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Abstract

We prove that a Riemannian manifold admitting a metric connection
with totally skew-symmetric torsion and reducible holonomy is locally
reducible, provided it has nonpositive sectional curvature.
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1 Introduction

The aim of this note is to prove a version of the de Rham splitting theorem
for Riemannian manifolds, involving the holonomy of metric connections with
totally skew-symmetric torsion. It is well known that such a result cannot
hold in full generality; indeed there exist many irreducible Riemannian mani-
folds admitting a metric connection with totally skew-symmetric torsion and
with reducible holonomy. Typically such a connection is adapted to some rel-
evant geometric structure: for instance, every odd dimensional round sphere
S2n+1 carries a standard Sasakian structure, which is preserved by exactly one
“characteristic connection” ∇ (cf. e.g. [1]). In particular, the contact distri-
bution is ∇–parallel, so that the holonomy representation of ∇ is reducible.
One can also mention the Allof-Wallach homogeneous spaces and irreducible
3-Sasakian manifolds, admitting a codimension 3 distribution preserved by a
distinguished connection with skew torsion (see [2, 3]). Remarkable examples
in even dimension are given by irreducible nearly Kähler manifolds with spe-
cial algebraic torsion [5], in which case the unique Hermitian connection with
skew-symmetric torsion has reducible holonomy.

We shall prove instead that for spaces with nonpositive curvature the sit-
uation is completely different, our main result being the following:
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Theorem 1.1 Let (M, g) be a connected Riemannian manifold with nonpos-
itive sectional curvature. Let ∇ be a metric connection with totally skew-
symmetric torsion. If the holonomy representation of ∇ is reducible, then M
is locally a Riemannian product.

The curvature assumption can also be slightly weakened considering man-
ifolds with partially nonpositive curvature, see Theorem 2.2 below.

It is worthwhile to mention some consequences of this result, whose proof
is standard. All manifolds are assumed to be connected.

Corollary 1.2 Let (M, g) be an odd dimensional, irreducible Riemannian
manifold with nonpositive sectional curvature. Consider a metric connection
∇ with totally skew-symmetric torsion. Then M does not admit any non null
∇–parallel 2-form.

Taking again into account the Sasakian structure of odd dimensional spheres,
we see that the curvature assumption in the above corollary is essential.

Corollary 1.3 Let (M, g) be an irreducible Riemannian manifold with non-
positive sectional curvature. If M admits a metric connection ∇ with totally
skew-symmetric torsion such that ∇Ricg = 0, then M is Einstein.

We remark that this corollary applies in the special case where M is a
locally homogeneous Riemannian manifold admitting an Ambrose-Singer con-
nection ∇ with totally skew-symmetric torsion (cf. [8, 9]). Actually, in this
case more is known, namely M must be locally symmetric. Indeed, under
the assumption of nonpositive curvature, a result of Spiro ensures that M is
locally isometric to a naturally reductive homogeneous Riemannian manifold,
which must be a symmetric space according to paper [4] by Gordon and Ziller.

2 Proof of the result

We begin with some basic information concerning metric connections with
torsion. For further details, see [1]. Let (M, g) be a Riemannian manifold and
let ∇ be a metric connection with torsion T . We recall that ∇ is said to have
(totally) skew-symmetric torsion if the (0, 3)-tensor field T defined by

T (X,Y, Z) = g(T (X,Y ), Z)

is a 3-form. In this case the relation between ∇ and the Levi-Civita connection
∇g is

∇XY = ∇g
XY +

1

2
T (X,Y ).
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In the following, we denote by Rg the Riemannian curvature tensor of g and
by R the curvature of ∇. Our proof relies on the following preliminary result,
concerning ∇-parallel distributions.

