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Abstract: Turning time occupies a significant part of the operations carried out by implement-and-
tractor aggregates, especially in fields with short runs. Incorrectly executed turns increase the width
of the turning strips, significantly increasing the idle path of the implement-and-tractor aggregate,
with negative effect on its efficiency. The objective of this paper was to theoretically analyse the
turning agility of an asymmetric implement-and-tractor aggregate, taking into account its forward
speed and design parameters. Considering a trailed asymmetric swath reaper and tractor aggregate,
the obtained equations allowed a numerical simulation in order to evaluate the headland turning
agility of this implement-and-tractor aggregate. The minimal radii of the trailed asymmetric swath
reaper and tractor aggregate are, respectively, 8.33 m for right-side turn and 4.90 m for left-side turn.
Furthermore, the optimal angle between the longitudinal axis of the aggregating tractor and the hitch
bar of the trailed asymmetric implement exists only in the case of left-side U-turns and its value is
1.12 rad (64◦). It is not possible to cover right-side U-turns or both right- and left-side pear-shaped
loop-turn in the optimal mode.

Keywords: asymmetric aggregate; turning radius; turning manoeuvre; headland width; turning
agility

1. Introduction

The growing world population and the consequent pressure on resources are leading to adoption
of more efficient technical solutions in agriculture using automation and information technology [1–4].
As an example of these new challenges, the automatic driving systems that use differential global
positioning systems (D-GPS) are becoming the standard for large agricultural machines [5,6]. However,
agricultural operations are performed in fields of different shapes and sizes with work or productive
phases and transitional or non-productive phases, such as turning at the headlands [7,8]. Headland
movements of agricultural machines are important due to their influence on the operational efficiency [9].
As already known, the automatic driving systems are commonly able to parallel track, but headland
manoeuvring is not usually comprised. The turning process at the end of the field’s track was analysed
both agronomically and economically, highlighting its great impact on the overall operation [10].
Therefore, the headland width and the relative driving time are parameters which should be minimised
above all for fields with short runs, where turning time requires a significant portion of the operation
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of the implement-and-tractor aggregate [11,12]. Incorrectly executed turns increase the width of the
turning strips, significantly enlarging the idle path of the implement-and-tractor aggregate, with a
negative effect on its efficiency [13]. The ability of an implement-and-tractor aggregate to perform
manoeuvres along paths of a certain curvature can be considered as its turning agility, that is to say
that the greater the curvature of the indicated path (or the smaller its radius of curvature), the higher
the turning agility of the implement-and-tractor aggregate [14].

The car theory developed at the present time distinguishes three cases concerning turning agility:
neutral turning agility occurs if the curvature of the path does not depend on the car speed, excessive
turning agility occurs if the curvature of the path increases with the car speed and insufficient turning
agility occurs if the curvature of the path decreases with the car speed increasing [15,16].

Obviously, in the theory of the turning agility concerning a car, its forward speed plays a
dominant role, as it is usually quite high. Conversely, in the theory of the turning agility regarding
the agricultural implement-and-tractor units, speed of motion also plays an important role, but is
less dominant than in the theory of the car steering [17]. There is no doubt that the turning agility
of an agricultural implement-and-tractor aggregate is affected by its forward speed, but this is less
dominant than car turning agility. The most important task in the study of the turning agility of
implement-and-tractor aggregates is the evaluation of the parameters that most affect the process, and
establishment of their effect (through analytical equations) on the execution of the turning [18,19].
The turning radius depends mainly only on the parameters of the tractor in the case of trailed
implements [17], even if the turning radius of the aggregate is significantly increased when aggregating
trailed implements [20,21]. Furthermore, several types of trailed implements that are commonly
used in agricultural work are arranged asymmetrically with respect to the tractor. The operative
conditions of these trailed asymmetric implement-and-tractor aggregates have peculiarities regarding
both their stability of motion and their implementation of the headland manoeuvres, also considering
the difference between left-side and right-side turns [22–24]. A correctly substantiated headland
turning agility of an asymmetric implement-and-tractor aggregate will essentially increase its efficiency,
especially in fields with short runs, by reducing the length of its idle passes on the turns [25–27].

