸
(V I I )

.

Recalling that ηh = dist(ξh, ∂�) = O(εβ), we observe that

(V ) �
∑

|u p
0 | 2N

N+2 ,Bηi (ξi )
�
∑

i

(∫ ηi

0
r N−1

) N+2
2N

=
∑

O
(

η
N+2
2

i

)
= O

(
ε

N2−4
N2−6N+4

)
= O

(
ε

θ̂
2 +σ

)

and that

Uδh ,ξh �
(

δh

η2h

) N−2
2

= O
(
ε(α−2β) N−2

2

)
= O

(
ε

N−2
N2−6N+4

)
(3.18)
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in �\Bηh (ξh) for all h = 1, . . . , k. Then for all N ≥ 7

(I ) �
∑

i

∣
∣
∣
∣ f (u0 −

∑

h

PUh) − f

(
∑

h

PUh

) ∣
∣
∣
∣

2N
N+2 ;Bηi (ξi )

�
∑

i

(∣
∣
∣
∣ f

′
(
∑

h

PUh

)

u0

∣
∣
∣
∣

2N
N+2 ;Bηi (ξi )

+ |u p
0 | 2N

N+2 ;Bηi (ξi )

)

� C
∑

i

(∣
∣
∣
∣ f

′
(
∑

h

PUh

)

− f ′ (Ui )

∣
∣
∣
∣

2N
N+2 ;Bη1 (ξ1)

+ | f ′ (Ui ) | 2N
N+2 ;Bη1 (ξ1)

+
(∫ ηi

0
r N−1

) N+2
2N
)

� C
∑

i

⎛

⎝
∣
∣ f ′ (Ui − PUi )

∣
∣ 2N
N+2 ;Bηi (ξi )

+
∑

h �=i

| f ′ (PUh) | 2N
N+2 ;Bηi (ξi )

⎞

⎠

+ C
∑

i

(
| f ′ (Ui ) | 2N

N+2 ;Bηi (ξi )
+ η

N+2
2

i

)

� C
∑

i

⎛

⎝|ϕδi ,ξi |
4

N−2
∞,�η

N+2
2

i + η
N+2
2

i

∑

h �=i

δ2h

η4h
+ δ2i

(∫ ηi

0
r N

N−6
N+2−1

) N+2
2 + η

N+2
2

i

⎞

⎠

� C
∑

i

δ2i

η4i
η

N+2
2

i + +η
N+2
2

i

∑

h �=i

δ2h

η4h
+ δ2i η

N−6
2

i + η
N+2
2

i = O(ε
θ̂
2 +σ )

by (3.18) and (3.5). Now

(I I ) � | f (Uh)| 2N
N+2 ,�\Bηh (ξh)

= α
p
N

⎛

⎝
∫

�\Bηh (0)

(
δh

δ2h + |y|2
)N
⎞

⎠

N+2
2N

� C

(∫ +∞
ηh
δh

r N−1

(1 + r2)N

) N+2
2N

� C

(
δh

ηh

) N+2
2

= O
(
ε

N+2
2 (α−β)

)
= O

(
ε

N (N+2)
N2−6N+4

)
= O

(
ε

θ̂
2 +σ

)

(3.19)

and analogously

|Uh | 2N
N+2 ,�\∪Bηi (ξi )

� |Uh | 2N
N+2 ,�\Bηh (ξh)

= αN

⎛

⎝
∫

�\Bηh (0)

(
δh

δ2h + |y|2
)N N−2

N+2
⎞

⎠

N+2
2N

� Cδ2h

(∫ +∞
ηh
δh

αN
r N−1

(1 + r2)N
N−2
N+2

) N+2
2N

� Cδ2h

(
δh

ηh

) N−6
2

= O
(
ε2α+ N−6

2 (α−β)
)

= O
(

ε
N2+2N−8

2(N2−6N+4)

)
= O

(
ε

θ̂
2 +σ

)
.

(3.20)
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Then, by (3.19) and (3.20)

(I V ) �
∣
∣
(∑

PUh

)p | 2N
N+2 ;�\∪Bηi (ξi )

+ |u p−1
0

∑
PUh | 2N

N+2 ;�\∪Bηi (ξi )

� C
∑

| (PUh)
p | 2N

N+2 ;�\∪Bηi (ξi )
+ C

∑
|PUh | 2N

N+2 ;�\∪Bηi (ξi )

� C
∑

| (Uh)
p | 2N

N+2 ;�\∪Bηi (ξi )
+ C

∑
|Uh | 2N

N+2 ;�\∪Bηi (ξi )
= O(ε

θ̂
2 +σ ).

In a similar way, by (3.5) and (3.18)

(I I I ) �
∑

i

∣
∣
∣
∣
∑

h

f (Uh) − f

(
∑

h

PUh

) ∣
∣
∣
∣

2N
N+2 ,Bηi (ξi )

�
∑

i

⎛

⎝| f (Ui ) − f (
∑

PUh)| 2N
N+2 ,Bηi (ξi )

+
∑

h �=i

| f (Uh)| 2N
N+2 ,Bηi (ξi )

⎞

⎠

�C
∑

i

⎛

⎝| f ′(Ui )

⎛

⎝ϕi +
∑

h �=i

PUh

⎞

⎠ | 2N
N+2 ,Bηi (ξi )

+
∑

h �=i

| f (Uh)| 2N
N+2 ,Bηi (ξi )

⎞

⎠

�C
∑

i

⎛

⎝| f ′(Ui )| 2N
N+2 ,Bηi (ξi )

