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Abstract

Odd-dimensional non anti-invariant slant submanifolds of an a-
Kenmotsu manifold are studied. We relate slant immersions into a Kahler
manifold with suitable slant submanifolds of an a-Kenmotsu manifold.
More generally, in the framework of Chinea-Gonzalez, we specify the type of
the almost contact metric structure induced on a slant submanifold, then
stating a local classification theorem. The case of austere immersions is
discussed. This helps in proving a reduction theorem of the codimension.
Finally, slant submanifolds which are generalized Sasakian space-forms are
described.
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1 Introduction

The theory of slant submanifolds, started by B. Y. Chen in 1990 in the context
of Hermitian Geometry, has been quickly developed in the last two decades.

In 1996, Lotta introduced the concept of a slant submanifold of an almost

contact metric (a.c.m.) manifold, showing that there are two types of non anti-
invariant slant submanifolds, depending on the position of the Reeb vector field
¢ of the ambient space ([16]).
More precisely, if NV is a non anti-invariant submanifold of an a.c.m. manifold M
and N has dimension n, one has: n is odd (resp. n is even) if and only if & is
tangent (resp. & is orthogonal) to N. Moreover, if n is odd, then N inherits from
M an a.c.m. structure.

Slant immersions in a contact metric manifold, in particular in a Sasakian
manifold, have been intensively studied ([3, 17]). Further results are known when
the structure of the ambient space is a particular type, namely it is cosymplectic,
or Kenmotsu or trans-Sasakian ([14, 12, 13] and References therein).
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In this paper we relate immersions in almost Hermitian (a.H.) manifolds with

submanifolds of a.c.m. manifolds. -
Actually, starting by a slant submanifold of an a.H. manifold M, we construct
a whole family of slant immersions in suitable a.c.m. manifolds, with the same
slant angle. The ambient spaces are warped product manifolds I x M I being
an open interval of R and A a positive real-valued smooth function, endowed with
an a.c.m. structure naturally induced by the a.H. structure on M. In particular,
if M is a Kahler manifold, then I x M turns out to be an a-Kenmotsu manifold,
namely I Xy M falls in the Chinea-Gonzalez class Cs. So, we provide explicit
examples of odd-dimensional slant submanifolds of a C5-manifold, arising by the
ones given in [4].

More generally, one considers a non anti-invariant slant submanifold (N, f) of
a Cs-manifold M such that £ is tangent to N. We specify the Chinea-Gonzalez
class of N, which is endowed with the a.c.m. structure induced by M. Indeed,
N turns out to be a Cy & Cs-manifold. This allows us to state that IV is, locally,
a warped product | — €,e[x\F, € > 0, F being an almost Kéahler manifold and
A: ] —g,¢[— R a smooth positive function. Under suitable conditions, involving
the second fundamental form of the immersion, one obtains that N is a Cs-
manifold.

We also discuss the case of minimal, in particular austere, slant immersion.
This allows us to prove a reduction theorem of codimension for submanifolds of
the hyperbolic space.

Finally, we locally classify those submanifolds which are generalized Sasakian
space-forms.

In this article all manifolds are assumed to be connected.

2 Preliminaries

Let (M\ J,§) be an a.H. manifold and F: (N,g) — (M g) an isometric immer-
sion. For any r € Nand X €T, N we make use of the identifications x = f(x)
and X = ( f*) , where ( f*)m is the tangential map.
For any X € TN we put JX = PX + FX where PX and FX denote the tan-
gential and the normal components of J. X, respectlvely Also, for any V € TJ-N
we put JV =1V + v, v, av being the tangentlal and the normal components
of JV. This allows us to define smooth maps P: TN — TN F: TN — TLN
TLN — TN and n: T*N = T+N inducing linear maps on each fibre. Since
(J g) is an a.H. structure, for rany X,V € TN, one has ¢/ (PX,Y) = —¢/(X, PY).
It follows that, for any x € N Q p?: T, N = T, N is a self- adjomt endomor-
phism, its non-zero eigenvalues have even multlphclty and belong to [-1,0][.
The tensor fields of type (1,1) on N determined by P Q are denoted by the same
symbol.
For any non-zero vector X € T, N T € N the Wirtinger angle of X is the
angle 6(X) € [0, 5] between JX and T,N. The immersion f: N — M is said to
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be a slant immersion if the angle 0(X) is a constant 6, that is 6 does not depend
on the choice of X and z € N. In this case, 0 is called the slant angle of Nin M
([5 ]) One says that (N f) is a slant submanifold of M and adopts the notation
sla(N) = 6. If sla(N) = 0 # 5, then the dimension of N is even and (COSQP 7)

is an a.H. structure on N.

Holomorphic submanifolds and totally real submanifolds are nothing but slant
submanifolds with § = 0 and 6 = 7, respectively. A slant submanifold is called
proper if it is neither holomorphic nor totally real.

