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Abstract: We demonstrate a novel second-order spatial interference effect between two in-
distinguishable pairs of disjoint optical paths from a single chaotic source. Beside providing
a deeper understanding of the physics of multi-photon interference and coherence, the effect
enables retrieving information on both the spatial structure and the relative position of two
distant double-pinhole masks, in the absence of first order coherence. We also demonstrate the
exploitation of the phenomenon for simulating quantum logic gates, including a controlled-NOT
gate operation.
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1. Introduction

The second-order interference phenomena investigated in the mid-1950s by Hanbury Brown and
Twiss (HBT) imposed a deep change in the understanding of interference and coherence [1,2].
In fact, the intense debate raised by HBT interferometry naturally led to the development of
quantum optics [1-4], with its intriguing fundamental studies on multi-photon interference [5—12],
its promising applications (e.g., imaging [13-25], quantum information processing [26-31],
metrology [14,32-34], etc.), and developments (e.g., N-photon state characterization [11,35],
entanglement generation [11,36] and entanglement simulation [37-41]).

In the original HBT interferometer [1], second order interference is observed when light
emitted by a single chaotic source is detected by two separate sensors and correlation measure-
ments are performed while varying either the time delay between the two detectors (temporal
second-order interference) or their relative position (spatial second-order interference). The
two detectors, separately, do not retrieve any (first-order) interference. However, interference
is observed at second-order provided the time delay and the spatial separation are within the
coherence time and the coherence area of the source, respectively.

Recently, Tamma and Seiler have proposed a modification of this scheme [12]: before reaching
the detectors, chaotic light propagates though two unbalanced M-Z interferometers. No first-
order interference exists at the exit of the interferometers, since the unbalancing is larger than
the coherence length of the source. Interestingly, interference between two long and two short
paths is predicted to occur even if the relative time-delay between the two pairs is beyond
the coherence time of the source. This interferometer, substantially different from previous
schemes based on multiple incoherent sources [42—-45], thus offers a deeper insight on the
interplay between interference and coherence in multiphoton interferometry. Furthermore, a
controlled-NOT (CNOT) gate operation [46—48] can be simulated by employing this interference
effect [12].

In this paper, we demonstrate that pure second-order interference between pairs of disjoint
optical paths (paths which do not overlap spatially), originated from a single chaotic source, can
also be observed in the spatial domain. The uniqueness of such a spatial interference phenomenon
stands in its potential application for sensing of remote objects. In particular, we consider an
optical interferometer (Fig. 1) where the light from a single chaotic source, after being split
by a balanced beam splitter, propagates through two double-pinhole masks placed in the two
separate output channels of the beam splitter. The separation between the pinholes in each mask
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is such that no first-order interference can be observed by the detectors placed behind each
mask. However, as shown in Section 2, by measuring the correlation between the photon number
fluctuations at given transverse positions of the two detectors, a spatial second-order interference
is predicted to appear. Interference occurs between two pairs of disjoint optical paths, which
are defined by the two pairs of pinholes (1¢, 17) and (2¢, 27). In Section 3, we show that the
information about the spatial structure and the relative position of the two masks is encoded
within the relative phase between the two pairs of interfering paths, independently of the distance
between the two masks and the source. In particular, we demonstrate that: 1) this information can
be retrieved in suitable experimental scenarios (Tables 1 and 2); 2) the measurement precision
can be increased by changing some experimental parameters rather than increasing the frequency
of the light (Table 1 and Fig. 2). Finally, in Section 4, we show that the proposed interference
phenomenon can also be used to simulate quantum logic operations, including a CNOT gate.

The novel spatial interference effect introduced in this paper has already triggered two ex-
periments: 1) the experimental characterization of two remote double-slit masks within the
experimental scenarios (v) in Table 1, and (i), (ii) in Table 2 [49]; 2) the experimental simulation
of the CNOT-gate operation based on the spatial interferometer introduced in Fig. 3 [50]. The
more general results reported here provide the complete physical picture of the novel interference
effect, and are likely to inspire further theoretical and experimental works (e.g., monitoring the
relative change in the spatial structure of two distant masks, as predicted in Fig. 2). Intriguing
applications in imaging and sensing of remote objects are in fact at reach with the current
technology.