⎛

⎝|ϕδi ,ξi |∞,� +
∑

h �=i

(
δh

η2h

) N−2
2
⎞

⎠

+|Bηi (ξi )|
N+2
2N
∑

h �=i

(
δh

η2h

) N−2
2
⎞

⎠

�C
∑

i

⎛

⎝δ
N−2
2

i

(∫ ηh
δh

0
r

N2−7N−2
N+2

) N+2
2N
⎞

⎠
∑
⎛

⎝ δ
N−2
2

h

ηN−2
h

⎞

⎠+ η
N+2
2

i

∑

h �=i

(
δh

η2h

) N−2
2

�C
∑

i

⎛

⎝δ
N−2
2

i

(
ηi

δi

) N−6
2 ∑

⎛

⎝ δ
N−2
2

h

ηN−2
h

⎞

⎠+ η
N+2
2

i

∑

h �=i

(
δh

η2h

) N−2
2
⎞

⎠

=O
(
ε(α−β) N+2

2

)
+ O

(
εα N−2

2 −β N−6
2

)
= O

(
εθ̂+σ

)
.

��

Now we can solve (3.8) using a fixed point argument.

Proposition 3.7 Let N > 6 and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0 and ε0 > 0 such that for any ε ∈ (0, ε0) there exists a unique φδ,ξ ∈ K⊥

δ,ξ
solving

Lδ,ξφδ,ξ = Eδ,ξ + N 1
δ,ξφδ,ξ + N 2

δ,ξφδ,ξ (3.21)

and satisfying

‖φδ,ξ‖H1
0 (�) � Cε

θ̂
2 +σ (3.22)

for some σ > 0.
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Proof We want to show that Tδ,ξ : K⊥
δ,ξ

→ K⊥
δ,ξ

is a contraction where

Tδ,ξφ = L−1
δ,ξ

[Eδ,ξ + N 1
δ,ξφ + N 2

δ,ξφ] for all φ ∈ K⊥
δ,ξ

and the operators Lδ,ξ , Eδ,ξ , N 1
δ,ξ

and N 2
δ,ξ

are defined (3.9), (3.10), (3.11) and (3.12).

Let r > 0 and Bδ,ξ = {φ ∈ K⊥
δ,ξ

: ‖φ‖H1
0 (�) � rε

θ̂
2 +σ }. We observe that

‖N 1
δ,ξφ‖H1

0 (�) �C‖i�[ f (Wδ,ξ + φ) − f (Wδ,ξ ) − f ′(Wδ,ξ )φ + εφ]‖H1
0 (�)

�C | f (Wδ,ξ + φ) − f (Wδ,ξ ) − f ′(Wδ,ξ )φ| 2N
N+2 ,�

+ ε|φ| 2N
N+2 ,�

�C | f (φ)| 2N
N+2 ,�

+ ε‖φ‖H1
0 (�) � C‖φ‖p

H1
0 (�)

+ Cε‖φ‖H1
0 (�)

and

‖N 2
δ,ξφ‖H1

0 (�) �C

∣
∣
∣
∣

∣
∣
∣
∣i

�

[(

f ′
(

u0 −
k∑

h=1

PUh

)

− f ′
(

u0 −
k∑

h=1

Uh

))

φ

] ∣
∣
∣
∣

∣
∣
∣
∣
H1
0 (�)

�C

∣
∣
∣∣

(

f ′
(

u0 −
k∑

h=1

PUh

)

− f ′
(

u0 −
k∑

h=1

Uh

))

φ

∣
∣
∣∣

2N
N+2 ,�

�C
∣∣∣ f ′ (∑ϕδh ,ξh

) ∣∣∣
N
2 ,�

|φ| 2N
N−2 ,�

� C
(∑

|ϕδh ,ξh | 2N
N−2 ,�

) 4
N−2 ‖φ‖H1

0 (�).

Hence by (3.6)

‖Tδ,ξφ‖H1
0 (�) � ‖N 1

δ,ξφ‖H1
0 (�) + ‖N 2

δ,ξφ‖H1
0 (�) � Cε

θ̂
2 +σ

and so Tδ,ξ maps Bδ,ξ into itself. Moreover for all φ1, φ2 ∈ K⊥
δ,ξ

we have

‖N 1
δ,ξφ1 − N 1

δ,ξφ2‖H1
0 (�) � C | f (Wδ,ξ + φ1) − f (Wδ,ξ + φ2) − f ′(Wδ,ξ )(φ1 − φ2)| 2N

N+2 ,�

+ ε|φ1 − φ2| 2N
N+2 ,�

� | f (Wδ,ξ + φ1︸ ︷︷ ︸
=a+b

) − f ( Wδ,ξ + φ2︸ ︷︷ ︸
=a; b=φ1−φ2

) − f ′(Wδ,ξ + φ2)(φ1 − φ2)| 2N
N+2 ,�

| f ′(Wδ,ξ + φ2)(φ1 − φ2) − f ′(Wδ,ξ )(φ1 − φ2)| 2N
N+2 ,�

+ ε|φ1 − φ2| 2N
N+2 ,�

� C
(
||φ1 − φ2|p| 2N

N+2 ,�
+ ||φ2|p|φ1 − φ2| 2N

N+2 ,�
+ ε|φ1 − φ2| 2N

N+2 ,�

)

� C
(
|(φ1 − φ2)

p−1| N
2 ,�

|φ1 − φ2| 2N
N−2 ,�

+ |φ p−1
2 | N

2 ,�
|φ1 − φ2| 2N

N−2 ,�

)

+ Cε‖φ1 − φ2‖p−1
H1
0 (�)

� C

⎛

⎜⎜⎜⎜
⎝

‖φ1 − φ2‖H1
0 (�)

︸ ︷︷ ︸
�‖φ1‖H1

0 (�)
+‖φ2‖H1

0 (�)

