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1 Introduction

In the last years many authors have studied elliptic systems of two coupled semilinear Poisson equations
-Au=g(v) inQ,
-Av = f(u) inQ, (1.1)

u=v=0 onoQ,

where Q is a bounded smooth domain of RN, N > 2, and f»g : R — Rare given functions.

In the model case g(s) = s* ' and f(s) = s7', p,q > 1 (here and in the following s* = sgn(s)|s|* denotes the
odd extension of the power function), the previous problem is referred to as the Lane—-Emden system because
it is a natural extension of the classical Lane—~Emden equation

~Au=u"" inQ,

arising in Astronomy. It has been proved that Lane-Emden type systems have nontrivial solutions for all

p»q > 1 either in the so-called superquadratic but subcritical case, i.e.
2

1 1
I-—<=-+-<1
N p ¢

(see[6, 8, 9, 13]) and in the subquadratic case, i.e.
1 1
—+=->1
P 9
(see [4, 11]). On the contrary, if p and g belong to the critical hyperbola
1 1 2
- =1-=,
P 4 N
because of the lack of compactness of the problem, non-existence of solutions has been stated in [15] and [20]
by using Pohozaev type arguments.
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However, as concerns the results of multiplicity, in literature there is a substantial difference between the
subquadratic and the superquadratic case: indeed, different authors have found multiple solutions in the first
case (see [2, 17, 18]) while, to our knowledge, no multiplicity results have been proved in the second case.

Therefore, aim of this paper is to state the existence of infinitely many solutions to the nonlinear elliptic
system (1.1) in the subquadratic case. It is well known that the standard functional associated to system (1.1)
is strongly indefinite in interpolation spaces of infinite dimension. In order to overcome this problem, follow-
ing [7] we will apply a decoupling technique which works when one of the two nonlinear terms f or g is an
increasing nonlinearity. For sake of simplicity, we restrict ourselves to the pure power case g(s) = s*"* and we
study the nonlinear elliptic system

—Au = P! in Q,
-Av = f(x,u) inQ, 1.2)
u=v=0 on oQ.
Here, f: Q x R — R satisfies the following assumptions:
(f;) fisaCarathéodory function (i.e., f(-,s) is measurable on Q foralls € Rand f(x,-) is continuous on R
for a.e. x € Q) such that
sup |f(+,s)| € L°(Q) forallr >0,

|s|<r

(f,) there exist two real constants I_ and I, small enough (see Remark 2.3) such that

X, § . .
lim B - ) =1_ uniformly with respect to a.e. x € Q,
$——00 —

|s| 71
lim S (x’ls) =1, uniformly with respect to a.e. x € Q,
$—+00 —

s &

(fs) f(x,0)=0forae. x € Q,
(f,) thereexistq e (1, 1%), C > 0and é > 0 such that

f(x,s)s 2 Cl|s|? fora.e.x € Qandforalls e R, |s| <§.
We prove the following existence result.

Theorem 1.1. Let f verify assumptions (f,) and (f,). Then, system (1.2) admits a weak solution (u, (—Aﬁ)ﬁ).
Moreover, if f satisfies also (f;) and (f,), itis u # 0.

Now, in order to give a multiplicity result, let us consider the following additional conditions:
(fs) f(x,-)isoddfora.e.x € Q,
(f;) there exists a constant C; > 0 such that

f(x,5)s <Cyls|? fora.e.x € Qandforalls € R, |s| <.

In the following theorem, I denotes the energy functional associated to the problem (see Section 2 for
its definition).

N-2’
system (1.2) has a sequence (u;, (—Au,)?*) of solutions such that u, + 0, I(u,) <0, I(w,) — 0 and u;, — 0

uniformly in Q as k — +oo.

