CRITICAL SCHRODINGER-BOPP-PODOLSKY SYSTEMS:
SOLUTIONS IN THE SEMICLASSICAL LIMIT
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ABSTRACT. In this paper we consider the following critical Schrédinger-Bopp-Podolsky system
—Au+ V(z)u+ Q(x)gu = h(z,u) + K(z)[ul*u  in R’
—A¢ + a’A%¢p = 4rQ(x)u? in R®

in the unknowns u, ¢ : R® — R and where ¢,a > 0 are parameters. The functions V, K, Q
satisfy suitable assumptions as well as the nonlinearity h which is subcritical. For any fixed
a > 0, we show existence of “small” solutions in the semiclassical limit, namely whenever
e — 0. We give also estimates of the norm of this solutions in terms of . Moreover, we show
also that fixed e suitably small, when a — 0 the solutions found strongly converge to solutions
of the Schriodinger-Poisson system.
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1. INTRODUCTION

In the pioneering paper [5] a new system of elliptic partial differential equations has been
introduced for the first time in the mathematical literature. It describes the stationary solutions
of a charged particle in the electromagnetic field developed by Bopp-Podolsky in the 1930s
which is considered better then the classical Maxwell Theory of the electromagnetism for short
range interactions. The system studied is the following one in the whole space R3:

—Au+ wu + ¢?pu = |ulP~2u,
_A(Z) + CZQAQ(ZS — 47.‘.,”27

in the unknowns u, ¢ : R® — R and where a > 0 is the parameter of the Bopp-Podolski theory,
w > 0 is the frequency of the standing wave (z,t) = u(z)e” ™!, q # 0 is the charge of the
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particle and p € (2, 6) is a suitable parameter related to the interaction between many particles.
In particular the power nonlinearity is subcritical. For the derivation of the system and the
mathematical approach in order to treat it with variational methods, we refer the reader to
the mentioned paper.

Motivated by [6], where the existence of semiclassical solutions for the Schrodinger equation
—EAu+V(x)u = h(z,u) + K(x)|u)* 2u, inRY

has been studied whenever ¢ — 0, in this paper we consider the following critical and
semiclassical Schrodinger-Bopp-Podolsky system in R3
—Au+V(z)u+ Q(x)pu = h(x,u) + K(z)|ul*u,
{ —A¢ + a?A%p = 47 Q(x)u>.
Note that by setting A = 1/€2, we get the following equivalent system
(L.1) { —Au+ AV (2)u + AQ(z)pu = Ah(z,u) + MK (2)|u|*u
—A¢+ a?A%p = 47Q(x)u?

whose study, whenever A — 400, is then the aim of this paper. Here u,¢ : R?® — R are the
unknowns and a is a suitable parameter.
We assume that the real functions V, @, h, K satisfy the following:

(VO) V € C(R3), V >0, there is 79 € R? such that V(z¢) = 0 and there is b > 0 such that
meas{z € R3: V(z) < b} < +o0;

(QO) it is @ > 0 (£ 0) and one of the following holds:
(ql) @ € L*(R3) for some s € (3, +00),
(q2) Q € L*(R?) for some s € [3/2,3] and there exists lim, ., Q(x) = £ € R (where x
is the one in (V0)),

(a3) Q € L®(R?) and for every ¢t > 0, meas{z € R?: Q(x) >t} < +oc;
(K0) K € L%®(R3) and 0 < Ky = inf K < sup K =: Kppax < 00;
(HO) (h1) h € C(R? x R) and h(x,u) = o(|u|) uniformly in z as u — 0;

(h2) there exist Cy > 0 and ¢ € (2,6) such that for any (x,u) € R3 x R it holds

|z, )| < Collul + |ul™h);
(h3) there exist v > 0,p > 4 and 4 < p < 6 such that for any (z,u) € R x R it holds
vplul < pH(z,u) < h(z,u)u,
where H(z,u) = [y h(z,s)ds;

Few comments on these assumptions are made at the end of this section.

1.1. Preliminaries. Before stating our result some preliminaries are in order. Let us introduce
the space

B {u e Hl(R?’),/RB Vi(an? < oo}

which is a Hilbert space equipped with the following inner product and (squared) norm:

. 2 _ 2 2
(1, v) = /RS(VuVU—i—V(x)uv), lull _/RB|W| +/R3V(m)u.

This norm is equivalent to the norm || - ||y deduced by the inner product
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(u,v)y 1= /RS(VUVU + AV (z)uv),

for each A\ > 0. By condition (V0) using Sobolev and Gagliardo-Nirenberg inequalities, it
follows that £ embeds continuously in H'(R3). It is thus clear that, for each s € [2, 6], there
is ¢ > 0 such that

luls < esllul] < esllullx, YA>1, ueE.

From now on | - |, will denote the usual LP norm and we will implicitly assume A > 1.
Let D be the completion of C°(R3) with respect to the norm ||.|p induced by the inner
product

wvboi= [ Vevura® [ Apav.
R3 R3
Then D is an Hilbert space continuously embedded in D%?(R3) and consequently in L°(R3).
As proved in [5] it also embeds continuously in L>°(R?) and moreover it is
D = {¢ € D'*(R?) : Agp € L*(R?)}.

It is easy to see that the critical points of the functional

1 A
Brawd) = i+ [ Qe - - 1voB - 31803

_ A/Rg (H(:v,u) + éK(x)\UI6>

in £ x D are weak solutions of (1.1); indeed, if (u,¢) € E x D is a critical point of F) , then
for every (v,§) € E' x D we have

0 = OuFhralu,@)v] = (u,v)z +/\/ Q(z)puv — X /(h(x u) + K (2)|ul*u)v,
0 = 0,Fra(ud)¢ /Q 2&—/ wvs—waz/RSMAs,

which say, by definition, that (u,¢) is a weak solution of (1.1).
By means of a standard arguments by now, we can reduce ourselves to find the critical points
of a functional of a single variable. Let

1 — e-lel/a

K(z)= , zeR3*\{0},a>0

]
and recall the following result given in [5, Lemma 3.3].

