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Abstract
We show that the classical Brezis—Nirenberg problem

4
Au+|u|"2u+eu=0, in Q, u=0, on 90Q

admits nodal solutions clustering around a point on the boundary of €2 as ¢ — 0, for smooth
bounded domains  c R¥ in dimensions N > 7.

Mathematics Subject Classification 35B25 - 35J47 - 35Q55

1 Introduction

In this paper we find a new family of sign-changing solutions to the classical Brezis—Nirenberg
problem

—Au=|u|TZu+eu nQ, u=0 ondQ (BN)

where ¢ > 0 is a small parameter and €2 is a smooth bounded domain in RN, N >7.

In their seminal 1983 paper [6], Brezis and Nirenberg initiated the study of positive
solutions to (BN) and demonstrated that for dimensions N > 4, the problem admits a
solution for ¢ € (0, A1,q), where A q represents the first eigenvalue of —A with 0-Dirichlet
boundary conditions on d€2. If dimension N is 3, they proved the existence of A, o > 0
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(whose definition depends on £2) and of a positive solution to (BN) if A € (0, Ay @). If
Q2 = B the unit ball, then A, p = '\[T*B; for general domains see [13]. Multiplying the
equation in (BN) against the eigen-function associated to A1 g and integrating by parts on
show that no positive solutions exist for ¢ > A1 . Additionally, Pohozaev identity [23] gives
that problem (BN) has no non-trivial solutions when 2 is star-shaped and ¢ = 0. Conversely,
Bahri and Coron [2] presented an existence result for a positive solution to problem (1.1)
for 2 with a nontrivial topology and ¢ = 0. Subsequently, considerable attention has been
devoted to understanding the possibility of multiple positive solutions to (BN) in the regime
e — 03, 11, 19, 20, 25] and also to understanding the limiting behavior of the positive
solutions u, of (BN) as ¢ — 0 [14, 26].

Concerning the existence of sign-changing solutions to (BN), this has been established
for all range of ¢ > 0: it has been proven in [9] for ¢ € (0, A1) and N > 6, and in [7] for
& > A1, and N > 4. Devillanova and Solimini [12] proved the existence of infinitely many
sign-changing solutions to (BN) for any ¢ > 0 when N > 7. Dimension 7 seems to be a
threshold case as for 4 < N < 6 there are no radial sign-changing solutions for (BN), when
Qisaball and € € (0, Ayy), for some Ay > 0 [1].

This paper wants to give a contribution in the understanding of multiple sign-changing
solutions to (BN) in the regime ¢ — 0. It is well known that in this regime a crucial role is
played by the bubbles, namely the positive solutions to (BN) when ¢ = 0 and Q = RV . For
any § > 0 and & € RY, the bubbles

N-2
5 2 N—
ua,s(x>=aN(2 - = = [N(N - 21" (L1)
8+ lx —&2) 7

are all the solutions of the problem

Au+u2 =0 in RY, ueH'®R). (12)

The asymptotic analysis of low-energy sign-changing solutions to (BN) as ¢ — 0 has
been studied in [5] for N > 4: assuming their existence, such solutions u, have a simple
positive and negative blow-up behaviour at two distinct points of Q2 as ¢ — 0, provided the
rates of blow-up for the positive and the negative parts are comparable. Roughly speaking,
they can be described as follows

ug(x) ~ Us,, £, (x) —Us,y, 6, (x) with e, — 0, & > & €Q i=1,2,
(Sls

—:O(]), E]#Ez, as ¢ —> 0.
82

Construction, asymptotic analysis and multiplicity of sign-changing solutions exhibiting this
type of simple blow-up as ¢ — 0 were obtained in [4, 8, 18].

However, in the case of the unit ball, the low-energy radial sign-changing solutions
obtained in [9] do not have a simple blow-up if N > 7. Indeed, both their positive and
negative parts blow-up in the form of a positive and a negative bubble both centered at the
center of the ball as ¢ — 0, with non comparable rates of blow-up [24]. Roughly speaking,
in this case solutions look like

ug(x) ~Us,, 0(x) —Us,, 0(x) with &z — 0, i=1,2,
Sﬁ =o0(l), as & — 0.
82&‘

This behaviour is known as tower of bubbles (see [10]). In [24] it is proven that sign-changing
tower of bubbles for (BN) exist as ¢ — 0 for dimensions N > 7 in a general domain. In
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contrast, in low dimensions N = 4, 5, 6, sign-changing bubble-towers cannot exist, as shown
in [15].

In [30] Vaira constructed a different type of sign-changing solutions to (BN) which blow-
up in the form of a concentrated bubble and blow-up occurs at a point of the boundary of
2. Bubbling at the boundary is not always allowed [26], and some extra requirement on the
domain 2 seems to be necessary. In [30] it is assumed that 2 is a smooth bounded domain
with non-trivial topology such that the problem

4
— Aug = lug|¥2ug in Q, up=0 ond2, wuy>0 inQ (1.3)

has a positive solution uo which is non-degenerate, in the sense that the following linear
problem

— At =pluplTTv in 2, v=0 in I (1.4)

admits only the trivial solution v = 0. Existence of solutions to (1.3) for domain with
non-trivial topology has been obtained by [2]. Besides, for generic 2 these solutions are
non-degenerate [28].

Let v be the unitary outer normal to 9€2. Assuming that the function £ € 9Q2 — Vug(§) -
v(€) has a non-degenerate critical point &y, Vaira proves the existence of a sign-changing
solution to problem (BN) of the form

2(N—1)
ug(x) ~ ug(x) —Use(x), with &~ gn?-6n+4
S—SONS#I‘ZIH as ¢ — 0.
Here Us ¢ is again the bubble defined in (1.1).

The main result of this paper is to prove that a sign-changing cluster solution to (BN)
around &y is possible. Clustering configurations are those where the solutions blow-up as the
sum of a finite number of bubbles, of comparable heights, whose centers converge to the same
point. Clustering configurations are known to exist in several problems related to semi-linear
elliptic equations with critical non-linearity, but none was known for the Brezis—Nirenberg
problem (BN).

To state our result, let us denote by P W the projection of a function W onto HO1 (Q),1.e.

APW =AW in Q, PW =0 on 9.
Our main result is the following

Theorem 1.1 Let Q be a smooth bounded domain in RN with N > 7, such that Problem
(1.3) has a solution ugy, which is non-degenerate in the sense that the linear problem (1.4)
has only the trivial solution. Assume there exists a critical point &y € 92 of the function for
& €0Q — Vuy() - v(), where v is the unitary outer normal to 02, such that the second
variation DIZ\_1 (Vuo(&) - v(§)) is positive definite.

Let k € N. Then there exist ¢ > 0 and a constant C > 0 such that, for all ¢ € (0, €) there
exists a sign-changing solution u. to (BN) given by

k
e (x) = uo(x) — Y PUs,, &, (x) + e (x)

j=1

where
2(N—-1)

_N-2
8ja=<9N276N+4dj£a Ejs?égis Jor i # j, $j£=$0+8N2’6N+4EjEGQ
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with
ldje] <C, [Ejel <C Vj=1,...k,
and
< Cg%ﬂr

||¢£ ”[-101 @

for any o > 0 arbitrarily small.