Now, let (M, p,&,1n,g) be an a.c.m. manifold and f: (N,¢') — (M,g) an
isometric immersion. For any X € TN we put ¢ X = PX + F X, where PX and
F X denote the tangential and the normal components of X, respectively. Also,
for any x € N, V € TN we put oV =tV +nV, tV € T,N and nV € T;}*N. So,
one defines smooth maps P: TN — TN, F: TN — TN, t: T*N — TN and
n: TN — TN inducing linear maps on each fibre. In particular, P determines
a tensor field on N, denoted again by P, that satisfies ¢'(PX,Y)+¢'(X, PY) = 0.
Putting Q = P?, at any € N, @ is a self-adjoint endomorphism whose non-zero
eigenvalues belong to [—1,0[ and have even multiplicity.

As in [16], the immersion f: N — M is said to be a slant immersion (briefly, N
is slant in M) if, for any z € N, X € T, N such that X, £ are linearly independent,
the Wirtinger angle 6(X) € [0, 5] between X and T, N is a constant ¢. In this
case, one adopts the notation sla(N) = 6 and 6 is called the slant angle of N in
M. In particular, if = 0 (resp. 6 = 7), then (N, f) turns out to be an invariant
(resp. anti-invariant) submanifold of M.

Moreover, if § # Z and £ is tangent to N, putting ¢’ = L, P, o/ = f*n,
¢ = (n')%, one easily proves that (¢',¢’,7/,¢') is an a.c.m. structure, called the
a.c.m. structure induced on N by f.

In order to emphasize the link between the two concepts of a slant immersion,

we focus on a particular class of a.c.m. manifolds strictly related to a.H. manifolds

([10])-

Given an a.H. manifold (]\//.7, j, g), an open interval I C R and a smooth

function A: I — R, A > 0, we consider the a.c.m. structure (¢,&,n,9gx) on I X M
such that

@(aQ,X) = (0, JX), n(aﬁ,X) —a, aeF(IxM),Xel(TM)
ot ot (2.1)
E=(0,0), gr =7 (dh i) + X0 (3),

i IxM — I,0:1x M — Z\/Zdenoting the canonical projections. Note that g, is
the warped product metric of the Euclidean metric go and g. The a.c.m. manifold
I\ M= (I x M ,©,€,m, gx) is called the warped product manifold of (I, gg) and

(M, J,§) by A. We identify any vector field X on M with (0, X) € T(T(I x M)).
The Levi-Civita connections V of I x M and V of M are related by

VyY =VyY — g (X, Y)gradlog A, (2.2)
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for any vector fields X, Y on M. Moreover, the following relations are well-known
VeE =0, VeX =Vx&=£(logN)X, X e D(TM). (2.3)

Any warped product manifold I x M belongs to the Chinea-Gonzalez class

@ C;, briefly denoted by C;_5. In particular, if (M J g) is a Kéhler manifold,
1<i<5

then I x M falls in the Chinea-Gonzalez class Cs.
In any dimensions, 2m + 1, Cs-manifolds are characterized by

(Vx@)Y = =5 -0n(g(eX, V)&~ n(¥)pX), (24)

and are called a-Kenmotsu manifolds, o = fﬁén. If & = 1, one obtains Ken-
motsu manifolds ([15]).

A local description of a-Kenmotsu manifolds is given in [10, 21].

Let (M, ¢,&,n,g) be an a-Kenmotsu manifold, with dim M = 2m + 1 > 5, and
consider the integrable distribution D associated with the subbundle kern of
TM. Then D defines a spheric foliation, namely each leaf N of D is an extrinsic
sphere of M, with mean curvature vector field H = —a€|n, « being constant
on N. Furthermore, M is, locally, almost contact isometric to a warped product
manifold | — e E[X)\M M being a Kéhler manifold and A: ] —¢,e[— R a smooth
function, A > 0. R .

Let (M, .J,3) be an a.H. manifold, f: (N,g') — (M,3) an isometric immer-
sion, I C R an open interval and A\: I — R a smooth function, A\ > 0. The
map R - R R

I X N—=IxM, fitz)=(f(z), tel,xeN (2.5)
is an isometric immersion with respect to the warped product metrics g} =

T (dt @ dt) + N20*(g), gx = 7 (dt @ dt) + X2 0*(g). Note that fy is a particular
warped product immersion ([7, 18]), and (Ix\N, f>\) is a Riemannian submanifold
of the a.c.m. manifold T x M. If A = 1, (I x N, f1) is studied in [16]. For any
(t,z) € I x N we use the identification T (t )(I x\ N) = TJ-N and denote by
Ay, (A))v the Weingarten operators of (N, f), (I xx N, f) with respect to any
normal direction V. Analogous notation is used for the second fundamental forms
h, hy and the mean curvature vector fields H, Hy.

By direct calculus, applying the Gauss and Weingarten equations, (2.1), (2.2)
and (2.3), for any X,Y € T(I x N) and V € T+ N, one obtains:

(AvX = Ay (X — (X)),

n 1
Sarie

where n = dim N.
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3 A class of odd-dimensional slant submanifolds of C_s-manifolds

In this section, we consider an isometric immersion f: (A J) — (]\//.7 J, 9), a

open interval I C R, a smooth function A: I — R, A > 0 and the warped product
immersion fa: I x\ N — I xy M given in (2.5). By direct calculus, using (2.1),
we obtain that the vector fields P P, associated with f, fx, respectively, are

related by R R
P.X =P(X —n(X)§), X eT(T( x N)). (3.1)

Analogously, the normal bundle-valued 1-forms F , F), associated with ]?, o sat-
isfy

X =F(X —n(X)§), X eTl(T(xN)). (3.2)
Given (t,2) € Ix N, we consider a vector X € Ttz (I % ]V) such that X, € are lin-

early independent. Thus, X —n(X)& is a non-zero vector in T,N. By (2.1), (3.1),
the Wirtinger angles 6, (X) and 8(X — n(X)¢) satisfy

cos 0 (X) = cos (X — n(X)E). (3.3)

It follows that fis a slant immersion with sla(l/\\f ) = 0 if and only if f) is a slant
immersion and sla(I x5 N) = 6.

