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WEAKLY-MONOTONE C∗-ALGEBRAS AS EXEL-LACA

ALGEBRAS

VITONOFRIO CRISMALE, SIMONE DEL VECCHIO, STEFANO ROSSI,
AND JANUSZ WYSOCZAŃSKI

Abstract. An abstract characterization of weakly monotone C∗-
algebras, namely the concrete C∗-algebras generated by creators
and annihilators acting on the so-called weakly monotone Fock
spaces, is given in terms of (quotient of) suitable Exel-Laca alge-
bras. The weakly monotone C∗-algebra indexed by N is shown
to be a type-I C∗-algebra and its representation theory is entirely
determined, whereas the weakly monotone C∗-algebra indexed by
Z is shown not to be of type I.
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1. Introduction

One of the most relevant notions in Classical Probability, stochastic
independence for σ-algebras and random variables is intimately tied
to the possibility of factorizing the underlying probability space into a
product space. In addition, factorizing the probability space amounts
to factorizing the Hilbert space of all its square-integrable random vari-
ables into a Hilbert tensor product of suitable subspaces. Quite remark-
ably, this is the only notion of independence encountered in Classical
Probability. Noncommutative Probability, by contrast, features several
different ways in which stochastic variables can be independent, and
each of these notions leads to its own central limit theorem. A thor-
ough account of the various forms of non-commutative independence
can be found in e.g. [19].
For the purposes of the present paper, however, we can limit ourselves
to mentioning the so-called monotone independence, which was intro-
duced in [16] and in [18]. It was soon realized that the central limit
distribution associated with monotone independence is the arcsine law.
This result was obtained in [18] in a C∗-algebraic setting for a sequence
of self-adjoint random variables which are monotone independent with
respect to a given state. An interesting application was also given in
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the aforementioned paper by looking at the so-called position operators
acting on a suitably contrived Hilbert space, the monotone Fock space.
Shortly after, the so-called weakly monotone Hilbert space was defined
in [23] along with a countable family of annihilators and creators (fur-
ther generalizations of weakly monotone independence such as the so-
called bm-independence were introduced and studied in [25] and [26]).
In the more recent paper [8], it is shown that the C∗-subalgebras gen-
erated by a single annihilator are a family of monotone independent
algebras with respect to the vacuum state, that any self-adjoint posi-
tion operator has the Wigner distribution in the vacuum, and that the
distribution of any finite sum of such position operators, which is given
by the monotone convolution [17] of the Wigner distribution with itself,
is absolutely continuous with a support that can be described explic-
itly. The distribution of the so-called non-symmetric position operator
is no longer given by the Wigner law, being in fact a free Meixner [22],
as proved in [9], where its monotone convolution is also studied.
As well as providing models where monotone independence holds,

the concrete C∗-algebras generated by annihilators and creators on the
monotone Fock spaces mentioned above are also worth studying as C∗-
algebras in their own right. For instance, in the recent paper [5] the
so-called (strictly) monotone C∗-algebra is shown to be a universal C∗-
algebra which can be assigned abstractly in terms of generators and
relations. Among other things, this turns out to be useful to simplify
the task of exhibiting its approximately finite-dimensional C∗-algebra
structure.
When weakly monotone Fock spaces are considered, the corresponding
concrete C∗-algebras are still liable to being characterized abstractly.
One marked difference, though, is that the approximately finite-dimensional
structure can by no means be obtained, in that the localized subalge-
bras are no longer matrix algebras, being more or less akin to the
Coburn algebra instead. This is the case of weakly monotone C∗-
algebras with finitely many generators, which in [15] are shown to be
isomorphic with (quotients of) suitable Cuntz-Krieger algebras. These
are a much studied class of C∗-algebras introduced in the celebrated
paper [11] as universal C∗-algebras generated by nonzero partial isome-
tries Si, indexed by a finite set Σ, with relations for their support
projections Qi = S∗

i Si and range projections Pi = SiS
∗
i , known as

Cuntz-Krieger relations, given by a finite matrix A = (aij)i,j∈Σ, with
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entries aij ∈ {0, 1}:

PiPj = 0 if i 6= j

Qi =
∑

j∈Σ

aijPj .

In this paper, we turn our attention to weakly monotone C∗-algebras
with infinitely many generators. Characterizing such algebras in terms
of generators and relations poses a slightly harder problem, in that
relations involving infinitely many terms may possibly show up. One
way to overcome this problem is to make use of so-called Exel-Laca
algebras, see [13], which can be thought of generalized Cuntz-Krieger
algebras arising from infinite matrices whose entries are all zeros and
ones. That is exactly what we do to obtain Theorem 2.4, where the
weakly monotone C∗ algebra with generators indexed by Z, OA, is
presented as the Exel-Laca algebra associated with the infinite matrix
A = (ai,j)i,j∈Z with ai,j = 1 if i ≥ j and ai,j = 0 otherwise. Another
possible strategy would be to apply the more recent approach devel-
oped in [3].
Interestingly, when the generators are indexed by N, the corresponding
weakly monotone C∗-algebra, OAN

, can be handled more directly in
terms of generators and relations because each defining relation only
involves finitely many terms. In fact, Proposition 3.5 and Corollary
3.6 provide a space-free description of OAN

respectively as a quotient
of an inductive limit of Cuntz-Krieger C∗-algebras and the universal
C∗-algebra with given generators and relations.
Changing the index set from Z to N causes even more striking con-
sequences to occur. To begin with, the projection onto the vacuum
vector does belong to (a natural representation of) OAN

, whereas it
does not sit in OA, Proposition 2.6. Whether the projection onto the
vacuum belongs or not to our weakly monotone C∗-algebras has deep
ramifications in the resulting representation theory. Precisely, OA is
not a C∗-algebra of type I, Corollary 2.7, meaning OA has represen-
tations of all types. By contrast, OAN

turns out to be a C∗-algebra
of type I, Corollary 3.12, as we prove after determining all irreducible
representations, Theorem 3.10. Moreover, in Theorem 3.16 we show
how every representation π of OAN

on a separable Hilbert space may
be decomposed into a direct integral of irreducible representations in a
rather canonical and explicit fashion, which is determined by the anal-
ogous decomposition of π(s0), where s0 is the only normal generator of
OAN

. Lastly, substituting the index set N for Z prevents the shift auto-
morphism τ on OA, whose ergodic properties are thorougly discussed
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in Subsection 2.2, from acting on OAN
.

Finally, the property of being type I does not depend only on the cho-
sen index set, for it also depends on the monotone relations as well.
In fact, in Corollary 3.19 we show that the so-called anti-monotone
C∗-algebra on N fails to be of type I.

2. Weakly monotone C∗-algebra on Z

We consider the Hilbert space H := ℓ2(Z) endowed with its canonical
orthonormal basis {ek : k ∈ Z}. The weakly monotone Fock space on
ℓ2(Z), which we denote by Fwm(H), is the closed subspace of the full
Fock space generated by simple tensors of the type

ei1 ⊗ ei2 ⊗ · · · ⊗ eik with k ∈ N and i1 ≥ i2 ≥ · · · ≥ ik .

The length of a simple tensor as above is just the number k, which will
be sometimes referred to as the number of particles of the vector itself.
Obviously, having length equal to zero corresponds to considering the
vacuum vector Ω. For every k ≥ 0, we denote by Hk ⊂ Fwm(H) the
closed subspace generated by all possible simple tensors whose length is
k. The subspace Hk will often be referred to as the k-particle subspace.
Notice that H0 is the one-dimensional subspace spanned by Ω. Observe
that Fwm(H) decomposes into a direct sum as

Fwm(H) =
∞⊕

k=0

Hk .