The solutions described in the theorem are rather delicate to capture, and precise expan-
sions of the parameters §c and the points &;¢ at two consecutive scales are required in the
construction. This is described in details in Sect. 2.

The method we use to prove Theorem 1.1 also applies to the construction of sign-changing
solutions exhibiting a cluster configuration near the boundary of €2 for the almost critical
problem

—Au:|u|ﬁ78u inQ, u=0 ondQ

where ¢ > 0 is a small parameter and €2 is a smooth bounded domain in RN, N > 7. This
observation is already present in [30] and we will not elaborate further on this point.

Clustering configurations are known in the literature for perturbation of the Yamabe prob-
lem to find metrics on Riemannian manifolds with constant scalar curvature. These have
been found in high dimensions N > 7 in [21], in dimensions 4 and 5 in [29], see also [27].
We dont’t know if clustering sign-changing solutions exist for the Brezis—Nirenberg problem
(BN) in low dimensions 4, 5, 6, but if it does the form of the solution should though be
different from the one obtained in Theorem 1.1.

Finally, we mention that several interesting results have been obtained on the existence of
sign changing solutions to the Brezis—Nirenberg problem in regimes different from the one
treated in this paper, namely when ¢ converges to some fixed ¢, > 0. Results in this direction
are contained for instance in [16, 22].

2 The setting of the problem
We consider the Hilbert space H(; (£2) equipped with the usual inner product

(u,‘r):/Vu~Vr
Q

which induces the norm

1
2
”””H&(Q)Z(/Qwulz) .

1
Forr € [1,00) and u € L"(S2) we set |u|, o = (fg |“|r)'T :
Let i* - Lz%’z (Q) — Hol (£2) be the adjoint operator of the immersion i : Hol (Q) —
L% (2). By definition u = i*(f) if and only if

(u,w):/ f(pforall(peHol(Q)
Q
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or equivalently u weakly solves
—Au= finQ2, u=00n9dQ.
The operator i* : L% (Q) — HO1 (€2) is continuous as
% < -1
1 Pllggar < ST 12 0 @.1)

where S is the best constant for the Sobolev embedding.
In terms of the operator i*, problem (BN) can be formulated as

u=i*(u”" u+ eu). (2.2)

We look for cluster solutions of the problem (BN) which change sign. They have the form

k

ue(x) = Wsg(x) + dse(x) where Wsg(x) = uo(x) — Z PU; (x). 2.3)
i=1

Here k is a fixed given integer, u( is the positive non-degenerate solution to (1.3),
PU; = PUs g = i*U), §=(1,....,8) e R* and & =(&,.... &) € Q"

In our construction the scaling parameters 6; will be positive and small, while the points &;
will collapse into each other, as ¢ — 0.

In [30] Vaira constructs a solution to problem (BN) of the form (2.3), with K = 1 under
the assumption that there exists a non-degenerate critical point &y of the function § € Q2 —
dyuo (&), where v is the inner unit normal on the boundary. Such solution blows-up, as e — 0,
at &, in the sense that the scaling parameter é and the point £ in (2.3) can be described at
main order as

. _ 2N = 1)
§~e¢ d() Wltha:m
v 2+ ase — 0. 2.4)
B ; — —
~ 7 th g = )
§ ~ & +1¢e"v(6p) with g NT_6N 14

One has § — 0 and & — &) as ¢ — 0. The point (dp, 19, &) € RT x R x 9Q is a critical
point of the function

ay dN_2

N-2
W(d.1,§) = ~Chug@)d T 1+ Sy C oy —Bd’ 2.5)

where C and B are the explicit positive constants

1
c:/ ul, and Bsz ut,. (2.6)
RN ’ 2 RN ’

A direct computation gives that (do, tg, &) satisfies the system

N-3
aN d N —2 N4
= 2Bdy + 5 =5 C — C——dy * toduiuo(Eo) =0
fo
an(N —2)d) N2 (2.7)

IN-T N C— CdoT dyuo&) =0
0

Ve, oo (o) = 0.
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Since by Hopf’s Lemma 9,1 (£p) < 0, the function W has a critical point in the considered
region.

The result in [30] indicates that a solution with the form (2.3) and k > 1 would possi-
bly exhibit a cluster behaviour around the point &y. This suggests the form for the scaling
parameters §; and the points &; in (2.3). Let us be more precise.

Locally around &y, the boundary 92 can be described as the set of points x = (x/, ¥ (x")),
for a certain smooth function ¥ : R¥~! — R. Without loss of generality, we assume
dx; (o) =0 forall j =1,..., N — 1 and we write & = (&;, ¥ (§;)). For the construction

of a cluster solution, we assume that § = (&1, ..., &) € QFand § = (81,...,8:) € RFin
(2.3) have the form
; . 3N?—6N+4
8; = e%dy + £%d; with & = m;
. 5 j o (N —2)?
§i =@ +eln o6 +eln)  with = S e (2.8)
2N? — 6N + 4

g =&+ P+ efrvE) with f = N(N2 —6N +4)

where dy, ty, &9, @ and B are defined in (2.4), éi et e RV 1, d; e Rare parameters
to be found. For the moment, we make the following assumptions on these parameters: we
assume there exist a > 0 and p > 0 such that 7;, 7; and d;

|dil, Itil <a,¥Yi=1,...,k, |ti—t|>p Vi#h. 2.9
Remark 2.1 Without loss of generality, we can choose a coordinate system such that
Vy_ 119(%‘(’)) = 0. Now a computation shows that

I\N_l A A
& — &> =6 Y (i — )i + @& + e r) — (& + P )’
(=1

=Pt — ) + 2P Vy_19(&) (u — ) + o(e?P).
S—— ——’
=0
and then
& — &% = 1& + (P10 + Pty &) — & — (P10 + ePrvEn)?
=& — & +o(e?))? (2.10)
= 82/§|‘L’,‘ — w,l2 +o0 (82E> .

It is important to observe that @ < & and ,3 < B < B.Letus call

0=1+2a=(x— )(N—Z)—M 2.11)
slre=lp T NT_6N 14’ '
and
3_
6=1+20=(@—p((N—-2) = N”—8N+8 (2.12)

N(NZ—6N +4)°

Now we are able to state our main result.
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Theorem 2.1 Assume there exists is a C'-stable critical point & of the function & € 9Q >
dyuo(€) such that D12v71 dyuo(&o) is positive definite, and let k € N. Then there exists eg > 0
such that for any ¢ € (0, g9) the problem (BN) has a sign-changing cluster solution which
blows-up at &y. More precisely, there exist constants C, a, p, a function ¢, € HOl (), points
E. = (Ele, ..., Ee) € QE with & # & ifi # h, and parameters §; = (81, . .., Se) € RF
satisfying (2.8)—(2.9) such that u. defined in (2.3) is a solution to (BN). Moreover

9
l| e ”[-101 ) < Cext?
for some o > 0 arbitrarily small.

Theorem 1.1 is a direct consequence of Theorem 2.1.

The rest of the paper is devoted to prove Theorem 2.1. The proof is done via a reduction
method.

In Sect.3 we prove that, for given & = (§1,...,&) € QF and § = 61,...,0) € R*
satisfying (2.8)—(2.9), there exists ¢, solution of a projected problem. We then show that
a true solution to our problem can be achieved by finding a specific set of parameters § =
¢1,...,.&) € QFandé = (81, ..., &) € R¥. This is the reduced finite dimensional problem
that we treat in the subsequent sections.

