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EXISTENCE AND MULTIPLICITY OF SCHRODINGER-BORN-INFELD
SYSTEM WITH A GENERAL NONLINEARITY

ZHISU LIU AND GAETANO SICILIANO

ABSTRACT. In this paper, we study the following Schrédinger-Born-infeld system with a general
nonlinearity
—Au+u+ ¢u = f(u) + plu/*v  in R3,

: Vo _ .2 3
—div W =u in R,
u(z) = 0, ¢(x) — 0, as T — 0o,

where 4 > 0 and f € C(R,R). This system arises from a suitable coupling of the nonlinear
Schréodinger equation and the Born-infeld theory. We use a perturbation approach to prove
the existence and multiple of nontrivial solutions of the above system when f satisfies a general
nonlinear growth. We emphasize that our results obtained in this paper cover the case f(u) =
[ulPT for p € (2, g) which is seem as an open problem in [Azzollini, Pomponio and Siciliano, Bull.
Braz. Math. Soc, 2019].

1. INTRODUCTION AND RESULTS

1.1. Overview. We are concerned with the following Schrédinger-Born-Infeld system

—Au+u+ ¢u= f(u) + plul*v in R3

—di Vo — 42 i TR3
(SBI) dlv<w> =u in R”,
u(z) = 0, ¢(z) =0, as r — 00,

where f € C'(R,R) is a suitable nonlinearity and p > 0. Such a system arise from the coupling
of the nonlinear Schrodinger equations and the Born-Infeld theory, and can be proposed to provide
a mathematical description of the interaction between a charged particle and the electromagnetic
field generated by itself. The Born-Infeld theory was firstly developed by Born and Infeld and
introduced a idea that both the matter and the electromagnetic field were expression of a unique

physical entity.

Note that, Yu [18] studied the following dualistic model obtained by coupling Klein-Gordon and

Born-Infeld lagrangians,
—Au+ (m? — (w+ ¢)?)u = |[ulP~lu in R3,
: Vo 2 .
—d1V<> =u’(w+ @) in R3,
V1=|Vol?

u(z) =0, ¢(x) — 0, as r — 00,

which is used to express the electrostatic case. Due to the form of the differential operator in the
second equation, We can not use variation approach to deal with this problem by restricting the
functional at the usual function spaces. The reason is that the quantity 1/v/1 — |Vé(z)|> makes
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sense only when z € R? is such that |Vé(z)| < 1. And so this inequality has to be considered in
the functional setting as a necessary constraint.

Inspired by Yu [18], Azzollini, Pomponio and Siciliano [4] proposed a new model which represents
a variant of the well-known Schréodinger-Maxwell system as it was introduced in D’Aprile and
Mugnai. By replacing the usual Maxwell Lagrangian with the Born-Infeld one, they [18] studied
the existence of electrostatic solutions for the following system

—Au+u+ou=|uPtu inR3,

. v .
(1.1) —d1V<\/1_|¢W> = u? in R3,
u(z) = 0, ¢p(x) — 0, as T — 0o.

More precisely, Azzollini, Pomponio and Siciliano [4] proposed a new model and use a slightly
modified version of the monotonicity trick due to Jeanjean [8] and Struwe [17] to prove the existence
of radial ground state solutions of (1.1) for p € (5/2,5). They left as an open problem the case of
smaller p and the existence of non-radial solutions.

1.2. Main result. In this paper, we aim to establish a novel variational approach to study
the existence of positive solutions to (SBI) with a general nonlinearity and partly answer the
open problem mentioned in Azzollini, Pomponio and Siciliano [4]. We recall that (SBI) comes
variationally from the action functional F' defined by

Flund) =5 [(TuP+a?)+5 [ o =3 [ 0= 1= 9o - [ Fe-% [l

An evident difficulty should be overcame in dealing with functional F. Firstly, as introduced
in [18], the presence of the term [ps(1 —+/1 — |[V¢|?) forces us to restrict the setting of admissible
function ¢ and to define a suitable function set. Define

