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ABSTRACT. An abstract characterization of weakly monotone C*-
algebras, namely the concrete C*-algebras generated by creators
and annihilators acting on the so-called weakly monotone Fock
spaces, is given in terms of (quotient of) suitable Exel-Laca alge-
bras. The weakly monotone C*-algebra indexed by N is shown
to be a type-I C*-algebra and its representation theory is entirely
determined, whereas the weakly monotone C*-algebra indexed by
Z is shown not to be of type I.
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1. INTRODUCTION

One of the most relevant notions in Classical Probability, stochastic
independence for o-algebras and random variables is intimately tied
to the possibility of factorizing the underlying probability space into a
product space. In addition, factorizing the probability space amounts
to factorizing the Hilbert space of all its square-integrable random vari-
ables into a Hilbert tensor product of suitable subspaces. Quite remark-
ably, this is the only notion of independence encountered in Classical
Probability. Noncommutative Probability, by contrast, features several
different ways in which stochastic variables can be independent, and
each of these notions leads to its own central limit theorem. A thor-
ough account of the various forms of non-commutative independence
can be found in e.g. [19].

For the purposes of the present paper, however, we can limit ourselves
to mentioning the so-called monotone independence, which was intro-
duced in [16] and in [18]. It was soon realized that the central limit
distribution associated with monotone independence is the arcsine law.
This result was obtained in [18] in a C*-algebraic setting for a sequence
of self-adjoint random variables which are monotone independent with

respect to a given state. An interesting application was also given in
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the aforementioned paper by looking at the so-called position operators
acting on a suitably contrived Hilbert space, the monotone Fock space.
Shortly after, the so-called weakly monotone Hilbert space was defined
in [23] along with a countable family of annihilators and creators (fur-
ther generalizations of weakly monotone independence such as the so-
called bm-independence were introduced and studied in [25] and [26]).
In the more recent paper [8], it is shown that the C*-subalgebras gen-
erated by a single annihilator are a family of monotone independent
algebras with respect to the vacuum state, that any self-adjoint posi-
tion operator has the Wigner distribution in the vacuum, and that the
distribution of any finite sum of such position operators, which is given
by the monotone convolution [17] of the Wigner distribution with itself,
is absolutely continuous with a support that can be described explic-
itly. The distribution of the so-called non-symmetric position operator
is no longer given by the Wigner law, being in fact a free Meixner [22],
as proved in [9], where its monotone convolution is also studied.

As well as providing models where monotone independence holds,
the concrete C*-algebras generated by annihilators and creators on the
monotone Fock spaces mentioned above are also worth studying as C*-
algebras in their own right. For instance, in the recent paper [5] the
so-called (strictly) monotone C*-algebra is shown to be a universal C*-
algebra which can be assigned abstractly in terms of generators and
relations. Among other things, this turns out to be useful to simplify
the task of exhibiting its approximately finite-dimensional C*-algebra
structure.

When weakly monotone Fock spaces are considered, the corresponding
concrete C*-algebras are still liable to being characterized abstractly.
One marked difference, though, is that the approximately finite-dimensional
structure can by no means be obtained, in that the localized subalge-
bras are no longer matrix algebras, being more or less akin to the
Coburn algebra instead. This is the case of weakly monotone C*-
algebras with finitely many generators, which in [15] are shown to be
isomorphic with (quotients of) suitable Cuntz-Krieger algebras. These
are a much studied class of C*-algebras introduced in the celebrated
paper [11] as universal C*-algebras generated by nonzero partial isome-
tries S;, indexed by a finite set ¥, with relations for their support
projections ); = S;S5; and range projections P; = S5;S;, known as
Cuntz-Krieger relations, given by a finite matrix A = (a;;); jex, With
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entries a;; € {0,1}:

Qi:Zaiij.

jES

In this paper, we turn our attention to weakly monotone C*-algebras
with infinitely many generators. Characterizing such algebras in terms
of generators and relations poses a slightly harder problem, in that
relations involving infinitely many terms may possibly show up. One
way to overcome this problem is to make use of so-called Exel-Laca
algebras, see [13], which can be thought of generalized Cuntz-Krieger
algebras arising from infinite matrices whose entries are all zeros and
ones. That is exactly what we do to obtain Theorem 2.4, where the
weakly monotone C* algebra with generators indexed by Z, Ogb, is
presented as the Exel-Laca algebra associated with the infinite matrix
A = (a;)ijez with a;; = 1 if i > j and a;; = 0 otherwise. Another
possible strategy would be to apply the more recent approach devel-
oped in [3].

Interestingly, when the generators are indexed by N, the corresponding
weakly monotone C*-algebra, O4,, can be handled more directly in
terms of generators and relations because each defining relation only
involves finitely many terms. In fact, Proposition 3.5 and Corollary
3.6 provide a space-free description of Oy, respectively as a quotient
of an inductive limit of Cuntz-Krieger C*-algebras and the universal
C*-algebra with given generators and relations.

Changing the index set from Z to N causes even more striking con-
sequences to occur. To begin with, the projection onto the vacuum
vector does belong to (a natural representation of) O, whereas it
does not sit in O4, Proposition 2.6. Whether the projection onto the
vacuum belongs or not to our weakly monotone C*-algebras has deep
ramifications in the resulting representation theory. Precisely, O,4 is
not a C*-algebra of type I, Corollary 2.7, meaning O, has represen-
tations of all types. By contrast, O4, turns out to be a C*-algebra
of type I, Corollary 3.12, as we prove after determining all irreducible
representations, Theorem 3.10. Moreover, in Theorem 3.16 we show
how every representation 7 of O4, on a separable Hilbert space may
be decomposed into a direct integral of irreducible representations in a
rather canonical and explicit fashion, which is determined by the anal-
ogous decomposition of 7(sg), where sq is the only normal generator of
O, . Lastly, substituting the index set N for Z prevents the shift auto-
morphism 7 on O4, whose ergodic properties are thorougly discussed
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in Subsection 2.2, from acting on O 4.

Finally, the property of being type I does not depend only on the cho-
sen index set, for it also depends on the monotone relations as well.
In fact, in Corollary 3.19 we show that the so-called anti-monotone
C*-algebra on N fails to be of type I.

2. WEAKLY MONOTONE C*-ALGEBRA ON Z

We consider the Hilbert space H := ¢*(Z) endowed with its canonical
orthonormal basis {e; : k € Z}. The weakly monotone Fock space on
(*(Z), which we denote by F,,(H), is the closed subspace of the full
Fock space generated by simple tensors of the type

€i; e, - Qe with k€N and i1 > iy > -+ > 1.

