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POSITIVE SOLUTIONS FOR A CLASS OF NONLOCAL PROBLEMS
WITH POSSIBLY SINGULAR NONLINEARITY

LESZEK GASINSKI, JOAO R. SANTOS JUNIOR, AND GAETANO SICILIANO

ABsTRACT. We study a class of elliptic problems with homogeneous Dirichlet boundary condition
and a nonlinear reaction term f which is nonlocal depending on the LP-norm of the unknown
function. The nonlinearity f can make the problem degenerate since it may even have multiple
singularities in the nonlocal variable. We use fixed point arguments for an appropriately defined
solution map, to produce multiplicity of classical positive solutions with ordered norms.
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1. INTRODUCTION

In this paper we consider the existence of multiple positive solutions for the following class of
nonlocal problems:

(Py) —Au=f <u,/Q |updx> in Q,
u =0 on 0f),

where p > 1, Q is a bounded domain in RY with smooth boundary and f is a continuous function
with a suitable behaviour in the second variable.

In the last decades partial differential equations involving nonlocal terms have attracted a
great deal of attention of the mathematical community for different reasons. Indeed, equations
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involving nonlocal terms are usually more realistic to model different situations in nature, see
Furter-Grinfeld [10] for a comparison between local and nonlocal models in population dynamics,
or Kirchhoff [15] for an improvement (based on the insertion of a nonlocal term) of the classical
D’Alembert’s wave equation in string deformation theory. From a mathematical point of view
nonlocal equations are challenging since, in general, the presence of a nonlocal term makes the
equation much more complicated. In many cases the known techniques cannot be applied in a
straightforward way, so the development of alternative approaches is required.

Regarding stationary partial differential equations in very recent years two classes of problems
involving nonlocal terms in the diffusion operator have been a quite active research field, namely
the Kirchhoff and the generalised Carrier problems. A basic prototype of the first one is

—a </ |Vu|2d3:> Au= f(u) in Q,
Q
u=0 on 0,

(KP)

where a is usually a continuous real function bounded away from zero. Problem (KP) is the
stationary version of a hyperbolic model to small transversal vibrations of elastic membranes, see
Kirchhoff [15] for details. On the other hand, generalised Carrier problems are of type

(GCP) —a (/Q !u\”dw) Au= f(u) inQ,
u=0 on 09,

where a is again a continuous real function. When p = 2, problem (GCP) is the stationary case
of another hyperbolic model of transversal vibrations (not necessarily small) of elastic membranes
which was introduced by Carrier in [7], in the unidimensional case. As p =1, (GC'P) also appears
as the stationary version of parabolic models in the study of the dispersion of biological populations
where the diffusion rate of the specie takes into account the whole population. See, for instance,
Chipot-Rodrigues [8]. For papers involving operators as in (GCP) with p > 1 arbitrary, we refer
the reader to Figueiredo-Sousa-Morales-Rodrigo-Suérez [11] and references therein.

Recently, the above problems have been studied also in the degenerate case, that is, when
a vanishes in some points. Concerning (K P), this line of research started with the papers of
Ambrosetti-Arcoya [2,3]. See also Santos Junior-Siciliano [16] who establish a multiplicity result of
positive solutions depending on the number of degeneration points of the function a. For problem
(GCP), some interesting results can be found in the recent papers of Delgado-Morales-Rodrigo-
Santos Junior-Suarez |9] and Gasiriski-Santos Junior |13, 14].

Starting with the above considerations, our aim here is to study existence of positive solutions
for (possibly) degenerate problems for which problem (GCP) is just a particular case. The main
goal of this paper is to prove that when the reaction term involved in the equation depends on
the LP-norm of the unknown function and it allows singularities in some points of its domain, the
same sort of multiplicity result (as those observed in degenerate Kirchhoff and Carrier problems,
see Santos Junior-Siciliano [16] and Gasiniski-Santos Janior [13]) holds.