X =DM R)N{pec CMR?): Vo] < 1}

where DV2(R3) is the completion of C2°(R3) with respect to the norm ||V - ||2. We will study
functional F by restricting on the function setting H'(R3) x X. Observe that the setting
H'(R3) x X is not a vector space. This fact brings us some difficulties in dealing with functional G
via variational approach. To compute variations with respect to ¢ along the direction established
by a generic smooth and compactly supported function, a direct restriction is to require in advance
that ||V¢|ls < 1. This fact prevents us from using directly the standard method to deal with the
strongly indefinite nature of G. Indeed, the strongly indefinite nature of the functional can be
classically removed by the usual reduction method. Precisely, for any radial u € H}(R?) fixed,
there exists a unique ¢, € X solution of the second equation of system (SBI) and reducing the
problem to that of finding critical points of the (no more strongly indefinite) one variable functional
I(u) = F(u, ¢y,), defined on H!(R3).

For this purpose, we make the following assumptions on the nonlinearity f:

(f1) f € C(R,R) and f(s) = o(s) as s — 0;

(£2) [f(s)| < C(1 +[s]P) for p € (2,5);

(f3) for any s > 0, 0 < oF(s) < f(s)s, where o > 3 and F(s) = [ f(7)dr
The following is our main result in this paper.
Theorem 1.1. Assume that (f1)-(£3) hold. Then system (SBI) has at least a radial ground state

solution, namely, a solution (u,$) € H}(R?) x X, minimizing the energy functional F among all
the nontrivial radial solutions.
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Theorem 1.2. Assume that (f1)-(f3) hold and f is odd. Then system (SBI) has infinite many
radial high energy solutions, namely, solutions (uj,¢;) C HI(R3) x X, such that the energy
functional tends to infinity.

In what follows, we turn our attention to the case where the nonlinearity f has critical growth.
For this purpose, we consider the following assumption on the nonlinearity f:

(f4) there exist D > 0 and 2 < r < 6 such that f(¢t) > Dt" for t > 0.

Theorem 1.3. Assume that (f1)-(f4) hold. Then system (SBI) admits a radial ground state
solution (u, @) € HY(R3) x X, for r € (2,4] with D sufficiently large, or q € (4,6).

We remark that the solutions found are of class C%(R3), hence classical.

Hereafter, the letter C' will be repeatedly used to denote various positive constants whose exact
values are irrelevant. This paper is organized as follows. Firstly, some preliminaries are given in
Section 2, and Section 3 is devoted to the existence of ground state solutions and multiple of high
energy solutions to equation (SBI) with a general subcritical nonlinearity. In Section 4, we prove
the existence of radial ground state solutions of SBI) with a general critical nonlinearity.

2. PRELIMINARY RESULTS

Let us fix some notation. For every 1 < s < 400, we denote by | - ||s the usual norm of the
Lebesgue space L*(R?).

We recall some properties of the ambient space X.
Lemma 2.1. The following conclusions hold:

(i) X is continuously embedded in WHP(R3) for all p € [6,+00);

(ii) X is continuously embedded in L™ (R3);

(iii) if ¢ € X, then lim |y, ¢(x) = 0;

(iv) X is weakly closed;

v) if {én} C X is bounded, there exists ¢ € X such that, up to subsequence, ¢, — ¢ weakly
i X and uniformly on compact sets.

We define weak solutions to (SBI) in the following way.
Definition 2.2. A weak solution of (SBI) is a couple (u,¢) € H'(R®) x X such that for all
(v,9) € CL(R3) x CX(R?), we have
1
= | (VuVov +uw) —I—/ Gy uv :/ f(u)v —|—u/ || up,
R3 R3 R3 R3

2
/ _VeVY
R3 /1 — [Vo|? R3

The next fact are also known.

u?1p.

Lemma 2.3. For any u € H'(R®) fized, there exists a unique ¢, € X such that the following
properties hold:

(i) ¢y is the unique minimizer of Ey(¢) : X — R and E,(¢,) <0, that is,

[ oa = [ 0= \1= Vo)

(ii) ¢u > 0 and ¢y, = 0 if and only if u=0;
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(iii) if ¢ is a weak solution of the second equation of (SBI), then ¢ = ¢, it satisfies the following

equality ,
R3 /1 — [Vy,|? R3

Moreover, if u € H} (R?), then ¢, € X, is the unique weak solution of the second equation
of system (SBI)

(iv) X is weakly closed;

(v) if {on} C X is bounded, there exists ¢ € X such that, up to subsequence, ¢, — ¢ weakly
in X and uniformly on compact sets.