2. Spatial interference effect

Let us start by introducing the interferometric setup depicted in Fig. 1: chaotic light emitted
by the source S is split by a balanced non-polarizing beam splitter, and two double-pinhole
masks are placed in the output ports of the beam splitter, at the same distance z from the source.
The pinholes are indicated as 1¢, 2¢ for the upper mask and 17, 27 for the lower mask. The
light transmitted by the masks reaches two point-like detectors, D¢ and Dy, placed at the same
distance f from the masks. A correlation measurement is performed between the fluctuations of
the number of photons detected by D¢ and Dr.

We first consider the correlation in the number of photons on the masks planes, which is given
by the second-order correlation function [23,51]

GP (xp, x4) o (n(xp)n(x4)) = (n(x)) (n(xg)) + (An(xp) An(x,)) (1

with p = 1¢,2¢ and g = 17,27, where n represents the photon number and 4n := n — 7 the
photon-number fluctuation around the mean 7. In particular, we consider the case of a quasi-
monochromatic chaotic source, which, for simplicity, is also assumed to be 1 dimensional and
linearly polarized (e.g., along the horizontal H direction). The input chaotic light is described

by [51,52]
PH = f [1_[ e
K

with the Glauber-Sudarshan probability distribution [3, 53]

2
1 ‘.
P({acnh) =] | o &P [_|0‘<n:1>| ] , 3)

P({a,uh) Rl i) sl ul @)

K

where @, g are H-polarized coherent states, in the mode « associated with the x component
of the transverse wave vector, and (n,) is the corresponding average photon number, which is
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<An(xc) An(x;)>

Fig. 1. Optical interferometer for sensing two remote double-pinhole masks through the
observation of spatial second-order interference between indistinguishable pairs of disjoint
optical paths. Light emitted by a single 1 dimensional chaotic source, after being split by a
balanced non-polarizing beam splitter, propagates through two double-pinhole masks placed
at the same distance z from the source and reaches two point-like detectors, D¢ and D,
placed at distance f from the masks. A correlation measurement between the fluctuations of
the number of photons at the detectors D¢ and D7 is performed.

assumed for simplicity to be constant [52]. In this case, Eq. (1) reduces to [19]
GPxp.xg) = GU(xpGV (xg) +1GV(x,, x0) P, )

where GV is the first-order correlation function (see Eq. (9)). Therefore, the second-order corre-
lation function G®(x,, x,,) depends on two contributions: the first one, GV (x,)G"V (x,)
<n(xp)> <n(xq)>, is a constant background; the second one, |G(1)(xp, xq)|2 o (An(xp)An(x,)),
is the interesting part of the correlation. The background can be removed by performing a
correlation measurement between the fluctuations of the number of photons [23]. The out-
come of this measurement is different from zero for all the possible pairs of paths (p,g) =
(e, 1), 2e,271), (1e,27), 2¢, 17), provided the relative distance between each pair of pin-
holes is smaller than the transverse coherence length of the source (/.,5) on the plane of the
masks, which is: [x, — x4| << [cop,. An interesting result comes out by working in the hypothesis
that

A. the corresponding pairs of pinholes of the two masks are within the transverse coherence
length, which is

[X1c = X1 < leon [X20 = X2, | < leon; (5)
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B. the pinholes, in each mask, are separated by a distance larger than the transverse coherence
length of the source, which, given the condition in Eq. (5), implies

|xlc - -x27'| > lcoh |-xl7‘ - x2C| > lcoh~ (6)

In fact, in this case, only the two pairs of paths (1¢, 17) and (2¢, 27), each one associated with
two disjoint paths spatially coherent with respect to each other, contribute to the correlation,
while no contribution comes from the two pairs of paths (1¢, 27) and (2¢, 17), namely

(dn(xp)dn(xg)) # 0 (p.q) =(c. 1), 2c,27). (N

Multi-photon correlations (“photon bunching”) thus give rise to the non-vanishing expectation
value of the product of the photon-number fluctuations at the two remote pinholes 1¢ and 17
(or 2¢ and 27). This result arises from the correlation measurement and cannot be explained
in terms of independent measurements at the two detectors. Interestingly, since the detectors
are placed in the mask planes, the two pairs of disjoint paths (1¢,17) and (2¢, 27) contribute
independently of one another to the correlation measurement.

