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Abstract: We study the existence of sign-changing solutions for a non-local version of the sinh-Poisson equa-
tion on a bounded one-dimensional interval I, under Dirichlet conditions in the exterior of I. This model is
strictly related to the mathematical description of galvanic corrosion phenomena for simple electrochemical
systems. By means of the finite-dimensional Lyapunov-Schmidt reduction method, we construct bubbling
families of solutions developing an arbitrarily prescribed number sign-alternating peaks. With a careful
analysis of the limit profile of the solutions, we also show that the number of nodal regions coincides with
the number of blow-up points.
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1 Introduction

In this work we consider the non-local sinh-Poisson equation given by

{(—A)zuz/l(e —e™) inl:=(-1,1), w1)

u=0 onR\ I,

with A € R*. This equation is related to mathematical models for the description of galvanic corrosion of
a planar electrochemical system consisting of an electrolyte solution and an adjoining metal surface. If the
electrolyte is confined in a domain Q ¢ R?, the electrolytic voltage potential satisfies the non-linear boundary
value problem
Av=0 in Q,
v _ AP —e Py 1 g onoQ, (-2
ov

where A and f are constants depending on the constituents of the system and g models an externally imposed
current. We refer to [13, 36] for the mathematical derivation of this model, which is due to Butler and Volmer.
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If one takes 8 = % and g = 0, the problem becomes equivalent to

Av=0 in Q,

(1.3)
v =Ae"-e") onoQ.
ov

Problems (1.2)—(1.3), and corresponding ones in higher dimension, have been studied by several authors in
recent years (see e.g. [10, 21, 28, 29, 36]). Among several generalizations, we mention that Alessandrini and
Sincich [1, 2] have considered problems of the form

Av=0 inQ c R?,
ﬂ =Ae¥-e") onTy,
Jov
% = onTl>,
v=0 onoQ\ (T uTly),

where I'y and I', are two open, disjoint portions of 0Q. Here I'y represents the corroded part of 0Q, which is
not accessible to direct inspection, I'; is the portion of 0Q where current density can be directly measured,
and the remaining part of 0Q is assumed to be grounded. In this work we want to consider the strictly related
problem in which Q = R? is the upper half plane, I'; is a segment and I', = 0. Namely, we have

Av=0 in Q,

av 1 -V

P Ae¥ —e™) onlx{0}, (1.4)
v=0 on (R \ I) x {0}.

There is a strict connection between problems (1.4) and (1.1). Indeed, the Poisson harmonic extension of any
solution to (1.1) solves (1.4). Viceversa, if v solves (1.4) and has finite Dirichlet energy, then the boundary
trace u = v(-, 0) is a solution of (1.1).

Equation (1.1) can also be considered as a one-dimensional version of the planar sinh-Poisson problem

(1.5)

—Au=Ae*-e™¥) inQcR?,
u=0 on 0Q,

which arises in the statistical mechanics approach proposed by Onsager [27] and Joyce and Montgomery
[20, 26] to the description of two-dimensional turbulent Euler flows with null total vorticity (we refer to
[7, 8, 23, 27] for a physical discussion of this problem).

In recent years, there has been a great interest in the construction of sign-changing solutions for problems
(1.3) and (1.5). When Q is the unit disk of R?, explicit families of solutions to (1.3) were exhibited by Bryan
and Vogelius in [5]. As A — 0, such solutions develop an even number of sign-alternating peaks concentrat-
ing in separate points of 0Q. In [10], Davila, Del Pino, Musso and Wei proved that solutions of (1.3) with an
analogous behavior exist on arbitrary bounded domains with smooth boundary. In fact, for any even k € N,
they constructed two independent branches of solutions developing k sign-alternating peaks on 0Q. In this
result, k must be even to ensure the existence of sign-alternating peaks configurations on 0Q, whose con-
nected components are closed curves. We also refer to [21, 25] for a-priori analysis of blowing-up solutions
to (1.3).

Concerning problem (1.5), the existence of sign-changing solutions developing exactly two peaks
with different sign has been obtained by Bartolucci and Pistoia in [3]. More generally, they proved that if
&1, ..., & € Q correspond to a stable critical point of a generalized version of the k-point Kirchhoff-Routh
path function, then there is a solution u; of (1.5) such that

k
Ale" —e™) — 87 ) (-1)'8,
i=1
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asA — 0Ointhe sense of measures, where &, denotes the Dirac deltaat &;,i = 1, ..., k. The existence of stable
critical points of the generalized Kirchhoff-Routh function for k > 3 was studied by Bartsch, Pistoia and Weth
in [4]. They give existence results on any domain for k = 3, 4, and on axially symmetric domains for arbitrary
k > 1. In the latter case, the points &1, . . ., & are located on the symmetry axis of Q and the corresponding
solution of (1.5) develops sign-alternating peaks at &1, .. ., &.

Inspired by these results, the main purpose of this paper is to discuss the existence, for small values of A,
of a branch solutions of (1.1) with an arbitrarily prescribed number of nodal regions. Specifically, for any
k € IN, we will construct a branch of solutions with exactly k sign-alternating peaks in the interval I = (-1, 1).

Theorem 1.1. For any k € N, there exist Ao > 0 and a family (u,), defined for A € (0, Ay), of weak solutions to
(1.1) with exactly k nodal regions. Moreover, for any sequence (Ay)nen < (0, Ag) with A, — 0 as n — +oo, there
exist &1, ..., & € Iwith & < & < --- < & such that (along a subsequence) we have:

e uy, blows-upatéiasn — cofori=1,...,k Namely, for any € > 0, we have
sup (-1)"luy, — +00 asn — +oo. (1.6)
(§i-&,8i+e)

. uy, — ZHfo:l(—l)i’lG;i, in C(I\{&,..., &N Cﬁ;g(f\ {é1,...,&}) as n — +oo, where Gy, is the

loc

Green function for (-A)z with singularity at &; (explicitly given by (2.3)).

The solutions provided in Theorem 1.1 can be considered as the analogue of the ones constructed in [4] for
problem (1.5) but, working in dimension 1, we are able to obtain a stronger result and to show that the number
of nodal regions coincides with the number of peaks, which does not seem to be known for the solutions in [4],
except for the case k = 2 (see [3]).

Our solutions are also strictly related to the solutions of (1.3) with an even number of peaks constructed
in [10]. However, here we do not need to impose the evenness of k as the interaction between the first and the
last peak is weaker than the interaction with intermediate peaks (unless k = 2). It should be noted that if u
solves (1.1), then —u is a solution as well. Thus, Theorem 1.1 provides two distinct branches of solutions. But,
due to the lack of topology of I, we cannot expect the existence of other independent branches of solutions
with separate peaks as in [10]. Nevertheless, we strongly believe it would be possible to find a different branch
of solutions with k nodal regions which develops a tower of peaks at the origin. Solutions of this kind were
constructed for problem (1.5) by Grossi and Pistoia in [17] (see also [30]).

Differently from the approach in [10], we will not rely on the connection between (1.1) and the extended
problem (1.4). Instead, the proof of Theorem 1.1 will be based on the Lyapunov—Schmidt finite-dimensional
reduction method, which has successfully been used to find solutions to (1.5) and other similar problems
(seee.g. [3, 12, 15]). Here, we will apply this technique on the fractional-order Sobolev space Xé/ 2(I), which
is defined as the space of all the functions in H 3 (R) which vanish identically outside I. A Hilbert structure

on X(l)/ 2(I) is determined by the scalar product

(u,v) = J(—A)%u(—A)%vdx, u, v e Xp/A(D), (1.7)
R

with the corresponding norm given by
lual == Tl = N-8) 3 ullzqey =N Fulz,  u € X5 (D). (1.8)

In order to prove Theorem 1.1, we proceed as follows. For § > 0, ¢ € IR, let us consider the one-dimensional
bubble

26
tog 20 ), 1
Us,¢(x) :=log( <5~ TEyE (1.9)
which solves the fractional-order Liouville equation [9, 18]

(-0)? Us ¢ = e%¢ inR. (1.10)

Note that Us,¢ blows-up at &£ as § — 0", namely lims_o+ Us (&) = +co and lims_,o+ Us,¢(X) = —00, x € R\ {&}.
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Forany 6 > 0, § € R, let PUs,¢ be the projection of Us, s on X(l)/z(I), that is
PUs ¢ := (-A) 7 eUss,

where (—A)‘% represents the inverse of the half Laplacian (—A)%. Intuitively, for suitable choices of § and ¢
we will use PUs ¢ to model each peak developed by solutions of (1.1) as A — 0. Indeed, Theorem 1.1 can be
deduced by the following result:

Theorem 1.2. For any k € N, we can find A > 0 such that, for any A € (0, Ag), there exist §; = §;(A) € (0, +00),

G=&WN) eli=1,...,k and gy € X§/*(I) n L(I) such that:

. Zf-‘zl(—l)i‘lPUgi,gi + @, is a solution of (1.1) for any A € (0, Ap).

e limp_odi(A)=0foranyi=1,...,k.

o There exists a small ny € (0, %) (not depending on A) such that -1+ 19 <& <--- <& < 1-10, and
mini<ick-1 &i+1 — & = No for any A € (0, Ao).

e loall + @l — 0asA — 0.

This work is organized as follows. In Section 2, we introduce the notation and state some preliminary results.
For the reader’s convenience, we also include, in Section 2.1, an outline of the proof of Theorem 1.2. The
technical aspects of the proof are discussed in Sections 3, 4, 5 and 6, as we will detail in Section 2.1. Finally,
the conclusion of the proof of Theorem 1.2 and the proof of Theorem 1.1 are given in Section 7.

2 Notation and Preliminary Results

We start by recalling the definition and the main properties of the fractional Laplacian operator. For a given
function u in the Schwartz space § of rapidly decreasing functions (see e.g. [35]), we can define

(-0)°u = TGP Fw)(©), s€(0,1),

where F and F~! denote respectively the Fourier and the inverse Fourier transform operators. In fact, this
definition makes sense when || (u) € L2(RR). More generally, if u belongs to the space

Lo(R) i= {u € LL (R :I u()|

md}( < +OO},
R

it is possible to define (-A)% as the tempered distribution
(0ru ) = [uC-arpdx, pes.
R

For s € (0, 1), let H(R) denote the fractional-order Bessel potential space
HS(R) := {u € L*(R) : |£°F (u) € L*(R)}.