Let us set
H}R?) = {u € H'(R?) : u is radially symmetric}
and
X, = {¢ € X | ¢ is radially symmetric}.
It is known that the radial setting is a natural constraint for the problem.

We recall also a Pohozaev type identity associated with (SBI) whose proof can be obtained as
in [4].

Lemma 2.4. If (u,¢) € H'(R?) x X, is a solution of (SBI), then the following Pohozaev type
identity is satisfied:

2/ [Vu|? + 2/u—|—2/ <Z>u—2/ 1_|V¢ —3/F g/Rg,MG'

In view of Lemma 2.3, we know that the associated energy functional can be written in the
following form

_ 1 2., .2 1/ 2 1 _ M/
_2/Rg(wu| tud) g [ o = [P =5 [ (11 [V6,)

and is of class C'!. It is known that if u is the critical point of I, then (u, ¢,) is a weak solution of
(SBI). For this reason we will speak simply of u as a solution of (SBI).
We recall a technical lemma which is of use in studying the geometry of the functional.

Lemma 2.5. Let s € [2,3). Then there exist positive constants C and C' such that for any
u € HY(R?), we have

s—1
IVoully® < Cllullagsey < Cllull,
where s* is the critical Sobolev exponent related to s and (s*)' is its conjugate exponent, namely
3s 3s

* *\/ _
8T =g and (s*) = 5L 3

3. SUBCRITICAL CASE

3.1. The modified equation. In this section, we are planning to study the subcritical case where
= 0. Here, we introduce a perturbation technique to overcome the lack of geometry structure of
Mountain-Pass and the difficulty related to the boundedness of Palais-Smale sequence by modifying
system (SBI). We consider the following modified problem

—Au+u+ ¢u + Aul|3% = f(u) + Aul?  in R3,
. v .
(3.1) —d1V<\/1_|¢W) = u? in R3,

u(z) = 0, ¢(x) — 0, as T — 00,
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where X € (0,1], a € (0,1) and ¢ € (max{p,4},5). Thus, its associated functional is

A 2(14a) A 1
I e I R _ q+ .
) = T + 5l = 2 [

3.2. Existence. We now verify that the functional I has the Mountain Pass geometry.

Lemma 3.1. Suppose that (£1)-(f3) hold. Then for fized A € (0,1], the following conclusions hold:
(1) there exist p, o > 0 such that I\(u) > dg for everyu € S, ={u € E : ||lu|]| = p};

(i1) there is eg € HY(R3) with |leo|| > p such that Ix(eg) < 0.

Proof. (i) It follows from (f1)-(f2) that (in correspondence of the above ¢) for any € > 0, there
exists C: > 0 such that

(3.2) [f(s)] < els| + Cels]”.

Then for any u € H}(R?), by the definition of I, and Lemma 2.3-(i), one has

1 A
Inw) > gl = [ Py - 2= [
R2 R3

qg+1
L2 o 1+C
. > = — — a+1
(33) > Slul? = eljulf - 5 [
1+C’
> 2 P - TEEEC ),

Taking € = 1/2, and ||u|]| = p > 0 small enough, it is easy to check that there exists dyp > 0 such
that I(u) > 6o for every u € S,.

(ii) For fixed A € (0,1], take e € H}(R?) \ {0}, then it follows from the definition of I, and
Lemma 2.5 that by letting s = 2, we have

Lo 1 2 A 2(14a) A
< - AN o A q+1
0 < glelP 45 [ o+ g sl = [ Fe - 2 [ e
1 2 L A 2(1+a) A / 1
< e . +——|le - eldt
- SlelP + gloclleli + 5 osllel ) - 25 |

1 (0%
< 5llell® + ClIVeelallel® + Calle] ) — Coful 7+

1
< Sllell® + Cllell* + Cllel P+ — Colle]*,

ALTERNATIVE PROOF of (ii) TO AVOID THE DEPENDENCE ON A
Take e € O (R?) \ {0} positive, radial, satisfying e < 1 and with support in the compact set K.
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Then it follows from (f3), the definition of I and Lemma 2.5 with s = 2,

t2(1+a)

e L 2 2(1+a) '
< - _
B(te) < Sl + 5 [ dutte + el — [ Pt

2(14c)

2

12 12 t
< Sl + Slidrelsllelys + Ik = Cute [ e+ Calic

(3.5)

IN

tQ
el + Cst?|[Vellalle]* + Cat> ) — Cutelle]|§ + Col K]

IN

t2
S lell? + Cstllle]* + Cat? ) — Crt?lel§ + Cal |

=:g(t)

If , there exists sp > 0 large enough such that g(sp) < 0. But this contrasts with the first
line in blue color at page 9.