Theorem 1.2. Suppose that (f,), (f,) andl( f5) hold. Moreover, if p > N_ " assume that also ( fs) holds. Then,

Remark 1.3. Clearly, condition 1 < g < ﬁ in (f,) is equivalent to % + é > 1, therefore taking in mind the
model function
flx,s) = IstT +s97),

our results apply either in the subquadratic case if I = 0 and in the “asymptotically quadratic” case if I # 0
with I small enough. Then, as already pointed out, the multiplicity result stated in Theorem 1.2 is new while
the existence result in Theorem 1.1 has been just proved, among other properties of the solution, in [11] by
P. Felmer and S. Martinez even for a more general nonlinearity f(x, s) and by D. Bonheure, E. M. Dos Santos
and M. Ramos in [4, Theorems 1.5 and 1.6] only in the case f(x,s) = s7°.
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Remark 1.4. Let us observe that, denoting

S

Flx,s) = J Flx0)dt,

0

from (f,) and (f,) by integration it follows that

F(x,s) > glslq fora.e.x e Qands e R, |s| <6, (1.3)
q

C
F(x,s) < —L|s]7 fora.e.x € Qands e R, |s| < 6.
q

We emphasize that, really, the hypotheses necessary to obtain the multiplicity result are only local since
Theorem 1.2 still holds if we consider f: Qx[-6,5] — Ran odd bounded Carathéodory function verifying ( f,)
and, eventually, (f;).

Example 1.5. From Theorem 1.1, system (1.2) admits a nontrivial solution if

f(x,s) = g(x) + h(s)

where g is a nontrivial bounded measurable function on Q and h is a continuous function on R such that,
for I_ and I, small enough, it results
h(s)

Is| 7=

h(s) _

Is| 7=

lim

§——00

I_ and lim

- s—+00

I,.

Example 1.6. System (1.2) has a nontrivial solution if

f(x,5) = g(x)h(s)
with g and h as in the previous example and moreover, if h(0) = 0, satisfying

g(x)h(s)s = Cl|s|? for a.e. x € Q and for |s| small enough.

Furthermore, if we assume / odd with respect to s € Rand, if p > =,

g(x)h(s)s < C,|s|? fora.e. x € Qand for |s| small enough,
Theorem 1.2 guarantees the existence of infinitely many solutions to system (1.2).

The paper is organized as follows: In Section 2 we introduce the variational formulation of the problem and
we recall a variant of the Symmetric Mountain Pass Theorem stated in [14]. In Section 3 we prove Theorem 1.1
and Theorem 1.2. In particular, in order to state the multiplicity result, we introduce a new modified problem
which admits a sequence of solutions uniformly converging to zero. Finally, we prove that these solutions
provide solutions to the original system (1.2).

Notations. We will use the following notations:

« L'(Q),with 1 <t < +oo denotes the Lebesgue space with the usual norm | - |,,

. Wk"’(Q), withk € N, o € R, 1 < k, 0 < 00, is the usual Sobolev space equipped with the norm
1

lullyeo = ( y I|D“u|” dx + I |u|"dx> :
Q

lal=k &)

Wol"’(Q) is the closure of C;°(2) with respect to | - [l,y. endowed with the equivalent norm

il = ([ |Vu|“> ,
Q

o Cy(Q) is the space of the continuous bounded functions on Q equipped with the usual norm | - |,
o cdenotes a real positive constant changing line from line.
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2 Variational tools

Let N > 2 and p > 1. Arguing as in [7], it is possible to transform system (1.2) in an equivalent quasilinear
scalar problem. Indeed, the system (1.2) can be rewritten as

(~Au)7T = v in Q,
-Av = f(x,u) inQ,
u=v=0 on 0Q,
that is equivalent to the fourth order quasilinear elliptic equation

(2.7)

“A(-Aw) 7T = f(x,u) inQ,
u=Au=0 onoQ.

Clearly, if u is a weak solution of (2.1), we define weak solution of system (1.2) the couple (u, (~Au) = ). In order

to prove that problem (2.1) has a variational structure, let us consider the space

2,2 L5
E=W"r1(Q)nW, " (Q)

p-1
P
Jul = (j |Aul dx)

endowed with the norm

Q
equivalent to the usual intersection norm equal to max{|u| Wi ||u|| }. From now on, we will denote
by (E, ] - [lzr) its dual space. Then, if we set "o
* % NP
(L) — 1 (N-2)p-N lfp > N N-2’ (2.2)
p-1 +00 if1 < p< m,

the Sobolev Embedding Theorems give the following result (see e.g. [5, Corollary 9.13]).