Lemma 1.1. For all y € R3, K(- — y) solves in the sense of distributions
—A¢+a?A%p =6,

Furthermore:
1) 1 € and, for a.e. T € , the map y € — == 1s summoable, then
ff e LL (R®) and, f R3, th R? s L ble, th
Kxfe L. (R3;

(ii) if f € LP(R®) with 1 <p < 3, then K« f € LY(R3) for q € (ﬁ—gp,—i—oo].
In both cases, KL x [ solves
—A¢+a’A’¢ =,
in the sense of distributions and we have the following distributional derivatives

VIK*f)=(VK)xf and AKx*f)=(AK)*f a.e inR3
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If u € HY(R3), then v?Q € LY(R3) as soon as Q € L*(R3) with s € [3/2,+0c0]. By the
lemma there is a unique solution in D of the second equation in (1.1), which we denote by ¢%
and has an explicit formula given by

1 _ e—la—yl/a

(1.2) $3(x) = (K * Qu?)(z) = / QUy)u?(y)dy € D.

re  Amlz —y|
Some properties involving ¢¢ will be needed in the sequel, so we collect them here. We denote
with Cp(IR?) the space of continuous functions vanishing at infinity.

Lemma 1.2. Assume (Q0). For all u € H'(R?) we have:
(i) for all y € R37 ¢Z(.+y) = ¢Z( +y);
(i) ¢y > 0;
(iii) for every s € (3,+oc], ¢% € L*(R3) N Cy(R3);
(iv) for every s € (3/2,+00], Vo2 € L¥(R?) N Cp(R3);
(v) there is C > 0 such that for all a > 0, it is |¢%]¢ < C||u||* and then

6215 = || Qaét? < Cllul

(vi) of, = t*¢y;
(vii) if v, — v in H'(R3), then ¢ — ¢% in D and

Qx)ot v? — / Qa)o0?,
R3 R3

/ Q)62 v — / Qa)divg, Vi € C(RY);
R3 R3

(viii) ¢% is the unique minimizer of the functional

1 2
£ual®) = 51V0B+ F1a0E - [ Qe oeD,

Proof. We just need to prove the first convergence of item (vii), since all the other facts are
done as in [5]. In [16] it has been proved that v, — v in H'(R?) implies that ¢% — ¢ in
D whenever Q € L*(R3). However the same proof holds for Q € L*(R3) with s € [3/2, +00)
(without any other assumption on ). So it remains to prove the convergence when (q3) holds,
namely when Q € L>®(R3) and it vanishes at infinity.

Given v € H'(R?) define the linear operator

L',v:fGD»—>/ Q(z)v%¢ € R,
RS

and the Lax-Milgram Theorem guarantees that [|Ly|lz(pr) = [[#5llp. Then it is sufficient
to show that £,, — L, in the operator norm. Now, given an arbitrary t > 0, setting
Ay :={x € R?: Q(x) > t}, which has finite measure, we have

L@t < ([ ewii i+ [ a@it—)iek

< (t0+1Qk [ 1= o?)lielo
< (tc+‘Q|ooen)H€HD

where ¢, — 0. This gives the result. (|
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Then usual arguments (see [5]) show that, defining the energy functional of a single variable
u € F, by

Dy o(u) = F,\a(u¢
(13) = i+ [ et x| (e + gr@HE).

its critical points give the solutions we are looking for, and solving system (1.1) is equivalent
to solve the equation

(1.4) — Au+ AV (2)u + AQ(x)d%u = Ah(z,u) + AK (z)|u|*u  in R3

which is the equation we will consider from now on. In fact it happens that the following
statements are equivalent:

e the pair (u) 4, ¥xq) € E x D is a critical point of F) 4,

® uy, € E is a critical point of ®) , and ¢y, = ¢, = given in (1.2).

Then speaking of solutions uy, of (1.4) has to be understood as speaking of solutions
(ura; P4, ) of (1.1). Note also that since ¢f, > 0, any statement about the sign of the

solutions of (1.1) refers to the function ) 4.
It will be useful to define in E also the functional

1 A 1
Wiale) = yllulf + 5 [ Q@i =2 [ (Hu®) + K@)
2 4 R3 R3 6
which is of class C! and clearly for all u,v € E it is
L] = / (VuVo + AV (2)uv) +/\/ Qz ¢am)—x/ (@, 0%) + K (@)t [t
R3

where as usual u* := max{4u,0}. The critical points of ¥, , give rise to positive solutions of
(1.4), then of (1.1).

In view of the study of the limit behaviour of the solutions of (1.1) we consider the
Schrodinger-Poisson system

w5 { —Au+ AV (2)u + AQ(z)pu = Aa(z, u) + K (z)|ul*u
' —A¢ = 4mQ(x)u?
If we set
0= (@) = [ Qul)dy € DR

the usual reduction argument lead to study the equation
(1.6) — Au+ NV (2)u+ AQ(x)d0u = Ma(z,u) + \K (z)|ul*u  in R3.

We see then that the Schrodinger-Poisson system can be seen as a limit problem of the
Schrédinger-Bopp-Podolsky system, since it is obtained formally by setting a = 0. Its solutions
are characterised as critical points of the functional

Baal) = i+ 5 [ @it -3 [ (o) + GRGI) .