3 Reduction to a finite dimensional problem

The purpose of this section is to find the term ¢, in (2.3) for given & = (&1,...,&) € QK
and 8 = (81, ...,8;) € R satisfying (2.8)—(2.9). The term ¢, will be small in ¢ and satisfy a
set of orthogonal conditions. To introduce these orthogonality conditions, consider the linear
problem

~Ay = pUfy'w inRY,
whose set of solution is spanned by the functions

N—2 N—-2 1—|x]?

0/ _ e
Yo(x) = Uro(x) + VU o(x) - x = ay T AT R
and
: U1 .o Xj
T(x) = — =—ay(N -2)———L .
W00 = TR = —an (N =D e
Set
. 1 . _
lﬁg,g(x)zﬂjtﬁf (x S) forall j =0,...,N
2
and define

Pl//l-j :i*(pl/{ip_lx//ij) foralli=1,...,kand j =0,..., N
where U; = Us; ¢, and wl:/ = wi,&. For any § € R¥ and & € QF, consider the space

Ksg = span{Py] foralli =1,...,kand j =0, ..., N)
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119 Page8of32 M. Musso et al.

and its orthogonal
Kie ={¢ € H)(Q) : (¢. Py{) =0foralli=1,... kand j =0,.... N}.

The reminder term introduced in (2.3) will satisfy ¢, € K 5L§.
Now let us recall some useful results.

Lemma3. Let N > 6 and g € (PT“,erl]. Let § € (0,00), & € Q2 and Us as in

(1.1). Then there exist there exists a constant C = C(a) > 0 and g9 > 0 such that for any
e € (0, &g) it holds

[Us.el o < C, 3.1
Us.cl 2w o < C82, (32)
Wiel 2 o < €8 (3.3)

Let us denote by G(x, y) the Green’s function of the Laplace operator with Dirichlet
boundary condition and let H (x, y) be its regular part, namely

H(x,y) =y~ <W —G(x, y)) , Yx,yeQ, withyy = m
We remark that in [25] it was shown that for every £ € Q
I P p—— 7+o(. )

2N-2dist(g, 9Q2)N 2 dist(¢, 0Q)N-2

By using the previous observations we get that
HEn &) = =5 = +o< - )
N2 N2 V2

where

ni = dist(&, 99Q) = ePro + P1;. (3.4)

Lemma3.2 Let§ € (0,00), & € Qand gs,¢ = Us ¢ — PUs c. We have

N-2 545
pse(x)=anyd 2 HE, x)+ 0O (W)

and
0<@se <Usk.

Moreover

W0 — Pyl —an N2 P HE ) + O o
5.6 b6 =N ’ dist(&, 0Q)V

andforall j=1,...,N

2

N4
: : oH 5
Ioopyl, =ans? e +o[—" .
Ve = PVie = ond 2o &0+ O\ Gae sam
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Proof See Proposition 1 in [25]. ]

In particular Lemma 3.2 implies that Pls ¢ > O and that there exists a positive constant
C such that

N-2

§
<C——. 35
|95.£ loo,2 distE, 9N =2 (3.5)

In [25] it is also shown that

N-2

§ T
ls,elr.o S (3.6)

dist(£, 9Q) T

More generally we can estimate the L7 (£2) norm of ¢s ¢ and the L% (2) of PI//(SJ.,E — l/fsj’é.

Lemma3.3 Let N > 6,q € (pT'H, p+ l] and 8, & satisfy (2.8) and (2.9) as in Sect.2. Then

there exists a constant C = C(a) > 0 and g9 > 0 such that for any ¢ € (0, &g) for all
i=1,...,kand j =0,..., N it holds

[STE)

s &g, < Ce
and
J J
|P‘/’,‘ _1//,' |%Q < Ce?
for some o > 0 arbitrarily small.

Proof The proof easily follows from Lemma 2.2 in [30]. ]

Now let us define the operators
k N ‘ _
M) =YY (u, Py )Py
i=1j=0
and
I+ (u) = u — M(u).
Moreover the problem (2.2) is equivalent to solve the system
M{ue — i* (f (ue) + cug)} =0 3.7
and
T {ue — i* (f (ue) + eue)} = 0. (3.8)

Let us also define the linear operator

k
Lsgp=TI" {¢ —i* [f/ (Mo - Zuh) ¢“ : (3.9)
h=1

Esg =TI {Wsg —i*[f (Wsg) +eWse]) (3.10)

the error term
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and the nonlinear terms

Nigd =T [F(Wsg +0) — FWsg) — F' Wa )+ ), (3.11)

k k
Nigdp=T1" {i* [(f/ <u0 -y Puh> —f <u0 - Z“’))} ¢} , (3.12)
h=1 h=1

where f(u) = |u|?"'u.
Remark 3.1 We want to stress that 1'[6l £ is a continuous map, i.e. there exists a constant C > 0
such that forany ¢ > 0, § € Rk, Ee QF it holds

1L 1
IIH&EuIIHOI(Q) < C”M”HOI(Q) forall u e Hy(S).

Two important inequalities we will use throughout all our work are the following.
Lemma3.4 Foralla > 0and b € R, we have

C(rymin{a"~'b, 0"} ifr <1,

a—i—br—a’ <
|| | | {C( )( r—lb Er) l'fr>1
and

C(r)ymin{|b"*!, a"" 6%}  fO<r <1,

a+b"(@a+b)—at — 1A +rdb| <
I ¢ ) ( Ja'b| C(rymax (|b|"*', a"='b%) ifr > 1.

Proof See Lemma 2.2 in [17]. O

Now we want to solve (3.8). For this aim we start proving the invertibility of L5 ¢ defined
in (3.9).

Proposition 3.5 Let N > 6 and §, & satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0and gy > 0 such that for any ¢ € (0, &9) it holds

1256 @) 3 = ClIgll 10 for any d € K. (3.13)

Furthermore, the operator L ¢ is invertible and its inverse is continuous.

Proof We will argue as in the proof of Lemma 1.7 in [19]. The main difference is that our
points are converging to the same point §y € 92 while in [19] they are converging to different
points in 2. In view of a contradiction, assume that there exist

- sequences &, — 0 asn — oo, |d;|, |t;i| <aforalli=1,...,kasn — oo,
“¢n € Kj_ = Kg;,:q-n’With ||¢ﬂ||[-]0|(Q) =1
cLyy = C&,,,E,, (¢n) = hy with ||hn||1-1(}(g) — 0.

We have that
du =" (w0 = Y U, ) 9| + I + w1 (3.14)

where w, € K, = K;, ¢, 1.€.
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Observe that

() = 2 f @ 1y g = 0 (c297P). (3.15)

Indeed

() =D 1y g

<clf (Zuh) - Zf/ Un) |%Q\U3ﬁi$i

k
+cy (I (Zuh) —f Ul g g DI Uy
i h=1

hi
<CZ If’ Zuh |%,Bn,~§[+Z|f/(uh)|%3ni5f
i

hti hti

+C U (X th) = 3 @l o, 6
INCN T
<cy Z(") +Z<Z> 1By &I ¥

2
in \ \nzi \'"h nzi \'h
N-2\ W3 )
S\ ° S
+C| 22\ +2
ny M

where 7; is defined in 3.4. Let us also observe that w,, € K, is orthogonal to ¢,,, h, € K nl
- Step 1. It holds that

||w,1||H01(Q) — Q0asn — oo.