Proposition 2.1. The following continuous embeddings hold:

A Ifp> X ie p"l < %, then

E— Q) if - stg(i)**.

B) Ifp=15,ie 1% =, then

E — L'(Q) ifp‘l_7 st<(L>**.

P
©) If1<p<—,le p1>_ then

E— LQ) if P sts( P )
and, for every u € E,
[u(x) — u(x")| < Clull - |x - x'|* fora.e.x,x' €Q,
where « and C are suitable constants depending on p and N. Moreover,
E — Cy(Q). 23)

Proposition 2.2. The following compact embeddings hold:

‘ o P P\
E—— L(Q) lfp_1 £t<(P_1) .

From now on, let us denote by k, the embedding constant of E in L (Q).
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Remark 2.3. As we will see in Section 3, the constants I_ and /, in hypothesis ( f,) need to satisfy

1 1
l_<kT1 and l+<kp;1'
P P

Remark 2.4. Since q < p%l < (%)**, itis E << LI(Q).

Remark 2.5. In the superquadratic but subcritical case 1 - = < % + é < 1, it results

Eoca<(-)
p-1 p-1

and existence and multiplicity results are found, respectively, by means of the Mountain Pass Theorem and
the Symmetric Mountain Pass Theorem.

Before stating the variational principle, we prove the following result.

Lemma 2.6. Assume that f satisfies (f,) and (f,). Then, for every € > 0 there exist two real constant b,,c, > 0
such that

|f(x, 9)| < bls| 7T+, 2.4)
fx,s) < (max{l_,1,} + &)ls| 71 + ¢, 2.5)
Fix,s)< 2 ; L (maxilL, 1} + )ls|7 + s 2.6)

fora.e.x € Qand forall s € R.

Proof. By the definition of limit, it is

im %) =] e VYe>03R >0suchthatl -e< fx9) <1l +¢forae x e Qandforalls < R/,
1 f( 1 £ 1 L
s—-00 - -

N [s] 7T
lim = (*.9) =], & Ve>03R” >0suchthat ], —¢< 2 (*.9) <1, +¢forae xeQandforalls>R".

T+ 1 + & + 1 + €

§—+00 —_— =

[s] 71 [s] 71

Therefore, for every ¢ > 0 there exists an R, = max{R;, RL’} > 0 such that for a.e. x € Q, for every |s| > R,:

f(x,)

1
|s[#

min{l_,[,} —e < <max{l_,[.} +e

Hence, taking b, = max{|min{l_, [, } — €|, |max{l_, 1.} + ]} > 0, for a.e. x € Q, forall |s| > R, itis
|f(x,9)] < bls|?.

Now, by (f;), denoted c, = sup ess{|f(x,s)| : x € Q, |s| < R,}, we obtain inequalities (2.4) and (2.5) and, by
integration, also (2.6). O

Now, it is possible to state the following variational principle.
Proposition 2.7. Let f verify (f,) and (f,). Then, the weak solutions of the equation in (2.1) are the critical points
of the energy functional defined on E by

-1 .

1w = =1 J Aul 7T dx - jF(x, ) dx.

P Q Q

More precisely, I € C'(E) and its differential dI : E — E' is defined as
@[] = (-8 (-85 - ] dx
Q

for all u,{ € E. Moreover, the function u v f(-,u(-)) is compact from E to E'.
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Proof. Since Q is bounded, the proof follows by classical arguments. It is standard to prove that the map
P
¢o(u) = £% ul| 77 is of class C'(E) with Fréchet differential

doy(W)[C] = j(—Au)ﬁ(—A() dx forallu( e E.
Q

By (2.4) and Proposition 2.1 we have that ¢, € C'(E) with

do,W)[(] = J Flru)dx forallu{ e E;
Q

moreover by Proposition 2.2 it is E << L (Q) and E << L'(Q), therefore, by using again (2.4) it follows
that dg, : E — E' is compact (see [19, Theorem 1.22]). O

Now, we recall a suitable version stated by R. Kajikiya in [14] of the classical Symmetric Mountain Pass
Theorem (see [1]).

