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We investigate the impact of light (∼ eV) sterile neutrinos in the long-baseline experiment T2K. We
show that, within the 3þ 1 scheme, for mass-mixing parameters suggested by the short-baseline
anomalies, the interference among the sterile and the atmospheric oscillation frequencies induces a
new term in the νμ → νe transition probability, which has the same order of magnitude of the standard
3-flavor solar-atmospheric interference term. We show, for the first time, that current T2K data, taken
together with the results of the θ13-dedicated reactor experiments, are sensitive to two of the three
CP-violating phases involved in the 3þ 1 scheme. Both the standard CP phase and the new one (δ13 ≡ δ
and δ14 in our parameterization choice) tend to have a common best-fit value δ13 ≃ δ14 ≃−π=2. Quite
intriguingly, the inclusion of sterile neutrino effects leads to better agreement between the two estimates of
θ13 obtained, respectively, from reactors and T2K, which in the 3-flavor framework are slightly different.
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I. INTRODUCTION

Neutrino physics is entering a new era. The discovery of
a relatively large value of the long-sought third mixing
angle θ13 has raised hopes of completing the picture of the
standard 3-flavor framework. The determination of the two
missing unknown properties, i.e., the amount (if any) of
leptonic CP-violation (CPV) and the neutrino mass hier-
archy are now realistic targets.
Leptonic CPV is a genuine 3-flavor phenomenon [1],

which can occur only if no pair of neutrino mass eigenstates
is degenerate (m2

i −m2
j ≠ 0 for i ≠ j; i; j ¼ 1; 2; 3) and if all

the three mixing angles (θ12; θ23; θ13) are nonzero. Now that
all these (six) necessary conditions are known to be realized
in nature, the next task is to ascertain if a further (last)
condition is fulfilled, i.e., if the lepton mixing matrix is
nonreal, or, equivalently, if theCP phase δ is different from 0
and π. The CP phase δ is already being probed by the long-
baseline (LBL) accelerator experiment T2K [2] (and also by
MINOS [3] with less statistical power) in combination with
the reactor θ13-dedicated experiments [4–7], which “fix” θ13
independently of δ. Some (weaker) information on such a
fundamental phase is also provided by atmospheric neutrinos
[8]. Quite intriguingly, all the latest global analyses [9–11]
show a weak indication (close to the 90% C.L.) of CPV, the
best-fit value of the CP phase being δ ∼ −π=2.
An apparently unrelated issue in present-day neutrino

physics is provided by the hints of light (∼eV) sterile
species suggested by the short-baseline (SBL) anomalies
(see [12–14] for reviews). In the presence of sterile
neutrinos, the 3-flavor scheme must be enlarged so as to
include one (or more) mass eigenstates having nonzero
admixture with the active flavors. In such more general

frameworks, new CP phases automatically appear and,
thus, the question naturally arises as to whether the current
and planned LBL experiments, designed to underpin the
standard CP phase δ, also have some chance to detect the
new potential sources of CPV.1

In this work we show, for the first time, that the existing
measurements of νμ → νe appearance performed by the
LBL experiment T2K, taken in combination with those of
ν̄e → ν̄e disappearance deriving from the θ13-dedicated
reactor experiments, are already able to provide informa-
tion on the nonstandard sterile-induced CP phases. In fact,
differently from the SBL experiments, in LBL setups the
oscillations induced by the new sterile neutrino species
can interfere with those driven by the two standard squared-
mass splittings, giving rise to observable effects. In
particular, it turns out that the interference among the
sterile and the atmospheric oscillation frequencies induces
a new term in the νμ → νe transition probability, which has
the same order of magnitude of the standard 3-flavor solar-
atmospheric interference term.
Working within the simple 3þ 1 scheme, we show that,

for mass-mixing parameters suggested by the current SBL
fits [13,14], it is possible to extract quantitative information
on two of the three CP phases involved in the model (one
of them being the standard phase δ). Quite intriguingly, the
statistical significance of the information obtained on the
new CP phase is similar to that achieved for the standard
phase δ. In addition, our analysis evidences that the
presence of 4-flavor effects tends to resolve the slight
tension (present within the 3-flavor framework) between
the two estimates of θ13 extracted, respectively, from T2K
and from reactor experiments.

