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Abstract

We systematically investigate C*-norms on the algebraic graded product of Z,
-graded C*-algebras. This requires to single out the notion of a compatible norm,
that is a norm with respect to which the product grading is bounded. We then focus
on the spatial norm proving that it is minimal among all compatible C*-norms. To
this end, we first show that commutative Z,-graded C*-algebras enjoy a nuclearity
property in the category of graded C*-algebras. In addition, we provide a charac-
terization of the extreme even states of a given graded C*-algebra in terms of their
restriction to its even part.

Keywords Z,-graded C*-algebras - Z,-graded tensor products - Product states - C*
-cross norms - Nuclear algebras

Mathematics Subject Classification 46105 - 46L.06 - 46130 - 17A70

1 Introduction

Given two C*-algebras 2 and B, their algebraic tensor product 2 © B can easily
be endowed with a natural structure of %-algebra. However, it is a well-known fact
that in general 2 © B can be completed to a C*-algebra in several different ways.
Phrased differently, more than one C*-norm can be introduced on 2 © B. As is
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known, among the possible norms, the so-called maximal and minimal norms
play a privileged role in that any other C*-norm is bounded between this two,
see e.g. [13]. However, when at least one of the two given C*-algebras is nuclear,
there is by definition precisely one way to complete 2 © B, namely all C*-norms
on it agree with each other. For instance, commutative C*-algebras and approxi-
mately finite-dimensional C*-algebras are all examples of nuclear algebras, see
[13]. Tensor products of C*-algebras is an accomplished theory where virtually
anything is known, although further pieces of information have been added until
very recent times, see e.g. [9-11].

When one starts adding more structure, such as a grading, possibly novel
aspects may and will occur. A case in point is given by Z,-graded C*-algebras,
which in the physicists’ parlance are often referred to as superalgebras, cf. [8].
In particular, graded tensor products of Z,-graded C*-algebras have recently been
given a good deal of attention in [3], where a definition of quantum detailed bal-
ance for product systems endowed with a Z,-grading has been proposed. Among
other things, the aforementioned paper provides an in-depth analysis of the max-
imal norm on the graded tensor products of Z,-graded C*-algebras, as well as
showing that a product state on the algebraic Fermi product of two Z,-graded C*
-algebras is well defined whenever just one of the two states is even, namely it is
invariant with respect to the grading. This last result is actually a generalization
of the analogous result obtained in [1] for the pivotal example of the CAR alge-
bra, see also [2] and [7].

In this paper, instead, much of the attention is lavished on the so-called spatial
norm. In particular, we prove that it is the smallest of all compatible norms. To
make this statement more precise, we need to single out the notion of a compat-
ible norm on the algebraic Fermi product. This is by definition a norm such that
the grading can be extended to its completion. As a matter of fact, the problem of
deciding whether any C*-norm on a Z,-graded product has revealed delicate to han-
dle, not least because producing counterexamples turns out to be as delicate. Indeed,
norms other than the maximal and the minimal one are typically obtained by means
of abstract methods, and therefore are difficult to explicitly compute with.

Our analysis of compatible norms also requires to make intensive use of extreme
even states, namely the extreme points of the (weakly*) compact convex set of all
even states. Extreme even states for Z,-graded C*-algebras parallel pure states for
general C*-algebras. Indeed, they are sufficiently many to separate the elements of
the C*-algebras. Furthermore, they return the set of all pure states when the grading
is trivial.

The paper is organized as follows. In Sect. 2 we set the notation and recall the
basic notions on graded C*-algebras and their graded tensor products, which we also
refer to as Fermi tensor products, as is done in [3]. We then focus on even states on a
given graded C*-algebra. In particular, we also provide a description of the extreme
even states of a commutative graded C*-algebra. We end the section by showing that
a product state is even if and only if both of its marginal states are.

In Sect. 3 we consider Z,-graded Hilbert spaces and their Fermi tensor product
as a spatial counterpart of the construction for abstract C*-algebras. We introduce a
notion of Fermi product of grading-equivariant representations and show that the GNS
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representation of the product state of two even states is nothing but the Fermi product
of the two GNS representations.

Finally, in Sect. 4, after recalling the definition of the spatial norm, we first show that
it is a cross norm, as is the maximal norm. We then move on to prove that the maximal
and minimal norms are compatible with the grading. In Proposition 4.10 we prove that
the Fermi product of two C*-algebras can be endowed with only one C*-norm when one
of the two is commutative. In Theorem 4.12 we prove that the spatial norm is actually
minimal among all compatible norms.

As an outlook for the foreseeable future, we believe the present study might be a
first step towards addressing distributional symmetries on probability spaces based on
graded C*-algebras, as has already been done for the CAR algebra in [4—6], and for any
C*-algebra (with trivial grading) in [12], where it is the spatial norm to play a key role.

2 On tensor products of x-algebras

In this section, we collect some results on Z,-graded algebraic structures obtained as
tensor product of graded =x-algebras. We first observe that, if not otherwise specified,
throughout the paper all the structures we deal with will be taken unital.

If B c Ais an inclusion of unital C*-algebras with a common unity, the unital linear
mapping E : A — B is called a projection if E(b) = b for all b € B, and is said to be
a B-bimodule map if E(ab) = E(a)b, and E(ba) = bE(a) for alla € A, b € B. A posi-
tive B-bimodule projection E is called a conditional expectation.