Remark 3.2. Note that since by (f2) and (£3) it holds
c18? = cp < c(fs| + [s[P*)
it has to be p > o — 1 > 3. But if p > 3 we have nothing new: we want to allow p < 5/2!

Remark 3.3. A further tentative is to take the curve t — t2e(tx) in (3.5) (instead of t — te(x)).
In this case, by computations like in (3.5) we arrive at o > 15/4, sop>po—1>15/4—1=11/4:
but this is still greater then 5/2.

]
By the well-known Mountain-Pass theorem (see [19]), there exists a (PS)., sequence {u,} C
H!(R?), that is,
(3.6) In(up) = cx and  Ij(u,) — 0.
Here ¢y is the Mountain Pass level characterized by

. = inf L(~(t
(3.7) ox = jnf max A((1))

with
Ty = {y € C1(0,1], H} (R?) : 7(0) =0 and Iy(v(1)) <0}.

Remark 3.4. Observe from Lemma 3.1 that there exist two constants a,b > 0 independently of A
such that a < cy < b.

We state the following lemma to ensure that Palais-Smale sequences of I, at c¢) have at least a
convergence subsequence.

Lemma 3.5. Let {u,} C H}(R3) be the (PS)., sequence of I\ for fived o € (0,1], then there
exists ug € H(R3) such that u, — ug in H}(R3).
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Proof We first claim that the sequence {u,} is bounded in H}(R?). For § € (4,q+1), by Lemma
2.5, there exist C7,Cy > 0 such that
Ci+ Collupl] > In(un) — fIf\(un)un

06— 2 14+« a
> Tl [ b <(+>)AHunu§@+ >

+/R3(éf(un)un — F(uy)) — ;/R (1—1/1—1|Voy,|?)+ W)\/Rg |y, |11

0 2 49 2(1 + « a
Sl P22 [ C o S )

1-46
— np+1_, 1—4/1— |2 g+r1i=-0 / Nlasy

Since for all t € [0, 1), the following holds:
(3.8) 1—v1-—

by recalling (iii) in Lemma 2.3, it follows that

v

\ﬁ

0 —2 2 0-2(1+a) 2(1+a)
>
C1+ Calluall = T2 Colunll + 5% [ bt + Ta S

@)
_ p+1 q+1—9/ q+1
0 —

2 s 0—-21+«w) 2(1+a)
7ol +

—Cy /}R3 P+ qe?:]:— 1)9)\/]1&3 | 7FY

Observe that for any large By > 0, there exists By > 0 such that
0—2(1+ )
20(14a)

which, together with (3.9), implies that
TGl + [ (Bl = a7+ L 1),

We note that By|t|? — Cylt|PT! + qzrl g)\]thﬂ > 0 for t > 0, since Bj is a number large enough.

Thus, it follows from (3.10) that ||u,| < C for some C independently of n.
Up to a subsequence, we suppose that there exist ug € H,'(R?) such that

up — ug weaklyin H,} (}Rg),
(3.11) u, — up in LP(R?), 2 < p <6,

Uy — ug  a.e.inR3.

2(1
un |37 > Byllunl3 - Be,

0 —
(3.10)  Cr+ By + Coffun|l >,

So (f2) implies by (3.11) that

(3.12) L F@) = [P, [ S, = [ s,

Form (3.11) and (3.12), it is easy to conclude that u, — ug in H}(R3). O
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Now we are attempt to prove Theorem 1.1
Proof of Theorem 1.1 It follows from Lemma 3.5 that for each A C (0,1], there exists
uy € H}(R3) such that Iy(uy) = ¢y and I} (uy) = 0. By I} (uy)uy = 0, we have