‖φ1 − φ2‖H1
0 (�) + ‖φ2‖p−1

H1
0 (�)

‖φ1 − φ2‖H1
0 (�)

⎞

⎟⎟⎟⎟
⎠

+ Cε‖φ1 − φ2‖H1
0 (�)

� C

(
‖φ1‖p−1

H1
0 (�)

+ ‖φ2‖p−1
H1
0 (�)

+ ε

)
‖φ1 − φ2‖H1

0 (�)
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and

‖N 2
δ,ξφ1 − N 2

δ,ξφ2‖H1
0 (�) �C |[ f ′(u0 −

∑
PUh) − f ′(u0 −

∑
Uh)](φ1 − φ2)| 2N

N+2 ,�

�C | f ′(
∑

ϕδh ,ξh )| N
2 ,�

|φ1 − φ2| 2N
N−2 ,�

�C |
∑

ϕδh ,ξh |p−1
2N
N−2 ,�

‖φ1 − φ2‖H1
0 (�)

�C
(∑

|ϕδh ,ξh | 2N
N−2 ,�

)p−1 ‖φ1 − φ2‖H1
0 (�)

�C
∑

|ϕδh ,ξh |p−1
2N
N−2 ,�

‖φ1 − φ2‖H1
0 (�).

Hence

‖Tδ,ξφ1 − Tδ,ξφ2‖H1
0 (�) �C‖N 1

δ,ξφ1 − N 1
δ,ξφ2‖H1

0 (�) + ‖N 2
δ,ξφ1 − N 2

δ,ξφ2‖H1
0 (�)

�C

(
‖φ1‖H1

0 (�) + ‖φ2‖H1
0 (�) + ε +

∑
|ϕδh ,ξh |p−1

2N
N−2 ,�

)

‖φ1 − φ2‖H1
0 (�)

where |ϕδh ,ξh |p−1
2N
N−2 ,�

= O(ε2(α−β)). Then, for ε sufficiently small, Tδ,ξ is a contraction and

the claim follows. ��

4 The reduced energy

In this section we want to reduce the original problem to a finite dimensional one and solve
(3.7). Define Jε : H1

0 (�) → R
N as

Jε(u) = 1

2

∫

�

|∇u|2 dx − 1

p + 1

∫

�

|u|p+1 dx − ε

2

∫

�

u2 dx . (4.1)

Then the critical points of Jε are solutions to (BN). Let us also define the reduced functional

J̃ε(t, d, τ ) = Jε(Wδ,ξ + φδ,ξ ) (4.2)

where t = (t1, . . . , tk), d = (d1, . . . , dk) ∈ R
k , τ = (τ1, . . . , τk) ∈ (RN−1)k as in Sect. 2,

Wδ,ξ = u0 −∑ PUh and φδ,ξ is as in Proposition 3.7 such that

‖φδ,ξ‖H1
0 (�) � Cε

θ̂
2 +σ

for some σ > 0 and θ̂ = N3−8N+8
N (N2−6N+4)

.

Proposition 4.1 Let N > 6 and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. There exists ε0 > 0
such that for any ε ∈ (0, ε0) it holds

Jε(Wδ,ξ + φδ,ξ ) = Jε(Wδ,ξ ) + O(εθ̂+σ ),

where Jε is defined in (4.1).
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Proof It’s easy to see that

Jε(Wδ,ξ + φδ,ξ ) − Jε(Wδ,ξ ) = 1

2
‖φδ,ξ‖2H1

0 (�)
+
∫

�

∇Wδ,ξ · ∇φδ,ξ −
∫

�

W p
δ,ξ

φδ,ξ

− 1

p + 1

∫

�

[
|Wδ,ξ + φδ,ξ |p+1 + |Wδ,ξ |p+1 − (p + 1)W p

δ,ξ
φδ,ξ

]

− ε

2

∫

�

φ2
δ,ξ − ε

∫

�

Wδ,ξφδ,ξ .

Using (3.22)

ε

∫

�

φ2
δ,ξ � ε|φ|2,� � ε|φδ,ξ |22N

N−2 ,�
� ε‖φδ,ξ‖2H1

0 (�)
� Cεθ̂+σ

and

ε

∫

�

Wδ,ξφδ,ξ � ε|Wδ,ξ | 2N
N+2

|φδ,ξ | 2N
N−2 ,�

� Cε1+2α‖φδ,ξ‖H1
0 (�) � Cεθ̂+σ

by (3.2). Now by (3.1) and (3.22)
∫

�

[|Wδ,ξ + φδ,ξ |p+1 + |Wδ,ξ |p+1 −(p + 1)W p
δ,ξ

φδ,ξ

]
�
∫

�

[
|φδ,ξ |p+1 + φ2W p−1

δ,ξ

]

� |φ p+1
δ,ξ

| 2N
N+2 ,�

+ |φδ,ξ | N
N−2 ,�

|W p−1
δ,ξ

| N
2 ,�

� C‖φδ,ξ‖p+1
H1
0 (�)

+ ‖φδ,ξ‖2H1
0 (�)

|Wδ,ξ |p−1
2N
N−2 ,�

� C

(
ε(p+1) θ̂

2 +σ + εθ̂+σ

)
� Cεθ̂+σ .

Moreover
∫

�

∇Wδ,ξ · ∇φδ,ξ −
∫

�

W p
δ,ξ

φδ,ξ

= −
∫

�

[
�Wδ,ξ − W p

δ,ξ

]
φδ,ξ

=
∫

�

[
f (u0) −

∑
f (Uh) − f (u0 −

∑
PUh)

]
φδ,ξ

� | f (u0) −
∑

f (Uh) − f (u0 −
∑

PUh)| 2N
N+2 ,�

|φδ,ξ | 2N
N−2 ,�

� Cεθ̂+σ

as in the proof of Proposition 3.6. ��
Now we want to evaluate and find an expansion of

Jε

(

u0 −
k∑

i=1

PUi

)

.