The length of a simple tensor as above is just the number £k, which will
be sometimes referred to as the number of particles of the vector itself.
Obviously, having length equal to zero corresponds to considering the
vacuum vector €. For every k > 0, we denote by Hy C Fypn(H) the
closed subspace generated by all possible simple tensors whose length is
k. The subspace H;, will often be referred to as the k-particle subspace.
Notice that Hj is the one-dimensional subspace spanned by 2. Observe
that Fym(H) decomposes into a direct sum as

Fum(H) = P Hy .
k=0

We next recall how weakly monotone creators and annihilators are
defined on Fy,,,(H). For every i € Z, we consider the monotone creator
AZT which acts by creating a particle in the state e; whenever this is
possible. More explicitly, the action of AZT on the orthonormal basis of
Fom(H) is AIQ = ¢; and

A36i1®6i2®-..®6ik2:{el®6“®el2® ®ey 1>

0 otherwise,

The corresponding annihilator A; is nothing but the adjoint of A!, that

is A;Q2 =0 and
Ai €y X €iy R R €ip, = 52'72'16@'2 R R eik
where 0; ; is the Kronecker symbol.
By their very definition, creators and annihilators are partial isome-
tries. Furthermore, the ranges of the creators are mutually orthogonal,
that is
AiA; =0 ifi#7.
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As a consequence of the structure of the weakly monotone Fock space,
we also have

ATAT = AjA; =0 ifi<j.
In addition, the initial and final projections of our partial isometries
satisfy the relation

A AL =T-)"ALA, for everyi € Z,
k>i
where the convergence of the series is understood in the strong oper-
ator topology, and [ is the identity operator on the weakly monotone
Fock space.

As well as satisfying the relations above, the weakly monotone op-
erators also satisfy a couple of equalities which are very much like
Cuntz-Krieger relations and which will play a role when one wants to
characterize the concrete C*-algebra generated by these operators as
a universal algebra defined in terms of generators and relations. With
this aim in mind, let us introduce a suitable infinite matrix A whose
entries are all zeros or ones. This is given by A = (a; ;)i jez with a; ; =1
if 2 > j and a, ; = 0 otherwise. The extra relations we alluded to are

AATAT = a; ;AL foralli,jeZ
AAT+ AL Ay = A AL, foralli € Z

We denote by W, the concrete x-algebra generated by the countable
set {A; : i € Z} of the annihilators acting on the weakly monotone Fock
space Fum(H). As happens with the monotone x-algebra, see [6], it is
also possible to exhibit a Hamel basis for Wy quite explicitly. To this
end, we denote by I' the (countable) set of all words in the generators
of the type

(Al o (Al Yemal Al
with i, > - >4, and jy < --- < Jp,as ki, ..., ky, and [y, ..., vary in
N for every n,m. The subset {A!A; : i € Z} C I is clearly in bijection
with Z. We denote by A its complement in I'.

Proposition 2.1. The words in A\ J{A;Al : i € Z} make up a Hamel
basis for Wy.

The proof of the above result can be done in much the same way as
the monotone case and is found in [4].
The norm closure of Wq in B(F,,,(H)) will be denoted by W, which will
be referred to as the concrete weakly monotone C*-algebra. Arguing as
in [7, Proposition 5.8], one sees that the identity operator I on F,,,,(H)



¥ITONOFRIO CRISMALE, SIMONE DEL VECCHIO, STEFANO ROSSI, AND JANUSZ WYSOCZANSKI

does not belong to W. We then denote by W the unital C*-subalgebra
of B(Fum(FH)) generated by {4; : i € Z}, in other words we have W =

{W+A: W € W, X € C}. We now move on to address both W and 'W.
We point out here that W is an irreducible C*-algebra of B(Fm(H).
This can be seen easily, but it also a straightforward consequence of
Proposition 2.16, where we show that even the subalgebra generated
by the set {4; + Al : i € Z} is irreducible.

We start by showing that the monotone C*-algebra (see e.g. [7, 5]),
in which the squares of all creators are zero, cannot be obtained as a
quotient of the weakly monotone C*-algebra, for the ideal generated
by all powers A? is in fact the whole algebra.

Proposition 2.2. The closed two-sided ideal I C 'W generated by the
set {A? 11 € Z} coincides with the whole C*-algebra W.

Proof. The statement amounts to proving that the quotient W/I is
trivial. Denote by p : W — W/I the canonical projection onto the
quotient. Multiplying the equality

P(A2T+1)P(Ai+1) = _P(Ai)P(AD + P(Ai+1)P(AzT+1)

by p(Air1)p(AlL,) on the right, we get p(A;)p(Al) = p(Air1)p(AlL)
for every i € Z. This implies p(AZTH)p(AiH) = 0, hence p(A;41) =0
for every i € Z, thus W/I = 0. O

Remark 2.3. The property stated above continues to hold at the -
algebra level: the two-sided ideal I C W, generated by the set {A? :
i € Z} is again equal to Wy. Indeed, one can argue as in the proof
above to get p(AZTH)p(AiH) = 0 (here p is the canonical projection
of Wy onto Wy/1. But then the equality p(Ai)p(A;)p(Aj) = 0;p(4;)
leads directly to p(A;) = 0 for every i € Z.

2.1. Space-free characterization of the weakly monotone C*-
algebra. We are now ready to give W (and W) a space-free charac-
terization as an abstract C*-algebra in terms of the C*-algebras O4
(or O4) associated with a possibly infinite matrix A. This class of C*-
algebras was introduced and studied by Exel and Laca in [13] as a wide
generalization of the Cuntz-Krieger algebras.

For convenience, let us rather briefly recall how these C*-algebras are
defined. Let A = (a; ;)i jer be a matrix whose entries are indexed by
a possibly infinite set I. Suppose that the entries of A are all zeros
and ones and that A has no identically zero rows. Let X, Y be finite
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subsets of I. For every j € I, define

a(X,Y,j) = H%JH ay,]

zeX yey

Working under the additional condition that for any finite subsets
X,Y C I there are only finitely many j’s such that a(X,Y,7) =1, it is
possible to consider a C*-algebra O 4, which is the universal C*-algebra
generated by a family of partial isometries {s; : ¢ € I} satisfying the
following properties:

(1) ¢; and g; commute for all 4, j € I,

(2) pi L pj, for all i,j € I with i # j

(3) ¢ipj = ai;pj, foralli,j5 € 1

(4) erx Sy Sz Hyey( sty) = ZjeZ a(X, Y7j>5j3;

where ¢; and p; are respectively the final and initial projections of s;,
that is ¢; = s/'s; and p; = s;5;.

Notice that the above relations are exactly what in [13] are referred to
as TCK;) — TCKj3) and (1.3). Furthermore, condition (2) is equivalent
to sfs; = 0 if 4 # j and condition (3) is equivalent to ¢;s; = a; ;s;, for
alli,j € I.

Before continuing our analysis, it is worth pointing out that O 4 does
not have a unit, as follows from [13, Proposition 8.5]; we will denote

the corresponding unitalized algebra by O,4 (with unit 1).

Henceforth, we will work with matrices indexed by Z, the set of integer
numbers. More precisely, we consider A = (a; ;)i jez With entries a; ;
given by a;; = 1 if ¢ > j and a;; = 0 otherwise. Our next goal is
to show that this particular choice of the matrix leads to the sought
abstract characterization of the weakly monotone C*-algebra. To this
end, we start by observing that the matrix A above satisfies the hy-
potheses of Theorem 13.1 in [13]. The relevant consequence of this is
that O 4 enjoys the following property: any non-trivial two-sided ideal
of O4 must contain at least one of the generators s;.

Theorem 2.4. The map Oy > s; — AZT eEW, i € Z, extends to a
faithful representation of O 4. In particular, W = O 4.