Now we can state the main results of the paper.
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1.2. Existence and behaviour of the solutions. Our results deal with existence of ground
state, multiplicity and limit behaviour of the solutions in the semiclassical limit, namely as
A — 4o00.

Theorem 1.3. Let (V0), (Q0), (KO) and (HO) be satisfied. Then for any o > 0, there is

Ay > 0 such that for all X > A, and a > 0 equation (1.1) has a positive solution of least energy
UN,q € E.

Under the odd condition on the nonlinearity a multiplicity result is obtained. It is clear that
in this case if uy , is a solution also —u) q is, so the solutions will always appear in pairs.

Theorem 1.4. Let (V0), (QO0), (KO) and (HO) be satisfied and assume also that h is odd with
respect to w. For any m € N and o > 0, there is A)* > 0 such that for all A > A" and a > 0
equation (1.1) has at least m (pairs of ) solutions wy q.

The next result, which is an interesting consequence of some computations, gives the
behaviour of the solutions in the semiclassical limit.

Theorem 1.5. Under the assumptions of Theorem 1.3, respectively Theorem 1.4, for any o > 0
the solutions uy o found there satisfy for A\ > A, respectively A\ > A, for any a > 0:

2
0 <Py q(urg) < oA 12 and |Vu>\7a|§ < 7“20)\*1/2
-

as well

2 4
/ Vnd, < o2 [ Quer w2, < 2 oa-d2,
- , -2 - ret 1

4
H <
- (x,ung) < = 40

AT3/2, / K (2)|upq|® < 1200732,
R3

In particular the solutions squeeze to zero uniformly in a > 0 as A — 400, in the sense that
lim sup [[uyallx = lim sup @y 4(ure) =0
—+00 >0 A—=+400 ¢>0

1. a — 1 a = 0
I SR 6l = limsupleh,. o

By analysing the proofs of the above theorems, we see that indeed the results hold for the
limit problem, namely

Theorem 1.6. Analogous results to Theorem 1.3 and Theorem 1.4, as well as the behaviour as
A = 4o stated in Theorem 1.5, are true for the solutions of the Schrédinger-Poisson system
(1.5).

Finally the following behaviour with respect to a of the solutions is obtained.

Theorem 1.7. Let (VO0), (QO0), (KO) and (HO) be satisfied and let {ux, a}ac(o,1) be a family
of solutions of (1.4) for a suitable fixed parameter \. > 0. Then

limuy, o =ux,0 nE and lim @y, o(ur, o) = Px, 0(ur, 0),
a—0 ’ ’ a—0 ’ ’ ’ ’
where uy, o is a solution of (1.6) with parameter ..

Then the Schrodinger-Poisson system can be seen actually as a limit of the Schrodinger-
Bopp-Podolsky system.

It is worth to recall the literature which developed recently, and is still increasing, on this
kind of elliptic systems. In fact the Schrodinger-Bopp-Podolsky system has been object of many
investigations under different assumptions, or even in bounded domain, obtaining existence,
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multiplicity and qualitative properties of the solutions depending on the parameters involved,
as well as the behaviour of the solutions whenever these parameters tend to a limit value.

In particular in [1, 11, 14] the problem has been treated in bounded domains proving the
existence of solutions under Neumann and Dirichlet boundary conditions and in the whole
space: in both cases normalised solutions are found. In [7] the existence of multiple solutions
has been shown under the restriction of the “interacting energy”: namely solutions u satisfying

¢%u* = constant
R3

are found. Other interesting papers, where the problem has been addressed also on manifolds
and by means of the Ljusternick-Schnirelamnn theory are [4,8-10,13,15].

We remark finally that the case of a critical nonlinearity has been studied also in [3,12,17]
but with different assumptions on the potentials and not in the semiclassical limit. Different
results from ours are found.

1.3. Few comments. Let us spend few words on our assumptions.

1. The assumptions on K and h are quite natural when one wants to use variational methods
and a comparison energy functional.

2. As it will be evident by the proof, actually it is sufficient that V is continuous just in zg,
a point of minimum. The assumption that V(xg) = 0 is used in just one point in the proofs,
more specifically, in order to estimate the mountain pass value and make it falls down in a
region where the compactness condition holds.

3. As for @), which can be seen as a charge density, we can allow it is in L>°(R3) under
the assumption it vanishes at infinity. This is also quite reasonable from a physical point of
view, and to the best of our knowledge it has never been considered before. Previous paper on
Schrédinger-Poisson systems or Schrodinger-Bopp-Podolski systems consider @ € L2(R?).

4. Tt is interesting noticing that (maintaining the general assumptions) if the problem is
invariant under an orthogonal involution, namely the following condition is satisfied:

(S0) V,Q,h and K are Holder continuous, and there is an orthogonal involution 7 such that
V(rz) = V(x),Q(rx) = Q(x) and H(rx,.) = H(x,.) for all z € R3,

then, again the main results are still valid and the solutions found share the same symmetry.
See the key Remark 3.

Of course, under the radial symmetry, again all our results are true (where in (Q0) we just
ask that @ € L2 ,(R3),s € [3/2,+00] and @ > 0 (£ 0), since item (vii) of Lemma 1.2 is

automatically true, see [5]). In this case the solutions will be radial.