Formulas (2.6) allow us to produce examples of suitable slant immersions f,
depending on the behavior of the second fundamental form of f In particu-
lar, applying (2.3), we observe that the second fundamental form h) satisfies
ha(X,€) = 0, for any X € T(T(I x N)). Tt follows that fy cannot be totally
umbilical, unless it is totally geodesic. According to [23], f\ is contact totally
umbilical if there exists a normal vector field W such that

ha(X,Y) = {ga (X, Y) = n(X)n(Y)}W. (3.4)

It is easy to verify that W = nTHHN n = dim N.
By (2.6) one gets the following equivalences:

i) (Kr,f) is totally umbilical if and only if (I x ]\A/',fA) is contact totally
umbilical.

ii) (N, f) is minimal if and only if (I x N, fx) is minimal.
iii) (Z\Af7 f) is totally geodesic if and only if (I x N, f) is totally geodesic.

Recalling that an immersed submanifold N of a Riemannian manifold (M, g) is
said to be austere if, for any V € T+ N, the set of eigenvalues of Ay is invariant
under multiplication by -1, applying (2.6), we easily prove the equivalence:

iv) (N, f) is an austere submanifold of M if and only if (I xx N, fy) is austere
inl XA M.



Slant immersions in Cs-manifolds 6

Now, we assume that (NN, f) is a blant submanifold with sla(N) = 6 # 7 and
P g) on N. By (3.1), one has that the
a.c.m. structure (¢ = 00159 P\, =& 5 = [Xn,9)\) on I x N is just of the

. !/
consider the a.H. structure (J' = —

a.cm. structure defined in (2.1), which is associated with (.J/,¢’). So, I x N is
the warped product manifold of (I, gg) and (N ,J g A’). It follows that the Gray-
Hervella class of (N J',¢') determines the Chinea-Gonzalez class of I x N ([10]).
In particular, if (M, J,§) is a Kéhler manifold, we know that (.J, ¢’) is an almost
Kéhler structure, namely (N ,J'g A) falls in the Gray-Hervella class W, so that
I x5 N is a Cy & Cs-manifold. Moreover, if (N f) is Kéhlerian ([5]), then I x N
is a C5—man1f01d We remark that if dim N = 2, (N J', A’) is a Kahler manifold,
equivalently (N f) is Kéahlerian, thus I x Nisa Cs-manifold. This fits with
next Theorems 1, 2 holding in a more general context.

We end this section giving some explicit examples, where the first two of them
are obtained considering the main examples of slant immersions into the Kéahler
manifold (R?™, Jy, go), (Jo, go) being the canonical Hermitian structure on R?™
([3, 4]). The last two examples are obtained starting by an austere submanifold
of (R?™,gy) (m = 2, m = 4) endowed with a suitable almost complex structure.

Example 1. For any k € R, k > 0, the map f: R* — R® acting as

flat, 2% 23, 2%) = (b, 22, ksin 23, ksina?, k2, kat, k cos 23, k cos 2*)

defines a slant submanifold with sla(R*) = T, and (R4,f) is a Kdhlerian sub-
manifold.

Hence, for any smooth function \: T — R, A\ >0, the map fr: I x R* = I x RS,
At x) = (t, f(x)), defines a slant submanifold of the Cs-manifold I x y R® with
slant angle 7 and the a.c.m. manifold I x R* falls in the class Cs.

Example 2. For any 0 € [0, 5[, the map f: R* — R® acting as
]?(ﬂcl, 22,23, 2%) = (21,0,23,0,2% cos 0, 2% sin 0, 2* cos 0, 2* sin 0)

defines a totally geodesic slant submanifold with sla(R*) = 6. The metric on R*
induced by f is the Euclidean metric go and (R*, J = COSgP go) is a Kdhler ma-
nifold. So, for any smooth function A, A > 0, fy is a totally geodesic immersion
and I x5 R?* is a Cs-manifold.

Example 3. The map f: R? — R* acting as

f(l’l, 2?) = (2!, 22, e®' cos xz,e“"l sin 22)
defines an holomorphic submanifold of the Kdihler manifold (R*, j, 90), J being
the almost complex structure defined by J(y*, y?, >, v*) = (—y2, y', —y*, y3). We
know that (V'xF)Y = nh(X,Y) — (X, PY) for any X,Y tangent to R?, V'
being the Levi-Civita connection of (R?, f) (see [4], Chapter 11, formula (3.3)).
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Since F =0, it follows that h(X,PY) = ah(X,Y) = h(PX,Y) . Thus, for any
normal vector V', it is possible to verify that Ay o P=_-Po Ay, This implies
that (R?, f) is an austere submanifold. By direct computation we obtain that the
second fundamental form h does not vanish, namely (R?, f) is not totally geodesic.
Hence, for any smooth function A: I — R, X\ > 0, the map f\ is an austere, but
not totally geodesic, invariant immersion into the Cs-manifold I x 5 R*.

