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QUANTIZATION OF THE MONOTONE POISSON CENTRAL
LIMIT THEOREM

YUNGANG LU*

ABSTRACT. In the present paper, we quantize the monotone (as well as anti—
monotone) Poisson central limit theorem. Omne constructs a sequence of
monotone independent binomial random variables in terms of the creation—
annihilation operators on a specific interacting Fock space. By using these
random variables, one sets up a quantization of the monotone Poisson cen-
tral limit theorem with respect to the convergence both in mixed—moments
and in law, which includes the monotone Laplace-de Moivre CLT as a part.
Moreover, one represents the above limit in terms of creation—annihilation
operators on the continuous monotone Fock space over L% ([0, 1]).

1. Introduction

In the present paper, as a continuation of [8], [9] and [10], we give a quantiza-
tion of the monotone Poisson central limit theorem (CLT in short).

The monotone Poisson CLT, in terms of algebraic random variables and the
monotone independence, can be formulated as follows (see [13]): Let (X, 1)) be an
algebraic probability space and {&, , : n € N* and k < n} be a family of algebraic
random variables, let {p,},—, C [0,1]. If

° 1/1( Z“fk) =1 (§nx) = pn for any m,n € N* and k < n (in this case, one
says that the Y—distribution of &, is b(1, p,) :=the binomial distribution

with the parameter (1,p,) and writes &, L b(1,py,) in short);
o with respect to ¥, {€n1,...,&nn} 15 @ monotone independent family for
any n > 2,

the Y—distribution of Y j_; &nk goes, as n — 00, to P, (N\) :=the monotone
Poisson distribution with the parameter X (will be assumed strictly positive all
over) whenever np, — A. Moreover, for convenience, one denotes P, (0) := do
and hereinafter, J, is the Dirac measure centred on x for any z € R.

In terms of the monotone convolution “r>" (see [5], [6] and references within),
one can reformulate the monotone Poisson CLT as follows: If {p,} -, C [0,1]
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verifies np, — A, then in the weak convergence
nhango (1 =pn)do +pn51)‘>n = Prno (A)

Where, one recalls that

1) the monotone convolution is defined by means of the reciprocal Cauchy trans-
form: for any p,v € P := {probability measure on (R,B)} with the reciprocal
Cauchy transforms H,, and H, respectively, the monotone convolution p > v is
the element of P with the reciprocal Cauchy transform H,, = H, o H,,

2) for any {p,}o7, C P and p € P, p, — p if and only if Im H,,, (z + iy) —
Im H, (x + iy) for some y > 0 and any = € R.

Remark Recall that, instead of using the reciprocal Cauchy transform to study
the monotone convolution, one uses conventionally

e the Fourier transform to study the classical convolution;

e the Cauchy transform to study the free convolution (see, e.g. [3], [12], [14],
[16]);

e the self-energy function to study the Boolean convolution (see [15]).

Notice that the monotone Poisson CLT is independent of the specific construc-
tion of the algebraic probability space and random variables, if we take a par-
ticular algebraic probability space (A, ¢) and such a family of random variables
{Xnr :n € N* and k < n} that, with respect to the state ¢,

e the distribution of X, 1 is b(1,p,), i.e. X, L b(1,pn), for any n € N* and
k<n,

e {X,1,...,Xnn} is a monotone independent family for any n > 2,
then the monotone Poisson CLT tells us that the ¢—distribution of >, _; Xk
goes to P, () if np, — A

In this paper, we take the following particular algebraic probability space (A, ¢)
and random variables {X,,  : n € N* and k < n}: Let
e H be a (pre—)Hilbert space with an onb {ex},-; ;
o I'o (H) be a particular interacting Fock space (IFS in short) over H,
namely the (discrete) monotone Fock space, and its construction will be
given in Section 2;
e for any k € N*, a; (resp. ay) be the creation (resp. annihilation) operator
on 'y, (H) with the test function eg;
e A be the algebra generated by { Ay }ren+ and

Ay, == {polynomial in a; and a; with degree > 1}, Vk € N* (1.1)

e ¢ :=the vacuum state, i.e. ¢ (-) := (¥,-¥) and ¥ :=the vacuum vector of

Lo (H);
e for any n € N*, k <n and for any given {p,} —, C [0,1]
Xk :=vpn (1 —pp) (ak + a;l') —l—pnaka;: +(1—pn) aﬁak (1.2)

In Section 2, we give first of all the definition of the above mentioned IFS
1o (1) and creation—annihilation operators. Then we prove that, with respect to
the vacuum state ¢, the algebras Ay’s defined in (1.1) are monotone independent
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and each X, ; introduced in (1.2) is a projector and ¢ (X, k) = py, in particular,

Xk L (1,pn). In additional, by denoting

ak7 lf E = 71
+ ife— 11
ol =% NETHL e (1.3)
aga; , ife=0
a;ak, lf E = 2
and
Br(lil) :: T —pn Z il)’ BT(LO) — Z ; B(2 = (1—py) Z ag)
= P k=1
n
B, =BV +B{"+BY+BY =3 X, (14)

k=1

we show that {B,(f) :n €Nande € {-1,0,1,2} } is uniformly bounded. Conse-
quently, the convergence in law (i.e., the weak convergence of the vacuum distri-
bution) of this family is equivalent to that in mixed—moments.

Remark The terms mafl) and /py, (1 —pn)a,(jl) (resp. B( D and
B(H)) will be called off-diagonal components of X,, ;, (resp. of B,,) since they
are conjugate each other; p,a ( ) and (1 pn)a,(c) (resp. BY and Bg)) will be
called diagonal components of X, 1 (resp. of By,) since they are self-adjoint.

As argued before, our particular choices (A, ¢) and {X,, 5 :n € N* and k <n}
do not change the usual monotone Poisson CLT which says that the vacuum
distribution of {B,},—, goes to Pp, (\) whenever np, — A. Beyond this, one
gets some new sight, e.g., one can study, for any {cg,c1,c2} CR,

Das (n, py; co, c1, c2)
:=the vacuum distribution of ¢; <B,(l_1) + B,(L'H)) + B + ¢,B® (1.5)

and the corresponding weak limit.

Versus the usual monotone Poisson CLT which is a consideration the weak limit
of D (n,pp;1,1,1) (ie. the g—distribution of {B,} - ,), the quantized monotone
Poisson CLT is:

1) to examine, for any m € N and € € {—1,0,1,2}", the limit

lim ¢ (B(E ). B,(f(m))) (1.6)
n—oo
i.e. to get the limits of the mixed—moments of B,(f)’s7 not only their sum;
2) to calculate, for any {cp,c1,c2} C R, the limit of

Jim o (exp (it (cl (Bf;l) + B,(L“)) +¢BO + 023,22)))) (1.7)

i.e., to know the weak limit of Dys (n, pn;co, c1,¢2), not only Das (n,pn;1,1,1), by
means of the characteristic function;
3) to give a suitable representation to these limits.
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As a consequence of the above 1) and 2), the quantized monotone Poisson CLT

makes in evidence the individual contributions of B,(f)’s in the CLT’s procedure,
not only their sum. In particular, under the condition np, — A (recall that this
is a standard assumption for performing the Poisson type CLT), one has

BE = \/pa (L=pa) Y af ™ ~ ‘A% > oo
k=1 k=1

and so by taking ¢p = co2 = 0 and ¢; = 1 in above 2), one gets the monotone
Laplace—de Moivre CLT. Therefore, the quantized monotone Poisson CLT tells us
that the monotone Laplace—de Moivre CLT is the off-diagonal part of the mono-
tone Poisson CLT. Moreover, by using the representation mentioned in above 3),
one has also a view to understand the relationship between the monotone Pois-
son distribution and the monotone Gaussian distribution, namely, the arc—sine
distribution.