Proof. In order to see that the map in the statement extends to a *-
representation of Oy, by universality of O4 it is enough to ascertain
that the operators Al satisfy the relations (1)-(4) (see also Theorem
8.6 in [13]). Now the first three relations are entirely obvious. Relation
(4) does need to be checked. To this end, let X,Y be finite subsets
of Z. We have to show that there are only finitely many j’s such that
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a(X,Y, j) is different from 0 and that the equality
[T 4.4 [ —4,4) => a(X, v, j)Al4,

zeX yey JEL
holds. We first observe that the left-hand side of the equality above
is Ay Al (1 — AyAL), where M := min X and N := maxY. Note
that a(X,Y,7) is different from 0 if and only if N < j < M. There
are two cases to deal with depending on whether M > N or not.
If M > N, then the set of those j such that a(X,Y,j) is different
from 0 is non-empty, and the equality is satisfied as ) _ <M A}Aj =

AMAR/[ —ANA;V. If M < N, then the set of the j’s such that a(X, Y j)
is different from 0 is empty and both sides of the equality are zero.

We next prove that 7 is a faithful representation. We will argue by
contradiction. Let J C O4 be the kernel of 7. If J were not zero, then
there should exist 7y € Z such that s;,, € J. But then we would have
AZTO = m(s;,) = 0, which of course is not true. O

Remark 2.5. It is worth noting that Relation (4) is equivalent to
requiring ¢;4+1 = q; + pj41 for all j in Z.

Our next aim is to show that O,4 is not a type-I C*-algebra. To
accomplish this goal, we first show that the projection Py onto the
vacuum does not sit in O4 .

Proposition 2.6. The orthogonal projection Pqo onto the vacuum does
not belong to W.

Proof. We shall argue by contradiction. Suppose on the contrary that
Pq does belong to W. Then there exists a sequence {X,, : n € N}, with
each X, sitting in the x-algebra W, generated by {A; : i € Z} such
that || Po — X,|| < 5= for all n in N. There is no loss of generality if we
assume that the X,,’s are of the form 7,, + Zke P oz,(g")AkAL, where, for
each n, T}, is a finite linear combination of words in A (as in Proposition

2.1), F,, C Z is a finite set, and a,g") are complex coefficients for all &
in F,,. Now the inequality

keFy,

1
< —

(2.1) o

computed on the vacum vector 2 gives HQ — (T4 her, alg")Q) | <

%. Because T2 is either 0 or a vector orthogonal to €2, we find

(1= her, a,gn))Q“ < o5, thatis [1— 3, 5 a,gn)‘ < 5= for all n.

In particular, we can fix n = 2. Computing Inequality (2.1) on a
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vector e,, where s in Z is any integer smaller than the minimum of
the set of all indices of creators/annihilators showing up in X,, we
now find HT265 - ZkeFQ a,(f)esH < i. As above, The, is orthogonal to
es, hence the inequality implies that in particular we must also have

‘Zke P oz,(f)‘ < i, and an absurd has been got to since we also had

2
}l_zkanal(f)‘Si‘ u
Corollary 2.7. O4 is not a C*-algebra of type I.

Proof. The Fock representation of O, is irreducible, but nevertheless
its range fails to contain all compact operators because Py, does not sit
in W. Thus the thesis follows from a well-known characterization of
separable type-I C*-algebras [14]. O

Remark 2.8. The unitalization 5;1 of 04 continues not to be a type-I
C*-algebra.

2.2. Ergodic properties of the shift. Let us denote by 7 the (unital)
s-automorphism of O4 ( or O4) uniquely determined by 7(s;) = ;11
for all © € Z. As we are interested in studying the ergodic properties
of the shift, it might be worth recalling the notions from ergodic the-
ory that are relevant in our analysis. By a C*-dynamical system we
mean a pair (2(, ®), where 2 is a (unital) C*-algebra and ¢ a (unital)
sx-homomorphism. A state w on 2l is invariant under ® if wo ® = w.
The compact convex set of all invariant states of a C*-dynamical sys-
tem (2A, ®) is denoted by §*(). A C*-dynamical system (on a unital
C*-algebra) is said to be uniquely ergodic if §%(() is a singleton, that
is if the system only has one invariant state; in this case it is easy to
see that the fixed-point subalgebra 2A® := {a € A : ®(a) = a} is trivial,
i.e. A* = C.

More in general, a C*-dynamical system is uniquely ergodic with re-
spect to the fixed-point algebra if any state of A® has exactly one
®-invariant extension to the whole 2(. Unique ergodicity with respect
to the fixed-point subalgebra was first introduced in [1], where it was
characterized in terms of a number of equivalent conditions: one of
those is that for every a in 2 the Cesaro average -5 St d(a) con-
verges in norm to an element of A®.

Proposition 2.9. The C*-dynamical system (5;;,7') is not uniquely
ergodic w.r.t. the fived-point subalgebra.

Proof. Since O4 and W are isomorphic, we may as well work at the
Fock space level. To prove the result, it is enough to exhibit an op-
erator ' € W such that the Cesaro averages %ZZ;& 77%(T) do not
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converge in norm. We will show that 1" = AOAE will do. First note
that 1>~ Or—k(AoAé) = %ZZ;& A_, A", Now the decreasing se-
quence of projections {A kAT : k € N} strongly converges to Py. In

particular, the sequence — LS~ AL AT i also converges to P strongly.
However, the convergence does not hold in norm because

= lle-nll =1.

n—1
1
P L3 AL,
k=0

n—1

1
Poe_y——> A A e,
Qe o —~ kA€

O
Lemma 2.10. For any word Y € A, one has

n—1
1, 1
LT = =
et Vn
Proof. We claim that the estimate
) A}%
j=1
holds when the vectors 7; all belong to a k-particle subspace, for some
fixed k > 1.
Let Y = (A} )k - .. (Ajm)kMAé-ll .-+ Al» be a word featuring at least one

creator. If ¢ is a unit vector lying in a m-particle subspace, define
= 7% (AL 11 (AL )= - (4] e Al - Al)E. Note that |6 < 1

for allm € N.

<
n masx [,

im

and that all vectors & belong to a common r-particle space (with r =
m+k —1+ke+...+k,—(4+...+1,)). But then we have

n—1 n—1
S e ' = DAl L&
k=0 k=0

which is exactly the property in the statement as m is arbitrary.

The case of a Y with no creators at all is straightforwardly reconducted
to the previous case by taking the adjoint of Y.

All is left to do is prove the estimate, which can be done as follows

ZA;W <Z A, ZA1U1> Z <A1A}77j,771> =
=1

]l 1

S o) = S A2 < 3 Il < n e [
j=1 j=1

jl=1

<Vn
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__The next result provides the description of all 7-invariant states on
O4. This set turns out to be the segment whose endpoints are the

vacuum state wq (its natural extension to 5;;) on 5;; and the state at
infinity wao (that is we(a + A1) = A, for all @ in Oy).

Theorem 2.11. The set of all shift invariant states on O, is given by
87(04) = {twa + (1 — wee : t €[0,1]}.