Let X be an infinite-dimensional Banach space and let J : X — R be a C' functional. Let us recall that J
satisfies the Palais—Smale, briefly (PS), condition, if any (PS) sequence, i.e. any sequence {u;} in X such that
{J (1)} is bounded and dJ (1) — 0in X "as k — +00, has a convergent subsequence.

For any integer k, let

I, ={A c X - {0} : Ais closed and symmetric, y(A) > k},

where, as usual, y(A) denotes the genus of the set A (for the definition and relative properties see e.g. [16]).
The following result has been proved in [14, Theorem 1].

Theorem 2.8. Let J € C'(X, R) satisfy

(A,) Jiseven, bounded from below, ](0) = 0 and ] satisfies the (PS) condition,

(A,) foreveryk € N there exists an Ay € Ty such that sup, J(u) < 0.

Then, one of the following holds:

(i) there exists a sequence {u,} such that dJ () = 0, J () < 0 and {u,} converges to zero,

(i) there exist two sequences {u} and {v;} such that dJ(u,) =0, J(u) = 0, wy # 0, limy uy = 0, dJ(v) = 0,
J(v) <0, limy, J(v;) = 0 and {v,} converges to a non-zero limit.

Remark 2.9. In any case (i) or (ii), Theorem 2.8 gives the existence of a sequence {u,;} of critical points such
that J(u) < 0, u; # 0, lim; ;. = 0 and, consequently, lim; J(u;) = 0.

3 Proof of existence and multiplicity results

First, we prove the existence result.

Proof of Theorem 1.1. From inequality (2.6) and Sobolev embeddings, fixing ¢ > 0 small enough, there exists
a constant ¢, > 0 such that

I(u) = ijl J |Au7T dx — JF(x, u) dx > P; L (1 = (maxti, 1} + &)k Yl = e, ul,
p-1
Q

Q

then, since p/(p — 1) > 1, choosing I_, I, as in Remark 2.3 it follows that I is bounded from below and coercive
on the reflexive Banach space E.

Moreover, the functional I = ¢, — ¢, is weakly lower semicontinuous on E since ¢, is weakly lower semi-
continuous by the norm properties while ¢, is weakly continuous as it is C'(E) and its derivative dg, is
compact by Proposition 2.7. Then, by a generalized Weierstrass Theorem there exists some u € E such that
I(u) = min,,.; I(u). Hence, the first part of the thesis follows by applying again Proposition 2.7.

Clearly, if (f;) holds, problem (2.1) admits always the trivial solution u = 0 with 1(0) = 0.
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Anyway, under the additional assumption (f,), condition (1.3) holds with 1 < g < %, hence the solu-
tion u is nontrivial since, fixed u; € E n L*°(Q) with u; # 0, we get

-1 » A -1 2 P
Iew) = L= e a7 - JF(x, euy) dx < £ L 177 - Sef 9 < 0 = 100)
p ) P q

for € > 0 small enough. O

Before establishing our multiplicity result, we modify the term f by introducing a new function ? satisfying
the same hypotheses of f with (f,), and eventually (f;), globally with respect to s.

First, fixed K € R with 0 < K <§ < K + 1, let us consider a cut-off function ¢ such that 0 < ¢(s) < 1,
¢(s) = 1if |s| <K, ¢(s) = 0if |s| > K + 1 and ¢ is even, continuous and strictly decreasing on K < |s| < K + 1.
Then, let us define

F(x,8) = (s) f(x,8) + (1 — o(s))R]s|T s fora.e.x € Qand foralls e R.

It is possible to prove the following proposition.

Proposition 3.1. Assume that f verifies assumptions (f,), (f,) - (f;). Then f satisfies (f,), (f,) withl_ =1, = 0
and (f5). Moreover, for a suitable choice of the constant R, f satisfies also
(74) there exists a constant C > 0 such that

f(x,5)s > Cls|? fora.e.x € Qandforalls ¢ R,
(76) there exists a constam‘f1 > 0 such that
f(x,5)s < C,|s|? fora.e.x € Qandforalls e R.
Proof. By (f,) and the definition of ¢ it follows that f is a Carathéodory function and for all r > 0 it is

sup [F(x, )1 < sup £ (x, )] + R < +o00
Isk<r Jsl<r

for a.e. x € Q, then also?veriﬁes (f1). Now, since for |s| > K + 1itis 7(x, s) = R|s|7%s with q< p%l or equiva-
lentlyg -1 < zﬁ’ it follows that

fx,s R|s|972%s
lim S ’1)= lim ||1 =0
|s|—>+00 |S|E |s|—+00 |S|F

>

uniformly with respect to a.e. x € Q, then (f,) holds with I_ = I, = 0. Moreover, from (f;) and the evenness
of ¢, we have that also f(x,-) is odd for a.e. x € Q.