It is worth to point out that such kind of results are much more general than those obtained for
degenerate Carrier problems. In fact, if we choose, the nonlinearity f in (Pr) of the form

(1.1) f (u,/g|u|pdx> - Cm,
Q

with a being a continuous real function which vanishes in some points, then f(u,-) exhibits a
diverging behaviour and we fall in the degenerate Carrier problems (GCP).
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1.1. Statement of the main result - Theorem 1.1. First let us introduce some notations.
Along the paper,

| - || denotes the H}(€2)-norm,

| - | is the L™(2)-norm,

A1 is the first eigenvalue of the minus Laplacian operator in 2 with zero Dirichlet boundary
condition,

(1 is the positive eigenfunction associated to A\; normalized in the H&(Q)—norm,

e1 is the positive eigenfunction associated to A1 normalized in the L% (£2)-norm,

Cy > 0 stands for best constant of the Sobolev embedding of H}(f2) into L(€2);

|| is the Lebesgue measure of (2.

We assume that f is a function having the following behaviour:

(fo) there exist positive numbers 0 =: tp < ¢; < t2 < ... < tx (K > 1) such that
[ :R x A — R is continuous, where A = (0,00)\{t1,...,tx}. For each k € {1,..., K}
and fixed o € (tg_1,tx), f(-,@) € C1(R), there exists s, > 0 such that f(sq,a) = 0 and
f(s,a) >0 for s € (0,54). Moreover sup s, < 00, for each compact set Z C (tx—_1,t) and

acZ
ke{l,...,K};
(f1) for each k € {0,..., K} and any s € (0, s4), li_r>1tl f(s,a)/s € [A1,+o0];
a—tg
(f2) for each k € {1,...,K} and fixed a € (tx—_1,tx), the map (0,s54) > s — f(s,a)/s is
decreasing;
(f3) Olérelifya > A1, where v, 1= Slg())a+ f(s,a)/s.

Remark 1. (a) Hypothesis (f;) makes the problems (Py) singular in the nonlocal term whenever
lim f(s,a) = +oc.

a—tg

(b) Hypotheses (f2) and (f3) describe the behaviour of the function 4 : (0, s4) — (0,74) defined
by

(12) val9) = 18 v € (0,50,

Hypothesis (f2) guarantees its monotonicity, which will be crucial in the proof of the uniqueness of
solutions for the auxiliary problem (P ) (see Proposition 2.1) and for other technical issues (see
Lemmas 2.2, 2.3, and 2.4). Hypothesis (f3) says that the limits of the functions 1, at zero are
separated from A (uniformly in «).

Moreover we assume that:
(f1) tr < (cirelfélsa)p/gelfdx;
(fs) inf  max f(s,a)(si /a) < \/2/Cu|QY2, for all k € {1,..., K}.

a€(tg—1,tk) $€[0,5q]

Remark 2. (a) Hypotheses (f4) gives some bounds on the “edges” of the curvilinear trapezoid
{sa: a € A} x A, in which the interesting domain of f is contained.

(b) Hypotheses (f5) is quite technical and says that for some particular choice of o € (tg_1,tx)
the maximum of the quotient f(s,ap)/ap over s € [0, s4] is bounded by some constant.

Our main result is the following.

Theorem 1.1. If conditions (fy)-(f5) hold, then problem (Pr) has at least 2K classical positive
solutions with ordered LP-norms, namely

0< /Qu‘ild:v < /Quzl’gdx <t <...<tg1< /Qull’ﬂdx < /Qu’['(,zdm <tk.
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With the notation in (1.1), the Theorem gives existence of multiple and ordered solutions for
the degenerate Carrier problem

—a </Q |u\de> Au = g(u) inQ,

u =0 on 012,
since a may vanish in some points.

The proof of the above theorem will follow the following general steps:

Step 1. We first introduce an auxiliary problem with a truncated nonlinearity and fixed nonlocal
term;

Step 2. By variational methods we show that the auxiliary problem has a unique solution;

Step 3. We define a suitable map which gives the LP-norm of the solution;

Step 4. Finally, we show that this map has fixed points, which are indeed solutions of the considered
problem.

The structure of the paper is the following. In Section 2 we develop Step 1 and Step 2 above. In
Section 3 we address Step 3 and Step 4 above and implement them to the proof of Theorem 1.1.
In the final Section 4 we give examples of nonlinearities f satisfying our assumptions.

2. AUXILIARY PROBLEM

2.1. Statement of the auxiliary problem (P ,). In order to prove our results, the following
auxiliary problem will play an important role: for each k € {1,..., K} and any « € (tx_1, ) fixed,
consider

—Au = fo(u) inQ,
(Pk,a) u >0 in €,
u=20 on 012,
where
f(0,a) ifs<o0,
fa(s) =< f(s,a) if 0<s<sq,
0 if s, < s.

