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Abstract

In this note we study the global existence of small data solutions to the Cauchy problem for the semilinear wave
equation with a not effective scale-invariant damping term, namely

Ve — AV + ve=DMP", v(0,x) =vo(x), v:(0,x) =v(x),

2
1+1¢
where p > 1, n > 2. We prove blow-up in finite time in the subcritical range p € (1, p»(n)] and existence theorems

for p > py(n), n = 2, 3. In this way we find the critical exponent for small data solutions to this problem. Our

results lead to the conjecture p,(n) = po(n + 2) for n > 2, where po(n) is the Strauss exponent for the classical
semilinear wave equation with power nonlinearity.

Keywords: semilinear damped wave equation, not effective damping, small data global existence, Strauss
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1. Introduction

In this paper we study the global existence (in time) of small data solutions to

v,,—Av+1+tv,:|v|p, t>0, xeR"
v(0, x) = vo(x), xeR", (D
vi(0, x) = vi(x), xeR",
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in space dimensions n = 2,3. The damping term of this model is not effective (see [29]). Nevertheless, there
should be an improving influence on the critical exponent p.,;; in comparison with Strauss exponent po(n) for

wy—aw=wP, >0, xelR"
w(0,x) = wo(x), xeR", 2
wi(0,x) = wi(x), xeR",

here py(n) is the positive solution to
n-Dp*—-m+1p-2=0.

By critical exponent p.,;; for (1) or (2) we mean, that for small initial data in a suitable space, there exist global
(in time) solutions for some range of admissible p > p.,i;, and there exist suitable (even small) data such that there
exist no global (in time) solutions if p € (1, peyir]-

It has been recently shown that the critical exponent for models with effective dissipation, this means, yu is
sufficiently large (see [29]) in the model

v,,—Av+l'Litvt=|v|”, t>0, xeR?
v(0, x) = vo(x), x e R, 3
V[(O, -x) = Vl(x), X € Rn’

iS perir = 1 + 2/n (see Section 2 for details). The exponent 1 + 2/n is the same as for the semilinear heat equation,
and it is related to the effectiveness of the damping, i.e., the property of the damping term to make suitable linear
estimates for the wave equation similar to the ones for the corresponding heat equation pv, — (1 + £)Av = 0 (in
particular, the L' = L” low frequencies estimates). We set

peln) = 1+2/n,

where the index co means that u is sufficiently large.
On the contrary, it seems to be not so easy to show that for small positive values of y, for example, u = 2 the
critical exponent p,(n) is strictly larger than p.,(n). Summarizing all these explanations one would expect

Poo(n) < pu(n) < po(n)

for u in a suitable range. Indeed, this happens because one of the main goals of the paper is to prove p.(3) <

P23) < po(3).
In this paper, we reach this aim by setting u = 2 in (3), and showing that

3 ifn=1,
p2(n):=max{po(n + 2); po(n)} = {Po(n +2) ifn=23. ¥

We notice that p(2) = po(4) = 2 and p(3) < po(5). Hence, forn = 3 and ¢ = 2 in (3), we really feel the
influence of the not effective dissipation term.

We prove the following results:

Theorem 1. Assume that v € C>([0, T) x R") is a solution to (1) with (even small) initial data (v, v,) € CE(R”) X
Ci(R”) such that vi,vy > 0, and (vo,v1) # (0,0). If p € (1, p2(n)], then T < co.

Being the 1-dimensional existence result already proved in [3], in one space dimension, since the dissipation
in (1) is effective, with respect to the linear estimates employed in [3], we prove the existence result for space
dimensionn =2 and n = 3.

Theorem 2. Letn =2 and p > 2 = po(4). Let (vy, V) € C?(Rz) X Cg(Rz). Then there exists &y > 0 such that for
any € € (0, &), if vo = Vg and vi = vy, then the Cauchy problem (1) admits a unique global (in time) small data
solution v € C([0, o), H*) N C1([0, o), H") N C*([0, c0), L?).
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Theorem 3. Letn = 3 and p > po(5). Let (¥, V1) € Cg(R3) XC, Z(R3), be radial. Then there exists gy > 0 such that
for any € € (0, &), if vo = €Vg and vi = &V, then the Cauchy problem (1) admits a unique global (in time) small
data radial solution v € C([0, c0) x R*) N C2([0, o) x (R? \ {0})).

For the sake of brevity, we use the notation
(y) =1+ |yl for any y € R".
To prove our results we perform the change of variable u(¢, x) = (t)v(z, x). So, problem (1) becomes

g — A= P VP, >0, xeR,
u(0, x) = up(x), xeR", (5)
u:(0, x) = uy(x), xeR"

with uy = vo and u; = vy + v;. This means we are dealing with a semilinear wave equation with a time-dependent
coefficient in the nonlinearity. For proving Theorem 1 we will extend to this equation the classical blow-up tech-
nique due to R.T. Glassey. For Theorem 2 we use Klainerman vector fields. Due to the lack of regularity of the
nonlinear term, for p € (po(5),2), the proof of Theorem 3 requires a different idea and we shall restrict to radial
solutions. We will establish an appropriate version of the pointwise estimates for the wave equation.

By the aid of these estimates, in this latter case, we will also find a decay behaviour for the solution to (1) which
is the same as for solutions to the (n + 2)-dimensional wave-equations. For details, see Theorem 6 and Remark 6.
We expect that the technique of the pointwise estimates could be applied to prove the existence for p > po(n + 2)
with n > 4. Consequently, the improving influence of the dissipation term on the one hand and the not effective
behaviour on the other hand can be expressed by a shift of Strauss exponent po(n) to po(n + 2) as in the title of this
paper (see also Remark 10 and [5]).

2. An overview of some existing results

2.1. Wave model

For the Cauchy problem (2) it is well-known that the critical exponent for the existence of global (in time)
small data solutions is pg(n). More precisely, if 1 < p < po(n), then solutions to (2) blow-up in finite time for a
suitable choice of initial data (see [9], [13], [14], [20], [21], [26]), whereas for p € (po(n), (n + 3)/(n — 1)] a unique
global (in time) small data solution exists (see [8], [10], [13], [24], [30]). In space dimension n = 1, solutions
to (2) blow-up in finite time for any p > 1, hence, we put po(1) = oo (see [9]).

2.2. Scale-invariant damped wave models

Known results on the global existence of small data solutions to (3) can be summarized as follows:

e Non-existence of weak solutions for 4 > 1 and p < 1 + 2/n, provided (o + (u— )7 'uy)dx > 0 (see
R)l
Theorem 1.1 and Example 3.1 in [4]).

e Non-existence of weak solutions for u € (0,1] and p < 1 +2/(n — 1 + w), provided f uydx > 0 (see
Theorem 1.4 in [28]).

e According to Theorems 2 and 3 in [3] global (in time) existence of energy solutions for small data if p >
1+2/nand

—ifn="1landu >5/3,
—ifn=2and u >3,

— foranyn>3ifu>n+2.