(3.13) / (IVur? + u3) +/ Pur U3 + )\HUAHg(Ha) —/ fuy)uy — A/ luy |7t = 0.
R3 R3 R3 R3
Recalling hypothesis (f3), it follows from (3.13) that for b > 0,

b b bA 2(1+a) DA 1
3.14 b/Fu Sf/ Vuy|? + vl _,_,/ w3+ —|lu ——/ uy |7
a10) b [ ) <2 [0Vl rud) -2 [ ok Sl -2 [

Moreover, similarly to Lemma 2.4, we obtain the associated Pohozaev type identity with the
modified problem as follows

(3.15) / |Vuy|? + 2/ u)\+2/ (bu)‘u)\—i-*Hu)\H21+a

3 3
_ 2 1—4/1— s |?) = / F [ / g+l

Combining (3.14) with (3.15), we have for a € R

@) [P (542) [ vuP+ G+ [

R3 % 0

(3.16) + <2a+b) /3%@&*%/}1&3 <1\/1\WI2>

a b (1+a) a b +1
+ (5 2) Muall3 ) = (S5 + 2) Alua g

By letting a = 1 — b in (3.16), using the definition of I and that

b
3 Rs(l 1—]Vu / by,
it follows that

er = In(uy) > (;J’(@ 6)>/ \vw?+<b—b)/ fun
VRS P
+<2<11+oz>_12b o) Ml (L 4 G = ) Al
> (5557 L+ (3-3) Lol
+(;—(13_b——)/ D

1 1—b b 140 (1—5 b 1) -
airm — o) Ml (S 2 - ) Ml

Choosing b = 2 it is easy to check that all the coefficients are positive. Indeed

(3.17)

1 b(p—06) b b
-4+ ——=>0, == —->0;
3t 6, 27 o
1-b6 b 1
o —— 4+ ————>0,sinceg>p>p—1;

q+1 o qg+1
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1 1-b b . 2(0—2)
— - 0 Q
02(1 ] 5 > 0, since a <

it has to be ¢ < 4);
. L 2(1-b) b b
2 3 o 4
Based on the above facts, it follows from (3.17) and Remark 3.3 that {ux}xe(o,1) is bounded in

H!(R?) uniformly for A € (0,1]. By letting A\ — 0%, then there exists co > 0 such that ¢y — co
and I(uy) = co + o(1). Moreover, for any ¢ € C§°(R?), we have

(this is the restriction on o we need. Note that

4—p

I'un)p = Bk = NMua[Fusg = [ Xua~urg = of1) ]|

Thus, {u)} is a Palais-Smale sequence of I with level ¢y. Arguing similarly as in the proof of Lemma
3.5, we prove that there exists a nontrivial ug € H;}(R3) such that I'(ug) = 0 and I(ug) = c. Define

N :={uec HR*\ {0}: I'(u) = 0}.

Obviously, N # (. For any w € N, by (f;) and (f2), we have for any € > 0, there exists C. > 0
such that
[Vu|?
JulP <l + [ 2 <
R3 /1 — V|
which implies by taking € = % and Sobolev’s inequality that ||u|| > C for any u € A/ and for some
C > 0 independently of u. Arguing similarly as above, we can obtain one associated estimate as

(3.17) such that there exists some ¢ > 0 satisfying I(u) > c||u||? for all u € A'. Based on the above
facts, we infer that

. u2+C’5/ P,
R3 R3

¢« := inf I(u) > 0.
ueN

Take {u,} C N so that I(u,) — ¢.. The same arguments as before, {u,} is bounded. Similar to
Lemma 3.5, there exists u € H!(R3) so that u, — u in H}(R3) and I'(u) = 0. Then (u, $,) is a
radial ground state solution of (1.1). O

3.3. Multiplicty. In this subsection, we aim at using the perturbation approach together with the
symmetric Mountain-Pass theorem to prove that equation (SBI) has infinitely many high energy
solutions.
Proof of Theorem 1.3 Choose a sequence of finite dimensional subspaces F; on H,.(R3) with
dimEj; = j , and R; > 0 such that I)(u) < 0 for v € Ej N 0Bg,. Then by the conclusion (i)
of Lemma 3.1, for fixed A, the functional I, has a sequence of critical values c¢;j(\) satisfying
¢j(A) = 400 as j — +o00. Here

c;j(A) B}gj sup Ix(u),
where

T, = {B = ¢(E; N Bg,),¢ € C(E; N Bg,, H,(R®)), ¢ is odd ¢ = Id, on E; N aBRj}.