Remark 3. Since f is continuous, it is an immediate consequence of the definition of ﬁx that
if {an} C (tg—1,tr) converges to a € (tg—1,tx) and s, € (0, Sq,,) is such that s, — s, for some
s € (0,84), then fo, (sn) = fa($).

2.2. Existence of the solutions of (P} ,). Since we have “removed” the nonlocal term of (Pr), we
can treat problem (P o) using a variational approach. Define the energy functional corresponding
to problem (P o)

1 ~
(2.1) Ik o(u) = §HuH2 —/ Fo(u)dz,
Q
where as usual .
Fi(s) = / (oo,
0
It is clearly well defined and of class C!.

Proposition 2.1. If conditions (fy), (f2) and (fs) hold, then for each k € {1,...,K} and
a € (tg—1,tx) fized, problem (Pj o) has a unique classical solution 0 < uq < sq.
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Proof. Since, for each k € {1,..., K} and o € (tx_1, tx) fixed, 7. is bounded and continuous, the
energy functional (2.1) is coercive and weakly lower semicontinuous. Therefore I}, o, has a minimum
point u, which is a weak solution of (P} ). Moreover, it follows from conditions (f) and (f3) that

~

I 1 F, 1
Tolspy) _1_ / 76!(8%0;) pidr — - <1 - %> <0ass—0F.
a (se1) 2 Al

52 2
The last inequality implies that the minimum point u, of I, , is nontrivial, because for s > 0 small
enough

Ina(ta) < Ina(spr) = (Ikal(ser)/s%)s* < 0.
Then u, € H}(Q) satisfies

(2.2) /QVuaVvdx = /QJ/‘;(ua)vdac Vv e HHQ).

Then it is easy to see that any nontrivial weak solution u, of problem (P}, ) satisfies 0 < uq < s4.
Indeed by choosing v = (ug — 8o)" in (2.2) we arrive (by the definition of f,) at

/ Vua V(g — sq) dr = / fa(ua)(ua —8q)Tdz =0
Q Q

which redly implies u, < s,. Analogously one deduces that 0 < wu, by taking v = ug, in (2.2).
Morover the weak solution of problem (P ) is unique by condition (f2), see Brezis-Oswald |[6].

Since fa(ua) = f(uq, @) is bounded and f(-,a) € C*(R), it follows from Agmon [1] that u, is a
classical solution. Finally, the maximum principle completes the proof (see Gilbarg-Trudinger 12,
Theorem 3.1]). O

2.3. Properties of the solutions of (P} ,). Due to Proposition 2.1, we can set

2.3 o= Tpolta) = min I (u).
(2.3) c koo (Ua) uenf}él(lm ko (W)

Since, by condition (fs), the map (0,54) 3 s — ¥a(s) = fal(s)/s is decreasing (sce (1.2) in
Remark 1), there exists the inverse ¥;%: (0,74) — (0, 84). Thereby, by condition (f3), for each
e € (0, invf4 Ya — A1), it makes sense to consider the function

aE

Yo 1= 1/1;1()\1 + 6)61.
Remark 4. Let {a,} C (tx—1,tx) be a sequence such that c,, — o € (tg_1,tr). Then
Yar (M1 +e) = 93 (M + o).

Indeed, if we set z, := 1y (A1 +¢€) € (0,5a,), by (fo) the sequence {z,} is bounded, hence we can
assume that z, — z. Then, by Remark 3

for(zn) _, Jau(2)

Zn z

A +e= as n — 400

and so z = P (M +e).

Remark 5. We observe also that, if o, — o, and {u,} is such that 0 < u, < sq4, < M and
Uy — Us a.e. in ), then

o~ ~

Fo, (un(2)) = Fo, (u(2)).
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Indeed by definition

~

Farton@) o] = | [ oo~ [ sio.0000

un(z) ux ()
/ f(o,ap)do — / f(o,an)do
0 0

U ()
+ /0 f(o,a) — f(o,am)ldo

IN

un ()
:L/Uuwﬂww+MU=MU

Lemma 2.2. If conditions (fo), (f2) and (f3) hold, o € (tx—1,t), then for each e € (0, iniya -
ac

A1), we have

(2.4) Co < —%awgl()q +¢)? /Q eldz.

where cq 15 given in (2.3).