Observe that

k N
0= (Guw) = Y, [ onf v,

i=1 j=0
Using (3.14) and using Lemma 3.4, we have

k
2 _ 3% / _ _
lw, ”H(} @ = <¢n;:)n> (i |:f (MO };Uhn> ¢n:| , Wy) <hn;:)n)
—/ [
-/ [

k N k k .
=—ZZc{an ! (uo—zuhn) —f (Zw,,) ¢ PV}
i h=1

h=1

k k
"o =Y Un,) — f' (Zuhnﬂ Putwy
h=1 h=1
k k k
/ (Z uhn) - f/(um} Guwn — Y / ' Un,)bnwn
h=1 h=1 h=1"%

f
f

< Sf'(uo)
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119 Page 12 of 32 M. Musso et al.

:,\

[ (Zm,,) - i f%m»} Pt

h=1
k N )
-3 > /f(umd)n(Pw{n— v+ ZZ /f(uh Yon ¥
hi=1j=0 hii=1 j=0
=0
k N ) )
<fwo) D0 DI bl o 1PY |2y g
hi=1 j=1 D —
O(5i,)?
k k
FU D Un, | = D0 F ULy gldnl 2 glwal 2 g
h,i=1 h,i=1
k N
+ 20 Il 1L Uy oldnl 2 ol P = Wi | ax
h,i=1 j=0

where [Py | ol f'(CUn,) = 32 f'WUn,)ly g and [PV = | ax g goto zeroas

&, — 0by (3.3), (3.15) and Lemma 3.3 and |f’(Z/{hn)|%Q isbounded aslf o € L%(RN)
and

1
|f/(1/1h)|%g <P HUroly gy

Then we have

N &k

a1 g < 0n(D) D2 Y Ie, 1+ 0n(Dllwall gy - (3.16)

j=0i=1

Moreover,
lwnlfyy o) = Dol (PYL. PU3) = D el 18580, +on (D). (A7)

Putting together (3.16) and (3.17), we have that cljn are bounded and consequently
||w,,||H(} @ 0asn — oco. Now as ||¢,|| is bounded in HOl (£2), it converges weakly in

D12(Q) to ¢oo. We want to show that o = 0.
-Step2.Foralli =1, ..., k let us define

= a2 Q-§&
2 n

Bi,() = 8,7 23,y +8,) forall y € @, = =",
i

n

such that [|¢;, | Hi,) = 19nll gy = 1. Then #;, is bounded and there exists ¢;__ such
that ¢;, — ¢;,, weakly in D12(RY). We observe that

~ _N-2 ~
Gi, = 800 | f o,y + &) =8, 7 Uro— D Un(i,y+E,) | b
hi
+hi, (y) + Wi, (),
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2N ~
where ii’; is the adjoint operator of the immersion ii*n : H(} (82,) <= LN=2(2;,), hi,(y) =

hn(8i,y + &) and Wy, (y) = (8;,y + &, ). Recalling that |§ — &> = O(e?f) by (2.1),
for all ¢ € C2° such that supp¢ C ;,, we have

ins

(431‘"7@;1(;(9,- ) = 512,,/ f! (’40 - Zuh> i, @ + (hy + wy, 9)
n o

n

=0, (1)
¥
<5i2"/f/ uo(8i,y +&,) =8 = Uo—any — | di,e
J ' G 18y &, — &, DT
+0,(1)

$ S,
= / [f’ (ul,()(y)—s,- w0,y + &) +an Y o ))

y ey &, — 8, DT
_ f/(Z/ﬁ,o)]t;;i”(p +p f ulp,o_léin(p 4+ 0, (1)
Q.

in

/ % Shz 81‘,,
</f 8,7 uo(i,y +&,) —an ) — ) | die
Q; h#i (5 + |81y +§tn _%-h"|2)

n

OEE PNy, (1)
+ / £/ U060 + on(1)
Q,
-1 =~
g p/ Mlp,O (ﬂ¢ioo
RN

where the first term goes to zero by the Dominated Convergence Theorem. Hence at the
limit

—A¢i, = puffo‘léim weakly in D2(RM).
We want to prove that the limit function ‘Z’ioo is null. It is sufficient to show that
i, € ker(—A — pUP™HE,
ie.
/ Vi - V! =/ b f Uo)Y/ =0forall j =0,...,N
RN RN
Indeed, if j = 0 we have that
0= (gn. PY}) = / Ve (x) - VP dx = / $n () f (Ui (1)) (x)dx
Q Q
= /Q i, (0).f' ULoNY (dy — fR L Gisc /WU )Y

and similarly for j = 1,....N. As ¢,—@;, in D'2RY) and f'(U10)y), €
LV (RV) then ¢ —0 in DI2(RY).
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- Step 3. Now for all ¢ € CZ°(€2) we have that

(e ) 1) = fo’ (0 = X141, ) 6wt + o+ i )

=0, (1)
= ! n§ + ! - U - f g + nl
[ @bt [ [160 =Yt = 160 dup + 0,1

< Uny)
< [ rwove+ [ [1/(Sth) - £ @) 6.1

+ /Q () [gallel + on(1)

< [ Fnvo+ X [ 00180101+ 0uth)

= [ oo+ 0,5 [ 7 (St +60) el +on0)
ff(uo>¢n<p+252 / ' (U1.0) 13, 1] + 0n(1)

- p/szu(’)’*lso%o

as ¢;, converges to zero weakly in ®2(RV) and Uy ¢ € L (RM). Hence ¢ weakly
satisfies —A¢oo = pu(‘t)7 _]qboo in © and, by the non degeneracy of up, we have that

$oo = 0.
- Step 4. Now we want to show that ¢, — 0 strongly in H(} (€2). Indeed

In gy = (7 (w0 = D" U, ) s ) + (n + wn, )

=/Q(f’ (0= th,) - 1 (Zuh,,))qb,%fgf’ (> h,) 62

N-2 ~
< / £ wo) éy + / FlU+87T > U, Gy +E,) | 67
Q

S2in hnEin

< [ £ w0 + / (U 0)F
Q ,

2
4 Sh 2
+ 5 / N 2 n ¢
20 . 8+ 18,y +&, —&n,2) "

h#i Sy

where the last term converges to zero by the Dominated Convergence Theorem. Moreover
¢5 and "313,, are uniformly bounded respectively in L% (R2) and L% (RN ) and they
converge to zero almost everywhere in  and R" . Hence ¢? and 43,%” converge weakly to
zero in LV () and L¥2 (RV) . As f'(ug) € L¥ () and f' (U1 o) € LT RY), we
have that ||¢; || Hi@ = 0, (1), and this contradicts the hypothesis ||¢,|| = 1 and prove
that |5 01l = C lI@].
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- Step 5. Now we have to prove that L ¢ is invertible and its inverse is continuous. Indeed,

2N
we know that ITt o i* : L¥-2(Q) — H( () is a compact operator, then L5 ¢ = Id — K
where K is a compact operator. By (3.13) we also know that L5 ¢ is injective. Thus, by
the Fredholm’s alternative theorem is also surjective.