On this basis, the study aimed to theoretically investigate the turning agility of an asymmetric
implement-and-tractor aggregate, taking into account its forward speed and design parameters.
Furthermore, considering the obtained equations, a numerical simulation was performed to assess
the kinematic behaviour of a trailed asymmetric swath reaper and tractor aggregate during the
headland turning.

2. Materials and Methods

2.1. Theoretical Considerations

Figure 1 shows a trailed asymmetric swath reaper–tractor aggregate when it executes a right-side
turn. The characteristic points of the given implement-and-tractor unit are indicated on the layout
scheme as follows: (i) the point A is the middle of the axle of the front-driven wheels of the aggregating
tractor; (ii) the point B is the middle of the axle of its rear driving wheels; (iii) point C is the connection
point of the aggregated swath reaper.

Furthermore, the following linear and angular dimensions are represented on the layout scheme
of the turn: L is the wheelbase of the aggregating tractor, m; D is the distance from the axis of the
rear axle of the tractor to the connection point C of the swath reaper, m; BP is the working width of
the swath reaper, m; dk.l is the kinematic width of the aggregate to the left of the longitudinal axis of
the tractor (the distance from the outer plane of the rear driving wheel to the longitudinal axis of the
tractor), m; dk.r is the kinematic width of the aggregate to the right of the longitudinal axis of the tractor
(the total width of the swath reaper), m; γ is the angle between the longitudinal axis of the aggregating
tractor and the hitch bar of the trailed swath reaper, rad.
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turning of this asymmetric harvesting implement-and-tractor aggregate is affected by the operative 
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various directions, have contact with the non-uniform surface of the soil and are affected by different 
vertical loads. Therefore, these factors can have a significant impact not only on the position of the 
radius of rotation of the unit, but also on its magnitude. Furthermore, a possible increase in the 
curvature radius Ra of the path of the aggregating wheeled tractor during the turn occurs mainly as 
a result of the lateral drift of the front-driven wheels. The lateral drift of the rear driving wheels of 
the tractor and the supporting wheels of the trailed swath reaper has been neglected in the present 
study. It has also been supposed that during turning of the implement-and-tractor aggregate all the 
wheels roll without skidding, and that their instantaneous turning centres coincide. 

Figure 1. Turning layout of a trailed asymmetric swath reaper–tractor aggregate.

Taking into account that the aggregating wheeled tractor is positioned in the turning layout
scheme (Figure 1) in the position that corresponds to entering the turn, with its front-driven wheels
turned in the direction of the turn at certain angles, in a first approximation it is then assumed that
the turning angles of the driven wheels are equal to each other. In this case, the direction of the
velocity vectors of the driven wheels coincide and it is possible to apply the velocity vector VA of the
front-driven wheels of the aggregating tractor at point A (the centre of the axle of the driven wheels).
The velocity vector VB of the rear driving wheels of the tractor is applied at the centre of its rear axle,
at the point B, and its direction coincides with the longitudinal axis of the tractor.

The position of the instant centre of rotation of the aggregate is at the intersection of the
perpendiculars drawn to the velocity vectors VA and VB from points A and B, respectively. Thus,
the obtained point O is the centre of a circle with radius RA along which point A is moving,
and simultaneously the centre of a circle with radius RB along which point B is moving. In addition,
the velocity vectors VA and VB are the peripheral velocities of points A and B, respectively, around
the point O. Considering all the points of segment AB, the radius RB is the shortest and is taken as
the turning radius of the examined implement-and-tractor aggregate, denoted Ra. Consequently,
it appears that precisely the displacement of point B along the circle with radius Ra is the turn of this
implement-and-tractor aggregate around the turning centre, i.e., around point O. However, the actual
turning of this asymmetric harvesting implement-and-tractor aggregate is affected by the operative
conditions of the front-driven and rear driving wheels, which are subject to skidding and drifting in
various directions, have contact with the non-uniform surface of the soil and are affected by different
vertical loads. Therefore, these factors can have a significant impact not only on the position of the
radius of rotation of the unit, but also on its magnitude. Furthermore, a possible increase in the
curvature radius Ra of the path of the aggregating wheeled tractor during the turn occurs mainly as a
result of the lateral drift of the front-driven wheels. The lateral drift of the rear driving wheels of the
tractor and the supporting wheels of the trailed swath reaper has been neglected in the present study.
It has also been supposed that during turning of the implement-and-tractor aggregate all the wheels
roll without skidding, and that their instantaneous turning centres coincide.
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2.2. Data for Numerical Analysis