2.3. Useful transformations

The equation in (3) has many interesting properties. In particular, if 4 € R, by the change of variables
V(L x) = (! (e, x) ©)

one sees that v solves (3) if, and only if, vﬁ(t, X) solves

f#
v a4 Fb = (@ =Do-Dy e,

—v
(n '
V0, %) = vo(x), @
vE(0,x) = vi(2) + (1 = o)
with ,uﬁ =2—-u.
If u € (—oo, 1) in (3), by introducing the change of variable ¥(¢, x) = v(A(f) — 1, x), where
_ <t>€+l B u
A(t)'_[+1’ and (= T ®)

the Cauchy problem (3) becomes a Cauchy problem for a semilinear free wave equation with polynomial propa-
gation speed

¥(t, x) = vo(x), )]
U(f, x) = (1 = ™ vi(x),

{ By — (O a0 = O P,
where 7 = (1 —)"'™® — 1. We notice that:
e ¢ > (if, and only if, i € (0, 1). On the other hand, £ € (—1,0) if u € (—o0,0);
° fe(O,e% —1]ifue@©,1)andf > 0aspuy —> Oandasu — 1;
o fe(—1,0)if u € (—00,0).
Similarly, by virtue of (6), (7) and (8), if 4 > 1, the Cauchy problem (3) becomes
o — (120 At = ¢, (12D,
(i, x) = vo (), (10)
P, ) = (= D)7 1(0) + (= Dvo(x),

where ¢ = (2 — p)/(u—1),# = (u—1)"*V ~ 1,and ¢, = (u— D DP=D,
On the other hand, if 4 = 1, by setting A(7) = €', the Cauchy problem (3) becomes

$(0, x) = vo(x), (11)

{ Py — XA = 2 PP,
(0, x) = vi(x).

By means of all these transformations, following the reasoning in Example 4.4 in [4], we can obtain as in [28]
the non-existence of global (in time) weak solutions to (3) for u € (0, 1) and

26+ 1) 2
p< = :
n€+1)-1 n—1+u




2.4. Blow-up dynamics

Since in [4, 28] the test function method is employed, the blow-up dynamic remains unknown. However, one
can apply an argument similar to those developed in [9], to (9), (10) and (11), obtaining that all the L? norms of
local solutions blow-up in finite time. Indeed, in Example 2a in [25] the author gives sufficient conditions on

Uy — @ (H)Au = m(t)|ul?,

which guarantee that lin% lu(®)lly = +oo for any 1 < g < +oo, where T is the maximal existence time for a smooth
—

solution with nonnegative, compactly supported, initial data. See also [7] for the 1-dimensional case. By means
of (9), (10) and (11) from these results one can deduce the blow-up in finite time for (3)

e ifue,Dandp <1+ ——|
n—1+u

e ifu=1andp < pe,
e ifue(l,2]and p < po.

We notice that blow-up in finite time is proved for the limit case p = 1 + 2/(n — [1 — u]*) only for 4 = 1, while
non-existence of weak solutions for u € (0,1) U (1,2] is also known for p = 1 + 2/(n — [1 — u]*). Up to our
knowledge we have no other information from literature about existence or non-existence for (3). In particular, the
blow-up dynamic is unknown for p > 2.

After this discussion, it was natural to ask if the blow-up exponent p.(n) = 1 + 2/n could be improved for
some u € [1,5/3)if n = 1, for some u € [1,3) if n = 2, or for some u € [1,n + 2) if n > 3. On the other hand, one
may ask if a counterpart result of global (in time) existence can be proved. Theorems 1, 2, 3 give a positive answer
to these questions in the special case y = 2. These results may give precious hints about the general case of small

u.

2.5. Space-dependent damping term

For the sake of completeness, we remark that the case of wave equation with space-dependent damping

Vi — A+ u{x) Y v, =P, >0, xeR"
v(0, x) = vo(x), x e R, (12)
vi(0, x) = vi(x), xe R,

where y > 0 and @ € (0, 1], is also particularly difficult when @ = 1. On the one hand, in [11], the authors proved
that the critical exponent for the existence of global (in time) small data solutions is 1 + 2/(n — @) if @ € (0, 1).
On the other hand, in [12] they proved for @ = 1 that the estimates for the energy of solutions to the linear model
of (12) show a decay rate which depends on u for u < n. This property hints to a y-depending critical exponent
for (12) for small .

To complete our overview, we mention that the critical exponent for the wave equation with time-dependent
damping p(t)u, is 1 + 2/n if « € (=1,1) (see [6, 18, 19]), whereas global existence of small data solutions
for p > 1 + 2/(n — @) for the wave equation with damping u(x) *(#)*, if @, 8 > 0 and @ + 8 < 1 has been derived
in [27].

3. Proof of Theorem 1

Let us remind a lemma on the blow-up dynamics for ordinary differential inequalities with polynomial nonlin-
earity. This result will play a fundamental role in our approach.

Lemma 1. Let p > 1, g € R. Let F € C*([0, T)), positive, satisfying
F(t) > Ki(t + R I(F (D)’ foranyte [T,T) (13)
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for some Ki,R >0, and Ty € [0,T). If
F(@) > Ko(t + R)* foranyt e [Ty, T), (14)

for some a > 1 satisfying a > (q —2)/(p — 1), and for some Ky > 0, Ty € [0,T), then T < co.
Moreover, let ¢ > p + 1 in (13). Then there exists a constant Ky = Ko(K;) > 0 such that, if (14) holds
witha = (g —2)/(p — 1) for some Ty € [0,T), then T < co.

Proor. The case a > (¢—2)/(p—1) corresponds to Lemma 4 in [21]. Leta = (g—2)/(p—1). Following Lemma 2.1
in [26], our problem reduces to find K such that (14) holds and the function G(s) = (To + 1) *F((To + 1)s + 1)
blows up. One has

G(5) 2 Ki(s) (G(s))",

~ -2

G(s) 2 Ko(s)",
respectively, with Ky = Komin{l; (1 + R)/(1 + Ty)}. It follows with a possibly larger constant K that G is
positive, so that from G(s) > K| f(g_l(s)’z(G(s)) one has G(s) > (s)Kg_ K> For large K, the exponent a::kg_]Kl
satisfies a > (¢ — 2)/(p — 1), and we may conclude the proof. These ideas are contained in [9].

Transforming problem (1) into (5) Theorem 1 follows as a consequence of the next proposition. Here we fol-
low [26], taking into account of the time-dependence of the nonlinear term.