Proposition 2.1 Let ∇ be a metric connection with totally skew-symmetric
torsion T on a Riemannian manifold (M, g). If D is a ∇-parallel distribution,
then for every x ∈M and for every unit tangent vectors X ∈ Dx and Y ∈ D⊥x ,
the sectional curvature Kg(X,Y ) of the 2-plane spanned by X and Y is given
by:

Kg(X,Y ) =
1

4
g(T (X,Y ), T (X,Y )) ≥ 0. (1)

Proof. We recall that the curvature tensor of ∇ is given by

R(X,Y )Z = Rg(X,Y )Z + B(X,Y )Z, (2)

where

B(X,Y )Z = −1

4
T (X,T (Y,Z)) +

1

4
T (Y, T (X,Z)) +

1

2
T (T (X,Y ), Z)

+
1

2
(∇XT )(Y,Z)− 1

2
(∇Y T )(X,Z).

Now, since T is totally skew-symmetric, we have

g(B(X,Y )Y,X) =
1

4
g(T (T (X,Y ), Y ), X)− 1

2
g((∇Y T )(X,Y ), X)

= −1

4
T (X,Y, T (X,Y ))

= −1

4
g(T (X,Y ), T (X,Y )).

Being D and D⊥ both parallel with respect to∇, we also have g(R(X,Y )Y,X) =
0 and (1) follows. 2

We are now ready to prove Theorem 1.1. We shall actually provide a proof
of a more general statement. Recall that, given a Riemannian manifold (M, g)
of dimension n ≥ 2, fixing an integer k, 1 ≤ k ≤ n− 1, then M is said to have
nonpositive (n − k)-Ricci curvature provided for every x ∈ M and for every
mutually orthogonal unit tangent vectors {E0, E1, . . . , Ek} in TxM we have

k∑
i=1

Kg(E0, Ei) ≤ 0

(cf. e.g. [6]). Observe that nonpositive 1-Ricci curvature means nonpositive
sectional curvature, while nonpositive (n− 1)-Ricci curvature means nonposi-
tive Ricci curvature.
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Theorem 2.2 Let (M, g) be a connected Riemannian manifold of dimension
n and let ∇ be a metric connection with totally skew-symmetric torsion and
reducible holonomy. Let k be the minimum dimension of a non null Hol∇(xo)–
invariant subspace of the tangent space at some point xo ∈ M . If M has
nonpositive (n− k)-Ricci curvature, then M is locally a Riemannian product.

Proof. Let D be the rank k distribution on M obtained from a k-dimensional
Hol∇(xo)–invariant subspace of TxoM by parallel transport with respect to ∇.
We claim that Kg(X,Y ) = 0 for every x ∈ M and for every unit vectors
X ∈ Dx and Y ∈ D⊥x . Indeed, choose an orthonormal basis {Y1, . . . , Yn−k} of
D⊥x with Y1 = Y ; then the curvature assumption implies that

n−k∑
i=1

Kg(X,Yi) ≤ 0.

On the other hand, since D is ∇-parallel, Proposition 2.1 forces

Kg(X,Yi) = 0, i = 1, . . . , n− k,

and the claim follows. Using again (1) we obtain that T (X,Y ) = 0 for every
X ∈ ΓD and Y ∈ ΓD⊥, and thus

∇g
XY = ∇XY ∈ ΓD⊥, ∇g

Y X = ∇Y X ∈ ΓD.

Consequently we get

g(∇g
X′X,Y ) = −g(∇g

X′Y,X) = 0

for every X,X ′ ∈ ΓD and Y ∈ ΓD⊥. We conclude that D is ∇g–parallel so
that the classical de Rham theorem applies. 2

We conclude with the following remark concerning the four dimensional
case.

Corollary 2.3 Let (M, g) be a connected Riemannian manifold of dimension
4 with nonpositive sectional curvature and negative definite Ricci tensor. If
∇ is a metric connection with totally skew-symmetric torsion and reducible
holonomy, then ∇ is the Levi-Civita connection.

Proof. Since Kg ≤ 0, by the above result, M is locally a Riemannian
product M1×M2. Letting T be the torsion of ∇, we obtain that T (X,Y ) = 0
for every X tangent to M1 and Y tangent to M2. Now, Ricg < 0 implies
dim(M1) = dim(M2) = 2 and this suffices to conclude that T = 0. 2
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