For any fixed j, by the definition of ¢;(\), we have
c¢i(A) < sup  Ix(u)

uEEjﬂBRj
1 1 2(1+a)}
< sup {u2—|—u = Chg.,.
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Here, Cg; is independent of A € (0,1]. It follows from Lemma 3.5 that equation (SBI) has a
solution u; satisfying
I(uj) = ¢; == lim c;(N).
(ug) = ¢ P 10

Observe that if ¢; = +o00, then the problem (SBI) has infinitely many solutions. Now we show
¢j — +00, as j — +o00. Recalling Lemma 2.3, we estimate I as follows

(W) =;/ (\Vu|2+u +y Lot = [P -3 [ 0= \T= Ve,
2(1+w) q
+ 7o Il _q—H/ |ur+1

> [l +e) = [P q+1 [l = )

Define the set © C H}!(R3?) by

0= {/Rg(|Vu|2+u2) Z/RSf(u)u~|—/RS |u|q+1}.

If B € I';j, then an intersection property holds so that v(BN9dO) > j (see []), here (-) is the genus
of a symmetric set. So,

c;(A) = inf sup Iy(u) > inf sup J(u) := b;.

]( ) Bel'j yeB ( ) AC00,v(A) 2] uecA ( ) !
It is not hard to verify that functional J satisfies all conditions of the well-known symmetric
mountain-pass theorem, and so there exists critical point @; of J such that J(@;) := b; — 400 as
j — 4o00. Therefore,

That is to say, equation (SBI) has infinitely many high energy solutions. The proof is complete.
O

4. CRITICAL CASE

In this section we consider Schrédinger-Born-field system in the critical case. We aim at establish
the existence of ground state solutions to (SBI) with a general critical nonlinear term. In order to
overcome the difficulties with the lack of Mini-Max geometry of energy functional I. Without loss
of generality, we assume p = 1. Motivated by [9], we also introduce a perturbation technique to
overcome this difficulty by modifying system (SBI). We state the following modified problem

—Au+u+ ¢u+ Nul|Su = f(u) + |u/*u  in R3

—div =N\ _ .2 T3
(4.1) dzv(\/W) u in R,
u(z) = 0, ¢(x) — 0, as T — 00,

where A € (0,1], & = (0,1). Obviously, its associated energy functional is

) i= 1) + 57 )H M

Arguing as in Lemma 4.1, it is not hard to check that Jy also satisfies the Mountain-Pass
geometry.



EXISTENCE AND MULTIPLICITY OF SCHRODINGER-BORN-INFELD SYSTEM 11

Lemma 4.1. Suppose (f1) -(f3) hold, then for fized X € (0,1], the following conclusions hold:
(i) there exist p,d > 0 such that Jy|g, (u) > &y for every u € S, = {u € H}(R?) : [[u] = p};
(ii) there is eg € H(R3) with |leg|| > p such that Jy(eq) < 0.

Let us stress that there exists a (PS),, sequence {u,} C H!(R?) (see [19]), that is,

(4.2) Jn(up) = cx and  Ji(un) — 0,
where ¢y is the mountain pass level characterized by

4.3 = inf In(y(t

(4.3) ex = Inf max JA(v())
with

I':={yeC(0,1], H'(R?)): v(0) =0 and Jy(y(1)) < 0}.

Remark 4.2. It follows from Lemma 4.1 and the definition of cy that there exist two constants
c,d > 0 independently of \ such that ¢ < c) < d.

In the following, we will give an upper bounded estimate on ¢y which will be of use in proving
the convergence of Palais-Smale sequences.