What happens if we perform correlation measurements after the two-pinhole masks? Since
light passing through the two pinholes of each mask is incoherent (condition in Eq. (6)), one may
expect that the two contributions (1¢, 17) and (2¢, 27) add incoherently. However, as we shall
show, they give rise to a counterintuitive spatial interference effect. To demonstrate this result we
evaluate the correlation between the photon-number fluctuations 4n(x¢) and An(x7) measured
at equal detection times by the detectors D¢ and D7, respectively, placed at the transverse
position x¢ and x7 behind the two-pinhole masks, namely

(Un(xe)dn(xr)) o« |GV xe, x| (®)
Here,
GV(xc.xr) = Tripy ES(x0)ES (xp)] ©)

is the first-order correlation function calculated at x¢, x7, where E;(xd) and E; (xq) are,
respectively, the positive and negative frequency part of the electric field operator at the position
X4, namely

ES)(X[J) = dekg{K;S,xd}fls(K)a (10)

where K is a constant and g{«; S, x4} is the Green’s function that describes the propagation of
the mode « from the source S to the detector D, placed in x4, with d = C, T, and ds (k) is the
annihilation operator at the source S associated with the mode «.

As demonstrated in Appendix B, in the paraxial approximation and by using the conditions
given in Egs. (5) and (6), Eq. (8) becomes

1 1 2
(An(xc)An(xr)y < |G | (e, x7) + G, (xe, x|, (11)
where GEIC) Iy and Gél) 2 indicate the contributions to the correlation measurement coming
from the two pairs of disjoint paths (1¢, 17), (2¢, 27), respectively, and, as shown in Appendix
A’

Gy (xe, xr) o By (x0) By (xr)FT {|Axs) P} [(xp = x4)/(A2)] (12)

with the two phase factors B, (x¢) and By (x7) defined in Eq. (31) and the Fourier transform
FT {lA(xS)lz} [ x] of the source intensity profile |[A(xs)|? calculated at y = (xp — x4)/(22).
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The result of Eq. (12) is at the core of the counterintuitive interference phenomenon addressed
in this paper. In fact, it indicates that the contributions G;,l,)q, associated with the pairs of paths
(p.q) = (¢, 17), 2c.27), (1¢c,27), 2c, 17), strongly depend on the relative distance x,, — x4
between the remote pinholes p (of mask C) and g (of mask T) as compared to the transverse
coherence length of the source (I.,) on the plane of the masks. In our scenario, due to the

conditions given in Egs. (5) and (6), we obtain

Gilc),lr(xc,xr) o« By (xc)Bi,(x1) G;B’ZT(xC7xT) o« By_(xc)Ba, (x7)
Gig o, (xcxr) = Gyl (xc.xr) =0, (13)

Therefore, as reported in Eq. (11), the correlation between the fluctuations of the number of
photons enables to retrieve the interference between the two possible “photon bunching” con-
tributions G1.,1, and G 2, associated with the pairs of disjoint paths (1¢, 17) and 2¢, 27).
In fact, these two contributions add coherently and cannot be distinguished in the correlation
measurement. As mentioned above, these two contributions can be distinguished when perform-
ing correlation measurements on the mask planes. In this case, these two contributions lead to
independent bunching events due to both the statistical properties of the chaotic source and the
experimental conditions in Egs. (5) and (6). In contrast, when correlation measurements are
performed after the two masks, the two pairs of path (1¢, 17) and (2¢, 27) become indistin-
guishable. Multi-photon correlations emerge from the resulting interference between the two
pairs of disjoint paths, even if the pinholes in each mask are separated much further than the
coherence length of the source.