Now we want to estimate the error term defined in (3.10).

Proposition 3.6 Let N > 6 and §, & satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0and gy > 0 such that for any € € (0, g9) the error term satisfies

9
< 5+0o
IEs.¢ ”Hol @ S Ce2
for some o > 0 arbitrarily small, where 0 is given by (2.12).

Proof Observing that

k
€6 = T [f(Wag) + eWsg] — i*[f (wo) — D f U]}

h=1

and by (2.1) we get
€861 1) < 1f Wag) = f o) + D f (PUR) + e(Wag)| 2n g

<17 Wag) = 5 (30 Pth) | 2y e 20 L UDI 230008, 6
h
) an

+[Y e —f (Z Puh) ’%,UB,,[ &)

(rn
+ |f(W8,E) - f(u[))';\%\.]z?Q\UBni(éi) + |f(”0)|1\%/2;ugni &)

v W)
+eluol oy e ) IPUN ou g -
—— h
WD
VII)

Recalling that n, = dist(§,, 0R2) = O(eP), we observe that

N+2

ni 2N
(V) Z|MO|N+2 BWL (&) Z (/0 rN_l)

i
N1z _N2-4 0
- T0(57) =0 (sia) =0 <t)

N-2

(o) " (@=2p) 252 yroarr
Usy e S ? = (’)(8 2 ) = O gN?-6n+4 (3.18)

h

and that
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in Q\ By, (§p) forallh =1, ..., k. Thenforall N > 7
<y ‘f(uo - PU)— f (Z Puh)
i h h
< Z (‘f/ (Z PUh) uo
i h 251 By, &)
<Cy. (’f (Z Puh) — 1 W)
i h
) N+2
+(/'h erl) 2N
0

/ /
S CZ |/ U — PUy) ‘A%;Bn,(s,-) + hX: If CPUD | 2005, )
i i

2N _.
W’Bﬂi (&)

14
+ |"0|N252;Bn,.<e,-))

+ |f/ (Z’li) |137_/*\_/2;B’11 &)

2N .
251 By (€1)

N2
* CZ (lf/ U | 2, 6 0 )
4

4 Ny2 N+2 §2 N N6 =
— N5—=—1
<C§ 05,6l - § :%'}_(Siz </0 reNE2 ) +n;°
i

8.2 N+2

2 _ .
<CY It 4+ NZHE % 520 1 = ot
= 774”[ n; 4 i N n; =

i i

by (3.18) and (3.5). Now

N 2N
(D) < 1f Uy 2 ol f O
B 2N = PO
7122\ By, (6n) N Q\B,, (0) 8£+|y|2

+oo  N-1 5 5 e
¢ arov) SOl
e (14717 Nh
=0 <8¥(¢1*f3)> =0 <8N[;(—Ag\/2-:4> =0 (gngg)

and analogously

N

8h N N+2
[Un| 2n_ S U 2n =ay / -
a2 S\UBy, (&) w1z Q\ By, (6) Q\By, (0) 5}21 |y|2

N-6

N—-1 };7?(’2
+00 - by 5
< Cs; / oy— < C3; <l)

Nh (1+r2)Nm T}h

5

N242N-8 5
-0 (82a+#(a7ﬁ)) —0 <82(N2t6N+4)) ) (8%+0) )
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Then, by (3.19) and (3.20)
p -1
< P
V)< (2 PUn)" 1 om0+ 108" 20 PUb 2, v, )
4
<SCY N PUD a0, )+ C D 1P 2 0105, (e

S CZ | @Un)? | 2 SQ\UBy, (&) + CZ |Z”h| 5 Q\UB,y, (6) = 0(82 ).

N+2°

In a similar way, by (3.5) and (3.18)

/(%)

2N
W’B”i (&)

<L (e - rQo U g, g e+ ; FECOTE I
1 1

<CZ |f i) ¢’1+ZPUI1 | 2n 2N 5. By (gl)+2|f(ulz)| 2N 5By (&)
h#i h#i

N-2

2
<CZ |f (Uz)| 2N Bﬁ (&) |(/’8 E,'OOQ"‘Z('] >
h#i

N-2

4 s\
N NCOIESY (n’;)
h

hsi

-2
M 2N 2 2
N2 5 N2-IN-2 ) N2 i
2 h 2
<CZ 8; (/ 4 N+2> )Z Nz |t 2(2)
; 0 ny, Mh
N2 i\ 2 Np2 )
2 ni h 2 h
<y (57 () % ) ()
i i M i \"h

—(9( )N+2) Lo (8011\]772—/31\]77) -0 (867—&-0) )

Now we can solve (3.8) using a fixed point argument.

Proposition 3.7 Let N > 6 and §, & satisfy (2.8) and (2.9) as in Sect.2. Then there exists
C = C(a) > 0 and g9 > 0 such that for any ¢ € (0, &g) there exists a unique @5 5 € KalE
solving

Lsgpss =Esg+Njebse+Niehos (3.21)
and satisfying
Ibs.6ll 1) (@) < <Cette (3.22)

for some o > 0.
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Proof We want to show that Ty ¢ : K3, — K is a contraction where
T5e0 = L5 €56 + N3 g6+ Ni 0] forall ¢ € Ki

and the operators Lg ¢, 5 ¢, Nslg and N;%S are defined (3.9), (3.10), (3.11) and (3.12).
Letr > 0and By g = {¢ € Ky : 19111310 < re3+9). We observe that

||N31,§¢||H01(Q) <C”i*[f(W8,£ + d’) - f(WB,S) - f/(WS,S)d’ + 5¢]||H01(Q)
<CIf(Wse +¢) — f(Wsg) — f/(Ws, §)¢|27N ot €I¢>I27N Q
<Clf ()] 2n 2N Q +8”¢”H @ S C”d’”z LQ) + C5||¢||H ()

o) o)
Aol

éc‘f/ (Z%h,gh)

and

2
”/\/’5,545”}101 (Q) <C

H ()

4

N2
912y o <C(Plomala o) 19l

¥.Q
Hence by (3.6)
3
1756013 @) < ING£0 1 @ + NG el gy @y < CT*7
and so 75 ¢ maps Bj ¢ into itself. Moreover for all ¢1, ¢2 € Ki- 5 We have
||N31_5¢1 _N’31’§¢2”H01(Q) SCIf(Wsg+d1) — f(Wse +¢2) — f (W e) (1 — ¢2)|I\%,Q
telér—daloa o
IfWse+01) — f(Wse+d2) — f(Ws e +¢2)(d1 — )| 2v_ o
~—— ——— N+22

=a+b =a; b=¢1—¢2

|f' (Ws.e + d2) (91 — d2) — f'(Ws ) (1 — d)z)l%’g +elgr — ¢2|1373V_2’Q
< C(llg1 = 82171 2 o + 11621161 — B2 2y, o +eldr — 62l 2 o)
C (161 = 620" Iy gld1 = b2l av_g + 185" |y glé1 — b2l o o)

-1
+ Cellpr — bl i,

<c| 1= Baluya 161 - B2luye + 1920750 161 — b2y
—_—
SI\¢1\\HJ(9)+I\¢2HH&(9)