This space can be equivalently defined as the space of L? functions for which the Gagliardo seminorm is finite
(see e.g. [14, Section 3]). Similarly, (-A)® can be characterized in terms of singular integrals as
-22T(4 +5)

73T (-s)

s 1,s

s u(x) —u(y)
(—A) U(X) = Cl’SP. V.]l m d

Throughout the paper, we will always denote I := (-1, 1) € R and we will consider the space
XY = {ue H¥(R) : u=0in R\ I},

which is a Hilbert space with respect to the scalar product given in (1.7). The corresponding norm will be
denoted as in (1.8).
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Given p > 1 and a function f € LP(I), we say that u is a weak solution of the problem

(-A)iu=f inlI,
u=0 inR\I,

(2.1)

ifue Xé/ 2(I) and it satisfies
J'(—A)%(p(—A)%u dx = If(p dx forall ¢ € CX(I).
R R

Let also (—A)’% represent the inverse of (—A)% .Forany given p € (1, +00), the restriction of (—A)*% to LP(I)
is defined by
(-0)"7 : LP(D) — Xg/*(I),  f ~ u solution to (2.1).

This operator coincides with the adjoint of the inclusion operator iy : Xé/ 2(I) Ny 4 (I), where p' = 1%' In
particular, for any p € (1, +00), there exists a constant C(p) such that

I(=8)"2 A < C)Iflry forall f € LP(I). (2.2)

The operator (—A)‘% can also be defined via an explicit representation formula. Throughout the paper, for
any ¢ € I we will denote by G, the Green function for (-A)2 onIwith singularity at &, which is given explicitly

(see [6]) by the formula
1 1-&x0(1-€2)(1-x2)
Ge(x) := 47 log(——g———), xel 2.3)
o, xeR\IL

We shall often use the notation G(¢, x) in place of G¢(x). Forany f € LP(I), we have the representation formula

(-0)Hf(x) = [wa)f(y) dy, xel.
I

We will also denote by H(¢, x) the regular part of G¢, namely

H(&, x) := Gg(x) - %log TEYR

2.1 Outline of the Proof of Theorem 1.2: The Lyapunov-Schmidt Reduction Method

For a given k € N, we fixasmallp > Owith0 < 5 < % and we define

Prpi={§=CG1, ..., &) 1+& >, &k <l-nand &y - & >n,i=1,...,k-1}.
Fora = (ai,...,an) € {-1, 13,8 = (81,...,6k) € (0, 1)*, and € = (&1, ..., &) € Px,y, we denote

k
Wa,8,8 = z aiPUs, . (2.4)
i=1
For the proof of Theorems 1.1 and 1.2 we could fix a; = (1)1, 1 < i < k. But, since many of the estimates
given throughout the paper hold true for a generic choice of the coefficients a;, we will only fix them when it
is necessary.
Our goal is to find solutions for (1.1) of the form

U=waskt+qo,

where ¢ € X(I)/ 2 (I) n L®(I) is small with respect to both the Xé/ 2 (I) and the L®(I) norm. Throughout the paper

we will denote fj(u) := A(e* — e™¥). Then in terms of ¢ equation (1.1) reads as
(-0)2 = fiWas. + @)~ (-D) i Wa s

= fAlwa,s.8) - (—A)%wa,ﬁ,i ' (Wa,5,8)¢ + Alwas,g + @) - iWas,r) - il (Was,0),
= E =:N(p)
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that is
1
(-8)7¢ - i (Wa,5,8)9 = E + N(@).
It is convenient to rewrite this equation as

Lo = (-A) E+(-A)"2N(p), whereL :=1d - (-A) "2 fi (wa,5,8)- (2.5)

For simplicity, here and in the rest of the paper, we will not specify the dependence of E, Nand L on A, a, 8,
and &.

We will prove that there exists a k-dimensional subspace K3 ¢ of X(l)/ 2(I) such that L is invertible on K é, £
The space Ks ¢ is spanned by the functions PZ; ; := (—A)’%eUéi'fi Z1,i,1=1,...,k, where Z; ; is the unique
solution which vanishes at infinity of the linearization of equation (1.10) around Us, ¢, (see Section 4). Let
T X(l)/z(I) — Ksgandrt : Xé/z(I) [ K§ £ be the projections ofX(l)/z(I) into K,z and Ky £ respectively. Since
Xé/ 2(I) = Kz ® Kg’ g equation (2.5) is ec[uivalent to the following couple of non-linear ’problems:

L = T (-A) 2 E + m(-A) "I N(p), (2.6)
L = n(~A)" 2 E + 1(-A) "2 N(¢). 2.7)

Exploiting the invertibility of 7L on K3 g, one formulates equation (2.6) in terms of a fixed point problem
for ¢. Such a problem can be solved if the error term E has small L?(I) norm for some p € (1, 2), the non-linear
term N(¢) decays faster than ||, and the operator norm of (77+L)~! can be controlled in terms of A. We will
show that for any choice of n € (0, %), §=(1,..., &) € Py and A small enough, these conditions are sat-
isfied by a suitable choice of 8 = (61, . .., 6x) depending on Aand §. Specifically, there exists 8 = 8,,¢ € (0, 1)k
and @ = Q)¢ € X(l)/z(I) such that (2.6) holds. In other words, there exist coefficients ¢; = ¢;(A, §),i=1,...,k,
which depend continuously on ¢ such that

k
Loag = (-D)ZE + (-A) 2 N(gpg) + Y ¢PZy .

j=1
Then ¢, ¢ solves equation (2.7) if and only if
ciA, =0, i=1,...,k. (2.8)
The proof of Theorem 1.2 can be concluded by proving that for any small A, there exist &1, . . ., & depending
on A solving the finite-dimensional system (2.8).
The rest of this paper is organized as follows. In Section 3 we choose the parameters 81, .. ., 6x and we

provide point-wise and L? estimates on the error terms E and N. Section 4 contains the precise definition
of Ks ¢ and the analysis of the invertibility properties of 7+L. The fix point argument which allows to solve
(2.6) is explained in Section 5, while system (2.8) is studied in Section 6. Finally, we complete the proof of
Theorems 1.1 and 1.2 in Section 7.

For the proof described above it is important to point out that all the estimates in Sections 3-6 will be
uniform with respect to the choice of § € Pr,n and of small values of A and 8. For this reason, given two
quantities ©1, O, depending on A, 8, § and 1 (and eventually other parameters), it is convenient to write
01 = 0(0;) to indicate |04] < CO,, for some constant C > O that does not depend on &, 8 and A (but may
depend on n and the other parameters, unless otherwise specified). This notation will be used several times
throughout the paper.

3 Choice of the Concentration Parameters and Estimates of
the Error Terms

Let wgq,5,¢ be as in (2.4). In order to perform the perturbation argument explained before, we need to be sure
that wg s, is a good approximate solution to (1.1). This means we need to estimate the error term

E = fi(Was,5) - (D) Wapt

as defined in Section 2. As a first step, we need the following lemma.
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Lemma 3.1. Forany n > 0, there exists a constant Cy such that
|PUs,¢ - Us,¢ +10g(26) - 2nH(, )| < €, 62,
forany 6 € (0,1), & € (-1 +n,1-n). In particular, we have that
Py - {U&f ~10g(26) + 2H(£, &) + O(|- — &) + O(8?)  uniformly in (€ - 1, & + 1),
271G + 0(6%) uniformly inI\ (£ - 1,&+ 1),
independently of the choice of ¢ € (-1+1n,1-n)and 6 € (0, 1).
Proof. Letus ¢ := PUs ¢ — Us,¢ +10g(26) — 2mH(¢, -). First, we observe that
(-A)ius e =0 inl,

since (—A)%H(é', -)=0onIand (—A)%PUa,g = (—A)% Us,¢ in I (by the definition of PUg,g). Next, we study the
values of us ¢ in R \ I. Here, since PUs ¢ € Xé/z(I), we have PUs ¢ = 0. Then, recalling the expression of Us ¢
given in (1.9), and noting that 27H(¢, x) = 21log |x — ¢] in R\ I, we find that

Us,e(x) = ~Us,£(x) +10g(26) — 2log |x — &] = 1og(6* + |x — &|*) - 21og |x — &.