We next recall how weakly monotone creators and annihilators are
defined on Fwm(H). For every i ∈ Z, we consider the monotone creator

A†
i which acts by creating a particle in the state ei whenever this is

possible. More explicitly, the action of A†
i on the orthonormal basis of

Fwm(H) is A†
iΩ = ei and

A†
i ei1 ⊗ ei2 ⊗ · · · ⊗ eik :=

{
ei ⊗ ei1 ⊗ ei2 ⊗ · · · ⊗ eik if i ≥ i1
0 otherwise,

The corresponding annihilator Ai is nothing but the adjoint of A†
i , that

is AiΩ = 0 and

Ai ei1 ⊗ ei2 ⊗ · · · ⊗ eik := δi,i1ei2 ⊗ · · · ⊗ eik

where δi,j is the Kronecker symbol.
By their very definition, creators and annihilators are partial isome-
tries. Furthermore, the ranges of the creators are mutually orthogonal,
that is

AiA
†
j = 0 if i 6= j .
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As a consequence of the structure of the weakly monotone Fock space,
we also have

A†
iA

†
j = AjAi = 0 if i < j .

In addition, the initial and final projections of our partial isometries
satisfy the relation

AiA
†
i = I −

∑

k>i

A†
kAk for every i ∈ Z ,

where the convergence of the series is understood in the strong oper-
ator topology, and I is the identity operator on the weakly monotone
Fock space.

As well as satisfying the relations above, the weakly monotone op-
erators also satisfy a couple of equalities which are very much like
Cuntz-Krieger relations and which will play a role when one wants to
characterize the concrete C∗-algebra generated by these operators as
a universal algebra defined in terms of generators and relations. With
this aim in mind, let us introduce a suitable infinite matrix A whose
entries are all zeros or ones. This is given by A = (ai,j)i,j∈Z with ai,j = 1
if i ≥ j and ai,j = 0 otherwise. The extra relations we alluded to are

AiA
†
iA

†
j = ai,jA

†
j , for all i, j ∈ Z

AiA
†
i + A†

i+1Ai+1 = Ai+1A
†
i+1 , for all i ∈ Z

We denote by W0 the concrete ∗-algebra generated by the countable
set {Ai : i ∈ Z} of the annihilators acting on the weakly monotone Fock
space Fwm(H). As happens with the monotone ∗-algebra, see [6], it is
also possible to exhibit a Hamel basis for W0 quite explicitly. To this
end, we denote by Γ the (countable) set of all words in the generators
of the type

(A†
i1
)k1 · · · (A†

im
)kmAl1

j1
· · ·Aln

jn
,

with i1 > · · · > im and j1 < · · · < jn, as k1, . . . , km and l1, . . . ln vary in
N for every n,m. The subset {A†

iAi : i ∈ Z} ⊂ Γ is clearly in bijection
with Z. We denote by Λ its complement in Γ.

Proposition 2.1. The words in Λ
⋃{AiA

†
i : i ∈ Z} make up a Hamel

basis for W0.

The proof of the above result can be done in much the same way as
the monotone case and is found in [4].
The norm closure ofW0 in B(Fwm(H)) will be denoted byW, which will
be referred to as the concrete weakly monotone C∗-algebra. Arguing as
in [7, Proposition 5.8], one sees that the identity operator I on Fwm(H)
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does not belong to W. We then denote by W̃ the unital C∗-subalgebra

of B(Fwm(H)) generated by {Ai : i ∈ Z}, in other words we have W̃ =

{W+λI : W ∈ W, λ ∈ C}. We now move on to address bothW and W̃.
We point out here that W is an irreducible C∗-algebra of B(Fwm(H).
This can be seen easily, but it also a straightforward consequence of
Proposition 2.16, where we show that even the subalgebra generated
by the set {Ai + A†

i : i ∈ Z} is irreducible.
We start by showing that the monotone C∗-algebra (see e.g. [7, 5]),
in which the squares of all creators are zero, cannot be obtained as a
quotient of the weakly monotone C∗-algebra, for the ideal generated
by all powers A2

i is in fact the whole algebra.

Proposition 2.2. The closed two-sided ideal I ⊂ W generated by the
set {A2

i : i ∈ Z} coincides with the whole C∗-algebra W.

Proof. The statement amounts to proving that the quotient W/I is
trivial. Denote by ρ : W → W/I the canonical projection onto the
quotient. Multiplying the equality

ρ(A†
i+1)ρ(Ai+1) = −ρ(Ai)ρ(A

†
i ) + ρ(Ai+1)ρ(A

†
i+1)

by ρ(Ai+1)ρ(A
†
i+1) on the right, we get ρ(Ai)ρ(A

†
i) = ρ(Ai+1)ρ(A

†
1+1)

for every i ∈ Z. This implies ρ(A†
i+1)ρ(Ai+1) = 0, hence ρ(Ai+1) = 0

for every i ∈ Z, thus W/I = 0. �

Remark 2.3. The property stated above continues to hold at the ∗-
algebra level: the two-sided ideal I ⊂ W0 generated by the set {A2

i :
i ∈ Z} is again equal to W0. Indeed, one can argue as in the proof

above to get ρ(A†
i+1)ρ(Ai+1) = 0 (here ρ is the canonical projection

of W0 onto W0/I. But then the equality ρ(Ai)ρ(A
†
j)ρ(Aj) = δi,jρ(Aj)

leads directly to ρ(Ai) = 0 for every i ∈ Z.

2.1. Space-free characterization of the weakly monotone C∗-

algebra. We are now ready to give W (and W̃) a space-free charac-
terization as an abstract C∗-algebra in terms of the C∗-algebras OA

(or ÕA) associated with a possibly infinite matrix A. This class of C∗-
algebras was introduced and studied by Exel and Laca in [13] as a wide
generalization of the Cuntz-Krieger algebras.
For convenience, let us rather briefly recall how these C∗-algebras are
defined. Let A = (ai,j)i,j∈I be a matrix whose entries are indexed by
a possibly infinite set I. Suppose that the entries of A are all zeros
and ones and that A has no identically zero rows. Let X, Y be finite
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subsets of I. For every j ∈ I, define

a(X, Y, j) =
∏

x∈X

ax,j
∏

y∈Y

(1− ay,j) .

Working under the additional condition that for any finite subsets
X, Y ⊂ I there are only finitely many j’s such that a(X, Y, j) = 1, it is
possible to consider a C∗-algebra OA, which is the universal C∗-algebra
generated by a family of partial isometries {si : i ∈ I} satisfying the
following properties:

(1) qi and qj commute for all i, j ∈ I,
(2) pi ⊥ pj , for all i, j ∈ I with i 6= j
(3) qipj = ai,jpj, for all i, j ∈ I
(4)

∏
x∈X s∗xsx

∏
y∈Y (1− s∗ysy) =

∑
j∈Z a(X, Y, j)sjs

∗
j

where qi and pi are respectively the final and initial projections of si,
that is qi = s∗i si and pi = sis

∗
i .

Notice that the above relations are exactly what in [13] are referred to
as TCK1)−TCK3) and (1.3). Furthermore, condition (2) is equivalent
to s∗i sj = 0 if i 6= j and condition (3) is equivalent to qisj = ai,jsj , for
all i, j ∈ I.
Before continuing our analysis, it is worth pointing out that OA does
not have a unit, as follows from [13, Proposition 8.5]; we will denote

the corresponding unitalized algebra by ÕA (with unit 1).
Henceforth, we will work with matrices indexed by Z, the set of integer
numbers. More precisely, we consider A = (ai,j)i,j∈Z with entries ai,j
given by ai,j = 1 if i ≥ j and ai,j = 0 otherwise. Our next goal is
to show that this particular choice of the matrix leads to the sought
abstract characterization of the weakly monotone C∗-algebra. To this
end, we start by observing that the matrix A above satisfies the hy-
potheses of Theorem 13.1 in [13]. The relevant consequence of this is
that OA enjoys the following property: any non-trivial two-sided ideal
of OA must contain at least one of the generators si.