Section 3 is devoted to set up a quantization of the monotone Poisson CLT.
For formulating well our main result, the specific IFS I' (L2 ([0,1]), {xa, }oneq),
namely the (continuous) monotone Fock space over L? ([0, 1]) introduced in [7], is
required. Hereinafter, A,, := {(tn,...,tl) <t <...<t, < 1}. Recall that
this IFS is defined as C® @, -, H,, and for any n € N*, H, is the pre-Hilbert
space obtained by equipping the scalar product (-,-), on L? ([0,1]") as follows:

(F,G), ;:/ (FGxa,) (tn,-.. t1) dt, ... dt1, VE,G € L*([0,1]") (1.8)
[0.1"

Remark The two IFS I'),, (H) (used to describe the objects before the CLT pro-
cedure) and I' (L2 ([0,1]), {xa, }s—,) (employed to represent the objects after the
CLT procedure) are very different even if H = L2 ([0,1]), the difference is easily
to be seen just by definitions.

Our main task in Section 3 are

e to verify, for any m € N and e € {—1,0,1,2}"", the existence of the limit
(1.6) and prove that it has the form

<q), pE) b<s<n>>¢)> AT (1= [e(k)]/2) (1.9)

where and throughout the paper, unless otherwise specified, bt and
b(~1) are the creation-annihilation operators on I' (L2 ([0,1]), {xa, }oe;)
with the test function x| 1); ® is the vacuum vector; b0 = p(=Dp(+1) and
b =1 — Pg; Py :=the vacuum projector;

e to show that, for any {cg,c1,c2} C R, the limit (1.7) equals to

<<1>, exp (z’t (clﬁ (bH) + b(“)) F Acob© + czb(2)>) <1>> (1.10)

in other words, the vacuum distribution of the sequence {cl (Bgfl)—i—B,(lH))
[e.¢]

+COB£LO) + 0237(12)} (i.e. Das (n,pn;co,c1,c2)) goes to the vacuum dis-
1

n=

tribution of ¢;v/A (b(’l) + b(“)) +)\cob(0) +¢90? in the weak convergence.
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Remark Recall from [7] that, on the IFS T' (L ([0,1]), {xa, }r;), the vacuum
distribution of b+ 4-b5(~1) is the standard (i.e. zero-mean and uni-variance) arc—
sine distribution, i.e. the standard monotone—Gaussian distribution. In fact, it was
proved in [7] that, on the IFS I" (L2 ([0, T7), {XA"(T)}ZO:l) (where, 0 < T < 400
and [0, +00] is understood as [0, +00); Ap(T) == { (tn,...,t1) : 0 <ty < ... <
tn < T}), the vacuum distribution of the field operator (i.e. sum of the creation
and annihilation operators) with any test function f € L2 ([0,T]) is the arc-sine
distribution with mean zero and variance || f||%.

Notice that, in the present paper, we use the creation—annihilation operators
with the test function x|o,1) and the vacuum projector defined on the quite com-
plicate IFS T' (L% ([0,1]), {xa, }n;) to represent our limits (1.6) and (1.7). This
is considerable different from other (i.e., classical, Boolean, free) cases. In those
cases (see (8], [9] and [10]), the analogies of the limits (1.6) and (1.7) can be repre-
sented on one mode interacting Fock space (1IM-IFS in short) T ((C, {wn}n>1) as

shown in the following table:

classical case Boolean case free case
1IM-IF'S
F(Ca{wn}n21> wp=nVnneN|w =1, w,=0Vn>2|w,=1Vn>1
p(+1) creator creator creator
p(=1 annihilator annihilator annihilator
p(0) 1 p—Dp(+D) 1
b A pFDH=D 1-Pg

where, A and Pg are, respectively, the number operator and the vacuum pro-
jector defined on the 1M-IFS F((C, {wn},>1 ) In other words, in the classical,
Boolean and free cases, the canonical quantum decomposition (see [1] for the def-
inition) of the corresponding Poisson distribution is (I'(C,{wy},), {bT,b,aa})
with bt := b+ b := b(=1) and ap = b + b given in the above table. But
the monotone (as well as the anti-monotone) case is not like that—we give the
representation mentioned in above 3) by employing I' (L? ([0,1]), {xa, }r;) and
the creation-annihilation operators on it. In fact, I' (L% ([0,1]), {xa, }ne) is a
Type IITTFS (see [2] for the definition) and much more complicate than IM-IFS.
The reason of utilizing such an IFS; but not a simple 1IM-IFS as in other cases, to
give the representation mentioned in above 3) is the following impossibility: let
(F (C,{wn},) {?)(H),i)(_l),&/\}) be a quantum decomposition of the monotone
Poisson distribution with the parameter A\, where

o I'(C,{wn},) is a IM-IFS,

° l;(H), b and @ are the creation, annihilation and gradation preserving
operators on I' (C,{w,},),
then it is impossible to have neither
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dim o (exp (it (e (BYY + BYY) +e(BY + BY))))
- <<1>, exp (z’t (c1 (13“1) + B(“>) n ch)) <1>> . Ve €R (1.11)
nor its moment version:

Jim 6 (e (BYY +BGY) +e(BY + BY)))

- <<1>, (01 (6(—” + 13(“)) + ch)n q>> , VneN, c,e; €R (1.12)

Clearly, (1.11) and (1.12) are equivalent since {BE : n € N, e € {—1,0,+1,2}} is
a uniformly bounded family. We will show this impossibility in Section 4.

2. T'no (H): Definition and a Brief Discussion

The following notations will be used frequently

F,, := {function from {1,...,n} to N}

Fp:={keF, k(i) #k(i+1) forany 1 <i<n}

Fy:={keF,:Fje{l,...,n} ,k(1)>...>k(j—1) >k(j)
<k(G+1)<...<k(n)}

={keF,: k(1)<...<k(n)} CF/ (2.1)

Let H be a (pre-)Hilbert space with the onb {ej},-,, one defines I',,,, (H), the

(discrete) monotone Fock space over H, as @, Hn, where Ho := C, H1 := H
and for any n > 2,

H, = lin — sp. {ek(n) ®...Q ek(1) : ke FIL} (2.2)

equipped the usual tensor scalar product;
Onecalls U:=190®0& ... € 'y, (H) the vacuum vectors; for any k € N*,
calls the operator a: defined by the linearity and

a;\I' = eg,

a;ek(n) X...Q ek(1) = X(k(n) (k) € @ €k(n) ... €k(1)> Vn € N*, ke ]FIL (n)
(2.3)

the creation operator (with the test function ey ), hereinafter, for any h € N,

1, ifk>h
k) = ’
X () {0, ik <h

in other words, x(, is the indicator function of the open interval (h,4o00). Obvi-

ously, ||az|| = 1 and so its conjugate aj := (az)* is bounded linear operator and
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will be called the annihilation operator (with the test function ey). Moreover, it
is easy to check that, for any k € N*,

ak\If = 0,

agey(n) & ... Qex) = 6k,k(n)ek(n71) ® ... Qexq), Vn € N* and k € FIL (2.4)