Proof. Let w be a shift-invariant state on 5;4 ~W. It suffices to show
that the restriction of w to the dense x-algebra Wo+CI C W is a convex
combination of the vacuum state and the state at infinity. Now any
element X of Wy + CI can be written as a sum X = [ + Z/\GF Yy +
>iea Bid; A , Where F' and G C Z are finite sets, for each A\ € F' the
element Y i 1s a word in the set I' we defined above, and the ¢)’s and the
Bj’s are complex coefﬁcients By Lemma 2.10 we have that, for every A
in F, the averages + '~ o 78(Yy) converges in norm to 0, which means
w(Yy) =w (L3707 éTk( \)) must be zero as well.
Furthermore, by invariance w(AjA}) cannnot depend on j € Z, so we
can define ¢ = w(AjA}). Since 0 < AjA} < I, we have 0 < t < 1.
From the two equalities woo(X) = v and wo(X) = v+3_; B;, we finally
find

w(X) = 7+t25j = Woo (X) + t(wa(X) — weo (X))

= two(X) + (1 — twee(X) .
]

Our ultimate goal is to show that the fixed-point subalgebra of the
shift is trivial. This will follow easily from a possibly known general
fact, which we include below for convenience.

Lemma 2.12. Let (A, ®) be a C*-dynamical system. Any pure state
on A% can be extended to an extreme invariant state on 2.

Proof. Let w be a pure state on A®. Define the set
Co:={o€8(A): ¢ [qge=w}.

Observe that C,, is a non-empty (weakly*) compact convex set. There-
fore, by the Krein-Milman theorem C,, contains extreme points. Let
o any such state. We need to show that ¢ is extreme in §%(2(). To
this end, let ¢y, o be states in 8% () such that oy = tp; + (1 —1)p, for



VATONOFRIO CRISMALE, SIMONE DEL VECCHIO, STEFANO ROSSI, AND JANUSZ WYSOCZANSKI

some t with 0 < ¢t < 1. In particular, by restricting the above equality
to the fixed-point subalgebra we find

w =y [qe=tp1 [ge +(1 —1)p2 [ge .
Since w is pure by assumption, we must have ¢, [ge= o [ge= w. This
means that ¢, and @9 actually lie in C,,. But because ¢ is extreme in

C,, v1 and o must be the same state, and the proof is complete.
O

Theorem 2.13. The fived-point subalgebra of the dynamical system
(Oa, 1) is trivial.

Proof. Let T : ST(@:‘) — S(OVAT) be the restriction map, that is

T(p) = lor, v €8 (Oa).
T is a surjective continuous affine map between compact convex sets
by Lemma 2.12. Now, by Theorem 2.11 the convex set 87(O4) has
exactly two extreme pomts as it is a segment. Therefore, the fixed-
point subalgebra O A can have at most two pure states as follows from
Lemma 2.12. The conclusion will then be achleved if we show that
O, A cannot have exactly two pure states. If O 4 had two pure states,
then 8(O4 ) would be a segment as well and the map 7" would thus
be a homeomorphism. However, this is not the case since 7" cannot
be injective as (O4,7) is not uniquely ergodic w.r.t. the fixed-point
subalgebra, as shown in Proposition 2.9. The only possibility for @;T is
then to have one pure state, which is the same as having 5;; =C1. O

Remark 2.14. Without any further effort, one can also see that 07, =
0 and 87(04) = {wa}.

2.3. Irreducibility of the self-adjoint subalgebra. For every i €
7., we define a weakly monotone position operator as X; := A; + AZT.
Throughout the paper the unital C*-algebra generated by all position
operators, A = C*([,{X; : i € Z}), will be referred to as the self-
adjoint subalgebra of W.

Lemma 2.15. It holds
N

1 1
li X2=Py+-(I—P,
N1—>I202N—|—1Z:ZN ¢ =FPat 3= o)

in the strong operator topology.

Proof. The proof follows the same idea as the one of Lemma 2.2. in

[24]. Because the sequence {ﬁ ZZN: Xf} is norm bounded,
neN
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it is enough to ascertain the stated equality only on vectors of the
canonical orthonormal basis of the weakly monotone Fock space.
To begin with, note that for every i € Z one has X?Q = Q + ¢; ® ¢,

hence
N N

1 1
X200 =0 i i
N1 2 =0 gy 2 e
1=—N i=—N
Because ||2N1Jrl SN ve®el|= 2Nl+1, the sequence 2Nl+1 S VX220

converges in norm to €.
Let now e;, ®---®e¢;, be any basis vector orthogonal to the vacuum
vector, i.e. k > 1. Note that for every ¢ > i; one has
(22)  X(ey®- - ®e) =€, @ Qe +e; Qe RDe;, D e,
whereas for ¢ < i; one has
XP(e), ® - ®e;,)=0.

Now we have
N N

1 2 1 2
i=— =11
1 1 N
= X% @ Qe +— X% @ Qe
oN L1 ® (X“C“””L2N+1i:§1 PG @ @6,
thus
1 N 1 N
3 2 — ] 2 .« o . .
A N X;VX €n® e, = lm on— Z;lXi Cin @ By -
1=— =11

By taking (2.2) into account, the term in the right-hand side of the
above equality can be written as

N—i R
— U
2N+16“®€Zk+m2_l€z®ez®6“®elk
=11
Now
lim Y% ® €;, = ®
Nose Ny 10T G T
and

5 1
im
N—oo 2N + 1

N
Z 6i®€i®€i1"‘®€ik:0

1=i1+1
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since HZij\iiﬁ-l e ®e; ®e; - ®e; || =+ N —1; by orthogonality. Putting
everything together, we finally have

N

. 1 ) 1
A s ';ineil ®-- ®e, = 56, @ Ve
and the proof is complete. -

Proposition 2.16. The self-adjoint subalgebra A C W is an irre-
ducible subalgebra of B(Fym(H)).

Proof. We will show that the commutant A’ equals CI. To this aim,
we first point out that Py lies in A”. Indeed, thanks to Lemma 2.15,
we know that 7" := Py + %([ — Pqg) certainly sits in A”, which means
Py, does the same being a spectral projection of T'.

The second step to take is to prove that €2 is cyclic for A. We claim
that for every n € N and ¢ € Z there exists a polynomial ¢, (which
only depends on n) such that

(X)) ="

This can be seen by induction on n. For n = 0 or n = 1, there is
nothing to prove as qo(z) = 1 and ¢;(z) = = will obviously do. As for

the inductive step, observe that from ¢,(X;)Q = " we find

Xign(X)Q = 2" 462" = g1 (X)) + 2"

7 K3

which says that g¢,1(z) = x¢,(x) — ¢,—1(x) satisfies ¢,11(X;)Q =
®n+1

i

For a general basis vector, say ;' ® - ® 6?: with 47 > ... > 4y, it is

easy to see that
qn1(Xi1) te an(Xlk)Q = 6?11 K 6;5 .

We are now in a position to reach the conclusion. If E is a projection
in A’, we must have EPy = PoFE from which we see EXQ is either 0 or
Q). In the first case, £ = 0 because ET2 =T EQ = 0 for every T € A,
and the conclusion follows by cyclicity. In the second case, E = I by
similar considerations.