Proposition 1. Let f € C*(R") and g € C'(R") be nonnegative, compactly supported, such that f + g # 0. Assume
that u € C*([0,T) x R") is the maximal (with respect to the time interval) solution to

Uy — su = PV,
{ u(0, x) = f(x), (15)
u;(0, x) = g(x).
If p < pa(n), with py(n) as in (4), then T < oo.

Let R > 0 be such that supp f,suppg C B(R). Therefore, suppu(z,-) € B(R + t). Without loss of generality we
assume R = 1. Let us define

F():= f u(t, x) dx.

Thanks to the finite speed of propagation of # and by Holder’s inequality

Foy=@"Y | Jut, 0 dx = 2y f lut, x)” dx Z (6~ ED IF@)P. (16)
Y B

In order to apply Lemma 1 we need to establish that F(¢) is positive. For this reason we consider the functions

= [ edo e

and

Fi(t):= f u(t, )y (t, x) dx.
R)X

It follows that
=(p-1)

E@) = @y PV |F (o) (f W (e, x))n%l dx)

B(1+1)

Let us estimate the last integral. Recalling that (2, x) = e”'¢(x) we see that

f W (8, 0)77 dx < C(K, A, p)(ty™
B(K)
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for any fixed K < 1 +tand A > 0. By using
$1(0) ST M as x| - oo
(see [2], pages 184,185), we get for large t and K the estimate

(n=Dp

t+1
f Wit 2))77 dx < f (Y1 e dp,
B(1+)\B(K) K

Putting
a=n—-1-m-1Dp/Qp-1),

we have

t+1 1+1
p -1 p -1 p
f )1 dp < » Q2+ )" - ‘a(pp ) f er 1 (p)* ! dp.
K K

Ifa >0,ie. p > 2, then we may immediately conclude

+1
[ oretrapsar. a7
K

The same estimate holds if @ < 0, i.e. p € (1,2), since we may write
a(p - 1) f’” 2 (1)
L+ ——7 (P)erTdp S
( p(l+ K)) K
and for large K and ¢ we turn to (17). As a conclusion

E@) 2 (@005 By )P

To estimate |F(¢)|” the sign of the nonlinear term comes into play. More precisely, the following result holds for
any smooth solution to u,;, — Au = G(¢, x, u) with positive G.

Lemma 2. [Lemma 2.2 in [26]] There exists a positive constant ty such that it holds

1
Fi) 2 50 - e™) fR (@) + 8B dx+ e fR @00 dx (18)

fort > 1.

In particular, due to our assumption on f and g, it holds F{(#) > ¢ > 0. Therefore, we proved

ntl

F(1) 2 (y e +amDs = (=55 pen, (19)

Integrating twice we obtain

n+l

F(t) Z <t>max{—% p+n+2,1} + tF(O) + F(O) z <t>max{—7p+n+2,1}’ (20)

since F(0) > 0 and F(0) > 0.

3.1. The subcritical case
Recalling (16) we may apply the first part of Lemma 1 once we have one of the following conditions:

n+1 _ it Dp-1-2

- p+n+2 b1 > @2y
1>(n+1)1§p+11)—2. (22)

Condition (21) corresponds to p < pg(n + 2), whereas condition (22) corresponds to p < p..(n), hence, we derived
p <max{po(n + 2), po(n)}.



3.2. Critical case in 1d
First, let n = 1 and p = 3. By (16) it follows (13) with ¢ = 4. Setting (20) into (16) leads to
Foyz (i Fa’ z (7"

Integrating twice implies F(f) 2 (t) In(t). Therefore, for any Ky > 0 there exists To > 0 such that (14) holds
with a = 1. The proof follows from Lemma 1.

3.3. Critical case in 2d

By (16) and (20) we have again F(r) > (r)"'. Consequently, the conclusion follows.

3.4. Critical case in n dimensions with n > 3

We notice that py(n) = po(n +2) < 2. Due to the lack of C? regularity of solutions we shall prove a blow-up
behaviour for the spherical mean of u, that is, for

iu(t,r) = i f u(t, rw)ds .
lwl=1

Wy
This mean satisfies the differential inequality (see [14])
fiy — At > (1)~ P~ D|g|P.

We can assume that u is radial. Following [26] we consider the Radon transform of u on the hyper-planes orthog-
onal to a fixed w € R™:

Ru(t,p):= f u(t,x)ds i,
X-W=p

where dS , is the Lebesgue measure of {x : x-w = p}. One can see that Ru is independent of w and that
Ru(t,p) = c f u(t, 1) (7 = p2)'5 rdr. 23)
lel

We will assume that p > 0. Since Ru satisfies
87 Ru— 2Ru = (t)" "~V R(|ul?)
and f > 0, g > 0, it follows
1 ! o+(1—S5)
Rutp)> 5 [0 [ R 1) dpr ds
2 Jo p—(1-9)

Since supp R(Ju|”)(s, ) C B(s + 1), following [26] we may estimate

t—p—1
1
Ru(t.p) > - f T sy oD f R(uP)(s. p1) dp: ds
2 Jo R

t—p—1 t—p—1

1 Tz 1 7.
. f (5y ) f (s, )P dyds = ~ f E(s) ds.

1=p-1

1 z n+
Ru(t,p) > = f (s)_T] P ds.
2 Jo

Recalling (19) we get

Since p = py(n) < 2itholds
Ru(t,p) > (1 +1— p)~ "5 pn+l, (24)

8



Coming back to (23) and recalling that supp u(t, -) € B(1 + 1), since r + p < 2r in the integral, we may estimate

1+1 " 1+¢ . -
Ru(t,p) = c» f u(t, ) r(r +p)'T (r = p)'T dr < ¢,2"% f u(t,r) r'T (r—p)'T dr. (25)
P

14

The operator T : L’(R) — LP(R), which is defined by
1 1+¢ 3
Tf)i=—r f(r)lr=12 dr  forany € R,
N+t-172 Je

is bounded. Therefore, if we put

n—1
N, plrr it r >0,
f(r)_{o if r <0,

so that f(r)? = |u(t, r)|” "' for r > 0, then we get

1+1 1 1+¢ el 3 14 00
f (—1 f lut, rlr7 (r—p)= dr) dp < f lu(e, PP P~ dr = Cf lu(t, X)IP dx .
0 [IT+t—p|7 Jpo 0 n

sl =)

P (%7%), so that, by (25), we conclude

1+t

Ru(t, p))?

f ( M( ,0)37[ p(n—l)—(n—l)gdp 5 |M(t, x)lp dx.
o [1+t—plz? R”

DuetopSZanerpitholdsrnl;’] >r

Thanks to (24) we get

1+t
ntl n+3 p
(P dxz | (1+1-p) T 7T D0 DG,
R 0

Recalling that p = p,(n) we may use
n+l , n+3

_ =1,
y Pk

and obtain Lt

.

