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complex Hamiltonians corresponding to complex values of the
coupling constant.
© 2020 Published by Elsevier Inc.

1. Introduction: models and results

In this paper, we continue our study of spectral properties of Hamiltonians associated
with a family of quantum chains with interactions of short range. Included are bosonic
systems such as an array of coupled anharmonic oscillators. For the Hamiltonians consid-
ered in this paper, we have proven that their ground-state energy is finitely degenerate
and the spectral gap above the ground-state energy is bounded from below by a positive
constant, uniformly in the length of the chain; see [5]. The purpose of the present paper is
to show that, under the hypotheses considered in [5], the ground-state energy is actually
analytic in the coupling constant, in a fixed disk centred at the origin that can be chosen
to be independent of N (number of sites in the chain). The method® is based on iterative
conjugations of the Hamiltonians, which serve to block-diagonalise them with respect
to a fixed orthogonal projection and its orthogonal complement, and that carries over
to the complex Hamiltonians obtained from the physical ones by replacing the physical
(real) coupling constant by a complex parameter.

Our analysis is motivated by recent widespread interest in characterising topological
phases of matter; see, e.g., [14], [15], [1].

The types of Hamiltonians considered in this paper have been studied before to prove
the existence of a spectral gap above the ground-state energy (or the existence of an
isolated eigenvalue for complex Hamiltonians), often using so-called “cluster expansions”,
but usually for bounded and real interactions; see [2], [6], [12], [16], [13], [4] [8] and refs.
given there. Regarding the main result of this paper, i.e., analyticity of the ground-state
energy, we mention that, in the paper by D. Yarotsky (see [16]) dealing with unbounded
interactions, a weak*-analyticity result was proven: For any local observable (i.e., an
operator of bounded “lattice support”), its expectation value in the ground state of the
system is analytic in the coupling constant, t, in a disk independent of the size of the
lattice.

1.1. A concrete family of quantum chains

The Hilbert space of pure state vectors of the quantum chains studied in this paper
has the form

! See [3] for the use of a similar block-diagonalization in a simpler context. Ideas somewhat similar to the
scheme in [7] have been used in work of J. Z. Imbrie, [9], [10].
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N
HY = QU , (1.1)
j=1

where H; ~H, Vj =1,2,..., N, and where H is a separable Hilbert space. Let H be a
non-negative operator with the properties that 0 is an eigenvalue of H corresponding to
an eigenvector 2 € ‘H, and

H licoy+2> 1,

where 1 is the identity operator.
We define

Hi=lhi@-@ H @1y (1.2)

ith slot

By Pq, we denote the orthogonal projection onto the subspace

Hi® - @{CQ e -oHy CHY, and Py :=1-Py,. (1.3)
ith slot
Then
H; = Po,H;Po, + Py H;Pg. ,
with
Po,HiPo, =0, PgH;Py >Pq . (1.4)
In [5] we have studied quantum chains on the graph In_17 := {1,...,N}, N < o©

arbitrary, with Hamiltonians of the form

N
Ky=Kn(t):=Y Hi+t > Vi, (1.5)
=1 I i CIn—11
k<k

where t € R is a coupling constant, k < oo is an arbitrary, but fixed integer independent
of N, Iy ; is the “interval” given by {7, ...,i+k},i=1,..., N—Fk,and Vj, , is a symmetric
operator acting on H(N) with the property that

V1., acts as the identity on ® H;. (1.6)
JEIN-1,1,7¢1k,:i

We call I, ; the “support” of V7, .. It is assumed that

D((HY )5) S D(Vy,,), o, Vi o)l < aplo, (HY,  +1)6), (1.7)
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for any ¢ € D((H}, 1)%) where H} = % [y, for some universal constant ap > 0.

- =1

Under these assumptions, and using the inequality

N

> H) <(k+1)> H (1.8)

Ig,iCIN-11 i=1

one shows that, for |¢| sufficiently small (depending on k and ag, but independent of
N), the symmetric operator in (1.5) is defined and bounded from below on D(H?N_M).
It can be extended to a densely defined self-adjoint operator whose domain we denote
D(Ky) C D((HY

Tnii) 2 ), namely the Friedrichs extension, which is uniquely determined

by the property D(Ky) C D((H?Nim)%) = Q(Ky), where Q(Ky) is the form domain.
It is not difficult to check that, under our hypotheses on the potentials, this extension
coincides with the self-adjoint operator defined through the KLMN theorem, starting
from the closed quadratic form associated with (1.5).

In the present paper, we will consider a complex coupling constant, 7, instead of t € R,

and analyze the closed quadratic form

N
ZH,; +7 Z Vi, = kN = kN(T), (1.9)
i=1

I i CIN—1,1
k<k

defined by

N
AN 0) = (D_Hi+7 Y Vile, ¥). (1.10)

i=1 I i CIN—1,1
k<k

For |7| sufficiently small (depending on k and aj, but independent of N), we have the
following general results (see Theorems 3.9 and 2.1 of [11]), starting from the closed form
defined in (1.9):

i) there is a domain denoted by D(Ky) C Q(kn), where an m-sectorial — and thus
closed — operator Ky = Ky(7) is defined, and the associated form coincides with
kN (7) (the operator Ky is uniquely determined by the properties in i));

ii) the form domain Q(ky) coincides with the form domain, Q(H7, ) =
D((HY . )?), of HY

—1,1 In—1,1"

Hence, we deduce that D(Ky)) € D((H? )2). Furthermore, D(Ky) is dense, since

IN-11

m-sectorial operators are densely defined. From [11, Corollary 2.4, p. 323] we get
that D(H}, ) € D(Ky); in fact, this follows from the following statements:

—1,1
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1) the I-h-s of (1.9) is a well defined operator on D(H?

In—1,1
D((H}, )%) C D(Vp, ,) for any Iy ;, and the form induced by this operator coincides
with xx(7) restricted to D(H?

N—l,l)’

) due to the assumption

2) by [11, Corollary 2.4, p. 323], the operator K extends the operator considered in 1).
The constraint in (1.7) readily implies that
|(HY, + 1) 2 Ve (HY, + )72 < oz (111)
This motivates introducing the weighted norm
Vil = (Y, + )72 Ve (H,  + 1) 2] (112)

Our results apply to anharmonic quantum crystal models described by Hamiltonians
of the form

N d2 N-1 N N-1
crystal
g=1 I i=1 j=1 =1

(1.13)
acting on the Hilbert space HY := @ L*(R, dx;), with V(z;) > 0, V(z;) — oo,
for |x;| — oo, D((H; + Hj+1)%) C D(W(zj,xj4+1)), and W(x;,x;41) form-bounded by
Hj + Hj 1. The class described above includes the ¢*—model on the one-dimensional
lattice, corresponding to V(z;) = x7 4 x] and W (x;,z;41) = 2241

1.2. Main result

The main result in this paper is the following theorem proven in Section 3.2; see
Theorems 3.6 and 3.8.

Theorem. Under the assumption that (1.4), (1.6) and (1.7) hold, the Hamiltonian Ky
defined in (1.9) has the following properties: For some tg > 0 and for any 7 € C
with |T| < to, there exists a bounded invertible operator Un(T) such that the operator
Un'(7)Kn(T)Un(7) has the following properties:

1. It has a nondegenerate eigenvalue En(T) analytic in T for |T| < to;

2. the rest of its spectrum is at a distance larger than or equal to % from En(T);

3. for T =t € R, the operator Un(T = t) is unitary, and the eigenvalue En(T = t) is
the ground-state energy of Kn(t).