O

3. WEAKLY-MONOTONE C*-ALGEBRA OVER N

As with Z, a weakly monotone Fock Hilbert space can be associated
with N as well:
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where Hj, is the linear span of the set of vectors e;, ® e;, ® -+ ® ¢;,
with £ € N and i1 > iy > --- > 4, > 1, whereas Hy = CQ. On
Fwm (£2(N)) weakly monotone creation (annihilation) operators A! (A;),
7 in N, can be defined in the exact same way as we did for Z. We
denote by Wy C B(Fum(F*(N))) the C*-subalgebra generated by the
set {A;, AZT 4 € N}. Unlike the case of Z, the projection P, onto the
Fock vacuum does sit in Wy, because of the identity

Py = A AT — Al A,

As was the case with W, it is not too difficult to show that I does
not belong to Wy either. We denote by Og4, the universal C*-algebra
generated by a countable family {s; : i = 0,1,...} of partial isometries
satisfying the following relations:

(3.1) s;s; =0, forall i#j
(3.2) sis; = Z sgsy, foralli=0,1,...
k=0

Note that O4, is a well-defined C*-algebra, because the maximal

seminorm on the universal x-algebra generated by {s; : i =0,1,...} is
finite. In addition, our C*-algebra O 4, is not trivial as Wy is clearly a
representation of Oy,.
Also note that for any z in T the set {zs; : ¢ = 0,1,...} still satis-
fies the defining relations of Oy, which by universality implies that
there exists an automorphism a, € Aut(O,,) uniquely determined by
a,(s;) = zs; for 1 > 0. As is done in the literature, we will refer to the
automorphisms {a, : z € T} as the gauge automorphisms or as the
gauge action of T on Oy,,.

As a consequence of relations (3.1)—(3.2), the generators of Oy, also
satisfy relations that are more reminiscent of the concrete weakly mono-
tone C*-algebra. To write these relations down, for ¢, j natural numbers
we define a; ; to be 1 if 4 > j and 0 otherwise.

Lemma 3.1. The generators of O 4, also satisfy the following relations:
(1) SiSjZO Zf’L<j
(11) S:SZ’SJ' = CLZ'JS]‘

Proof. As for the first equality, if ¢ < j we have s;s5; = s;575;5; =
Y o Sisksys; = 0 thanks to (3.1) and (3.2).
The second equality is got to similarly. Since s}s;s; = >, _, SkSis;, for
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s7s;5; not to vanish we must have ¢ > j, in which case only the j-th
summand survives yielding the claimed equality. U

We would like to point out that O4, can also be presented as the
Exel-Laca C*-algebra [13] associated with the infinite matrix Ay :=
(a;;:1,7=0,1,...) with a;; = 1 for all 4, j with ¢ > j and 0 otherwise.
This makes it possible to apply [13, Proposition 8.5] once again to see
that O 4, fails to be unital.

We set A, := C*(sp,...S,) C Oa,. Note that A, is invariant for the
gauge automorphisms, which clearly act on A,, as automorphisms.
Denote by A,, the n 4+ 1 by n + 1 matrix given by A, = (a; ;)i j=o,. n,
where a; ; is the symbol we introduced before stating Lemma 3.1. Let
04, denote the Cuntz-Krieger algebra associated with the matrix A,.
As is done in [10], we denote by {S; : i =0,1,...,n} the generators of
04, . Note that, for each n > 0, O4, is a unital C*-algebra with unit
SrSh.

Lemma 3.2. A, is canonically isomorphic with the Cuntz-Krieger al-
gebra Oy, .

Proof. By universality of the Cuntz-Krieger algebra O4 , there must
be an epimorphism ¥ : 04, — A, such that ¥(S;) = s; for all i =

0,1,...,n. Finally, the epimorphism W is injective as well as follows
from Theorem 2.3 in [2], which applies since A, is acted upon the gauge
automorphisms. O

By its very definition, O4, can be seen as the inductive limit of the
inductive system {A, : n = 1,...}. Note that, however, the natural
inclusions A,, C A4, fail to be unital.

For every z € T, we consider the representation 7. : Oa, —

B(Fum((2(N))) given by To.(so) = 2Py and T.(s;) = Al for all
ieN.
Remark 3.3. It is worth noting that if a representation 7w : O, —
B(Fum(2(N))) satisfies 7(s;) = Al for all i > 1, then m(sq) = 2Py for
some z in T. This follows from the equality P, = AlAI —AIAl. Indeed,
we have m(sisg) = m(sis1 — s187) = P, hence 7(sg) = m(sps0ss) =
7(s0) P, and thus the only possibility is that 7(sq) = 2P, for some z
in T because 7(sg) is a partial isometry.

Choosing z = 1 yields the so-called Fock representation, which we
will denote by mp (rather than 7).

Proposition 3.4. The direct sum m 1= @ et To, @5 a faithful repre-
sentation of Ogy,.
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Proof. By applying Theorem 2.3 in [2] we see that, for each n € N, the
direct sum m = @,er 7, is a faithful representation of A,, because the
gauge automorphisms are clearly implemented on the corresponding
Hilbert space. In particular, the restriction of 7 to A, is isometric,
thus 7 is isometric on | J,, A, which gives the thesis as | J,, A, is dense
in O An- ]

The proposition above can also be obtained by directly applying
Theorem 2.7 in [20] if one regards O 4, as an Exel-Laca algebra.

Let J C O, be the ideal generated by sy — s05.

Proposition 3.5. The quotient C*-algebra Oy, /J is isomorphic with
Wy through the Fock representation wr of the former.

Proof. We denote by B C O4, the C*-subalgebra generated by the set
{5085, 51, S2,...}. The restriction of 7 to B is faithful and is a direct
sum of Fock representations with the same phase z = 1. Therefore,
7p is a faithful representation of B. Since mr(B) = Wy, the statement
will be proved if we show that O4,/J and B are isomorphic. To this
end, note that by universality O4, projects onto B, which yields an
epimorphism W : Oy, /J — B given by V([so]s) = sos; and, for i > 1,
U([s;]s) = s;. Injectivity of U can be proved by exhibiting its inverse
® : B — Oy, /J, which is obtained by composing the inclusion of B in
O 4, with the canonical projection of the latter onto O4,/J. Explicitly,
® acts on the set of generators as ®(sos;) = [so|s and, for ¢ > 1,
(I)(SZ> = [Si]]. O

As a straightforward application of Proposition 3.5, we derive the fol-
lowing space-free characterization of the weakly monotone C*-algebra.

Corollary 3.6. The weakly monotone C*-algebra over N is isomorphic
to the universal C*-algebra generated by a countable family of partial
isometries {s; : 1 =0,1,...} satisfying (3.1)~(3.2) and sy = sps}).

For every n > 1, we denote by J,, C Oy, the closed two-sided ideal
generated by the finite set {sg, s1,...,5,-1} and by p,, the canonical
projection onto the quotient p,, : O, — Oa,/J,. That said, we can
end this section with a proposition which will come in useful when we
deal with the representation theory of O4,.

Proposition 3.7. For every n > 1, the quotient O 4,/ J,, is isomorphic
to O, through the isomorphism W, : Oa, — Oa,/Jn given by V,,(s;) =
[Sitnlg, for everyi > 0.
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Proof. We start by noting that the map W, in the statement is a
well-defined #-homomorphism by universality of O4, because the set
{[Sitn)s, 11> 0} satisfies (3.1) and (3.2).