Since x e R\ITand § € (-1 +n,1-n), we get |x — &| = n. Then we can find Cj; s.t. us ¢| < C,162 in R\ I. By
the Maximum Principle (see [33, Lemma 6]) we have the desired result. O

Next, we shall fix 61, . . ., 0 in order to make the error term E small near each of the points &3, . . ., &. Note

that, for any 1 < i < k, in the interval (¢§; - 1, & + 1) we have the uniform expansion

k
k k
E = AeZm 9PV _ peXin PV _ Y gieUns
j=1

A o Usy.5+2maiH(E,6)+27 5 4G +35, 0(61)+0(- &)

T (28)"
—A(26;)% o~ Ue.5=2ma;iH($,5)-21 3 4G+, 0(61)+0(1- =& _ a;eUeisi — Z a].eUb‘;,s;
j#i
Aa; £ ) . &
_ z_gz.eu5i‘§i62nH(&,§l)+2nal Yisi a,G;}.+O(I8I2)+O( &l + O(}l&,‘e—Udi'fi) _ aieUgi.gi _ ZajeUEi’ff, (3'1)
! j#i
where we have used Lemma 3.1 and a; € {-1, 1},i=1, ..., k. Moreover, we have that
82 + x - &/?
Sie Vona ) = +€' = 0(87) + O(Ix - &I%) 3.2)
and, forj # i, that
26; 26; 26;
Us; & (0) _ j _ J 3y _ j . . 3y _ .
e %) = +0(67) = ———= + 0(6i|x = &) + O(67) = O(6;).
7 r-gr x-gr OO T g gp T OO sl 00p =00
Forie{1,...,k}, letus consider the functions
Fi(§) := 2mH(&;, &) + 2ma; Z a;Gg (&), (3.3)
j#i
so that estimate (3.1) rewrites as
E= aieUb‘i,f,- <%eFi(§)+O(|8|Z)+O(|'—€i|) _ 1) +0) + Z 0(6].). (3.4)
i j#
In order to make the main term of the above expansion small, we choose
8i = 6i(A, §) := A ori®) _ A gantits gpsanars,, 46, i=1,...,k. (3.5)

2 2
With this choice, we get the following integral estimate on E.
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Lemma 3.2. Let & = (61,

., 0x) be asin (3.5). For any p € (1, co) one has

1
IElLry) = O(A?),
uniformly with respect to the choice of A € (0, 1) and § = (¢1,

oo 81) € Prgpe
Proof. Thanks to (3.5), we have §; = O(A), i =1,..., k uniformly for § € Py ;. Then (3.4) and (3.5) yield
E(x) = a;e5(0(A%) + O(Ix - &[)) + OA) = 0(e%éi |x - &) + O(A),
uniformly in (§ - 1, &+ 1), i=1,..., k, where the last equality follows by eV < # = 0O(A™1). Moreover,
using Lemma 3.1, we get

i

k
E= Aeznz,k:1 a;Gg+0(A%) _Ae—an].g aGg+0(A?) _ Z a}_eU,;j,éj -0,

=1
. . K (r. 10 g .1
uniformly in I'\ [Ji2, (& - 1, & +

7). Using these estimates, we can assert that
k §itd
I, = J (0(eVsitx — &]) + O dx + j 0N dx
Sl N4 (61,841
i 63
=) J (0(eYsisi|x - &1))P dx + O(A)P.
izl&'—g
Since p > 1, with the change of variable y = "‘g—f"', we find
&t i+ ’8 v B 5 »
L (eVisx — &P dx = [ (ﬁ) dx = 5, j (12%5) v = 0 = 0
§i=3 i3 ~ 35
fori=1,...,k Wecan so conclude that

IEIE, ;) = O) + O(AP) = 0(A) forallp > 1.

O.
Remark 3.3. Using the change of variable of the proof above, one can easily verify that, for any p, g > 0, the
following useful estimate holds as § — 0, uniformly with respect to ¢ € R:

&+l 0(897P+Yy  if2p-g>1,
j ePU5-5|x—{|q dx =40(6P|logd|) if2p-qg=1, (3.6)
&3 0(6?) if2p-gq<1.
Remark 3.4. For p = 1, the argument of Lemma 3.2 gives

|ElL: ) = O(Allog Al).
3.1 Estimates on the Non-Linear Error Term

In this subsection we look for estimates on the non-linear error term

N(@) = filwa,s,z + @) - fa(was%) — 1 (Wa,5,6) P,

as defined in Section 2. The following lemma shows that N depends quadratically on ¢.
Lemma 3.5. Let & = (64,

., 0x) be as in (3.5). For any p > 1 and s > p, there exists a constant Cps;p >0,
depending only on p, s and n, such that

IN(¢1) = N(@2)llr ) < Cp,s,r[/l%_lufpl - @20l + lp21)
forany A € (0,1), & € Pyy and @1, 92 € Xo/*(I) satisfying |@1ll, 92l < 1.
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Proof. First of all, we observe that for any x € I, there exist t; = t1(x), t> = t2(x) € [0, 1] such that

N(@1) - N(¢2) = fa(Wa,5, + 91) — fAlWa,s,5 + 92) — i (Wa,8,6)P1 + 1 (Wa,5,8)P2
=il (Was,e + o1+ (1 - t)P2) (@1 - 92) - f1' (Wa,5,6) (@1 — @2)
=i (Wa,,8 + t1g1 + t2(1 = t1)P2) (@1 — @2)(t1p1 + (1 - t1)@2).

Denoting 71 = t1t; € [0, 1] and 1, = t,(1 — t1) € [0, 1], we get that
IN(p1) - N(@2)| < Ifa" (wa 5,5 + T191 + T202)| 191 — Q2| [t191 + (1 — t1) 3]
<) (Wa,5,6 + T191 + T2902)| @1 = P2l(p1 + @2]).
Noting that f;”" = fi and that |fi(t)| < 2Ae!!, we get

IN(p1) - N(2)] < 2Ael@asslt01l4102l10, — g5 (|01 ] + [2]) < 24e28514P3 101 — 95|03, (3.7)

where @3 = |p1] + |@;]|. Additionally, for any choice of s > p > 1, we can find s1, S5, s3 > 1 such that

1 1 1 1 1

— 4 — — —_ = —

St S22 S3 S p
Then Hélder’s inequality implies that
IAel“eslel?>l |y — s @sliea) < 1Ae®*®8 s lle? s @1 — P2l il @3lliss - 3.8)
Now, using Lemma 3.1, we see that Ael“«ssl = O(A) in I\ X, (&; - 1,& + 1), and that
Nel@asgl = fePUs5+0(1) O(eU‘si:fi)
in(&-1,&+ 1) fori=1,...,k Therefore

&+l
k 2
IAelaesliG, iy = Y [ 0(e*Uwé) dx + 0(A°) = 0(A'*) + O(A°) = OA'*), (3.9)
i=1
51

where we used (3.6) and 1 - s < s. Note that the quantity O(A1~5) depends on n and s.
Using the Moser-Trudinger inequality (see [24]), we get that

2o [ 20
J-e“'"“' dx < e o3l I e 13 dx < Cem 131" < C(sq). (3.10)
R 1

Finally, thanks to Sobolev’s inequality, we have the estimates
o1 = @allL2y < Cls2)llpr — @2l and  ll@slies gy < C(s3)ll@sl < Cls3)Ul@all + lg21). (B.11)

Thus, replacing (3.8)—(3.11) into (3.7), we obtain

IN(@1) = N9y < CAS o1 — @2l (1l + 21,

with C depending only on 1, s, s1, S; and s3. Since the choice of s, s, and s3 depends only on s and p, we
get the conclusion. O

Remark 3.6. Repeating the argument of the above proof, we can show that, for any s, s; > p > 1 such that
% +1< ’%, there exists a constant C = C(p, s, s1, 17) such that

52
Ifi(Wa,s.8 + @) — f@as lrm + I (@asg + ) - i (@ase)lra < CAS em!oF o]

for any ¢ € X(I)/ 2(1), § € Py and A € (0, 1). Note that whenever s > p, it is possible to choose s; > p large

1 1 1
enough so that sts<p
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4 Properties of the Linearized Operator

This section is devoted to the study of the linear operator L : Xé/ 2(I) - X(l)/ 2(I ), defined as
Lo =¢- (-0 f) (Wa,5.0)0-

In particular, we are interested in exhibiting an approximate kernel of L. As a first step we describe the
behavior of the term f)(wa,5,¢)-

Lemma 4.1. Foranyi=1,...,k, we have the expansion

eUsisi(1+0(- - &)+ 0(A?) uniformlyin (& - %, & + 1),

Iiwasse) = {0(}1) uniformly in 1\ U, (& - 1, & + 1),

In particular, |fy' (wa,s,¢)lL: ) = O(1).

Proof. Indeed, arguing as in (3.1), we get

fA’(wa,S,E) _ (25.),11. ea;U5i15i+27miH({i,-)+2rr2#i a,—G;}.JrO(/\z) + A(zﬁi)aie—a,—Ugilgi—ZrmiH({i,-)—2112#,. a]-G;}.JrO(/IZ)
i

= %eUﬁi,{i"’Fi(g)"’O(l‘_§i|)+0(/12) + O(/\5ie_U6i'5i)
26;
= eUsistOU-=&iD+0(%) o)
= e (14 0(- - &)+ 0A) + 0
=ei(1+0(- - &b +0(%)
in (& - %, &+ %), where in the last equality we used (3.2) to estimate O(A) as
0) = e ™M one~ Vs ) = Ui M(0(A%) + O(Ix - &?)).
Moreover, f)'(wa,5,e) = O(A) in I\ UK, (& - 1,& + 1), since on this set we have
k
Wa =27 Y aiGg + 0(A%) = O(1). O
j=1
Next, we focus on the kernel of L. Observe that if ¢ € X(l)/ 2(I) and Ly = 0, then the scaled functions

D;(x) := (i + 6ix)

are weak solutions to
1 .
(-0)2®; + 6if) (Wa,5,(& +61)) =0, i=1,...,k

in the expanding intervals (%, 1;—{{”). According to Lemma 4.1, for any fixed y € R, we have

5. 2
8ifi (Wa,8,5(&i + 61)) ~ BieUonaléivom) el
Then ®; should behave locally as a solution of the problem
20 .
(—A)%(D = Tllz in R. (4.1)

This equation was studied by many authors. In particular, Santra [32, Theorem 1.4] (see also [11]) proved
that the only bounded solutions to (1.10) are linear combinations of the functions

2y
1+y?’

y2

1 —
Zo(y) := Tyz and Zy(y) := (4.2)

Here we will need a small modification of this classification result. Let us consider the spaces

Li={fuelb (R : uPA+x) e l'R), H:={uel : (-A)fuel’(R). (4.3)
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These spaces are endowed with the norms

u(x)? 1
lul% = J TP dx and fullfe = (=) ullf> g, + lull%-

It is known that one can construct an isometry between L?(R) and £ and between H 3 (S1) and K via the
standard stereographic projection. In particular, 3 is compactly embedded into L.

Lemma 4.2. Let ® € H be a solution to (4.1). Then there exist ko, k1 € R such that ® = xqZo + k121, where Zy
and Z1 are the functions in (4.2).