*Present address: GRAPPA Institute, University of Amsterdam,
Science Park 904, 1098 XH Amsterdam, Netherlands.

1Previous work on the effects of light sterile neutrinos in LBL
setups can be found in [15–24].
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The rest of the paper is organized as follows. In Sec. II we
introduce the theoretical framework needed to discuss the
analytical behavior of theLBL νμ → νe transition probability
in vacuum. In Sec. III we present the results of the numerical
analysis (which includes the matter effects). In Sec. IV we
draw our conclusions. The paper is closed by an appendix
dedicated to the analytical treatment of the Mikheyev-
Smirnov-Wolfenstein (MSW) effects relevant for the LBL
setups within the 3þ 1 scheme.

II. THEORETICAL FRAMEWORK

Light sterile neutrinos are introduced in the so-called
3þ Ns schemes, where the Ns new mass eigenstates are
assumed to be separated from the three standard ones
by large splittings, giving rise to the hierarchal pattern
Δm2

12≪ jΔm2
13j≪jΔm2

1kjðk¼4;…;3þNsÞ, with Δm2
ij ≡

m2
j −m2

i . This implies that the fast oscillations induced by
the new squared-mass splittings are completely averaged in
all setups sensitive to the solar squared-mass difference
(Δm2

12) and the atmospheric one (Δm2
13). In this work, for

definiteness, we consider the simplest 3þ 1 scheme.
In the presence of a fourth sterile neutrino νs, the

flavor (να, α ¼ e; μ; τ; s) and the mass eigenstates
(νi; i ¼ 1; 2; 3; 4) are connected through a 4 × 4 unitary
mixing matrix U, which depends on six complex param-
eters [25]. Such a matrix can be expressed as the product of
six complex elementary rotations, which define six real
mixing angles and six CP-violating phases. Of the six
phases three are of the Majorana type and are unobservable
in oscillation processes, while the three remaining ones are
of the Dirac type. As it will appear clear in what follows, for
the treatment of the transitions involved in LBL setups, a
particularly convenient choice of the parameterization of
the mixing matrix is2

U ¼ ~R34R24
~R14R23

~R13R12; ð1Þ
where Rij ( ~Rij) represents a real (complex) 4 × 4 rotation in
the (i; j) plane containing the 2 × 2 submatrix

R2×2
ij ¼

�
cij sij
−sij cij

�
~R2×2
ij ¼

�
cij ~sij
−~s�ij cij

�
; ð2Þ

in the ði; jÞ subblock, with
cij ≡ cos θij sij ≡ sin θij ~sij ≡ sije−iδij : ð3Þ

The parameterization in Eq. (1) has the following properties:
(i) For vanishing mixing involving the fourth state ðθ14 ¼
θ24 ¼ θ34 ¼ 0Þ it reduces to the 3-flavor mixing matrix in
its standard parameterization [26] with the identification
δ13 ≡ δ. (ii) The leftmost positioning of the matrix ~R34

allows us to eliminate the mixing angle θ34 (and the related
CP phase δ34) from the expression of the νμ → νe con-
version probability in vacuum. In matter, the transition
probability depends also on θ34 and δ34. However, the
sterile-induced matter perturbations are extremely small
in T2K and such dependency is completely negligible
(see the Appendix). (iii) For small values of θ13 and of
the mixing angles involving the fourth mass eigenstate,
one has jUe3j2 ≃ s213, jUe4j2 ¼ s214 (exact), jUμ4j2 ≃ s224 and
jUτ4j2 ≃ s234, with a clear physical interpretation of the new
mixing angles.
Before considering the 4-flavor transition probability

relevant for T2K, we recall a basic property of the
3-neutrino framework, which will be helpful in under-
standing the more general 4-neutrino case. In the presence
of CPV, at LBL experiments one expects a nonzero value of
the asymmetry