The above I'y,, () is in fact a particular IFS over H : for any n > 2, one defines
the operator A\, on H®" by the linearity and

n—1

An (ek(n) ®...Q® ek(l)) = ex(n) & .. Qek(1) H X(k(h) (k(h+1)), Vke F, (2.5)
h=1

then introduces
(@,9), = (2, \nl) gy » Ya,y € HE"

where, (-, -)®n is the usual tensor scalar product on H®". In fact, H,, is nothing
else than (H®"/ker (-,-),., (-,-),,)-

Proposition 2.1. On Ty, (H), the following affirmations hold:

1) |laf|| = llaxll = 1 and (a:)2 = 0 for any k; axa) = 0 and a)a} =
Xn (k) afa; for any h # k;

2) For any k, let

Hop g :=lin — sp. {exn) @ ... @ ex) 1 k € Fl and k(n) =k}, VneN* (2.6)

then

azak = Py := the projector to @Hn,k (2.7)
n=1
and
akaﬁ = Py := the projector to C® @ @’Hmh (2.8)
h<kn=1
3) For any k,
A = lin — sp. {ak, a;c", ar P, asz), P, Pk)} (2.9)

in other words, any word of Ay belongs to {ak,ag,akp[k], akaPk), P[k],Pk)} ; more-
over (aZPk))* and ay Py are conjugate each other and so Ay, is a *-algebra;

4) The family {nf(lf%) >ory al(f) e e {-1,0,1,2},n € N*} is uniformly
bounded. Consequently, for any such {p,} -, C [0,1] that |np,| < C for some C,
the family {Bff) :ee€{-1,0,1,2},n € N*} is uniformly bounded.

Proof. The affirmation 1) is a direct consequence of the definition of creation
operator and (2.4).
For any k € N*, one has

Lo (H) = é%nk ® (C@@é%n,h) (2.10)

h#kn=1
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and the definition says that the restriction of a} a to C & Disi D2 Hun (re-
spectively, @, | Hn.x) equals to zero (respectively, the identity of €, Hnk)-
In other words, az'ak = Pj). Similarly, one has

Lo (H) = (C@@éﬂn,h) o (@éﬂn,h) (2.11)

h<kn=1 h>kn=1
the definition says that the restriction of aka; to C o @, .4 @ff:l Hp,p and
Dr>r Doy Hun equals to the identity (of C & P\, Poey Hn,n) and zero re-
spec_tively. In other words a'k"ak = Py). So the affirmation 2) is obtained.

As a corollary of the affirmation 2) and the fact af? = a? = 0, one knows
that A, = lin — sp. {a;€7 a; akP[k],aZPk), Py, Py } Moreover, Ay, is a *—algebra
because of

(a:Pk))* = P,j)ak = Pk)ak = aka:ak = akP[k] (212)

Finally, the affirmation 2) tells us that akag is a projector (in particular,
|aka); || = 1) for any k. So

n

1 o 1 &
HEZ“’(C )H — HEZaka;jH <1 (2.13)
k=1 k=1

The affirmation 2) tells us also that >, _; aj ay is the projector to the subspace
Dii—1 D=1 Hm i s0

H Za,(f)H = H ZazakH =1 (2.14)
k=1 k=1

Consequently, thanks to the fact aka; =0 for any h # k,

() (HXa?)| =], Xad]|<t @)
k=1 k=1

k=1
O
For the simplicity, we will use subsequently
ag, ife=-1
a',:, ife=1
. ap Py, ife=-2
AEC) — (k] (2.16)

a;Pk), ife=2
P[k], ife=-3
Py, ife=3

Remark It is worth noticing that



QUANTIZATION OF THE MONOTONE POISSON CLT 9

o for any ¢ < 0 and k € N*, A,(:) has the form x ay, where z is (recall that
Py = afay) either the identity (if ¢ = —1), or aza) (if ¢ = —2), or a (if
e=-3);

o for any ¢ € {—1,-2} and k € N*, A,(f) has also the form ay z, where x is
either the identity (if € = —1) or ajf ay (if e = —2);

e for any € > 0 and k € N*, Agf) has the form xaz, where z is (recall that
Pyy = apaf) either the identity (if € = 1), or ajfay, (if e = 2), or a (if € = 3);

e for any € € {1,2} and k € N*, Aff) has also the form a: x, where z is either
the identity (if e = 1) or aga) (if e = 2).

Moreover, as shown in [4], for any N € N*, k € Fy and ¢ € {—1,1}", if
the product Al(f((ll))) e Al((e((zvj\g)) is non—zero, then it must have either the following
normally ordered forms:

e \—form, i.e., a product in the form of a;g ...ajmajl ...aj,, where m,n € N,
i1 <...<imand j1 >...> jn;

e T1—form, i.e., in the form of a;t )
G <...<ipm<k>j1>...>7jn.

+

im

+
axay aj, ...a;,, where m,n € N and

Proposition 2.2. One has the following affirmations:
1) For any k € N*,
APar =0, Vee{1,2,3} (2.17)
and
arV = PV = Py =0;  af U =a; PV =ey; Py¥=0 (218)

In particular,

1, ifx=P~
W awy = 1=y . . (2.19)
0, if x € {ar,af, Py, a; Pyy,axPyy}
i.e., all words of Ay, except Py, has vacuum expectation zero.
2) For any k # h
0, ife <0
AT ar = S () afaf, ife=1,2 (2.20)
X (k) af, ife=3
3) For any k < h,
Aay = APy = APy = A6 =0, Ve<0 (2.21)
ap A = PAY = pyAle —af Al =0, vee{1,2} (2.22)
and
PyA = A9 Ve e {+1,+2,+3} (2.23)
In particular, for any k < h and &’ € {+1,+2,£3},
A§5>A,(j )0, Ve<o; A,(j >A§j> =0, Vee{l1,2} (2.24)

More particular, for any ki1 < h > kg and e1,e2 € {+1,+2, £3},
ATIAD A =0, ve#3 (2.25)
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Proof. (2.17) is a simple consequence of the third affirmation of above Remark:
A,(f)a;l' = za;Q =0.

(2.18) is trivially obtained just by the definitions of Py and Pj). Consequently,
one has (2.19) and the affirmation 1) is proved.

For any k # h, the definition says that

) akaz = 0 and so, as mentioned in above Remark, A ah = xaka = 0 for
any € < 0,

e the affirmation 1) of Proposition 2.1 gives

1 2
A,(c )az =aja) = Xn (k) afal = Xn (k) afagaal = Xn (k) aZPk)aZ = Aé )a;l|r

. A(?’)ah = Pk)ah = akagah = xn (k) az.
Summing up, the affirmation 2) is proved. Now we turn to show the affirmation
3).

First of all, since Agf) has the form z aj for any € < 0 as mentioned in above

Remark, one finds (2.21): for any e < 0 and k < h (so apar = 0 = apay),

A(g)a;c =zxzapar =0, A(E)P[k] = xahaZak =0
Agf)Pk) = zapaga; =0, A(E)ak =zapa; =0

Second of all, since Agf) has the form ay = for any ¢ € {1,2} as mentioned in

above Remark, one gets (2.22): for any ¢ € {1,2} and k < h (so afa;f =0 =

aka;f),
akA;f) = aka; z =0, P[k]Agf) = azaka; rz=0
Pk)Aff) = aka;raz x =0, aﬁA;f) = a;raz x=0

Third of all, (2.23) is obtained just by the facts:

o Al Do (M) — @oejcp B

° the restrlctlon of Py to ®0< <k 15 is (because of k < h) identity.