Proof. Firstofall, we observe that any solution ¢ to (4.1) is smooth. This follows by standard regularity results
(see [22, Theorem 13], the appendix in [19], and [31, Corollaries 2.4 and 2.5])

Using the density of C2°(R) in H (which can be proved using the arguments of [16, Lemmas 11 and 12],
since ||(—A)% ullz2(r) is equivalent to the Gagliardo seminorm), we can find a sequence ¥, € C2°(R) such that
Y, — 1in H (note that constant functions belong to ). Then, for any n, have

|t oertpndn= [ pen)tndx = [ fopnax

R R R

where fy(x) := 2 "’f)’g . Passing to the limit as n — co, we get

1

J f,dx=0. (4.4)
R

Let us now consider the functions

1+1yl
[x -yl

T(x,y) = %bg( ) and ®(x) := JF(x, Vfp(y) dy.

R

Since p € £ ¢ L% (R), according to [18, Lemma 2.4], we have ¢ = @ + ¢ for some ¢ € R. Now, observing that
I't,y)= @ +T(x, %) forany x, y € R\ {0} with x # %, we have that

(p(l) _ ®<l)+c _ log |x| D!f(p(y) dy+]ll"<x, %)fq,(y) dy+c= ZD!F(X,Z) dz +c (4.5)

o(%)
+

X X m 1+22

=0by (4.4)
for a.e. x € R\ {0}. Denoting ¢(x) := (p(%) and fp(x) :=2 f’ 52, via a simple change of variable we can show
that ¢ € £ and f5 € L' (R). Since f5 € L*(R), [18, Lemma 2.3] implies that

Dd(x) := IF(X, 2)fp(2) dz
R

is a distributional solution to (—A)%Cb = fp in R. Moreover, using that ¢ € £ (and in particular fj € leoc(]R)),
we can repeat the first part of the proof and show that ® € C®°(R). By (4.5), we infer that ¢ can be extended
to a smooth function on R. In particular, this gives that ¢ € L°°(R) n C*°(R). Then we can conclude using
directly the classification result in [32, Theorem 1.4]. O

In the following, for § € Py, and A > 0, we shall denote Z; j(x) := Zi(X;—ff), i=0,1,j=1,...,k, where §;is
defined as in (3.5). Namely, we consider

87— (x - &)

251'()(— f])
61.2 +(x - &)2

Zo.i(x) := s
R 5+ (&)

and  Zpj(x) := (4.6)

which are solutions of the problem
(—A)%(p = eUﬁf'ff(p in R.

Welet PZ; ; := (—A)‘% (eUﬁf'ff Z; ;) be the projection of Z; j on Xé/ 2(I). Then we have the following expansions.
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Lemma 4.3. As A — 0, we have
PZyj=2Zoj+1+ 0()12),

5% (fp )+ 0(A%),
uniformly in R, forj = 1, ..., k. In particular, PZo j = O(A*) and PZy,j = O(A) in R\ (& - %, & + %

P211—21]+26]

Proof. First, note that for any x € R the function & — H(¢, x) belongs to C'(I), with derivative
x+Lﬁ
S1 B perxel,
5((’( X)) =9 T ixe-e)a-x)

% forx e R\ L
an

QA=

We claim that <% "H (& -)is 5 L -harmonicin I, for an
To show this, we observe that

y & € 1. We prove that this is true in the sense of distributions.

J a.f({ x) (=A)?2 (p(x)dx 0 forall g € C°(I).

Indeed, if we take i € C°(-1, 1), we have

jw(aj 560 D p0o dxas = j(—A)%so(x)jw(-f) (& %) dE dx

o¢

R
[cmtow [ v agax
R R
I () J(—A)%w(x) H(¢,x)dx dé =0,
R R

where the last equality follows from (-A) SH (&, x) = 0. Since @ and ¥ are arbitrary, we have proved the claim.
Now, the statement can be proved as in Lemma 3.1. Letus fix1 <j < k. Since 2 ¥T3 (.{,, )is —-harmonlc inl,
the definitions of PZ ; and PZ; j imply that also the functions

Vo,j :=PZoj—Zoj—-1 and Vi,j:=PZyj-2Z1j- 27‘[6} oF ({1, )
are %-harmonic in I. Additionally, for x € R\ I, we have that
-(x-¢)?
Voj(X) = —L———— —1=0(6%) = 0(A?),
87+ (x = §)? /
25]'(X - tf]) 26]' 3 3
Vi i(X) = — =+ =O6-=O/\.
1,j(%) 5].2+(x—€,-)2 *=&) (6;) = 0(x°)
Thus, we conclude via the maximum principle as in the proof of Lemma 3.1. O
Remark 4.4. Fori,j e {0,1}and h,l € {1,..., k}, we have the orthogonality condition

J(—A)%PZU, . (—A)%PZ]‘,I dx = J eUsntn Zi,hPZj,l dx = 7'[51',]'6},,1 +0W),

R R
where §; ; denotes the Kronecker delta symbol. Indeed, for h # [ we have PZ;; = O(A) in R\ (§; - %, &+ g)
and eV = O(A)in (& - 1, & + 1), while for h = I, we have
2Zi(y)Zj(y) d

Tey? 0() = 18 + O(A).

J eVoaz; nPZj dx = I eVoaz; nZi 1 dx + 0A) = J

R R R
A standard procedure consists in inverting the operator L on the orthogonal of the space generated by the
functions PZ;;, i=0,1,j=1,...,k, which can be considered as an approximate kernel for L. However,
Lemma 4.3 shows that PZj j is not close to Zo j, as their difference approaches 1 as A — 0. For this reason we
can construct a smaller approximate kernel for L using only the functions PZ;,j =1, ..., k.
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In the following, for 8 = (61, ..., 6;) defined as in (3.5) and for any § € Py, we shall denote

Ksg = ({PZ1,j € {l,...,k}).
Let also 7 and 71+ be the projections of X(l)/ 2(n respectively into K5 ¢ and K§ g We now establish the invert-

ibility of L on Ky £

Lemma 4.5. There exist A, C > O such that
Iyl < Cllog Allm-Lp|
forany A € (0,1),§ ¢ Prpand p € Ké,g, with 8 given by (3.5).

Proof. We argue by contradiction. Suppose that there exist sequences A, — 0, §, = ({11, ..., &k,n) € Prys
and Y € Kp, ¢, (Where 8, = (61,n, - . ., 6k,n) With 8; n = 6i,n(An, &) given by (3.5)) such that

lYnll=1 and |logAyllhyl — O, where hy, := 1L ,.

Throughout this proof we will write f;, := f,, Wy := Wq 5,5, and Ui n = Us, ¢ ,- Foranyi =1, ..., k, we also
let Zp;,n and Z1,;, » denote the functions in (4.6) with ¢; = & , and 6; = 8; .
By the definition of 7+ there exists {;, € Ks, g, such that Ly, = hy + . This means that

[evrpnenrivax= [ fr@apawars [Cotheoivacs [cotaenivae @)

R R R R
foranyv e Xé/z(l), Note that taking v = i, € K§m£ , one finds
lpull? = jf,z«un)l/)ﬁ dx + j(—Aﬁ%(—Aﬁhn dx = jf,;<wn)¢§ dx + O(lhnl),
R R R

from which we get

j Flwa? dx — 1, (4.8)
R
as n — oo. Since f} (wy) is bounded in LY(I) by Lemma 4.1, Hélder’s inequality also gives

jf,z(wn>|¢n| dx < ( If,ﬁ(wn)wﬁ dx)2 ( jf,:(wn) dx)z - 0(1). 4.9)
R R I

Keeping in mind the relations above, we split the rest of the proof into several steps.

Step 1. Since (; € Ks, ¢, , we can write = Zle CiinPZ1,in. We have ci n = O(||nll) fori =1, ..., k. Inpartic-
ular, |{nllzom®) = OISl

Indeed, setting ¢, = max{|c;i n| : 0 < i < k} and using Remark 4.4, we find that
k Kk ) ) k
1l =YY Cincin J(-A)zpzl,,-,n(—A)zpzl,,-,,, dx =7 2, + 0(Aned) = me2 + O(AnCd).
i=1j=1 R i=1
Since A,, — 0, this implies that ¢, = O(||(x ).
Step 2. Fori=1,...,k ands =1, 2, we have that

Ein+ld
Fy(wn) — eVinl 1pl® dx = O(1[1n). (4.10)

fi,n_g

Moreover, we have

JeUi,n|l/,n|S dx=0(1) and Jlf,g(wn) = eVin| |Yn|*|PZ;j,i,n| dx = 0(@), j=0,1. (4.11)

R R
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Indeed, in view of Lemma 4.1, we have

Eintd Eintd Eintd
| 1@ -etrmarax= | erarox-gabdxs | elelpfonddr.  412)
&in—1 &in—1 &in-1
By Holder’s inequality, estimate (3.6) and Sobolev’s inequality, we get
Eintd &t 1
J elinlx — & nllnl® dx < ( I e?Vin|x — & nl? dX> Irlza) = 0(@)- (4.13)
&in-1 &in—1
Furthermore, using again Lemma 4.1 and (4.8)—(4.9), we find that
&intd Eintd i+
| ermparax= | f@wipaldxs o(\ai)+ O(A,% | et dx)
&in—3 Ein—3 &n—1
&intd
- 0(1) + o(Aﬁ J eUin | [° dx),
Ein—1
which implies that
Eintl
eVin|ihn|® dx = O(1). (4.14)
&in—1

Then we get (4.10) by substituting (4.13) and (4.14) in (4.12). The first estimate in (4.11) follows by (4.14) and
the bound elin = O(A,) in R\ (&0 — 2, &,n + 1). Similarly, the second estimate in (4.11) is a consequence
of (4.10) and the bounds PZ,;,n = O(A3), PZy,in = O(Ay) in R\ (&;,n — 1, &0 + 1).

Step 3. We have (| = o(Jlog A1) as n — oo.