3. Sensing applications

As shown in Appendix B, the correlation in the fluctuation of the number of photons in Eq. (11)
can be written as

(An(xe) An(xp)) o |1 + ei@Ge-desstodrxe x|, (14)

with

2 dr — scd dr — xcd
d(sc,dc,st,dr,xc, xr) = —F(ST r hSc c_Ir foc C),

A
where £ is defined by the condition 1/h = 1/z + 1/ f, d;j := x2, — x1;, is the pinhole separation
for the j-th mask and s; = (xlj + X, )/2 is the transverse coordinate of the center of the j-th
mask, with j = C,T. Remarkably, the interference effect described by Eq. (14) holds for any
value of the parameters z and f, namely, for any distance of the masks from the beam splitter
and from the corresponding detectors.

Interestingly, for a fixed wavelength A, the phase ¢(sc,dc, st,dr, xc, x7) is determined
by the pinhole separations d¢ and dr weighted either by the average transverse positions s;
of the two pinholes divided by £, or by the detection angles x;/ f evaluated with respect to the
optical axis. Therefore, the correlation measurement of Eq. (14) is sensitive to the position and
the transverse structure of the two masks.

In Table 1, we consider five different experimental scenarios exploiting correlation measure-
ment for monitoring small variations in: (i) the difference d¢ — d7 of the two pinhole separations,
(ii) the sum d¢ + dr of the two pinhole separations, (iii) the pinhole separation d; in one mask
j = C, T if the separation in the other mask is fixed, (iv) the relative position s7 — s¢ of the
masks, (v) the transverse position s; of one mask j = C, T if the position of the other mask is
fixed. Interestingly, as reported in the third column of Table 1, in all scenarios it is possible to
increase the precision of the measurement without either increasing the frequency of the light or

s)
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Table 1. Summary of the conditions for monitoring the transverse spatial structure and
position of two remote double-pinhole masks by performing the correlation measurement
of Eq. (14) in the setup in Fig. 1. In each of the five experimental scenarios one variable
parameter is monitored, and the other parameters are fixed in order to “magnify” the effect
of small variations of the monitored parameter; the corresponding “magnification” factors
are reported in the third column of the table.

Experimental conditions Variable parameter | ‘“Magnification”
in addition to Egs. (5) and (6) | to monitor factors
() x7 = xc, s = s¢ dr —dc sclh—xclf
(i) xr = —xc, 5T = —s¢ dr +dc —sc/h+xclf
(1) [s7| # |scl dr.c st.,clh—xr.clf
(IV) dT = dc ST —Sc dc//’l
(v dr #dc ST,C dr.c/h
<An(xc)An(xr)>
19k -
Re r e
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-0.015 -0.010 -0.005 0.005 0.010 0.015
----- - 8.,=8.=0, x,=x,=0.02f
S.=5,=0, x,=x,=0.04 f
S, =8,=-0.04 h, x,=x,=0.04f

Fig. 2. Simulation of the measurement of the stretching/shrinking d¢ — d7 of one mask with
respect to the other in the setup of Fig. 1 with z = 500mm and f = 100mm. The source is
assumed to have a constant profile, with size a = 2mm, and wavelength 1 = 632nm, so that
the coherence length is /., = Az/a = 0.158mm. When the two pinholes in each mask are
placed symmetrically with respect to the optical axis (s¢ = s7 = 0), the observable effect
of small variations in d¢ — dr is enhanced when the transverse position xc = x7 of the
two detectors is increased, as demonstrated by the dashed (yellow) curve as compared to the
dash-dot (blue) one. A further enhancement is obtained by displacing equally both masks
with respect to the optical axis in the opposite direction of the detectors, as demonstrated by
the continuous (green) curve.

using entanglement: the trick is to employ the remaining spatial parameters to “magnify” the
effect of the variation of the spatial parameter to be monitored. An analysis of the sensitivity of
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this technique in terms of the number of resources is beyond the scope of this paper and will be
addressed in future research [33].