Our proof is based on the block-diagonalization procedure developed in [5] for the models
studied in this paper, but with real coupling constants. We define
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N
Pyac = (X) Pa, - (1.14)
=1

(Note that P,q. is the orthogonal projection onto the ground state of the operator
Ky(r =0) = Zi\il H;.) We construct an invertible operator Uy () acting on H)
with the property that, after conjugation, the operator

U (1) KN (1) Un(7) = Kn(7) (1.15)

is “block-diagonal” with respect to Pyae, Pi.(:= 1 — Pyae)

vac

KN(T) = Poac KN(T)Pyae + Pt Kn(7) P . (1.16)
With En(7) the eigenvalue solving the equation I?N(T)ch = EnN(T)Pyac, we prove
that, for |7| < to,

spec (Pvfw(l?N(T) — Ex(7))P, [PULGCH(N)) nD, =0, (1.17)

with D, := {2z € C; |z| < p}, uniformly in N.

From the theorem above we also derive the following result (see Proposition 3.9):
Proposition. If the potentials Vi, ,, k < k, are invariant under translations, then the
limiting function

. En(7)
NN

e(r):

exists for any |7| < to and is analytic in T for |T| < to.

The iterative construction of the operator Uy (7) coincides with an analogous one for
real coupling constants. For the convenience of the reader our method is illustrated in
detail in Sect. 2. In Sect. 3, the proof of convergence of our construction of the operator
Un (1) is discussed by explaining some of the modifications needed in the complex case,
in particular the proof of the property displayed in (1.17) is given. For some of the
proofs we refer to [5]. The main result of the paper concerning the analyticity of En(7)
is presented in Sect. 3.2, Theorem 3.8.

Notation.
1) Notice that Ij 4 can also be seen as a connected one-dimensional graph with k edges

connecting the k + 1 vertices ¢,1+gq,...,k+ g, or as an “interval” of length k£ whose
left end-point coincides with q.
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2) We use the same symbol for the operator O; acting on #; and the corresponding
operator

Li® - ®1;_1®00;®@1j41---®1;

acting on ®§€:i Hy, for any ¢ < j <.
3) With the symbol C we denote strict inclusion, otherwise we use the symbol C.

2. Local conjugations based on Lie-Schwinger series

The block-diagonalization procedure for unbounded interactions treated in this paper
is formally identical to the scheme introduced in [5]. Hence the formal aspects described
in the next section are unchanged w.r.t. [5]. Nevertheless, the lack of self-adjointness of
the operators Ky (7) requires modifications in the proofs, in particular in the control of
the spectrum of the operators Gy, ; see (2.12).

2.1. Block-diagonalization: definitions and formal aspects

The block-diagonalization will concern operators acting on tensor-product spaces of
the type Hy ® --- ® Hyp1q (and acting trivially on the remaining tensor factors), and
it will be with respect to the projection onto the ground-state (“vacuum”) subspace,
{C(Qg®- - -®Qp4q)}, contained in Hy®- - -@H 44 and its orthogonal complement. Along
the way, new interaction terms are created whose supports correspond to increasingly
longer intervals (connected subsets) of the chain.

For each k, we consider (N — k) block-diagonalization steps, each of them associated
with a subset I 4, ¢ =1,..., N — k. The block-diagonalization of the Hamiltonian will
be with respect to the subspaces associated with the projections in (2.4)-(2.5), intro-
duced below. By (k, ¢) we label the block-diagonalization step associated with Iy, ,. We
introduce an ordering amongst these steps:

(K'.q') = (k,q) (2.1)

if k" >korif ¥ =kand ¢ > q.

Our original Hamiltonian is denoted by K = Kn(7). We proceed to the first block-
diagonalisation step yielding KI(\} D The mdex (0, N) is our initial choice of the index
(k,q): all the on-site terms in the Hamiltonian, i.e., the terms H;, are block-diagonal

(ON)

with respect to the subspaces associated with the projections in (2.4)-(2.5), for I = 0.
Our goal is to arrive at a Hamiltonian of the form

N—k
Ko ZH +T Z VD 4r Z Vb g Y v (2.2)
=1
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N—k—1 2
k, E k, b
+7 Z VI(kJr?,)L + T VI(N—qZ)l + TVI(N*ql)*l (23)
=1 i=1

(after the block-diagonalization step (k, ¢)) with the following properties:

1. For a fixed I;;, the corresponding potential term may change, in each step of
the block-diagonalization procedure, up to the step (k,q) = (I,4); hence Vl(li’q)
is the potential term associated with the interval I;; in step (k,q) of the block-
diagonalization, and the superscript (k,q) keeps track of the dependence of the
potential term on step (k, q). The operator Vl(lli’q) acts as the identity on the spaces
H; for j # 4,0+ 1,...,7 + I; the description of how these terms are created and
estimates on their norms are deferred to Sects. 2.3 and 3.2;

2. for all sets I;; with (I,7) < (k,q) and for the set I, ; = Ij 4, the associated potential
Vl(lli’q) is block-diagonal w.r.t. the decomposition of the identity into the sum of
projections

PI(l:)::PQi®PQi+1®...®PQi+l’ (24)
P;::) = (Po, ® Po,,, ® - ® Po,,,)". (2.5)

Remark 2.1. We warn the reader that new potentials created along the block-
diagonalization process are 7-dependent though this is not reflected in our notation.

Remark 2.2. It is important to notice that if VI(lki’Q) is block-diagonal w.r.t. the decom-
position of the identity into

)

+ —
PI(Z,i) + PI(L,i ’
ie.,

k, +)1 (K, + )1k, -
VI(z,iq) = PI(L,i)VI(L,iq)PI(l,i) + PI(z,i)VI(L,iq)PI(L,i) ’
then, for I;; C I, ;, we have that
+ +) 1k, + )k, - -
PPV P 4 PV P | B = 0.
To see that the first term vanishes, we use that
+ —
PP =0, (2.6)

while, in the second term, we use that

_ k, _ _ _ _ k, _ _

ri I,
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and
PP =0, (2.8)

Hence VI(Zki’Q) is also block-diagonal with respect to the decomposition of the identity into

P+ Py
Note, however, that
- k, 1 k) p(—)] pl= -) 1k, -
P [P}lt) VRO P 4 POV JQ)P}LJ} P =P V0 pl), (2.9)

But
+ +) 1 (k, + )y (K, - +
PI(T,]') [Pl(z,i)vf(z,iq)PI(L,i) + Pl(l‘i)vl(l,iQ)PI(l‘i)} Pf(r,j)
remains as it is.

Remark 2.3. The block-diagonalization scheme that we will implement enjoys the prop-
erty that the terms block-diagonalized along the process do not change, anymore, in
subsequent steps, in the spirit of the Lie-Schwinger procedure.

2.2. Lie-Schwinger conjugation associated with Iy, 4

Here we explain the block-diagonalization procedure from (k,q¢—1) to (k, ¢) by which
the term VI( 971 i5 transformed to a new operator, VI(’C 9 that is block-diagonal w.r.t.
the decomp051t1on of the identity into

We note that, because the first index (i.e., the number of edges of the interval) is changing
from k to k+ 1, the steps (k, N —k) — (k+1,1) are somewhat different.” Here we deal
with general steps (k,q—1) — (k,q), with N —k > ¢ > 2, and we refer the reader to [5]
and [7] for the special steps mentioned above that require a slightly different notation.
We recall that the Hamiltonian KJ(\’f’q_l) is given by

N—k
Ky ZH +¢ZV(’“‘1 Vs ZV,(;“"’ Vporr Yo vt 20
=1
N—-k—1
,q—1) k,g—1 k,q—1
7 Z VIHfZ ~+TZVI(N a“ AT q11> (2.11)

2 The initial step, (0, N) — (1, 1), is of this type; see the definitions in (2.23) of the terms in the Hamil-
tonian Kn with nearest-neighbour interactions.
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and has the following properties:

1. each operator Vl(lli’q_l) acts as the identity on the spaces H; for j #i,¢+1,...,i+1L.
In Sect. 2.3 we explain how these terms are created, and in Sect. 3.2 how their
(weighted) norms can be estimated;

2. each operator VI(lli’qfl), with l < kor !l = k and ¢ — 1 > 14, is block-diagonal w.r.t.
the decomposition of the identity into the sum of projections in (2.4)-(2.5).