Lemma 4.3. Assume (f1) -(f1) hold and if g € (4,6) or q € (2,4] and D is sufficiently large, t hen
3
ey < 3592,

Proof Let ¢ € C°(R3) be a cut-off function with support in ¢ € C§°(Ba,-(0)) so that
0 < ¢(zr) <1and ¢(z) =1 on B,(0), where r > 0. It is well-known that S is attained by

the functions % for £ > 0. Define U (x) = %, then by direct calculation, one has
(4.4) / VU[2dz = K + O(ed), / U.[6dz = Ky + O(c3)
R R

and

O(c?), te[2,3)
(4.5) /RB U.l'de ={ O(ci|lne]), t=3;

O(e™), t € (3,6),
where K1, Ky are positive constants. Moreover, S = ng}g, Combining (4.4) and (4.5), we have

2
VU.|*d

(4.6) Jpa [VUPdz o .4y

(Jps |Ue|0dx)'/3
According to the definition of ¢y, we obtain ¢y < max Jr(tU:). Define function y(t) :=

%HUgH2 — % Jgs |U:|®. Tt is easy to check that y(t) attains its maximum at

to = HU€H2 e
Jrs |U:°

. Recalling Lemma 2.5, we estimate

B
=

&
5o

(47) |, 0.U2 < CIVou | - Uz < CIUI Y.
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So that there exists ¢’ € (0,1) such that for ¢ < 1, we have

2 ) 2 ) A2(1+a) 2(1+a)
< - = -
max Jy(tUz(z)) < max (2 U |* + 5 /3 o UZ + 31 +a) w5

' >t>0 t'>t>0

(4.8)

)\t2(1+o¢) 2(1ta 1
< max (HU5H2+C IVlts + S gy Il ) < 8%

Using hypothesis (f4), one has

20+ o4y D
4.9 tU. ST Y-t el
(49 RO <)+ OGN0, + g ulf Y - D [

Now we claim that there exists €9 € (0,1) such that . ligrn Jr(tUes(z)) < 0 uniformly in € € (0, &0).
— 100
Indeed, It follows from Lemma 4.1 and (4.9) that tlir+n Ir(tUe(z)) = —o0 and Jy(tU:(x)) > 0 as
— 400

t is close to 0. Define

12 16 ¢2(1+a) 2(+a) D
0= S1we =5 [ e+ oS, ey I = T [l

then there exists - > 0 such that e(t.) = 0 and e(t) < 0 for ¢t > t.. From

elte) = 12 <||U||2+c||U||n+ syl 6/ UL - 2o 2/3|U€|q> —0,

we have

LI + CENT + s 3 = [ w4 22 [ o
‘ : 2(1+a)" "2 6 Jrs' © q Rs ' ©

¢ 6
>5[
which, together with (4.4), (4.5), implies that
4
a1 uep e O e gt
6 7 2 fpa|ULl® 2 fps|Ue !6 2(1+ @) Jgs [U:[°
(4.10) 1
1 K; +0O(gg
< g C0) | @2+ 20)
K> +O(€§)

for e € (0,e0) with g9 > 0 small enough. (4.10) implies that ¢. is bounded from above by some

t* > 0 uniformly for € € (0, (), where t* is independent of e. Combining the above fact and (4.9),

we know that there exists g9 € (0, 1) such that . liin I\ (tU(z)) < 0 uniformly in € € (0,ep). Thus
—+00

there exists ¢ > t* such that for € € (0, &),

(4.11) ma Jy (10U (x)) < %53/2.

t>t"
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From (4.5), (4.6) and (4.9), we infer that
max Jy(tU:(x))

t'>t>t

/\t2 2(1+a) q
(4.12) (t0)+C ||U|| ( )H ulf3 -CD RSIUsl

- 753/2 +O(ed) - CD/S A
For ¢ € (2,4] and D sufficiently large, € € (0,¢p) fixed, we derive from (4.5) and (4.12) that

(4.13) max Jy(tU:(z)) < 553/2~

t>t>t

For ¢ € (4,6), observe that % < 3, then it follows from (4.5) and (4.12) that, there exists

g1 € (0,g9) small enough such that for ¢ € (0,¢1),

L q3/2
(4.14) e I(tU:(x)) < 35' .
Combining (4.8), (4.11) and (4.13), (4.14), we deduce that c) < £5%/2. O

Lemma 4.4. Let {u,} C H}(R3) be the (PS)., sequence of Jy for fized o € (0,1], then there
exists ug € HY(R3) such that u, — ug in H}(R3).