Proposition 4.2 Let N > 6 and δ, ξ satisfy (2.8) and (2.9) as in Sect.2. Then it holds

J̃ε(d, t, τ ) = εθ̂

(

A
∑

i

d2i + C
∑

i

t2i − αNC
∑

h<i

dN−2
0

|τi − τh |N−2
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−C

2
d

N−2
2

0 t0
∑

i

〈D2
N−1∂νu0(ξ0)τi , τi 〉

)

+A1 + O
(
εθ̂+σ

)
.

C0-uniformly with respect to τ = (τ1, . . . , τk) ∈ (RN−1)k , d = (d1, . . . , dk), t =
(t1, . . . , tk) ∈ R

k such that |di |, |ti | < a and |τi − τh | > ρ for all i = 1, . . . , k and
i �= h, and where

A1 = A + εθg(d0, t0) − kεθ+σ f(d0, t0).

For the definition of J̃ε we refer to (4.2).

Proof We can write Jε(u0 −∑k
i=1 PUi ) as

Jε(u0 −
k∑

i=1

PUi ) = 1

2

∫

�

|∇u0|2 − 1

2�

∫

�

|u0|2�

︸ ︷︷ ︸
:=J0(u0)

−ε
1

2

∫

�

u20
︸ ︷︷ ︸
:= J̃0(u0)

+
k∑

i=1

(
1

2

∫

�

|∇PUi |2 − 1

2�

∫

�

(PUi )
2�

)

︸ ︷︷ ︸
:=(I )

+
∑

i>h

∫

�

(∇PUi∇PUh − f (PUi )PUh)

︸ ︷︷ ︸
:=(I I )

−
∑

h<i

∫

�

f (PUi )PUh

︸ ︷︷ ︸
:=(I I I )

− ε

2

k∑

i=1

∫

�

(PUi )
2

︸ ︷︷ ︸
(I V )

− ε
∑

h<i

∫

�

PUi PUh

︸ ︷︷ ︸
:=(V )

− ε

k∑

i=1

∫

�

u0PUi

︸ ︷︷ ︸
(V I )

−
k∑

i=1

∫

�

u0(PUi )
2�−1

︸ ︷︷ ︸
:=(V I I )

−
k∑

i=1

∫

�

(∇u0∇PUi − f (u0)PUi )

︸ ︷︷ ︸
=0

−
∫

�

⎡

⎣F(u0 −
k∑

i=1

PUi ) − F(u0) −
k∑

i=1

F(PUi ) −
∑

i �=h

f (PUi )PUh

⎤

⎦

︸ ︷︷ ︸
(V I I I )

−
∫

�

[
k∑

i=1

f (u0)PUi −
k∑

i=1

u0 f (PUi )

]

︸ ︷︷ ︸
:=(I X)

where f (u) = |u|p−1u and F(s) = ∫ s
0 f (t)dt . Now we evaluate each term. Recalling that

ηi := dist(ξi , ∂�) = O(εβ), we have

(I ) =
(
1

2
− 1

2�

)∑

i

∫

�

(Ui )
2� + 1

2

∑

i

∫

�

(Ui )
2�−1ϕδi ,ξi
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+O
(∫

�

(Ui )
2�−2ϕ2

δi ,ξi
+
∫

�

ϕ2�

δi ,ξi

)

= k

N

∫

RN
U2� + 1

2
αN

∑

i

δN−2
i H(ξi , ξi )

∫

RN
U2�−1 + O

(
δNi

ηN
i

)

= k

N

∫

RN
U2� + 1

2
αN

∑

i

δN−2
i H(ξi , ξi )

∫

RN
U2�−1 + O

(
εθ̂+σ

)

(I V ) = ε

2

∑

i

δ2i

∫

RN
U2 + O(ε

∑

i

‖ϕδi ,ξi ‖2L2(�)
)

+ε
∑

i

‖ϕδi ,ξi ‖L∞(�)

∫

Bηi (ξi )

Ui + O(ε
∑

i

‖ϕδi ,ξi ‖
L

2N
N+2 (�)

‖Ui‖L2� (�\Bηi (ξi ))
)

= ε

2

∑

i

δ2i

∫

RN
U2 + O

(

ε
δN−2
i

ηN−2
i

)

= ε

2

∑

i

δ2i

∫

RN
U2 + O

(
εθ̂+σ

)

Now

(V I I ) =
∑

i

∫

�

(u0Ui )
2�−1 +

∑

i

∫

�

u0
(
(PUi )

2� − (Ui )
2�
)

=
∑

i

δ
N−2
2

i

∫

�−ξi
ηi

u0(δi y + ξi )U
2�−1 + O

(
∑

i

∫

Bηi (ξi )

u0(x)ϕ
2�−1
δi ,ξi

)

+O
(
∑

i

∫

Bηi (ξi )

u0(x)(Ui )
2�−2ϕδi ,ξi

)

+ O
(
∑

i

∫

�\Bηi (ξi )

u0(x)(Ui )
2�−1

)

=
∑

i

δ
N−2
2

i u0(ξi )
∫

RN
U2�−1 + O

(
∑

i

δ
N−2
2

i u0(ξi )
∫ +∞

ηi
δi

r N−1

(1 + r2)
N+2
2

)

+O
(
∑

i

‖ϕδi ,ξi ‖2
�−1
L∞(�)η

N
i u0(ξi )

)

+ O
(
∑

i

δ2i ‖ϕδi ,ξi ‖L∞(�)η
N
i u0(ξi )

∫

B1(0)

1

|y|4
)

+O
(
∑

i

δ
N−2
2

i u0(ξi )
∫ +∞

ηi
δi

r N−1

(1 + r2)
N+2
2

)

Hence

(V I I ) =∑i δ
N−2
2

i u0(ξi )
∫
RN U2�−1 + O

(
∑

i δ
N−2
2

i u0(ξi )
δ2i
η2i

)

=∑i δ
N−2
2

i u0(ξi )
∫
RN U2�−1 + O

(
εθ̂+σ

)
.