Theorem 2.4. The map OA ∋ si 7→ A†
i ∈ W, i ∈ Z, extends to a

faithful representation of OA. In particular, W ∼= OA.

Proof. In order to see that the map in the statement extends to a ∗-
representation of OA, by universality of OA it is enough to ascertain
that the operators A†

i satisfy the relations (1)–(4) (see also Theorem
8.6 in [13]). Now the first three relations are entirely obvious. Relation
(4) does need to be checked. To this end, let X, Y be finite subsets
of Z. We have to show that there are only finitely many j’s such that
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a(X, Y, j) is different from 0 and that the equality
∏

x∈X

AxA
†
x

∏

y∈Y

(1−AyA
†
y) =

∑

j∈Z

a(X, Y, j)A†
jAj

holds. We first observe that the left-hand side of the equality above
is AMA†

M(1 − ANA
†
N), where M := minX and N := maxY . Note

that a(X, Y, j) is different from 0 if and only if N < j ≤ M . There
are two cases to deal with depending on whether M > N or not.
If M > N , then the set of those j such that a(X, Y, j) is different

from 0 is non-empty, and the equality is satisfied as
∑

N<j≤M A†
jAj =

AMA†
M −ANA

†
N . If M ≤ N , then the set of the j’s such that a(X, Y, j)

is different from 0 is empty and both sides of the equality are zero.
We next prove that π is a faithful representation. We will argue by
contradiction. Let I ⊂ OA be the kernel of π. If I were not zero, then
there should exist i0 ∈ Z such that si0 ∈ I. But then we would have

A†
i0
= π(si0) = 0, which of course is not true. �

Remark 2.5. It is worth noting that Relation (4) is equivalent to
requiring qj+1 = qj + pj+1 for all j in Z.

Our next aim is to show that OA is not a type-I C∗-algebra. To
accomplish this goal, we first show that the projection PΩ onto the
vacuum does not sit in OA .

Proposition 2.6. The orthogonal projection PΩ onto the vacuum does
not belong to W.

Proof. We shall argue by contradiction. Suppose on the contrary that
PΩ does belong to W. Then there exists a sequence {Xn : n ∈ N}, with
each Xn sitting in the ∗-algebra W0 generated by {Ai : i ∈ Z} such
that ‖PΩ −Xn‖ ≤ 1

2n
for all n in N. There is no loss of generality if we

assume that the Xn’s are of the form Tn +
∑

k∈Fn
α
(n)
k AkA

†
k, where, for

each n, Tn is a finite linear combination of words in Λ (as in Proposition

2.1), Fn ⊂ Z is a finite set, and α
(n)
k are complex coefficients for all k

in Fn. Now the inequality

(2.1)

∥∥∥∥PΩ −
(
Tn +

∑

k∈Fn

α
(n)
k AkA

†
k

)∥∥∥∥ ≤ 1

2n

computed on the vacum vector Ω gives
∥∥Ω− (TnΩ+

∑
k∈Fn

α
(n)
k Ω)

∥∥ ≤
1
2n
. Because TnΩ is either 0 or a vector orthogonal to Ω, we find∥∥(1−∑

k∈Fn
α
(n)
k )Ω

∥∥ ≤ 1
2n
, that is

∣∣1−∑
k∈Fn

α
(n)
k

∣∣ ≤ 1
2n

for all n.
In particular, we can fix n = 2. Computing Inequality (2.1) on a
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vector es, where s in Z is any integer smaller than the minimum of
the set of all indices of creators/annihilators showing up in X2, we

now find
∥∥T2es −

∑
k∈F2

α
(2)
k es

∥∥ ≤ 1
4
. As above, T2es is orthogonal to

es, hence the inequality implies that in particular we must also have∣∣∑
k∈F2

α
(2)
k

∣∣ ≤ 1
4
, and an absurd has been got to since we also had∣∣1−∑

k∈Fn
α
(2)
k

∣∣ ≤ 1
4
. �

Corollary 2.7. OA is not a C∗-algebra of type I.

Proof. The Fock representation of OA is irreducible, but nevertheless
its range fails to contain all compact operators because PΩ does not sit
in W. Thus the thesis follows from a well-known characterization of
separable type-I C∗-algebras [14]. �

Remark 2.8. The unitalization ÕA of OA continues not to be a type-I
C∗-algebra.

2.2. Ergodic properties of the shift. Let us denote by τ the (unital)

∗-automorphism of OA ( or ÕA) uniquely determined by τ(si) = si+1

for all i ∈ Z. As we are interested in studying the ergodic properties
of the shift, it might be worth recalling the notions from ergodic the-
ory that are relevant in our analysis. By a C∗-dynamical system we
mean a pair (A,Φ), where A is a (unital) C∗-algebra and Φ a (unital)
∗-homomorphism. A state ω on A is invariant under Φ if ω ◦ Φ = ω.
The compact convex set of all invariant states of a C∗-dynamical sys-
tem (A,Φ) is denoted by SΦ(A). A C∗-dynamical system (on a unital
C∗-algebra) is said to be uniquely ergodic if SΦ(A) is a singleton, that
is if the system only has one invariant state; in this case it is easy to
see that the fixed-point subalgebra A

Φ := {a ∈ A : Φ(a) = a} is trivial,
i.e. AΦ = C.
More in general, a C∗-dynamical system is uniquely ergodic with re-
spect to the fixed-point algebra if any state of AΦ has exactly one
Φ-invariant extension to the whole A. Unique ergodicity with respect
to the fixed-point subalgebra was first introduced in [1], where it was
characterized in terms of a number of equivalent conditions: one of
those is that for every a in A the Cesàro average 1

n+1

∑n+1
k=0 Φ

k(a) con-

verges in norm to an element of AΦ.

Proposition 2.9. The C∗-dynamical system (ÕA, τ) is not uniquely
ergodic w.r.t. the fixed-point subalgebra.

Proof. Since ÕA and W̃ are isomorphic, we may as well work at the
Fock space level. To prove the result, it is enough to exhibit an op-

erator T ∈ W̃ such that the Cesaro averages 1
n

∑n−1
k=0 τ

−k(T ) do not
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converge in norm. We will show that T = A0A
†
0 will do. First note

that 1
n

∑n−1
k=0 τ

−k(A0A
†
0) = 1

n

∑n−1
k=0 A−kA

†
−k. Now the decreasing se-

quence of projections {A−kA
†
−k : k ∈ N} strongly converges to PΩ. In

particular, the sequence 1
n

∑n−1
k=0 A−kA

†
−k also converges to PΩ strongly.

However, the convergence does not hold in norm because

∥∥∥∥∥PΩ − 1

n

n−1∑

k=0

A−kA
†
−k

∥∥∥∥∥ ≥
∥∥∥∥∥PΩe−n −

1

n

n−1∑

k=0

A−kA
†
−ke−n

∥∥∥∥∥ = ‖e−n‖ = 1 .

�

Lemma 2.10. For any word Y ∈ Λ, one has
∥∥∥∥∥
1

n

n−1∑

k=0

τk(Y )

∥∥∥∥∥ ≤ 1√
n
, for all n ∈ N .