Taking v = ¢, in (4.7) and recalling that {, € Ks, ¢, ¥n, hn € Kén,i we find that
k
0= [ Fr(@uta dx + 167 = Y, con [ Frl@)puPZs i dx + 1612 (4.15)
R =1 R

Now, fori=1,..., k, Step 2 and Lemma 4.3 give
| Frt@npupzs i dx = [ %P2y tpudi+ O(\n) = [ Wn(-0)PZ1 0 dx + O(41s)-

R R R

- L
=0by w"EKsn,En

Then, using also Step 1, we can rewrite (4.15) as

101 = (V) = 0(llog Anl ™).
Step 4. Fori=1,...,k, we have that

J eVinih, dx = o(|log Ap|™!) and J eVinU; ipy dx — 0.
R R
First of all, taking v = PZy ; » in (4.7), and using Steps 2-3 and Lemma 4.3, we find that

j(—m%on,,-,n (=AY iy dx = jf,z(wn)lpnPZo,i,n dx + O(IPZo i nlllAnll) + OUIPZo i nlll )
R

eU“-"l/)nPZo,i,n dx + o(llog A,|™)

H— B—— &

eVirh,Zo i ndx + J eV, dx + o([log A, 71).
R
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Besides, by the definition of PZ ; ,, we have
|00 PZo - (-t dx = [ eViripuzo .
R R
If we combine the two estimates above, we find that
J eYirih, dx = o([log Ap|™1).
R

Since |Ui nllzeoqy = O(log Ay|) (in fact O < |x - | < 2 implies ;f’ﬂ <elin < z% in I) and ¥, =0 in R\ I,
we get the conclusion.

Step 5. Fori=1,...,k,the function ¥; , := Yn(&i.n + 6in) satisfies ¥, — 0in L, where L is defined in (4.3).

First of all, we observe that

. 2
Wil = [al =1 and ZJ' A

dx:JeU"-" 2dx < C,
1+ |x]? ¥
R R

by Step 2. Then V¥; , is uniformly bounded in the space H (see (4.3)), which is compactly embedded in £.
Thus, there exists ¥, € H such that, up to subsequences, we have ¥; , — ¥, weaklyin Hand ¥; , - Yo
in £ as n — +oo. The weak convergence in H implies that

[cmtw - cartwax - [Cayve - ajtwax
R R

5?';" ), we get

for any w € CX(R). Besides, using (4.7) with v = v, := w(

[(—A)%\Pi,n (D wdx = [(—A)%wn (D) hvy dx

R R
- jf,:wnn/)nvn dx + j(—A)%M—A)%vn dx,
R R

where h,, = hy, + {,. Since h, — 0 (by Step 3), we get that

J(—Aﬁﬁn(—m%vn dx < lnllvall = IRalllw] — O.
R

Moreover, noting that v, is supported in (&;,, — R8i n, &i,n + 6i,nR) for some R > 0, we have

fi,n"’Rai,n
Jfé(wn)llinvn dx = J e (1 +0(1x = &inl) + O(An)Ynvn
R {i,n_R(Si,n
R 2 2
- J T3y (L 0allyl+ D)¥inw dy — J Ty PooW
— R

where the convergence in the last line follows by the convergence of ¥; , in £. Then it follows that ¥, is
a solution in K to the problem

(-A): W, = ¥, inR.

1+x2
Then, by Lemma 4.2, there exist ko, k1 € R such that ¥, = koZo + k1Z1. But using again the convergence
in £ and recalling that i, € Kéi LE o We have

0= j(—A)%wn(—A)%le,i,n dx = J YnelinZy dx
R R
2

2%, .71 27074 272

= 2 d K J dy + x j dy = nikq,

J 1+y? y =Ko 1+y? yra 1+y2 Y !
R R
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Hence, k1 = 0. Similarly, thanks to Step 4, we know that

0= nll_)lgo j ¢neUﬁi,n.§i,n (U‘si,n,fi,n + log 6i,n) dx
R

2%,,,10( 2 )d
+y? 8 1+y? Y

1
270 2
log(—— ) d
K01£1+y2 o8 1+y? Y

1]
=
45
T —

= TTKo,
which implies kg = 0 and ¥, = 0.
Step 6. Conclusion of the proof.
We know that
X Eintd
1+0(1) = Jf,;(a),,)l/)fl dx =Yy J eVinh2 dx + O(\/E)
R i:lg' _n
nn 2

by (4.8), Lemma 4.1 and Step 2. But, using Step 5, one gets
L
Gt U2 ay < [ U2 gy - 2w§nd o
Vo dxs [eloptax= [ b ay -
&in—2 R R

foranyi=1,..., k. This gives a contradiction. O

The a priori estimates of Lemma 4.5 imply the following invertibility property.

Corollary 4.6. For A € (0,A) and & € Px,n» the operator A := n*L : Ksl,s — Kg’g is invertible and
”A_l"L(K;E) = O(llogA)),

where |Fll gk = SUD{heKky :Ihl<1) [Fh].

Proof. By Lemma 4.5, forany ¢ € Ky g We have [l¢|| < Cllog Al|A¢|. In particular, A is injective. Since K £ is

a Hilbert space, and since A is a Fredholm operator of index O (indeed it decomposes as the identity of Ksl’ £

plus a compact operator), we can assert that A is invertible. Moreover, we have

A ewgy = sup  JAT'h] < CllogAl. m
' {hEK;{:IIhIISl}

5 Fix Point Argument

As we have outlined in Section 2, equation (1.1) can be reduced to the couple of non-linear problems (2.6)
and (2.7). With the notation of the previous section, let us consider the operator A = 7L : Kgg - K§ g
Thanks to Corollary 4.6, we can rewrite equation (2.6) as

¢ = A (mH(-0) T E + 7 (-A) T N(9)).
We now prove that this equation admits a solution for any small A and any § € Py ;.

Lemma 5.1. Let p € (1, 2) be fixed. Then there exist k = xk(p, n) > 0 and Ao = Ap(p, ) > O such that, for any
§ c PryandA € (0, Ao), the operator

T(p) := AN (- (-A)"2E + m-(~A)"2 N(9))

has a fixed point on )
B:={p € Kz : |9l < kllog AIA? . (5.1)
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Proof. By Corollary 4.6, Lemma 3.2, estimate (2.2), and the fact that the projection 71+ reduces the norm, we
can find constants C4 and Cg such that

1
IA™ e < CallogAl - and I+ (=A) T E|l < CpA? (5.2)

for any § € Py, and any small A. Note that C4 and Cg do not depend neither on & nor on A. Similarly, for any
s > p, Lemma 3.5 and estimate (2.2) imply the existence of a constant Cy, depending only on s, p, n such
that
It (=8)? (N(91) — N(92))]l < CyAs " log Allp1 — @2l (1l + 21, (5.3)
for any & € Py, A small enough and any ¢+, ¢ € Xé/z(l) with [|g;| < 1 fori=1, 2.
Let us set x := 2C4 Cg. We shall prove that T is a contraction on B. First, taking A small enough so that
KA [logA| < 1, we get @] < 1 for any ¢ € B. Hence, (5.2) and (5.3) give

IT@)I < 1A kg o I (<8)72 El + A Lz I (-8) 72 N(@)
< CaCuA?[log Al + CaChA* )
1 2 1,19
< CpCEAY |log/1|(1 + 4CACECN/1” s |10g/1|),

where last inequality follows from the definition of B in (5.1) and our choice of k. Since p € (1, 2), itis enough
to take s € (p, I%) and A such that 4CiCECN|1Og/1|2AI%+%_1 < 1toget T(¢p) € Bforall ¢ € B.

Arguing as above, we now prove that |To1 — Tes| < %ll(pl — 3| for all ¢4, ¢, € B. Indeed, thanks
to (5.3), it is sufficient to choose A small enough such that

4C2 CECyllog A2A» 571 <

N|

to get
IT(p1) - T(@2)ll = |A~ - (=A)"2 (N(¢1) — N(92))l

< Callog AICNAS "M @1 = @2 ll(lp1ll + 2
2 232+1-1
< 4CHCgCnlog A" AP 57 |1 — @a].

1
<3

Thus we have proved that T is a contraction on the ball B, so it has a unique fix point in B. O

For § € Py, and A small enough, let ¢, ¢ be the fix point for the operator T constructed in Lemma 5.1. By def-
inition, @, ¢ satisfies (2.6). Then, since Ks,gisspanned by PZ1 1, ..., PZy i, as a consequence of Lemma 5.1,
we get the following proposition:

Proposition 5.2. Fixp € (1, 2) and let Ao and x be as in Lemma 5.1. Then, for any A € (0, Ag) and any § € Py y,
1

there exists a unique function ) ¢ € Kﬁl's such that [kl < kA» log A| and such that we can find k coefficients

ci=ci(AE),i=1,...,k, such that

k
(-0)7rz - fi' (Wa,5,8)Pae = E+ N(prg) + Z cieVonsiZy ;. (5.4)
i1

Moreover, by the definition of E, N and L, we also have

k
(-0)% (Wa 5.5 + P1.8) = [i(Was.g+ Prg) + Y. cieloiiZy ;. (5.5)
i=1

Remark 5.3. By testing equation (5.4) against PZ; ;,i=1,..., k, we get that

k
ciA,§) =-) bJ J (fr'(wa,5,8)91.8 + E + N(@2,5))PZy ; dx,
j=1 R

where the b = b (A, £) are the coefficients of the inverse of the matrix (b;j)1<i j<k with
bi]' = j eUGi‘gf Zl,iPZLj dx.
R
The matrix (bij)1<i j<k is symmetric and invertible by Remark 4.4.
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We conclude this section by proving the regularity of ¢, ¢ with respect to §. From now on, with some abuse
of notation we will use the notation Ay to refer different constants possibly smaller than the one given by
Lemma 5.1 and Proposition 5.2.

Lemma 5.4. Forany A € (0, Ag), themap § — @ gisa C' map from P,y into X(l)/Z(I).