The other important term is (I I I ). Indeed

(I I I ) =
∑

h<i

∫

�

(PUi )
2�−1PUh =

∑

h<i

∫

�

(Ui )
2�−1Uh −

∑

h<i

∫

�

(Ui )
2�−1ϕδh ,ξh

+
∑

h<i

∫

�

(
(PUi )

2�−1 − (Ui )
2�−1

)
PUh
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=
∑

h<i

δ
N−2
2

i αN δ
N−2
2

h

|ξi − ξh |N−2

∫

RN
U2�−1 (1 + o(1)) + O

⎛

⎝
∑

h<i

δ
N−2
2

h δ
N−2
2

i

ηN−2
h

⎞

⎠

+O
(
∑

h<i

∫

Bηi (ξi )

(Ui )
2�−2ϕδi ,ξiUh

)

+ O
(
∑

h<i

∫

�\Bηi (ξi )

(Ui )
2�−1Uh

)

=
∑

h<i

δ
N−2
2

i αN δ
N−2
2

h

|ξi − ξh |N−2

∫

RN
U2�−1 (1 + o(1)) + O

⎛

⎝
∑

h<i

δ
N−2
2

h δ
N−2
2

i

ηN−2
h

⎞

⎠

+O

⎛

⎝
∑

h<i

δ
N−2
2

i δ
N−2
2

h

|ξh − ξh |N−2

δ2i

η2i

⎞

⎠

=
∑

h<i

δ
N−2
2

i αN δ
N−2
2

h

|ξi − ξh |N−2

∫

RN
U2�−1 (1 + o(1))

=
∑

h<i

δ
N−2
2

i αN δ
N−2
2

h

|ξi − ξh |N−2

∫

RN
U2�−1 + O

(
εθ̂+σ

)

We have to show that the other terms are of higher order.
Reasoning as the third term of (III) we have

(I I ) =
∑

h>i

∫

�

(
(PUi )

2�−1 − (Ui )
2�−1

)
PUh = O

⎛

⎝
∑

h>i

δ
N−2
2

i δ
N−2
2

h

|ξh − ξh |N−2

δ2i

η2i

⎞

⎠

= O
(
εθ̂+σ

)

Now

(V ) � ε
∑

i<h

∫

�

UiUh � ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

∫

Bηi (ξi )

1

|x − ξi |N−2|x − ξh |N−2

+ε
∑

i<h

∫

�\Bηi (ξi )

UiUh

� ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

∫

Bηi (0)

1

|y|N−2|y + ξi − ξh |N−2 + ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2 δ2i

∫ +∞
ηi
δi

r N−1

(1 + r2)N−2

� ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2

∫

Bηi (0)

1

|y|N−2

+ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2 η2i

� ε
∑

i<h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2 = o

⎛

⎝
∑

i<h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2

⎞

⎠ = O
(
εθ̂+σ

)
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Now

(V I ) � ε
∑

i

δ
N−2
2

i u0(ξi )η
2
i = O

(
εθ̂+σ

)

Now we can split the term (V I I I )+ (I X) into the sum of integrals on the balls Bηh (ξh) and
the integral on �\ ∪ Bηh (ξh) that we call Ah and B respectively,

where we can evaluate the integral B on �\ ∪ Bηh (ξh) as

|B| �
∫

�\⋃h Bηh (ξh)

∣
∣
∣
∣
∣
F(u0 −

∑

h

PUh) − F(u0) + f (u0)
∑

h

PUh

∣
∣
∣
∣
∣

+
∫

�\⋃h Bηh (ξh )

u0
∑

h

f (PUh) +
∑

i �=h

∫

�\⋃h Bηh (ξh )

f (PUi )PUh

+
∑

h

∫

�\⋃h Bηh (ξh)

F(PUh)

�
∑

h

∫

�\⋃h Bηh

u2
�−2

0 (Uh)
2 +

∑

h

∫

�\⋃h Bηh

u0(Uh)
2�−1

+
∑

i �=h

∫

�\⋃h Bηh

U2�−1
i Uh +

∑

h

∫

�\⋃h Bηh

U2�

h

�
∑

h

u2
�−2

0 (ξh)δ
2
h

∫ +∞
ηh
δh

r N−1

(1 + r2)N−2 +
∑

h

u0(ξh)δ
N−2
2

h

∫ +∞
ηh
δh

r N−1

(1 + r2)
N+2
2

+
∑

i �=h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2

∫ +∞
ηh
δh

r N−1

(1 + r2)
N+2
2

+
∑

h

∫ +∞
ηh
δh

r N−1

(1 + r2)N

�
∑

h

u2
�−2

0 (ξh)δ
2
h

(
δh

ηh

)N−4

+
∑

h

u0(ξh)δ
N−2
2

h

(
δh

ηh

)2

+
∑

i �=h

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2

(
δh

ηh

)2

+
∑

h

(
δh

ηh

)N

= O
(
εθ̂+σ

)

and in a similar way for the integral Ah on a ball Bηh (ξh) we get that

|Ah | = O(εθ̂+σ ).