Proof. We claim that the estimate
∥∥∥∥∥

n∑

j=1

A†
jηj

∥∥∥∥∥

2

≤ n max
1≤j≤n

‖ηj‖2

holds when the vectors ηj all belong to a k-particle subspace, for some
fixed k ≥ 1.
Let Y = (A†

i1
)k1 · · · (A†

im
)kmAl1

j1
· · ·Aln

jn
be a word featuring at least one

creator. If ξ is a unit vector lying in a m-particle subspace, define
ξk := τk

(
(A†

i1
)k1−1(A†

i2
)k2 · · · (A†

im
)kmAl1

j1
· · ·Aln

jn

)
ξ. Note that ‖ξk‖ ≤ 1

and that all vectors ξk belong to a common r-particle space (with r =
m+ k1 − 1 + k2 + . . .+ km − (l1 + . . .+ ln)). But then we have

∥∥∥∥∥

n−1∑

k=0

τk(Y )ξ

∥∥∥∥∥ =

∥∥∥∥∥

n−1∑

k=0

A†
i1+kξk

∥∥∥∥∥ ≤
√
n

which is exactly the property in the statement as m is arbitrary.
The case of a Y with no creators at all is straightforwardly reconducted
to the previous case by taking the adjoint of Y .
All is left to do is prove the estimate, which can be done as follows

∥∥∥∥∥

n∑

j=1

A†
jηj

∥∥∥∥∥

2

=

〈
n∑

j=1

A†
jηj ,

n∑

l=1

A†
l ηl

〉
=

n∑

j,l=1

〈
AlA

†
jηj, ηl

〉
=

n∑

j,l=1

δj,l

〈
AlA

†
jηj , ηl

〉
=

n∑

j=1

‖A†
jηj‖2 ≤

n∑

j=1

‖ηj‖2 ≤ n max
1≤j≤n

‖ηj‖2.

�
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The next result provides the description of all τ -invariant states on

ÕA. This set turns out to be the segment whose endpoints are the

vacuum state ωΩ (its natural extension to ÕA) on ÕA and the state at
infinity ω∞ (that is ω∞(a + λ1) = λ, for all a in OA).

Theorem 2.11. The set of all shift invariant states on ÕA is given by

S
τ (ÕA) = {tωΩ + (1− t)ω∞ : t ∈ [0, 1]} .

Proof. Let ω be a shift-invariant state on ÕA
∼= W̃. It suffices to show

that the restriction of ω to the dense ∗-algebraW0+CI ⊂ W̃ is a convex
combination of the vacuum state and the state at infinity. Now any
element X of W0+CI can be written as a sum X = γI+

∑
λ∈F cλYλ+∑

j∈G βjAjA
†
j , where F and G ⊂ Z are finite sets, for each λ ∈ F the

element Yλ is a word in the set Γ we defined above, and the cλ’s and the
βj’s are complex coefficients. By Lemma 2.10 we have that, for every λ

in F , the averages 1
n

∑n−1
k=0 τ

k(Yλ) converges in norm to 0, which means

ω(Yλ) = ω
(
1
n

∑n−1
k=0 τ

k(Yλ)
)
must be zero as well.

Furthermore, by invariance ω(AjA
†
j) cannnot depend on j ∈ Z, so we

can define t := ω(AjA
†
j). Since 0 ≤ AjA

†
j ≤ I, we have 0 ≤ t ≤ 1.

From the two equalities ω∞(X) = γ and ωΩ(X) = γ+
∑

j βj , we finally
find

ω(X) = γ + t
∑

j

βj = ω∞(X) + t(ωΩ(X)− ω∞(X))

= tωΩ(X) + (1− t)ω∞(X) .

�

Our ultimate goal is to show that the fixed-point subalgebra of the
shift is trivial. This will follow easily from a possibly known general
fact, which we include below for convenience.

Lemma 2.12. Let (A,Φ) be a C∗-dynamical system. Any pure state
on AΦ can be extended to an extreme invariant state on A.

Proof. Let ω be a pure state on A
Φ. Define the set

Cω := {ϕ ∈ S
Φ(A) : ϕ ↾AΦ= ω} .

Observe that Cω is a non-empty (weakly*) compact convex set. There-
fore, by the Krein-Milman theorem Cω contains extreme points. Let
ϕ0 any such state. We need to show that ϕ0 is extreme in SΦ(A). To
this end, let ϕ1, ϕ2 be states in S

Φ(A) such that ϕ0 = tϕ1+(1−t)ϕ2 for
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some t with 0 < t < 1. In particular, by restricting the above equality
to the fixed-point subalgebra we find

ω = ϕ0 ↾AΦ= tϕ1 ↾AΦ +(1− t)ϕ2 ↾AΦ .

Since ω is pure by assumption, we must have ϕ1 ↾AΦ= ϕ2 ↾AΦ= ω. This
means that ϕ1 and ϕ2 actually lie in Cω. But because ϕ0 is extreme in
Cω, ϕ1 and ϕ2 must be the same state, and the proof is complete.

�

Theorem 2.13. The fixed-point subalgebra of the dynamical system

(ÕA, τ) is trivial.

Proof. Let T : Sτ (ÕA) → S(ÕA

τ
) be the restriction map, that is

T (ϕ) := ϕ ↾Oτ

A
, ϕ ∈ S

τ (ÕA) .

T is a surjective continuous affine map between compact convex sets

by Lemma 2.12. Now, by Theorem 2.11 the convex set Sτ (ÕA) has
exactly two extreme points as it is a segment. Therefore, the fixed-

point subalgebra ÕA

τ
can have at most two pure states as follows from

Lemma 2.12. The conclusion will then be achieved if we show that
ÕA

τ
cannot have exactly two pure states. If ÕA

τ
had two pure states,

then S(ÕA

τ
) would be a segment as well and the map T would thus

be a homeomorphism. However, this is not the case since T cannot

be injective as (ÕA, τ) is not uniquely ergodic w.r.t. the fixed-point

subalgebra, as shown in Proposition 2.9. The only possibility for ÕA

τ
is

then to have one pure state, which is the same as having ÕA

τ
= C1. �

Remark 2.14. Without any further effort, one can also see that Oτ
A =

0 and Sτ (OA) = {ωΩ}.
2.3. Irreducibility of the self-adjoint subalgebra. For every i ∈
Z, we define a weakly monotone position operator as Xi := Ai + A†

i .
Throughout the paper the unital C∗-algebra generated by all position
operators, A := C∗(I, {Xi : i ∈ Z}), will be referred to as the self-
adjoint subalgebra of W.

Lemma 2.15. It holds

lim
N→∞

1

2N + 1

N∑

i=−N

X2
i = PΩ +

1

2
(I − PΩ)

in the strong operator topology.

Proof. The proof follows the same idea as the one of Lemma 2.2. in

[24]. Because the sequence
{

1
2N+1

∑N

i=−N X2
i

}
n∈N

is norm bounded,
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it is enough to ascertain the stated equality only on vectors of the
canonical orthonormal basis of the weakly monotone Fock space.
To begin with, note that for every i ∈ Z one has X2

i Ω = Ω + ei ⊗ ei,
hence

1

2N + 1

N∑

i=−N

X2
i Ω = Ω+

1

2N + 1

N∑

i=−N

ei ⊗ ei .

Because ‖ 1
2N+1

∑N
i=−N ei⊗ei‖2 = 1

2N+1
, the sequence 1

2N+1

∑N
i=−N X2

i Ω
converges in norm to Ω.

Let now ei1 ⊗· · ·⊗ eik be any basis vector orthogonal to the vacuum
vector, i.e. k ≥ 1. Note that for every i > i1 one has

(2.2) X2
i (ei1 ⊗ · · · ⊗ eik) = ei1 ⊗ · · · ⊗ eik + ei ⊗ ei ⊗ ei1 · · · ⊗ eik

whereas for i < i1 one has

X2
i (ei1 ⊗ · · · ⊗ eik) = 0 .