Consider the C*-algebras ; and 2,, and denote by A; ® U, the algebraic tensor
product 2, © A, with the product and involution given by

(@) ® ay)(d} ® dy) :=a,a} @ a,a,, (a; @ ay)* :=aj aj,

for all a;,d| € A, ay,a, € A,. Let us denote by A; ®,,, A, and Ay &, A, the
completion of A, ® A, with respect to the maximal and minimal C*-cross norm,
respectively [13].

Let S(A) be the weak*-compact collecting the states on a C*-algebra 2. If one takes
w; € SA)) and w, € S(A,), their product state y,, , € SU; Oy A,) is well
defined also on A; @, A, and consequently the notation v, ,, € S(A; @ A,) will
be used in the sequel.

Consider now Z, = {1, —1} with the product as the group operation, and a *-algebra
2. The latter is called an involutive Z ,-graded algebra if it decomposes as

2[:2[1®2[_1

max

and
A" =AY, Qlﬂlj - Qlij, i,j=1,-1.

The subspaces U, i = 1,2 are called the homogeneous components of 2, and corre-
spondingly any element of 2, is called a homogeneous element of 2. For any homo-
geneous element x € A, we denote its grade by
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o(x) = +1.

Assigning a Z,-grading on 2 is equivalent to equipping 2 with an involutive %-auto-
morphism 6 (i.e. §? = idy). Indeed, from one hand for a given Z,-graded *-algebra
2 one takes

0 [2[1 = 1d2[1 N 9 [2[7] = _id?/[,l .
On the other hand, if @ € aut(2) is such that 6% = idy,, after taking
N 1.
81 .= E(ldg[ + 9), 6_1 .= E(ldg[ - 9)9

and denoting
A = (A), AU_, =, (A),

one gives A, NA_, = {0}. As a consequence, their direct sum A = A, S A, isa Z,
-graded x-algebra.

It turns out that a Z,-graded x-algebra is a pair (2, 0), where 2 is a x-algebra, and
0 an involutive #-automorphism on 2I.

Following [3], we say that € is a Z,-grading of 2. Moreover, we denote the
-subalgebra A, := A, the even part, and the subspace A_ := A_, the odd part of
2, respectively. Note that £, is a conditional expectation. Thus, for any a € 2, we
can write a = a, +a_, with a, € A, a_ € A_, and this decomposition is unique.
In addition, one gets 0(a,) = a,, 0(a_) = —a_.

Taking 6 = idy, one sees that any %-algebra 2 is equipped with a Z, trivial grad-
ing. Here, A, = A and A_ = {0}.

A simple example of Z,-graded *-algebra is obtained by taking an Hilbert space
H, and a bounded self-adjoint unitary U on H.! The adjoint action ad,(-) :=U-U*
is an involutive x-automorphism which induces a Z,-grading on B(H). Another
example of paramount importance for its applications to Physics is of course the
CAR algebra, see e.g. [2, 3].

Let (Qli, Gi), i=1,2, be a pair of Z,-graded *-algebras. The map 7' : A, — 2, is

said to be even if it is grading-equivariant:
Tof, = 0,0T.

When 6, = idy,, the map 7 : A; — U, is even if and only if it is grading-invariant,
that is 700, = T. If T is Z,-linear, then it is even if and only if [y = 0. When
(2,.,6,) = (C,id¢), a functional f : A, — Cis even if and only if fof = f.

In the sequel, we will denote by S, () the convex subset of even states. Even
states play a role in giving a Z,-grading on their GNS structures.

! As we will see in the sequel, the pair (H, U) realizes a Z,-grading on H.
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More in detail, suppose that (2(, 8) is a Z,-graded C*-algebra, and ¢ € S, ().
Let (H(p, T é(p, Ve’q,) be the GNS covariant representation of ¢, where the unitary
self-adjoint V, , fixes &, and verifies

7,(0(@) = Vo, (@Vy,, a€L.

Then, (B(H), ade) is a Z,-graded C*-algebra.

It is well known that in the case of a C*-algebra with trivial grading, the pure
states separate the points and are exactly the extreme elements of the convex of
the states. For similar results in presence of a nontrivial Z,-grading, the notion of
grading-invariant functionals is central. To this aim, take a Z,-graded C*-algebra
(A, 6), and denote by £(S,(A)) the set of the extreme points of the weakly* com-
pact convex set S, (2) of all even states of 2.

Proposition 2.1 For any given Z,-graded C*-algebra (2, 0), the states of E(S, (2A))
separate .

Proof We first observe that S, () separate 2, since the conditional expectation ¢,
from A to A, is faithful. The statement is then an application of the Krein—-Milman
theorem.

Indeed, let a be a positive element in U such that w(a) = 0 for any o € (S, (A)).
Then, for any convex combination ¢ of states in &(S_(2)), one has @(a) = 0. Now,
given any even state 7, there exists a net {#;},¢;, I being a directed set, for which #; is
a convex combination of states in £(S, ()), and #; —; 1 in the weak* topology. But
then we have

n(a) = limn,(a) = 0.
As the equality holds for all even states, it follows that a = 0. O

Corollary 2.2 Given a Z,-graded C*-algebra (2, 0), for every a € U one has
llall = sup{liz, (@Il : @ € &S, (W)}

Proof Thanks to Proposition 2.1, the representation @,,cgs, ()7, is faithful and
thus isometric. This ends the proof. O

Lemma 2.3 Let (U, 0) be a Z,-graded C*-algebra. Any state @ on the even subalge-
bra A, admits exactly one even extension to 2.