At the end we get

Jε(u0 −
∑

h

PUi ) = J0(u0) − ε J̃0(u0) + k

N

∫

RN
U2�

︸ ︷︷ ︸
:=A

+1

2
αN

∑

i

δN−2
i H(ξi , ξi )

∫

RN
U2�−1 − ε

2

∑

i

δ2i

∫

RN
U2

−
∑

i

δ
N−2
2

i u0(ξi )
∫

RN
U 2�−1

123



Nodal cluster solutions for the Brezis… Page 25 of 32 119

−
∑

h<i

δ
N−2
2

i αN δ
N−2
2

h

|ξi − ξh |N−2

∫

RN
U 2�−1 + O

(
εθ̂+σ

)

We put

B := 1

2

∫

RN
U2, C :=

∫

RN
U2�−1.

Then

Jε(u0 −
∑

i

PUi ) = A + 1

2
αNC

∑

i

δN−2
i H(ξi , ξi ) − εB

∑

i

δ2i − C
∑

i

δ
N−2
2

i u0(ξi )

−αNC
∑

h<i

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2 + O
(
εθ̂+σ

)
.

Now

−εB
∑

h

δ2i = −εB
∑

i

(
εαd0 + εα̂di

)2

= −ε1+2αBkd20 − 2ε1+α+α̂Bd0
∑

i

di − ε1+2α̂B
∑

i

d2i

Moreover

1

2
αNC

∑

i

δN−2
i H(ξi , ξi ) = 1

2
αNC

∑

i

δN−2
i

[
1

2N−2dist(ξi , ∂�)N−2 + o

(
1

dist(ξi , ∂�)N−2

)]

= 1

2N−1 αN

∑

i

εα(N−2)(d0 + εα̂−α)N−2

[
1

εβ(N−2)t N−2
0

− N − 2

εβ(N−1)t N−1
0

εβ̃ ti

+ (N − 2)(N − 1)

2εβN t N0
ε2β̃ t2i

+O
(
ε3β̃−β(N+1)

)]
+ o

(
∑

i

δN−2
i

dist(ξi , ∂�)N−2

)

= αN

2N−1 C
∑

i

εα(N−2)
(
dN−2
0 + (N − 2)dN−3

0 diε
α̂−α

+ (N − 2)(N − 3)

2
dN−4
0 d2i ε2α̂−2α + O

(
ε3α̂−3α

))

∗
[

1

εβ(N−2)t N−2
0

− N − 2

εβ(N−1)t N−1
0

εβ̃ ti + (N − 2)(N − 1)

2εβN t N0
ε2β̃ t2i

+O
(
ε3β̃−β(N+1)

)]

+o

(
∑

i

δN−2
i

dist(ξi , ∂�)N−2

)

= ε(α−β)(N−2) αN

2N−1 Ck
dN−2
0

t N−2
0

123



119 Page 26 of 32 M. Musso et al.

−εα(N−2)−β(N−1)+β̃ αN (N − 2)

2N−1

dN−2
0

t N−1
0

C
∑

i

ti + εα(N−3)−β(N−2)+α̂ αN

2N−1

dN−3
0

t N−2
0

C
∑

i

di

+εα(N−2)−βN+2β̃ αN (N − 2)(N − 1)

2N
dN−2
0

t N0
C

∑

i

t2i − εα(N−3)+α̂−β(N−1)+β̃ αN (N − 2)2

2N−1

dN−3
0

t N−1
0

C
∑

i

ti di

+εα(N−4)+2α̂−β(N−2) αN (N − 2)(N − 3)

2N
dN−4
0

t N−2
0

C

∑

i

d2i + O
(
εα(N−2)+3β̃−β(N+1)

)

︸ ︷︷ ︸
:=O

(
εθ̂+σ

)

+o

(
∑

i

δN−2
i

dist(ξi , ∂�)N−2

)

Now by (2.10) we have that

−αNC
∑

h<i

δ
N−2
2

i δ
N−2
2

h

|ξi − ξh |N−2 = −εα(N−2)−β̂(N−2)αNC
∑

h<i

dN−2
0

|τi − τh |N−2 (1 + o(1)).

At the end, observing that

ξ̂i − ξ0 = (εβ̂τi , ϑ(ξ ′
0 + εβ̂τi ) − ϑ(ξ ′

0)) = (εβ̂τi , ε
β̂ ∇N−1ϑ(ξ ′

0)
T

︸ ︷︷ ︸
=0

·τi + O(ε2β̂ ))

and

∇u0(ξ̂i )
T · ν(ξ̂i ) = ∂νu0(ξ̂i ) = ∂νu0(ξ0) + ∇N ∂νu0(ξ0)

T · (ξi − ξ0)

+ 1

2
(D2

N ∂νu0(ξi )(ξi − ξ0))
T · (ξi − ξ0) + O(|ξ̂i − ξ0|3)

= ∂νu0(ξ0) + εβ̂ ∇N−1∂νu0(ξ0)
T

︸ ︷︷ ︸
We need this equal to zero

·τi + O(ε2β̂ )∂xN ∂νu0(ξ0)

+ 1

2
ε2β̂ (D2

N−1∂νu0(ξ0)τi )
T · τi + O(ε3β̂ ),

as ξ̂i ∈ � and ξ0 is a critical point of ∂νu0(ξ), we have

u0(ξi ) = u0(ξ̂i + (εβ t0 + εβ̃ ti )ν(ξ̂i ))

= u0(ξ̂i )︸ ︷︷ ︸
=0

+(εβ t0 + εβ̃ ti )∇u0(ξ̂i )
T · ν(ξ̂i ) + O((εβ t0 + εβ̃ ti )