Note finally that from (HO) and (KO) the following holds: given any 6 > 0 there exists a
constant C(d) > 0 such that for all (z,u) € R? x R it is

1
(1.7) h(x,u)u + K(z)|ul, H(z,u) + 6K(m)]u|6 < 6u? + C(8)|ulS.
This estimate will be used in the following.
Organisation of the paper. The paper is organised as follows. In the next Section 2 the
variational framework of the problem is given. In particular the compactness condition and the

Mountain Pass structure for the energy functional are shown. Then in Section 3 the results are
proved. We finish with Section 4 were we spend few words whenever condition (S0) is satisfied.
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Notation. We use €y, €5,€5,... to denote generic vanishing sequences and C’,C” for generic
constant (usually depending just of the embedding constants, but not on the functions or the
parameters involved) and whose value may change also from line to line.

Given a positive number p, we will use the notation B, (0) to denote the closed ball centered
in zero with radius p in R? and with B, the “same” ball in E: it will be clear form the context
that no confusion should arise.

Other notations will be introduced whenever we need.

2. VARIATIONAL FRAMEWORK

As we said before, we are reduced to find critical points of the functional ®) in (1.3). Let
us first recall some facts.

We say that a sequence {u,} C E is called a Palais-Smale sequence at the level ¢ € R for
®,, for short (PS). sequence, if

Prg(un) = ¢ and P (up) — 0.

The functional @), is said to satisfy the (PS). condition if any (PJS). sequence contains a
convergent subsequence. If the value ¢ is not relevant, we speak of (PS) sequences or (PS)
condition.

In the next results (VO0), (Q0), (K0) and (HO) are tacitly assumed.

2.1. The compactness condition. Let us start to show that Palais-Smale sequences may
exists just at positive levels of @y, and in this case they are automatically bounded.

Lemma 2.1. Let a > 0 and {u,} be a (PS). sequence for ®5,. Then ¢ > 0 and {u,} is
bounded in E. In particular ¢ = 0 if and only if u, — 0.

Proof. If {u,} is a (PS). sequence, then by the condition (HO) and Lemma 1.2 we have

1 p—2 2 2 6—p / 6

Dy o(up) — =D (up)un] = —— Vup|® + AV (z)ur) + ——A K(2)|uy,

alun) Mx,()[] o RS(\ | (z)uy,) o R3()||
1 w—4 9
+ )\/ (hﬂ;,unun—Hx,un>—|— / Q(x)es u;

- M( ) (@, un) e ()dn,
w—2
> =78 [[unl13.-

On the other hand,

1
Py alun) — ; //\,a(un){un] < c+en + enflunlla,

where €, — 0 as n — oo. From both inequalities it follows that %Hun\\i < ¢+ e+ €nl|unla,
and the conclusion follows. O

Note that by the proof it follows that if ¢ = 0, then u,, — 0. By the above lemma without
loss of generality, we can assume that the (PS) sequence {u,} is such that u, — u in E, LP(R3)
with 2 < p <6, u,, = uin L{ (R3) for 1 < s < 6 and u,(x) — u(x) a.e. for x € R3. Moreover
it is easy to check that u is a critical point of ®, , and hence ®) ,(u) > 0.

Let n : [0,00) — [0, 1] be a smooth function satisfying
1, if t<1,
”(t)—{ 0, if t>2,
and consider the following truncation of the weak limit, (7,u)(x) := n(2|z|/n)u(z). Clearly,

(2.1) |lu — Thul|lx — 0 as n — oo.
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The following is a result from [6] and is a general fact holding for weakly convergent sequences
in F.

Lemma 2.2. Under the above notations, up to subsequences we have

lim
n—oo

/]1%3 (h(z,up) — h(x,up — Thu) — h(z, Tyu)) | =0

uniformly in ¢ € E with ||¢|| < 1.

Given a (PS) sequence {uy} with weak limit (up to subsequence) u, for convenience let us
define the sequence

Wy = Uy — Thu

where T), is the truncation given above. By (2.1) we see that w, — 0 in E. Note also that
w, — 0 if and only if uw,, — u. The next result says it is again a Palais-Smale sequence.

Lemma 2.3. If {u,} is a (PS). sequence for ®,, whose weak limit is u, then along a
subsequence we have

Prqo(wn) = ¢ —Prg(u) >0  and P\ ,(w,) — 0.
In particular ¢ = @ 4(u) if and only if up, — u.
Proof. We have

(I)A,a(wn) = <I’)\,a(un) - (I))\,a(Tnu) - 2<wna Tnu>)\

+ 1 [ Q@6 ud+ o T - o, 2)

3 [ K@) (unl =l = [Tal)
+ A/RS (H(a:,un) — H(z,wy) — H(x,Tnu)>.

Let us see the convergence of each term above. Of course @y ,(uy) — ¢, @y o(Thu) = Py q(u)
and (wy, Tou)y — 0. Moreover by Lemma 1.2 item (vii) we get

Q(z)¢s, wy — 0,
R3
[ Q@2 > [ Qo
R3 R3
Qx)6% u2 - / Q).
R3 R3
In virtue of (2.1) as in [6] it is
/ K@) (junl® — fwal® — [Toul®) = 0
R3

and

H(z,u,) — H(x,w,) — H(x,Tyu)) — 0,
R3
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and we obtain the first convergence. The second convergence is also straightforward. We write
for any ¢ € C°(R3):

P\ (wn)[p] = P ,(un)lp] — P (Thu)[e] + A RSQ(»’U) w, WnP
+ 3 [ Q)¢ T — o)
+ )\/ K () ([tn 1t — [P0 — [Tyt u)
R3

+ )\/Rs(h(x,un) — h(z,wy) — h(z, Thu))ep.