Finally, (2.21) (resp. (2.22)) gives the first (resp. second) equality in (2.24).
Moreover,

e in case ¢ < 0, the first equality in (2.24) and the fact k2 < h implies
AP AE = o;

e in case ¢ € {1,2}, the second equality in (2.24) and the fact k1 < h say
A A = 0. O

Remark In terms of A,(:)’s, the formulae (2.18) and (2.19) become to

0, ife<O
AT = e ifee{1,2}; <\I/,A§j>\1:>={
U, ife=3

1, ife=3

] (2.26)
0, otherwise
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Proposition 2.3. For any n,h € N* and ¢ € {1,2,3}", for any k € F,,, there is
Ch (e,k) € {0,1} such that

A At =onew (T wly)an (2.27)
jee 1 ({1,2})
where, e71 ({1,2}) := {i : € (i) € {1,2}}. Moreover, one knows explicitly Cy, (¢,k)
in two particular cases:
o Cp(g,k) =0 ifk(n) <h;
e Cr(e,k)=14fk(1)>...>k(n) > h.

Proof. As a consequence of (2.20), one gets (2.27) for n = 1. In particular, the
presence of x(; (k(1)) tells us that Cj, (e,k) = 0 if k(1) < h, Cp (g,k) = 1 if
k(1) > h.

Suppose that the affirmation is already proved for n < m, let’s see it for n =
m+ 1.

If e (m+1) =3, (2.20) gives A(E(mjll))) af = xn (k(m+1))a; and so

1 m—+1 1 m
ASY A =y (e m+ 1) ASY L AS T at

The assumption of induction says that there exists C}, (e, km) € {0,1}, where

Em = €|{1,‘..,m} and k,, := k‘{l o} such that
1)) m
AC AT ek = O (e o) ( 11 a;(j))a; (2.28)

jeem ({1,2})

In our case (i.e. €(m+1) = 3), one has ;! ({1,2}) = ¢! ({1,2}) and so (2.27)
holds by taking Cj, (e,k) := x(x (k (m + 1)) Cy, (€, ki) , which belongs to {0,1}

since the induction’s assumption says Cp (e, km) € {0, 1}.
Ife(m+1) € {1,2}, (2.20) gives A(E(;"Ill)))ah =xn (k(m+1))a; K(m +1)ah and
s0
(e(1)) (e(m+1)) + _ (e(1)) (e(m)) +
Ak(l) .. .Ak(m+1) af =xn (k(m+1)) A k(1) - Ak(m) ak(mﬂ)a;

The assumption of induction says that there exists Cy(m41) (Em;km) € {0, 1} with
Em 1= 6’{1"“’”@} and k,,, := k‘{l,..‘,m}’ such that
(e(1)) (e(m))
A A = Cminy k) ( TT o)) oy (229)
j€em' ({1,2})

In our case (i.e., € (m+1) € {1,2}), one has ;! ({1,2}) U{m + 1} =1 ({1,2})
and so (2.27) holds by taking Cj, (¢,k) := x(, (k (m + 1)) Cx(m+1) (Em> km) , which
belongs to {0,1} since the induction’s assumption says Cy(m+1) (Em, km) € {0,1}.

In addition,

o if k(m+1) < h, Cj, (k) given in above equals to zero because of the ap-
pearance of the factor x(, (k (m +1));

eif k(1) >... > k(m) > k(m+1) > h, one obtains that x, (k(m+1)) =1
and the induction’s assumption says Cy(m+1) (Em, Km) = 1 = Ch (€m,km). So
Ch (67 k) =1. O
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Remark Just for convenience, for any k : {1,...,n} — N* we have labelled and
will label the tensor product of vectors {ex(;) : 7 € {1,...,n}} (respectively, the
product of operators {zy(;) : j € {1,...,n}}) by exm) ® ... ® ex(1) (respectively,
xk(l) [N xk(n)).

Theorem 2.4. {A;}.2, is monotone independent with respect to the vacuum
state.

Proof. By the definition, one needs to check the “V —form factorization” principle
and the “local maximum” principle.

First of all, we show the V —form factorization principle: for any n > 2 and
k e Fy, for any x; € Ax(jy with j € {1,...,n}, the following equality holds:

(U, 27 ... ﬁ U, x; U (2.30)

By the multi-linearity, it is sufficient to prove (2.30) in case each z; being a word
of the algebra Ay;), i.e. each x; belongs to {ak(j), a:(j), Piiiyys Py o) Py
al—:(j)P[k(j)] }, in other words, to prove, with the notations introduced in (2.16),

(1) 4le(n) . (=(7))
(Al AL ) =TT (w A w) (2.31)

Jj=1

It is clear (see (2.26)) that

1, ife=3

U, A9 =
A

otherwise

and so

ﬁ . Al (7))\11 1, ife(j)=3forallje{l,...,n}
ol k(7) 0, otherwise

(2.31) is trivial for n = 1. Suppose that (2.31) holds for n = m and let’s see it
forn =m+1.

In case e(m+1) < 0, (2.26) gives Akg((m:f) )& = 0 and so the both sides of

(2.31) are zero.

In case e (m + 1) = 3, (2.26) tells us Aff((;”:f))\p ¥ and (¥, A(E(Tznjll))\w =1.

So the induction’s assumption gives

W) glelmt) () 4m)
(w AL AL ) = (w A Al \I/>

3

_ () g =)
= [(v, A ® H Ay )
1

J
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Now we see the case € (m + 1) € {1,2}. In this case, one has Aff((lff)))\ll =
a:(m _H)\I/ and consequently,
(e(1)) (e(m+1)), _ 4(e(1) (e(m)) +
Ak(l) "'Ak(m+1) = Ak(l) "'Ak(m) a’k(m—i—l)\II
(e(m+1) g\ _ _
<\I/’Aks(m+1) v) = <‘P’ai(j)‘1’> =0
Therefore, what needed to show is
(e(1)) (e(m)) _
(v Al A et w) =0 (2.32)
If k(m) < k(m+1), (2.20) says that Aff((g)))a:(mﬂ) = 0 and therefore (2.32)

holds. So we need only to consider the case k (m) > k (m + 1). Moreover, in this
case, the fact k €}, | makes sure that k (1) > ... >k (m) > k(m + 1). In order
to get (2.32), one must examine €.

Firstly we see the case of € (j) > 0 for any j. In this case, the Proposition 2.3

(e(1)) (s(m))
says that Ak(l) . .Ak(m) alt(m-u) has the form (ngjgng(j)e{m} aif(j)> aif(mﬂ)

and so (2.32) is obtained.

Secondly we see the case of £ (m) < 0. In this case, the formula (2.21) and the
fact k (m) > k (m + 1) say that Al(f((gl)))ai(mﬂ) = 0 and so (2.32) holds.

Finally we see the case of € (m) > 0 and ¢ (j) < 0 for some j. In this case, mg :=
max {j : € (j) < 0} belongs surely to {1,...,m—1}, e (mg) < 0and ¢ (mg + 1) > 0.