A numerical simulation was carried out to obtain the values of the characteristics concerning the
headland turning agility of an asymmetric implement-and-tractor aggregate consisting of a 1.4 class
MTZ-80 (60 kW) wheeled tractor and a ZhVP-6 trailed reaping machine (Figure 2). This aggregate’s
great efficiency means that it is widely used in two-phase grain harvesting in Ukraine. The main
technical features of the tractor are as follows: rated power 60 kW; fuel consumption at rated power,
220 g kWh−1; wheelbase, 2450 mm; overall length, 3930 mm; operating weight without ballast, 3900 kg.
The main technical features of the reaping machine are as follows: weight, 1545 kg; productivity,
2.8 ha·h−1; capture width, 4900 mm.
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Figure 2. The asymmetric harvesting machine-and-tractor aggregate used in the test, consisting of an
MTZ-80 wheeled tractor and ZhVP-6 cutter bar.

The following design values of this asymmetric harvesting implement-and-tractor aggregate were
used for the numerical simulation (Figure 1): l = 3.4 m; D = 1.0 m; L = 2.37 m; dk.l = 1.0 m; dk.r = 7.0 m;
e = 2.5 m; BP = 6.0 m. Furthermore, the following design maximum value of angles γ, have been taken
into account, respectively:

maximum value of angle γ for right-side turn γmax.r = 0.54 rad (31◦);
maximum value of angle γ for left-side turn and γmax.l = 0.94 rad (54◦).

3. Results and Discussion

3.1. Evaluation of Ramin

The accepted basic design parameters of the asymmetric swath reaper and tractor aggregate and
the constructed layout scheme of its turning (Figure 1) were used to analytically determine the value of
its turning radius Ra. From the geometric analysis of the turning scheme (Figure 1), the following can
be obtained:

Ra·sinγ = l + D·cosγ (1)

Therefore, the turning radius Ra of the implement-and-tractor aggregate can be calculated:

Ra =
l + D·cosγ

sinγ
(2)

with 0 < γ ≤ γmax.
On the other hand, one of the parameters for the estimation of the static turning agility of an

implement-and-tractor aggregate is the minimal radius Ramin of its turn. Obviously, the minimal
turning radius Ramin is reached at the maximal value of the angle γ, i.e., on condition γ = γmax. In this
case, considering Equation (2) it follows that:
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Ramin =
l + D·cosγmax

sinγmax
(3)

3.2. Evaluation of the Turning Agility Indicator K and Kp

Analytical determination of the minimum turning radius Ramin of the asymmetric harvesting
machine-and-tractor aggregate cannot serve as the only and exhaustive parameter in the kinematics of
a curvilinear movement of this aggregate [9,10].

The transition from a rectilinear movement of the aggregate, i.e., with radius R =∞, to a curve
with a constant minimum radius R = Ramin cannot occur immediately. An extra period of time
elapses between the moment the aggregating tractor enters the turn and the moment corresponding to
movement along the arc with radius Ramin [6,11]. This extra period of time is affected by: (i) the design
of the entire machine-and-tractor aggregate; (ii) the steering peculiarities of the aggregating tractor;
(iii) the personal qualities of the tractor driver, and so on. Furthermore, during this time the trajectory
of the aggregating tractor is a clothoid, which allows a smooth transition from zero curvature to the
curvature corresponding to radius Ramin [14]. As is already known, the curvature is the reciprocal
of the turning radius. Of course, there are two extra times, so-called “into the turn” and “out of the
turn”, respectively. In addition to the minimum turning radius Ramin concerning the movement of an
asymmetric machine-and-tractor, it is also necessary to determine other important indicators, including
the so-called agility index K of the implement-and-tractor aggregate, which characterises the agility
of the aggregate in shifting from a rectilinear to a curved movement, and vice versa [10,11]. Agility
index K is largely affected by the type of the tractor, its speed of movement and the skill of its operator.
In this regard, although not easily measurable, it is obvious that a well-trained driver can turn the
aggregate more easily than a novice driver. Due to high turning speeds, the following expression is
often used [11] to evaluate K for aggregates with wheeled tractors:

K =
L·Vtr.ts

ω
(4)

where: L is the wheelbase of the aggregating tractor;
Vtr.ts is the forward speed of the aggregate on the turning strip, m s−1;
ω is the average turning angular velocity of the steering wheel of the tractor, s−1.
Based on the analysis of Equation (4), the turning agility of an aggregate largely depends not only

on the type of the tractor and its design parameters (L), but also on its forward speed and the skill
of the machine operator ( Vtr.ts

ω ). Furthermore, considering a tractor with wheelbase L, the higher the
speed of the tractor Vtr.ts, the greater the value of K because the tractor will cover a greater distance to
achieve the same radius; conversely, the greater the angular velocity of rotation ω, that is the higher
the agility of the aggregate, the smaller the value of K with this wheelbase L [11]. According to this,
for each tractor with wheelbase L, it is appropriate to consider and analyse as the agility index the
following KP:

KP =
Vtr.ts

ω
(5)

Previous studies have established that the following basic requirements should be observed for
the choice of the mode of movement of an implement-and-tractor aggregate on a turning strip [23,24]:

(a) the average speed of the implement-and-tractor aggregate on the turning strip should be equal
to the maximum allowed for the effective conditions of the operation (for most agricultural
machine-and-tractor aggregates, not exceeding 2.5 m s−1, with the minimum value no less than
1 m s−1);

(b) the average angular velocity of the turn of the aggregating tractor’s driven wheels should be
0.22 s−1; furthermore, the optimal turning angular velocity of the steering wheel of the tractor
performed by the driver can be carried out in the range ω = 0.20–0.22 rad s−1, and the minimum
frequency is ω = 0.10 rad s−1.
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Considering the above conditions, the corresponding KP values can be evaluated using Equation (5):

• Kp min = 1/0.22 = 4.5 m rad−1;
• Kp opt = 2.5/0.22 = 11.4 m rad−1;
• Kp max = 2.5/0.1 = 25.0 m rad−1.

Figure 3 reports the forward speed Vtr.ts of the implement-and-tractor aggregate on the turning
strip as affected by the angular speed of rotation ω of the tractor steering wheels for different values of
Kp. Kp min and Kp max are points in the graph, whereas the rectilinear path corresponding to the optimal
value of the index (Kp opt) was obtained considering the Equation:

Vtr.ts = Kp opt·ω (6)

with 0.10 ≤ ω ≤ 0.22.
Furthermore, the forward speed of the implement-and-tractor aggregate on the turning strip

should not exceed 2.5 m s−1, while the angular turn velocity of the driven wheels of the aggregating
tractor should be less than 0.22 rad s−1 in order to perform the turn in the optimal mode with a higher
value Kp (Figure 3).
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3.3. Evaluation of Ropt and γopt

For each type of turn of the implement-and-tractor aggregate it is possible to introduce the optimal
radius Ropt corresponding to the lowest turning length, given by [25]:

Ropt =

√
L·Vtr.ts

2·ω·εmax
=

√
L·Kp

2·εmax
(7)

where: L is the wheelbase of the tractor, m;
εmax is the maximal angle of the turn of the aggregate at the time when it completes the “entrance

into the turn”, rad.
As a rule, the optimal radius Ropt corresponds to the lowest turning radius required to achieve the

given turning agility of the implement-and-tractor aggregate. If the lowest radius Ramin is greater than
Ropt, then a circular trajectory with radius Ramin will occur, and the turn will be longer than the shortest
turn. If the lowest allowed turning radius Ramin is smaller than Ropt, then it will be impossible to use it
during normal operation [18]. Therefore, the best solution of this issue is:

Ropt = Ramin (8)
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The turning radius Ropt of the asymmetric harvesting machine-and-tractor aggregate ensures the
necessary conditions to prevent damage to the hitch and drive mechanisms, which inevitably approach
during this manoeuvre, and to guarantee that there is no lateral skidding of the support wheels, and so
on [21].