Proof. Note that, by condition (f2), we have
@@z%ﬁ@sv3>o

Hence,

_Jralya) 1 > [ Jalwe)
Dol +2)? < 3 l”elH /ngl()\l +€)2yadaz] ,

or equivalently

I (Ya 1 fo (Yo
71/6,0&(3/ ) 5 S - H€1H2 _/ f (y )C%d.%' )
7/}01 ()\1 + 5) 2 Q Ya
Using the definition of e; and condition (f2), we get
Tr.a(Ya 1 foltbz (M1 + &
olte) e~ [ LellarCat D )
Ya (A1 +e€)? 2 Ya (A1 +¢)

Now, using the definition of 1!, we deduce

feolie) Ly [ctas] - [
_— < — — (M +e dr| = ——¢ dx.
GilOn e = a |19l T e Jade] = mge  ade

Therefore,

1
Ca < Ipa(ya) < —551%1()\1 + 6)2/ e%dx,
Q

which concludes the proof. ]
The next two technical results will be helpful in what follows.

Lemma 2.3. If conditions (fo), (f2) and (f3) hold, then

(2.5) Uo > 20 =5 (M)er YV a € (th_1,tr).
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Proof. From condition (f2) and definition of 1! it follows that

NI AU ACS]
Ya ()\1) R

Thus R
—A(zq) = M2za < fa(za) in Q.
Therefore z, is a subsolution of (P ,). Inequality (2.5) follows now from condition (f2) and

Ambrosetti-Brezis-Cerami [4, Lemma 3.3]. O
Lemma 2.4. If conditions (fo)-(f2) hold, then

2.6 liminf ¢, (A) > inf  s,.

( ) a—t) v ( 1) T a€(tp—1,tk) “

The same holds for o — t .

Proof. Assuming the contrary, there would exist a sequence {ay,} C (t5_1,t) such that a, — ;|
(or alternatively a,, — ¢, ) and

-1 .
o (A1) <T < inf s,
v n( 1) a€(tg—1tk)

for some T' € R. Since T' € [0, S4,,| for all n > 1 and 1, is decreasing on [0, S,,,|, we would have

T, on
A > Y, (T) = M'
T
But this contradicts hypothesis (f1). So the proof is done. O

3. PROOF OF THE MAIN RESULT

3.1. Auxiliary map Pj. In virtue of Proposition 2.1, given p > 1, for any k € {1,..., K} we can
define the map

(3.1) Pr:a € (tp—1,tr) — / ubdr € R
Q

where u, is the unique solution of problem (P} ). The strategy of proving Theorem 1.1 will be to
show that Py is continuous and has two fixed points. Indeed any fixed point, let us say @, of Py

satisfies by definition
—Aug = f(u,/ uidm) in Q,
Q
0 < ug < sz in Q,
ug =0 on 0,
and hence ug is a solution of (Pr) with LP-norm in (t5_1,tx).

3.2. Continuity of Py.

Proposition 3.1. If conditions (fo), (f2) and (f3) hold, then for each k € {1,2,..., K}, the map
Py defined in (3.1) is continuous.

Proof. Let {a,} C (tx—1,tx) be a sequence such that a,, — «, for some a, € (tx_1,tx). Denote
by u, the positive solution of (P o) with oo = c,. Since,

1 ~
(3.2) 5 lhall? - /Q Fo (un)de = T, (un) < 0,

we get

1/2
b}

(3.3) lun| < [zﬁan(san)m@ VneN.
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Note that by assumption (fy), {Sa, } C (0, M), for some M > 0, then

—~ San M
F,, (Sa,) = ; fa, (0)do S/o fa, (0)do

and this last integral is bounded uniformly in n by Remark 3. Consequently the right hand side
in (3.3) is bounded and so is {u,} in H}(2). Then, up to a subsequence, there exists u. € Hg(Q)
such that

(3.4) Uy — uy in H(Q).

Thus, from Remark 3, passing to the limit as n — oo in

/Vuand:E = / ﬁ)n(un)vdx Ve Hi(Q),
Q Q
we get
/Vu*Vvdx = / Fa (w)vdz ¥ v e HY(Q).
Q Q

So, u, is a nonnegative weak solution of (P ,) with a = a,. We are going to show that u, # 0.
In fact, passing to the limit as n — oo in

/VunVu*dx:/f;n(un)u*dx
Q Q
and
Junl = [ Foultn)undn,
Q

we conclude that

(3.5) [[unl = fJus]l-
From (3.4) and (3.5), we have
(3.6) Up — Uy in HE(Q).