The Proposition 2.3 says that the product Aff((’:z)ojll))) e Al(f(%))alf(m 41

must have
the form C(Hmo+1§j§m:e(j)e{1,2} a:(j)>a:(m+1). So the formula (2.21) guaran-
tees, in virtue of the facts € (mg) < 0 and k(myg) # k (j) for all j > my, that

A(Em) 4(mot D) 4(e(m)

k(mo) k(mo+1) k(m) a’k(m+1)
_ (e(mo)) + + _
=oa)( 11 i) ) By = 0

mo+1<j<m:e(j)e{1,2}
Now we prove the “local maximum” principle:
L1 Thlky = <<I>,Ih(1)>l‘klxk2 (233)

for any zx, € Ag,, Tk, € Ay, and xy, € Ay, whenever ky < h > ko.
The multi-linearity permits us to prove the thesis by assuming that x; = Agf)
and xy, = A,(;j) for any j € {1,2} and {g,e1,e2} C {£1,+2,£3}. That is to prove

A AP AL — (0,40 B)ALD AL,
Vky < h > ko and {e,e1,65} C {1, 42, +3} (2.34)

The two equalities in (2.24) tell us that Al(fll)Agf)A,(f) = 0 whenever k; < h >

ko and € # 3. On the other hand, <<I>7A§L€)<I>> = 0 if ¢ # 3. So both sides of the
equality in (2.34) are zero if ¢ # 3.

In case ¢ = 3, one has A,(f) = Ppy, <<I>,A§f)<1>> = <<I>,Ph)<1>> = 1 and moreover
the formula (2.23) gives AEL?’)AI(:’) = Ph)Ag";) = A,(g") whenever h > ko. Therefore,
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for any k1 < h > ko
ALDAD AL = AL ALY = (o, AP0 ALY AL -

3. Quantization of Monotone Poisson CLT

Let’s introduce, for any n € N* p € [0,1] and e € {—1,1}, forany g : [0,1] — C
Riemannian integrable function,

B (g9):=vp(1-p) ;9(5) ()a?: 9= { o ﬁi ERPRRCEY
Obviously, by taking g as constant 1, B,(f)(l) is just that introduced in (1.4) with
pn = p. Moreover, one denotes, for any m € N*,

e Ly ([0,1]™) :=the totality of the Riemannian integrable functions defined
on [0,1]™;

e £([0,1]) :== Lg([0,1]) and for any m > 2, £ ([0,1]™) :=the set of all such
function f € Lg ([0,1]™) that for any 1 < k < m, for any (t1,...,tx_1) €
[0, 1]k , [ty tg—1,-) 2 [0, 1]“14€ — C is Riemannian integrable.

Clearly, £([0,1]™) is a *—algebra and furthermore, it is actually bigger than
C ([0,1]™) :=the set of all continuous functions on [0, 1]; actually smaller than
L R( [0, 1]m) when m > 2—the 2-dimensional Pringsheim’s function belongs to
Lz([o, 1]2) \ L([o, 1)? ). Moreover, for any m > 2,
e for any 1 < h # k < m and for any a,b € R, the function (¢1,...,tm) —
ax,) (tk) + bxu,) (tx) belongs to £([0,1]™);
e for any {g1,...,9m} C Lg ([0,1]), the function (t1,...,tm) — [ gr (tx)

belongs to £ ([0,1]™).
Proposition 3.1. B,(li)(g) s introduced in (3.1) and B s introduced in (1.4)

with p, = p possess the following properties:
1) for any n, N € N* and {g, g1, .., gn} C Lz ([0,1])

B (g,) ... B (1)
) e (T (k0)
_(p(l—p)) z; (ng(N>)ali_(n)"'ali_(l) (33)
keF;, J=

and in particular
<\1/,B§V“> (gn) - BV (g1) \I/> ~0 (3.4)
2) for any n € N* and {g, 91, .., 9.} C Lr ([0,1])
BPBY (gn)... B (g) T =1 —p)B{ (9,)...BYY (9) T (3.5)



QUANTIZATION OF THE MONOTONE POISSON CLT 15

By By (g4)..- By (91) ¥

N
=pz B{ (gnx%))Bﬁl) (gn-1) .. BY (91) @
h=1

=pN BGY (g, (1 = M) BY (gn1) ... BE (g1) (3.6)
and

BV (g >B<“’< w) - BY Y (1)@
=p(l—p Z (G9n) ( )B(”(gnflx%))Bﬁl) (gn-2)-- BY (g) ¥ (37)
h=1

where, M is the following multiplication operator on L? ([0, 1]):
(Mg) (1) = tg (1), Vg € L?((0,1]) and t € [0,1] (3.5)

Proof. The affirmation 1) is just a direct consequence of the definition of Bg\f)’s
and B](\,i)(g) given in (1.4) and (3.1) respectively.

Thanks to the definition of BE\?), the formula (3.3) and the fact a;apa =
Snkay , one gets first of all (3.5) as follows

BPBY (gn)... B (g1) @

=(1=p)(p(1—p)"* i(ﬁg-(k(”))am ab at W
J I\TN A N R N6 )

—(1=p) B (92) BS™ (gnr) ... BY (g1) ©

It follows from the definition of BJ(\(,)), the formula (3.3) and the fact apa)a; =
xn (k) i that

BYBYY (gn)... BV (91) @

N n .
0 Kk
p1-p)"2 Y Y (ng(%))aha;a;(n)...a;(l)\p
keF) h=1 j=1
N n .
=p(p(1—p)"* 33 xm (k (H ( ))ak(n). A, (39)
keF], h=1 J=1

Since ) (t) = Xes) (ct) for any ¢ > 0 and {s,t} C R, one gets

Xh) (HM)%(%) = X%)(#)gn(W) _ (QnX%))(W)
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and therefore (3.9) becomes to
BB (g,)... BYY (g1) @
N
=p > BY (gnx2)) B (1) BY Y (91) @ (3.10)
h=1

On the other hand, since Z;Ll xn (k(n)) = N—-k(n) =N (1 - %’”) for any
k(n) € {1,..., N}, one obtains

5 o et an (22) = (- ) (B) = 10 (K

h=1

and so
BYBYY (g0)... B (1) @
—pN B{Y (9o (1= M) BV (gn1)... BY Y (91) ® (3.11)

Thus, one gets (3.6) by combining (3.10) together with (3.11).

Finally, by using the definition of BJ(\,_D (9), the formulae (3.3) and the fact
Xs) (t) = Xes) (ct) for any ¢ > 0 and {s,t} C R, one obtains (3.7) as follows:

BV (9) BU™Y (gn) ... BYY (1) @

e S S (Y (T (59 Yarat
=(p(1-p) ZEQ(N)(H%( ) )anais - o) ¥

Remark 1) This Proposition explains the motivation of introducing test func-
tion into B](\?) and defining BJ(\?)( ) for e € {—1,1}. In fact B(E) is nothing but
Bj(\f) (g) with g := X[o,1]- In the classical, Boolean and free cases, for any n € N*,

{c (B](VH)) U:ce (C} is B 9 _invariant:

BY (BYV)"v = C, (BY)"
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with
o1 | 0, in classical and Boolean cases,
Nn p(N —n), in free case,

But in monotone case, {C(Bg\?'l))n\ll ic€ (C} is not ng)finvariant, in fact

N
B (BY)" =03 BV (xp) (BYY)"Tw
h=1

the test functions are no more always x[o,1). Similar situation happens as well as
for BV (BY)"w.

2) As a multiplication operator, x[o,1] is the identity of L2 ([0,1]). So we say
sometimes the test function is constant 1 when it is x|o,1). In fact, it is more natural

to interpret BJ(\?) as Bg\?) (1) for € € {0,2} and where 1 is the identity operator of
L? ([0,1]).