Proof Clearly, woe, extends w and is even by construction. The uniqueness of such
an extension follows from the fact that even states vanish on 2 _. O

Proposition 2.4 Let (A, 0) be a Z,-graded C*-algebra. An even state @ belongs to
&S, () if and only if the restriction » [% is a pure state.
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Proof In light of Lemma 2.3 the map S : S, () — S(A,), given by S(w) = a)[g[+
for every w € S, (), establishes an affine bijection between the compact convex
sets S, (A) and S(A, ). Therefore, it also establishes a bijection between the extreme
points of the former set and the extreme points of the latter. O

For commutative C*-algebras, one can completely determine the extreme even
states.

Proposition 2.5 For a (locally) compact Hausdorff space X, the extreme even
states of the commutative Z,-graded C*-algebra (C(X),0) are given by the set

{506, + 840 | x € X}.

Proof Consider the equivalence relation ~ on X for which x ~y if and only if
f(x) =f(@) for any f € C(X) such that f = fof. If X/ ~ is the quotient space, the
even C*subalgebra C(X), := {f € C(X) | f = fo0} clearly identifies with C(X,).
Indeed, if # : X — X is the natural projection, and 1 : C(X,) — C(X) is the iso-
metric *-homomorphism given by i(f) = for for any f € C(X,), one has that
CX), =«(C(X,)). Thus, for any given x € X, the restriction of the even state
%(5)( + Sp(x)) to C(X), is pure, as it is nothing but 6.

Conversely, if w € &S, (C(X)), then there exists x € X such that a)[C(X+): O 2y
which means @ = %(5)‘ + Og(y))- O

Suppose that (U, §,) and (U,, 6,) are Z,-graded *-algebras, and consider the lin-
ear space A; © A,. In what follows, we recall the definition of the involutive Z,
-graded tensor product, which will be henceforth denoted by 2, ) 2, as in [3]. For
homogeneous elements a; € A, a, € A, andi,j € Z,, we set

L[ -1 ifa(a) = alay) = —1,
elapa) + = { 1  otherwise.

o -1 ifi=j=—1,
e@)) - = { 1  otherwise.

Given x,y € A, © A, with
X i=®jez,%ij € Dijez,(Ay; © Wy,
Y 1 =®jez,Vij € Bijez,(U1; © Ay ),

the involution, which by a minor abuse of notation we continue to denote by *, and
the multiplication on 2, ® 2(, are defined as (see also e.g. [3])

X =) e, DX
ijez,

2 €(, k)x; Vi

ijkl€Z,

2.1

Xy :

X Birkhauser



On C*-norms on Z,-graded tensor products Page 7 0f 19 _##H#_

The *-algebra thus obtained also carries a Z,-grading, which is induced by the *-automor-
phism @ = 6, (B) 6, given on the elementary tensors by

(91 ®92)(d1 ®a2) = 91(611)@92(612), al € 2[1, az € 2[2.

where a; (F) a, is nothing but @; ® a, thought of as an element of the Z,-graded *-algebra
A, ® A,, since A, E A, = A, © A, as linear spaces. As of now, we will use @, ® a,
and a, (F) a, interchangeably when no confusion can occur.

The even and odd part of the Fermi product are respectively

(A, ®A), = (A, 0%,)8 (A _0A,_),
(2[1 @2{2)_ = (2[1’_‘_ O 2[2.—> @ (2[1’_ O 2[2’_'_).

For w; € S(A;),i = 1,2, the state y,, ,, has a counterpart in ¥, (B) 2, by means of the
product functional w; X w,, defined as usual by

n n
w; X a)2< Z a,,® a2J> = Z o, (a, wy(ay ),
=

J=1

for all Z;;l al,i® a,; € A, @® A,. Contrarily to the case of trivial grading, the map
defined above is not necessarily positive. The following proposition, which generalizes
the results obtained in [1] for the CAR algebra, gives a necessary and sufficient condition
for the positivity.

Proposition 2.6 Let (U,,0,),(A,,0,) be Zygraded C*-algebras, and w, € S(A,),
w, € S(A,). Then w, X w, is positive on A, ) N, if and only if at least one between w,
and w, is even. Moreover, w; X @, is even if and only if both ®, and w, are even.

Proof The “if” part follows from [3, Proposition 7.1]. For the “only if” part we shall
argue by contradiction, exactly as is done in the proof of [1, Theorem 1]. Suppose neither
®, nor w, is even. Then there exist odd a; € A, and a, € A, such that w,;(a;) # 0 and
w,(a,) # 0. Furthermore, there is no loss of generality if we also assume that a, and a,
are both self-adjoint. Now, on the one hand we have o, X @, (a; B a,) = w,(a;)w,(a,)
is a real number different from zero. On the other hand, we also have

W, X 0, (a, @az) =w,; X o, ((a; @az)*)
= —w; X wy(a; ® a3)
= -, X 0y(a; ®a,)

from which we see that @, X @, (a; ® a,) must be zero, and a contradiction is thus
arrived at.