+ Cell¢r — ¢2||H0|(Q)

p—1 p—1
c <||¢1 e Lo s) Ié1 = #2ll 1 o)

@ Springer



Nodal cluster solutions for the Brezis... Page190f32 119

and
2 2
INGe#1 = N9l @) <CILF wo = 37 PU) = f'wo = D U1 = ¢l ax, g
SCI'Q_ vone)ly alor —d2l v g
-1
<CIY el olé1 =2l
p—1
<C(Ylonalpg)  l1o1-olye
-1
<C Z (7S pﬁ%ﬂﬂfﬁl —®lyi -
Hence

||7:¥,‘;'¢1 - 73,§¢2||H01(Q) <C||-N’31,E¢1 _N(;75¢2||H&(Q) + ||N(32£¢1 _Na%gd’Z”HOl(Q)

p—1
<C <II¢1||H01<9> + 2l ey +e+ D |¢a;,,g,,|%’9>

llp1 — ¢2||H01 @
where |5, ¢, |p2l 0= O(e2@=P)y_ Then, for & sufficiently small, 75 ¢ is a contraction and
—2
the claim follows. o

4 The reduced energy

In this section we want to reduce the original problem to a finite dimensional one and solve
(3.7). Define J; : Hj () — RV as

1 1
Jo(u) = E/S;Wulzdx—m/QWIPde—%/Quzdx. 4.1)

Then the critical points of J, are solutions to (BN). Let us also define the reduced functional
Te(t.d. v) = J:(Ws g + ¢5.6) (4.2)

where t = (t1,....1),d = (dy,....dy) € RN, v = (r1, ..., %) € RV")¥ asin Sect.2,
Ws e = uo — ) PUy, and ¢ ¢ is as in Proposition 3.7 such that

I3
||¢6,.§ ”Hol (Q) < Ce2t?

N3—8N+8

for some o > 0and 6 = m

Proposition 4.1 Let N > 6 and 8, & satisfy (2.8) and (2.9) as in Sect.2. There exists g9 > 0
such that for any € € (0, o) it holds

Je(Ws g + ¢5.6) = Je (W5 ) + O(e7T9),

where J is defined in (4.1).
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Proof 1t’s easy to see that

1 2 P
Je(Wsg + Pse) — Je (Wi g) = §||¢5,/,=||H01(Q) + /Q VWse- Vs e — /;2 Ws ¢®s.6

1
- p+1 p+1 _
1 Q[|W5,5+¢s,g| + | Ws ¢l (p+DW, §¢ag]

- = - 5.608.%-
2 o 8.8 o §95.8

Using (3.22)
2 2 2 6
o [ 035 <elbhia < eldosln g < clbrglyy g < CT
and
142 0
8/9 Wogts.e < elWsglon sl on o < + “ls.ellyi ) < Ce to
by (3.2). Now by (3.1) and (3.22)
1
/ [IWsg + ¢sel”™ + Wsel”™ —(p+DW, gf/)s.s] / [|¢35|”+1 +¢ Wp ]
1
<ldgg | Q+|<1>m;| v ol Wil g
CII¢5§|IH Lot ||<Z55,§IIILI()l(Q)IW(s,gl%7Q
<cC (8(1)+l)§+a + 8é+o> < C8é+g.
Moreover

/VWS,E'V¢6,E —/ W£§¢s,e
Q Q

= —/Q I:AW&; — WSP.S:I s, &
= /Q [f(uo) = fU) — fluo =) PUh)] ®s.¢

SIS o) = D f U = fluo = D PU| v oldssl v g
< C80A+(r
as in the proof of Proposition 3.6. 0

Now we want to evaluate and find an expansion of

k
J (uo - Z Pu,-) .
i=1

Proposition 4.2 Let N > 6 and §, & satisfy (2.8) and (2.9) as in Sect. 2. Then it holds

dN2

Jod, t,t) =¢ (Q{Zd2+62t —(XNCZW

h<i
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C
) 02 102 D% _ 13uu0(‘§0)fz,fz))

+A14+0 (s(’“’) .

Co-uniformly with respect to T = (t1,...,T¢) € RN-HYk d = y,...,do),t =
(1, ... 1) € RF such that |d;|, |t;| < a and |v; — 17| > pforalli =1,...,k and
i # h, and where

Ay =2+ e%g(do. t0) — ke §(do, 10).
For the definition of J; we refer to 4.2).

Proof We can write J. (ug — Zf: | PU;) as

k
1 1 * 1
Jelwo =Y PU;) = E/QIVuoIZ—?/QIuolz —eE/Qu%
i=1 ——
=Jo(uo) ::jo(uo)

k
1 , 1 "
+Z(5f9|wui| —E/QUDUI-) )
i=1

=)
+Z[ (V PU;V PUy, —f(PL{)PZ/lh)—Z/ f(PU;) PUy,

i>h h<i
=(I1) =(I11)
—72/(%{[) —82/ PulPuh—eZ/ uo PU;
h<i
av) =(V) (25
k k
-3 / wo(PUHN* 1 =" / (VuoV PU; — f (o) PU;)
i=1 % i=17%
=(VII) =0
i k k
—/ F(uo =Y PU) — F(uo) — Y F(PU) — Y f(PU) PU,
el i=1 i=1 ih
(VIII)
Mk k
- / > fuo)PU; — Zuof(PUi)}
@1z i=1
=(IX)

where f(u) = |ulP~ Yy and F(s) = fo f(t)dt. Now we evaluate each term. Recalling that
ni = dist(&;, 9Q) = O(eP), we have

()_<7_f>2f(u) +5 Z/(Wz P55
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+0 </ (u")z*_zwi,fi +/ (pg:fi)
Q Q

k > 1 N-2 f 21 5
= _ U — 8 TTH(&, & u o\ %
RN + 205N lZ i &i. &) RN + UlN

N
k > 1 N-2 2*—1 6
=K an Y SV CHEE) | u 0 (")
N/RNU +201Ni8, (S,E,)/RN +0O(e

_¢ 2 2 2
1v) =558 [ 18+ 06 Clons )
1 1

+e Z ||(P8i,‘§,- ||L°°(Q) / U + 0(8 Z ”905, & ” NiNZ( )”ul “LZ*(Q\BW (éx)))

i ni i

€ 2 2 51'1\/72
:5281- RNU + 0 8)7N72
1

1
. i
—Evye2 | w2 0( 9“’)
2 Xl: ! /H;N + ¢

Now

VI = UH> !+ / PUHT — UH*
V11 ,Z/Q("O) ZQ”O(( - )
=%s T ﬁ_iuow,ws,wz ‘1+O<Z/; uo<x>w§',g,.‘>
ni ’7, !
+0 / uo () UN* s, ,)+0< / u (x)(u,»)?-l)
(Z By, i) ° o Z Q\By,; (§i) ’
N=2 N=2 +o0 N—-1
=576 7 up(E / U+ o378 7 u / S
IZ i uo (&) RN ([Z i uo (&) g,: (1—{—7‘2)%
+0 (Z 9s: & 117 ooy i w0 &) ) +0 (Z 87 s & | L ()] uo(mf o W)
l
N=2 +00 rN—l
vo(Ln T [T
(Xi:l uo (&) y (1—{—}’2)1\];2)

Hence
No2 " N-2 2

(VID =328 uo) [pn U1+ 0 (Zi 5° uo(&)%‘;)
=38, T o) fon U + 0(e7).