Remark 2.4. The term step is used throughout the paper with two slightly different

meanings:

q)

i) as level in the block-diagonalization iteration, e.g., K ](\],C is the Hamiltonian in step

(k,q);
ii) for the block-diagonalization procedure to switch from level (k, g — 1) to level (k, q),
e.g., the step (k,q— 1) — (k,q).

With the next block-diagonalization step, labelled by (k,q), we want to block-
diagonalize the interaction term Vl(kk;q_l), considering the operator

Gro, = > Hi+r > v Ve pr Syt (2.12)

1Clg,q I, Clg,q I—1,iClk q

as the “unperturbed” Hamiltonian. This operator is block-diagonal w.r.t. the decompo-
sition of the identity, i.e.,

G, = PG P+ PG, P (2.13)
see Remarks 2.2 and 2.3. We also define
En, =010 - ®WUiq, Gr, , Qg @Qgy1 @ -+ @ Qpyq) (2.14)
so that
Gr., P\ =By, Pl ).

Next, we sketch a convenient formalism used to construct our block-diagonalisation op-
erations; for further details the reader is referred to Sects. 2 and 3 of [3]. For operators
A and B, we define

ad A(B) :=[A, B], (2.15)

and, for n > 2,
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ad"A(B) :=[A, ad" ' A(B)]. (2.16)

This definition is in general only formal for unbounded operators; in fact, the B operators
in the formulae below are unbounded. But, as shown in the proof of Theorem 3.4, the
formula is still meaningful for the operators considered in this paper. In the block-
diagonalization step (k, q), we use the operator

Slk,q = ZTj(S[kth ) (217)
j=1

where the terms (S, ); are defined iteratively; (notice that our definition is meaningful,
since (Vl(kk;qfl))j depends on the operators (Vl(kk;qfl))l and (S, ,)r, with 7 < j):

1 T kN —k -
(1001 = G P (VN0 P (2.18)
- k,N—k 1
—P Ny P — (2.19)

J 1 ’
h le,q - EIk,q

kg—1 kg1
(Vl(k,qq ))1 — Vl(k,qq )7

and, for j > 2,
(Vf(:;qil))j =
1
Z _'ad (Slk,q)rl (ad (SIqu)'r‘Q e (ad (Slk,q)rp (le,q)) . )
p>2,r1>1.,rp> 1 ri =] p:
1
+ Z —'ad (Slk,q)rl X
p=2lri2l. rp2lirittrp=j—1
k,q—
N (ad (St )ra -+ (ad(SIk,q)rp(VI(mq 1))) ) ) ) (2.20)

The operator Sy, . will turn out to be bounded and, consequently, ¢%Tk.a is invertible.
We will prove that

K](\l/?)q) = eslk,q K](\]?q_l) eis%‘q (221)

where the l-h-s in (2.21) involves the effective potentials Vl(f’Q) (see Sect. 2.3) defined in
such a way that, a posteriori, the identity above holds.
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Remark 2.5. The formal sums defining the operators (Vl(kk’qqfl)) ; and (St ,);, and the
series defining VI(jf) and Sy, , are controlled similarly to the real coupling constant case
treated in [5]. This is the content of Sect. 3, where the operators (Vl(:;qfl)) ; and Vl(kk;q)

will be shown to be bounded in the norm || - || o, whereas the operator Sy, , will turn out
to be bounded. The more regular behaviour of Sy, . is due to the projections entering

the definition of (Sy, ,);, since one of them, PI(;:Z’ is of finite rank.
2.8. The algorithm ar,,

The interaction terms arising in our block-diagonalization steps are controlled by
an algorithm, «y, ., which determines a map that sends each operator VI(lki’qfl) to a
corresponding potential term supported on the same interval, but at the next block-
diagonalization step, i.e.,

k,g—1 k,
o, , (Vi) = vk (2.22)

1,

To simplify our presentation, we consider a nearest-neighbour interaction with

Ve, o o= (HY  +1)"2 Vi, (HY  +1)72 <

N =

However, with obvious modifications, our proof can be adapted to general Hamiltonians
of the type as in (1.5).

We start from VI(O?;N)
the potential terms. In Definition 2.6, we present the iterative definition of the operators

:= H; and follow the evolution of these operators as well as that of

k, k,g—1
Vf(ziq) = alk,q(vf(l,iq ))

in terms of the operators, Vl(rk;qfl), at the previous step (k,q — 1), starting from

vl =g vt =, VO =ofor i > 2. (2.23)
We warn the reader that the definitions below involve unbounded operators; see Re-

mark 2.7, below.

Definition 2.6. We assume that, for fixed (k, ¢—1), with (k,¢—1) > (0, N), the operators
VI(lki’q*l) and Sy, , are well defined, for any [,i; or we assume that (k,q) = (1,1) and that

the operator Sy, | is well defined. We then define the operators Vl(lki’Q) as follows (but

note that if ¢ = 1 the couple (k, ¢ — 1) is replaced by (k—1,N —k + 1) in (2.24)-(2.28));
see Fig. 1 for a graphical representation of the different cases b), ¢) d-1) and d-2, below:

a) in all the following cases
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Case b) Ik,
q
i I,
Case q) |k,c
q
i II,i
Case d-1) k,q
q
i II,i
Case d-P) lk.q
q
Ilyi i+l

Fig. 1. Relative positions of intervals I 4 and I; ;.

ai) [ <k—1;

a-ii) I, O Ii,q = 0
a-iil) I;; NIy q # 0 but I >k and I € I; 4
we define

k, k,q—1
Vb= y e, (2.24)
if I, ; = I, 4, we define
k, j— k,q—1)\dia
VI(L,azq) = ZT] 1(V1(l,,;q ))j ga (225)
Jj=1

where “diag” stands for the diagonal part w.r.t. the decomposition of the indentity
into PI(:) + PI(l_i);
if Ing C I;; and 4,1+ 1 ¢ I, 4, we define

o0
k, k,g—1 1 kg—1
VI(M_Q) = VI(,,iq ) + Z o ad”SIk’q(VI(lyiq )); (2.26)
n=1

if Iy, ¢ C I;; and either ¢ or i 4 [ belongs to Ij 4, we define
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d-1) if ¢ belongs to Iy 4, i.e., ¢ = i, then

k,q) . k,q—1 ng ,q—1
Vi = Vi )+ZZ rad" S (VD) (2.27)

j=0n=1

d-2) if i + [ belongs to Iy 4, i.e., ¢ + k =i+ [ that means ¢ =i+ [ — k, then

k oo
k, kyg—1 | . kog—1
VD = VR LTS ad Sy (V) (228)

j=0n=1

Notice that in both cases, d-1) and d-2), the elements of the sets {Ilfj,iJrj}?:l and
{I_ji}%_,, respectively, are all the intervals, .7, such that . NI 4 # 0, I ¢ Ijq,
Ik’q g &, and ¥ U Ik,q = Il,i~

Remark 2.7. The results in Theorems 3.4 and the argument in (3.47)-(3.51), below, imply
that the quantities defined in (2.24)-(2.28) are to be understood as quadratic forms on

1

the domain D((HIOLJ;)Q)’
Remark 2.8. Notice that, according to Definition 2.6:
o if (K',q') > (I,7) then
Vi =i (2:29)

since cases b), ¢), d-1), and d-2) do not arise;
o for k£ > 1 and all allowed choices of g,

k,
Vi = (2.30)
due to a-i);
o the following identity holds
eStna (Gry o+ TVIEITD ) e Shn = Gy, oIV (231)
j=1

Hence the net result of the conjugation of the sum of the operators VI(lki’q_l) appearing
on the left side of (2.31) can be re-interpreted as follows:
a) The operators V(k’q_l) with I ; C Iy, 4, are kept fixed in the step (k,¢—1) — (k,q),

i.e., we define V(k’q) V(k’q D , hence

Gr,= > Hi+1 > v;;ff—1>+...+T 3 vlk’“i Do (2.32)

iCly,q I1,iClk 4 Ik—1,iClk,q
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= > Hi+r Y Vs N v, (2.33)

iCly,q I,iClk,q I_1,iClg,q

b) the operator Vl(f;q_l) is transformed to the operator

oo

k k 1)\dia
VI(k, q‘] . Z Vl(k qq )) g

which is block-diagonal, and
IVAED o < 2V o,

as will be shown, assuming that |7| > 0 is sufficiently small;

« the expansion of e’ IV(Ic 9V e ™51 in cases c), d-1), and d-2) is controlled (see
Theorem 3.4) by explomng the boundedness of Sy, ; and the bound on the weighted
operator norm ||V1(lk1q 2 || 70, which are proved iteratively by combining Lemma A.2
with Theorem 3.4.