Now we have

1

2N + 1

N∑

i=−N

X2
i ei1 ⊗ · · · ⊗ eik =

1

2N + 1

N∑

i=i1

X2
i ei1 ⊗ · · · ⊗ eik

=
1

2N + 1
X2

i1
ei1 ⊗ · · · ⊗ eik +

1

2N + 1

N∑

i=i1+1

X2
i ei1 ⊗ · · · ⊗ eik ,

thus

lim
N→∞

1

2N + 1

N∑

i=−N

X2
i ei1⊗· · ·⊗eik = lim

N→∞

1

2N + 1

N∑

i=i1+1

X2
i ei1⊗· · ·⊗eik .

By taking (2.2) into account, the term in the right-hand side of the
above equality can be written as

N − i1
2N + 1

ei1 · · · ⊗ eik +
1

2N + 1

N∑

i=i1+1

ei ⊗ ei ⊗ ei1 · · · ⊗ eik .

Now

lim
N→∞

N − i1
2N + 1

ei1 · · · ⊗ eik =
1

2
ei1 · · · ⊗ eik

and

lim
N→∞

1

2N + 1

N∑

i=i1+1

ei ⊗ ei ⊗ ei1 · · · ⊗ eik = 0
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since
∥∥∥
∑N

i=i1+1 ei ⊗ ei ⊗ ei1 · · · ⊗ eik

∥∥∥ =
√
N − i1 by orthogonality. Putting

everything together, we finally have

lim
N→∞

1

2N + 1

N∑

i=−N

X2
i ei1 ⊗ · · · ⊗ eik =

1

2
ei1 ⊗ · · · ⊗ eik

and the proof is complete. �

Proposition 2.16. The self-adjoint subalgebra A ⊂ W is an irre-
ducible subalgebra of B(Fwm(H)).

Proof. We will show that the commutant A′ equals CI. To this aim,
we first point out that PΩ lies in A′′. Indeed, thanks to Lemma 2.15,
we know that T := PΩ + 1

2
(I − PΩ) certainly sits in A′′, which means

PΩ does the same being a spectral projection of T .
The second step to take is to prove that Ω is cyclic for A. We claim
that for every n ∈ N and i ∈ Z there exists a polynomial qn (which
only depends on n) such that

qn(Xi)Ω = e⊗
n

i .

This can be seen by induction on n. For n = 0 or n = 1, there is
nothing to prove as q0(x) = 1 and q1(x) = x will obviously do. As for
the inductive step, observe that from qn(Xi)Ω = e⊗

n

i we find

Xiqn(Xi)Ω = e⊗
n−1

i + e⊗
n+1

i = qn−1(Xi)Ω + e⊗
n+1

i

which says that qn+1(x) := xqn(x) − qn−1(x) satisfies qn+1(Xi)Ω =

e⊗
n+1

i .
For a general basis vector, say en1

i1
⊗ · · · ⊗ enk

ik
with i1 > . . . > ik, it is

easy to see that

qn1
(Xi1) · · · qnk

(Xik)Ω = en1

i1
⊗ · · · ⊗ enk

ik
.

We are now in a position to reach the conclusion. If E is a projection
in A′, we must have EPΩ = PΩE from which we see EΩ is either 0 or
Ω. In the first case, E = 0 because ETΩ = TEΩ = 0 for every T ∈ A,
and the conclusion follows by cyclicity. In the second case, E = I by
similar considerations.

�

3. Weakly-monotone C∗-algebra over N

As with Z, a weakly monotone Fock Hilbert space can be associated
with N as well:

Fwm(ℓ
2(N)) :=

∞⊕

k=0

Hk
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where Hk is the linear span of the set of vectors ei1 ⊗ ei2 ⊗ · · · ⊗ eik
with k ∈ N and i1 ≥ i2 ≥ · · · ≥ ik ≥ 1, whereas H0 = CΩ. On
Fwm(ℓ

2(N)) weakly monotone creation (annihilation) operatorsA†
i (Ai),

i in N, can be defined in the exact same way as we did for Z. We
denote by WN ⊂ B(Fwm(ℓ

2(N))) the C∗-subalgebra generated by the

set {Ai, A
†
i : i ∈ N}. Unlike the case of Z, the projection PΩ onto the

Fock vacuum does sit in WN, because of the identity

PΩ = A1A
†
1 − A†

1A1 .

As was the case with W, it is not too difficult to show that I does
not belong to WN either. We denote by OAN

the universal C∗-algebra
generated by a countable family {si : i = 0, 1, . . .} of partial isometries
satisfying the following relations:

(3.1) s∗i sj = 0 , for all i 6= j

(3.2) s∗i si =

i∑

k=0

sks
∗
k , for all i = 0, 1, . . .

Note that OAN
is a well-defined C∗-algebra, because the maximal

seminorm on the universal ∗-algebra generated by {si : i = 0, 1, . . .} is
finite. In addition, our C∗-algebra OAN

is not trivial as WN is clearly a
representation of OAN

.
Also note that for any z in T the set {zsi : i = 0, 1, . . .} still satis-
fies the defining relations of OAN

, which by universality implies that
there exists an automorphism αz ∈ Aut(OAN

) uniquely determined by
αz(si) = zsi for i ≥ 0. As is done in the literature, we will refer to the
automorphisms {αz : z ∈ T} as the gauge automorphisms or as the
gauge action of T on OAN

.

As a consequence of relations (3.1)–(3.2), the generators of OAN
also

satisfy relations that are more reminiscent of the concrete weakly mono-
tone C∗-algebra. To write these relations down, for i, j natural numbers
we define ai,j to be 1 if i ≥ j and 0 otherwise.

Lemma 3.1. The generators of OAN
also satisfy the following relations:

(i) sisj = 0 if i < j
(ii) s∗i sisj = ai,jsj

Proof. As for the first equality, if i < j we have sisj = sis
∗
i sisj =∑i

k=0 sisks
∗
ksj = 0 thanks to (3.1) and (3.2).

The second equality is got to similarly. Since s∗i sisj =
∑i

k=0 sks
∗
ksj, for
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s∗i sisj not to vanish we must have i ≥ j, in which case only the j-th
summand survives yielding the claimed equality. �

We would like to point out that OAN
can also be presented as the

Exel-Laca C∗-algebra [13] associated with the infinite matrix AN :=
(ai,j : i, j = 0, 1, . . .) with ai,j = 1 for all i, j with i ≥ j and 0 otherwise.
This makes it possible to apply [13, Proposition 8.5] once again to see
that OAN

fails to be unital.
We set An := C∗(s0, . . . sn) ⊂ OAN

. Note that An is invariant for the
gauge automorphisms, which clearly act on An as automorphisms.
Denote by An the n + 1 by n + 1 matrix given by An := (ai,j)i,j=0,...n,
where ai,j is the symbol we introduced before stating Lemma 3.1. Let
OAn

denote the Cuntz-Krieger algebra associated with the matrix An.
As is done in [10], we denote by {Si : i = 0, 1, . . . , n} the generators of
OAn

. Note that, for each n ≥ 0, OAn
is a unital C∗-algebra with unit

S∗
nSn.

Lemma 3.2. An is canonically isomorphic with the Cuntz-Krieger al-
gebra OAn

.

Proof. By universality of the Cuntz-Krieger algebra OAn
, there must

be an epimorphism Ψ : OAn
→ An such that Ψ(Si) = si for all i =

0, 1, . . . , n. Finally, the epimorphism Ψ is injective as well as follows
from Theorem 2.3 in [2], which applies since An is acted upon the gauge
automorphisms. �

By its very definition, OAN
can be seen as the inductive limit of the

inductive system {An : n = 1, . . .}. Note that, however, the natural
inclusions An ⊂ An+1 fail to be unital.