ACP
μe ≡ Pðνμ → νeÞ − Pðν̄μ → ν̄eÞ; ð4Þ

which, in the 3-flavor (vacuum) case, can be expressed as

ACP
μe ¼ 16J sinΔ12 sinΔ23 sinΔ31; ð5Þ

where Δij ≡ Δm2
ijL=4E (L being the baseline and E the

neutrino energy) and J is the Jarlskog invariant [27]

J ¼ Im½Ue2Uμ3U�
e3U

�
μ2�: ð6Þ

The mass pattern chosen by nature for the three mass
eigenstates is such that in the LBL setups we have Δ≡
Δ13≃Δ23∼Oð1Þ andΔ12¼αΔ, with3 jαj≃ 0.03. Consider,
however, an ideal case where in the same setups we have
jΔj≡ jΔ13j≃ jΔ23j ≫ 1, while leaving Δ12 unaltered (this
would correspond to a much larger value of jΔm2

13j). In this
situation, the average over the finite energy resolution of
the experiment would wash out the fast oscillating terms in
Eq. (5), giving rise to

−hsinΔ23 sinΔ31i≃ hsin2 Δi ¼ 1=2; ð7Þ
thus obtaining for the CP asymmetry

hACP
μe i ¼ −8J sinΔ12: ð8Þ

This ideal case shows that CPV is not erased by the average
over the two large frequencies. CPV cancellation would
occur only if the third frequency were also very large
(Δ12 ≫ 1). Consider now a realistic 3þ 1 scheme. In this
case, the oscillations induced by the three new large
oscillation frequencies jΔnewj≡jΔ14j≃jΔ24j≃jΔ34j≫1
will get averaged, and the information on their values will
be lost. On the other hand, CPV effects will survive, since
there are other two finite frequencies, the atmospheric

2An equally convenient choice is obtained by associating one
of the new CP phases to R24 instead of R14, i.e., by replacing the
product R24

~R14 with ~R24R14.

3Note that the sign of both Δ≡ Δ13 and α≡ Δ12=Δ13 changes
with a swap of the mass hierarchy ðΔ13 → −Δ13Þ, while the sign
of the product αΔ is invariant (positive).
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[jΔj≡jΔ13j≃jΔ23j∼Oð1Þ] and the solar one (Δ12 ¼ αΔ).
Therefore, it will be natural to expect a dependency on the
CP phases in the flavor conversion process.
Let us now come to the expression of the νμ → νe

transition probability probed in T2K. We recall that in the
3-flavor vacuum case, such a probability can be written as
the sum of three terms

P3ν
μe ¼ PATM þ PSOL þ PINT; ð9Þ

where the first two terms are positive definite probabilities
induced by the atmospheric and the solar squared-mass
splittings, while the third is generated by their interference
and can assume both positive and negative values. An
expansion in the small parameters s13 ≃ 0.15 and α≃
�0.03 (supposed to have the same order ϵ) provides, at the
second order in ϵ, the well-known expressions [28]

PATM
3ν ≃ 4s223s

2
13 sin

2 Δ; ð10Þ

PSOL
3ν ≃ 4c212c

2
23s

2
12ðαΔÞ2; ð11Þ

PINT
3ν ≃ 8s13s12c12s23c23ðαΔÞ sinΔ cosðΔþ δ13Þ: ð12Þ

While all these three terms are formally of the same
(second) order in ϵ, they have quite different sizes, since
jαj is much smaller than s13. Around the first oscillation
maximum (Δ ∼ π=2) probed by T2K, the atmospheric term
is ∼5 × 10−2, the interference term is ∼1.3 × 10−2, and the
solar term is ∼1.5 × 10−3. Indeed, a different kind of
expansion, considering s13 ∼ ϵ and α ∼ ϵ2, is more appro-
priate, as already evidenced in [29]. In this case, an
expansion at the third order gives only the (leading)
atmospheric term (∼ϵ2) and the (subleading) interference
term (∼ϵ3). At the fourth order one recovers the solar term
∝ ðαΔÞ2 of Eq. (11), and two additional terms [29]. The first
term can be interpreted as a tiny modification of the
atmospheric term δPATM ∝ s413, and the second one as a
very small change of the interference term δPINT ∝ s213ðαΔÞ.
All three fourth-order terms, for the T2K baseline, have size
≲2 × 10−3 and have negligible impact.
Let us now come to the 4-flavor case. The analyses of the