Recall that, on the IFS T' (L2 ([0,1]),{xa,}ne,), by denoting b+1)(f) and
b=V (f) the creation-annihilation operators with the test function f € L2([0,1]),

one of main result in [7] is the determination of annihilation operator, which is in
fact a continuous version of (3.7): for any n € N*, {f, g,91,...,9.} C L2 ([0,1])

b1 (£) ) (9) b (g) .. b (1) @

= /1 dt (?g) (t) p(+1) (ant)) p(+D) (gn-1) ... b+ (1)@
0

1
- /O dt (F9) b (gax) B (gaoixe) -5 (g1x0) @ (3.12)

where, the second equality (although it looks strange) is a consequence of the
following fact: for any ¢ € [0,1], n € N* and {g1,...,9,} C L2 ([0,1]), the two
formally different vectors

b+ (anc)) b+ (gn—l) oD (91) o
and
b (g X)) DY (gnoixe) - 0T (gixe)) @

are the same element of the (pre—)Hilbert space H,, equipped the scalar product
(1.8).

Furthermore, (3.5) has naturally a trivial continuous version: for any n € N*
and {g1,...,9,} C L2 ([0,1]),

(1 - Pp)b™Y (g,) ... 00D (g1) @ = b0 (g,,) ... 00D (g1) @ (3.13)

where, recall from Section 1 that Ps is the vacuum projector defined on the IFS

r (L2 ([07 1]) ’ {XAn}Zo:l)'
The following result provide a continuous version of (3.6).
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Proposition 3.2. On the IFS T (L2 ([0,1]), {xa, }oe,), one defines b by the
linearity and

b0 = (3.14)
b(©) (b(“) (g0) BTV (gn1) ... 0D (g1) ‘P)
= (1-M) g,) ¥V (go1) ... 0D (1) @, Yn e N*, {gi}r_, < L ([0,1])

then
' = b (x0.17) b (x70.11) (3.15)

Proof. For any n € N*, F € Ly ([0,1]") and {f,9,91,--.,9.} C L2([0,1]), (3.12)
gives

(FD (1D (964D (g) .6 (1) @)

:/0 dt (fg) (t) <F B (gaxny) -+ b (g1x)) (I’>

:/0 dt (fg) (t)/O dtn/o dtn,l.../o dtlf(tn,...,tl)ggk (tr)  (3.16)

In particular, by applying the formula

1 t 1 1 1
/ dt/ dsG(s):/ dsG(s)/ dt:/ (1—5)G(s)ds, VG € LY([0,1])
0 0 0 s 0
by taking f = g = x[o,1] and

tn to . n
Gl(ty,) ::/O dtn_l.../o Aty F (tn,. ... t1) [ ] ox ()
k=1

the expression in (3.16) equals to

1 tn to . n
/ dt,, (1 —tn)/ dtn_l.../ Aty F (tn, ... t1) [ 9 (te)
0 0 0 i)

i.e
1 tn ta . n—1
/ dtn/ dtn_1 .. / Aty F (tn, ..., t1) (1= M)gn) (tn) [ ] o (t&)
0 0 0 Pt
Therefore, (3.16) becomes, for f = g = x[o,1}, to
<Fv Y (x10.17) 0 (x10,17) 8 (gn) - 6V (g1) ‘I’>
= <F7 b(+1) (gn (1 - M)) b(+1) (gn—l) s b(+1) (gl) (I)>

and the arbitrariness of F' gives the equality

oY (xj0.17) B (xg0,11) 0T () - .. 0TV (1) @
=0 (g, (1= M) bV (1) ... 0D (g1) @ (3.17)
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By combining (3.14) and (3.17), the arbitrarily of n and {gx},_, € L?([0,1]), one
obtains the thesis. ]

Remark By recalling from Section 1 that () := 1 — Pg, one knows that (3.12),
(3.13) and (3.14) are actually continuous analogies of (3.7), (3.5) and (3.6) respec-
tively.

Theorem 3.3. For any m € N, n € N* and ¢ € {-1,0,1,2}", for any f €
Lz ([0,1™) and such {g1,...,9n} C L ([0, 1]m+1) that gy is constant 1 (more
precisely, X[o,1)), whenever e (k) € {0,2}, if p= py verifies Npy — A, one has

1 hl hm

lim — (G )

NDoo N7 Ny w
1<hy, s hm SN

n h hm h hm
(5 0 ) 0 (. )0

:Az;ﬂ(lﬂeu)l/z)/ Ftrn o tm)
[0,1]™

(@, (g, (t1, ..oty ) ) o DED) (gy (t1, oty ) ) @)Ly . dty,  (3.18)

Remark 1) Notice that, if one takes g; € Lg ([O, 1]m+1) , then, as mentioned in

hm

the begin of this section, we can not be sure that g; (%, e, TR

integrable for all N and 1 < hy,..., A,y < N.
On the other hand, if one takes g, € C ([0, 1]m+1> for all j € {1,...,n},

then (3.7) says that the function B](\,*l) (9) B](\fl) (gn) - ..B](\,H) (1) ¥ is no more
continuous even if Bﬁrl) (gn) - - BJ(\;rl) (g1) ¥ is continuous.

Just by these considerations, we use strange £ ([0,1]™) but neither Lg ([0, 1]™)
nor C ([0,1]™).

2) We have written formally test function for BJ(\?) and b(*) when ¢ € {0,2}.
This gives a convenience to express all B](i)’s (respectively, b(s)’s) in the same

way and what we should remember is just the test function is the constant 1 if
e €{0,2}.

) is Riemannian

Proof of Theorem 3.3: Notice that the both sides of (3.18) are zero if either
e(l) e {-1,2} or e(j) = 1 for all j € {1,...,n}. Therefore we need to prove
(3.18) only for such e that

e(1) € {0,1} and e *({~1,0,2}) # 0 (3.19)

The proof will be performed by applying the induction principle.
If n =1, the facts of (1) € {0,1} and <\II,B](\})\I/> =0= <<I),b(1)<1>> permit us
to examine only the case € (1) = 0. In this case, the definition gives
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= \

% 3 ( ...,%")(\If,B](S)m
(¥

1<ht,.,hm <N
» N
N
=y M )Y (W v
k=1
hm

1<hi,esh <N

_Npwn hy

_W Z f ﬁ N)—>)\/[01]mf(t1,...,tm)dt1...dtm
1<h1,.. hm <N ,

:)\1‘|0/2/[ | Ft o tm) (2,000 dty ... dtn,
0,1]™

For n = 2, Proposition 3.1 and the definition of b(*)’s say that the both sides of
(3.18) are zero whenever € = (£ (2),e (1)) ¢ {(0,0),(-1,1)}.
If e (1) =€ (2) = 0, one has

% 3 f(%,...,%m)@,B}vo)B}\?)m
1< han <N
Pk ha ham = + +
:W Z f(ﬁ”ﬁ) Z <\I',ak2ak2ak1akl‘ll>
h

NQP?V hl m
~ Nm Z f(NW)
1<h,ccshm <N

/

which tends, as N — oo, to A2 f[o e f .oty dty ... dty, ie.,
Al-le()l/2+1-=(2)]/2 / Fts o tm) <q,7 b(e(l))b(s<2))¢> dty ... dt,,
[0,1™ £(1)=¢(0)=0

since (3.14) gives (@, bEMWHER)P)

= <<I>7b(0)b(0)®> =1.
e(1)=e(0)=0
If £(1) =1 and £ (2) = —1, Proposition 3.1 tells us that
1 hl hm
Nm™ Z f(ﬁ7’N)

1<hy,...;hm <N

(0B (o )0 (R ) )

N

1 hl h hl hm k

= o (1- L 7)

Nm Z f(N7 "N >pN PN 9291) N’ NN

1<hy,....hm<N k=1
_ Npy (1—pn) hy I hy hm Kk
2 My )@ (e w)
1<hy e hom <N
which goes, as N — oo, to
A [t tm) (Gogr) (b1, oo tims ) dty . didt

[071}7n+1
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i.e.
A f(t1’7tm) <(I)?b(_1) (92 (tla"'7tma'))
[071]771
b (g1 (b ey, )) @) by

For any n,m € N* and for any ¢ € {—1,0, 1, 2}"“, we can assume, as mentioned
before, ¢ (1) € {0,1}.