For every z ∈ T, we consider the representation π̃0,z : OAN
→

B(Fwm(ℓ
2(N))) given by π̃0,z(s0) := zPΩ and π̃0,z(si) := A†

i for all
i ∈ N.

Remark 3.3. It is worth noting that if a representation π : OAN
→

B(Fwm(ℓ
2(N))) satisfies π(si) = A†

i for all i ≥ 1, then π(s0) = zPΩ for

some z in T. This follows from the equality PΩ = A1A
†
1−A†

1A1. Indeed,
we have π(s∗0s0) = π(s∗1s1 − s1s

∗
1) = PΩ, hence π(s0) = π(s0s0s

∗
0) =

π(s0)PΩ, and thus the only possibility is that π(s0) = zPΩ for some z
in T because π(s0) is a partial isometry.

Choosing z = 1 yields the so-called Fock representation, which we
will denote by πF (rather than π̃0,1).

Proposition 3.4. The direct sum π := ⊕z∈T π̃0,z is a faithful repre-
sentation of OAN

.
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Proof. By applying Theorem 2.3 in [2] we see that, for each n ∈ N, the
direct sum π = ⊕z∈T π̃0,z is a faithful representation of An because the
gauge automorphisms are clearly implemented on the corresponding
Hilbert space. In particular, the restriction of π to An is isometric,
thus π is isometric on

⋃
nAn, which gives the thesis as

⋃
nAn is dense

in OAN
. �

The proposition above can also be obtained by directly applying
Theorem 2.7 in [20] if one regards OAN

as an Exel-Laca algebra.

Let J ⊂ OAN
be the ideal generated by s0 − s0s

∗
0.

Proposition 3.5. The quotient C∗-algebra OAN
/J is isomorphic with

WN through the Fock representation πF of the former.

Proof. We denote by B ⊂ OAN
the C∗-subalgebra generated by the set

{s0s∗0, s1, s2, . . .}. The restriction of π to B is faithful and is a direct
sum of Fock representations with the same phase z = 1. Therefore,
πF is a faithful representation of B. Since πF (B) = WN, the statement
will be proved if we show that OAN

/J and B are isomorphic. To this
end, note that by universality OAN

projects onto B, which yields an
epimorphism Ψ : OAN

/J → B given by Ψ([s0]J ) = s0s
∗
0 and, for i ≥ 1,

Ψ([si]J) = si. Injectivity of Ψ can be proved by exhibiting its inverse
Φ : B → OAN

/J , which is obtained by composing the inclusion of B in
OAN

with the canonical projection of the latter onto OAN
/J . Explicitly,

Φ acts on the set of generators as Φ(s0s
∗
0) = [s0]J and, for i ≥ 1,

Φ(si) = [si]J . �

As a straightforward application of Proposition 3.5, we derive the fol-
lowing space-free characterization of the weakly monotone C∗-algebra.

Corollary 3.6. The weakly monotone C∗-algebra over N is isomorphic
to the universal C∗-algebra generated by a countable family of partial
isometries {si : i = 0, 1, . . .} satisfying (3.1)–(3.2) and s0 = s0s

∗
0.

For every n ≥ 1, we denote by Jn ⊂ OAN
the closed two-sided ideal

generated by the finite set {s0, s1, . . . , sn−1} and by pn the canonical
projection onto the quotient pn : OAN

→ OAN
/Jn. That said, we can

end this section with a proposition which will come in useful when we
deal with the representation theory of OAN

.

Proposition 3.7. For every n ≥ 1, the quotient OAN
/Jn is isomorphic

to OAN
through the isomorphism Ψn : OAN

→ OAN
/Jn given by Ψn(si) =

[si+n]Jn for every i ≥ 0.
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Proof. We start by noting that the map Ψn in the statement is a
well-defined ∗-homomorphism by universality of OAN

because the set
{[si+n]Jn : i ≥ 0} satisfies (3.1) and (3.2).
In order to prove that Ψn is injective as well, we observe that the gauge
action of T passes to the quotient algebra OAN

/Jn since Jn is gauge in-
variant. Reasoning exactly as we did in the proof of Proposition 3.4,
we can conclude that Ψn is a ∗-isomorphism. �

3.1. Representation theory. The next result, which can be seen as
a generalization of Theorem 2.7 in [2], characterizes π̃0,z as the sole
irreducible representations of OAN

sending s0 to a non-zero operator.

Proposition 3.8. If π is an irreducible representation of OAN
such

that π(s0) 6= 0, then there exists z in T such that π ∼= π̃0,z.

Proof. Throughout the proof, Hπ will denote the Hilbert space of the
representation π. Note that Hπ is a separable Hilbert space thanks to
irreducibility of π and separability of OAN

. Set U := π(s0). Since U
is a normal partial isometry, the initial and final space of U coincide.
Denote this common (closed) subspace of Hπ by K, and observe that
the restriction of U to K is a unitary, which we continue to denote
by U . We will show that irreducibility of π implies that K must be
one-dimensional.
More precisely, we next show that if K fails to be one-dimensional,
the non-trivial decomposition of U as a direct integral results in a
corresponding decomposition of our representation π.
Since Hπ is separable, U can be decomposed into a direct integral
as follows. There exist a measurable field of (non-zero) Hilbert spaces
σ(U) ∋ z 7→ K(z) and a Borel probability measure µ on σ(U) such that

K =
∫ ⊕

σ(U)
K(z)dµ and U =

∫ ⊕

σ(U)
z1K(z)dµ (up to unitary equivalence),

see e.g. Theorem 1. in [12, Chapter 6]. We also recall that µ is a basic
measure for U , so its support is the whole σ(U).
Consider the constant field of Hilbert spaces σ(U) ∋ z 7→ H(z), where
each H(z) is the weakly monotone Fock space Fwm(ℓ

2(N)). Note that
σ(U) ∋ z 7→ π̃0,z is a measurable field of representations of OAN

because
π̃0,z(si) does not depend on i unless i = 0, in which case π̃0,z(s0) = zPΩ

that is clearly a measurable field of operators.
We next aim to show that the direct integral representation

∫ ⊕

σ(U)
π̃0,zdµ

can be realized as a subrepresentation of π. This will be done by
exhibiting an isometry W that intertwines

∫ ⊕

σ(U)
π̃0,zdµ with π. To

this end, we first need to set up some notation. We denote by Γ the
set of all ordered k-tuples γ = (i1, . . . , ik), where k, i1, . . . , ik are in
N and i1 ≥ . . . ≥ ik ≥ 1. We also allow k to be 0 , in which case
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γ = ∅. For any γ = (i1, . . . , ik) ∈ Γ, we set eγ = ei1 ⊗ · · · ⊗ eik (with
e∅ = Ω) as vectors in Fwm(ℓ

2(N)), and sγ = si1 · · · sik as elements of
the abstract algebra OAN

(assuming s∅ = I by convention). Note that

span{feγ : γ ∈ Γ, f ∈ L2(σ(U), µ)} =
∫ ⊕

σ(U)
H(z)dµ, and feγ ⊥ geβ

if γ 6= β, because
∫ ⊕

σ(U)
H(z)dµ is isometrically isomorphic with the

Hilbert tensor product L2(σ(U), µ)⊗Fwm(ℓ
2(N)).