Now @) ,(un)[¢] — 0 and ) ,(Tu)[p] — @) ,(u)¢] = 0. Using again Lemma 1.2, we have

/ Q)6 o (Tyu)p — / Q@)dtup and [ Q2)dd, wap — 0.
R3 R3 R3

Standard arguments show that

lim K(x)(]un|4un — |wn|4wn — |Tnu\4Tnu)cp =0
n—oo R3

and using Lemma 2.2, we get also

lim (h(x,up) — h(z,w,) — h(x, Thu))p = 0.

n—oo R3
Since all these convergences are uniform in [|¢|| < 1, the conclusion follows. O

Note that,

1
Cc— CI))\,a(u) +éen 2 (I))\,a(wn) - Z g\,a(wn)[wn]

1 A A
= D2+ 2 / K (@) [wal® — A / H(z,wp) + 2 / (s wa)n
4 12 Jps R3 4 Jrs

AK 1
> mm|wn\g+/\/ —h(z, wp)wy, — H(z,wy)
12 R3 1%
MK i
> Mg,

from which we conclude that, if u, /4 u,

12(C B (I))\ a(u>)

2.2 b < , :

( ) ’wn‘G — )\Kmm + 67’1
Let us denote with S the best Sobolev constant, so

Slulg <|Vul3, vue H'(R3).

We have the following.

Proposition 2.4. Let a > 0,{u,} be a (PS). sequence for ®, , such that (see Lemma 2.1) up
to subsequences u, — u. Then one of the following alternatives hold:
either  up, > u or c—®yq(u) > SA1/?
with ) i
g — 75«3/2 min
37 4C(b)3/2
where b is the number in (V0) and C(b) > 0 is the constant in (1.7) with 6 = b.
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In particular ®y , satisfies the (PS). condition at any level ¢ such that
c< SN2,

Proof. Assume that w, - wu. Then defining as before w, := u, — Thbu — 0, we have
liminf|lw,[x > 0 and ¢ — @) 4(u) > 0, @) ,(w,) — 0. Using the assumption (V0), setting
n—oo

Vb= {z € R?: V(z) < b}, it is meas{V®} < +o0, and then we see that

/ b V()2 = / (b— V(x)u? + / (Vi(z) — bjw? < .
R3 Vb R3\V®
Then by (1.7) with § = b, we infer

S\wn% < ]an\g + )\/R?’ V(m)w% — A/}RB V(:c)w?l

_ —)\/ Q@)d, w2 + A [ (h(z, wn)wn + K(@)wal®) )\/ V@2 + e
R3 R3 R3

IN

A /R3(h(aj, wp)wy, + K(z)|wy|®) — A /]1{3 V(z)w? + ey
< )\/ (bw? + C(b)|w,|%) - )\/ V(z)w? + €,
RS

/ b — V(x)|w? + XC(b)|wn|8 + e

< AC(b )’wn‘G"‘fn

IN

Now, in virtue of (2.2) we obtain

12(c — ®y 2/3

or equivalently,

S\ < - Dy o(u) + €n.

Assume now ¢ < SA™Y/2 and take a (PS). sequence {uy,}. If the first alternative does not
hold, then
SA2 <c— Dy q(u) < SATZ — Dy 4(u)
which is absurd since ®y 4(u) > 0. O

Remark 1. It is easy to check that also V) , satisfies the (PS). condition if ¢ < SA~Y2 I
fact let {u,} be a (PS). sequence for Wy . Applying Lemma 2.1 to V) o, we have that {u,} is
a bounded sequence. Moreover,

haliliz] = Nl A [ Q@ot, (i) = A [ K(@lutfutug +hia

luz 13

v

which implies that ||u; ||x — 0. Then {u;} is bounded and we can assume it converge weakly
to a positive function. Then the proof of Proposition 2.4 can be repeated.
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2.2. The Mountain Pass structure. In the following let B,, = {u € E : |Ju|x < pa}.
Lemma 2.5. There ezist ay, py > 0 such that, for all a > 0 it holds:

Pro(u) >0 ifue B, \{0} and @),(u)>ay ifuecdB,,
Proof. Using (1.7), we get

1
Braw) > glulf =2 [ @+ CEl)

1
> lull} = ACull} = AC"[ull}
and the conclusion follows by choosing ¢ suitably small. O

We observe that ay, p) do not depend on a > 0 since the term involving a has been thrown
away.

Lemma 2.6. For any finite-dimensional subspace F' C E we have

lim Dy o (u) = —o0.
UEF,||ul x—+o00

Proof. Using that H is positive, K € L*(R3), and (v) in Lemma 1.2 (that will give the

uniformity in a of the limit) we have that, for suitable constants C’, C” > 0:

Baale) = gl + ] [ @@t -3 [ () + GR@)

1
< §IIUH§ + AC [Jul|} = AC"ulg
and the conclusion follows. O

Again observe that the limit is uniform in a.

The next step is to guarantee that the mountain pass level for ®, , is in a region where the
Palais-Smale condition holds, and for this we use a comparison functional.

By assumption (V0), we assume, without loss of generalities, that xg = 0, namely V' (0) = 0.
Observe that (see [6])

inf{/ Vel : o € C2(RY), [l = 1} o,
RS

hence for any 6 > 0 we can choose s € C°(R3) with
(2.3) lpsl, =1, supp s C Brs(0) and |Vs3 < 6.
Define the rescaled function
(2.4) ex(z) = ps(\"?x) € O (By-1/2,,(0)),
We will use the following easy result, with » = 2 and r = 4.

Lemma 2.7. Let 0 < r < p and consider the function f(t) = at” — bt? where a,b > 0 and
t>0. Then

— r/(p—r)
max f(t) = p—r <L>
t>0 p \pb

Then we have an important estimate. This is the unique, but fundamental point, where the
assumption mings V' = 0 is used.