3. Block-diagonalization of K (7) and analyticity of En (7)

In this section we add mathematical rigour to the block-diagonalization procedure
described in Sect. 2, and we prove the main result of the paper concerning the analyticity
of En(7). The section is divided into three parts. In Sect. 3.1 we study the modifications
that are needed (due to the complex coupling constant) to show that G/, , does not have
spectrum in a certain punctured small disk centred at Ej, ; in Sect. 3.2 we outline the
control of the weighted norm of the effective potentials; in Sect. 3.3 we state and prove
our main result, namely Theorem 3.8.

3.1. Block-diagonalization: spectrum of the local Hamiltonian Gy, , around Ej,

We define
<‘/[g’i,q71)> (31)
= (2@ Q1 ® gy, VTV Q0 Qi © Qi) (32)

= (@ Qi1 ©Qiyy, (H,  +1)72 V(kq DHY +1)73 Q@ Q- ® Qi)
(3.3)

which, using the definition in (2.14), implies the following identity

B, =r{ > (V¥ +r 3 (v (3.4)

I,;Clg,q Ix—1,iClk,q
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Our inductive hypothesis is that, for |7| > 0 small enough, and for arbitrary (I, 1),
— L (kq—1 —1 k,q—1 -1
|G, + D)2V ED ) = VS e < T (35)

Remark 3.1. [Domain of Gy, | Assuming the bound in (3.5), the formal expression
G1,., is a well-defined closed quadratic form, which we denote by gy, _, on the domain
D((H ?k’q)%). Hence, as in the definition of the operator associated to the closed quadratic
form in (1.9)-(1.10), we can state that, for |7| sufficiently small but independent of &, g,
and N:

i) there is a domain that we call D(G7, ) C Q(g1, ) where an m-sectorial — and thus
closed — operator Gy, . = Gy, ,(7) is defined, and the associated form coincides with
gr,., (the operator Gy, . is uniquely determined by the properties in i));

ii) the form domain Q(G7, ,) coincides with the form domain, Q(H?M) = D((H?k,q)%),
of H ?k’q.

We refer the reader to Theorems 3.9 and 2.1 of [11].

According to the scheme described in Sect. 2.2, the operators Vl(jki’q_l) are block-
diagonalized, for arbitrary 1 < j <k —1; i.e.,
k,g—1 +)1(kyg—1 )1 (kg—1) p(—
VI(qu ): I(]l)VI(],lq )PI(JI) +PI(J,1)‘/I(]1q )PI(JJ) (36)
Hence we can write
+ k,g—1 k,g—1 +
PO Hbr 3 v hgr 3 VIR @)
1Clk q I Cly,q Ti—1,iClk,q
— pM)
- Plk,q |: Z H; (38)
iCly,q
3 PR e 0 PVETUR) - (3.9)
I,iClk,q I, Clk,q
(3.10)
(+) v/ (ka=1) p(+) (=) y/(ka=1) p(=) (+)
+7 Z Plk—l,iVIk—l,i PIl,i +7 Z PIk—l,iVIk—l,i PIk—l,i PIk,q .
I _1,iClg q I 1,iCli.q
(3.11)
Recalling that PI(;) =1- PI(:Z_), we observe that
)y (kyg—=1) p(— k,q—1 - k,g—1 k,g—1 +
L D S T | B (G AN GB L)

and, from (3.3),
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k,q—1 — 1l (k,g—1 _1
(VDY < @)+ )RV @) TR (3.13)

Next, we define

(k,q—1 k,q—1
Vi, =Ty PR Rty ple) (3.14)
I1,iClk . q
T (3.15)
k,qg—1 q—1
> P}j)_(vfkj,i)—<v,(k‘f )>)P(k+)_. (3.16)
I _1,iCly g

Consequently, we have that

PG, — B )P (3.17)
= PP [ 3 H (3.18)
iClk.q
,q—1 k,q—1
Ty Pf(i 11 ) <V1(1,iq )>)P(+) + (3.19)
I1,iClg,q
(3.20)
k,g—1 k,q—1
D D /AL 7 ) 7 AL D G G %20
I _1,iClg q
—Pﬂ[ Y Hi+ TVIM} Pt (3.22)
iClyg,q

which is a closed operator on PI(:q)D(G Tg)-

Lemma 3.2. Assuming condition (3.5), and choosing |T| so small that

187 Y (G + 1|7 >0, (3.23)
j=1

the following inequality holds true

1 2
PGy, — i, — 2)P) O E 1—8|r| %0, + D) |r|'T
1o, (Gry — Eny — 2) Il 252G+ D) 7]

(3.24)

. . 1
for arbitrary z with |z| < 5.

Proof. We propose to use the following expansion, for |7| sufficiently small and z € D 1

1 (+)
P (3.25)
PGy, — Er, — 2)P)

Iy 4
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1

( ) x (3.26)
P (s, Hi = 2) Pr)
S 1 L ph) (+) 1 a
XZ ( )2[_PIQTV1,<1PI q]( )?
o { p;:q) (Cict,, Hi—2) p;:q) ka T Tk T, P}:q) Cicr,, Hi—2) P};fz }
1 .
x ( )z (3.27)
+ +
P (s, Hi = 2) Pr)

To justify this, we need some ingredients. First, we make use of the spectral theorem
(recall that H} is self-adjoint) and the assumption in (1.4) to derive the bound

HY +1,
1P () Pl < v (3.28)
Ir;

By combining (3.5) and (3.13), we find that

_1 k,q—1 k,q—1 1 i1
(Y + 1)~ 2 (VR Ry () )T < 2| T (3.29)

7t It

Next, for each 1 < j < k — 1, we can make use of the following inequality

1 1 k,q—1 k,q—1
PSP v — vy pEb)

(= .
PR (Ycy,  Hi—2) Py

1 .
Py H (3.30)
CCP) (Cier,, Hi—2) Pr)
1
= sup (g, ( )? X
loli=llpl=1 P (Y er, Hi—2) P

Ikyq ’L-CIkyq g Ikyq

+ + k,q—1 k,qg—1 +
x PPN P vy ham ) pity o
1;:Clg g

-

1
><P(+) (
Iy ,q P(+) (Z H — Z) P(+)

Iy, q iClg,q 70 Iy, q

N
D=

IR

Next, in the scalar product above, we replace the operator PI(_Jr_) with

Js

(i3, + 1+ g i, (3.31)
I,
hence we can write
(3.30)
< sup {||<%>%<H9N>% PP
lell=Ivl=1 7, ;1.0 I
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e 1 <+>>%T%0“ 8
Plk,q (Zicl H; — )PIM
0
LTl o) o) 1 1
< ()2 (Hy, )2 PP (= )2 ¥l x
Hy . i o PO (S Hi = 2) P
—1 o (kg—1 k,q—1 1
<N, + )73V — vy @p - 1)7E (3.32)

Recalling (3.28) and (3.29), and using the Schwartz inequality, we can finally estimate

(3.30) (3.33)
<d4r|'F
1 p() p(+) 1 1
sup {np )% PP H] el x
|@|—|w||—1,j,iczlkyq p e e B p (S, Hi— 2) P
1