Finally, we need to consider a measurable field σ(U) ∋ z 7→ Ω(z) ∈
K(z) of unit vectors, i.e. ‖Ω(z)‖2 = 1 for all z ∈ σ(U). This allows us
to embed L2(σ(U), µ) into K through the isometry V : L2(σ(U), µ) →
K, which takes any function f in L2(σ(U), µ) to the measurable field
(V f)(z) := f(z)Ω(z), a.e. for z ∈ σ(U).
Having established the necessary notation, we are now ready to define
W :

∫ ⊕

σ(U)
H(z)dµ → Hπ. We start by defining W on a dense subspace

as

W
∑

γ∈Γ0

fγeγ :=
∑

γ∈Γ0

π(sγ)V fγ ,

where Γ0 is a finite subset of Γ. The squared norm of the vector in the
left-hand side of the definition above can be computed easily as follows:

∥∥ ∑

γ∈Γ0

fγeγ
∥∥2

=
∑

γ∈Γ0

∫

σ(U)

|fγ|2dµ .

The squared norm of the vector in the right-hand side is a shade more
laborious to compute. To this end, for every γ in Γ0 define ξγ := V fγ.
By definition, the vectors ξγ lie in K (that is in RanU) for all γ in Γ0.
Since the initial projection of π(sγ) contains K for all γ, we have

‖π(sγ)ξγ‖2 = ‖ξγ‖2 = ‖fγ‖2
∫

σ(U)

|fγ|2dµ .

Now for different γ, γ′ in Γ0 the vectors π(sγ)ξγ and π(sγ′)ξ′γ are seen
at once to be orthogonal, which means

‖
∑

γ∈Γ0

π(sγ)ξγ‖2 =
∑

γ∈Γ0

‖ξγ‖2 =
∑

γ∈Γ0

∫

σ(U)

|fγ |2dµ ,

which shows that W can be extended to an isometry defined on the
whole

∫ ⊕

σ(U)
H(z)dµ.

We now move on to show that W is an intertwiner. For this, it is
sufficient to check the involved equality only on the generators of OAN

,

namely that W
∫ ⊕

σ(U)
π̃0,z(si)dµ = π(si)W for all i ≥ 0. By linearity

and boundedness of the involved operators it is enough to ascertain
our equality only on vectors of the type feγ, with f in L2(σ(U), µ) and
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γ = (i1, . . . , ik) in Γ. This is a matter of easy computations. Indeed,
for i ≥ 1 we have:

W

(∫ ⊕

σ(U)

π̃0,z(si)dµ

)
feγ = Wfγπ̃z(si)eγ

= π(s(i,γ))V fγ

= π(si)π(sγ)V fγ

= π(si)W feγ ,

where s(i,γ) is 0 if i < i1 and s(i,γ) = s(i,i1,··· ,ik) if i ≥ i1.
The case i = 0 is dealt with separately. First, if i = 0 and γ is not
empty, then the equality is trivially satisfied because both sides vanish.
If i = 0 and γ = ∅, then we have:

W

(∫ ⊕

σ(U)

π̃0,z(s0)dµ

)
fΩ = WgΩ = V g = UV f = π(s0)W (fΩ) ,

where g in L2(σ(U), µ) is defined as g(z) := zf(z) (µ a.e.).

Now the direct integral
∫ ⊕

σ(U)
π̃0,zdµ(z) cannot be irreducible unless

σ(U) is a singleton, say σ(U) = {z} and µ is the Dirac measure δz
and K(z) = C.

From now on we can then assume K = Cξ, where ξ is a norm-one
vector. Since U is unitary on K, there exists z in C with |z| = 1 such
that Uξ = zξ. Thanks to what we saw above, π̃0,z can be realized as
a subrepresentation of π. But because π is irreducible, we must have
π̃0,z

∼= π. �

As a straightforward consequence of the above result, we can derive
the following characterization of the Fock representation of WN.

Corollary 3.9. The Fock representation πF is the only irreducible rep-
resentation of the weakly monotone C∗-algebra that sends s0 to a non-
zero projection.

That said, we continue our analysis of irreducible representations of
OAN

. For every n ≥ 1 and z in T, we can consider the representations
of OAN

defined as π̃n,z := π̃0,z ◦Ψ−1
n ◦ pn, which are irreducible by defi-

nition. More importantly, they exhaust the catalogue of all irreducible
representations of OAN

.

Theorem 3.10. If π is an irreducible representation of OAN
, then there

exists n ≥ 0 such that π ∼= π̃n,z for some z in T.
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Proof. Let n be the minimum of the set {i ∈ N : π(si) 6= 0}. In other
words, our representation satisfies π(si) = 0 for all i = 0, 1, . . . , n − 1
and π(si) 6= 0 for all i ≥ n. Since Ker π contains Jn, we see that
π factors as π = ρ ◦ pn, where ρ is an irreducible representation of
the quotient algebra OAN

/Jn. By Proposition 3.7 the quotient alge-
bra is isomorphic with OAN

itself through the isomorphism Ψn given
by Ψn(si) = [si+n]Jn , for i ≥ 0. The composition ρ ◦ Ψn is then
an irreducible representation of OAN

that by construction sends s0
to a non-zero operator. Therefore, Proposition 3.8 applies leading to
ρ ◦Ψn = π̃0,z for some z in T and we are done. �

The list of all irreducible representations of WN can be given as
well. Indeed, one can reason in much the same way as in the above

result noting that the quotient of WN by the ideal J̃n generated by
{PΩ, A1, . . . , An} is again (isomorphic with) the whole OAN

. Therefore,
we have the following.

Corollary 3.11. If π is an irreducible representation of OAN
/J ∼= WN,

then either π is the Fock representation or there exist n ≥ 1 and z in
T such that π ∼= π̃n,z.

Corollary 3.12. OAN
is a type-I C∗-algebra.

Proof. By virtue of a known characterization of type-I C∗-algebras
given by Sakai in [21], it is enough to make sure that (the image of)
any irreducible representation of OAN

contains a non-zero compact op-
erator. This last property is certainly satisfied in the light of Theorem
3.10. Indeed, the projection onto the vacuum belongs to π̃n,z(OAN

) for
all z in T and for all n ≥ 0. �

Corollary 3.13. The weakly monotone C∗-algebra WN is type I.

Proof. Being type I is preserved under taking quotients, and WN is a
quotient of OAN

by Proposition 3.5. �

In the following, for each z in T, we denote by H(z) the weakly
monotone Fock space Fwm(ℓ

2(N)), exactly as in Proposition 3.8.

Lemma 3.14. Let π be a representation of OAN
acting on a separable

Hilbert space Hπ with π(s0) 6= 0. There exist a Borel probability mea-
sure µ on T, a measurable function m : T → N∪{∞}, and an isometry

W :
∫ ⊕

T
m(z)H(z) dµ → Hπ such that:

(i) W intertwines
∫ ⊕

T
m(z)π̃0,z dµ with π;

(ii) the restriction of π(s0) to the orthogonal space of the range of
W is zero,
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where, for every z ∈ T, m(z)H(z) is the direct sum of H(z) with itself
m(z) times and m(z)π̃0,z is the direct sum of π̃0,z with itself m(z) times.