)
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Proposition 2.8. For every § > 0 there is ns > 0 such that, for all a > 0 and X > ns the
following holds:

(2.5) max Py 4(tey) < esA™ 12 where lim es = 0.
t>0 0—0

Proof. Preliminarly observe that by (HO0) it follows that

1
(2.6) 6K($>|6)\’6+H(1‘,6)\) > vlexlP

At this point we distinguish two cases.
Case I: (ql) or (g3) hold. The Hélder inequality gives
6/5 12/5 12/5
(2.7) 1Qe31es < 1Q%[ss6lex” | 5s/6y = 1QIY lexl 1o 556

We agree here that if s = +o00, then 12s/(5s — 6) = 12/5. Hence, by means of the Hardy-
Littlewood-Sobolev inequality and using (2.7) we obtain

(2.9 086 < [ QI e < ClO s < ClQElenlla

for a suitable C' > 0.
Let us pass to estimate ®) ,(tey). For any ¢ > 0, due to (2.6), (2.8) and then a change of
variables, we have

2 tAIAC|Q|?
tratie) < 5 [ (Ve + @A) + LY eyt oy - el
A—1/2 5 5 . AT ClQP?
/2y, 2 s _
< 5 (t /]RS (|V806\ + V(z/A )‘P&) 5 |‘P6|125/ I
)\—1/2
(29 = "5 (Maltes) + Naltes) )
where we set for brevity
My(tps) = / (1Vesl? + V(@/A)g3) - v,
¢ A s C‘Q|s
Na(tes) = f‘ 6’123/53 6) viP.

In Ny, if s = 400 then (3 —s)/s = —1.
By Lemma 2.7 we see that

p—272\2/(-2) ) Lan o\
My (tgs) = P—=(=) V(z/\Y .
max M( ©s) PR - [Ves|™ + V(z/A7)ps
Given § > 0 there is 75 > 0 such that for all A > 75, by the continuity of V in 0, it is

>

Viz/A?) < Yz € By1/2,,(0)

|05l
and then, recalling (2.3),
1905l + V@/x2)6% < 25
R3
So, for any A\ > 75 it is
p—2/2 )2/(10*2)

(2.10) 1¥1>ax MA(tSOcS) <= <7

(26)P/(P=2) —. é5.
b \pv



14 H. M. SANTOS DAMIAN AND G. SICILIANO

Similarly, evaluating the maximum of Ny we find

4
Nyton) = P 4( >4/<p ) Ascy%‘ " [
I?ZaOX AMEpPs - P pU 2 5125/ 5s5—6) .

Since s > 3, there is 775 > 0 such that for A > 75 it is

p—4 4/(p—4) _
<= p/(p—4) _. M
(2.11) max Ny (tps) ) <p1/) ) D €Eg-

Finally, using estimates (2.10) and (2.11) in (2.9) we obtain, for any A > ns := max{7s,7s }
ntr1>ax<b)\a(te)\) < )\ V2(el 4 €l) =: X712

Actually, when @Q € L>(R3) we do not use that it vanishes at infinity.
Case II: (q2) holds. We start from

e (@)ex(y)
s O QUECE / Qo5 = /R3 /Rs |z — y]
and repeating the computations that led to (2.9), we get now
t2 9 t4)\ S
Cralter) < 5 (|V€>\| + AV (z Q 2)op, X — vAeal)
A” 1/2 2 2 1
= /2 — 9P
5 (75 /R3 (|V905| + V(z/A7")p >+ QAEA(SDJ) 2vt )
A—1/2 ~
= (Mx(t%) + NA(W&))
where
906 / / Q 1‘/)\1/2 ( //\1/2)306( )906( )
R3 |z =y
and

My(tps) = t2/ (|Vg05\2 + V($//\1/2)<p§> —vt? (as in Case I),
R3

~ A
Ni(tes) = ﬁEx(%)—th

Then (2.10) is still valid. However, since

~ p—4 4/(p—4) p/(p—4)
max N (10s) = 7 (py) (2)\E (#5))

by the Dominated Converge Theorem it holds
2 2
lim FE\(ps) = 62/ 7%5(1’)@5@) € R,

A—r+oo R |z —v
recalling that by assumption it is ¢ = lim,_,o Q(x). Hence an estimate like (2.11) holds and we
conclude as in Case 1. O
Corollary 2.9. For any o > 0 there exists A, > 0, such that, for each a > 0, > A, there is
e\ € E with |[ex|| > pa, satisfying

Prq(€x) <0 and max Dy q(tey) < ox?
te
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where py 1S given in Lemma 2.5.
Proof. Given o > 0, choose d = §(o) > 0 small enough such that, by (2.5) it is for a > 0, A > n;

ax ®, ,(t < oa1/2
max ralten) <o ,

with ey defined as in (2.4). Since lim;_, 1o Py o(tey) = —o0o by Lemma 2.6, uniformly in a > 0,
there is £y > 0 such that ||txer|| > pn and @) 4(tey) < O for any ¢ > ¢). Hence just take
€y := tyey, proving the result with A, := 7. O

Remark 2. The above proofs work with a test function in C.(R3) N HY(R3). Then given s
as before, it is |ps| € C.(R3) N HY(R3?) and still it satisfies (2.3). In particular the related
function ey is nonnegative and estimate (2.5) is satisfied too. Then in Lemma 2.9 we can
assume ey > 0. Moreover also Uy has the Mountain Pass geometry stated in Lemma 2.5 and
Lemma 2.6 and ®y(tey) = Ya(tey) for every t > 0.

Remark 3. Assume that also (S0) holds and denote with the same symbol T the induced
involution on E, given by (tu)(x) = —u(rz); in particular @) o(Tu) = Py 4(u).
Note that if u € E then

u:=(u+71u)/2€ E" :={u € E:Tu=u}.