If w, and w, are both even, then the product is seen at once to be even as well. Con-
versely if @, X w, is even, then @, and w, must be both even. For instance, for o, we have

w,(0,(a))) =w, Xw, (0, @02(a1 ® 1]912)) =w; Xw,(a; @ 1]2[2) = w,(a,),

forevery a; € U,. O
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We would like to remark that the above proposition holds for products of an arbi-
trary number n > 2 of states w,, ,, ..., w,. More precisely, the product functional
w, X W,y X ... X w, will be positive if and only if n — 1 of the marginal states are
even, and it will be even if and only if all the marginal states are so.

3 Fermi tensor product of Hilbert spaces

A Z,-graded Hilbert space is a pair (H, U), where H is a (complex) Hilbert space
and U a self-adjoint unitary acting on H.
Note that H decomposes into a direct sum

H=H, ®H_

where ‘H, :=Ker(I = U), H_ :=Ker(I + U), and [ is the identity operator. As
usual, vectors belonging to H, (H_) are referred to as even (odd) vectors, and ele-
ments belonging to any of these subspaces are collectively referred to as homoge-
neous vectors. The grade d(£) of any homogeneous vector & is 1 or —1, according
to whether it belongs to H, or H_, respectively. Recalling that (B(H), ad)) is a Z,
-graded *-algebra, after applying a homogeneous element of B(H) to a homogeneous
vector in H we get a homogenous vector whose grade can be easily determined, as
the following result shows.

Lemma 3.1 Let (H,U) be a Z,-graded Hilbert space. If T € B(H) and & € 'H are
both homogeneous, then T& is still homogeneous and

A(TE) = A(T)o(S).

Proof There are four cases to deal with, which can be treated in the same way. For
instance, if 7' is even and £ is odd, then we have UT¢ = (UTU*)UE = T(=&) = —T¢,
that is T¢ is odd. O

Let (A, 0) be a Z,-graded C*-algebra, and let @ be an even state of 2, whose
covariant GNS representation is (H,,, ,,, &, Vp ,,)- Thus, (H,, V,,,) is a Z,-graded
Hilbert space. The following result allows us to realize the even part of H,,.

Proposition 3.2 The even part of H,, is given by H,, , = (),

Proof From the obvious inclusion r,,(, )&, C H,, ., one also has (2, )¢, C H,, ..

For the converse inclusion, pick # € H,,, that is V,,n=#n. By cyclic-
ity of £,, there exists a sequence {a,},cy such that # =lim,_  7,(a,)é,. But
then V1= V,,(lim,_ 7,(a,)E,) = lim,_, 7,(0(a,))E,. From the equality
n= %(71 + Vy ,n) we see that n = lim,,_, , 7, (¢,(a,))&,, and the thesis follows since
g(a,) €U,. O

The tensor product H; ® H, of two Z,-graded Hilbert spaces (H,;,U,) and
(H,,U,) can be endowed with the natural grading induced by the self-adjoint
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unitary U; ® U,. Note that a simple tensor &, ® &, in H; ® H, is even precisely
when &, and &, are both even or when they are both odd. In the sequel, most of
the times the Hilbert space H; @ H, will be thought of as a graded Hilbert space,
with grading U; ® U,. Rather than write (H; ® H,, U; @ U,), we will simply
denote this graded Hilbert space by H, ® H,.

Given T, € B(H,) and a homogeneous operator T, € B(H,), we define T, © T,
as the linear operator acting on H; © H, as

T, 0Ty On) = &(T,, ENT\E O Thn) (3.1

for any homogeneous ¢ € H, and any n € 'H,. Clearly, by using (3.1) one can extend
T, ©T, to the whole vector space H; ® H,. Furthermore, it is easy to see that
T, ® T, is a bounded operator, and thus it can be extended by continuity to H ,(E) H.,.
Its unique extension is denoted by 7, () T.

Let now («,,0,),(™A,,0,) be Z,-graded C*-algebras. If =, : A, — B(H,) are
grading-equivariant representations, it is possible to define a map, =, ® x,, of
A, ® A, acting on the Fermi tensor product H, & H, as

a1 @”2(“1@02) = 751(“1)@”2(“2)

for every a; € ™A and a, € A,.

Proposition 3.3 Under the above assumptions, one has that &, E) 7, is a *-represen-
tation of A, ® A, acting on the Fermi tensor product H, ©H, .

Proof All we have to do is ascertain that z, () 7, preserves both product and involu-
tion of 2, ) A,. To this end, it is enough to verify the involved equalities only on
homogeneous elements.

Let g; € A, be homogeneous elements, i = 1,2, &, € H, n,n’ € H, be homo-
geneous vectors, and observe that m,(a;) has the same grade of g;, since z; is
grading-equivariant.

On the one hand, from (2.1) and (3.1), we have

(7 ®772((a1 ® az)*)(ég Q. & ® '7’>
= e(ay, ay)(m (@) B my(ay) E®@n).E @1')
= e(ay, ay)e(ay, E)(m (a))é @ my(ay)n, &' @ 1n')
= e(ay, ay)e(ay, §)(&, m; (a1)§’>(71, ”2(%)’1/>-

On the other hand, from (3.1) we have
((77"1 @”2(511 ® az))*(f ®n), 5, ® ’1/>
=(¢®n, 7 ®”2(al ® az)(fl ® ’7,)>

= £(ay, ENE@ N, my(a)E @ my(ar)n’)
= g(a,, 5’)(5, ”1(01)5’)(’1’ ”2(92)’7’%

and the two expressions equal each other because
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e(ay, ay)e(a,, &) = e(a,, &)

whenever (&, 7,(a,)E") is different from 0, as a painstaking inspection of the signs
shows.
As for the product, pick homogeneous a,,b, € U, and a,, b, € A,. With homo-
geneous ¢ € H,,n € H, by applying (2.1) and (3.1) we have
7 ® 1y (@ ® a)(b; ® b)) (E @ )

= e(ay, by ® my(a,b; @ az0,)(E ® 1)

= &(ay, be(ayhy, )7y (a,b))E @ my(ayby)n

= &(ay, by)e(ayb,, O)my(a))m,(b))E @ my(ay)my(by)n.