Turning agility KP concerning the examined asymmetric swath reaper and tractor aggregate can
be evaluated by rearranging the Equations (3), (5) and (7) and then the optimal turn is achieved by
moving on the headland in a certain way that corresponds to the indicator KP calculated as follows:

KP =
Vtr.ts

ω
=

2·εmax·(l + D·cosγmax)
2

L·sin2γmax
(9)

Taking into account that the turning agility index KP is determined by the design and kinematic
parameters of the implement-and-tractor aggregate, a definite value of angle γ corresponds to its
optimal value KPopt. From the expression (9) the following is obtained after transformations:

γopt = arcos
−b +

√

b2 − 4·a·c
2a

(10)

where:
b = 4·εmax·D·l (11)

a = KPopt·L + 2·εmax·D2 (12)

c = −KPopt·L + 2·εmax·l2 (13)

Equation (10) makes it possible to determine γopt for each particular implement-and-tractor
aggregate performing a kind of turning. When this γopt is compared with the actual highest possible
(design) value of angle γmax, turning agility of the implement-and-tractor aggregate is insufficient if
γmax < γopt, whereas turning agility is excessive if γmax > γopt.

Equation (9) highlights that it is necessary to keep in the set ratio the forward speed Vtr.ts of the
implement-and-tractor aggregate and the angular speed of rotation ω of the tractor steering wheels
in order to obtain a good turning agility index KP. This is rather difficult under normal operations
conditions and tractors should therefore be fitted with electronic devices allowing automatic control of
the preset value KP during turns made by the implement-and-tractor aggregate.

3.4. Evaluation of Emin

Finally, another important parameter of any implement-and-tractor aggregate is the lowest
headland width Emin for the turning manoeuvre. As known, different continuous-curvature paths
are used in headlands, adjusted to the farmer’s requirements [14]. The movement of the harvesting
implement-and-tractor aggregates on the turning strip usually consists of a combination of two kinds
of turns: a “pear-shaped loop-turn” and a “U-turn” with a straight strip (Figure 4) [9].

For both these types of turns, the value of the indicator Emin is determined by the following [21]:

Emin = Rc + dK + e (14)

where: Rc is the conditional turning radius of the implement-and-tractor aggregate, m;
dK is the kinematic width of the aggregate, i.e., the distance from the longitudinal axis of the

aggregate to the most distant operating tool to the left or to the right, m;
e is the running distance of the aggregate onto the headland before the above-mentioned

manoeuvres, m.
The conditional turning radius Rc is defined as the radius at which the implement-and-tractor

aggregate would carry out a turn only with a circular path, that is without transitional sections of
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the aggregate entering into a turn and leaving it [17]; this can be determined by using the following
Equation:

Rc = Ramin +
L·KP

π·Ramin
(15)

Therefore, the conditional turning radius Rc of the implement-and-tractor aggregate takes into
account its speed, manoeuvrability and design parameters.Agriculture 2019, 9, x FOR PEER REVIEW 8 of 11 

 

  
(a) (b) 

Figure 4. Possible asymmetrical turns of a harvesting machine-tractor aggregate on the headland: (a) 
“pear-shaped loop turn”; (b) “U-turn” with a straight strip. 

Initially, the harvesting tractor-implement will perform pear-shaped loop turns, and continue to 
perform them until the following condition is met: 𝐵 ≥ 2𝑅  (16) 

After condition (16) is fulfilled, the harvester unit will start to perform U-turns with straight 
strip. Considering both kinds of turns: pear-shaped loop-turn and “U-turn” with straight strips, 
Equation (14) combined with Equation (15) highlights that the minimum headland width Emin for 
turns of the aggregate depends significantly on its turning agility 𝐾 . 

3.5. Numerical Results 

With reference to the examined asymmetric swath reaper and tractor aggregate, the lowest radii 
corresponding, respectively, to turn left and right have been calculated using Equation (3): 

• minimum radius pertinent to the right-side turn 𝑅 . =  8.33 m; 
• minimum radius pertinent to the left-side turn 𝑅 . =  4.90 m. 

Furthermore, the following values have been considered for each kind of turn [27]: 

• 𝜀 =  for U-turn with a straight strip 
• 𝜀 =  for pear-shaped loop-turn. 

Therefore, the optimal radii Ropt, which allow the lowest turning length, are assessed using 
Equation (6): 

• 𝑅 =  2.90 m corresponding to 𝜀 = ; 
• 𝑅 =  4.94 m corresponding to 𝜀 = . 