In order to prove (f,), let us point out that if |s| < K < 8, by (f,) it is f(x,s)s = f(x,s)s = Cls|? while
if|s| > K + 1, itis ?(x, s)s = R|s|? > CJs|? by choosing R > C.If K < |s| < K + 1, two cases can be occur:
« IfK <|[s| <6, by (f,) and the monotonicity of ¢ it follows

?(x, $)s = @(8) f(x, 8)s = p(8)Cls| .

o Ifd<|s| <K+1,letm = infess{p(s) f(x,s)s: x € Q, § < s < K + 1}. Clearly, m > —co by (f;) and, by using
again the monotonicity of ¢, it is

flx,s)s 2m+ (1-¢(8)R6T = C(K + 1)1 2 Cls|?
choosing R large enough, more precisely

_CK+1)1-m
R >R, _—6q(1—(p(8)) .

> . = . q_m
Hence, (f,) holds with C = ¢(8)C if R > max{C, %}
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Similar arguments prove that, by (f,) and (f;), f satisfies (f,) choosing R not too much large. More precisely,
setting
M = supess{p(s) f(x,8)s : x € Q, § <s<K+1}

R<R, = mi o7 -
< o = min 1’(1<+1)q(1—<p(1<+1))

and choosing

(f¢) holds with C, = C, + (1 — ¢(8))R. Clearly, for C, large enough it results R, < R,, hence for R € (R,, R,) we
conclude that f satisfies (f,) and (f,) if f verifies respectively (f,) and (f;). O

At this point we can consider the new problem

{—A(—Au ) = f(x,u) inQ, (€X)

u=Au=0 onoQ,

and the associated energy functional defined on E by

T(w) = ijl I |Aul7T dx — Jﬁ(x, u) dx,

Q Q

with

F(x,t) = J?(x, s)ds.
0

Since (?) verifies (f,) and ( f,), by Proposition 2.7 it follows that T € C'(E) and its critical points are the weak
solutions to problem (3.1). By integration, from (74) and from (?6) we obtain

F(x,s) > =|s|]7 fora.e.x € Qandforalls e R, (3.2)

=

— C
F(x,s) < —L|s|? fora.e.x € Qandforalls e R.
q

The following proposition will be crucial in the statement of our multiplicity result since it allows us to obtain
solutions of system (1.2) by studying problem (3.1).

Proposition 3.2. Assume that f satisfies (f,) and, if p > N 5 also (fe). Let {u, } be a sequence in E of solutions of
problem (3.1) such thatu, — 0inEask — +co. Thus, u, — Ouniformly in Q and therefore u, solves problem (2.1)
for all k large enough.

Proof. 1f1 < p < N/(N - 2), from (2.3) it follows that «;, — 0 uniformly in Q.
Let p > N/(N - 2) (simpler arguments work if p = N/(N - 2)). Since f satlsﬁes conditions (f;) and (f;),
Proposition 3.1 implies that f satisfies (f;) and ( f ¢)- We recall that (1, (—Auwy) #7 = ) is a solution of
—Au = vP! in Q,
~Av = f(x,u) inQ,
u=v=0 in 0Q).

Fix k € N and, according to (2.2), denote by ** = NN‘; 7(Q) in

the spaces L' (Q). By (76) and u, € E, it follows that
Flxu) e L7 71 (q),
then [12, Theorem 9.15] guarantees the existence of a unique solution w;, € Wz’(ﬁ)” = (Q) of the problem

-Awg = f(x, 1) inQ,
wy = 0 on oQ.