2)

= (εβ t0 + εβ̃ ti )∂νu0(ξ0) + 1

2
(εβ t0 + εβ̃ ti )ε

2β̂ (D2
N−1∂νu0(ξ0)τi )

T · τi

+ O((εβ t0 + εβ̃ ti )
2) + O(ε2β̂ (εβ t0 + εβ̃ ti )).
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Then

− C
∑

i

δ
N−2
2

i u0(ξi )

= −C
∑

i

εα N−2
2

(
d

N−2
2

0 + N − 2

2
εα̂−αd

N−4
2

0 di + (N − 2)(N − 4)

4
ε2(α̂−α)d

N−6
2

0 d2i

)
u0(ξi )

= −Cεα N−2
2 +βd

N−2
2

0 t0k∂νu0(ξ0) + O(εα N−2
2 +2β t0)

− Cεα N−2
2 +β̃d

N−2
2

0 ∂νu0(ξ0)
∑

i

ti +
∑

O(εα N−2
2 +β+β̃ ti )

− C
N − 2

2
εα N−2

2 +α̂−α+βd
N−4
2

0 t0∂νu0(ξ0)
∑

i

di +
∑

O(εα N−2
2 +2β+α̂−αdi )

− C

2
εα N−2

2 +β+2β̂d
N−2
2

0 t0
∑

i

(D2
N−1∂νu0(ξ0)τi )

T · τi +
∑

Oτi (ε
α N−2

2 +β̃+2β̂ )

− C
N − 2

2
εα N−2

2 +α̂−α+β̃d
N−4
2

0 ∂νu0(ξ0)
∑

i

di ti +
∑

O(εα N−2
2 +α̂−α+β+β̃ ti di )

− C
(N − 2)(N − 4)

4
εα N−2

2 +2α̂−2α+βd
N−6
2

0 t0∂νu0(ξ0)
∑

i

d2i

+
∑

O(εα N−2
2 +2β+2α̂−2αd2i ) +

∑
O(εα N−2

2 +2β̃ t2i )

where the lower order terms are O
(
εθ̂+σ

)
. Now the zero order terms are

A + ε(α−β)(N−2) αN

2N−1Ck
dN−2
0

t N−2
0

− ε1+2αBkd20 − Cεα N−2
2 +βd

N−2
2

0 t0k∂νu0(ξ0)

+εθ+σ kf(d0, t0)

= A + εθk

(
αN

2N−1C
dN−2
0

t N−2
0

− Bd20 − Cd
N−2
2

0 t0∂νu0(ξ0)

)

+ εθ+σ kf(d0, t0).

The first order terms are

−2ε1+α+α̂Bd0
∑

i

di + εα(N−3)−β(N−2)+α̂ αN

2N−1

dN−3
0

t N−2
0

C

∑

i

di − C
N − 2

2
εα N−2

2 +α̂+βd
N−4
2

0 t0∂νu0(ξ0)
∑

i

di

−εα(N−2)−β(N−1)+β̃ αN (N − 2)

2N−1

dN−2
0

t N−1
0

C
∑

i

ti − Cεα N−2
2 +β̃d

N−2
2

0 ∂νu0(ξ0)
∑

i

ti

= εθ̂

(

−2Bd0 + αN

2N−1

dN−3
0

t N−2
0

C − C
N − 2

2
d

N−4
2

0 t0∂νu0(ξ0)

)

︸ ︷︷ ︸
=0

∑

i

di

+εθ̂

(

−αN (N − 2)

2N−1

dN−2
0

t N−1
0

C − Cd
N−2
2

0 ∂νu0(ξ0)

)

︸ ︷︷ ︸
=0

∑

i

ti
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The quantities in the previous box are zero as d0 and t0 satisfy the system in (2.7).
Then the order zero terms are a function of (d0, t0), namely

A + εθk

(
αN

2N−1C
dN−2
0

t N−2
0

− Bd20 − Cd
N−2
2

0 t0∂νu0(ξ0)

)

+ kεθ+σ f(d0, t0)

= A + εθkg(d0, t0) + kεθ+σ f(d0, t0).

Now the second order terms are

−ε1+2α̂B
∑

i

d2i + εα(N−2)−βN+2β̃ αN (N − 2)(N − 1)

2N
dN−2
0

t N0
C
∑

i

t2i

−εα(N−3)+α̂−β(N−1)+β̃ αN (N − 2)2

2N−1

dN−3
0

t N−1
0

C
∑

i

ti di

+εα(N−4)+2α̂−β(N−2) αN (N − 2)(N − 3)

2N
dN−4
0

t N−2
0

C
∑

i

d2i − εα(N−2)−β̂(N−2)αNC

∑

h<i

dN−2
0

|τi − τh |N−2

−C

2
εα N−2

2 +β+2β̂d
N−2
2

0 t0
∑

i

(D2
N−1∂νu0(ξ0)τi )

T · τi

−C
N − 2

2
εα N−2

2 +α̂−α+β̃d
N−4
2

0 ∂νu0(ξ0)
∑

i

di ti

−C
(N − 2)(N − 4)

4
εα N−2

2 +2α̂−2α+βd
N−6
2

0 t0∂νu0(ξ0)
∑

i

d2i

= εθ̂

(

−B + αN (N − 2)(N − 3)

2N
dN−4
0

t N−2
0

C − C
(N − 2)(N − 4)

4
d

N−6
2

0 t0∂νu0(ξ0)

)

︸ ︷︷ ︸
:=A

∑

i

d2i

+εθ̂

(

−αN (N − 2)2

2N−1

dN−3
0

t N−1
0

C − C
N − 2

2
d

N−4
2

0 ∂νu0(ξ0)