The 1% case: € (1) = 0. In this case, the formula (3.3) gives

(080 o (2 ) (2 B )

which goes, in virtue of the induction’s assumption, to

Mz;ﬁ;uf\s(n\/z)/ Ftne o tm)
0.1
<q>,b(6<"+1>> (gnst (1 vt ) o bE@) (go (b1, i, ) q>> dty . ..dtp

i.e., thanks to (3.14) and the fact )\1*‘5(1)|/2|E(1):0 =,

\ZTH ) /2) / Fte, . tm)
[0’1]771,

<<1>, BEEHD) (g (b1, b)) - BE®) (go (t1, - s ) b<0><1>> dty ...dtm

The 274 case: € (1) = 1. (3.19) and the fact € (1) = 1 tell us that there must be

aunique r € {1,...,n} such thate(j) = 1forant j <rande(r+1) € {-1,0,2}.
Ife(r+1)=2,(3.5) gives

>

Bﬁ)Bﬁl)(gr(%,..., };\7)) .BYY (gl(%ﬁ>)‘l’

:(1—pN)B§V“)(gT(%,...,}X;,-))...B§V“><gl(%,...,}X;,-))\I/
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So, the induction’s assumption gives

1 hy hom
o HE W)
1<h1,....hn <N

(0 () 6 0 )
hm,

N

1<kt h <N
. b
(0, 85" (g (50

N N’ )
(t1y. e ytm)
<<I)’ BECHT) (g (trs oy tiny ) - DT (goin (1t )

BE) (g (b1, by )) o DED) (g1 (H1, o s ) ¢>> dty ... dt, (3.20)
Since £ () = 1 for any j < r and & (r + 1) = 2, since b®) = 1 — Pg, one has
b(a(r)) (gr (tla s tm, )) cee b(a(l)) (gl (tla s tm, )) ¢

=b@pEM) (g (t1, .ty )) - DEDD) (gy (B, i, ) @
=bECT) (g, (bt ) DE (g (Bt ) BED) (gy (1, ) @

and
n+1
> L=le@I/2)=>_ (1 —leG)l/2)
JE{L,...,n+1}\{r+1} Jj=1

the expression in the right hand side of (3.20) equals to nothing else than

AT A= lG)1/2) / Ftr. . tm)
[071]7n

<<I>,b(5("“)) (gt (t1s -+ sty )) - BED) (g1 (£, s ) q>> dty ...dtm

Ife(r+1)=0, (3.6) gives
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B+ (g+1(%%)) ...B}(;‘“))(gl (}]‘\}’K}“) )\IJ

—Np B(+1)(T(%,...,%”,-)(l—M()))
o (B ) (e )
_Npw (E(T”(r(%,m,%m,-)(l—M(')))

) (B )))

)
= > ) (8,560 s (. 2)

1<hy,....hm <N

ol S o)
A (o ) B o B D)) 0o

which goes, thanks to the 1nduct10n s assumption, to

AAZ ettt a1y (1 '5(3)'/2)/ dty ... dty, f(t,. . tm)
[0.1)™

<q’,b(5(n+1)) (g1 (b1 by ) - DETT2) (o (b1, s )
D (g (b1 sty ) (L= M) (D) O™ (g (tr, b, )
COEW) (g (b1, b, ) @) (3.22)
Thanks to the facts e(j) = 1 for any j < r and €(r+1) = 0, thanks to the
definition of 5 (i.e., (3.14)), one finds
B (g (b1t ) (L= D) ) (g, (b1 )
COEW) (gy (1, b, ) @
=) (g (1, ..ty ) . BED) (gy (b1, b, <)) @
=0T (g (b1, b, ) B (g (b1, s )
S DCEM) (g (b, oty ) @

and
AN G (L, nt 1\ {1y (1=1€()/2) )\Z”“( —1e(d)1/2)
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Consequently, the expression in (3.21) goes to

AT A1) / dtr. . dtry f (b, t)
[0,1)™

<<1>, BECTD) (g (et ) o DD (g1 (f1, oty ) q>>

The last case to be seen is € (r + 1) = —1. In this case, (3.7) gives

r h R h hom
B gria (T 3)) o BV (o (o 30 )

N
=PN (1 - pN) Z (ngrlgT) (% 7777 th, %)

So, one has

1 hy hom
o HEew)
1<h1,....hy <N

(3 (B ) oG )

N
N
:w > f(% ----- %) > (Gr19r) (% """ %’ N)

BEr-D) (gFl(% ..... %’” -)x%) (.)>B](5<sz)) (gr72(% ----- th ))

24)
By denoting, for any V (¢1,..., tm,t) € [0, 1]m+1 and s € [0,1],
Fltitmt) = f (b, tm) (Grar9r) (st )
gr—l (tla s tm, t) (S) =Ggr-1 (tla s tm, 5) Xt) (3)
g; (t1,..., tm,t) (s) :==g; (t1,...,tm,$), Vj#£r—1 (3.25)

the expression in (3.24) becomes to

Npn (1 —pn) Z },v<h1 hom h)

Nm+1
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which goes, thanks to the induction assumption, to

ANZGE e, n+1}\w+1}(1*|5(j)‘/2)/ dty...dtmdt f(ty,... tm,t)

[0,1]™+1
<<1>, bECTD) (Gt by, sty ) o DETTDD (G (b1, t, )

)
BEC) (Gt (t1, bty ) oo BED) (@1 (F1, e tms ) <1>> (3.26)

On the IFS ' (L% ([0,1]), {xa, }rey), as shown in [7], for e (r + 1) = -1

/ dty...dtmf (1, tm)
[0,1]™
(@0 D) (g (b1t ) o DED) (g (B, b, ) @)
:/[ | dty...dtmf (t1, ..o ty) (0T (g (1, b, )
0,1]™

L bETED) (g (bt ) DY (grg (B s )

b(+1) (gT (tlu"'ytm7'))"'b(+l) (gl (tlv“'atma')) (I)>
1

:/ dtl...dtmf(tl,...,tm)/ dt (Grp19r) (t1, - b t)
[0,1]™ 0

<¢7 b<€(n+1)) (gn+l (t17 vy, )) cee b(E(r+2)) (gr+2 (t17 vy, ))
b(+1) (g,,‘,l (t1> .. at’ma ) Xt) ()) b(+1) (gT72 (tla ... >tm7 ))
DD (gy (e b, ) @)

:/[ - dty ... dtydt f(t1, ... tm,t)
0,1]m+1!