Proof. For the study of the regularity of ¢, ¢ it is important to recall that 7, 71+, L and T depend on A and §.
For this reason, throughout this proof these operators will be denoted respectively by 7, g, nj g Lygand Tyg.
For a fixed A € (0, Ag), let us consider the C! map Gy : Py % X(l)/z(l) — Xé/z(l) defined by

Ga(& @) = ¢ + 711 ([Wa 5.6 — (~D) > [i(Wa,58 + 5 ).
Note that
26,
op
forany v e X(I)/ 2(I ). In particular, %({, @) is a Fredholm operator of index O and thus, it is invertible if and

(& @)Vl =V =7} (~D) " f}(Wa, 5,8 + T} P)TE v

particular, GA(§, ¢a,g) = 0. Moreover,

0G, _1
W(E, ore)v]=v— ﬂig(—A) 2fi(Wa,s, + ‘PA,g)ﬂi;V
= AgV + Ty g [Ty v - (-0) 2 (f{(Wa 5.5+ Py V)]
= MgV + my e Lag(my gv) - ni;[(—A)‘% (A Wa5.5 + PaE) ~ fi(wa,5,8))my V)]

Forany p € (1, 2) and s > p such that % + 1> 1, Remark 3.6 gives
Ify(@a,8,5 + Pa8) - f1(@a,s,0)lr) = O(A%llfm,gll) = 0(A»*s log Al).

Hence, using Sobolev’s inequality, we can find @ > 0 such that

I3l -0 (fi(@as s + 91.0) = Fit@as)mi )] = OA“IvD.
Then we have 56
||a_(p/1(§’ Pr5)lV] || > [lmagv + my gLag(my V)l + OA%|vI)
1 1
> —2||7T/1,§V|| + _”ﬂj{,ELA’E(ﬂ/Jf,{V)” + O(/\a||v||)

V2

1 c
> —|mgvl + —
2

V2 V2
> c(llmgvl + iy gviI) + OA*|IvI)
> (c+ 0A")|vl.

This in;plies that %—(3(5, @ag)lv] is invertible. Then the implicit function theorem gives that ¢, ¢ is of
class C*. O

llog Al Iy gVl + O(A* V)

6 Choice of the Concentration Points

Let ¢,,¢ be as in Proposition 5.2. It is clear that if we find § = (&1, ..., &) (depending on A) such that
ciA, &) =0 foralli=1,...,k, (6.1)

then the function u, := wq s,z + @2,¢ is solution for our initial problem (1.1). In this section, we will prove
that (6.1) is satisfied when & is a critical point of the reduced energy functional

F1(&) == A (Wa,5,8 + PAE), (6.2)
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where

t
1 .
1w i= Slul? - [ g dx with ga(6) = [ fas) ds.

I 0
In order to prove this, we will need the following preliminary estimate.

Lemma 6.1. Let Fq,...,Fy beasin (3.3). AsA — 0, we have
k
lwa,s,1” = ~4mklog A - 27 )" Fi(§) + O(Allog A]),
i=1
uniformly with respect to § € Py .

Proof. By the definition of wq s, in order to prove (6.3), it is sufficient to show that

IPUs, & |I* = ~4mlog A - 2nFy(§) - 47 a; Z a;jGg (&) + O(AllogA]), fori=1,...

j#i

and
(PUs, &, PUs; &) = lsz‘g,.(é’i) + O(AllogA]) fori,j=1,...,kwithi+]j.

(6.3)

, k, (6.4)

(6.5)

Let us prove (6.4) first. Fori =1, ..., k, since e%é = O(A) in R \ (&; — 1,¢+ 1), PUs, ¢ =0in R\ I and, by

Lemma 3.1, |PUs, &Iz = O(|log Al), we have
&+l
IPUs, ¢ | = JPUgi,gieUﬁi’fi dx = J PUs, Ui dx + O(Allog A)).

R 61

Moreover, thanks to the estimates

§i+3 &+l

j eUsnéi dx = 21+ O()) and j Us,.c. eVt dx = ~21log(267) + O(Allog Al),

§i—3 §i-3
the expansion of PUs, ¢, from Lemma 3.1 yields
i+l §itd
PUs, geVeisi dx = J (~10g(268)) + Us, & + 2mH(&;, x))esiti dx + 0(A?)
-1 §i-3
= ~4mlog(26;) + 4m* H(&;, &) + O(Allog Al)

= -4710g(26;) + 27Fi(§) — 47° ) G (&) + O(Allog A]).

j#i

Recalling that §; is chosen as in (3.5), we have log(26;) = log A + F;(§), and we obtain (6.4).

With similar arguments, for i # j we get

J(—A)%PU&’&.(—A)%PU@,& dx = J- eUaivfiPUgj’{j dx
R R
‘fi"’%
- J eUsii PUs, ¢ dx + O(Allog Al)
&-1
fi+%
=2n J eUsié Gg dx + O(Allog A])
&-1
= 47° G (&) + O(Allog A)),

so that (6.5) holds.
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Proposition 6.2. For A € (0, Ag) and § < Py y, the following conditions are equivalent:
() ci(A, & =0,fori=1,...,k
(i) vZa§) =0

Proof. By the definition of ], we have that

VIAw) = u - (-A) 2 fa(wa,s.5)

1/2

for any u € X' “(I). Then, recalling that ¢, satisfies (5.4)—-(5.5), we get

k
ViMwa,s.5 + PrE) = Was,g+ PrE~ (—A)"%f/\(wa,s,z +QrE) = Z cjPZy ).
j=1

Fori=1,...,k, by the chain rule, we find

032

T2 (&) = (VI\(wa,5,8 + P1,8), d.f —5 Wa,s,5 + ds’ - PArE) = Zﬁuq,

where
,B--—<PZ L4y >+<PZ o >
ij 1,js d'fi a8,k 1,j» d& PrE )-
Then it suffices to show that the matrix (8;) is invertible. Indeed, this gives
Vi) =0 & ci(A,§)=0,i=1,...,k.
Let us then estimate the coefficients ;. First, fori, h = 1, ..., k, we observe that

bin 1 06n
L oUsugy = b Uss 7 = oUs, W Zo
eUsnén e
d&; b M "o&

= O Va7, - eV 20,4 20 ),
bi ’ " 0¢;

where §; , denotes the Kronecker delta and we have used that 8 = (61, . . ., 6x) is given by (3.5). Consequently,

) k
wa 8,5 = Z an gy PUéh & = 6fP21,i -y ahPZoh 3 (5)

! h=1 Si

Then we infer

dwa,s,;
<le,]-, 35 <le,,le e Z a 2En 7 Ph )Pz, 5, PZony = "%6;5 + 0(1). (6.6)
1
Now, fori,j=1,...,k, observe that

d d
K- PZ. ;. - <—PZ N > <PZ L >= .
Prg€Kyy = (PZ1j, 1) =0 = ag Do #ag) + (P2ujs g b ) =0

Note further that we have the identity

oF;(§)

d Us 1 U,
—e %47y =6 (—e wiz3 - ez, ~)—2e 54 71 i Z0,j—er
dé; 1,j i,j 0,i 1,j£0,j EYZ

5;
= 0[5 Uil - &) + 0(eUi) + 0(e29),
1

where we have used that |Zo,il, 1Zo,j] < 1.
Then, since 4-PZy j = (-A)"% f-e”9 2y j, by (2.2) and (3.6) we get that

d d o s
2 pz ” - O(H—e 7y ): on-?).
” dg Y dé; b 12(1) )
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In particular, recalling that for p € (1, 2) we have ||, ¢|| = O(/l% |log A]), we get
d d _3 13 1
<P21,1': d—{ﬁo/\,{> = ‘<d_{,le,]’, <PA,§> = 0(A7 2 |lpprel) = O(AP 2 [log Al) = o(A77), (6.7)
1 1

uniformly for § € Py . For A small enough, using (3.5), (6.6) and (6.7), we conclude that the matrix (8;) is
dominant diagonal and thus invertible. This concludes the proof. O
The following lemma describes the asymptotic behavior of §y as A — 0.

Lemma 6.3. We have

k
F2(8) = —27klog A - 21k — 71 ) Fi(§) + (1),
i=1
where 0(1) — 0 as A — 0, uniformly for § € Py .

Proof. According to Lemma 6.1, we have ||(Ua’8,§||2 = 0O(]log A]), so that
lwa,s,e + Prel” = lwas.el* + OUlwa,s gllloagl) + OUlpael?)
= lwa,s.€l2 + O(A7 [log AI).
Noting that g3 = f; - 2A, by Remark 3.6, forany p € (1, 2) and s > p such that  + 117 > 1, one has
I8\ (Wa5.¢ + P1.5) ~ 81(@a5.8)l) < CA'T lgagl = 0AT log Al) = o(1)

as A — 0. Thus

1
JiMwa,s,5 + Pag) = JA(was,8) +0(1) = 5||wa,8,£"2 - Jg/\(wa,s,g) dx +o(1). (6.8)
1

Using again that g) = f/{ - 2/ together with Lemma 4.1 and (3.6), we find

€i+%
J awdx=Y I eUsis dx + O(Allog Al) = 27k + O(Allog A]).
7 i=1,7,
§i—3
Then the conclusion follows by Lemma 6.1 and (6.8). O

The previous lemma shows that, up to constant terms that do not depend on &, the functional §) converges
uniformly to a multiple of the function

k k k
3® ==Y FR®=YH&H+ Y aa6E, s 6.9)
2n 5 i=1 ij=1, i#j

In the next subsection, we shall study the properties of § and exploit them to show that §; has a critical point
(alocal minimum) in Py, ,, provided 7 is fixed small enough and the coefficients a; have alternating sign.

6.1 Existence of a Critical Point

Let us now assume a; = —a;,1 for alli € {1,..., k- 1}. We refer to the appendix for some considerations
concerning different possible choices of the coefficients a;. With this assumption, the function § defined
in (6.9) becomes

k

k
F® =Y Hé&, &)+ Y (-DY6(&, &)
i=1

i,j=1,i#
$ oyl pogf L ES VA DA 8D
log(2(1 - &2 _1)itI .
08(2(1 = &)+ D™= Og( 1& - &l )

1 1,j=1, i#j

M~
S,
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The goal of this subsection is to show that the set of maximum points for § on the set
Pr :={£=(fl,...,fk):—1<fi<fi+1 <1, i=1,...,k—1} (6.10)

is a non-empty compact subset of Py, independently of the value of k € IN. Combining this with Lemma 6.3,
we will prove that the functional §) defined in (6.2) has a critical point in Py (in fact in Py y, if 1 is small
enough). The proof of this result is inspired by [4, proof of Theorem 3.3]. We will provide some details here,
since having the explicit expression for the Green function of our operator simplifies considerably many steps
of the proof. For example, we easily get the following properties.