SBL anomalies [13,14] point towards values of s14 and s24
which have sizes very similar to s13. Hence, for the
purposes of this work, which is limited to the
SBL-preferred region, it is meaningful to assume that all
these parameters have the same common order ϵ and to
consider α ∼ ϵ2. After averaging over the fast oscillations
induced by the large frequency Δ14, at the fourth order in ϵ,
we find

P4ν
μe ≃ ð1 − s214 − s224ÞP3ν

μe

þ 4s14s24s13s23 sinΔ sinðΔþ δ13 − δ14Þ
− 4s14s24c23s12c12ðαΔÞ sin δ14 þ 2s214s

2
24: ð13Þ

The first term is the 3-flavor probability multiplied by the
suppression factor f ¼ 1 −Oðϵ2Þ. The second and third
terms can be ascribed, respectively, to the interference of
the atmospheric and solar frequencies with the new large
frequency, which does not appear in the formulas since it
has been averaged out. The last term can be interpreted as
the averaged transition probability in an effective 2-flavor
description. As might have been expected, the transition
probability is the sum of six contributions

P4ν
μe ¼ PATM þ PSOL þPSTR þPINT

I þ PINT
II þPINT

III : ð14Þ

The first two terms and the fourth one coincide (apart from
the suppression factor f) with the three standard 3-flavor
terms in Eqs. (10)–(12). With PSTR we have indicated
the last term in (13). The last two contributions are the new
interference terms [the second and third terms in Eq. (13)].
Inspection of Eq. (13) reveals that PINT

II is Oðϵ3Þ, so its
size is expected to be comparable to that of the standard
inference term PINT

I [see Eq. (12)]. Both PSTR and PINT
III are

Oðϵ4Þ like PSOL.
Let us come back for a moment to Eq. (13). From this

expression we can observe that the last three terms depend
on the product s14s24, and, therefore, they depend on the
effective appearance mixing angle, defined as

sin 2θμe ≡ 2jUe4jjUμ4j≃ 2s14s24; ð15Þ

which is the amplitude probed by the SBL νμ → νe
appearance experiments. The first term in Eq. (13) depends
on a different combination of the two mixing angles.
However, in the particular case s214 ¼ s224, this combination
can be expressed as

s214 þ s224 ¼ 2s214 ¼ 2s14s24 ¼ sin 2θμe; ð16Þ

and the suppression factor f as4

f ¼ 1 − sin 2θμe: ð17Þ

Therefore, in this particular case, Eq. (13) can be recast in
the form

P4ν
μe ¼ ð1 − sin 2θμeÞP3ν

μe

þ 2 sin 2θμes13s23 sinΔ sinðΔþ δ13 − δ14Þ
− 2 sin 2θμec23s12c12ðαΔÞ sin δ14
þ 1

2
sin2 2θμe; ð18Þ

4It is useful to observe that for a fixed value of the appearance
angle sin 2θμe, the suppression factor f is always smaller than the
one obtained in the specific case s214 ¼ s224. In fact, the inequality
ðs14 − s24Þ2 ≥ 0 implies that s214 þ s224 ≥ 2s14s24 ¼ sin 2θμe.
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in which all the terms [and consequently all six terms in
Eq. (14)] scale with a definite power of the effective
appearance mixing angle.
As a result, in the particular case s214 ¼ s224, the com-

parison of the terms involved in the transition probability
is straightforward. Figure 1 displays (for Δ ¼ π=2 and
s213 ¼ 0.025) the behavior of all the six contributions in
Eq. (14) as a function of sin 2θμe. We plot the maximum
absolute value for the three interference terms (which can
be positive or negative). The vertical gray band indicates
the range allowed by the SBL anomalies. As expected from
the discussion above, in this range, only the leading
atmospheric and the two subleading interference terms
are relevant, and the 4-flavor transition probability is
approximately given by

P4ν
μe ≃ PATM þ PINT

I þ PINT
II : ð19Þ

Remarkably, the amplitude of the new (atmospheric-
sterile) interference term is almost identical to that of
the standard (solar-atmospheric) interference term. As a
consequence, a big impact is expected on the regions
reconstructed by the experiment T2K for the CP phase
δ13. More importantly, a similar sensitivity to the two CP
phases δ13 and δ14 is expected in the combination of T2K
with the reactor experiments. The quantitative verification
of these qualitative expectations will be the subject of the
next section.