<q)v b(e(nJrl)) (gnJrl (tla costmy € )) s b<€(r+2)) (§r+2 (tla s tm, ))
DECTI (Gt (t, ot t, ) B (G (fr, s ) @)
Moreover, in case € (r + 1) = —1 and ¢ (r) = 1, one has

Mt ey A-1E@N/2) — \Z7E (1-1e()1/2)
and so the expression (3.26) is in fact

ST -l /2) / dty . dty f (b, )

<(I)7 b(e(”""l)) (gn+1 (t17 v 7tm7 )) s b(E(l)) (gl (tla o ?tmv >) (I)>

Summing up, we have prove the thesis. (Il

As a consequence of Propositions 2.1 and Theorem 3.3, one gets the following
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Theorem 3.4. If p = py wverifies Npy — A, then for any {co,c1,c2} C R,

lim (0, (e (BGV + BGY) + @By + 7)) w)

N—o0
=(®, (erVA (b0 + 504D 4 oAb 4 czb@))” o),  WneN  (327)
and

lim <\Il,exp (it ((31 (Bgv_l) + Bﬁ”) + C()BJ(\?) + CQBI(\?))> \Il>

N —oc0

- <<1>,exp (z’t (clﬁ (b<—1) + b<+1>) + oAb + c2b<2>)) q>> , VteR (3.28)

4. Impossibility to Have Quantum Decomposition of P, (\) by Using
1M-IFS

The main goal of this section is to show the impossibility sketched in the end of
Section 1. Namely, we will show that it is impossible to have (1.12) (or equivalently,
(1.11)) in which (I' (C, {wn},). {5“‘”, b=, d@p}) is a quantum decomposition of
the monotone Poisson distribution P,,,(A).

This goal will be achieved as follows: on the one hand, by taking ¢y = co =0
and ¢; = 1, Theorem 3.4 tells us that, with the assumption Npy — A,

Jim <x11 (35;” + B}V“))" sz> - <<1>,A% (b<—1> + b<+1>)”<1>>7 VneN (4.1)

N—oc0
and
lim (w,exp (it (BY" +BYY) ) w)

N—o0

= <(I),exp (lt\/}\ (b(_l) + b(+1))) ‘I>> ; vVt e R (4.2)

where, b(t1) and b(—1) are the creation—annihilation operators with the test func-
tion x[o,1) defined on the IFS T (L? ([0,1]), {xa, }re;)- Therefore, as shown in [7],
the distribution of b(— 4 p(+1) ig the uni-variance arc-sine distribution, conse-
quently

\F)\(b(_l) + b(+1)) has the arc—sine distribution with the variance A (4.3)

On the other hand, if (1.12) holds (equivalently, (1.11) holds), by taking ¢; = 1,
one gets (recall that ¢ := (¥, -0))

tim (0, (BGY + B +e(BY + BY)) v)

N—o0
_ <<I>, (BCD 5D caA)”<I>> , VneN, ceR (4.4)
in particular, by taking ¢ = 1 and 0 respectively,

tim (v, (By"+B{Y +BY +BY) v)

N —oc0

= Jim (0, BR®) = (@, (5D + 504D +a,)"),  WneN (4.5)

N—o00
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and

Jim <fo (B};” n B}J”)"@ - <<1>, (B + 13(+1>)"<1>>, VneN  (4.6)

N—o0

So by combining (4.2), (4.3) and (4.6), one concludes that if (1.12) holds, then
bD + 5+ and bV + p(+1) have the same arc-sine distribution as the
weak limit of the vacuum distribution if the sequence {B](\;l) + BJ(\;rl)}jVO:l. We
prove that this is not the case.

Since (T'(C,{wn},), {l;(“), b1, @ }) is a quantum decomposition of the dis-
tribution P,,,(\), we know that,

e with respect to the state (®,-®), the distribution of b~ + b(+D) + G, is
Pmo(A)a

e by denoting {w, }52; and {a,}52, the Jacobi coeflicients of the distribution
Pmo()‘)7

(@)@, (00)" D) =wi-..way  VnEN (4.7)

and
BD (D) = w, (5" 1D, Wne N BVe =0
ar(EN" e =, (0Y)"®, VneN (4.8)
Moreover, by denoting simply a* := b(+1), q := b(-1) and ay := @x, one has

Uy, = the n—th moment of P, (A\) = <<I>, (a +at + aA)n<I>>
@5) . n
= ]\;gnoo (¥, B} W), vn €N (4.9)
A simple calculation (see [13]) gives u, for n =1,2,3,4 as follows:

up =N up = A+ u3:)\3+g)\2+/\; u4=>\4+1—;)\3+g)\2+/\,
(4.10)
Now, if (F (C, {wn},), {5“‘”, b=, dA}) is a quantum decomposition of the dis-
tribution P,,,(\), we are able to calculate {u1, us, uz, us} by using (4.7), (4.8) and
(4.9).
First of all,
ALYy = (@, (a+at +an)®) “® (4.11)
In order to determine u,, for n > 2, we introduce
Uy 1= <<I>, (a+a++aA)na+<I>>, Vn € N*
Then
v = <<I>, (a +at + aA) a+<I>> = <<I>, aa+<I>> 4N w1 (4.12)
and for any n > 2
Uy = <<I>, (a +at + ozA)n (I>>

(4.8) Qg <<I>, (a +at + ozA)nil q)> + <<I), (a +at + ozA)nil a+f1>>

= oUn—1 + Up—1 (413)
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By using the formulae (4.11) and (4.12), i.e., ag = A and v; = w1, one has

A2 4\ (4.10) s (4.13) oty + vy = A2+ w0y

and so
w1 =01 = A (4.14)
By using the fact
<<I>,aa+2¢>> = <<I>,a+a+2<1>> = <<I>,aAa+2<I>> =0
one obtains,
Vg = <<I>, (a +at + aA)2 a+q>>

= <<I>7 (a +at + aA) aAa+<I>> + <<I>, (a +at + aA) aa+<I>>

= a1 + wiug = A2 4+ Ay
and therefore

(4.10) us ¢ aoug +v2 = A (>‘2 + )‘) + A+ Aoy (4.15)

5
PR §>\2 + A
This formula gives first of all

+1 (4.16)

R
L)

and by combining (4.15) with (4.10) and (4.11), one obtains furthermore
vzzug—aouQ:)\?’—k2/\2+)\—)\()\2+)\):)\<z)\+1> (4.17)

By using the facts
. <<I>, (a+at + ozA)2 a+2<1)> = (®,a%a™?®) = wiws,
o apat® = aat®,
o aatP® = w P,
one gets, with the help of (4.14,4.16,4.17),

v3 = <<I>, (a +at + aA)3 a+<I>>
- <<I>, (a+at + ozA)2 aAa+<I>> + <<I>, (a+a® + ozA)2 aa+CI>>
+ <<I>, (a +at + aA)2 a+2<I>>

= Vg + Wils + wiwy = (% + 1)>\ @/\4— 1) AN+ Q) + Aws

:)\<)\2+)\+(%+1)(%+1)+w2) =/\<£)\2+3/\+1+w2)

Therefore,

(4.10) (4.13)
= U4 =

13 9
A4+§)\3+§>\2+>\ agus + vs

5) 7 17
(3 4 22 e _ ()3 2
—A()\ +2/\ +)\+4/\ +3)\+1+w2> )\()\ + 4)\ +4/\—|—1+w2)
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and consequently
1 1
=N+ 4.18
wa 2 + 5 ( )

The facts w; = X and wy = 1—12)\2 + %)\ tell us that the symmetric part of the
quantum decomposition of the monotone Poisson distribution, i.e. the distribution
of a+a™, can not be the arc-sine distribution since the Jacobi coefficient {wy, },,~;
of the arc—sine distribution on any interval (—¢, ¢) with ¢ > 0 must verify -

wnz%, Vn > 2
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