The other important term is (/ /7). Indeed

arn = Z/ (PU)* ' PUy = Z/ ©)* ™ty — Z/ UD* " sy 5

h<i h<i h<i
+Z[ (P =" — @)™ ") Pu
h<i
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N—2 N22 N22
8
—Z W oy +o |00
N-— 2/
h<i & — Sh' h<i Mh
+0 Z/ UD* g5, sluh)+0<2/ (u,“U>
<h<t B”z(’ h<i Q\B’h(s‘
o A e
PN NE) / * 1) S
i h 2*—1 h i
=y L—2 | u ' dt+ey+0 Y AL
A N-2 N-2
h<i 1&i = &l RN n<i
MR
5,7 8,7 6
+O Z : N-2 12
o 1&n — &l
e
8~ o 8 *
27’ N;_Z/ U1 (1 + o(1))
= lg; — &1V 2 Jpw
N—2

hZ e ne [ o ()

We have to show that the other terms are of higher order.
Reasoning as the third term of (III) we have

. . 5¥5¥ 87
(1) —Z/ (PUy™ =" = @ ") Py = 0 27|§h—5h|1v2 2

h>i h>i

=0 (8§+o)
1

2 N-2
(V) <e¢ /uuh<s 8282/
2 J.u 2 By, (&) 1X — &IV 72]x — V2

i<h i<h

+& Z/ U;Uy

i<h Q\B”z (Sl

Now

N2 N2 1
Se) 8.7 6,° + ¢ 7&
Z P B, YN~ 2y +& — &N Z & — N2

i<h

400 erl
/gg (1+r3)N-2

N-2 N-2
cey 5,7 8,7 / 1
Yo g =gV 0 IV TR

Zlg — V-

N-2 N=2 N-2 N=-2

—+&

5.2 8,72 5. % 8,72 4
58 i h =0 i h :O<89+0
; |& — &N 2 Z |& — &n|N =2 )
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Now
N=2 5
VD) Se) 87 uo@mt =0 ()
i
Now we can split the term (V /11) + (I X) into the sum of integrals on the balls By, (&) and

the integral on Q\ U By, (§,) that we call A; and B respectively,
where we can evaluate the integral B on Q\ U By, (§;) as

IB| < f
U, By, &)

+/ uo y f(PUp) + / S (PU;) PUy
Q\Uh Bﬂh &n) ; ; \U}, Bnh (én)

+ / F(PUy)
; Q\Uh Brzh &n)

F(up — Z PUy) — F(uo) + f(u0) Y Pl
h

< f )’ + / uo @)™ !
Z Q\Uh Bnh Z Q\ thh
+ / ur "y, + f
g}; \Uj, By, Z 2\U, Bnh
% 9 N FN-1 +oo rN=l
< _ A -
~ Xh:uo én)é;, /Zf (1 + r2)N-2 +Z“0(§h)5 /ZZ‘ (l+r2)NT+2
N-2 N2
s, 2 Shz /+oo Z/
+ [ S —
;I&—&IN*Z 37}; (1 (142" . (1+r2)N
8
< Y ud )5h< > Zuo(éh)fsh (;Z)
h

()
- ow)

and in a similar way for the integral A, on a ball By, (§,) we get that
A4 = 0" *7),

At the end we get

~ k *
Jeluo = Y PU) = Jouo) = edoluo) + fRN u
h

=A

1 N—2 2*—1 € 2 2
an Yot 2ues) [ w0 =550 [ u
1 1
vz 21
R uo(a)/ Ur-
- RN
1
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N-2 N-2

5.2 ans, * x 5
_Z i N:/,z/ U2 71+O<89+0)
= 186 — &l RN
We put
1 x
B::f/ u2, C::/ u*-1
2 JrN RN
Then

N=2
2

Je(wo — Y PU) = A+ %aNc Y SN TPHE E)—eBY 87 —C ) 8 "o (&)

N-2 N=2

—anC Z M +0 <8é+0) .
2 g — g2
Now
N
—&eB Z 61‘2 = —¢B Z (Sad() + aadi)
h i
= —&'"2Bkd] — 26"V 0Bdy Y "d; — !B " d?
i i

Moreover

1 N-2 1 N-2
SoNC Z‘Sf H (& &) = SanC Z(Si

1 1
[2N—2dist(g,-, av2 0 (dist(&i, 89)”‘2):|
1 ., . 1 N-2
_ (N-=2) a—a\N—-2 _ B
=551 oy Ze (do+€“7%) |:5/3(N—2>t6\'2 gﬁ(N—l),éVfl ePlt;
1

(N=2(N=1) 5,
B TP
26PN

_ sN-2
+0 (Swfwﬂ))] to <Z TstE aQ)N—2>

i

oan _ _ — 5—.
= e Ze“(N 2 (dg’ 24 (N = 2)d) Bd;e

n (N =2)(N - 3)dé\’—4di282&72a L0 (83&7305))

2
1 N2 55.+(N_2)(N_1)525,,2
eBN=DN=2 -1 N=1" 26PN :

+0 (Ssﬁ—ﬂwm)]

sN=2
to <Z dist(&;, aQ)N—Z)

i

N-2
_ apv-2 N %
IN—1 té\l—2
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_a(N=2)—p(N - 1)+ﬁwd0 @(N-3)—-B(N-2)+a AN _ aN do
N—1 fo CZI te CZd
i
N-2
a(N=2)—pN+2f AN (N = 2)(N = 1) d .

+¢ N

N
To

aN(N 2) dN 3
32— g 3)+a—BN—1)+f = Z“

—4y420-pv—2) AN (N = 2)(N = 3) do
2N N-2

)
Y d?+o (ea(N72)+3B*ﬂ(N+1))
1
i
::O(sé“’)
sV
P

+o (21: dist (&, asz)N2>

Now by (2.10) we have that

+8a(N

N-2 N=2
2§ 2 N-2

S d,
—anC Y s = e (VN gy e Z (o).
* 1§ — &nl Iti — Tl
At the end, observing that

B — &)= (P, 0@, +ePr) — 0(&) = P P Yy 19EDT T + 0E2))
—
=0
and
Vuo(E)T - v(&) = dyuo(E) = duuo(€0) + Vndwuo(€0)T - (& — &)
1 ~
+ 5<DQNavuo<&>(ei — T - & — &) + O — &)

= dyuo(&0) + &P Vn_18,u0 (&) -7 + O(e*P)dy, d,u0 (&)
—

‘We need this equal to zero

] ~ N
+ 5 (DY Do o)) - i + O™,
as éj € Q and & is a critical point of d,uo(€), we have

wo(&) = uoE + (P10 + ePriyv(r))
= uo(&) +(eP 10 + P 1) Vuo @ - v(E) + 0Pty + P 1))
——
=0

- 1 ~ A
= (P10 + eP11)dyuo (o) + 5(eﬁro + &P 1))e (D}, _ dyuoEo) )" - i

1 OP1y + P1)?) + 0P (Pro + eP1y)).
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Then
N-2
—C) 8% uo&)
i

N2 N—2 . N N —2)(N —4) yp 0 N6
:—CZS"‘TZ (do2 + e*7%d,’ d,-—f—waz(“_a)doz df) uo(&;)