1
<|[(HY, )5 PE P

)2 || (3.34)
e aoar

j— 1 1%
<4l sup (v, [ ]
=t P (S, Hi - 2) Py
(+) 0 (+) 1 i
vt e e P (8 — ) P
i—1 1 1%
= a5 [ LI
P (Cier,, Hi = 2) Py
1 1
< PSS HY )P )2l (3.35)
,q Jyi .q + +
* 1;iClg q * Pf(kyz (Ziclk‘q Hl - Z) PI(k,j
We observe that, for 1 <I< L <N —r,
L L+r
S H) <(r+1)) H, (3.36)
i=l i=l
and, for |z| < 3,
I[m 1 (+>)%TPI(33( > H) P 1 il
P (Ziclk,q H; - 2) P T iCI, R A (Zz‘clk,q Hi—2) P
<2, (3.37)

which follows from the spectral theorem and from the assumption in (1.4). Hence, we
readily deduce from (3.35) and (3.36) that
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1

I )} (=P 7vn,, P
P (S, Hi—2) Py '
1 1
x ( )z (3.38)
PI(:LB (Ziclk H; - 2) P;:Z
k—
1 1%
<13 3]
J=1 [ qu(zicnc,q Hi*Z)PI(,C,q) }
(+) 0 (+) 1 1
x PN HY P (— —)?|| (3.39)
: 15,iClkq " Pl(k(z(ziclkﬂ H; —z) Pl(kz
k—1 [ 1 .
<4 TG+ |( )z
+ +
j=1 I(kj (chlk,q H )P( :
1 1
x P ( Z H) P H (3.40)
,q + +
R ‘ P,k3<zic,k H; — z) PV

Z )T (3.41)

where we have used (3.37) in the last step. Finally, we can conclude that, for |7| suffi-
ciently small but independent of k, ¢, and N,

1 Li_p (+)
HZ{ - 5 =P v, P
Py q) (Cicr, Hi—2) P}k,j ", N
1 !
x ( iy (3.42)
P;:z (Zicf,c,q H; - z) P;:Z
1
< — < oo. O (3.43)
1= 87| 3252, G+ D 75

Lemma 3.2 implies that, under assumption (3.5), Er,  is an eigenvalue of the Hamil-
tonian Gy, , = Gy, ,(7) isolated from the rest of its spectrum by a distance larger than
or equal to %, for |7| sufficiently small but independent of N, k, and g; as stated in the
following Corollary.

Corollary 3.3. Assuming (3.5), and choosing |7| sufficiently small, but independent of N,
k, and q, the following statement holds: the spectrum of the Hamiltonian Gy, , in the
disk of radius % centred at Ey, - consists of only Ey,  , and Ey,  is the eigenvalue of
G, corresponding to the “vacuum” eigenvector, &)

i€l Qj,inHy, ,, ie.,

GI,C,qPI(;z = By, P

Tng
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- [T ook M (V,(k’“_"j;”ﬂP};j, (3.44)

I,iClk g I_1,iClg,q

and
Gra iy = Pil G Pr)
with P}:j(leyq - b, — Z)PI(:—(? invertible on P}:;’H for |z| < 3.
3.2. Block-diagonalization: bound on ||Vl(flfq) |lzo and consistency of the iterative scheme

Recall that, according to the rules of the algorithm, the weighted norm of the poten-
tials does not change, i.e., ||VI(TI?;q_1)||H0 = ||VI(fi’Q)HHo, in the step (k,q — 1) — (k,q),
unless I, ; N I 4 # 0; for more details see [5]. Furthermore, if (k,q) = (r,1), V}f;q) does
not change anymore at subsequent steps. Hence in the theorem below we estimate the
change of the (weighted) norm of the potentials in the block-diagonalization steps, for
each (k, q), starting from (0, N) up to (r,7). To this purpose, we have to make use of a
lower bound on the distance between Ey, . and the rest of the spectrum of the operator
G1,.,- We will proceed inductively by showing that, for |7| sufficiently small but inde-
pendent of r, N, k, and ¢, the operator-norm bound in (3.5), at step (k,q—1), ¢ > 2 (for
q = 1 see the footnote), yields control over the spectrum of the Hamiltonian Gy, , in a
disk centred at Ey, , (see Corollary 3.3), and the latter provides an essential ingredient
for the proof of a bound on the weighted operator norms of the potentials, according to
(3.5), at the next step?® (k, q).

Theorem 3.4. Assume that || < to, with ty sufficiently small but independent of k, q, and
N, and such that the assumptions of Lemma A.2 are fulfilled. Then the Hamiltonians
G1,,, are well-defined closed operators, and

S1) for any interval I, ;, with r > 1, for (k,q) < (r,i + 1) and for (k,q) = (r,i+ 1) the
operator

(HY  + 1)V HD  +1)73

has a norm bounded by |T|%1,
S2) le,qHPI(:?jH has no spectrum in the disk W% centred at Ey, .., where Gy, is

defined in (2.12) for k > 2, and Gy, , := Hy + Hyq1.

Proof. The proof is identical to Theorem 4.1 in [5], with Lemma A.2 in place of Lemma
A.4 of [5], and provided ¢ is replaced by 7 or by |7], respectively, depending on the

3 Recall the special steps of type (k—1,N—k+1) — (k,1).
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context. Furthermore we make use of Remark 3.1 and Corollary 3.3 for the statement
regarding G, .. O

In the next theorem we explain how the Hamiltonian Kl(\f’q) (see (2.2)) is defined
in terms of the potentials VI( ) (see Definition 2.6) and prove that, as an operator, it
coincides with ek K](Vl? AT 1) =51y
Theorem 3.5. Assume that |7| < to. For the Hamiltonian KJ(\],c’q) (see (2.2)), with k > 1
and q > 2, the following identity

N-1
v K970 _kaq—ZH +7 >V ’q)-‘rTZV SRR +TZV<’W (3.45)
i=1 i=1 i=1

N—k—1
r Z vk | +er<kq + vk (3.46)

k+1,i N11

holds on the domain ¢°'x.a D(K](\’,C’qfl)), where the operator on the r-h-s is understood as
the unique m-sectorial operator associated with the m-sectorial form

k, 1 3
s D((H,_, ,)?) x D((H},_, ,)?) = C

given by
L N N N N—-1 . N—-2 .
KV w) = S (HE @ HE) +7 3 (Vo )+ 7> (VDo gy 4
i=1 i=1 i=1
N—k N—k—1
k k
+7 > (VD) + 7 (VD ,9) +
i=1 =1

with .1 € D((HY, _ )?).

Proof. We present the proof for ¢ > 2, the case ¢ = 1 can be proved in the same way.
We observe that, by following the arguments used in Theorem 4.2 of [5], one can prove
that the identity claimed in the statement holds formally. However, our final goal is to
prove that (3.45) is in fact an identity between two m-sectorial operators (for definitions
and results on m-sectorial operators the reader is referred to the classic monograph by
T. Kato [11]).

To this aim, we first observe that D((H?Nil,l)%) is invariant under the action of €%

This is shown by the following estimate.
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For (1 >)tp > |7| > 0, and for any ¢ € D((H?N_M)%) and m € N, we have

1
I(H?. )2 (Sr.) ™l (3.47)
1 ,
=|(H® Y2 ——— (H? ., +1)2(S;, )"y 3.48
(H3,,) (D +1)§( Lo\, T 12800l (3.48)
1 1
— |[(H® )2 Sp Y™(H® ., +1)2 3.49
||( Ir,z) (H?’“L\Ik ) + 1)% ( Ik,q) ( Ir,z\Ik,q ) SD” ( )
(HY )2 . ,
< IICHE,  + 1280 I ISn I IHL g+ D2l
(HY i, + D3, #1300 S e
(3.50)
<om, (3.51)

for some constant C, depending on ¢. Here we have exploited estimates (A.5) and
(A.6) in Lemma A.2, the spectral theorem for commuting self-adjoint operators, and the
assumption ¢ € D((H?N_l’l)%).