On the other hand, by applying (3.1) we have
7 ® my(a) ® ay)lz B my(by ® by)(E @ )]

= 5(172’ §)7T1 @7[2(611 ® a2)(7t1(b1)§ ® ”z(bz)ﬂ)
= &(by, §)e(ay, my(by)E)m (ay) 7y (b))E @ my(ay)my(by)n.

Again, a painstaking inspection of the signs shows that
€(ay, by)e(ayby, &) = €(by, &)e(ay, my(b))E)

and the proof is complete. O

The following result says that z,, ® 7, 1s the GNS representation of the product
state of two even states @, and w,.

Proposition 3.4 Let (U, 6;
even states fori = 1,2 then

) be Z,-graded C*-algebras, i =1,2. If w; € S(U;) are

”a),sz = ﬂwl ®7[a)2

up to unitary equivalence, as representations of the Fermi tensor product 2, E) 2.

Proof First note that r,, ®”w2 is a cyclic representation of 2, (E) A, with cyclic
vector &, ® ¢, . where £, is the GNS vector of w;, for i = 1,2. Therefore, to con-
clude it is enough to make sure the vector state associated with £, ® &, coincides
with the product state @, X @,. To this aim, consider homogeneous a; € %, i = 1,2.
After recalling that the cyclic vectors are even, by applying (3.1) one finds
<7rw1 ® ﬂ’-wz(al ® a2)§w] ® éwz’ éwl ® §w2>
= £(ay, §w])<ﬂwl(a1)§w] ® ”wz(az)éwz’ 0, ® §w2>
= (71‘-(4)] (al)éml ’ éwl ><ﬂwz (az)éwz s §w2>

=w,(a))w,(a,) = o; X w, (a; @ a,)

which ends the proof. O
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4 Norms on Z,-graded tensor product of C*-algebras

In this section we undertake a detailed study of the so-called spatial norm on the Fermi
tensor product of Z,-graded C*-algebras. We show that it is minimal besides being a cross
norm, as is the maximal one already introduced in [3]. Given Z,-graded C*-algebras
(A,, 6))and (A,, 6,), the latter norm is given by

1]l max := sup{llz(x)|| : = is a representation},

for all x € 2, (F) A,, and it is obviously the biggest norm on 2, () 2.,.
The spatial norm is defined in terms of the GNS representations of products of even
states. More precisely,

”x“min L= Sup{””a)]xw2(x)” . (] € S+(2[1)9 W, € S+(2[2)}’

for all x € 2, @ A,. In principle, the above definition might provide only a seminorm.
In fact, it is known that it actually defines a norm. For want of a reference, we nonetheless
include a full proof of this fact.

Proposition 4.1 Under the above assumptions, the seminorm|| - || ... is a C*-norm on the
Fermi product A, B A,.

min

Proof As the seminorm || - ||,,;,, obviously satisfies the C*-equality, we only need to make
sure it also separates the elements of 2, ® 2. Letc = Y, a; ® b; be such an element

withc # 0, wherea; € U, and b; € A,,i = 1,2, ..., n. Take now
A = C*({a,0,(a) | i=1,2,....n})
and
A, 1= C* (b, 0,(b)) | i=1,2,....n}).

By definition, QN[I and 27; inherit the Z,-grading from 2, and 2, respecﬁvelLSincez[j
and 2, are separable C*algebras, there exist faithful states @; and @, on 2, and 2,
respectively. If €; is the canonical conditional expectation from 2(; onto 2(; ,,i = 1,2, then
@;0¢; are still  faithful. But then by [13, Theorem IV.4.9 (iii)], the product state Vo
is faithful on A, ®,,;, A,. Therefore, we have

0€7,,08,

[0€] X @,08, (c*¢) = W oe 05, (€7C) > 0. 4.1
The conclusion now readily follows by considering any extensions w,, w, of @;, ®,
to the whole 2, and 2,, respectively. Indeed, from (4.1)

2 2
”ﬂ-wloslxwzosz(c)“ Z ||7[a)]oelxa)zoez(c)fwloglx(uzogz ”

= w,0&, X 0,0¢, (c*c) > 0.
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Here, we present the definition of a C*-cross norm in the presence of a Z,-grad-
ing, which reduces to the usual one when the grading is trivial.

Definition 4.2 For any given Z,-graded C*-algebras (2, 8,) and (2,, 6,), a C*-norm
Il - Il s on 2A; B A, is said to be cross if

||a1®a2||ﬁ = |la;|llla,|l, for homogeneous a; € A, a, € A,.