In Fig. 2, we depict the first experimental scenario reported in Table 1, where, for equal
transverse positions s¢ = s7 of the two masks, the correlation measurement at equal detector
positions x¢c = x7 is sensitive to the stretching/shrinking d. — dr of one mask with respect
to the other. In the simple case where the two pinholes in each mask are placed symmetrically
with respect to the optical axis (s¢ = s7 = 0), the effect of small variations in d¢ — dr can
be magnified by moving both detectors at larger angles xc/f with respect to the optical axis
(dashed yellow curve). A further enhancement can be obtained by displacing both masks equally
with respect to the optical axis, but in the opposite direction of the detectors (green continuous
curve).

Table 2. Summary of the experimental conditions for characterizing two remote double-
pinhole masks by measuring in the setup in Fig. 1 the period of the second order interference
pattern given by Eq. (14).

Experimental conditions Experimental | Period of the interference
in addition to Egs. (5) and (6) | variable pattern {(An(x¢c)An(x7))
(i) x7 = xc xc Af/(dc - dr)

(ii) x7 = —x¢ xc Af/(dr +dc)

>iii) s7 = s¢, xc =x7 =0 dr —dc Ah/sc

v) st =-sc, xc=xr =0 | dr+dc Ah/sc

(V) dT = dc, XCc =XT = 0 ST — SC /Ul/dc

Based on Eqgs. (14) and (15), the transverse structure of the two masks can also be retrieved,
indirectly, by measuring the period of the second-order interference pattern (An(xc)An(x7))
obtained in the experimental scenarios reported in Table 2. For example, by performing corre-
lation measurements at both equal and opposite positions with respect to the optical axis (first
and second experimental scenarios, respectively, in Table 2) it is possible to retrieve the pinhole
separations d¢ and dr in each mask.

Interestingly, the sensing capabilities of the present interferometric technique have currently
no counterparts in the temporal domain [12].

4. Simulation of quantum logic gates

In this section, we show that quantum logic operations can be simulated by using the spatial
interference effect described so far. In particular, we address the simulation of a controlled-Uy
gate, with Uy described by the matrix [27]

0 €¢
U¢ = (€i¢ 0 ) .

Let us start by describing a genuine controlled-Us gate. Given two-qubit input states
lpc)c |¢7)7> where

(16)

l¢c)c =cosgc |H)c +singe [V)e, (17
and
|7 )q = oS pg |H)q + sin 7 |V )7, (18)

the controlled-Uy gate operates on the input states, by giving the following output entangled
state [27]

W) = cosgc |H)c lor)r + e singe [Vie 165, . (19)
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where
65>y = sin g |H)p + cos ¢ [V . (20)
The polarization-dependent joint detection probability associated with the state |yr) is [27]

. 2
Py, = [c, 9T|¢1>|2 = ]cos b cos B¢ cos (¢ — O7) + €' sin e sin O¢ sin (¢ + 67) ] .21

In particular, for ¢ = 0, the controlled-Uy gate reduces to a CNOT gate [27] and the polarization-
dependent joint detection probability in Eq. (21) becomes

2 . . . 2
Penor = |(6c, 9T|l,0>| = |cos ¢c cos fc cos (¢¢ - GT) + sin ¢¢ sin O¢ sin (¢ + 61) ‘ . (22)

In order to simulate a controlled-Uy gate we propose in Fig. 3 a modification of the inter-
ferometer in Fig. 1. The interferometer consists of three parts: the first one prepares the initial
polarization state in the “control” input port C and in the “target” input port 7 ; the second one
implements polarization transformations along the control and target output channels; the final
part consists of the measurement process.

In the first part of the setup, the H-polarized chaotic light impinges on a balanced non-
polarizing beam splitter and then propagates through two half-wave plates Ry . and Ry, .

The second part of the setup consists of a “control” path, connecting the ports C and C, and a
“target” path, connecting the ports 7~ and 7. Similar to the setup in Fig. 1, both in the control and
in the target paths light goes through identical two-pinhole masks. However, in the control path,
two polarizers oriented along the H and V directions are placed just before pinholes 1< and 2¢,
respectively, while in the target path a half-wave plate oriented at /4 is placed just before the
pinhole 27.

Let us now describe the detection process. A polarizer, oriented along the direction 6, =
(cosf; sindy)T, withd = C,T,is placed in front of each detector. A polarization-dependent
correlation measurement between the fluctuations of the number of photons 4n(xc, 6¢) and
An(xT, 61), detected, respectively, by D¢ and Dy, is then performed.