Lemma 6.4. The following properties hold:

(i) H(, &) > —coasé — ol ={-1,1}

(ii) Let € > O there exists a constant c(€) such that |H(¢, &)| < c(¢) if dist(¢, o) > «.

(iii) Let € > O be small enough, there exist a constant c(€) such that |G(x, y)| < c(e) if |x - y| = €.

(iv) Forany x, & € I, x # &, we have
1 \1-¢&

T OVix

(v) Given any three points x < y < z € I, we have G(x, z) — G(x, y) < 0.

d
EG(é'a X) = -

The following lemma provides upper bounds on §.

Lemma 6.5. Forany § = (¢1, ..., &) € Pk, we have
k

Y DG, &) <0,

ij=1, i#j
Proof. Forany 1 <i< k-1, we set
k
Gi(§) == Y (-G, &),
j=i+1

so that
k-

k 1
Y (DYGE, &) =2 ) Gil®).

i’j=1’ 1#} i=1
Then it is sufficient to observe that G;(§) < 0 forany 1 <i < k — 1. Indeed, if k - i is even, we have that

k—i k—i
Gi(§) = Z(—l)jG(s(i, ¢iyj) = Z G(&i, &ivj) — G(&, &14j-1) < O,

j=1 j=2,j even

where the last inequality follows by (v) of Lemma 6.4. If instead k — i is odd, then we have

k—i k-i-1
Gi(§) = Z(—l)’G(fi, &ivj) = -G(&, &) + Z G(&, &) — G(&;, &14j-1) < 0O,
j=1 j=2,jeven
where we used again property (v) of Lemma 6.4 together with the inequality G(¢;, &) > O. O

Proposition 6.6. For any k € N, we have §(§) — —oo when dist(§, 0Px) — 0. In particular, § has a maximum
point in Pr. Moreover, the set M of global maxima for § in Py is compact.

Proof. It suffices to show that, for any sequence £" = €7, ..., :f,’(’) ¢ Py with dist(£", 0Px) — 0 as n — +oo,
up to extracting a subsequence, one has F(£") — —co as n — +oo. If there exists i € {1, ..., k} such that
&' — oI, then (i) of Lemma 6.4 implies that H(¢', ') — —oo and, thanks to Lemma 6.5,

k

_110 2
— —00
P g

k
FE <) HE L EH < HEL &+
j=1

as n — +oo. Thus, up to a subsequence, we may assume that there exists an € > 0 such that |{i"| <l-g¢,

1<i<k. Then d(£", 0Px) — O implies &' - &, — 0 for some 1 <i<k-1.Letip be the maximal index

ie{l,..., k- 1}such thatthis property holds. Then, up to extracting another subsequence, we may assume
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€< &1 - ¢ <2foranyip < i< k- 1. Note that (ii) and (iii) of Lemma 6.4 give

JEH=-= Z( 1) log |&' - &'+ 0(1)

1961

5 klk-i
=-= ) Y (-1 logl& - &5l +0(1)
T i=1j=1
2 io k i
=-= Z( 1Y log|&f' - &1 +0(1).
n i=1j=1
:;(i”
If k — i is even, then we have
k=i
n l+2]|

fj 21,

5 - I
j= i 1+2] 1

while if k — i is odd, we have that

k=i-1

(in _ 1 I%’l)’l - l)’_l'—zjl o 1
- g, 72
Then all the sequences ((i”)ne]N, 1 <i< k-1 are bounded from below and we obtain

FE < -2+ 0)

k 10
== Z( loglé! - & i1+ 0(1)

:N

[
[

:;logl i’?)— lo+1|+0(1)—> -0
asn — oo. O

Corollary 6.7. Let §) be asin (6.2). Then there exists ng € (0, %) such that §; has a critical point §(A) € Py y,
for any small A.

Proof. By Proposition 6.6, we can fix no such that all the maxima of § in Py belong to Py, ,,. In particular,
since Py, y, is open, we have
max ¥ < maxg. (6.11)

9Pkuno Prno

According to Lemma 6.3, we have that
Sp= %(2nklog/\ + 2k -F) — T,
uniformly in ﬁk,qo (in fact, in Py, for any fixed n < no) as A — 0. Then, by (6.11), we must have

max S) < max Sy,
0Prng Prno

which implies that Sy has a maximum point §(A) in Py, , . In particular, §(A) is a critical point for Sy and §. O

Remark 6.8. By construction, we also have that dist(§(A), M) — 0. In particular, for any sequence A, — O,
we have £(1,) — &€ up to extracting a subsequence, where & is a maximum point for §.

7 Proof of the Main Theorems

We now collect the results of the previous sections to complete the proof of our main results.

Proof of Theorem 1.2. Let wgq5,¢ be as in (2.4), with 8 = (61, ..., 6x) as in (3.5). For a given p € (1, 2),
let Ao and @, ¢ be as in Proposition 5.2 and let §; be as in (6.2). By Corollary 6.7, there exists 1o small
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enough such that §, has a critical point in P ,,. By Propositions 6.2 and 5.2, setting ¢, := @a,gn) and
8(A) := (61(A, &), ..., 6k(A, &(A))), we get that u, := Wa,5(),EM + P2 is a solution of equation (1.1), as
claimed in Theorem 1.2. Proposition 5.2 also gives [l = O(A? [logA]) — 0 as A — 0. It remains to prove
that [[@allLo — 0. Let us recall that ¢, € Xé/ 2(I) is a weak solution to

(-A)Z gy = fi' (Wa,s00,60)) 92 + E + N(@))
in I. Thanks to Lemma 4.1, we have

i 63

[ @asav.sloa? ax=Y [ oweUnelgar dx+ o)

i=1
1 61

§itd &+

as A — 0. But by Holder’s inequality (with any g > 1) and (3.6), we get that
J (eUﬁi,£i|(p,1|)p dx < < J

1 a1
q q
ePaUsi 5 dx) ( J |<p,1|% dx)
&-1 §-1 1

= (0A))7 (Il lIP)
= O(AT* 1 P|log AJP).

Since p < 2, we can take g > 1 such that é +1-p > 0,sothat IIfA'(wa,s(A),g(A))(p,\IILp(I) — 0asA — 0.Inaddi-
tion, Lemma 3.2 and Lemma 3.5 give ||E|lz»() — O and [|[N(¢)llz»q) — 0asA — 0. Thus (—A)%(p,\ — 0in LP(I)
and elliptic estimates (see [22, Theorem 13]) imply [|@allzeq) — O, as desired. O

We now turn to the proof of Theorem 1.1. From now on, we let u, be the solution constructed in Theorem 1.2.
Note that u, has the form

k

up = Y (1) PUs .60 + @A

i=1
with §(A) = (§1(A), . .., &(A)) € Py, y, for some small no, 8(A) = (61(A), ..., 6k(A)) such that §; = O(A) as
A — 0,and @, € Xé/ 2(I) satisfying [[@all + l@all~) — 0. Up to extracting a subsequence, we may also assume
that

&) - & with-1<& <+ <& < 1.

Lemma 7.1. The following properties hold:

o uy blows-up with alternating sign at &1, . . ., & as A — 0, that is (1.6) holds for any small € > 0.
e upeC®)anduy — ug := Zf;l(—l)i‘ngl in Cio (I\ {81, ..., 8} asA — 0.

e Foranye>0,anda € (0, %), we have

-0

|| u)—Ug u)— Up
d COa((&+e, 1))

+
Vd  lcoa-1,¢-¢) || Vd

as A — 0, where d(x) := 1 — |x| is the distance of x from dlI.

Proof. In order to get the first property, it is sufficient to observe that Lemma 3.1 implies

PUs, .6 (§i(A)) = 0o and  PUs;n),50)(8i(A)) — Gg)(&i)  forj # 1.

Since [|@alley — 0 as A — 0, this gives the conclusion.

Similarly, the second property follows by the boundedness of uy in L5, (I'\ {¢1, . . ., §k}) and elliptic esti-
mates for (—A)? (see e.g. [31]).

It remains to prove the third property. We focus first on the case x € [éx + €, 1) and we let i) be a smooth
cut-off function such that 1) = 0 on (-co, &k + §) and ) = 1 on [ + €, 00). By construction, we have uj = 0
inR\ ({x + £, 1). Moreover, for x € (§ + §, 1) we have

WA(X) —ua() (WP (x) — P(y)) dy.

- yP? -y

(=0)7 (uah) = Y(-B)Tup + ua(-D) T + j
R
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Note that the last integral is well defined since u, € c%3 (R) and ¥ € C*°(R). Moreover, i € C*°(R)NL*®(R)
implies (—A)%zp € C*®(R) (see for example [34, Proposition 2.1.4]). Then, since u, is uniformly bounded
in LS (R\ {¢1, ..., &}), and u, solves (1.1), we have that

1 1
I (=B)2 upllLeo(g+£,1)) + lUa(=D) 2 PllLeo(g+£,1)) < €

for some C > 0, depending only on €. Now, if x € [ + 2¢, 1), then

&+e
II(uA(X)—uA(y))(l/J(X)—ll)(y)) ‘_I I ) —uNA -py)
2 dy| = 2
Ix =yl Ix =yl

1
< 8_2(||UA||L°°(£;<+2£,1) +lualiwy) < C.

If instead x € (& + §, & + 2¢), then

j UA00) —ua ) (WP (x) - Y(y) d
Ix —yl?