Furthermore, for each kind of turn (pear-shaped loop-turn and U-turn with a straight strip), the 
indicator 𝐾  has been evaluated for the right- and left-side turns using Equation (9) (Figure 5). The 
obtained values of indicators 𝐾  are significantly different each other and highlight the unequal 
behaviour of the asymmetric swath reaper and tractor aggregate on the turn if compared with the 
optimal Kp opt = 11.4. In particular, the headland turning agility 𝐾  concerning U-turns with a straight 
strip is quite similar to Kp opt in the event of left-side turns (−0.15%), whereas 𝐾  is 180% greater that 
Kp opt for right-side turns. Conversely, the headland turning agility 𝐾  concerning pear-shaped loop-
turns never allows optimal conditions because 𝐾  is 190% greater that Kp opt for left-side turns and 
716% for right-side turns. According to these results, except for the left-side U-turns, the examined 
asymmetric swath reaper and tractor aggregate has a limited turning agility, or more precisely, right-
side U-turns and the right-and-left-side pear-shaped loop-turns are practically impossible in the 
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(a) “pear-shaped loop turn”; (b) “U-turn” with a straight strip.

Initially, the harvesting tractor-implement will perform pear-shaped loop turns, and continue to
perform them until the following condition is met:

Bp ≥ 2Rc (16)

After condition (16) is fulfilled, the harvester unit will start to perform U-turns with straight
strip. Considering both kinds of turns: pear-shaped loop-turn and “U-turn” with straight strips,
Equation (14) combined with Equation (15) highlights that the minimum headland width Emin for
turns of the aggregate depends significantly on its turning agility KP.

3.5. Numerical Results

With reference to the examined asymmetric swath reaper and tractor aggregate, the lowest radii
corresponding, respectively, to turn left and right have been calculated using Equation (3):

• minimum radius pertinent to the right-side turn Ramin.r = 8.33 m;
• minimum radius pertinent to the left-side turn Ramin.l = 4.90 m.

Furthermore, the following values have been considered for each kind of turn [27]:

• εmax = π
4 for U-turn with a straight strip

• εmax = π
2 for pear-shaped loop-turn.

Therefore, the optimal radii Ropt, which allow the lowest turning length, are assessed using
Equation (6):

• Ropt = 2.90 m corresponding to εmax = π
2 ;

• Ropt = 4.94 m corresponding to εmax = π
4 .

Furthermore, for each kind of turn (pear-shaped loop-turn and U-turn with a straight strip),
the indicator KP has been evaluated for the right- and left-side turns using Equation (9) (Figure 5).
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The obtained values of indicators KP are significantly different each other and highlight the unequal
behaviour of the asymmetric swath reaper and tractor aggregate on the turn if compared with the
optimal Kp opt = 11.4. In particular, the headland turning agility KP concerning U-turns with a straight
strip is quite similar to Kp opt in the event of left-side turns (−0.15%), whereas KP is 180% greater
that Kp opt for right-side turns. Conversely, the headland turning agility KP concerning pear-shaped
loop-turns never allows optimal conditions because KP is 190% greater that Kp opt for left-side turns
and 716% for right-side turns. According to these results, except for the left-side U-turns, the examined
asymmetric swath reaper and tractor aggregate has a limited turning agility, or more precisely, right-side
U-turns and the right-and-left-side pear-shaped loop-turns are practically impossible in the optimal
mode (Figure 5). This result can also be obtained by assessing the optimal angle γopt, using Equation
(10) and the optimal value Kp opt = 11.4. Considering the data pertinent to the examined asymmetric
swath reaper and tractor aggregate, the Equation (10) has a real solution (0.93 rad, i.e., 53◦) only
in the case of U-turns with a straight strip. Therefore, left and right-side pear-shaped loop-turns
cannot be executed with an optimal turning agility Kp opt and these turns are certainly wider than
the corresponding narrowest turns. Furthermore, the obtained value of γopt was compared with the
maximum allowed design values of angle γmax for the right- and left-side turns respectively, giving
these results: (i) γmax.r = 31◦ < γopt = 53◦; (ii) γmax.l = 54◦ � γopt = 53◦. In the first case, the width
covered by the aggregate will be greater than that the lowest allowed. Conversely, in the second case
the turning agility of the implement-and-tractor aggregate occurs in optimal conditions.