Proof We first show that sequence {u,} is bounded in H}!(R?). For § € (4,6), by Lemma 2.5,
there exist C1,Cy > 0 such that

1
C1+ Collun| = In(un) — HI,\(Un) n
6 — 2 —2(1+a) 2(14a)
>— R S
> Ll = 22 [ ot + T2 Nl

(4.15) —|—/RB(;f(un)un—F(un))—; [ 0= 1= 1960, + S [l

9 —2 , 0—2 ,  0—2(1+a) (1+a)
> = -~ i Sl et
> T Callunl? = 5 [ Gui+ QQ(H ) Jn 3

_C4/ |un‘p+1 2/ 1- ’v¢un / |Un‘6

which implies by (3.8) and Lemma 2.3 that
2 l+o 2(1
Collunl + 5 [ byl 4 A 004

20(1 + o)
_ p+1 — q+1
04/Rg|un\ + 8 o0 /Rglunl

6 —2 9 0—2(14+«) 2(1+a)
> R S
> Colunll + 5 o
6—0
_ p+1
Cy /RS lun [P + =7

Based on above, arguing similarly to in Lemma 3.5, we deduce that ||u,| < C for some C
independently of n. The claim immediately follows. Thus, there exists a subsequence of {u,}

0 —
C1 + Col|uy|| > 59

(4.16)

|un|q+1.
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(still denoted by {uy}, without loss of generality) such that
u, — ug weaklyin H} (R?),
(4.17) u, — up in LP(R?), 2 < p < 6,
Up, — U a.e.in R3
for some ug € H!(R3). Define wy, := u, — ug. We note by (4.17) and the similar argument as
Lemma 3.5 that J{(up) = 0 and Jy(up) > 0, respectively. It remains to prove that w, — ug

in HY(R3) as n — oo. Indeed, on the one hand, observe by (4.17), (3.12) and the well-known
Brezis-Lieb Lemma that

(4.18) o(1) = J3(un)un — J3(uo)uo = [Jwnl|* — ws|§.
On the other hand, note by (4.17), (3.12) and the well-known Brezis-Lieb Lemma that
1 1
(4.19) Ja(un) = Jr(uo) = JlnlP =3 [ (1=/T =160, / V1= 1602 = gllwnl?
2 R3 2 6
Recalling (3.8), one has

1 1
<z -\~ un | <*/ u 2.

In the spirit of the fact that ¢, u2 — ¢y u3 in L'(R?), there exists h(z) € L'(R3) such that
|G (2)ua(x)| < h(z) aa. = € R® and uniformly for n. Based on above, Lebesgue dominated
convergence theorem implies that

(4.20) 3 / 1—4/1— ]Vqﬁun =3 / 1- \V(buol ), asmn — oo.
Put (4.20) into (4.19), then the following holds

(4.21) x> J(un) — Ja(o) = 5l — <o +o(1)
Combining (4.18) with (4.21), we get

(4.22) %53/2 S oy > %||wn||2 +o(1).

Recalling |lwy,||? > S||wy||2, then HwnH% > S for wy, # 0 due to (4.18). It contradicts with (4.22),
and therefore, w,, = 0. That is, u, — ug in H}(R?) which completes the proof. O

Now we are attempt to prove Theorem 1.1

Proof of Theorem 1.3 It follows from Lemma 3.5 that for fixed A € (0,1], there exists
uy € HY(R3) such that Jy(uy) = cy and J§(uy) = 0. Choosing a sequence {\,} C (0,1] satisfying
An. — 0, then we find a sequence of nontrivial critical points {uy, }(still denoted by {u,}) of Jy,
with Jy, (un) = ¢y, . Arguing similarly in the proof of Theorem 1.1, we obtain that {u, } is bounded
in H}(R3) uniformly for n. By letting n — 400, then there exists co > 0 such that ¢y, — co and
Jy, (un) = co + o(1). Moreover, for any ¢ € C§°(R?), we have

Jl(un)‘P = Jg\n(un)SO — Anl|un||Sune = o(1) |||
Thus, {u,} is a Palais-Smale sequence of J with level ¢y. Arguing similarly as in the proof
of Lemma 3.5, we prove that there exists a nontrivial ug € H}(R3) such that J'(ug) = 0 and
J(ug) = c¢. Arguing Similarly as in the Theorem 1.1, we can get that (1.1) has at least a radial
ground state solution (u, ¢,,). O
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