)P dx 2 | (L+1—p)~ p DD gp > (nrD=0=D3 ngy),
Rn 0
Thus,
Et) >y @D | dx = ()" D=5+ gy,
Rn

hence,

F(1) Z (1) D=0=D% Ingy),

Similarly to the case n = 1 the end of the proof follows by Lemma 1.

4. Proof of Theorem 2
Let p,q € [1,0]. Asin [17] we define
n-1
s VGO T P
It holds || fll(p,p) = Il fllz» and Holder’s inequality

i 2llpay < Wfillpran 1f2llpaa (26)



is valid if
P P P2 q9 91 9

Moreover, since S n=1ig compact, it holds
1 lp.qn N Ifllp.gy forany gz > qi. 27
Leti, j = 1,2 with i # j. We introduce the vector fields

F=DLoLp Q). D=0, Lo=0d+x-V,
Lj=(0)0;+xj0;, Qij=x0;—x0;,

and the norms

1l spp = D T Fllpg,

lal<s
||f||r,s,p = ”f”r,s,(p,p)a
10 = DI Flle.
lal<s

To a given « the following relations hold with suitable ag and bg:

[O0,T°] = Z ag°0, (28)
BI<lal-1

[D,T%] = Z by T’D. (29)
1BI<|ar|-1

By using arguments from [16] one has the following Sobolev-type inequalities in these generalized Sobolev spaces:

Wt Moo < (O Wit MIrsn i s > n/2, (30)

Wt Moo < (O (Wit Nlrsz + IDWE NIrsa) if 5+ 1> n/2, 31)
1 1

(el < @ D, i i 2<g <o, 223" g >0, (32)

for any ¢ > 0 and any w(t, -) such that the right-hand sides are well-defined. The previous statements can be found
in [30].
In these spaces energy estimates are given by

!
IDullr,s2 S IVuollr,s2 + lluillr,s2 + f ILf (T, Ollr,s.2 d, seN (33)
0
for solutions to the Cauchy problem for the inhomogeneous wave equation

uy, —ru= f(t,x), t>0, xeR"
u(0,x) = up(x),  xeR", (34)
u; (0, x) = u1(x), xeR".

Indeed, we may combine (28), (29) with the classical energy estimate

!
IDully < IVuollz + lluyllz2 + f ILf (7, Oll2 d.
0

It is also necessary to estimate ||u||r ;2. Here the space dimension n = 2 comes into play.
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Lemma 3. Let n = 2, and u be the solution to (34). Then, for any € > 0 there exists a constant 5(€) > 0,
satisfying 6(e) — 0 as € — 0, such that

I3
5 s
lu(t, sz S Nuollesz + Ellunllesa+e2) + f =D IIf (T s 1+e2) dT.
0

Proor. Due to (28) it suffices to consider the case s = 0. First, let f = 0. Following [17], by using the change of
variables x = ty, we may estimate

llu(t, Mz S Molla + 221Gl gy, where G() = ua(ty).

Recalling that
| s GOIV() dy
IGllg-1 = sup P
veH! ,v#0 ”V”Hl

by virtue of (26)-(27) and Sobolev embeddings it holds
IGVIL S 1IGlg2) Vg 2) S IGlg2) IVly S IGHg2) VIl
where g = 1 + € with some € € (0, 1). Since
IGllig2) S % lutrllg 2,

summarizing, we proved that

2(1-

1
llu(t, 2 S Mol + 27T lus ll14..)-

The case f # 0 follows by Duhamel’s principle.

Now we come back to the semilinear problem. For any 7 > 0, we introduce the space X(7') with norm

) -5
lleellxry:= sup (O °llullr,i2 + [1Dullr12),
1€[0,T]

where ¢ is given by Lemma 3. For any w € X(T) let u = S [w] be the solution to
e — Au =P WP, w0, x) = ug(x), w0, x) = uy(x)

with compactly supported data. Thanks to Lemma 3 for s = 1 we may estimate

15
o o —(p—-1
Nt Nirt.2 S Muollraz + Pl g ree) + fo (t = KD PP WP e 47

Since .
X,
[0, ()] = a—(T)", [Lo, ()T = a(T)", (L, (T)"] = a—= (1)°,
(1) (1)

thanks to the finite speed of propagation, i.e. |x| < (¢) on supp u, we get

!
) ) —(p-1
lluct, Mira2 S Muolliz + Pl llryee2) + fo (=" @ PV W@ || e 9

Now we may estimate
-1
[[Iwer. ')|pnr,1,(1+e,2) S I ooy W (T Dl 1.2

where g(€) € (2, ) is given by

—_—
+ | =
m

| =

Q| =

11



Let y(e):=2/g = (1 —€)/(1 + €). Since p > 2, itholds y + 1 < p. Then
Iz, P gy S W I I I -
Applying Sobolev embeddings on the unit sphere S ' leads to
W, M. S W e < lIw(T, )l + [1DW(T, 2.

Thanks to (31) we have
1
w(z, o S AT 2(IW(T, )lIr 12 + 1DW(T, )lIr1.2)-

Therefore, taking into account that w € X(7') we conclude

p=(+y)

! 3
fo (=)@ TV W W gy I S Iy fo (1 = 1) oy PV

Since 6(e) — 0 and y(e) — 1 as € — 0, for any p > 2, one can find a sufficiently small € such that

-1
p-d+y) |

—(p—-1)+po+
(p=D+p 5

To estimate ||Dul|r,1 2 we apply (33). Now

-1
W, || S WGP e W g,

for some €; > 0, where g (¢;) is such that

1 1 1
- = + —.
2 2+ ¢ q1

Sobolev embeddings yield
(T, i, 1q, S IWCT, 2 + 1DW(T, lIr1 2.

On the other hand, since p > 2, we have

-1 -1 f(if%)(pfl) -1 -1
W e < I ML o S @ T F T g 27 < fiwn I

In turn, this gives
! !
—(p-1 —(p—1)+ps
f()(‘r) D wie, W, dr S Il f0<r> P40 g,

Since p > 2, it is sufficient to fix € such that 6(¢) satisfies p(1 — ) > 2.
Summarizing, we proved that

5 s
e, 12 S luollraz + O llurlle s (1+e2) + <1 ||W||§(T),

IDu(t, ir,i.2 < WVuollra2 + il 2 + Wl -
Recalling that initial data are compactly supported, we derive
llullxcry S (ol i 2 + IDuollr1 2 + lanllr 1, 1+e2) + Nallri 2) + W -

By a standard argument, this estimate guarantees that with small data the operator S [w] has a unique fixed point,
that is the required solution.