Proof. It is variation of the proof of Proposition 3.8, of which we will
keep the notation. If U is again the unitary of Hπ obtained as the
restriction of π(s0) to its initial domain (which equals its range) K, we

first decompose K and U as K =
∫ ⊕

σ(U)
K(z) dµ and U =

∫ ⊕

σ(U)
z1K(z)dµ,

as was done in the above mentioned result. Since σ(U) is contained in

T, we may as well rewrite the decompositions as K =
∫ ⊕

T
K(z) dµ and

U =
∫ ⊕

T
z1K(z)dµ, by setting K(z) = 0 for all z ∈ T \ σ(U). The func-

tion m in the statement is then the multiplicity of this decomposition,
namely m(z) := dimK(z), for all z ∈ T, where dim is the dimension of
K(z) as a Hilbert space, i.e. the cardinality of any of its orthonormal
bases.
It will be convenient to think of each K(z) as (isometrically isomorphic
with) Cm(z) whenever m(z) < ∞ and as ℓ2(N) when m(z) = ∞. For
each z in T, we will also conceive of Cm(z) as a subspace of ℓ2(N) whose
vectors have all k-th components zero if k > m(z).
We aim to show that with these choices of µ and m the direct integral
representation

∫ ⊕

T
m(z)π̃0,z dµ can be realized as a subrepresentation of

the given representation π.
In order to define the intertwining isometry W from

∫ ⊕

T
m(z)H(z) dµ

(recall that H(z) = Fwm(ℓ
2(N)), for all z in σ(U) and H(z) = 0 for all

z in T \ σ(U) ) to Hπ, we first need to establish further notation. Let
H∞ denote the countably infinite direct sum of the weakly monotone
Fock space Fwm(ℓ

2(N)) with itself. For all z in T we shall think of the
direct sum m(z)H(z) as the subspace of H∞ whose vectors have all
k-th components zero if k > m(z).
For each k ≥ 1, we define a measurable function ck : T → {0, 1} as
ck(z) = 1 if k ≤ m(z) and ck(z) = 0 otherwise. Note that vectors of
the type

T ∋ z 7→ 0⊕ . . .⊕ ck(z)f(z)eγ︸ ︷︷ ︸
kth

⊕0⊕ . . . in m(z)H(z)

span a dense subspace of
∫ ⊕

T
m(z)H(z) dµ, as f varies in L2(T, µ). We

are now ready to define W as:

W (0⊕ . . .⊕ ckfeγ︸ ︷︷ ︸
kth

⊕0 ⊕ . . .) := π(sγ)(0, . . . , ck(z)f(z)︸ ︷︷ ︸
kth

, 0, . . .)

for all k ≥ 1, f in L2(T, µ), γ in Γ (same notation as in the proof of
Proposition 3.8).
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With analogous calculations to those made in the proof of Proposition
3.8 it is easy to see that W is in fact an isometry and that it intertwines
the two representations.
As for the second part of the statement, it is enough to note that RanW
containsK becauseW (0⊕. . .⊕ckfe∅︸ ︷︷ ︸

kth

⊕0⊕. . .) := (0, . . . , ck(z)f(z)︸ ︷︷ ︸
kth

, 0, . . .)

for all f in L2(T, µ). �

Lemma 3.15. If π : WN → B(H) is a representation such that
π(A0) 6= 0, then there exists n in N ∪ {∞} such that nπF is (unitarily
equivalent to) a subrepresentation of π.

Proof. By hypothesis E := π(A0) is a nonzero projection. Let n be the
dimension of RanE as a Hilbert space. Corresponding to any choice
of an orthonormal basis of RanE, which will have cardinality n, there
is a decomposition of E into a direct sum, which yields the statement
exactly as in the proof of Lemma 3.14. �

Theorem 3.16. If π is a non-degenerate representation of OAN
on a

separable Hilbert space, then there exists a sequence {(µk, mk) : k ≥ 0},
with µk being positive (possibly zero) Borel measures on T and mk :
T → N ∪ {∞} measurable functions for all k ≥ 0 such that

π ∼=
⊕

k≥0

∫ ⊕

T

mk(z)π̃k,z dµk ,

where, for every z in T, mk(z)π̃k,z is the ampliation of π̃k,z with multi-
plicity mk(z).

Proof. Since π is non-degenerate, the set {i ≥ 0 : π(si) 6= 0} is not
empty. Let n be its minimum. As in the proof of Proposition 3.10, π
factors as π = ρ ◦ pn, where ρ is an irreducible representation of the
quotient algebra OAN

/Jn
∼= OAN

. Up to this isomorphism, ρ can be
seen as a representation π′ of OAN

such that π′(s0) 6= 0. By applying
Lemma 3.14, we then see that π must contain a subrepresentation of
the type

∫ ⊕

T
π̃n,z dµn, for some measure µn. It is now clear how to

go on. Denote by Hn ⊂ H the π-invariant subspace corresponding
to the above subrepresentation. If Hn = Hπ, there is nothing to do.
Otherwise we can consider its orthogonal complement H⊥

n , and repeat
the procedure by considering the minimum, say n′, of the set {i ≥
0 : π(si) ↾H⊥

n
6= 0}. Note that n′ > n. As in the first part of the

proof, there exists a positive measure µn′ such that
∫ ⊕

T
π̃n′,z dµn′ is a

subrepresentation of πH⊥
n
, which acts on Hn′ ⊂ H⊥

n . If Hn ⊕ Hn′

exhaust Hπ, we are done. If Hn ⊕ Hn′ is a proper subspace of Hπ,
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then we can reason as above on (Hn ⊕Hn′)⊥. By continuing to reason
in this way, we get a (possibly finite) sequence of mutually orthogonal
π-invariant subspaces, on each of which π is (unitarily equivalent to)
a direct integral of the type above. By construction, the orthogonal
complement of the direct sum of these subspaces yields a degenerate
representation. But then this orthogonal complement must be zero by
hypothesis since π is assumed non-degenerate. �

Corollary 3.17. If π is a non-degenerate representation of WN on a
separable Hilbert space, then there exist n ∈ N ∪ {∞} and a sequence
{(µk, mk) : k ≥ 1}, with µk being positive (possibly zero) Borel measures
on T and mk : T → N ∪ {∞} measurable functions for all k ≥ 0 such
that

π ∼= nπF ⊕
(⊕

k≥1

∫ ⊕

T

mk(z)π̃k,z dµk

)
.

3.2. Weakly anti-monotone C∗-algebra. Reversing the order in
which the indices appear, one can consider a weakly anti-monotone
Fock space on N:

Fwam(ℓ
2(N)) :=

∞⊕

k=0

Hk

where Hk is the linear span of the set of vectors ei1 ⊗ ei2 ⊗ · · · ⊗ eik
with k ∈ N and 1 ≤ i1 ≤ i2 ≤ . . . ≤ ik, whereas H0 = CΩ.
On Fwam(ℓ

2(N)) weakly anti-monotone creation (annihilation) opera-

tors A†
i (Ai), i ≥ 1, can be defined as we did in the previous sections.

Precisely, the action of A†
i on the orthonormal basis of Fwam(H) is

A†
iΩ = ei and

A†
i ei1 ⊗ ei2 ⊗ · · · ⊗ eik :=

{
ei ⊗ ei1 ⊗ ei2 ⊗ · · · ⊗ eik if i ≤ i1
0 otherwise,

As usual, we denote by Ai the adjoint of A†
i for all i ≥ 1.

We denote by Wa
N
⊂ B(Fwam(ℓ

2(N))) the C∗-subalgebra generated by

the set {Ai, A
†
i : i ≥ 1} and refer to it as the anti-monotone C∗-algebra.

Note that W
a
N

is a unital C∗-algebra, for A1A
†
1 is the identity on

Fwam(ℓ
2(N)).

Proposition 3.18. The orthogonal projection onto the vacuum does
not belong to Wa

N
.

Proof. It is a straightforward adaptation of the proof of Proposition
2.6: it is enough to replace the s there with the maximum of the set of
all indices appearing in the words of Xn (note that now indices appear
in increasing order). �
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Again, from the fact that the projection onto the vacuum does not
sit in Wa

N
we see that Wa

N
cannot be type I.

Corollary 3.19. Wa
N
is not a type-I C∗-algebra.
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