DE GRUYTER S. Barile and A. Salvatore, Existence and multiplicity results for Lane-Emden elliptic systems == 33

Moreover, by [12, Lemma 9.17] it is

||wk||W2’(lel)xtq%l <clf(x, ”k)|(%)**ﬁ~

)

Hence, from (76), w, — 0in L(ﬁ ” () and Sobolev embeddings, we have

w, — 0 in L@ (Q). (3.3)

pyer Lyee

Since w;, € LG (Q), applying again [12, Theorem 9.15] let z, € W>"(Q) be the solution of

-Az =wl inQ,
z, =0 on 0Q,

with r = ((p%l)** ﬁ)** ﬁ. By [12, Lemma 9.17] it results
Izillwar < clwgl,s (34)
hence (3.3), (3.4) and Sobolev embeddings imply
z,—0 inL" (Q). (3.5)
On the other hand, arguing as in the proof of [3, Proposition 4.1] (see also [10]) it results that
Ze=u eI (Q) and w, = (—Au)F.

Hence, (3.5) means that u;, — 0in r (Q). Let us point out that direct calculations give, since % + é >1- %,

RN ( P )
p-1
Then, bootstrap arguments and Sobolev embeddings imply that #;, — 0 uniformly in Q.

Finally, let us point out that, taken K > 0 as in the definition of ?, there exists a k € N such that for
every k > k one has [l < K, namely |u,(x)| < K for every x € Q and for every k > k. It follows that

?(x, u(x)) = f(x,u(x)) and F(x, g (x)) = F(x, ui(x)),

therefore we have
T(uk) = I(uk) and df(uk) = dI(uk),

hence by Proposition 2.7, u, is a solution to problem (2.1) for every k > k. O
At this point, we are able to prove our multiplicity result.

Proof of Theorem 1.2. Our aim is to apply Theorem 2.8 to the functional I. Let us remark that, since by Propo-
sition 3.1 the function 7 satisfies (f;) and (f,) withI_ = I, = 0, arguing as in the proof of Theorem 1.1 it follows
that I is coercive and bounded from below; moreover, I(0) = 0 and ( f;) implies that I is even. Let us point out
that T satisfies the (PS) condition. Indeed, if {«} is a (PS) sequence, {u;} is bounded by the coerciveness of I.
Thus, up to subsequence, there exists some u € E such that u, — u. Now, by Proposition 2.7 we have that the
functionu — 7( -, u(-)) is compact from E to E' and, reasoning as in [10, Section 3] we conclude that w —u
in E. Hence, T satisfies assumption (A,) in Theorem 2.8.

Let us denote by {e ta Schauder basis of the separable Banach space E. For k € N fixed, let E, = {e;, ..., e}
be a k-dimensional subspace of E. Since we are in finite dimension, there exists a constant ¢, > 0 such that
lull < cklulq for every u € E,. Clearly,

G = sup |ul,
u€k,, Iulqzl
hence the sequence {¢} is increasing. Moreover, ¢, — +oo if k — +co. Indeed, if by contradiction {¢} was
bounded, taken u € E and u;, the component of u along E,, it is u = lim; 4, in E and in L(Q). Since for every k
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itis flull < gluyl,, passing to the limit we have |Ju| < c|u| " for ¢ suitable constant independent of u. Hence,
L1(Q)) — E which gives the contradiction. Therefore, taken u € E, from (3.2) we get

T(u) = ijl j |Aul P dx - J?(x,u) dx

if we choose

or equivalently

c  \A&
||u||s(—P q)" .
2(p - 1)qe,

pC );’ _ F
2(p - 1)q¢!

Chosen

O<dk£<

it results that r, — 0 as k — +oo and
— 1 _r
{u € Ek : "U” = dk} C {u €eE: I(Ll) < _E(p_ l)d}f—l }

So, denoted by
_ o
Ap={ueE:Tw < —%(p -naf '},

as I is even and continuous, A, is closed and symmetric, i.e. A, € I} and, by well-known properties of
the genus, y(A;) > y(E, N Sdk) = k, where S, = {u € E : |lu| = di}. Consequently, for every k € IN there exists
an A € I such that

supT < —l(p - l)d,f%1 <0.