12



5. Proof of Theorem 3

Remark 1. In the statement of Theorem 3 we may relax the assumptions of compact support of the initial data.
More precisely, we will prove that for any p > po(5) and forany k > 3 - p)/(p—1)ifp <2, ork > 1ifp > 2,
there exists gy > 0 such that if (vo,v1) € C*(R?) x C'(R?) are radial, namely, vo = vo(|x]), vi = vi(|x]), and

(Y (o(r) + i + (WHr) + Vi) + Y (o)) + e + v (0)]) < &, (35)

for some € < &y, then (1) admits a (radial) global (in time), solution v € C([0, 00) X R N C*([0, o) x (R \ {0})).
We set r = |x| in (35).

Remark 2. We may also replace the nonlinear term |ul’ in (1) by f(u), where f € C Uis an even function satisfy-
ing |f(h)(u)| < |u|p_h for h =0, 1. In particular, it holds

f(0) =0, [f() = FON Sl = vl + ™). (36)

To fulfill our objective we apply to (5) a technique introduced by Asakura [1] and developed in different works, in
particular in [15]. For the sake of simplicity, let vo = 0 and let g:=u; = v,. Then condition (35) becomes

g™ ) < ey« for h=0,1. (37)
We extend g to negative values of r by defining g(r):=g(—r) for any r < 0. Then, by symmetry, we rewrite (5) as

(3%)

2

Uy =ty — =, =t PO, t>0, rekR,

r
u0,r =0, u(0,r)=g(), rekR.

Definition 1. We say that u(t,|x|) = u(t,r) is a radial global (in time) solution to (38) if u € C([0, ) X R),
ru € C([0, ) x R), r*u € C*([0, ) x R) and

Puy — (P +2ruy) = @ P PP, 1>0, reR,
u0,r) =0, u/(0,r)=g(r), relR.

Remark 3. Any solution to (38) in the sense of Definition 1 gives a C([0, c0) X R3) ﬂCz([O, 00) X (]R3 \{0})) solution
to (5) and in turn (1).

5.1. The linear equation

Definition 2. Let us consider

2
un—urr—;u,—o, t>0, rekR, (39)
u0,r)=0, u(0,r)=g(r), rekR.
We say that u € C([0, o) X R) is a solution to (39) if ru € C'([0, ) x R), Fue Cz([O, 00) X R) and
rzu,, — (rzu,, +2ru,) =0, t>0, rekR, (40)
u,r)=0, u(0,r)=gr), rekR.

We see that >u € C*([0,00) X R), ru € C'([0,00) X R), and u € C([0, ) x R) give sufficient regularity for
solutions to the equation in (40). Indeed, we have ruy, + 2ru, = 8,,(ru) — 2u — 2ru, € C([0, ) x R). Hence,
r*uy € C([0, ) X R), too. According to Definition 2 the function

pgp)

1
u““(t,r):f Hy(t +ro)do with He(p):=—
-1

13



is the solution to (39). This result can be found in [2], but we rewrite the computation for completeness. Indeed,
for any H = H(p), H € C!, we put

v, r):=% IW H(p)dp = f: H(t + ro) do. (41)

For any r # 0 it holds
v = [ 1 H'(t + ro) do = % (H(t +r)— H(t - 1), (42)
Vi = % (H'(t+7r) - H(t - 1)), (43)
v,=fjo’H'(t+r0')d0'=%(H(l+r)+H(t—r))—%v, (44)

1

. ) 11
vp == (Ht+r+Ht-r)+-(H'{t+r)-H{t-r)+5v--v,
r r r r

1 2 45)
== (H(t+r-H({¢-r)- - V.

In particular, v solves the equation in (40) for any r # 0. Moreover, r*v € CX([0, ) x R), and v solves the equation
in (40) for any r € R, as one may immediately check by multiplying (42)-(44) by r and (43)-(45) by r*. We remark
that v(0, r) = 0 if H is odd. In this latter case, rv,(0, ) = 2H(r). In particular, this proves that u''™ solves (39).

For our convenience we also compute

A,(rv)y=v+rv,=H@Et+r) +H@l-r), (46)
Pr*v) = 0,(rv) + rd* () = Ht + 1) + H(t — r) + r(H' (t + r) — H'(t - 1)). (47)

For any fixed « > 1, we introduce the Banach space
X:={u € C([0,00),R), uiseveninr: d,(ru) € C([0,),R), [lullx, < oo}

with the norm

laall, :={<e + 1rl) <2 = 1Ay e} + ()™ 4+ 1) G = 1P D (rw)).
Theorem 4. Suppose that (37) holds for some k > 1. Then
llu™llx, < Ce
for a suitable constant C > (.

Proor. We notice that
IHP(p)] < &(p)™" for h=0,1.

Thanks to (46) we immediately derive
10, (ru"™)| = [Hy(t + 1) + Ho(t = )| S &t — |r))™.

We distinguish two cases.
If t > 2|r|, then (¢  |r|) ~ (r) and we get

10,(rd"™)| < et =1y e+ Iy S et = 1y D@+ 1)y,

where in the last inequality we used the trivial estimate 1 < (7).
If t < 2|r|, then (¢ + |r|) < 3(r). Therefore,

10,(ru"™)| < et =y ™+ 1Y S et =1y D (e + 1) (),
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where in the last inequality we use the trivial estimate (z — "™ < 1.

In order to estimate ”(t + |r)t — |r|)"‘1u““|| ;e WeE observe that

) P 1+r ~ 1 1+|r| ~
lu™(z, )| < -f (oY ™ dp=— Csf (oY “dp.
rJir Ir| =

If t > 2|r|, then (¢ + |r]) =~ (¢). Hence,
(e, r)| = et — [r)y™ 0 @+ )"

If t < 2|r|, then we also distinguish two cases. If |r| < 1, then (t + |r|){t — [7)*"! ~ 1 and it is sufficient to estimate
) 1
™, )] < f H,(t+ro)do < C.
-1

On the other hand, if t < 2|r| and |r| > 1, then (¢ + |r|) < 3(r) and |r| ~ (r). Therefore,

o 1 t+|r| ~ 1 o
W™, S — e (Y™ dp =~ — &t —|r]y* ™V
| t—|r| (r

Set+Ir) @ =),
thanks to « > 1. This concludes the proof that |Iulin||XK < Ce.