III. NUMERICAL ANALYSIS

In our numerical analysis we include the reactor experi-
ments Daya Bay and RENO and the LBL experiment T2K.
Concerning T2K the analysis is slightly different for the
cases of 3 and 4 flavors, since in this last case there are
appreciable oscillation effects not only at the far detector
(FD), Super-Kamiokande, but also at the near detector (ND),
ND280, which must be taken into account. For this reason,
we discuss the two cases separately. In the calculation of the
oscillation probability we have included the MSW effects
following the prescriptions described in the Appendix.

A. Treatment of the reactor experiments

The analysis of the reactor experiments is performed
using the total rate information and following the approach
described in detail in [30]. For both experiments we have
used the latest data presented at the Neutrino 2014
Conference [4,7] based on 621 live days (Daya Bay) and
800 live days (RENO). Since the electron antineutrino
survival probability probed by these experiments is inde-
pendent of theCP-violating phases (standard and nonstand-
ard), their estimate of θ13 does not depend on their values.
We recall that such an estimate is extracted using the ratio of
the event rates measured at the far and the near sites. Since
the fast oscillations induced by Δm2

14 are averaged out at
both detector sites, Daya Bay and RENO are not sensitive to
4-flavor effects. As a result, their estimate of θ13 is
independent of the mixing angle θ14 provided that it is
allowed to vary in the range we are exploring.5 Finally, it
must be noted that the estimate of θ13 is essentially identical
for the two cases of normal hierarchy (NH) and inverted
hierarchy (IH).

B. Treatment of T2K

1. The 3-flavor case

We use the T2K results of the νμ → νe appearance
searches [2], which reported 28 events with an estimated
background of 4.92 events. In order to calculate the
theoretical expectation for the total number of events
and their binned spectrum in the reconstructed neutrino
energy, we convolve the product of the νμ flux [31] (tables
provided on the T2K home page [32]), the charged current
quasielastic cross section (estimated from [2]), and the
νμ → νe transition probability, with an appropriate energy
resolution function, which incorporates the correlation
among the true and the reconstructed neutrino energy.
For the energy resolution we have adopted a Gaussian
function with width σE ¼ 15%

ffiffiffiffi
E

p
. We have checked that

our prediction for the binned spectrum of events is in very
good agreement with that shown by the collaboration in [2].

FIG. 1 (color online). Behavior of the six contributions to the
transition probability in Eq. (14) as a function of the effective
appearance mixing angle sin 2θμe in the case s214 ¼ s224 for
s213 ¼ 0.025. The maximum absolute value is plotted for the three
interference terms. The curves correspond to the first oscillation
maximum Δ ¼ π=2 (obtained for Eν ≃ 0.6 GeV in T2K).

5It can be shown that corrections to this approximation arise at
the order ϵ6, being proportional to s213s

4
14, and are completely

negligible.
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We have performed the analysis using both the total rate
information and the full spectrum, observing very small
differences between the two cases. This is due to the limited
statistics currently available and to the effect of the
smearing induced by the energy resolution. As explained
in the next subsection, in the 4-flavor case we could
consistently perform only a total rate analysis. Therefore,
for homogeneity, in the 3-flavor case, we report the results
obtained with the total rate information.