Moreover, given ps as before, the function ¢g still satisfies (2.3), and then, by repeating the
same proof, we can suppose that Corollary 2.9 and Proposition 2.4 hold in E™. In other words
the Mountain Pass geometry still holds in E™ with the estimate given in Corollary 2.9.

In general given § > 0, for any m € N, we can choose m functions gog € C(R3) such
that supp ¢} Nsuppk = 0, if j # k, |¢}, = 1 and |Vpl3 < 6. Let r{* > 0 be such that
supp @5 C Bym (0) for j =1,...,m. Set

ei(:v) = cpg()\l/Qm) forj=1,...,m
and

HY's = spanfel,...,eM}.

m
Hence if u = Z cjel € HY's, where ¢; € R, it is easy to check that
=1

> e [ Qo e)*

ij=1
1<j

(2.12) Pra(u) = Y Prale;ed) + 3
j=1

Let us estimate each term in the right hand side above.
As in the proof of Proposition 2.8, assume first that (ql) or (q3) hold. As before (see (2.9)),
for every j € {1,...,m} it is

. 1. . .
(2.13) Dralese]) < 5A72(Mallesled) + Nallesled))
and setting

Bs == max{\gpf;\% cj=1,...,m},
there is 775" > 0 such that for every x € B, (0) we have

Vi(z/\Y?) < YA > [

9
Bs
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Then a similar estimates to (2.10) holds for every gogz
— 2/ 2\2/(r—2) 9
(]c7|g05) < rgxxMA(tgo(s) < T<ﬁ) (26)P/(P=2) —. €5.

The estimate on the term N. )\(\cj]gof;)) does not require any change with respect to (2.11) and
the existence of 7" > 0, such that for A > 7;",

P4 2\ ) _
NAlleleh) < ma NMafteh) < P2 () g

is guaranteed. Finally, using the Hardy-Littlewood inequality as in (2.8) and by the change of
variables, we get

gz o ATCIRE N 54 i ip
(2.14) E d’;(%\) < 5 E ¢i 651051125/ (55—6)| 5125/ (55—6) -
7_] 1 17]:1
1<j i<j

Then (2.12), (2.13) and (2.14) give

A\-l/2 _ .
Pya(u) < (ZM/\ lejl}) +ZNA lejl0d) + A5 Z Ci ‘303|%25/(53—6)|90{$’%2s/(55—6))'

t,j=1
1<J

Again, since s > 3 there is 7)§" > 0 such that for every A > 7j" it is

m
3=s 2.2 0|2 12
As Z G Cj|(pg‘12s/(5576)’(p]é|123/(5sf6) <9,
7”]:1
i<j

so that for any A > A" := max{n;", ny", 75"} we infer, for all u € HY:

P qo(u) < >\ Y2 (mes + mej + 6) = *)\_1/265

We argue similarly as before if (q2) holds.
Consequently we get

Proposition 2.10. For any m € N and o > 0 there exist A)' > 0, such that, for each
a>0,\> A}, there exists an m-dimensional subspace FY" such that

) < oNY2,
max ralu) <o

Of course it is F\" = HY" ¥ constructed above.

3. PROOFS OF THE MAIN RESULTS

We are in a position now to prove the existence and multiplicity results.
3.0.1. Proof of Theorem 1.3. For any 0 < 0 < §, by Corollary 2.9, we can choose A, > 0 and
define for a > 0, A > A, the minimax value (recall Lemma 2.5):

(3.1) dra = nf Jmax Pa(v(1)) € [ar, +00)

where I'y := {y € C([0,1], E) : v(0) = 0 and (1) = €x}. Then it is

d)\ﬂ < max (I))\7a(t€,\) < U)\fl/2 < §)\71/2
te€[0,1]
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and by Proposition 2.4 and the Mountain Pass Theorem, d) , is a critical value obtained on a
critical point uy , € E which is a solution of (1.1). It is standard to see that a mountain pass
solution gives a solution of least energy of (1.1).

Finally this argument also work for ¥, , by Remark 1 and Remark 2, and then we get a
positive solution of (1.1).

3.0.2. Proof of Theorem 1.4. To prove the multiplicity result in presence of symmetry, we first
recall few facts. Let X the class of closed and symmetric subset of F, v be the Krasnoselkii
genus.

Definition 1. Fized S € ¥, the pseudo-genus related to S is the triplet (S, H*,~v*) where H*
is a group of odd homeomorphism and

'y*:AeEr—)gn%l v(h(A)NS) € NU {+00}.
e *

Since 7 is a topological invariant,
1(M(A) N S) = (A1 (R(A) N S)) = y(ANh™H(S))
hence, in particular, if S is a sphere in £ and A is an m—dimensional subspace, we infer
v (A) = m.
We will use the following result. See [2, Theorem 2.2].

Theorem 3.1. Let a,b,co,coo € R = RU {£oo} with —00 < a < ¢y < oo < b < 400, €
CY(E) be an even functional, (S,H*,v*) the pseudo-genus related to S, where