2 4

™ okdyuo(Eo) + O T +H2b 1)
N=2

—ce Ty T 3uuo(§o)zt,+2(9(sa R

2

4

N-2 24 N4 _ .
_c gO’TZ+"‘_°‘+ﬂdO 2 10dyuo (o) Zdi + Z O(SQNT2+2ﬂ+a_adi)
i

C al2ipiop M52 2 T N2y f40f
- e o N2 +p+ ﬁd T 1o Z(DN_lavuo(go)fl.) G Y O (e T2
L
N-2

—cT e TS wthgy T 3vuo($0)zdzlz+z(9(€ bt g

N=2)(N—4) ,x 7
4:% P2 g T d,u0(50) Y dF

+ Z O(8a¥+25+2&—2adi2) + Z O(e"¥+25ti2)

where the lower order terms are O (69+”). Now the zero order terms are

N-2
o d - N=2
A+ T ok — e Bkdg — et T Py T ik o)
0

+e?*kf(do, to)

0 oUN d(l)v - N772 0+o
=A+¢&’k 2N71C[N Bdo Cdy* todyuo(&o) | + &7 kf(do, 1o).
0
The first order terms are
14+ (N=3)—B(N-2)+a %N dN_3
o Ot o o
—2¢ Bdo » d; +¢ TN 9 ¢
i 0
N—-2 N2 5 5 N4
D di— e T gy toauuo(%'o)zdi
i i
ay(N Z)d N24p N2
—g (VDA W’iw Zz, — e T, T o (60) Yt
i

i ay dY  N-—2 xa
=g (—ZBdo + ZN]L t?\,_z c-c—; dy’ to&;llo(&o)) Zdi
0 i

e MO(SO)) Zz,

2
+¢
N1 (N1

( an(N —2)dY~2
0

@ Springer



119 Page 28 of 32 M. Musso et al.

The quantities in the previous box are zero as dp and fg satisfy the system in (2.7).
Then the order zero terms are a function of (dp, 7o), namely

o
a+e%k <2NN1 [(?H Bdj — Cd t08 uo(so)> + ke" 7 §(dy, t0)

= A+ &%kg(do, t0) + ke’ §(do, 10).

Now the second order terms are

N—2
_pl+2ap Zdzz n (X (N=2)—BN+2B an(N —2)(N —1) d, c Zt-z

N
i 2 Iy

2 yN-=-3
_paN-3ta—pN-1)+p NN —2) d
2N

+¢

a(N—4)+2a—p(N—2) AN (N = 2)(N _3) d CZd2 a(N—2)—f§(N—2)aNC

2N

_ -2
=5 A 0 Y (DY duo o)) -
i

N-2 N4
—cTe Bt g T du0(80) Y dits
i
N—2)(N—=4) wn-2.s N=6
_c( )4( )SaNT2+2a—2a+ﬂd02 thvMO(%_O)Zdiz
i
; an(N —2)(N —=3)d)~* (N —2)(N —4
=g’ (—B+ N N>C—-¢C 1 d02 todyug(&o) Zdz
To
=2
i an(N—=2)2d)"? N—2 N
+89< ST TC € dy* dyuo(60) Zr,,
1 2
=%
N-2
P aN(N—2)(N—1)d
+e < o Zt
=C>0

0 dy? c A2 2 T
+&” | —anC Z W - Edo 1o Z(DNflauMO(SO)fi) T
i
By using the first equation of (2.7) we get
an(N? — 5N +5) dN—“C V=YW - 5)

2N 2 4

A= d, 7 todyuo(ég) > 0

while by using the second equation of (2.7) we get

B = 0.
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Then at the end
Je(uwo =) PU) = B+ % 9(do, o) + k&7 f(do, o)

N-2

H dN 2 c N2
0 2

+& (Q[Zdi +¢Zl OJNCZ oo Edo f0
Z(Dzzv—13uuo($o)fi)T . r,-)

+0O (8é+<r) .
O
Now standard arguments permit us to conclude that if (d,, ., T.) is a critical point of J~5,
then
k
W, &, + @56, =u0— Y PlUs, &, + bs,.¢,
h=1

is a solution of (BN) where 8. and &, are as in Sect. 2.
Indeed we can rewrite the problem (3.7) as

w—i*(f) +euy =Y o Py 4.3)
and our goal is to find appropriate parameters d = (d1, oody,t=(n,..., 1) € Rfand
points T = (i, ..., %) € (RV"1* such that ¢/ = ¢/(d,¢,7) =0foralli = 1,...,k and
j=0,...,N
Proposition4.3 Ifforalli =1,...,kand j=1,...N

DJ. (u)[35,1] = DI (w)[d(e,),ul =0, 4.4)
then cij =0.

Proof 1t’s easy to see that

DIl f]= (u—i*(fw) +e), f).
Then by (4.4) follows

(u—i*(f(u) +¢)), d5,u) =0
(u —i*(f(u) +¢€)), Veu) =0

and combining it with (4.3), foralli =1,...,k,r =1,..., N we have
: 1 . o
Seh [ o= Yodl [ u oo, u=o.
hj U hj 79
We have the following estimates on the integrals

1 bi+o(l) ifi=h j=0
aifu,flw;{aaiPU,:{l””” /=0
Q

o(1) otherwise
1 by+o() ifi=hr=j
55/ Ul o, PU; = )
Q o(1) otherwise
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where b1, by # 0. Recalling that ¢ satisfies (3.21), by the Implicit Function Theorem we can
prove that there exist ds;¢, Vg, ¢ € HO1 (£2). In particular using (3.13) and proceeding as in
Proposition 3.5, it is possible to show that

51l105,0 1 g1 0y = 0D Sillde; @l g1 (o) = 0(1) 4.5)
foralli=1,...,kand j =1,..., N. Then
ai/ U~y 05,6 = o():
Q
&f Uy, ¢ = o(D).
Q

The linear system in the c ’s has the only possible solution c =0foralli =1,...,kand
j=0,...,N. m]

Now we are able to conclude our proof.
Proof of Theorem 2.1 By Proposition 4.2, we have that
Jo@.t,0) = 0@, 0+ a1 +0 ()

where A depends only on (dp, fo, &o) and

dy=? N2
2 2
(D(dt T)—Q[Zd +Q:Z[ —(XNCZW 2d0 fo
h<i
> Dy oG T
i
Since the constants 2, € are strictly positive,d =¢ = (0,...,0) € R2 is the unique critical

point for ® in d and ¢. Since the matrix Djz\,_1 dyuo(&p) is positive definite there also exists
a critical point ¢ in T. The point (0, 0, T) is a critical point for ®, which is stable under
small perturbation of the function. Hence for all ¢ sufficiently small there exists (¢, t¢, T.),
satisfying (2.9), critical point for J., which is close to (0, 0, 7).

Now observe that foralli =1,...,kandr=1,...,N — 1

iPu BPL{, d,,

a
Ay, PU; = Pu’ 3<s> fi +ZV—1 du) 3<s> (@)

Hence the assumptions of Proposition 4.3 are satisfied and we conclude that u, = Ws, ¢, +
¢s,.&, 1s a solution of (BN). m]
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