Example 4. Let f: R* — R8 be the map acting as
f( Va2 a3 2%) = ( 1,$2,ew1 cosacz,e””1 sinx?,0, 24,0, 23%).

This map defines an holomorphic submanifold of the Kdihler manifold (R®, j, 90),
J acting as

T y% vyt y vty y®) = (v oyt vt v -y 0 00 0).
As in Example 3, the submanifold (]R4,fA) is austere and f induces a Kdhler
structure on R*. Hence, for any smooth function A\: I — R, X\ > 0, the map

Fr: I xR* = I x R® is an austere invariant immersion into the Cs-manifold
I X\ RS.

4 Slant submanifolds of a Cs-manifold

The aim of this section is to determine the type of the a.c.m. structure induced
on an odd-dimensional slant submanifold of a Cs-manifold. This allows us to give
a local description of such submanifolds.

Let f: N — M be an isometric immersion in an a-Kenmotsu manifold
(M, p,&,m,g9). Assume that £ is tangent to N and, whenever there is no dan-
ger of confusion, denote again by § the restriction £, . Also, we denote by 7 the
1-form f*n, by ¢ the induced metric on N and write « instead of o f.

The maps P, F, t and n associated with f satisfy the following relations

P 4 tF=—Ipn+n®¢E Pt+in=0,

) (4.1)
FP+nF =0, Ft+n*=—-Ir.iy.
Applying (2.4), the Gauss and Weingarten equations, one gets
LE=a(X —n(X)E), h(X, £ =0,
W= alX — (X)), h(X.¢) )

(Vx P)Y = Apy X + th(X,Y) + a(g(PX,Y)¢ — n(Y)PX),

where V' is the Levi-Civita connection of N, h is the second fundamental form
and Apy the Weingarten operator with respect to F'Y.
For any X,Y € I'(TN), V € I(T+N) one puts

(VxF)Y = V% FY — F(V4Y),
(Vxt)V = VitV —t(VxV),
(Vxn)V = VxnV —n(VxV),
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V+ denoting the normal connection. Thus, applying (2.4), the Gauss and Wein-
garten equations, we obtain

(VxF)Y =nh(X,Y) — h(X,PY) — an(Y)FX,
(Vxt)V =A,vX — P(AyX) + ag(FX, V)¢, (4.3)
(Vxn)V = —h(X,tV) — F(Ay X).
Now, we assume that (N, f) is a slant submanifold with sla(N) = 6. Since
Q= P? = (—cos?0)(Irn —n® &), one gets
g(PX,PY) = (cos® 0)g(0X,¢Y), g(FX,FY)=(sin®0)g(oX,pY). (4.4)
We also recall the relation ([13])

(V%Q)Y = a(cos® ) (g(X,Y )¢ — 2n(X)n(Y)E +n(Y)X). (4.5)

Proposition 1. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M, p,&,m,g) such that £ is tangent to N. For any X,Y € I'(T'N) we have

AppyX + P(Apy X) + th(X, PY) + Pth(X,Y) = 0. (4.6)

Proof: By (4.2), (4.4), for any X,Y € I'(T'N) we have
(VxQ)Y =(VxP)PY + P((Vx P)Y) = Appy X + th(X, PY) + P(Apy X)

+ Pth(X.,Y) + a(cos® 0) (g(X, V)& — 2n(X)n(Y )€ + n(Y)X).
Hence, the statement follows by (4.5). O
Remark 1. It is easy to check that (4.6) is equivalent to

Appy X + AppxY — Apy PX — Apx PY =0, (4.7)

for any X, Y € T(TN).

Theorem 1. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M,,&,n,g) such that sla(N) = 0 # 5. Assume that dim N = 2r 41 > 5.
Then the a.c.m. manifold (N, ¢’ = ﬁP,{,n,g) belongs to the class Co & Cs.
Furthermore, the manifold N is, locally, almost contact isometric to a warped
product manifold | — e,e[x\F, € > 0, F being an almost Kihler manifold and

A: ] —e,e[= R a smooth function, X\ > 0.

Proof: Firstly, we remark that (N, ¢’,&,7,¢g) is a Co & Cs-manifold if and only
if

dn=0, Lep' =0, d¥ =pnpnd’, (4.8)
where @’ is the fundamental 2-form, namely ®'(X,Y) = g(X, ¢'Y), L¢ is the Lie

derivative with respect to &, and S is a smooth function. Moreover, (4.8) implies
that 3 = —2dn ([10]).
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Obviously, n is closed and (4.2) gives

(Vip)¥ = —(Apy X +th(X,¥)) + a(g(¢'X, V)&~ n(¥ )¢/ X).

Hence, given X,Y,Z € T'(T'N), we have

3d®'(X,Y,7) = — oY, Z) =2 X)g(Y, o' Z
(X,Y, Z) (Xf;z)g((vxw) . Z) a()&z)n( )9(Y, ¢'Z),
where o represents the cyclic sum on X,Y, Z. It follows that d®’ = 2an A ®’.
By (4.2), we also get

(Leg")X = (Ve )X = Vix€+ ¢/ (VixE) = 0.