5.2. Duhamel’s principle and basic nonlinear estimates

For any u € X, let

4 1 t f—s+r
Lu(t, r):= f sy~ =D f H,[s](t— s+ ro)dods = ; f sy =D f H,[s](p)dpds,
0 -1 0 t

—s—r

where

o fu(s,p))

-

We denote by H,[s] (o) the derivative of H,[s](p) with respect to p, considering s as a parameter.
Let us consider f(u(s, p)) and pd, f(u(s, p)). If u € X,, recalling that ru, = 9,(ru) — u, then we may estimate

H,[s1(p):= (48)

fCuCs, o)l S ludlfy (s + o)™ (s = oy 74D,
©Y o Bpf (uls, p)I S Ny, (s + ol ™7 (s = oy ™Y,

Having in mind (48), it follows, in particular, that
[H.[s1(0)| + [Hu[s] ()] < Ilullf(K (s + 1ol (s = oy %" D¢p). (49)

Proposition 2. Let u € X, be even with respect to r. Then Lu € X, and r*Lu € C*([0, ) X R). Moreover, Lu is
even with respect to r and satisfies

e (6,2 - 03) Lu—=2rd,Lu= " VP2 fw), t>0, reR (50)
with initial data g = 0.

Proor. From the continuity of H,[s](p) (which follows from u € X, C C), it follows that Lu € X,, i.e. Lu,d,(rLu) €
C. Being u even with respect to r, and f even in u, we get that H,[s] is odd for any s. It follows that Lu is even.

15



‘We notice that

t 1 1
d,Lu = f (syD f OiH,[51(t = 5 + ro) dords + {1y "™ f H,[1(ro) do
-1 -1

0

f ()" PV (H,[s1(t = s + 1) = Hy[s](t — s = 1)) ds,
0

Nl= SNl= N |=

6,2Lu

f (sy" PV (H, s (t = s+ 1) = H,[s]'(t = s = 1) ds + &)™ P7V f(u(t, r)).
0

f () PV (H s (t = s+ 1) = H[s)(t = s = r))ds + %<t>*<f’*‘> (H,[£1(r) = H,[)(~r))
0

In particular, we gain 0,2Lu € C. Recalling (45), we see that Lu solves (50) and we get the continuity of the

r-derivatives for r*Lu.

In order to prove global (in time) existence trough contraction mapping principle we shall prove the following

statement.

Theorem 5. Let p > po(5) and let

p_’l’ <k<2p-1) ifpepo®).2,orl <k<2(p—1)ifp>2.

Ifu € X,, then

ILullx, < lullf ;

ILu — Lvll, S lhe = vilx, (lally "+ Tl
Recalling the definition of the involved norm, for proving (52) it suffices to show

|Lua(t, ) S G+ 1)~ e = 1) lully
10,(rLu)(t, Nl S ¢+ 1)~ (e = 1)y~ Dl uf -

Since Lu is even in r, it suffices to deal with r > 0. Proceeding as in (41), from (49) we have

|Lu<t,r>|§} f (s f T \Huls)o) dp ds
0 t

—s—r

5 }nunﬁg fo (oo f <s +1p™" (s = oy "o} dp ds.
By using (46) we get
16, (rLu)(t, r)| < fo t<s>‘<P‘1> |Hu[s)(t = s+ 7) + H,[s)(t — s — r)| ds
S lully, > fo (O (s b= s AP — = s Ay PG — sk s

Consequently, our aim reduces to estimate the quantities

Io(t, = f (5 @D f T s 1o s = LoD oy dp ds,
0 t

—s5—r

!
I . (t, )= f (Y P+t = sty (s — |t — sy Pt — 5 £ r)ds.
0
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Similarly, to prove (53) it suffices to show
\Lu(t, r) = Lv(t, )] S e+ 1™ = 1)y ™Dl = vl Qlally "+ (vl ). (56)
10, (rLu)(t, 1) = B, (rLv)(t, I S <t + [y~ = 1y Dl = vl (lally '+ IMIE). (57)
We have
1 15 [—S+r
Lt r) = Lt 1) S~ f (s)"rD f |H.[5)(0) - H,[51(0)| dp d.
0 t r

—5—

Moreover, from (36) and (48), it follows that

|H[51(0) = H,[s1(0)| S lelluCs. p) = v(s. p)l(luCs, )P~ + (s )P ).

As a conclusion
-1 -1
MMLﬁ—lN@rﬂﬁﬂu—anM&,+HWQ)%0J)

Similarly, we get

10,(rLua(e, 7) = rLv(e, (DI S Nl = Vil (el "+ ) D 1 ae, 7).
+

If t < r, then we may simplify our approach, thanks to the following observation.
Remark 4. Ift < r, then it holds

1 t r+(1—s5)

Lu(t,r) = ~ f (s)7r7D f H,[s)(p)dp ds.

rJo r—(t-s)

Indeed,
r—(1—s)
f H,[s1(p)dp = 0,

(t=s)—r

being H,[s], defined in (48) odd, thanks to the assumption that f(u) is even with respect to u, and thanks to the fact
that u is even with respect to r. Therefore, we may replace Iy(t,r) by

t r+(t—s)
Io(t,ry:= f (7Y f (s+ 1o (s = 1ol Vo) dp ds.
0 r—(t—s)

The estimates for Iy, /; . and I(') are based on the following lemma.

Lemma 4. Let p > po(5) and let

SCTSKSAp-D pE(3).2), (58)
1<k<2 ifp=2, (59)
pilSKSZ(p—l) ifp>2. (60)
Then
I¢) = f: + & =&~ V(PN dn S ()P (61)

Remark 5. The interval (58), i.e. 3 — p)(p— 1) <k < 2(p — 1), is nonempty if, and only if, p > po(5). If p > 2,
then the interval (60), i.e. (p — 1)7' <k < 2(p — 1) is nonempty for any p > 2.
We observe that this latter range contains the range (1,2(p — 1)] required in the assumption (51).
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/2
Proor. We split 1(¢) in [,(¢) = f( ... dn and I(¢) as the remaining integral.
—£/2
Letn € [0,£&/2]. Then we have (&) = (n + &) = (£ — ). Hence,

/2
L&) S @™ f (my "V dn.
0
We get I (€) < (&) if
1
k<l+— and -3 +pk=k—-p,
p
1
k=1+— and —-2+p>k—p,
p
1
k>14+— and -2+p>k-—p.
p

The first condition corresponds to the interval

3- 1
221ty
p-1 p
which is nonempty for any p > po(5). The second condition holds for any p > po(5), therefore « = 1 + 1/p is

admissible. The third condition corresponds to the interval

(1+ 117,2(17— D).

which is nonempty for any p > po(5). Gluing together the above three intervals we obtain the admissible range
in (58), i.e.,

3 -
[S=t2w-1)

Now, let 7 € [£/2,£]. We have (1) ~ (&) = (£ + n). It follows that

L&) = (&) /’2<n = &PV dn + gy DD f/ 2<n —&ydn = L) + ha(©).
¢ £

For any p > 1 we have
ba(&) S (& e,

in particular, I,, < (£)~“"P) for any

(62)
The estimate of I, ; depends on the range of p:

L) SO Vifp > 2,
L&) SETPD I if p =2,
L (&) SOl if p <2,

For p < 2 the assumption k > 11; gives directly I (&) < (¢)"“P). For p = 2, we get 1 — p(k — 1) < p —« if and

onlyifx > 1. For p > 2, we get 1l — p(k — 1) < p—«if and only if k >

Therefore, combining the lower bound on « obtained for /,; with the upper bound for « derived for I;, we
obtain (59) if p = 2 and (60) if p > 2.
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Proposition 3. Let p > po(5) and « be as in (51). It holds

r{t+ry* ift=2r orr<l,
G=ry® Y ifr<t<2r and r>1.