In order to prove that W, is injective as well, we observe that the gauge
action of T passes to the quotient algebra Oy, /J,, since J, is gauge in-
variant. Reasoning exactly as we did in the proof of Proposition 3.4,
we can conclude that W, is a x-isomorphism. U

3.1. Representation theory. The next result, which can be seen as
a generalization of Theorem 2.7 in [2], characterizes 7y, as the sole
irreducible representations of 04, sending s, to a non-zero operator.

Proposition 3.8. If m is an irreducible representation of Oa, such
that w(so) # 0, then there exists z in T such that m = 7 ..

Proof. Throughout the proof, 3, will denote the Hilbert space of the
representation 7. Note that H, is a separable Hilbert space thanks to
irreducibility of 7 and separability of Oy,. Set U := 7m(sg). Since U
is a normal partial isometry, the initial and final space of U coincide.
Denote this common (closed) subspace of H, by XK, and observe that
the restriction of U to X is a unitary, which we continue to denote
by U. We will show that irreducibility of 7 implies that X must be
one-dimensional.

More precisely, we next show that if K fails to be one-dimensional,
the non-trivial decomposition of U as a direct integral results in a
corresponding decomposition of our representation 7.

Since H, is separable, U can be decomposed into a direct integral
as follows. There exist a measurable field of (non-zero) Hilbert spaces
o(U) 3 z +— XK(z) and a Borel probability measure p on o(U) such that
X = f;?U) K(z)dp and U = ffo) zly(ydp (up to unitary equivalence),
see e.g. Theorem 1. in [12, Chapter 6]. We also recall that x is a basic
measure for U, so its support is the whole o(U).

Consider the constant field of Hilbert spaces o(U) 3 z — H(z), where
each H(z) is the weakly monotone Fock space F,,,(¢*(N)). Note that
o(U) 2 z + T, is a measurable field of representations of O 4, because
70,2(s;) does not depend on ¢ unless ¢ = 0, in which case 7 ,(s9) = 2Pq
that is clearly a measurable field of operators.

We next aim to show that the direct integral representation f:?U) o, dpt
can be realized as a subrepresentation of 7. This will be done by
exhibiting an isometry W that intertwines ffo) 7o,.dp with 7. To
this end, we first need to set up some notation. We denote by I' the
set of all ordered k-tuples v = (iy,...,ix), where k,iy,..., i are in
N and iy > ... > 4 > 1. We also allow k£ to be 0 , in which case
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v =0. For any v = (i1,...,4) € I', we set e, = ¢;, ® --- ® ¢;, (with
ep = Q) as vectors in F,,, (2(N)), and s, = s;, -+ s;, as elements of
the abstract algebra O, (assuming sy = I by convention). Note that

@EU%'VGFfGL%() W} = [ H(z)dp, and fe, L geg
if v # 3, because f (U z)dp is isometrically isomorphic with the

Hilbert tensor product L2( (U), 1)@F ym (£2(N)).

Finally, we need to consider a measurable field o(U) 3 z +— Q(z) €
K (z) of unit vectors, i.e. [|[Q(z2)||*> =1 for all z € o(U). This allows us
to embed L?(o(U), p) into X through the isometry V : L*(a(U), u) —
XK, which takes any function f in L?(c(U), u) to the measurable field
(V)(z):= f(2)Qz), a.e. for z € a(U).

Havmg estabhshed the necessary notation, we are now ready to define

W f 2)dp — H,. We start by defining W on a dense subspace
as
w Z frey = Z T(s)V [,
~v€lo ~v€lo

where I’y is a finite subset of I'. The squared norm of the vector in the
left-hand side of the definition above can be computed easily as follows:

HZMM—Z/\M@

~v€lo ~v€lo

The squared norm of the vector in the right-hand side is a shade more
laborious to compute. To this end, for every « in I'y define &, :== V' f,,.
By definition, the vectors &, lie in K (that is in Ran U) for all  in I'y.
Since the initial projection of 7 (s,) contains X for all v, we have

nmmewwm7|mm

Now for different 7, in I'g the vectors 7(s, )&, and 7 (s, ), are seen
at once to be orthogonal, which means

HZsmWEHWZZ/lmm

v€l'o v€lo v€lo

which shows that W can be extended to an isometry defined on the
whole [ 3(z)du.

We now move on to show that W is an intertwiner. For this, it is
sufficient to check the involved equality only on the generators of Oy,
namely that Wff?U) To..(si)dpu = m(s;)W for all ¢ > 0. By linearity
and boundedness of the involved operators it is enough to ascertain
our equality only on vectors of the type fe., with f in L?(o(U), p) and
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v = (i1,...,1) in . This is a matter of easy computations. Indeed,
for ¢ > 1 we have:

o
W(/ 7?072(si)d,u) fe, =W L. (si)e,

= m(sim)V [y
m(si)m(s)V 1
ﬂ-(si>W fe'*/ )
where s(; 1) is 0 if 4 < 2y and 8¢ ) = S(iiy, 4y i 7 > 41
The case @ = 0 is dealt with separately. First, if ¢ = 0 and ~ is not

empty, then the equality is trivially satisfied because both sides vanish.
If i =0 and v = (), then we have:

@

W(/ %O,Z(so)du) JQ=WgQ = Vg =UVf=n(so)W(f9).
o(U)

where g in L?(a(U), p) is defined as g(z) := zf(z) (u a.e.).

Now the direct integral ffo) 7o,.dp(z) cannot be irreducible unless

o(U) is a singleton, say o(U) = {z} and p is the Dirac measure 0,

and K(z) =C.

From now on we can then assume K = C¢£, where £ is a norm-one
vector. Since U is unitary on X, there exists z in C with |z| = 1 such
that US = z§. Thanks to what we saw above, 7, can be realized as
a subrepresentation of 7. But because 7 is irreducible, we must have
7~T0,z = . U

As a straightforward consequence of the above result, we can derive
the following characterization of the Fock representation of Wy.

Corollary 3.9. The Fock representation g is the only irreducible rep-
resentation of the weakly monotone C*-algebra that sends sy to a non-
zero projection.

That said, we continue our analysis of irreducible representations of
Oa,. For every n > 1 and z in T, we can consider the representations
of Oy, defined as 7, , := 7, o U, Lo p,,, which are irreducible by defi-
nition. More importantly, they exhaust the catalogue of all irreducible
representations of Oy,,.

Theorem 3.10. If 7 is an irreducible representation of O 4, then there
exists n > 0 such that m = 7, , for some z in T.
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Proof. Let n be the minimum of the set {i € N : 7(s;) # 0}. In other
words, our representation satisfies 7(s;) = 0 for all i =0,1,...,n — 1
and m(s;) # 0 for all ¢ > n. Since Kern contains J,, we see that
7 factors as m = p o p,, where p is an irreducible representation of
the quotient algebra O,,/J,. By Proposition 3.7 the quotient alge-
bra is isomorphic with Oy, itself through the isomorphism W, given
by V,.(s;) = [Sitnls,, for ¢ > 0. The composition p o ¥, is then
an irreducible representation of Oy, that by construction sends s
to a non-zero operator. Therefore, Proposition 3.8 applies leading to
poV, =, for some z in T and we are done. O

The list of all irreducible representations of Wy can be given as
well. Indeed, one can reason in much the same way as in the above
result noting that the quotient of Wy by the ideal J,, generated by
{Pq, Ay, ..., A} is again (isomorphic with) the whole Oy,,. Therefore,
we have the following.