So, (N,¢',&,m,g) is a Cy @ Cs-manifold. The last part of the statement follows
by Theorem 3.1 and Proposition 3.2 [10]. O

Remark 2. Applying (4.2), it is easy to check that a slant submanifold (N, f)
as in Theorem 1 is a Cs-manifold if and only if, for any X, Y € TN, ApxY =
Apy X. This agrees with a result given in [13].

In particular, if sla(N) = 6 = 0, then F vanishes and N is in the class Cs.

Proposition 2. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M,p,¢,m,9) such that sla(N) = 6 # 5 and dimN = 2r +1 > 5. If, for
any X tangent to N, Apx o P = P o Apx, then Apx = 0, for any X, and
(N,¢' = L5P,& n,9) is a Cs-manifold.

Proof: Let D’ be the integrable distribution on N associated with the subbundle
kerny of TN, ' = f*n. By (4.2) it follows that D’ defines a spheric foliation.

Let N’ be a leaf of D" and consider the a.H. structure (J = ¢'|rnv, ¢") induced
on N’ by the a.c.m. structure on N. By Theorem 1, we know that (N, J,g’) is
an almost Kéahler manifold and, using (4.2), we obtain

(V4% J)Y = ! 5(Ary X +th(XY)), XY €T(TN') (4.9)

COos

V" denoting the Levi-Civita connection of (N, g’).

Let X,Y be vector fields on N’. Since (N, J, ¢’) is almost Kéahler, the covari-
ant derivative V"' J satisfies (Vi J)Y + (V'jxJ)JY = 0 and, applying (4.9), we
have

Apv X +ApjyvJX + th(X, Y) + th(JX, JY) =0.

Taking the skew-symmetric component, we obtain
Apy X — ApxY + ApjyvJX — ApjxJY =0.
Hence, using the hypothesis, we have

ApyJX — ApxJY — Apjy X + ApyxY = J(Apy X — ApxY
+AFJyJX—ApijY) =0.
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By (4.7) it follows ApxJY = ApyxY. Thus, for any X,Y,Z € TN’, one
has ¢'(Jth(Y,2), X) = g(MY, Z), FIX) = ¢ (ApsxY.Z) = ¢ (ApxJY,Z) =
—g'(th(JY, Z), X), so that

th(JY, Z) = —Jth(Y, Z) = th(JZ,Y), Y,Z € TN'. (4.10)

On the other hand, the hypothesis implies, for any X,Y, Z, ¢'(th(JY, Z),X) =
g (ApxJY,Z) = ¢'(ArxY,JZ) = —¢'(th(Y,JZ), X), and using (4.10) we get
th(JY,Z) =0, for any Y, Z € TN'.

Therefore, considering X € TN’, the Weingarten operator Apy vanishes, since
9'(ArxY,Z) = —g'(th(Y, Z), X) = 0. O

Remark 3. Let (N, f) be a slant submanifold as in Proposition 2 and assume that
N s contact totally umbilical, namely h(X,Y) = 228 (¢(X,Y) — n(X)n(Y))H,

2r
where dim N = 2r + 1 and H is the mean curvature vector field. Since all the
Weingarten operators commute with P, N is a Cs-manifold and tH = 0. Indeed,

for any X € TN, g(tH, X) = —ﬁthEAFX =0.

Theorem 2. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M, p,&,m,9) such that sla(N) = 0 # 5 and dim N = 3. Then the a.c.m. ma-
nifold (N, ¢’ = ﬁP,f,n,g), which is in the class Cs, is, locally, almost contact
isometric to a warped product manifold | — e,e[x\F, € > 0, F being a Kdihler
manifold and \: | — e,e[— R a smooth function, X > 0.

Proof: We prove that, for any X,Y tangent to IV, one has ApxY = Apy X.

In fact, by (4.7) we have Apx PX = Appx X, X € TN. Thus, with respect to a
local orthonormal frame {e1,es = ¢’e1,£} on N, we have Apc,ea = Ape,e1.
Since Ape,§ =0, =1,2, we obtain ApxY = Apy X for any X, Y tangent to V.
Therefore (4.2) gives

(V@)Y = (ao f)lg(¢'X,YV)E —n(Y)¢' X).

Since the function « o f satisfies d(ao f) A f*n = 0, the Cs-manifold N is locally
realized as a warped product manifold | — €,e[x\F, F being a Kahler manifold
([10]). O

5 DParticular types of slant immersions

We are going to state some results on slant submanifolds (N, f) of an a-Kenmotsu
manifold (M, ¢, &, n, g) involving the behavior of the second fundamental form.
To this aim, one considers the vector subbundle p of T+ N whose fibre at any
x € N is the orthogonal complement to F(T,,N) in T;- N, namely T, M = T, N ®
F(T,N) ® pu,. Note that p is ¢-invariant and any normal vector field V is a
section of u if and only if tV = 0. If sla(N) = 6 # 0, putting dim M = 2m + 1,
dim N = 2r + 1, one has rankF (T N) = 2r and ranky = 2(m — 2r). Hence, p is
trivial if and only if m = 2r.
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Theorem 3. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold such
that dim N = 2r + 1 and sla(N) = 0 # 5. Assume that the mean curvature
vector field H € T'(u) and, for any X € T(TN), VxH € I'(u). Then (N, f) is
minimal.