As a consequence, by Remark 5 and the Dominated Convergence Theorem (being 0 < w,, < M)
we infer

(3.7) /Q By (un)dz — /Q P (us)da.

By Lemma 2.2, there exists € > 0, small enough, such that
1
I, (upn) < —56111(;:()\1 + 6)2/ eldr VneN.
Q
So, passing to the limit as n — oo and using (3.6), we obtain by Remark 4 and (3.7),

1
I, (uy) < —561#;*10\1 + 5)2/ e2dr < 0.
0

Therefore u, # 0. Arguing as in the proof of Proposition 2.1 we can show that w, is a positive
classical solution of (P o) with a = . Since such a solution is unique, we conclude that

(3.8) Us = Ugy, -
Us|oo } < M and finally

Using that 0 < u,, < s4,, < M we infer sup,, {|un|co,

/\un—u*|pdx§]un—u*|gol/un—u*|da:—>0
Q Q

which implies
Pk(ozn) — Pk(a*)
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and concludes the proof. O

Remark 6. It is worth noticing that, with the notation of the previous proof,

(3.9) Up — uy in CL(Q).
In fact, by (3.8) we infer
(3.10) — Altn — ) = fa, (un) = fa. (us) =: gn(z) ¥V neN.

From (fo), the continuity of f and inequalities 0 < up, < S4,,0 < uy < Sq,, there exists a constant

C >0, such that
(3.11) |gn|ooc < C2 YV neN.

It follows from (3.10), (3.11) and Theorem 0.5 of Ambrosetti-Prodi [5] that there exists 5 € (0,1)
such that

[[un — u*”cl,ﬁ(ﬁ) <C" VneN,

for some C' > 0. By the compactness of embedding from C1#(Q) into C*(Q) and (3.6), up to a
subsequence, we have (3.9).

3.3. Existence of fixed points of P.

Proposition 3.2. If conditions (fy)-(f5) hold, then the map Py, defined by (3.1) has at least two
fized points tp_1 < o < gy < tg.

Proof. We start with two claims describing the behaviour of Py.

Claim 1: lim Py(a) > t—1 and lim Pr(a) > ty.
a%tzil a—t,

From Lemma 2.3, we have

Pela) > (65 (M) /Q Sde ¥ a € (L ty).

Hence, by condition (f;) and Lemma 2.4, we get

p
liminf Pg(a) > < (inf )sa> / efdr > tg > ty_1,
ac Q

a—th | te—1,tk

P
liminf Pg(a) > ( inf sa> / eldr > tg > ty.
a—t, a€(ty—1,tk) Q

Claim 2: There exists ag € (tx_1,tx) such that Pr(ap) < ap.
For each o € (tx—1,tx), let w, be the unique solution (which is positive) of the problem

—Au=uE"t inQ,
u=20 on 012,

where u, is the unique positive solution of (P ,). Hence, multiplying by u, and integrating by
parts, we have

/Vanuada: = / ubdx = Pr(w).
Q Q
On the other hand, by the definition of u,, we get

(3.12) Pk(a):/gfa(ua)wadx
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thus,

(3.13) Pr(a) < ( max fa(S)) Chllwall,

$€[0,54]

(where C; > 0 is the best constant of the Sobolev embedding from H} () into L1(£2)).
From the definition of w,, the fact that 0 < u, < s, and Holder’s inequality, we obtain

1 1/2 1
(314) ||wa|| < \/TT (/{'2 Ui(p_l)dl') < \/rlsg—1|9|1/2‘
Applying (3.14) in (3.13), we obtain

N Gl p-1y1/2
Prla) < N —L N2 Vae (b1, ts)
(@) < ((max Fu)) S 10l Ve (o)

Using condition (f5) we get the conclusion of Claim 2.

From the continuity of Pj (see Proposition 3.1), Claims 1 and 2 and the intermediate value
theorem for continuous real functions, we conclude that P, has at least two fixed points o ; and
ag i, in the interval (¢5_1,tx). The conclusions of Claims 1 and 2 are illustrated in Figure 1.