As shown in Appendix C, if the conditions in Egs. (5) and (6) are satisfied, in the paraxial
approximation the correlation between the fluctuations of the number of photons is proportional
to the joint detection probability typical of a controlled-Uy gate, namely

2
(dn(xc,8c)An(xr, 07)) o 1G§2,1T<xc, Oc,x7,0r) + Gy , (xc,0c,xr,0r)| o« Py,, (23)

with ¢ defined in Eq. (15). However, differently from the setup in Fig. 1, the two interfering

contributions Ggl) |, and G;l) ,..» associated with the propagation through the two pairs of
CH1T C 4T

pinholes (1¢, 17) and Q2c, 27),’ are polarization dependent. In particular:

A. the control path 1¢, associated with the polarization mode H, is correlated with the target
path 17, where the polarization is not modified;

B. the control path 2., associated with the polarization mode V, is correlated with the target
path 27, where the polarization is flipped from H to V, and vice versa.

Interestingly, the resulting second-order interference pattern is proportional to the probability

Py, associated with a controlled-Uy gate, with ¢ defined in Eq. (15). In particular, when

l¢(sc,dc, st,dr,xc,x7)| < 1, 24)

Eq. (23) reduces to

(4n(xc,0c)An(xr,01)) < Pcnor, (25)
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Fig. 3. Interferometer for the simulation of controlled-Uy, gates, with Uy defined in Eq. (16).
In the first part of the interferometer, the initial polarization state of the light is prepared.
The second part, from the ports C and 7 to the ports C and 7, respectively, performs a
polarization-dependent transformation. Correlation measurements in the fluctuations of
the number of photons are performed at the interferometer output. Rs. and Ry~ are two
half-wave plates that rotate the polarization of the angles ¢ and ¢r, respectively; F is a
half-wave plate implementing a flip from the horizontal (H) polarization to the vertical (V)
polarization and vice versa; H, V, ¢ and 61 represent the polarization directions of the
corresponding polarizers.

with Pcyor defined in Eq. (22), leading to the simulation of a CNOT gate operation without
recurring to any entanglement processes.

Based on Eq. (15), the condition reported in Eq. (24) can be experimentally obtained, for
example, by performing the detections at equal positions x¢c = x7 with the pinholes in the two
masks placed in the same position with respect to the optical axis (d¢c = dr, s¢ = ST).

By using a generalized N-port beam splitter and N double-slit masks, the scheme in Fig.
3 can be generalized for the simulation of interference features typical of N-order entangled
correlations.

5. Discussions

Based on the setup in Fig. 1, we have theoretically demonstrated a second-order spatial inter-
ference effect between two pairs of disjoint but correlated paths. The two interfering paths are
associated with the pairs of remote pinholes 1¢, 17 and 2¢, 27. Interestingly, such interfer-
ence exists even if the pinholes in each mask are separated by a distance much larger than the
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transverse coherence length /.., of the source. In fact, the interference between the pairs of
paths (1¢, 17) and (2¢, 27) arises from the correlation between the two disjoint paths going
through pinholes 1¢, 17 and 2¢, 27, respectively; in fact, the transverse distance between the
two pinholes 1¢ and 17 (or 2¢ and 27) is smaller than the transverse coherence length of the
source. This is not the case for the other two possible pairs of paths, (1¢,27) and (2¢, 17), which
therefore cannot contribute to the interference. This phenomenon,substantially different from all
second-order interference phenomena based on multiple chaotic sources [42—45], thus provides
a deeper understanding of the physics of multi-path interference and spatial coherence.

Furthermore, we have demonstrated that this spatial interference effect has interesting potential
applications for sensing of remote objects in the absence of first-order coherence. In particular,
we have shown that information about both the transverse structure and the relative position
of two remote double-pinhole masks is encoded within the relative phase between the two
interfering pairs of optical paths (Eq. (15)). These spatial parameters can be retrieved through
the measurement of the period of the second order interference pattern given by Eq. (14) (Table
2). Remarkably, the effect produced on the correlation measurement by small variations of these
spatial parameters can be enhanced without increasing the frequency of the light, as demonstrated
in Table 1 and in the example in Fig. 2. This may lead to novel applications in sensing biological
samples without exposure to high-frequency light [54]. Moreover, this technique can be applied
independently of the distances between the two masks and the source and between the masks and
the corresponding detectors. Therefore, this effect can be potentially employed for monitoring
the relative spatial structure and position of distant objects.