As one could expect, the norms introduced above are cross:

Proposition 4.3 Under the above assumptions, both || - || . and || - || min @re cross
norms on A, ® A,

Proof We start by observing that if || - ||; is any C*-norm on the Fermi product
A, ®A,, then|la @ bl < llall||]| for any a € U, b € A,. Indeed, one has

lla®bll;=1(a® Ty, )Ty, ®D)ls < lla® Ty, llllTe, & llg = llallllbll
because both
A, 9av—>a®1]g12€2[1®2[2, 2[2517»—>1I%®b62[1®2[2

are injective *-homomorphisms.

Since ||a @ bl ,ax = lla @ bl pin. for any a € U, and b € A, it is enough to prove
that|la ® b||,,i, = llalll|®|| for homogeneous a, b. To this aim, note that a straightfor-
ward application of Proposition 3.4 gives |la & b|| i, = ||7,, (@] ||z, (b)]| for any
even states w; on S, (), i = 1,2. The thesis then follows from Corollary 2.2. O

Henceforth the completion of 2, (F) 2, with respect to the spatial norm || - || i
will always be denoted by 2, ), A,, whereas the completion with respect to
the maximal norm || - ||,,.x Will be denoted by 2, (B),,. 2,. We next show that the
tensor product of faithful GNS representations of even states is still a faithful rep-
resentation on the C*-algebra A, ®),;, 2,. To this aim, we first need a technical
lemma on normal states. We say that a state @ of a given C*-algebra 2 is normal
in a representation z : 2 — B(H) if w(a) = Tr(z(a)T), a € A, for some positive
trace-class operator 7 with Tr(T) = 1.

Lemma4.4 Letustakei = 1,2, and w; € S (A,). Suppose for eachi = 1,2 we are given
a normal state in Ty, SAY @; () = Tl'(ﬂ' ( )T;), where T; € B(H,, ) is a positive trace-
class operator with unit trace. Then the product state @ X @, on 2[1 ® A, is a normal
state in 1, ., . More precisely, one has

01 X 9y(-) = Te(w, ® 7, () T, ®T).

Proof We first point out that no loss of generality occurs if we suppose that each 7 is
even fori = 1, 2. Indeed, if 7, is not even, and (HwI s Ty r &y s V. ) 18 the GNS covariant
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representation of ;, then it is enough to pass to 7} := %(T,- + V.0, TV, ), since one
can check that @,(-) = Tr(x,, (-) T)).

With homogeneous a; € 2; and homogeneous vectors &; € H,,, by using (2.1) and
(3.1) one can easily see that

(7, ®ﬂw2(al ®a) T\®T, (¢ ®&) = elay, T\¢)r, (@)T1&, ® 7,,(a)Thé,

4.2)
In order to compute the trace of A := (7, ® 7o, (@) @ ay)) T ® T,, we need to single
out a convenient orthonormal basis of the Hilbert space H,,, ® H,,- To this end, note that
T and T, preserve the homogeneous subspaces of ,, and H,, , respectively. Therefore,
one can exhibit a orthonormal basis of H,, made up of homogeneous eigenvectors of T,
i=1,2.If we take I, J, L, K as set of indices, we denote by {e;},c; U {ej’. }jej the basis of
the eigenvectors of 7, where the e;’s are even and the ej’.’s are odd. Likewise, we denote by
{fi}ier U {f] }1ek the basis of the eigenvectors of T, where the f;’s are even and the f;s
are odd. As is easily verified, the set

{e; ® filierier Y (e ® f; bicrek Y (€ ® filjesier Y €] ® f }jernex

is an orthonormal basis of the Fermi Hilbert space H,, @Hw2. Consequently, by (4.2)
and taking into account the orthogonality relations one has:

TrA)= ) (Ae;®fie; ®f)

il leL

+ Z (Ae; ®f;:~‘-’i ®fk,>

iel.kek

+ Y (A ®f.¢ ®f)

JjelleL

+ Y (A ®f.€ ®f)

JE€J kEK

= Y (7o, @)Tie; )7, (@)Tofs f1)

ielleL

+ D (1, @)Tyee)(x, @)

i€l kek

+ Y (7, @)T ), )7, @)Tof. 1)

JjelleL

+ D (my @)T1€) ) (0, ()T )
JjeJkek

= Tr(x,, (@)T)TH(z,, (@)T)

=@ X @y(a; @ ).

O

Proposition 4.5 Let us take i=1,2, (A,0,) a Z,graded C*-algebra, and

w, €S, (A). If T, is a faithful representation, then =, ® 7, is a faithful represen-
tation of A B,y As-
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Proof First observe that =, @n can be extended to a representation of
A, B, Ay Indeed, by definition of Il - llmin One has ||z, ® 7z, @I < |Ix]|
every x € 2, ® A,

Therefore, by density we need only prove that ||x||,;, < |7, ®7r (x)|| for every
xeA A,

Let @; be even state on %, i = 1, 2. By cyclicity we have

min min

1
_ @1 X @y ('x*xy)2
5y O = sup 45
Vi@ X, (Fy)# @1 X @y (*y)2

Since #,, is faithful, ¢, is a weak™ limit of a net of states that are normal in the rep-
resentation 7, , for i =1,2, cf. the proof of [13, Theorem 4.9 (iii)]. In other terms,
there exist two nets {7y }yex € B(H,, ) and {S; },ex € B(H,,,), of normalized posi-
tive trace-class operators such that for every a; € U, one has