Next, using the type of manipulations and estimates appearing in the proof of Theo-
rem 3.4, we derive that the relation in (3.45) holds as an identity between matrix elements
with vectors in the domain D((H7,
exponential operator and control the series whenever we consider a matrix element with

)2), i.e., on the l-h-s of (3.45) we can expand the

vectors ¢, ¥ in D((H?N_Ll)%)7 and then check that they correspond to the analogous
matrix elements of the terms on the r-h-s. In this step one has to make sure that also
the off-diagonal terms that cancel out on the l-h-s of (3.45) are individually well defined;
(this cancellation is indeed the purpose of the conjugation). This amounts to say that
for any VI(::']) and any j > 1 the following matrix elements are well defined

(D TR (e I (3.52)

i T, J

Since ¢, 1 are supposed to be in D((H?Nim)%), this readily follows from (A.22) and
estimates (A.30)-(A.33).

Now, thanks to the estimate provided by S1) in Theorem 3.4 and [11, Theorem 3.9,
p. 340], the bilinear form ﬁg\l,c’q) defined in the statement is m-sectorial on its domain
as a perturbation of a closed symmetric form (the one determined by H?me) by a
small perturbation in the sense of quadratic forms, provided |7 is chosen small enough
(i.e., |7| < tp), but independent of either N or (k,q). Next, we invoke [11, Theorem
2.1, p. 322] to define K](\I,c’q) as the unique m-sectorial operator associated with the form

x5 whose domain, D(K J(\f’q)), is contained in the domain of the form itself, namely in
1

D((HY,_,,)?).
Concerning the 1-h-s of (3.45), using an induction, we see that the operator
e5Tkq K](\f’qfl) e Sk is m-sectorial, since K is m-sectorial. In light of the invariance
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1

property (see (3.47)-(3.51)) proved above, its domain is contained in D((H?N_M)f).
The identity between matrix elements discussed above implies that the form deter-
mined by et K" ¢ ™51k coincides with the form determined by K7 and
restricted to ex.q D(K](\?’q_l)) (recall that the latter form is defined on the (form) do-
main D((H}, |

shows that the operator eTr.q KJ(\’f’q_l) e STha is extended by K}(\iw)‘ By recalling that
m-sectorial operators are m-accretive (cf. pp. 279-280 in [11]), and no proper inclusions

)2)). Hence, a straightforward application of [11, Corollary 2.4, p. 323]

can hold between any two m-accretive operators, we conclude that (3.45) is an identity
between two m-sectorial operators. We recall that m-sectorial operators are densely de-

fined; in particular from [11, Corollary 2.4, p. 323] we get that D(H?Y ) C D(K](\l;’Q)),

IN-11
using induction, since Kj(\?’N) = Ky and D(H?Nil_l) C D(Ky), as explained in Sec-

tion 1.1. O

Theorem 3.6. Under the assumption that (1.4), (1.6) and (1.7) hold, the complex Hamil-
tonian Ky = Kn(7) defined in (1.9) has the following properties: There exists some
to > 0 such that, for any T € C with || < tg, and for all N < oo, an invertible operator
Un(7T) can be constructed such that

L. UN'(7)Kn(T)UN(7) has a nondegenerate eigenvalue, En(T);
2. the rest of its spectrum is at a distance larger than or equal to % from En(T);
3. for T =t € R, the eigenvalue En (T = t) is the nondegenerate ground-state energy of
Ky(t).
Proof. Notice that K](VN_l’l) Giy_,, + TV](IVN;ll’l)

= . Thus, we have constructed the
invertible operator Un(7), see (1.15), such that the operator

UR (M EN(TUN(T) = Gy, + 7V 0D = Kn(7)
has the properties in (1.16) and (1.17), which follow from Theorem 3.4 and from (3.24)
and (3.44), for (k,q) = (N —1,1), where we also include the block-diagonalized potential
(N=1,1)

Vieer. - O

Remark 3.7. We stress that, for 7 in the disk of radius ¢y centred at 0, all the series used
in the construction of all the intermediate Hamiltonians converge uniformly. This result
will be invoked in the next theorem wherever those series appear.

3.8. Block-diagonalization: analyticity of Eny = En(T)

Theorem 3.8. Under the hypotheses of Theorem 3.6, the eigenvalue En(T) of
UN'(T)En(T)UN(7) is an analytic function of T in Dy, := {7 € C : |7| < to}.
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Proof. Since, by construction, Ey(7) := (Kx(7)Q,Q), with

N N-1
ot N-1,1) N-1,1) N-1,1 N-1,1
KN(T> = K](V )_ZHl—i_TZVI(lm Z ( )+ VI(N 11 ),
(3.53)

it is enough to show that, for all 1 <i < N —r, 1 <r < N — 1, the operator-valued
functions

1 )%V(me) 1 )%

3.54
(HO IR R (H?”Arl (3:54)

are analytic in D;,. Our strategy to show this will consist in establishing the following
property:
Property A. For any I,; and (k,q), the (bounded) operators

b 1
H0 1

N

1 1
Yy ) )

Ly (k) 1
V.
(HO IR S (H?MH )?

f (T)(W)% (3.55)

are (strongly) analytic in 7 € Dy, .

The result will be achieved by implementing an inductive argument in (k, g). Since we
will deal with bounded operators, the analyticity is always understood in the strong
sense.

Initial step

At the initial step, (0, N), the only nonzero potentials are Vl(lo;N), 1<j7<N-1,and
they are 7-independent. Hence the corresponding operators

1 1 (0,N) 1
(H? ,+1)2V11’j (H? +1)
1,5 1,5

=

are entire operator-valued functions.
Inductive step

We can now move on to the inductive step and show that Property A holds for all
I,.; at step (k,q) if it holds for all (¥, ¢") < (k, q). There are four different cases, a), b),
¢), and d-1), d-2), as in Definition 2.6. We observe that case a) is trivial. Next, we study
case b) in detail.

Case b)
We want to prove that
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LI So1CX P SRR
— )2V Y (—— .
a1 (3.56)
is analytic in 7 € Dy,. We recall the formula
k, i— k,q—1)\dia
Vie® =3 el (3.57)
j=1

where the terms (Vk(f]’q_l))j are given by

(v, o (3.58)
1
> —ad (Sr, ), X
P2, > 131y tetrp=g L
x (ad (St ) -~ (ad (Sr ) (G L)) - ) (3.59)
1
+ > Hacl (St ) X
p>lri >l rp>lsri 4 Frp=j5—1
x (ad (St )rs - (ad (1, ), (Vi) L) (3.60)

and the bounded operators (Sy, ,); are computed by means of the following formula

1 + kyg—1 - =) e r(rg—1 1
SIS mpz(k,j (Vira™); P = Py (v )

I)C‘q Ikyq

_—P("") )
J GIk,q _ EIk,q Ik,q

(3.61)
Similarly to the control of (Vl(k’qfl)) j we insert the identity operator in the form
k,q

1 1 1 1 1
1= (——)2(HY 1)2 = (H? 1)2 (—=——)2 3.62
(H?kq+1) ( Ik,yq—*— ) ( Ik1q+ ) (H?kq+1) ( )
in a suitable way to express (3.58) in terms of the operators
1 1o (k,q—1) 1 1
B T ’ —_— 3.63
(H?kq+1)2 Ik‘q (H?kq_i_l)z ( )

and

(Sro)e(HY, +1)% (HY  +1)2(Sp, ) (3.64)

with r < j. Then, assuming that Property A holds at step (k,q — 1), saying that, for all
I,.; and for all (k',¢’) < (k,q), the operators

1 1or(kg—1) 1 1
S — ) (— 3.65
(HIOT1+1)2 I’r,i (H?Tl—’-]_)Q ( )
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are analytic in Dy,, we can implement an induction on j and prove that, for all j, the
operators

1
(a0 +1
Iy, q

|-

>%<V(k,q71) 1

Tow )j(w) (3.66)

are analytic in 7 € Dy,, where the result for j = 1 is precisely Property A at step (k,g—1).
Indeed, suppose it is true for all j/ < j, then, using Property A at step (k,q—1), we get
that the operators

(S (HY  +1)2 (HY, +1)2(Sy, ) (3.67)

are analytic in the same open disk, too, since they are obtained as products of the
operators, which are analytic in 7,

1 1o (kg—1)y 1 1
(H?kq T 1)2(V1k7q )j’(H?kq T 1)2 (3.68)
with the operators
le’q _ EIk,q Iy 4 Ix,q ) Iy 4 Ik q le)q . Elk,q ; .

and the latter are analytic in 7 because of the expansion in (3.25). Indeed:
1) all the summands of the series in (3.25) are analytic in the same disk by Property A
at step (k,q —1);

2) the series are norm convergent uniformly for |7| < tg, (see Remark 3.7).