Ip(t, 1) 5{

Moreover,
It S -y« b ift<r and r>1.

In particular, the estimates (54) and (56) hold.

Proor. First, let us estimate Iy. Being |t — s — 7| <t — s + r we have

Io(t, ) < 2 f (5y" D f e =T oy dpds,
0

max{0,t—s—r}

Now we use the change of variables £ = s + p, n = p — 5. Since p > 0, we have || < £&. Moreover, £ = s+ p <

s+(—-s—r)y=t+rand ¢ > s+ max{0,f — s — r} > (¢ — r),. Finally, we arrive at

1+r

It,r) S f &r ﬁ (m+ & — &P VPV dnde = (E)PIE) de

(t=1)+ t=r)+
with 7(¢) as in Lemma 4. From Lemma 4 we conclude
1+r
Io(t,r) S f (&)d¢.
(t=r)+
In the following we shall use different ideas in different zones of the (z, r) plane.

5.2.1. The zonet > 2r
Here, we have in [(t — r), (¢ + r)] the equivalence (£¢) = (t + r), therefore, Iy(t,r) < r{t +r)™

5.2.2. The zoner <1 andt <2r
In this zone it holds (¢ + r) =~ 1. It is enough to show Iy(, 7) < r, which follows from (64) being x > 0.

5.2.3. Thezoner>1landr <t <2r
If r <t < 2r, then from (64) we derive

Io(t.) S f T lertde < (- e,

where we used « > 1.
Now, let us estimate I for r > 1 and 7 < r. Applying the same change of variables to

! r+(1—5)

1) = f sy @D f (s +p)7 (s - py """ Dp) dp ds
0 r—(t—s)

we obtain

I, < f O | +Em-6 P Ve andé.

—t r—t

Moreover, [r —t,£] C [=¢,£]. From Lemma 4 we have

r+t r+t
Io(t,r) < f ETIEdé S f & de S =)'
r—t r—t
where we used again « > 1. Finally, we prove (54). If r > 2r or r < 1, then from (¢ + r) > (¢t — r) it follows

Lu(t, )l S G+ )y Mlully, < G+ e — )y,
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For r > 1 and ¢ < 2r we have
Lu(t, | S ()~ e =y DNl = e+ 07 =)y Dl
The same arguments lead to (56).

Proposition 4. Let p > po(5) and « be as in (51). Then we have

t—ry« if't > 2r,

noans{T L e

: (t—r)" D fr <2,
and I + <t + rY™ . In particular, the estimates (55) and (57) hold.

Proor. We start with the estimate of /; _.

5.2.4. The zonet > 2r
Sincer+r~t—randif s € [t —r,t], then

S+t—s—rl=t—r.

Conversely, if s € [0, ¢ — r], then
S+t—s—rl=s+t—s—r=t-r.

Therefore,

Be S Q=07 [0 s mltms =) P = s = s = (- 170 + Q)
0

where
[—r
0 = f ()" P s — 14 Py P — 5 — Py,
0
I3
Q= (t—ry e f ()"t — s = r)ds.
t—r

So, we may directly estimate

t 0
0. < (t — ryPe=D==D) f (= 5= rydt = (1 — ryPED-0-1) f O)dp
t=r —r

<(t- ryPk=D=(p=D+2

Being « >

117 we have the required estimate Q, < (¢ — r)?™.

. . t—r
In order to estimate Q_ we use Lemma 4. By the change of variables n = - - s, we have

0 5 IZ (n+ I_Tr>_@_l) (" (n ~ t%r)dn = I(I_Tr) S-nr.

r
2

Together with the estimate of Q. this gives I, - < (t — r)™ .
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5.2.5. The zonet < 2r
We write I; ~ = O, + Q_, where

(t=1r)4
0 = f (Y PV =y PQ2s — 1+ 1Y P — s - r)ds
0
= <t - r>_p Q—3
0, = f (P Qs —t4+ )y Pt = )P = s ryds

(t=r)+

!
= (t—ry P f( ) (Y Qs —t 41 (= s —ryds = (t—ry D of
t—r),

Since the estimate (65) holds for any ¢ > r we may directly conclude Q_ < (¢t — r)™*. Since p > 1, in order to gain
0. < (t—ry®D it suffices to estimate Qﬁ+ by a constant.
Since 2s — (t — r) > s — (t — r) we have

S fm(SY(”’”(s— (=)™ Vds
0

(t-)/2 - -
< f ()7 D ds + f (t—s-r2rVds< 2f (sy72P=D g,
0 (t-r))2 0

This quantity is finite taking into consideration 2(p — 1) > 2(po(5) — 1) > 1.

The estimate for /; . is easier to obtain. Indeed
!
Liy={+nr)? f ()" PV @25 —t =y PCD — 5+ Y,
0

r+
due to t + r — s > 0. After the change of variables n = Tr — s we are in position to apply Lemma 4 and conclude

=r

Lo S+ f e B e = SV = o+ 1(SE) S ok

Now, we can gain (56), and similarly (57). If t > 2r, then we use (¢ + r) ~ (¢t — r) and (r) > 1 to conclude

10.0rLa) (e, P Sty > I S ll (1 = 7)™ S e+ ™ e = ™l
+

If t < 2r, then (r) = (t + r). Hence,

0, GrLu)(t, I < Wty > T S Mhlly (e = P70 < (e + )™ e = ™l

5.3. Existence theorem

Theorem 6. Let p > po(5) and « as in (51). There exists a constant gy > 0 such that if (37) holds with € < &,
then the Cauchy problem (38) admits a unique global (in time) small data solution u(t, r) in the sense of Definition
1. In particular, u € X, and the following decay estimate holds:

lut, )| +10,u(t, L S G+ 1)~ (e = 1) ™D (66)

Proor. Let us define the sequence
lin lin
9

Up = u Upe1 = U + Lu,.
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By using Theorems 4 and 5 we get
i
lltn1llx, < lullx, + Cillually < Cog + Cillully
-1 -1
lttner = tallx, < Callttn = tn-rllx, (letally " + Nt Il ")

1/(p—1))—1

with suitable constant Cy, C1, C2 > 0. For gy < (2CoC, , we find via induction argument

.
llenllx, < 2llu™lx, < 2Coe.
In turn, for &y < (2”+1C2C§_1), this gives
letns1 — wallx, < 27"y — uollx, -

We can conclude that {u,}, is a Cauchy sequence. It converges in X, to the solution to u = W™ 4 Ly, According to

Proposition 2 this solution is the required one. The decay estimates follow from the definition of X,.