In addition, we have demonstrated how to exploit this novel spatial interference phenomenon
for simulating entanglement correlations, including the simulation of a CNOT gate (Fig. 3).
This technique can be used, to simulate typical interference features of high-order entanglement
correlations with potential applications in novel optical algorithms [55-60].

In conclusion the proposed spatial interference effect provides a deeper understanding of
the physics of spatial coherence and multi-photon interference, and can naturally lead to novel
interferometric techniques for sensing distant objects and simulating small-scale quantum circuits.
This interference phenomenon may also be extended to atomic interferometers with thermal
bosons, for example, to measure the effect of external forces (e.g., gravity) on bosons of given
mass in remote spatial regions.

A. Green’s propagator for the setup in Fig. 1

Given the optical setup in Fig. 1 we calculate here the Green’s propagator g{«; S, x4}, associated
with the x component « of transverse wave-vector, from the source S with amplitude profile
A(xg) to the detector transverse position x4, with d = C, T. In particular, we obtain [19, 61, 62]

1 ip(d) iKxXs —iw ein/C
gle; S, xq) = $e dxsdxp A(xs)M(xpr)e Y Gxs = xmDiw/ (el
—jw oiwflc
w e
{% 7 Gxm _xd|)[w/(cf)]}a (26)
where w is the frequency of the light,
M(xp) =) 8(xm = xp) 27)

Xp

is the mask transfer function, defined by the transverse position x,, of the pinholes p = 1¢,2¢
for the upper mask and p = 17, 27 for the lower mask,

Gllal)g = e 7lor (28)
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is the Fresnel propagator, and the factor %e"‘f"(d) takes into account the propagation through the

beam splitter, with ¢(C) = 0 for the transmitted beam and ¢(D) = 7/2 for the reflected beam.
By using the definition (28) and the property

Gla+a g = GlahpGe’ pne (29)

of the Fresnel propagator, and the mask transfer function in Eq. (27), Eq. (26) becomes

glk:S,xal= > Bj(xa) f dxsA(xs)G (x5 e/ (e~ Xr s, (30)
r=la.2q
where
1 w \2 eilv(drw(z+f)/c] .
Bpla) = _@(%) Tg(lxdl)lw/(d)lgﬂxp|)lw/(ch)le foxaxp/ ) (31)
The Green’s function in Eq. (30) can be finally written as the sum
glk; S, xq} = Z gplk: S, xaq}, (32)
p=la.2a

of the two Green’s propagators

gp1K: S, xa} = Bp(xa) f dxsA(x$)G (x5 e/ (coye ©wr/ Exs (33)

from the source S to the detector position x4, with d = C, T, through the pinhole located in x,,
Withp =14,24.
B. Correlation measurement for the setup in Fig. 1

In the present appendix we present a detailed derivation of the correlation in the fluctuation of
the numbers of photons in Eqgs. (11) and (14) measured at the output of the setup in Fig.1.

By substituting in Eq. (9), the definition of the electric field operator (Eq. (10) with the Green’s
propagator in Eq. (32), we obtain the first order correlation function

GVxe,xr) = Y IKPTr|pu f ddK’ g, (k; S, xC)ggIK's S, xr)ag()as (k)] (34)

pr=lc.2¢
g=17.27
This expression corresponds to the sum
1
GV, xr) = Y Gylylxc,xr). (35)
p=lc.2¢c
q=lr.21

of the four contributions

Gply(xc, xr) = |KPTr|pu f dicdi’ g3 (; S, xCYgq (K3 S, xrhal(as()],  (36)
from the  corresponding four pairs of  optical paths (p,q) =
(1C, 1T)9 (2C9 2T)$ (1C$ 2T)7 (2C7 IT)