H* = {h € H : h is bounded and such that h(e) = e if e ¢ ®(la, b[)}

Assume that:
(i) © satisfies the (PS). condition for every c €|a,bl;
(i1) S € ®7*([co, +o0]);
(iii) there exists F' € ¥ such that F C {u € E : ®(u) < ¢} and v*(F) > m > 1.
Then, setting X7 = {A € ¥ : y*(A) > i}, the following numbers
¢i = inf sup®(u), i €{1,...,m},
AEXT] yeA
are critical values of ® and
cg<c1 <. <oy < Coo-
Furthermore, if c:==¢; = ... = Cijgp, with i > 1,7 > 0 and i +r < m, then
Y{u € E:®(u)=c, ®(u)=0})>r+1.
Now we can prove our result.
By hypotheses h(z, s) is odd with respect to s, so that ®) , is an even functional and also
all the other assumptions of Theorem 3.1 are satisfied. In fact, given o € (0,.5) and m € N:
(i) by Lemma 2.4 we have that ®, , satisfies the (PS). condition, for all 0 < ¢ < SA1/2,
(ii) by Lemma 2.5 it is @) 4(u) > v if u € dB,, meaning that dB,, C ®!([ay, +0o[);
(iii) by Proposition 2.10 there is AJ* > 0 such that, for each A > A", there is an m-
dimensional subspace FY" € ¥ with maxyepp @ qo(u) < oA"V2 and v*(F") =m > 1.
Then for every A > A" all the assumptions of Theorem 3.1 are satisfied and there are at

least m pairs of critical points of @, , with energy in [ay, oAV 2], namely at least m pairs of
solutions.
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3.0.3. Proof of Theorem 1.5. To prove the estimates with respect to A, observe that since uy ,
is a critical point of ®, , at level d) 4, for £ € [4, 1] we have

1
- (I)//\,a (UA,a) [uk,a]

:
2
> S22 [ (Vi @) -2 [ e, i

)\_1/20 > (I))\,a(u/\,a)_

+ /\Lf H(z,uy,q —|—/\/ K(x \u)\a\G
§ Jre

and all the terms in the right hand side are positive. The conclusion follows by taking £ = 4
and £ = p. The limits for A — +oo follow by the estimates just found and (v) of Lemma 1.2.

3.0.4. Proof of Theorem 1.6. This is indeed obvious, since all the previous proofs hold also
when ¢ = 0 with very minor changes.

3.0.5. Proof of Theorem 1.7. Let us first recall the following general result. See [5, Lemma
6.1].

Lemma 3.2. Consider fO € L/5(R3), {f*}aco,) C LS/5(R3) and let
#° € DM2(R3) be the unique solution of — A¢ = f° in R?
and
¢ € D be the unique solution of — Ad + a®’A%p = f* in R3.

As a — 0 we have:

(i) if f*— fO in LS/5(R3), then ¢ — ¢° in DV2(R?);

(ii) if f¢ — fO in LS/5(R3), then ¢* — ¢° in DV2(R®) and aA¢® — 0 in L*(R?).

From which we have the following
Lemma 3.3. If for a certain \s we have that {ux, a}ae(0,1) 8 a family of solutions of (1.4)
and limg o uy, o = ux, 0 i B, then uy, o is a solution of (1.6).
1,2(R3 -

Proof. By (ii) of the previous Lemma 3.2 we get ¢y, = — d)m o iIn DV5(R?), which solves
—A(]su)\ o0 =Q )u)\*70. Finally take ¢ € C5°(R3). Passing to the limit as a — 0 in

<¢Z>\*‘a7¢>)\* + A* s Q(l') ZA*’EU)\*’QQD = A*/

(H@ W) + K@)l i)
R

we easily get

<¢2)\*’07 (p>A* + )\* /'3 Q(x)¢2>\*,ou)\*70g0 = )\* /3 (H(.’E, U‘A*70> + K(x)|u)\*70’4u)\*,0>()0
R R
and this means that (uy, o, ¢2A* ,) is a solution of (1.5) with parameter A, or equivalently uy, o

is a solution of (1.6) with parameter . O

Now we can prove the convergence of the solutions. Given o € (0, S ), apply Corollary 2.9:
fixed Ay > A, there is €y, € F such that
®y,1(60,) <0 and  max &y, (ter,) < oA
te[0,1]
Let dy, 1 be the Mountain Pass level of @y, ; defined in (3.1). Then dy, ; < U)\*_l/2 < g)\*—yz_

Recall that @), ; satisfies the (PS) condition in (0, S)\_l/2)
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Consider the family of solutions {uy, 4 }ac(0,1) of (1.4), namely critical points of ®,, , at the
level Mountain Pass level dy, , defined in (3.1). Standard computations give

S\ —1/2 1 -

x> P, atn,a) — L a(Uaa)[Ua, ] > e
The boundedness of {uy, a}ac(0,1) implies the boundedness (with respect to a) of all the other
terms in @y, 1(uy, o) and then, up to subsequences, as a — 0 we have that

. al3.-

Dy, 1(ur,q) = ¢ <dy, 1.
Moreover
P\ 1(ur,a) 20 asa—0

as is easy to check on ¢ € C°(R?). Then {uy, a}ae(0,1) is a (PS). sequence for @y, 1 and then
(up to subsequences) is strongly convergent to some uy, o in E. But then by Lemma 3.3, uy, o
is a solution of (1.6). Finally, since by Lemma 3.3 it is also ¢ — ¢% in D*(R3), we see
that 7 7

2 0 2
Q)dt, ud - / Q)ol, ik
R3 ’ R3 ’

and then @y, ,(uy, o) = Pa, 0(ur, 0)-

4. FINAL REMARK

We conclude the paper with few words on the “symmetric case”. Assume that also (S0)
holds. Then @), is T-invariant, i.e., ) 4(Tu) = @) 4(u) and ¥  (Tu) = 7O,  (u) is @) , is
T-equivariant.

By Remark 3 the functional ®) , has the Mountain Pass structure on E” and since also the
(PS) condition continues to hold in E™ we can say that: for every o > 0 there is A, > 0 such
that for all @ > 0, A > A, there is a critical point vy, € E7 of ®) , and @y 4(uy4) < oA"V2,
This allow us to recover all the previous results on the space E7.
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