A P
Hence, (A,) holds and by Theorem 2.8 (see also Remark 2.9), there exists a sequence {u,} in E such thatu, # 0,
dI(u;) = 0, lim, 7, = 0 and lim; I(z;) = 0. Therefore, by Proposition 2.7 applied to the functional I, {i;} is
a sequence of nontrivial solutions to (3.1) such that T(ﬁk) <0, lim; , = 0in E and lim, T(ﬁk) =0.

Finally, by applying Proposiltion 3.2, u;. — 0 uniformly in Q and for k large enough u,, is a solution to

problem (2.1), hence (u, (A, ) #1) is a solution to system (1.2) with z;. # 0, lim, %, = 0 and lim; I(z;) = 0. O

References

[1]  A.Ambrosetti and P. H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14
(1973), 349-381.

[2] S.Angenentand R. van der Vorst, A superquadratic indefinite elliptic system and its Morse—Conley-Floer homology,
Math. Z. 231 (1999), 203-248.

[3] S.Barile and A. Salvatore, Some multiplicity and regularity results for perturbed elliptic systems, Dynam. Systems Appl. 6
(2012), 58-64.

[4] D.Bonheure, E. Moreira dos Santos and M. Ramos, Ground state and non-ground state solutions of some strongly
coupled elliptic systems, Trans. Amer. Math. Soc. 364 (2012), 447-491.

[5]  H.Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer-Verlag, New York, 2011.



DE GRUYTER S. Barile and A. Salvatore, Existence and multiplicity results for Lane-Emden elliptic systems == 35

[6] P.Clément, D.G. de Figueiredo and E. Mitidieri, Positive solutions of semilinear elliptic systems, Comm. Partial
Differential Equations 17 (1992), 923-940.

[71 P.Clémentand E. Mitidieri, On a class of semilinear elliptic systems, in: Nonlinear Evolution Equations and Applications,
Research Institute for Mathematical Science, Kyoto (1997), 132-140.

[8] D.G.de Figueiredo and P. Felmer, On superquadratic elliptic systems, Trans. Amer. Math. Soc. 343 (1994), 99-116.

[9] D.G. de Figueiredo and B. Ruf, Elliptic systems with nonlinearities of arbitrary growth, Mediterr. ). Math. 1 (2004),
417-431.

[10] E.M. dos Santos, Multiplicity of solutions for a fourth-order quasilinear nonhomogeneous equation, J. Math. Anal.
Appl. 342 (2008), 277-297.

[11] P. Felmer and S. Martinez, Existence and uniqueness of positive solutions to certain differential systems, Adv. Differential
Equations 3 (1998), 575-593.

[12] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, 2nd ed., Springer-Verlag,
Heidelberg, 1983.

[13] J. Hulshof and R. van der Vorst, Differential systems with strongly indefinite variational structure, J. Funct. Anal. 114
(1993), 32-58.

[14] R. Kajikiya, A critical point theorem related to the symmetric mountain pass lemma and its applications to elliptic
equations, J. Funct. Anal. 225 (2005), 352-370.

[15] E. Mitidieri, A Rellich type identity and applications, Comm. Partial Differential Equations 18 (1993), 125-151.

[16] P.H. Rabinowitz, Minimax Methods in Critical Point Theory with Applications to Differential Equations, CBMS Reg. Conf.
Ser. Math. 65, American Mathematical Society, Providence, 1986.

[17] A. Salvatore, Multiple solutions for elliptic systems with nonlinearities of arbitrary growth, J. Differential Equations 244
(2008), 2529-2544.

[18] A. Salvatore, Infinitely many solutions for symmetric and non-symmetric elliptic systems, J. Math. Anal. Appl. 366 (2010),
506-515.

[19] M. Schechter and W. Zou, Critical Point Theory and Its Applications, Springer-Verlag, New York, 2006.

[20] R.van der Vorst, Variational identities and applications to differential systems, Arch. Ration. Mech. Anal. 116 (1991),
375-398.

Received October 27, 2014; revised November 3, 2014; accepted November 4, 2014.



	Existence and multiplicity results for some Lane–Emden elliptic systems: Subquadratic case
	1 Introduction
	2 Variational tools
	3 Proof of existence and multiplicity results