By using the property of chaotic sources [52]

Tr [ﬁaT(K)a(K')] ={(ng)o6(k — k), 37
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where the average photon number (n,) in the mode « is assumed to be constant, and the Green’s
propagators in Eq. (33), Eq. (36) reduces to

Gyly(xc. x1) = K' B}y (xc) By (xr)FT {|Axs) P} [w(x, — x9)/2mez)] (38)

where K’ := |K|*{n,) and FT {IA(xS)IZ} [ x] represents the Fourier transform of the source
intensity profile, calculated in w(x, — x,)/(2ncz). If |x, — x4| > lcon, this Fourier transform
is approximately zero, so that no contribution to the correlation function in Eq. (35) arises from
the pair of paths (p, g). On the contrary the pair of path (p, g) gives its maximum contribution if
|xp — x4 < lcop. This implies that, in the conditions given in Egs. (5) and (6), the correlation
function in Eq. (35) reduces to the sum

GV (xe,xr) = GY)

le,lr

(xc,xr) + Gy 5 (xc,xr) (39)

of the only two contributions associated with the pairs of paths (1¢, 17) and (2¢,27). By
substituting this expression in Eq. (8), we obtain the correlation in the photon-number fluctuations
(U4n(xc)dn(x7)) in Eq. (11).

By using the conditions in Egs. (5) and (6) and Eq. (38), Eq. (11) can be written explicitly as

(dn(xe)dn(xr)y = |K'FT{|AGxs)P}O) B}, (xc)Bi, (xr) + Bj, (xc)Bay (x1)] [ (40)

By inserting the expressions in Eq. (31) with the definition of the Fresnel propagator (Eq. (28)),
we finally obtain

(Un(xc)dn(xp))y = K e—l'w/(ZCh)(x%C—X%T)eiw/(cf)(xcxlc—xrx1T)

+ e*iw/(2ch)(x§C *XgT)eiw/(Cf)(chzc —XTX27) 2, (41)
with K" = | i/2) [1/ (zf)]2 K’ [w/ (27rc)]4 FT {IA(xS)IZ} (0)|2, which reduces easily to Eq.
(14).

C. Correlation measurement for the setup in Fig. 3

In the present appendix we derive the correlation in the fluctuations of the number of photons in
Eq. (23), measured at the output of the interferometer in Fig. 3 for arbitrary polarization angle
6¢ and 7. For a H-polarized quasi-monochromatic 1-dim chaotic source (thermal state pg in
Eq. (2)), this correlation is given by [3]

2
(dn(xc.0c)dn(xr,07)) = |GV (xc. Oc: x7.,07)) (42)
where
GV (xc.0cixr.0r) = Tr|pu EC5(xc) EL%(xr)]
= K f dkL- ()Lt (), (43)

is the first-order correlation function determined by the field operator

ENv(xa) = K f dx e " Ly(x) a7 (), (44)
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with d = C, T, where K is a constant factor, K’ := |K|2 (n,) and

1
Le(k) = —[g1c{k: S, xc}cosOc cos pe + g2 {k; S, xc)sinfc singe],  (45)

N.ﬁl

Lt (x)

% (811K S, x7} cos(O7 — dg) + g2, {k; S, x7} sin(O7 + p7)] (46)

are the effective propagation functions. By substituting the expressions in Egs. (45) and (46), the
correlation function in Eq. (43) becomes

G(l)(xc,ec;xT,HT) = %K/de[COSG‘C cos ¢¢ cos(O7 — ¢¢)g;“C{K; S,xclgip A6 S, xr}

+sinfc sin ¢c sin(0r + ¢7)g5 {k; S, xc g2, {x: S, x7}
—cos c cos ¢¢ sin(Or + ¢7)gy . {Kk; S, xclg2, 1k S, x7}

— sin O¢ sin ¢¢ cos(O7 — qﬁrr)g;C{K; S, xclgi kS, xT}]. 47)

By using the result in Eq. (38) and by applying the conditions given in Egs. (5) and (6) in an
analogous way as in Appendix B, Eq. (47) reduces to Eq. (23).
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