Y y = Py(a)

th—1 Q1 Qo ok g

FIGURE 1. Properties of Py, in (tx_1,tx) due to Claims 1 and 2.

g

3.4. Conclusion of the proof of Theorem 1.1. From Propositions 2.1 and 3.2 it follows that
problem (Pr) has two classical positive solutions w1 and uy 2 such that

th1 < /ng,ldw < /Quizdx < tp,

for any fixed k € {1,..., K'}. This finishes the proof. O
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4. EXAMPLES OF NONLINEARITIES f

Let us provide some examples of function f satisfying hypotheses of Theorem 1.1
(a) Let us take two integers K > 1, u > (K/ [, efdz)!/? and let S: [0, K] — (u,+00) be a
C'-function. We put

5:= max S(t), s:= min S(t)>u, and M :=A/?/(2010/"/?).
te[0,K) te[0,K]

Let L: R — [0,00) be a continuous function such that L(w) = 0 for w < 0, L is increasing and C*
n (0,00), lim L(w) = +o0, L(s) > A1, and max s- L(3 — s) < M/3”~!. Now, defining
W—00 s€[0,3]

(4.1) F(s.0) =5 L(S“*)

| sin 7t |
we will show that f satisfies hypothesis (fo)-(f5), with ¢; =i for i € {0,1,..., K} and s = S(«).
Indeed, f: R x A — R, where A = (0,00) \ {1,..., K}, f(-,a) € CYR) for all a € A,
f(sa,a) =0, f(s,a) > 0 for s € (0,54). Thus hypothesis (fp) holds. By the assumptions on L,
it is also obvious that (f1) is valid. Also, the map (0,s4) 3 s — f(s,a)/s is decreasing (as L is
increasing), hence (f2) holds. For any k € {1,..., K} and « € (t;_1,t;), we have

o=t L) gy (220 () s ) 2 L) > A

s—0t 8 s—0t  \|sinma| | sin ey

thus hypothesis (f3) holds. Hypothesis (f4) is clear, by the assumptions on the map S (see the
definition of w). Finally, for a fixed k € {1,..., K}, we have

p—1 =p—1 Sk — 1) —
inf max MS max 22 ( ( - 2) S)
€ (tp_1,tr) SE[0,54] Q s€l0,3 k — = | sin /2]
)\1/2
1 1 1M
< 23’7 Slél[%};] sL(s—s) <2sP""M/sP~ = G

thus hypothesis (f5) holds.

(b) Let us now provide some particular examples of functions S and L satisfying the above
assumptions. Take K, u, and M as defined in (a) and put a := v+ 1, n > W -1
(n+1)M
(A1+1)(a+1)P

and (8 := % Next choose any b € (a,min{a v
S:[0,K] — (0,400) and L: R — [0,00), by

, a+ 1}) Now we define functions

b—a w” for w >0,

It is easy to check, that s = a > u and s = b. Moreover the function L is continuous, increasing
and C! on (0,00), lim L(w) = 400, L(s) = L(a) = Ba™ = 2L a™ = A\; +1 > A1, and finally the
w—r00

maximum of the function [0,5] > s — s- L(5 — s) = fs(b — s) is attained at Spaz = H—Ln and so

_ M +1/b\" n \" M+1 (n+1)M
- L(5— = -] b 1
max s~ L =) 1+n< ) <1—|—n> “TrnitDerpety

= M/(a+ 1)1 < M/t = M/3PL
by the definition of b. Thus both functions S and L fit into the framework of example (a), and so
the function f defined by (4.1) satisfies hypotheses (fo)-(f5)-

(c) For another choice of functions S and L satisfying the assumptions of (a), take again
K, u, and M as in (a) and put a := u + 1. Next fix two numbers b and d such that
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a<b<d< min{a—k(# a+ 1} and define ¢ := %‘W. Let S: [0, K] — [a,D]

PYESHCESIEE

be any C'-function. Then s > a and 5 < b.
On the interval [0,b] we defined an increasing C1-function L(w) = =% and extend it outside

cw

w—d

[0, 0] in such a way that it is still C! and increasing. We have L(s) > L(a) = \; +1 > \; and

B b—s cs(b—s)
L(5—s) < -L(b—s) = max —cs———— = max ———
e s Ls —s) < s Lb = o) = e e T N ST @ b)

where last maximum is attained at S;q5 = v/d(d — b) — (d —b) € (0,b), with the value

B sci(?d_—s?)) - e (1= Vid=b)/d)(d= vd(d=b)

(M:l)(d_“ﬁk a  (M+1D)(a+l)

(AL +1) Ma M M M
D)= et St S

thus both functions S and L fit into the framework of example (a).
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