Proof: We observe that the hypothesis implies nH = ¢H € I'(u). By (4.3)
and (4.4), for any vector fields X,Y on N, we have

g((ﬁXF)Y" nH) = g(h(X, Y)7H) + g(nh(X7 PY),H)’
g((Vxn)H,FY) = (—sin?0)g(h(X,Y), H).

Moreover, by direct calculus and the hypothesis, we obtain
9(VxF)Y,nH) + g((Vxn)H,FY) = 0.

It follows that

g(H, (cos? 0)h(X,Y) + nh(X,PY)) =0, X,Y € I(TN). (5.1)

Let {e1,...,er,¢'e1,..., ¢ er, £} be a local orthonormal frame on N. By
(5.1) and (4.2) we get
0= Zr:{g(Ha (cos? O)h(ei, e;) + nh(ei, Pe;))
i=1
+ g(H, (cos? O)h(¢'es, p'e;) + nh(¢'ei, ¢’ Pe;))} = (2r + 1)(cos? 0)g(H, H).

Since ¢ # 7, we obtain H = 0. O

Corollary 1. Let (N, f) be a slant submanifold as in Theorem 3. Assume that
H eT(u) and Apg = Po Ap. Then (N, f) is minimal.

Proof: If H € T'(u), applying (4.3), for any X,Y € I'(T'N) we obtain

g(t(V)L(H),Y) = _g(v)L(H’ FY) = g((vXF)Y’H)
:g(P(AHX)—AnHX,Y)

Hence, we have t(Vx H) = P(AgX) — A,gX = 0, so the statement follows by
Theorem 3 [

By Proposition 2 and Corollary 1 we obtain the next result.

Corollary 2. Let (N, f) be a slant submanifold as in Theorem 3. Assume that
dim N > 5 and that the Weingarten operators satisfy:

AnH:POAH, AFXoP:POApx,

for any X € TN. Then (N, f) is minimal.



Slant immersions in Cs-manifolds 12

Remark 4. Corollary 2 is not true when dim N = 3. Indeed, by (4.4), the
condition Apx o P = Po Apx gives

th(PX,PY) = (cos? 0)th(X,Y), X,Y € TN.

Moreover, considering a local orthonormal frame {e1,eq = ¢'e1,e3 = &} on N
and using (4.2), we have tH = 2th(e1,e1). Hence, if th(e1,e1) # 0, we have that
H ¢ T'(1) and Corollary 1 cannot be applied .

Corollary 3. Let (N, f) be a slant submanifold as in Theorem 3. Assume that
the Weingarten operators satisfy:

AnH:POAH; AFXOP:_POAFX,
for any X € TN. Then (N, f) is minimal.
Proof: Given X,Y,Z € TN, by the hypothesis and (4.4), we have

g(th(PX,PY) + (cos® O)th(X,Y), Z) = —g(Apz PX, PY) — (cos? 0)g(Arz X,Y)
=g(P(ApzX),PY) — (cos®>0)g(ArpzX,Y)
=0.

Hence, for any X,Y € TN, we obtain th(PX, PY) + (cos®0)th(X,Y) = 0.
Considering a local orthonormal frame {e;, ¢’e;,{}1<i<r on N, we get

(2r + 1)tH = Y"1 {th(e;, ;) + (cos® B)th(Pe;, Pe;)} = 0.

Hence H € I'(i) and the statement follows by Corollary 1. O

Theorem 4. Let (N, f) be a proper slant submanifold of an a-Kenmotsu manifold
(M, p,&,m,9), such that £ is tangent to N and (VxF)Y = —an(Y)FX, for any
X,Y e (TN). Then, one has:

i) N is an austere submanifold.
it) For any V € T'(u), Ay = 0.
iii) F(TN) is a parallel subbundle of TN
i) (N, = ﬁp,f,n,g) is a Cs-manifold if and only if V+n = 0.
Proof: By the hypothesis and (4.3) we get
h(X,PY)=nh(X,Y)=n(PX,Y), X, Y eI(TN). (5.2)

It follows that all the Weingarten operators Ay, V € T+ N, anti-commute with
P. In particular, given V € TN, the set of eigenvalues of Ay is invariant under
multiplication by -1. Thus, ) holds.
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Moreover, by (5.2), one has n?h(X,Y) = nh(X, PY) = —(cos? §)h(X,Y) and,
applying (4.1), we get

1

sin? 6

h(X,Y) = ———Fth(X,Y), X,Y € T(TN). (5.3)
This gives 4i). Also, for any V € I'(u), X,Y € I'(T'N), we have g(VEFY,V) =
g((VxF)Y,V) =0, so that V{FY € I'(F(TN)). Hence, iii) holds.

Moreover, by (4.3) and i), for any X € I'(T'N), V € I'(u) one has (Vxn)V = 0.
By (4.1), (4.2), (4.3), (5.3) we also obtain

(Vxn)FY = (sin? O)h(X,Y) — F(Apy X) = —F(th(X,Y) + Apy X).