Remark 6. From the decay estimate (66) we may derive an estimate for the solution to the scale-invariant damping
Cauchy problem (1). Coming back, by the inverse Liouville transformation, we find

Ive, DI < 07 e+ )™ e = By ™D,
The worst situation is close to the light cone, where we only have

vz, 1xDI < (1)~

. 2. ; . . _m21
The decay behavior (ty™> in the 3-dimensional case can be interpreted as (ty~ 2 : the same decay for the wave

equation in dimension n + 2. This motivates the shift of 2-dimensions of the critical exponent po(n) — po(n + 2).
The same effect can be observed in [5] for others space dimensions.

6. Expectations for u # 2

The same type of transformation we used in the treatment of (1) allows us to transform the Cauchy problem
with scale-invariant mass and dissipation

- v Tt g S >0, e
v(0, x) = vo(x), x e R, (67)
v(0,x) = vi(x), xeR",
where u > 0 and m € R, to
2 — u
uy— s HEZHEM oD 150, xe R
4(1 +1)?
u(0, x) = up(x), x € R, (68)
u:(0, x) = uy(x), xeR",

where we set u(t, x) = (t)%v(t, X), ug = vo and u; = vy + (u/2)vy.

In particular, in the special case m = (u — 2)u, the equation in (68) becomes a wave equation with the nonlin-
earity (£)"2P~V|u|P. We may directly follow the proof of Theorem 1 to obtain a nonexistence result for this special
problem.

Theorem 7. Assume that v € C*([0,T) x R") is a solution to (67) with m = (u — 2)u and initial data (v, v1) €
Cf(]R”) X C’Ll.(]R”) such that vy, vy 2 0, and (vo, v1) # (0,0). If p € (1, p(n)], then T < oo, where

Pu(m) = max {peo(n — 1 + 11/2); po(n + p)}.
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Remark 7. Let us compute p,(n). The critical exponent po(n + p1) may be written as

4+ NTFHGD)

po(n+u) = 2 , where q=q(n+,u)=1+ﬁ=pw(n—l+u).
To determine p,(n) we remark that po(n + (1) > r:=pe(n — 1 + u/2) if and only if
NP +4g-1)=2r—q.
Being q < r for any u > 0 we may take the squared powers:
@ +dg-1) 24 —drg+ ¢,
that is, g — 1 > r(r — q), explicitly,
2 Zn+1+,u/2( 2 B 2 )= umn+1+u/2) ’
n—14+u n-14+pu2'n—-1+u/2 n—-1+pu m=1+u/2)*n—-1+p)

that is,
u(n—3)+2(n—-17>>0.

It follows that p,(n) = po(n + ) for any n > 3, p,(1) = peo(u/2), and

Poo(l +p/2) ifu>2,

o
P {Po(2+ﬂ) ifue 0,2

The statements of Theorem 7 are consistent with known results for the classical semilinear wave equation (i.e.
p = 0) and with Theorem 1 (i.e. u = 2), which are the only two cases in which m = 0.

Proor (Proor oF THEOREM 7). We only sketch the differences to the proof of Theorem 1. For the sake of brevity
we only consider the subcritical case. It is clear that we obtain

E(t) 2 {1y De=DIp@)p,
E@) > <t>*(n*1+#/2)(17*1)+(n*1)§ IF ().

By virtue of Lemma 2 we derive again F;(f) > 0, and integrating twice the estimate for F (1), we derive F(7) = (1),

where

n—1+2u
2

Setting g = (n + p/2)(p — 1) we immediately obtain the blow-up in finite time if 1 > (g —2)/(p — 1), i.e. p <
Poo(n— 1+ pu/2), orif

a:max{— p+n+2,1}.

-1+2 -2 2
—up+n+2>q =n+E——,
2 p-1 2 p-1

i.e. p < po(n+ p).

‘We may conjecture that global existence of small data solutions holds for some range of p > p,(n). For this reason
we propose as critical exponent p.,;; the value p,(n).

Remark 8. Let u € (0,2) in (3). We may expect that the critical exponent p,(n) is not larger than p,(n) due to the
fact that the model in (67) with m = (u — 2)u has an additional negative mass term with respect to the model in (3).
Moreover, we know that the critical exponent has to be not smaller than p.,(n — (1 — w),). Therefore, we expect
that

Poo(n = (1 = p)4) < pu(n) < pu(n).
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If n > 2, then we may replace p,(n) = po(n + u), whereas if n = 1, we replace p,(1) = pe(11/2), i.e. we expect
that p,(1) € [1 +2/u, 1 +4/u). Indeed, if n = 1 our considerations are restricted to u € (0,5/3), since we already
know that the critical exponent is 3 for u > 5/3.

On the other hand, if n > 3 and p € (2,n + 2) in (3), then we may expect that the critical exponent p,(n) is
not smaller than p,(n), due to the fact that the model in (67) with m = (u — 2)u has an additional positive mass
term with respect to the model in (3). Moreover, we know that the critical exponent may not be smaller than p(n).
Therefore, we expect that

max {po(n + p1); peo(n)} < pu(n) < po(n + 2).

7. Concluding remarks and open problems

Remark 9. In the statement of Theorem 2 we may weaken the assumption on the data from (o, V1) € Cg X Cé
to (v, 1) € H* x H', compactly supported.

Remark 10. In the paper [5] the first two authors deal with the odd dimensional cases n > 5. They prove the
global existence of small data solutions to (1) for some admissible range of p € (po(n+2), p1). This yields together
with the statement from Theorem 1, that po(n + 2) is the critical exponent for (1) in odd space dimensions n > 5,
too. It remains to analyze the case of even n > 4. But the authors expect the shift po(n) — po(n + 2) in all space
dimensions n > 4, too.

Remark 11. Prof. H.Takamura (Future University Hakodate, Japan) has given the authors the following hint:
He is able to prove the estimate of the lifespan of solutions of semilinear wave equations with the scaling invariant
damping term of (1). He will use the method from [22] for the sub-critical case and the method from [23] for
the critical case. This is possible because we apply in Section 3 the usual functional method to semilinear wave
equations without damping but with time dependent coefficient in the semilinear term. It just shifts the critical
exponent po(n) to po(n + 2). The following life-span estimates can be proved for n > 2:

T(e) < exp(Cs_p(”_')) for p = po(n+2),
T(s) < Ce 3 for 1< p < po(n +2).

In the second life-span estimate the parameter y(p, n + 2) is defined by

Y(p.n+2)=2+m+3)p—(n+1)p*
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