2. The 4-flavor case

In the case of 4-flavor oscillations the T2Knear detector is
sensitive to the oscillations induced by the new Δm2

14, since
at the baseline LND ¼ 280 m, ΔND

14 ∼Oð1Þ. Regarding this,
it should be noted that the published neutrino fluxes ϕνðEÞ
(both those relative to ND280 and their extrapolations at
Super-Kamiokande) are constrained with the measurements
performed at theND (see [31]).More precisely, the available
fluxes are not the original output of the dedicated simulation
programs, but are a “postfit” version of these. Basically, the
fluxes are anchored to the ND measurements, compatibly
with the pulls of the nuisance parameters of the model of the
original (“prefit”) fluxes. The anchoring of the fluxes to the
ND measurements introduces an overall normalization
factor and appreciable energy distortions, the typical size
of which is ∼10%. These effects can be appreciated, for
example, in Fig. 1 of [2].
This procedure is designed for the 3-flavor case, in which

the oscillation effects at the ND are negligible; the
procedure in this case improves the estimate of the non-
oscillated fluxes. In contrast, in the presence of 4-flavor
effects, the available postfit fluxes are no more an accurate
estimate of the nonoscillated fluxes, since they partially
incorporate the effects of the 4-flavor oscillations occurred
at the ND. In the range of the small mixing angles we are
exploring in this work, at the ND one expects an energy-
dependent suppression of the nonoscillated fluxes whose
amplitude (≃4s224 ¼ 0.1) is modulated by the Oð1Þ phase
ΔND

14 ¼ Δm2
14L

ND=4E. A suppression of this size is cer-
tainly allowed by the nuisance parameters of the flux
model.6 Therefore, for the range of parameters under
consideration, the postfit fluxes completely incorporate
the 4-flavor effects (if these are present). In this situation,
it is problematic to perform an accurate 4-flavor spectral
analysis from outside the T2K Collaboration, since one
would need to model the original fluxes (with their
uncertainties) and perform a simultaneous fit of both the
ND and the FD event spectra varying the oscillation
parameters θ24 and Δm2

14. For these reasons we limit our
work to a total rate analysis.

We have checked that in the range of Δm2
14 ∈

½0.1–10� eV2, the total rate suppression at the ND varies
in the range [2,8]%. For definiteness, in the analysis we
assume Δm2

14 ¼ 1 eV2, for which the total rate suppression
is∼4%. Consequently, we have increased the normalization
of the published νμ flux by the same amount. Since the FD
total rate is proportional to the product of the nonoscillated
flux and the transition probabilityPμe, in the fit, a larger flux
will be compensated by a lower Pμe. By observing that the
leading termofPμe is proportional to sin2 θ13, we can deduce
that the estimate of sin2 θ13will be slightly smaller (∼ − 3%)
with respect to the 3-flavor case, as we have explicitly
checked numerically. Therefore, when interpreting the
results of the 4-flavor analysis, one should bear in mind
that this (small) effect is at play, together with those (larger)
described in Sec. II, which are genuine LBL effects.
We remark that the fake energy distortions introduced in

the fluxes by the ND280 anchoring procedure are also
present, basically unaltered, in the far detector fluxes
(which are an extrapolation of the ND fluxes). For this
reason, it would be pointless (and wrong) to perform a
spectral 4-flavor analysis of the FD data using the pub-
lished fluxes. As we have shown in the previous subsection
on the 3-flavor analysis, the T2K sensitivity is currently
dominated by the total rate information. Therefore, it is
legitimate to expect that the total rate information will give
accurate results in the 4-flavor case as well, provided that
the fake distortions are of the order of a few per cent. Of
course, the situation would be different for values of s224
much larger than those considered in this work, in which
case a dedicated spectral analysis would be inescapable.
The same conclusion would hold if the T2K νμ → νe
appearance measurement had considerably larger statistics.
A final remark is in order concerning the treatment of the

atmospheric mixing angle θ23. It can been shown that the far/
near ratio in the νμ → νμ channel is almost unaffected by
4-flavor effects, as we have explicitly checked numerically.
Therefore, the estimate of θ23 is expected to be very stable
with respect to the 4-flavor perturbations induced by the
small values of s224 we are considering. Therefore, in the
4-flavor analysis we have marginalized θ23 taking into
account the constraint sin2 θ23 ≃ 0.51� 0.055 obtained,
within the 3-flavor framework, from the νμ → νμ disappear-
ance measurement [33] performed by T2K. This assumption
would not be justified for larger values of θ24, in which
case the estimate of θ23 should be obtained by analyzing the
νμ → νμ disappearance results within a 4-flavor framework.