@.(a) = li]{n Ir(z,, (a)DTy),  @s(ay) = lilgn Tr(z,, (a,)Sy)-

By virtue of Lemma 4.4, the product state @, X @, is seen at once to be the weak*
limit of the net {#; },cx With

n@) :=Tr(z, ®x, OT,ES), rxedA EA,

Now, fix € > 0 and let § € A, ® 2, with ; X @, (7*7) # 0 be such that:

1 . 1
©1 X @, (' xXxy)2 @y X o, (7 x*xy)2
sup < +

1 1
VEeXe (V0 ) X @, (y*y)? @1 X 9,(*y)2

Let k, € K be such that

£
5

1 1
o x 0D G

£

— < — + 5

@1 X 0,(5%7)? M, 579)?
We have

1 o 1

@) X oy (" x*xy)z 1, (VXA
sup — < — t¢€

Vi Q1% (yy)#0 @1 X @,(y*y)? r/ku@*})i

IA

Iz, ® 7, @ +e.

Since € > 0 is arbitrary, we find that

1
@1 X @y(y*x*xy)?
sup ———— <z, B, @Il
V@1 X@, (7 y)#0 @1 X @, (y*y)?

for any pair of even states ¢, i=1,2. Therefore, we finally see that
Xl min < 75, ®7wa (x)]l, and the proof is complete. |
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In the next proposition, we will see that for both norms introduced, the grad-
ing on 2, (A, extends to the C*-completion. Whenever this happens, we call the
norm compatible.

Definition 4.6 A C*-norm || - || ; on 2, ® Y, is said to be compatible if the natural
grading 6, ) 6, extends to a (necessarily involutive) *-automorphism of the comple-
tion A, @), A,

Proposition 4.7 The maximal norm || - ||
compatible.

and the spatial norm || - || are

max min

Proof We have to show that 6 := 6, ()6, can be extended to a *-automorphism of
both A, B, A, and A, B, A
As for the maximal norm, for x € 2, ()2, we have
[10X) || max = sup{llZz(@(x))|| : 7 is a * -representation of A @2[2}
= sup{||z’(x)|| : #’ is a  -representation of 2, ® 2, }
= 1%l max
since any representation 7’ of 2, () 2[, can be written as zo6.
As for the spatial norm, we start by recalling that for any pair of even states

w; € S,(A,), i = 1,2, the x-automorphism 6 = 6, B8, is unitarily implemented in
the representation ,, ., . More precisely, in light of Proposition 3.4 one has

”wIXwQ(o(x)) = VG,,wl @ V92,w2 (ﬂwlxwz('x))VQI,wl ® V02,w27 X € 2(1 ®2[2

where V,, , € U(H,, ) is the self-adjoint unitary that implements 6,, i = 1,2. But
then for x € A, ()2, we have

16Ol min
= sup{[|7,, x, @I * @; € S, (A, i = 1,2}
= sup{ Vg, o, ® Vo, 1, (T, 0, )) Vo, o, ® Vo | 2 0; € S (A, i = 1,2}
= sup{||ﬂwlxw2(x)|| tw,eS (AU, i=1,2}
= 11Xl i

and the proof is complete. O

Recall that, for a trivial grading, any abelian C*-algebra is nuclear, namely
there is just one way to complete its algebraic tensor product with another C*
-algebra. This still holds for nontrivial Z,-gradings. For the proof, we first con-
sider a couple of technical results.

Lemma 4.8 For a (locally) compact Hausdorff space X, let (C(X), 0) be a Z,-graded

C*-algebra with non-trivial grading. If K is a proper closed subset of (S, (C(X))),
then there exists a non-null positive f € C(X) such that o(f) = 0 for every w € K.
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Proof By Proposition 2.5, there exists a proper closed subset F of X such that
K= { %(5): + Sp) | X € F}. Since % = idy, in order for K to be a proper subset, it

is necessary that G := F U 6(F) is still a proper subset of X. But then it is enough to
consider a non-null positive function f € C(X) that vanishes on G to have the the-
sis. a

Lemma4.9 Let(U,,0,), (A,, 0,) be Z,-graded C*-algebras with one of the two being
commutative. Let B be any compatible C*-norm on %, ® U,, and take an extreme
even state @ on U, ®ﬂ A,. Then there exist w; extreme even states on 0;, i =1,2,
such that w is the unique extension of w; X w,.

Proof Suppose 2, is commutative, and denote A, =%, ®ﬂ A, If we set
={a, ® 1]912 :a; € A, }, we see at once that 2[ lies in the centre Z(2A,) of A ;.
We claim that

o(yx) = o(y)wx), y€ Z(Uy), x € Ay

The thesis follows immediately from the claim if we define w,(a,) := w(a; ® 1]9[2),
a; € Uy, and wy(a,) 1= (ly, @ a,), a, € A,

Indeed, one has that @] o, o, = @1 X @,, which means both @, and w, are even
thanks to Proposition 2.6. Furthermore, they must also be extreme among all even
states: if one of them, say w,, fails to be extreme, then from w0, =yp + (1 —y)y
where O0<y<1 and @#w with ¢,y even states, one finds
o =ypXw,+ (1 —y)y Xw, contrary to the assumption that @ is extreme among
even states.