Corollary 3.11. If w is an irreducible representation of O, /J = Wy,
then either 7 is the Fock representation or there exist n > 1 and z in
T such that m =7, ,.

Corollary 3.12. Og4, is a type-1 C*-algebra.

Proof. By virtue of a known characterization of type-I C*-algebras
given by Sakai in [21], it is enough to make sure that (the image of)
any irreducible representation of 04, contains a non-zero compact op-
erator. This last property is certainly satisfied in the light of Theorem
3.10. Indeed, the projection onto the vacuum belongs to 7, .(O4,) for
all z in T and for all n > 0.

Corollary 3.13. The weakly monotone C*-algebra Wy is type I.

Proof. Being type 1 is preserved under taking quotients, and Wy is a
quotient of O4, by Proposition 3.5. U

In the following, for each z in T, we denote by H(z) the weakly
monotone Fock space T, (¢*(N)), exactly as in Proposition 3.8.

Lemma 3.14. Let  be a representation of Oy, acting on a separable
Hilbert space H, with m(sg) # 0. There exist a Borel probability mea-
sure g on T, a measurable function m : T — NU{oo}, and an isometry
W [ m(2)H(2) du — Hy such that:
(i) W intertwines fﬁ m(z)mo,. dp with w;
(i) the restriction of w(sg) to the orthogonal space of the range of
W s zero,
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where, for every z € T, m(z)H(z) is the direct sum of H(z) with itself
m(z) times and m(2)7 , is the direct sum of T . with itself m(z) times.

Proof. Tt is variation of the proof of Proposition 3.8, of which we will
keep the notation. If U is again the unitary of H, obtained as the
restriction of m(sg) to its initial domain (which equals its range) K, we
first decompose K and U as K = ff?U) K(z)dpand U = ff?U) 2ly(zydp,
as was done in the above mentioned result. Since o(U) is contained in
T, we may as well rewrite the decompositions as K = ff K(z)dp and
U = [ zlx(ydu, by setting X(z) = 0 for all z € T\ ¢(U). The func-
tion m in the statement is then the multiplicity of this decomposition,
namely m(z) := dim X(z), for all z € T, where dim is the dimension of
K(z) as a Hilbert space, i.e. the cardinality of any of its orthonormal
bases.

It will be convenient to think of each K (z) as (isometrically isomorphic
with) C™*) whenever m(z) < oo and as ¢2(N) when m(z) = oco. For
each z in T, we will also conceive of C™*) as a subspace of £2(N) whose
vectors have all k-th components zero if k > m(z).

We aim to show that with these choices of ;1 and m the direct integral
representation fTEB m(z)To.. du can be realized as a subrepresentation of
the given representation 7.

In order to define the intertwining isometry W from ff m(z)H(z) du
(recall that H(z) = Fpum((*(N)), for all 2 in o(U) and H(z) = 0 for all
zin T\ o(U)) to H,, we first need to establish further notation. Let
H> denote the countably infinite direct sum of the weakly monotone
Fock space Fm(£2(N)) with itself. For all z in T we shall think of the
direct sum m(z)H(z) as the subspace of H*> whose vectors have all
k-th components zero if k > m(z).

For each k > 1, we define a measurable function ¢, : T — {0,1} as
ck(2) = 1if k < m(z) and cx(z) = 0 otherwise. Note that vectors of
the type

To22—08...0c2)f(2)e,®0@ ... in m(2)H(z)
—————

Lth

span a dense subspace of ff m(2)H(z) dp, as f varies in L*(T, ). We
are now ready to define W as:

WO&...®cfe, ®0&...) :==m(sy)(0,...,cx(2)f(2),0,...)
Lth Lth

for all k > 1, f in L*(T, u), v in [ (same notation as in the proof of
Proposition 3.8).
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With analogous calculations to those made in the proof of Proposition
3.8 it is easy to see that W is in fact an isometry and that it intertwines
the two representations.

As for the second part of the statement, it is enough to note that Ran W
contains K because W (0. . .@cy feg ®0D. ..) := (0,...,cx(2)f(2),0,...)

kth Lth

for all fin L?(T, ). O

Lemma 3.15. If 7 : Wy — B(H) is a representation such that
m(Ag) # 0, then there exists n in NU {oo} such that nmp is (unitarily
equivalent to) a subrepresentation of .

Proof. By hypothesis E := 7(Ay) is a nonzero projection. Let n be the
dimension of Ran E as a Hilbert space. Corresponding to any choice
of an orthonormal basis of Ran E, which will have cardinality n, there
is a decomposition of F into a direct sum, which yields the statement
exactly as in the proof of Lemma 3.14. U

Theorem 3.16. If m is a non-degenerate representation of Oy, on a
separable Hilbert space, then there exists a sequence { (g, my) : k > 0},
with uy being positive (possibly zero) Borel measures on T and my, :
T — NU {co} measurable functions for all k > 0 such that

&)
= @/T mu(2) T, A,

k>0

where, for every z in T, my(2)7 . is the ampliation of 7y, , with multi-
plicity my(z).

Proof. Since 7 is non-degenerate, the set {i > 0 : m(s;) # 0} is not
empty. Let n be its minimum. As in the proof of Proposition 3.10, 7
factors as m = p o p,, where p is an irreducible representation of the
quotient algebra Oy, /J, = Oa,. Up to this isomorphism, p can be
seen as a representation 7’ of 04, such that 7'(sg) # 0. By applying
Lemma 3.14, we then see that m must contain a subrepresentation of
the type fTEB Tn,» Afin, for some measure fi,,. It is now clear how to
go on. Denote by H, C I the m-invariant subspace corresponding
to the above subrepresentation. If H,, = H,, there is nothing to do.
Otherwise we can consider its orthogonal complement H:-, and repeat
the procedure by considering the minimum, say n’, of the set {i >
0 : m(s;) [9.7# 0} Note that n’ > n. As in the first part of the

proof, there exists a positive measure p,s such that ff otz dptyy s a

subrepresentation of Tycr, which acts on H,» C HE I H, ® Hy
exhaust H,, we are done. If H, & H, is a proper subspace of H,,
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then we can reason as above on (H, ® H, ). By continuing to reason
in this way, we get a (possibly finite) sequence of mutually orthogonal
m-invariant subspaces, on each of which 7 is (unitarily equivalent to)
a direct integral of the type above. By construction, the orthogonal
complement of the direct sum of these subspaces yields a degenerate
representation. But then this orthogonal complement must be zero by
hypothesis since 7 is assumed non-degenerate. U

Corollary 3.17. If m is a non-degenerate representation of Wy on a
separable Hilbert space, then there exist n € NU {oo} and a sequence
{(p, mg) = k > 1}, with py, being positive (possibly zero) Borel measures
on T and my : T — N U {oo} measurable functions for all k > 0 such

that .
T nrp @ (@/ my(2) Tk, duk) .
T

k>1
3.2. Weakly anti-monotone (*-algebra. Reversing the order in

which the indices appear, one can consider a weakly anti-monotone
Fock space on N:

Fuam(C*(N)) := P Hy

where Hj, is the linear span of the set of vectors e;, ®e;, ® -+ ® e;,
with £ € Nand 1 <1y <iy < ... <y, whereas Hy = CS).