)

︸ ︷︷ ︸
:=B

∑

i

ti di

+εθ̂

(
αN (N − 2)(N − 1)

2N
dN−2
0

t N0
C

)

︸ ︷︷ ︸
:=C>0

∑

i

t2i

+εθ̂

(

−αNC
∑

h<i

dN−2
0

|τi − τh |N−2 − C

2
d

N−2
2

0 t0
∑

i

(D2
N−1∂νu0(ξ0)τi )

T · τi

)

By using the first equation of (2.7) we get

A := αN (N 2 − 5N + 5)

2N
dN−4
0

t N−2
0

C − C
(N − 2)(N − 5)

4
d

N−6
2

0 t0∂νu0(ξ0) > 0

while by using the second equation of (2.7) we get

B := 0.
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Then at the end

Jε(u0 −
∑

i

PUi ) = A + εθg(d0, t0) + kεθ+σ f(d0, t0)

+εθ̂

(

A
∑

i

d2i + C
∑

i

t2i − αNC
∑

h<i

dN−2
0

|τi − τh |N−2 − C

2
d

N−2
2

0 t0

∑

i

(D2
N−1∂νu0(ξ0)τi )

T · τi

)

+O
(
εθ̂+σ

)
.

��
Now standard arguments permit us to conclude that if (dε, tε, τ ε) is a critical point of J̃ε,

then

Wδε,ξ ε
+ φδε,ξ ε

= u0 −
k∑

h=1

PUδh ε,ξh ε
+ φδε,ξ ε

is a solution of (BN) where δε and ξ ε are as in Sect. 2.
Indeed we can rewrite the problem (3.7) as

u − i�( f (u) + εu) =
∑

c ji Pψ
j
i (4.3)

and our goal is to find appropriate parameters d = (d1, . . . , dk), t = (t1, . . . , tk) ∈ R
k and

points τ = (τ1, . . . , τk) ∈ (RN−1)k such that c ji = c ji (d, t, τ ) = 0 for all i = 1, . . . , k and
j = 0, . . . , N .

Proposition 4.3 If for all i = 1, . . . , k and j = 1, . . . N

DJε(u)[∂δi u] = DJε(u)[∂(ξi ) j u] = 0, (4.4)

then c ji = 0.

Proof It’s easy to see that

DJε(u)[ f ] = 〈u − i�( f (u) + ε)), f 〉.
Then by (4.4) follows

{
〈u − i�( f (u) + ε)), ∂δi u〉 = 0

〈u − i�( f (u) + ε)),∇ξi u〉 = 0

and combining it with (4.3), for all i = 1, . . . , k, r = 1, . . . , N we have
∑

h, j

c jh

∫

�

U p−1
h ψ

j
h ∂δi u =

∑

h, j

c jh

∫

�

U p−1
h ψ

j
h ∂(ξi )r u = 0.

We have the following estimates on the integrals

δi

∫

�

U p−1
h ψ

j
h ∂δi PUi =

{
b1 + o(1) if i = h, j = 0

o(1) otherwise
;

δi

∫

�

U p−1
h ψ

j
h ∂(ξi )r PUi =

{
b2 + o(1) if i = h, r = j

o(1) otherwise
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where b1, b2 �= 0. Recalling that φ satisfies (3.21), by the Implicit Function Theorem we can
prove that there exist ∂δi φ,∇ξi φ ∈ H1

0 (�). In particular using (3.13) and proceeding as in
Proposition 3.5, it is possible to show that

δi‖∂δi φ‖H1
0 (�) = o(1); δi‖∂(ξi ) j φ‖H1

0 (�) = o(1) (4.5)

for all i = 1, . . . , k and j = 1, . . . , N . Then

δi

∫

�

U p−1
h ψ

j
h ∂δi φ = o(1);

δi

∫

�

U p−1
h ψ

j
h ∂(ξi )r φ = o(1).

The linear system in the c ji ’s has the only possible solution c ji = 0 for all i = 1, . . . , k and
j = 0, . . . , N . ��

Now we are able to conclude our proof.

Proof of Theorem 2.1 By Proposition 4.2, we have that

J̃ε(d, t, τ ) = εθ̂�(δ, t, τ ) + A1 + O
(
εθ̂+σ

)

where A1 depends only on (d0, t0, ξ0) and

�(d, t, τ ) = A
∑

i

d2i + C
∑

i

t2i − αNC
∑

h<i

dN−2
0

|τi − τh |N−2 − C

2
d

N−2
2

0 t0

∑

i

(D2
N−1∂νu0(ξ0)τi )

T · τi .

Since the constantsA,C are strictly positive, d = t = (0, . . . , 0) ∈ R
2k is the unique critical

point for � in d and t . Since the matrix D2
N−1∂νu0(ξ0) is positive definite there also exists

a critical point τ 0 in τ . The point (0, 0, τ ) is a critical point for �, which is stable under
small perturbation of the function. Hence for all ε sufficiently small there exists (δε, tε, τ ε),
satisfying (2.9), critical point for J̃ε, which is close to (0, 0, τ ).

Now observe that for all i = 1, . . . , k and r = 1, . . . , N − 1
⎧
⎨

⎩

∂
∂δi

PUi = ∂
∂di

PUi
∂

∂δi
di ;

∂
∂(ξi )r

PUi = ∂
∂ti

PUi
∂

∂(ξi )r
ti +∑N−1

r=1
∂

∂(τi )r
PUi

∂
∂(ξi )r

(τi )r .

Hence the assumptions of Proposition 4.3 are satisfied and we conclude that uε = Wδε,ξ ε
+

φδε,ξ ε
is a solution of (BN). ��
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