Finally, from the proof of Lemma A.2, the series

=

1 1o (k,q) 1 1 N 1 1o (kq—1)\di 1
- VASSLE VY (F— b J —— Va(y\e nwage____
(H?k1q+1) k,q <H?kq+1> ZT (H?k,q_Fl) ( k,q )] (H?k,q_kl)

(3.70)
is then easily seen to converge uniformly in 7 for |7| < tg. Thus, we can conclude that
the I-h-s of (3.70) is analytic in Dy,, too.

Jj=1

Case ¢)
We start by recalling that, in this case,

1 1o (k, 1 1
(H? ._~_1)2V](m.q)(H? ._"_1)2 (3.71)
1 1 (k,g—1 1 1
=y ) ) (372)
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> 1

1 1 1 (kq—1) 1
(Ho +1) {nz_:l”' ad"Sr, ,(Vr,., )}(H?MH)) : (3.73)

The procedure to be used is quite similar to case b). Just as in controlling the norm in
Theorem 3.4, we insert the identity in the form

1
H0 +1

(1 1
HO S+l

[N

1=(H) +1)% ()7, 1= )E(HY  +1)% (3.74)

on the left and the right side of Vl(rk;q_l), respectively. By combining the arguments used
for case b) and the estimates in Lemma A.2 leading to (A.5) and (A.G), we derive that

Ste, + Si,(HY + 1)%, and (HIOM + 1)%5116& (3.75)

r i

are analytic in 7 € D,. Hence we conclude that the series

Z e ad"Sr,, LDy (3.76)

n= 1

consists of analytic operators, for 7 in Dy, which, according to the proof of Theorem 3.4,

q)

converge uniformly, for |7| < to. Hence, Vl(fi’ is analytic in Dy, too.

Cases d-1), d-2)
These two cases are very similar to case c), and we omit the proof. O

As an application of the techniques we have developed in the present work, we show
that the limiting function

. En(7)
NN

(3.77)

is well defined and analytic in 7 € Dy, (as in the foregoing result), provided the chain
is invariant under translations in a sense specified below. Recall that each H; is a copy
of a Hilbert H, so that, given a vector ¢ € H, we call @; its representative in H;. For
7 € N, we consider the unitary operators

Uy + Hi = Hivgyy » UGin (00) = 0(i4j)n » (3.78)

where (i + j)ny := i + j — pN with p the smallest number in Ny = N U {0} such that
1 <i+j—pN < N.In particular U;), Q2 = Q4 - Define

Uiy + HV — 7 (3.79)
as

Uiy (D) 1= Uy Ha) @ Uy Ha) @ - @ Uy Hn-1) © Uy Hy) . (3.80)
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Proposition 3.9. Under the hypotheses of Theorem 3.6, and assuming that in (1.9) the
potentials Vr, ,, k < k, depend only on the length, k, of the interval Iy, i.e., for any
1<i< N and any j, provided (i + j)y < N — k,

Vieiny = Uo)w Vi UG » (3.81)
the limiting function
E
g(r):= lim v (7)
N—o00

exists for any |T| < to and is analytic in T in the open disc Dy, .

Proof. Thanks to the local features of the algorithm «y, , by an inductive procedure
it is not too difficult to realise that the effective potentials Vl(lli’Q) created in the course
of our construction enjoy the same covariance property assumed for the potentials V7, ,
entering the initial Hamiltonian Ky, i.e.,

(k,q) (k,q)7 /%
V a Z/{( ) ‘/Ik: lq U(J)N . (382)

Te, it
Consequently, the total energy En admits a decomposition into a sum of the type

N—-1
Nll)
mE (7),

=1

where n; = N — [ is the number of subsequent sets (“intervals”) of length I contained in
1,2,...,N, and EZ(N_M) is the common expectation value of the effective potentials of
length ! in the final step, (N — 1, 1), in the vacuum vector. Notice that by construction
EZ(N_l’l)(T) coincides with El(l_l’l)(r) corresponding to a chain of length {. From Theo-

rem 3.8 we know that this function, El(lfl’l) (7), is analytic in Dy,. Hence, both existence
En (1)

and analyticity of ¢(7) follow if the sequence of functions { } NeN 8 shown to be
uniformly Cauchy in the disk |7| < ¢.

To show this, note that the estimates on the || - || Hp TOTIS of the effective potentials
readily imply that the inequality |E(N L) \ < \T| holds true for any natural number
Il < N. Next, let M > N be two positive integers. Then, for any > 0 there is some Ny

such that, for N > N, we can estimate

|EN(T) EM(T)|
N M

M
N —1 M —1 (1-1,1) M —1 (I-1,1)
T MR 3 S E
I=N+1

N

WE

1

N (o'
1-1,1 1-1,1
CESTY ST B
=1 I=N+1

M —
NM
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N oo
1 _ _
S N D D
=1 I=N+1
c
<(<+Rv)<s
> N+ N>_ )

for any 7 such that |7] < to, where C' is a universal constant and Ry depends only on
N, since the series of functions y_,°, |7 5 and leil L |7] ' converge uniformly in 7],
for || < g, with ¢y as in Theorem 3.8. O
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Appendix A

Lemma A.1. Assume that |\V}f£q71)||Ho <|7|"% and define

. j—1
18| S, D) [

A]k,q = B 5 (Al)
then for |7| sufficiently small and independent of k, q, and N,
1 1
H o+ ———— pHEY 1)
H( Ik,q ) (lewq - Efk)q) Ilc,q( Ik,q )
1 1
—|(H® +1):PP _—— —  (HY 41)3 ‘ < , A2
H( o D1 (Gry., *Elk.q)( fhg T < Ap, (4-2)
1 () ( g0 ! 0 ipt 1 V2
— P,V (H;, +1)2|, ||(H;, +1)2P < . (A3
e S IR B (e A et )

Proof. The proof follows from the Neumann expansion in (3.25)-(3.27), from the estimate
in (3.42)-(3.43), and from the spectral theorem. 0O

Lemma A.2. Assume ||V1(rk,£q71)||Ho < |r|"% and that |7| is sufficiently small such that
A > % (see Lemma A.1). Then, for arbitrary N, k > 1, and q > 2, the inequalities

k,q

k, k,qg—1
VA, < 20V gy (A4)

k,g—1
1S5, < Al IV, (A.5)
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and
? 3 0 3 (kia—1)
11, (Y, + D2 = I, + 2S5 | < Bl Ve Ve, (A6)
hold true for universal constants A and B. For q = 1, Vl(kk;q_l) is replaced by
V}f;LN_kH) in the right side of (A.4), (A.5), and (A.06).