On Fyum(F*(N)) weakly anti-monotone creation (annihilation) opera-
tors AZT (A;), i > 1, can be defined as we did in the previous sections.
Precisely, the action of Al on the orthonormal basis of Fyanm(H) is
AlQ = ¢; and

eiRe, e, Qe ifi<iy

fe R es =
Ajei, ®e;, ®--- Qe { 0 otherwise,

As usual, we denote by A; the adjoint of AZT for all i > 1.

We denote by WE C B(Fpam(F%(N))) the C*-subalgebra generated by
the set {A;, Al : i > 1} and refer to it as the anti-monotone C*-algebra.
Note that Wy is a unital C*-algebra, for AlAI is the identity on
Fuwam(C(N)).

Proposition 3.18. The orthogonal projection onto the vacuum does
not belong to Wg.

Proof. Tt is a straightforward adaptation of the proof of Proposition
2.6: it is enough to replace the s there with the maximum of the set of
all indices appearing in the words of X,, (note that now indices appear
in increasing order). O
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Again, from the fact that the projection onto the vacuum does not
sit in W{; we see that W{ cannot be type L.

Corollary 3.19. WY, is not a type-I C*-algebra.

ACKNOWLEDGMENTS

The first three authors acknowledge the support of Italian INDAM-
GNAMPA, being partially supported by Progetto GNAMPA 2023 CUP
E55F22000270001 “Metodi di Algebre di Operatori in Probabilita non
Commutativa”. The first three authors are also supported by Italian
PNRR Partenariato Esteso PE4, NQSTI.

REFERENCES

[1] Abadie B., Dykema K. Unique ergodicity of free shifts and some other auto-
morphisms of C*-algebras, J. Oper. Theory 61 (2009), 279-294.

[2] An Huef A., Raeburn 1. The ideal structure of the Cuntz-Krieger algebras,
Ergod. Theory Dyn. Syst. 17 (1997), 611-624.

[3] Boava, G., de Castro, G. Infinite sum relations on universal C*-algebras J.
Math. Anal. Appl. 507 (2022), no. 2, Paper No. 125850

[4] Crismale V. Unique ergodicity and weakly monotone Fock space, Springer
Proceedings in Mathematics and Statistics, 2022, 390, 227-235.

[5] Crismale V., Del Vecchio S., Rossi S. On the monotone C*-algebra, Linear
Algebra Appl. 659 (2023), 33-41.

[6] Crismale V., Fidaleo F., Griseta M. E. Wick order, spreadability and ex-
changeability for monotone commution relations, Ann. Henri Poincaré, 19
(2018), 3179-3196.

[7] Crismale V., Fidaleo F., Lu Y. G. Frgodic theorems in quantum probability:
an application to monotone stochastic processes, Ann. Sc. Norm. Super. Pisa
CL Sci. (5) 17 (2017), 113-141.

[8] Crismale V., Griseta M. E., Wysoczaniski J. Weakly monotone Fock space
and monotone convolution of the Wigner law, J. Theoret. Probab. 33 (2020),
268-294.

[9] Crismale V., Griseta M. E.;, Wysoczanski J. Distributions for nonsymmet-
ric monotone and weakly monotone position operators, Complex Anal. Oper.
Theory 15 (2021), Paper No. 101.

[10] Cuntz J., Krieger W. A Class of C*-Algebras and Topological Markov Chains,
Invent. Math 56 (1980), 251-268.

[11] Cuntz, J. A class of C*-algebras and topological Markov chains. II. Reducible
chains and the Ext-functor for C*-algebras, Invent. Math. 63 (1981), no. 1,
25—40.

[12] Dixmier J. von Neumann algebras, North-Holland Mathematical Library, 27,
Amsterdam-New York, 1981.

[13] Exel R., Laca M. Cuntz-Krieger algebras for infinite matrices, J. Reine
Angew. Math. 512 (1999), 119-172.

[14] Glimm J. Type I C*-algebras, Ann. Math. 73 (1961), 572-612.

[15] Griseta M.E., Wysoczaniski, J. Finitely generated weakly monotone C*-
algebra, in preparation.



Y¥ITONOFRIO CRISMALE, SIMONE DEL VECCHIO, STEFANO ROSSI, AND JANUSZ WYSOCZANSKI

[16] Lu Y. G. An interacting free Fock space and the arcsine law, Probab. Math.
Statist. 17 (1997), 149-166.

[17] Muraki N. Monotonic convolution and monotonic Lévy-Hincin formula,
preprint, 2000.

[18] Muraki N., Monotonic independence, monotonic central limit theorem and
monotonic law of small numbers, Infin. Dimens. Anal. Quantum Probab. Re-
lat. Top. 4 (2001), 39-58.

[19] Muraki N. The five independences as natural products, Infin. Dimens. Anal.
Quantum Probab. Relat. Top. 6 (2003), 337-371.

[20] Raeburn I., Szymanski W. Cuntz-Krieger algebras of infinite graphs and ma-
trices, Trans. Amer. Math. Soc. 356 (2003), 39-59.

[21] Sakai S. On type I C*-algebras, Proc. Amer. Math. Soc. 18 (1967), 861-863.

[22] Saitoh N., Yoshida H. The infinite divisibility and orthogonal polynomials with
a constant recursion formula in free probability theory, Prob. Math. Stat. 21
(2001), 159-170.

[23] Wysoczaniski, J., Monotonic independence on the weakly monotone Fock space
and related Poisson type theorem Infin. Dimens. Anal. Quantum Probab. Re-
lat. Top. 8 (2005), no. 2, 259-275.

[24] Wysoczanski, J., The von Neumann algebra associated with an infinite num-
ber of t-free moncommutative Gaussian random variables Banach Center
Publ., 73, Warsaw 2006, 435—438.

[25] Wysoczaniski J., Monotonic independence associated with partially ordered
sets Infin. Dimens. Anal. Quantum Probab. Relat. Top. 10 (2007), no. 1,
17-41.

[26] Wysoczanski J., bm-independence and bm-central limit theorems associated
with symmetric cones Infin. Dimens. Anal. Quantum Probab. Relat. Top. 13
(2010), no. 3, 461-488.

VITONOFRIO CRISMALE, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI
STUDI DI BARI, VIA E. ORABONA, 4, 70125 BARI, ITALY
Email address: vitonofrio.crismale@uniba.it

SIMONE DEL VECCHIO, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI
STUDI DI BARI, VIA E. ORABONA, 4, 70125 BARI, ITALY
Email address: simone.delvecchio@uniba.it

STEFANO ROSSI, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI
DI BARI, ViA E. ORABONA, 4, 70125 BARI, ITALY
Email address: stefano.rossi@uniba.it

JANUSZ WYSOCZANSKI, DEPARTMENT OF MATHEMATICS, WROCLAW UNIVER-
SITY, PLAC GRUNWALDZKI 2, 50-384 WROCLAW, POLAND
Email address: jwys@math.uni.wroc.pl