Since th(X,Y) + Apy X is orthogonal to £, one has (Vxn)FY = 0 if and only if
th(X,Y)+ Apy X = 0. Then, iv) follows also applying (4.2). O

Remark 5. It is easy to see that statement i) in Theorem 4 is also satisfied when
the submanifold N is invariant.

To get examples of submanifolds as in Theorem 4 it is enough to consider
odd-dimensional totally geodesic proper slant submanifolds of an a-Kenmotsu
manifold. As explained in Section 3, any totally geodesic proper slant immersion
into a Kahler manifold gives rise to a whole family of such submanifolds.

Several consequences can be obtained by Theorem 4. Firstly, we give a short
proof of a similar result stated in [13].

Proposition 3. Let (N, f) be a minimal proper slant submanifold of an «-
Kenmotsu manifold (M, ¢,&,n,g) such that dim N = 3 and dim M = 5. Then N
is immersed in M as an austere submanifold.

Proof: We claim that the Weingarten operators satisfy
AyoP+ A,y =0, VeETN. (5.4)

Indeed, putting sla(N) = 6, we consider a point 2z € N and an adapted slant
frame {ej,ea = ——FPey,e3 =&, e4 = ﬁFel,% = ﬁFeg} defined in a neigh-
borhood of x. Applying (4.1) we have

neqs = —(cosf)es, nes = (cosf)ey. (5.5)

Moreover, by Theorem 2, we have Ap.,e2 = Ape,e1 and, since f is minimal and
Ay€& =0 for any V € TN, we also get Ap,e; + Ape,ea = 0. Using (5.5), a
direct calculus entails

Ae Pei+ Apee; =0, i=1,2,3, k=4,5.

Hence, (5.4) holds and by (4.3), for any X,Y € T'(TN), we have (VxF)Y =
—an(Y)FX. So, the statement follows by Theorem 4. O
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6 Slant immersions and curvature

In this section we establish some results on slant submanifolds involving suitable
restrictions on the curvature of the ambient space or of the submanifold.
Firstly, also applying Theorem 4, we are going to prove a reduction theorem for
submanifolds of a space-form.

Let M?™*1(c), m > 2, be an a-Kenmotsu manifold with constant sectional
curvature ¢. Then ¢ = —a?, so «a is constant and either M is cosymplectic
and flat, or ¢ < 0 ([21]). It follows that, for any « # 0, the hyperbolic space
H2m+1(—a?) is the local model of space-forms carrying a non-cosymplectic a-
Kenmotsu structure.

Given a € R, a > 0, on H?>™*! = {(2!,... 2?m+) € R?™+1: 21 > 0} one

. . 2m+1 ;5 ; .
considers the metric g, = ﬁ Z;ﬁ dz' ® dz* and puts E; = ax! 8‘2“ =

1...2m+ 1. Let (¢,&,m,94) be any a.c.m. structure such that ¢ has constant
components with respect to the orthonormal frame {E;}1<i<om+1, £ = E1 and
n =& = —rdz'. Then (H>™ ¢,£,7,gq) is an a-Kenmotsu manifold, simply
denoted by H2m*1(—a?) ([8]).

Theorem 5. Given a € R, a > 0, let (N, f) be a proper slant submanifold of
H2"+ (—a?) such that dim N = 2r + 1 and, for any X,Y € T(TN), (VxF)Y =
—an(Y)FX. Then N is contained in a (4r 4+ 1)-dimensional totally geodesic
submanifold of H*™+1(—a?) as an austere submanifold.

Proof: By Theorem 4 and formula (5.3), it follows that the normal subbundle

F(TN), of rank 2r, is parallel in T+ N and, for any € N, the first normal space

N}, spanned by {h(X,Y); X,Y € T,,N}, is a subspace of F(T,N).

Thus, the statement follows applying the reduction theorem of Erbacher (]9]).
O

Now, we focus on slant submanifolds which are generalized Sasakian space-
forms with respect to the a.c.m. structure considered in Section 4.
A generalized Sasakian space-form (g.S. space-form) M(f1, f2, f3) is an a.c.m.
manifold (M, ¢, &, n, g) which admits three smooth functions f1, fa, f3 such that
the curvature tensor R satisfies

R = fimi + f25 + 3T, (6.1)
w1, S, T being the algebraic curvature tensor fields defined by

771(X7Y?Z) :g(sz)X_g(sz)K
S(X,Y, Z) =29(X,pY)pZ + g(X,02)pY — g(Y, pZ)pX,
T(X,Y,Z) =n(X)n(Z2)Y —n(Y)n(Z)X + g(X, Z)n(Y)§ — g(Y, Z)n(X)§.

In the context of contact Geometry this concept, introduced in [1], resembles
the one of generalized complex space-form (g.c. space-form), arising in Hermitian
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Geometry. As in [22], a g.c. space-form M (Fy, F3) is an a.H. manifold (M, J, g)
admitting two smooth functions Fj, F5 such that the curvature tensor satisfies

R = Fm + Fymo, (62)
o being defined by
m(X,Y,Z) =2¢9(X,JY)JZ + g(X,JZ)JY — g(Y,JZ)JX.