R

J(mm W) WHK) - ()
Ix - y|?

dy + O(Illeow) (luallzwy + Nuallzeoge+2,1)))s

3

with

‘]Wmm—mwmwn—wwuy<z

& ’ ,
x—yP2 < F oo g s 2o 19 o

e
X=3

We have so proved that the right-hand side of (7.1) is bounded in L>°(({k + §, 1)). Then the regularity
results of Ros-Oton and Serra ([31, Theorem 1.2]) implies that

& <[
Vdllcosgre,y I Vd

forany B < . In particular, we have that | ’“;\/3“0 llco.a — O forany a < B< 1. With similar arguments, we prove

an analogue convergence result in (-1, &; - €). O

<C
COB((§k+5,1))

The main step in the proof on Theorem 1.1 consists in showing that the limit profile uy has exactly k — 1
zeroesin I\ (&1, ..., &). In fact, we shall prove that uy is strictly monotone in each of the intervals (&;, &;:1).
In the following it is useful to denote &y = -1 and &1 = 1.

Proposition 7.2. Foranygivenk e Nand§ = (é1, ..., &) with—-1 =&y < & < -+ < & < &1 = 1, consider the
function

k
up = Y (-1)"'Gg.
i=1
Then there exists a constant ¢ = c(k, §) such that, foranyj =0, ..., k, we have
(~1Yuf()V1-x22¢c>0 forx e (&, &)
Proof. Throughout the proof we denote a(x) := V1 -x2,x € I.

Step 1. There exists ¢ = ¢1(&1, . . ., &) such that Géia >cpin (-1, &) and G:r,-“ < -cpin (&, 1).

Fixi e {1,...,k}. According to (iv) of Lemma 6.4, we have that
1 y1-&
GL(x)=—-— L .
§00 =0 &ax)

In particular,

\/1—51.2 N \/l—fiz N \/1—maxlsjsk|§j|2

G, (Olalx) = PRy T P

s
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where we used |x — &;| < 2. Since Giﬂ- > 0 in (&, &) and G«’fi < 0in (&, ék+1), the inequality above gives the
conclusion.

Step 2. Assume k > 2 and for any 1 <i < k-1 set g; := G¢, — Gg,,. There exists a constant c¢; > 0 such that
gl’.a > ¢y in (&o, &) U (&i41, éks1) and glfa <-cyin (&, &yq) forany 1 <i< k.

By Step 1, we know that G.'g,-“ < —c;and G',fm a > c1in (&, &;,1). Thisimmediately gives gla < —2¢1in (&, &i1).
Let us now assume x < &; or x > ;1. As in Step 1, we have the explicit expression

1 V=80 1 V128 A - A&
m(x = &p)alx)  m(x-&ax) ma(x)
where fy (t) := % If x < & or x > &1, using that f; € C'((-1, 1)\ {x}), we get that

Fel€ivn) = fx (&) = Fu(@)(&iva = &,
where E’ is a point between ¢; and ¢;,1. In particular,
1-x¢ o 1-1@ 1-max(l§l gl | 1-ME)
c-f1-8 w-pri-p o A

where M(§) := maxi<j<k |¢j] € (0, 1). We can so conclude that

(1 - M(§))(&iv1 - i) c - M(§))o(§)
4 - 4 ’

where 0(§) := min;gj< &41 — & > 0. The right-hand side is a constant depending only on k and &.

g0 = G, () - Gy, (x) =

>

fr@) =

gi(0ax) =

Step 3. Conclusion of the proof.

If k = 1 or k = 2, the conclusion follows directly from Steps 1 and 2.
Assume k > 3, kodd. For 1 <i < k - 1let g; be as in Step 2. We can write

k-2
Up = Z gi+Gg, (7.2)
i=1,iodd
k-1
ug = G¢, - Z gi. (7.3)

i=2,ieven
Notethatif1 <i < k-2isodd, andif0 < j < k-1iseven, theinterval (}, {j.1) is contained in (-1, §;)U(&j41, 1)
and in (-1, &). In particular, Steps 1 and 2 guarantee the product of a with any of the functions appearing
in (7.2) is increasing in (¢}, &j,1). In fact, we get

upe > S C2te for any j even.

Similarly, when 2F <i< k-1isevenand 1 <j < k is odd, then (¢}, {j,1) is contained in (-1, &) U (§j41, 1)
and in (&7, 1). Therefore, (7.3) together with Steps 1 and 2 yields

—upa=ci+

C2 in ('{]’ §j+1), ] odd.

Finally, assume k even and k > 4. Then we can decompose

k-1
o= ) & (7.4)
i=1,iodd
k-2
Ug = G{l - z 8i— ng. (7.5)
i=2,ieven

As before, for 0 < j < k even, we have (&}, &.1) € (-1, &) U (§i4+1, 1) and glfa > ¢, in (¢}, &j11) (by Step 2), for
anyodd 1 <i< k- 1. Then (7.4) yields

k . .
ugazicz in (&, &41) forany j even.
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Ifinstead jis odd, onehas (¢, &j.1) < (-1, &) U (i1, 1)andg§ a > cin(, éjq)forany2 <i < k- 2even.

Moreover, since (&}, &j+1) € (é1, 1) n (-1, &), we also get Gé'l“ < -c; and nga > c1. Then thanks to (7.5) we

find that

—upa>2c1 + ¢; in(é, &) foranyjodd. O

We can now complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let u, be the solution constructed in Theorem 1.2. In view of Lemma 7.1, we only need
to prove that, for A small enough, u; has exactly k nodal regions in I or, equivalently, exactly k — 1 zeroes in I.
Let us fix € > 0 small enough so that

(1) up&+€) >0, (1) tug(é-€)>0 and (& -2e, & +2e) T\ U({j -&&+e) (7.6)
j#i

fori=1,...,k Letussplit]:= I} UI? U I}, where

k
Ii=(-1&-¢elulb+e ), E:={JE-¢e&+e), L=I\U;uL).

i=1
First, we observe that u, has no zeroes in I ; Using Proposition 7.2, in [k + €, 1), we can write

1 1
(—1)k‘1uo(x)=j(—l)ku(’)(t)dtzj C _dt>

X

1-t

1
J ! dt = c\2(1 - x) = \2d(x),

where d(x) = 1 - |x| = dist(x, oI). Similarly, for x € (-1, &; — €], we can write

1

X 1
up(x) = I uy(t) dt > J € _ars-S J ! dt = c2(1 + x) = \J2d(x).
i}

Vi-e2 V2 ) Vi+t

X X

Thanks to Lemma 7.1, we get |u(x)| = vVd(x)in I, ;, provided A is sufficiently small. This shows that uj has no
zeroes in I}.
Next, we observe that uj has no zeroes in Ig. Letus fix 1 < i < k. Lemma 3.1 gives that

ur = (1) PUs .6 + 27 Y (1Y G(E(A), &) + O(l- - &il)
j#i
1 )
8i(D)? +Ix - &)

= (-1)i? log( +21(-1)" H(&, &) + 21 Y (1Y 71 G(&;, &) + O(e)

j
in (& - €, & + ) if Ais small enough. Moreover, we may assume that |&;(A) — &;| < €and 6;(A) < €. In particular,
we have that |x — &(A)|2 + 6;(A)* < 5¢2 for any x € (&; — €, & + €). Then we get

1
>log — - 0(1).
lual 8 s (1)

Thus, we have |uy| > 1in (& - ¢, & + €) if € is fixed small enough.
Finally, let us consider the interval I7. Note that I? has exactly k — 1 connected components, namely we

have
k-1

B=||Jie where]ie=I[&+¢, & -l
i=1

By (7.6) and Proposition 7.2, we know that forany 1 < i < k — 1, if £ is small enough, we have
(~D'uo(& +€) <0, (-1)'up(éy1-€) >0 and (-1)'uf > cinJi.
Since uy — up in C1(I7) by Lemma 7.1, this implies that
D'uaéi+€) <0, (-D'uadp1-€)>0 and (-1)'uj > cinJi,.

Then u, has exactly one zeroin J; . forany 1 < i < k — 1. We can so conclude that u, has exactly k — 1 zeroes
in I? (and thus in I), as claimed. O
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A Some Special Cases

In the proof of Theorem 1.2, we had to assume that the coefficients a1, ..., ai € {-1, 1} appearing in front
of the bubbles PUs, ¢, in the expression of the approximate solution wg s,¢ are sign-alternating i.e. a; = —a;1
for 1 <i < k- 1. This condition has been used in order to ensure the existence of a maximum point for
the functional )
FE) =) HE, &)+ Y aiaiG(é, &),
i=1 i#j

in the set Py defined in (6.10), as well as the validity of Proposition 6.6. It is simple to see that this strategy
cannot be used for different choices of the alf s. In fact, if there exists i € {1, ..., k} such that a; = a;;1, then
¥ is not bounded from above.

However, it is interesting to investigate whether one can find different kinds of critical points. Indeed,
since it is possible to show that the convergence in Lemma 6.3 holds in the C!-sense, we can construct solu-
tions to (1.1) whenever we can find a C*-stable critical point for . A complete answer to this question can be
given for k = 1 or k = 2, since one can explicitly find all the critical points of §. In fact, we have the following:
o Inthecase k = 1, we have

B = H(&, &) = ~1og2(1 - ).

Then § does not depend on the choice of a; and has only one critical point at é; = 0 (a non-degenerate
maximum point).
o Inthe case k = 2, we should find critical points of

§(&1, &) = H(&, &) + H(&, &) + 2a1a,G(&4, &)

2ai1a> 1_'51'{:2"' \/(1_'{12)(1_522)
p- log .

1§1 - &l

= " log(1-£)(1- &) +

This leads to two possible configurations:
— If we choose a; = —a,, we can easily see that § has only one critical point in P,, located at
(41, &6) = (—%, %). This point is a non-degenerate global maximum.
— Ifwe choose a; = a,, we can easily see that § has no critical points in P,.
We conjecture that for k > 3, the function § has a unique critical point (the global maximum) if the coefficients
a; have alternating sign, and has no critical point otherwise.

Funding: The second author was supported by the PRIN project 2017JPCAPN_003 and by INDAM - Istituto
Nazionale di Alta Matematica.
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