All is left to do is prove the claim. This can be done by following the proof of
Lemma 4.11 in [13] word by word when one considers a positive even y € Z(2).
If one takes a positive odd y, then w(y) = 0 and w(yx) vanishes as well by a standard
application of the Cauchy—Schwarz inequality. Finally, the case of a possibly non-
homogeneous y follows easily by linearity. O

Proposition 4.10 If (,,6,), (A,, 6,) are Z,-graded C*-algebras and one of the two
is commutative, then every compatible C*-cross norm fi on A, (B), coincides with

Il limin-

Proof Suppose that 2, is commutative. We start by showing that ||x[[; < [|x[|;, fO
every x € 2, ® 2. Indeed, if Ay =AUy ®ﬂ 2, for any such x, Corollary 2.2 gives

llxll; = sup{llz, (I : @ € ES,(Ap))}
S Sup{””m,x%(x)” : a)i € 5(S+(2[1))’ i= 1’2}

= 1%l min»

where the inequality is a straightforward application of Lemma 4.9.
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In order to prove the converse inequality, || x|, < [|x||, for every x € 2, ®A,,
we have to show that every product state @, X @,, with ; € &S, (U,)), i =1,2, is
continuous w.r.t. || - || ; and thus can be extended to 2. To this end, define

E; 1= {(0),0,) € &S, (A)) X ES,(Ay)) : ) X w, extends to Ay}

Note that Ej is closed in (S, (2U,)) X (S, (A,)), where the latter set is understood
as being equipped with the product of the relative weak* topologies, cf. [13, Lemma
4.17]. We need to prove that E; = E(S,(U})) X E(S,(A,)). We shall argue by con-
tradiction. Suppose Ej is properly contained in &(S, () X &(S, (A,)). Then there
exist (proper) open subsets U; C &(S,.(A,), i = 1,2, such that (U; X U)) NE; = .
Consider K; := &S, (AN \U;, i=1,2. By Lemma 4.8 K, cannot separate
the positive elements of 2, that is there exists a non-zero a; > 0 in 2, such that
w,(a;) = 0 for every w; € K. In particular, if now a, is any element in 2,, we have
| X wy(a; @ ap) = 0 for every (w,,®,) € Ej. Thus, by Lemma 4.9, it follows that
w(a; ® a,) = 0 for each w € &S, (A,)), which contradicts Proposition 2.1. O

We finally prove that || - ||
bras is minimal.

on the Z,-graded tensor product of graded C*-alge-

min

Lemma 4.11 Let (U,,0,), (U,,0,) be Z,-graded C*-algebras, and let  be any com-
patible C*-norm on A, ®A,. If w is an extreme even state on A, ®ﬂ A, such that
the restriction of w to W, is an extreme even state, then there exist w; extreme even
states on W, i = 1,2, such w is the unique extension of w; X w,.

Proof The proof can be done in much the same way as in Lemma 4.9. O

Theorem 4.12 The spatial norm || - ||
A, B A,.

min 1S minimal among all compatible norms on

Proof Given a compatible norm || - ||, on 2, ®A,, we need to show that for
every x € A, B A, one has I/l min < [Ix]l 5. This amounts to proving that for any
w; € &S, (A)), i = 1,2, the product state @; X w, is bounded w.r.t. the norm || - || ;.
As usual, denote by 2 ; the completion of 2, ® 2, under the norm|| - || 4, and define

E; 1= {(0), @) € &S, (A)) X ES,(Ay)) © w; X @, extendsto Ay}

Again, E; is a closed subset of &(S, ()) X &(S,(A,)) in the product of the rela-
tive weak* topologies. By contradiction, suppose Ej is properly contained in
E(S,(AD) X ES,L(A)).

Let us denote by P(S(€)) the pure states of a C*-algebra €. If

T, : &S,(A)) — PSA, ), i=1,2,

are the affine homeomorphisms given by the restriction map (as in Proposition 2.4),
then
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Ty X T, @ &S, (U)X ES(A)) = PSA; ) X PSHA, L))

is an affine homeomorphism. If we set S; := (T} X T,)(Ej), we clearly have that S,
is a proper closed subset of P(S(A, ,)) X P(S(A, ). We can now proceed as in
the proof of [13, Lemma 4.18 ] to find non-zero positive elements a; € 2; , such
that w; X w,(a; ® a,) = 0 for any (w,,®,) € E;. A contradiction will be arrived at
if we show that the set of states {®; X @, ! (w,®,) € E;} actually separates ele-
ments in A of the form a; ® a, with a, and a, both even and positive. To this end,
let A; C A, , be the unital C*-subalgebra generated by a,. Let p € P(S(2,)) such
that p(a;) # 0 and let @ € &(S,(2,)) such that ¢(a,) # 0. The product state p X @
is bounded on A, @2[2 with respect to the norm || - ||; because its restriction to
A, A, is just the spatial norm || - ||;, by virtue of Proposition 4.10. Let now w be
any extreme even extension of p X ¢ to 2;. By Lemma 4.11@ must be of the form
w| X w, with w; € &S, (A)), i = 1,2, and the proof is thus complete. O

Corollary 4.13 Given Z,-graded C*-algebras (2, 6,), i = 1,2, any compatible norm
on A, ® A, is automatically cross.

Proof Let || - ||; be any norm on 2, @?[2 as in the statement. For any a; € %,
i=1,2, oneclearly has|la; ® a,[|; < |la,]l[|a,]l. On the other hand, by Theorem 4.12
for homogeneous g;’s we also have [|a; @ a,|l; 2 [la; ® a; || = llayllllazl, where
the last equality is due to Proposition 4.3. O
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