Many examples of g.S. space-forms can be obtained. For instance, taking into
account Theorems 3.3, 5.3 in [20], one can see that every a-Kenmotsu manifold
(M, p,&,m,g) with pointwise constant ¢-sectional curvature C' and dim M > 5,
is a g.S. space-form with functions f; = C_faz, fa= Czaz, fa= C+T°‘2 + &(a).
Furthermore, if « is a constant function, then any 3-dimensional a-Kenmotsu
manifold is a g.S. space-form with functions f; = 0_430‘2, fo=fz3= C'Zo‘z.
Moreover, in [1], the authors obtained a wide range of g.S. space-forms using
warped products. More precisely, given a g.c. space-form M (F}, F»), the a.c.m.
warped product manifold R x ) M, where A > 0 is a smooth function on R, is a
g.S. space-form with functions f; = (Floig_)‘/z, fo= F§\C2"77 fz= (Floi%_’\m) ’\TN7
where o: R x M — M is the canonical projection and X\, '’ are the first and
second derivatives of .

Finally, we point out that the second author obtained local classification results

for suitable g.S. space-forms ([10]).

Proposition 4. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M, p,8,m,9) such that sla(N) = 0 # 5. Assume that dim N = 2r +1 > 5 and
N(f1, f2, f3) is a g.S. space-form. Then, one has:

i) dfi An=0, dfaAn=0.

it) Any leaf (N',J = —;Plrn+,g') of the distribution D' on N orthogonal to
& is a g.c. space-form.

Proof: By Theorem 1, we know that (N, = ﬁP,g,n,g) is a Cy & Cs-
manifold, in particular it is a C;_5-manifold with Lee form w = g—:’n = —(ao f)n.
So, applying Lemma 4.2 [10], for any unit section X of D’ one has X(f;) =
—X(f2) = =3fow(X) = 0. This proves i).

Let (N’,g’) be a leaf of the distribution D’. We remark that it is a totally
umbilical submanifold of N with mean curvature vector field H' = —(ao f)&|n-.
Indeed, by (4.2) the second fundamental form A’ of N’ acts as W'(X,Y) =
—g(VXEY)E = —(ao f)g (X, Y)E.

Let R, R’ denote the curvature tensors of N, N’, respectively. For the cor-
responding Riemannian curvatures we adopt the convention R(X,Y,Z,W) =
G(R(Z,W,Y), X) = —g(R(X,Y, Z), W),
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Applying the Gauss equation and (6.1), for any X,Y, Z, W € T'(TN') we have

R(X,Y,Z,W) =R(X,Y, Z,W)
+ (a0 )G (X, 2)g (Y, W) —g'(Y, Z)g' (X, W)}
=(fi+ (o /)N (X, 2)d' (Y, W) — ¢ (Y, Z)g' (X, W)}
— {29 (X, IY)g"(JZ,W) + ¢'(X, T Z)g' (JY, W)
— (Y, I2)g (JX, W)},

It follows
R/:(fl+(04°f)2)|N,7T1+f2\N,772~ (6.3)

Hence, N’ is a g.c. space-form and both functions F; = (f; + (a o f)?)
Fy = fg‘N/ are constant.

In7o

Theorem 6. Let (N, f) be a slant submanifold of an a-Kenmotsu manifold
(M,p,¢,m,9) such that sla(N) = 0 # 5 and dimN = 2r +1 > 5. Assume
that N(f1, fo, f3) is a g.S. space-form. Then (N, = COISQP,f,mg), which falls
in the class Cs, is, locally, almost contact isometric to a warped product manifold
] —g,e[xxF, e >0, A: ] —¢e,e[— R being a smooth function, X > 0, and F a
Kahler manifold with constant holomorphic sectional curvature.

Proof: By Theorem 1, we know that (N, ¢, £, n,g) is, locally, almost contact
isometric to a warped product manifold | — ¢, e[x\F, F being an almost Kéahler
manifold biholomorphic to a leaf (N', J = ¢'|rnv, g’) of the distribution D’ on N
orthogonal to &.
We claim that each leaf of D’ is a K&hler manifold and has constant holomor-
phic sectional (c.h.s.) curvature.
To this aim, fixed a point zy € N, we consider the leaf (N, J, ¢') of D’ through x(.
Note that dim N’ > 4 and, by (6.3), the curvature of N’ is a combination of the
tensor fields 71, 2 by means of constant functions. So, if fa(z¢) # 0, applying the
theory developed in [22], namely Theorem 12.7 and the corresponding remark, N’
is a Kéhler manifold with c.h.s. curvature C' = 4(f1(xo) + a(f(20))?) = 4f2(x0).
On the other hand, if f,(z) = 0, being R’ = (f1 + (a o f)?)|,, 71, N’ turns
out to be an almost Kéahler manifold with constant curvature. Hence, applying
a theorem of Oguro ([19]), we get that N’ is a flat K&hler manifold.
In any case, all the manifolds F occurring in the local description of N carry a
Kaéhler structure with c.h.s. curvature and N falls in the class Cs. O

Finally, we observe that any 3-dimensional slant submanifold (N, f) of an a-
Kenmotsu manifold, such that sla(N) # 7, is a g.S. space-form. Indeed, being
d(ao f)A f*n =0, we directly apply (3.9) in [21]. In our notation, the curvature
of N is given by

R = (% +2(ao f)2 +2¢() o f)m + (% +3(ao f)? +3¢(a) o /)T,
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where 7 is the scalar curvature.
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