Proof. In the following we assume gq > 2; if ¢ = 1 an analogous proof holds. We recall
that

oo
VI(:;Q) — ZTj—l(VI(:;qfl)Eliag (A7)
j=1
and
Squ :ZTj(Slk q)]? (A 8)
j=1
with
k,q— k,q—
(VI(k q 1)) V(k,qq 1)
and, for j > 2,
(Vi) = (A.9)
1
> —ad (Sr, ), X
p>2,r1 21 rp >l ri e drp=j ’
X (ad (St s - (ad (S, ) (G, L)) - ) (A.10)
1
+ > —ad (1, )r, X
p>1,r1 >, rp > r ey =4—1"1"
k,q—
X (ad (S5, )ra - - (ad (S5, ,)r, (VEEITD)) ) : (A.11)
and
_ 1 (+) (1 (ka=1)y  p(=)
(Sn,)i = mPI“ Vi )i P, (A12)
_ _ 1
Py pit)  — A13
Ik,q ( Ik,q )] Ik,q G[qu _ E]kyq 9 ( )
where j > 1.

From the lines above, we have that
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ad (SIk,q)rp(GIk‘,,q) =ad (Slk,q)rp(GIk,q - Elk,q)
= =P (D), P — P (v, P (A1)

Iy, q Iy q ¢ T Ikg P~ Ip g

We start by showing the following inequality:

2V2 kyg—1
o (LAt P (A.15)
Ik,q

Ii,q

1(574,4)51l <

where H(Vl(kk;q_l)) jllm, will turn out to be bounded in the next step. The inequality in
(A.15) is proven by means of the following computation:

1051, )il (A.16)
1 (+) ((ka=1)y  p(-) () (/ka=1)y . p(+) 1
P (v P P (v P
< g rin oas P+ | vt A e
(A.17)

2v/2 kyg—1

< Vi )l (A.18)
Ik, q

where the first term of (A.17) is estimated using (A.3) combined with

1

1 _1 k,q—1 1 (=
H G —F PI(:._z(H?k,q + 1)2 (Hfok,q + 1) ? (Vl(k,qq ))j(HIOk,q + 1) 2PI(k,3H (A'lg)
Ik,q Ik’q

1 1 k,g—1
sHiPﬁ,ij&,qH)z [V, (A.20)

le,q - Elk,q

and an analogous bound can be shown for the second term on the r-h-s of (A.17).
Next, making use of similar inequalities based on (A.2), (A.3) and (H}, .t 1)%Pl(k_3 =

PI(_) we estimate
k,

)
q

2++2

1 k,q—1
(S, )5 (HY 4+ 13| < S22V ) o (A.21)
q Ar .a
k,q
Next, we want to prove that
k,q—1
VD), a0 < (A.22)
L (20) (k,q—1) (kyq—1) (k,q—1)
> ; > Ve el l (Vi m Deallao - (VRS eyllao
=2 P>t
j—1
kq—1 (2¢)? kg—1
+olv el Y 3 VDY, o
p=1 p: ri>l.,rp>lri++rp=5—1

< VEESD) o o (VD) o,

It q
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where ¢ := Ztﬁ(> zli) In order to show this, we observe that formula (A.9) giving
k.q k.q

(Vl(kk;q_l)) ;j contains two sums. We first deal with the second sum, namely

3 llad (S ) (ad (St )ra - - (ad (S, )i, (VEETTD)) ) .

P12l rp 21ty =j—1 7

FEach summand of the above sum is in turn a sum of 2P terms which, up to a sign, are
permutations of

(SIk,q)Tl (Slqu)r2 A (Slk,q)r, V(k,qfl) 7

P Ik g

with the potential Vj(kk;q_l) which is allowed to appear at any position. It suffices to study

only one of these products, for the others can be treated in the same way. For instance,
we can treat

(St ) VTS0 Ve - (St )y -

Notice that

1(S1i.y)rs Vl(f;q_l)(sf’w)” o (S e a0

—CHS, 4 1) (Sn e (Y + D3, + )73V (HY 1)
x (Hp,  + 1) (S5, )ra - - (S )m, (HY,  + 1)~

< WVAE ol S e (B, + DPIICES, , + DF (S el St ) |

k,qg—1 k,qg—1 k,q—1 k,q—1
< IV ol | (VT o | (VT g o - LV TD), o

Tkq Tiq Tk,q Tkq
where (A.15) and (A.21) have been used. Putting these terms together, we get the second
sum of (A.22).

As for the first sum in (A.9), i.e.,

¥ %ad (St )es (80 (St )ro - (0 (S5 ),y (G, ) - )

p>2,r1 21 rp 21ty =)

we note that each of its summands is in turn the sum up to a sign of all permutations of

(Slk,q)ﬁ (ka,q)T’Q s (Slk,q)Tp—1 [7P+

Ik,q

k,q— - - k,q—
(V( q 1))T'pPIk,q 7P1k,,q(V( q 1))T ==z ].

Ik q Ik q P~ Ig,q

A very minor variation of the computation above shows that the || - || go-norm of the first
sum in (A.9) is bounded from above by
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k,q—1 k,q—1 k,qg—1
3 VD) o | (VST o - (VT Lo

°sq
rizl.,rp>1;ri+Frp=j

J 2c)P
Z_:z( !)

p

Henceforth, we closely follow the proof of Theorem 3.2 in [3]; that is, assuming
||V1(kk;q_1) |, # 0, we recursively define numbers B;, j > 1, by the equations

k,q—1 k,q—1
By = [V Vo = (V5T ) o (A.23)
132
B = - I;Bj_kBk, j>2, (A.24)

with a > 0 satisfying the relation

2ca __ 2 -1
et — 1+ ($> ~1=0 (A.25)
a

Using (A.23), (A.24), (A.22), and an induction, it is not difficult to prove that (see
Theorem 3.2 in [3]) for j > 2

2ca

1 k.g— € —1
)2V B (——) . (A26)

2ca __ 2ca —

NV D)l < B; (©

Iy q

From (A.23) and (A.24) it also follows that

k,qg—1
2B; | V5T | 1o

Bj > = Bj—l < ak—il N (A27)
a 2| VT | o
which, when combined with (A.26) and (A.25), yields
k,g—1
By > [ (Vi) o (A.28)

The numbers B; are the Taylor’s coefficients of the function

fa)=3- ( - ¢ 1- <§ : ||v}:f‘”|m>x) , (A.29)

(see [3]). We observe that

k,q—1)\dia
VD)7 o = maxc{]| P}

k,q—1 — k,g—1 -
DVt Py o s B (V01,24 o)

k,q Iy q Ik q

(A.30)

_ L ip@® a0y p 1 1
= ax ||(W)2P1k,q Voo ibrl, (WV | (A31)
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_ @ 1 pepkae-ny L in@y 4 g9

;&nax H qu(HO’ + 1>2(V1k,q )j(H?k,q + 1)2 Ik,qH ( 3 )
k,g—1

< VD)o - (A.33)

Therefore (if we consider the norms ||(Vl(kk;q71))?mg ||go as 7—independent) the radius of

analyticity, tg, of

Zﬂ (v ydies) o =

3=

(Zﬂu ViR ge)  (A30)

is bounded below by the radius of analyticity of Z 2 Bj, ie.,

a

q—1) =
4IIVI Yo

, (A.35)

~1 e

where we have assumed 0 < |7| < 1 and we have invoked the assumption HVI k.q-1) Il o

|7|"3 . Thanks to the inequality in (A.15), the same bound holds true for the radius of
convergence of the series Sy, , == 372, 77(S1, ,);. For 0 < |7| < 1 and in the interval
(0, ), using (A.23) and (A.28), we can estimate

= . k ia 1 «— ;
STV | o SWZ\TIJBj (A.36)
2. 2
1 a 4 (k,q—1)
= — 2. 1=4/1=(= = A.
2 \/ GV o) ]| (A37)
<A+ Ca [T IV g0, (A.38)

for some a-dependent constant C,, > 0. Hence the inequality in (A.4) holds true, provided
|7] is sufficiently small but independent of N, k, and ¢. In a similar way, we derive (A.5)
and (A.6), using (A.16)-(A.18) and (A.21), respectively. O
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