Agriculture 2019, 9, x FOR PEER REVIEW 9 of 11 

 

optimal mode (Figure 5). This result can also be obtained by assessing the optimal angle 𝛾 , using 
Equation (10) and the optimal value Kp opt = 11.4. Considering the data pertinent to the examined 
asymmetric swath reaper and tractor aggregate, the Equation (10) has a real solution (0.93 rad, i.e., 
53°) only in the case of U-turns with a straight strip. Therefore, left and right-side pear-shaped loop-
turns cannot be executed with an optimal turning agility Kp opt and these turns are certainly wider 
than the corresponding narrowest turns. Furthermore, the obtained value of 𝛾  was compared 
with the maximum allowed design values of angle 𝛾  for the right- and left-side turns 
respectively, giving these results: (i) 𝛾 . = 31° < 𝛾  = 53°; (ii) 𝛾 . = 54° ≅ 𝛾 = 53°. In the 
first case, the width covered by the aggregate will be greater than that the lowest allowed. Conversely, 
in the second case the turning agility of the implement-and-tractor aggregate occurs in optimal 
conditions. 

 
Figure 5. Turning agility of asymmetric implement (swath reaper)–tractor aggregate. Indicator 𝐾   
for each kind of turn (pear-shaped loop-turn and U-turn with a straight strip) and for right- and left-
side turns, respectively. 

4. Conclusions 

The headland turning agility of an asymmetric implement-and-tractor aggregate was analysed 
and, depending on its design parameters, analytical equations were obtained in order to determine 
the minimal turning radius 𝑅 , the value of the optimal angle 𝛾   between the longitudinal axis 
of the aggregating tractor and the hitch bar of the trailed asymmetric implement, as well as the width 
required to perform the turn. These equations were then used in a numerical simulation in order to 
calculate the characteristics values of the characteristics concerning the headland turning agility of 
an asymmetric swath reaper and tractor aggregate. The minimal radii of this implement-and-tractor 
aggregate were calculated as 8.33 m for the right-side turn and 4.90 m for the left-side turn, 
respectively. Furthermore, it was shown that the optimal angle 𝛾  exists only in the case of left-
side U-turns and that its value is 1.12 rad (64°); conversely, it is not possible to perform right-side U-
turns or right-side and left-side pear-shaped loop-turns in the optimal mode.  

Finally, the agility index 𝐾  must be kept at the established value during the turns made by the 
implement-and-tractor aggregate. Therefore, tractors should be equipped with suitable devices that 
can automatically adjust the forward speed of the tractor on the turning strip and/or the average 
angular velocity of the turn of its driven wheels in order to maintain the 𝐾  value stable. 

Author Contributions: Conceptualization and Methodology, V.B., S.P., H.B. and S.I.; Formal Analysis, 
Investigation and data curation, V.B., S.P., H.B. and S.I.; Writing—Original Draft Preparation, V.B., H.B. and S.I.; 
Writing—Review & Editing, V.B. and S.P.; Supervision, V.B., S.P. 

Funding: This research received no external funding. 

Figure 5. Turning agility of asymmetric implement (swath reaper)–tractor aggregate. Indicator KP for
each kind of turn (pear-shaped loop-turn and U-turn with a straight strip) and for right- and left-side
turns, respectively.

4. Conclusions

The headland turning agility of an asymmetric implement-and-tractor aggregate was analysed
and, depending on its design parameters, analytical equations were obtained in order to determine
the minimal turning radius Ramin, the value of the optimal angle γopt between the longitudinal axis of
the aggregating tractor and the hitch bar of the trailed asymmetric implement, as well as the width
required to perform the turn. These equations were then used in a numerical simulation in order to
calculate the characteristics values of the characteristics concerning the headland turning agility of
an asymmetric swath reaper and tractor aggregate. The minimal radii of this implement-and-tractor
aggregate were calculated as 8.33 m for the right-side turn and 4.90 m for the left-side turn, respectively.
Furthermore, it was shown that the optimal angle γopt exists only in the case of left-side U-turns and
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that its value is 1.12 rad (64◦); conversely, it is not possible to perform right-side U-turns or right-side
and left-side pear-shaped loop-turns in the optimal mode.

Finally, the agility index KP must be kept at the established value during the turns made by the
implement-and-tractor aggregate. Therefore, tractors should be equipped with suitable devices that
can automatically adjust the forward speed of the tractor on the turning strip and/or the average
angular velocity of the turn of its driven wheels in order to maintain the KP value stable.
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