C. Results of the 3-flavor analysis

In the 3-flavor analysis, the two mixing angles (θ13, θ23)
and the CP phase δ13 are treated as free parameters, taking
into account the external prior sin2θ23 ≃ 0.51� 0.055
provided by the νμ → νμ disappearance measurement
[33] performed by T2K. For the atmospheric mass splitting

6Indeed, the ND spectrum normalization appears to be a few
per cent lower than the prefit one, most of the suppression being
concentrated in a region close to the peak of the muon momentum
distribution (see Fig. 1 of [2]).
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we use the best-fit value of Δm2
13 obtained in the same

analysis. The solar mass-mixing parameters are fixed at the
best-fit value obtained in the global analysis [9].
Figure 2 shows the results of the analysis for the two

cases of NH (upper panels) and IH (lower panels) in the
plane spanned by the two variables [sin2 2θ13; δ13], the
atmospheric mixing angle θ23 having been marginalized
away. The left panels report the T2K-allowed regions for

the confidence levels 68% and 90% (1 d.o.f), identical to
those used by the T2K Collaboration, so as to facilitate
comparison. Our results are basically superimposable to
those obtained by the collaboration (see Fig. 5 in [2]). The
thin vertical band displayed in both panels represents the
range allowed at 68% C.L. for θ13 by the reactor experi-
ments. As already noticed in the global analyses [9–11] and
in partial fits performed by various experimental collabo-
rations, the T2K-allowed bands lie at values of θ13, which
are somewhat larger compared to the range identified by
reactors. As a result, as evident in the two right panels, the
combination of the reactor experiments with T2K tends to
select values of δ ∼ −π=2, disfavoring the cases of no CPV
(δ13 ¼ 0; π) at roughly the 90% C.L. In addition, a weak
preference for the case of normal hierarchy emerges
(χ2NH − χ2IH ≃−0.8).

D. Results of the 4-flavor analysis

As discussed in detail in the Appendix, in the 3þ 1
scheme, the role of matter effects is very similar to the
3-flavor case. Basically (in comparison to the vacuum
case), they tend to increase (decrease) the theoretically
expected T2K rate in the case of NH (IH), with a
consequent downward (upward) shift of the range preferred
for θ13. The “wiggle” structure of the allowed regions is
basically the same for the two mass hierarchies (see Figs. 3
and 4). The regions obtained for the case of IH are
essentially shifted towards larger values of θ13 and slightly
expanded with respect to those obtained in the NH case. We
describe in detail the results only for NH, the interpretation
of the IH case being straightforward.

FIG. 2 (color online). Left panels: Regions allowed by T2K and
by reactor experiments for normal hierarchy (upper panel) and
inverted hierarchy (lower panel). Right panels: Regions allowed
by their combination. The mixing angle θ23 is marginalized away.
The confidence levels refer to 1 d.o.f. (Δχ2 ¼ 1.0; 2.71).

FIG. 3 (color online). Regions allowed by T2K for four values
of the CP phase δ14. Normal hierarchy is assumed. The mixing
angle θ23 is marginalized away. The vertical band represents the
region allowed by reactor experiments. Confidence levels are as
in Fig. 2.

FIG. 4 (color online). Regions allowed by T2K for four values
of the CP phase δ14. Inverted hierarchy is assumed. The vertical
band represents the region allowed by reactor experiments. The
mixing angle θ23 is marginalized away. Confidence levels are as
in Fig. 2.
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Figure 3 displays the results of the 4-flavor analysis for the
case of NH. The four panels represent the T2K-allowed
regions in the usual plane [sin2 2θ13; δ13] for four different
choices of the new CP phase δ14. We have fixed the
4-flavor parameters at the following values: s214¼s224¼
0.025, s234 ¼ 0, δ34 ¼ 0, and Δm2

14 ¼ 1 eV2. As a bench-
mark we also report the range allowed for θ13 by reactors,
which is identical to the standard case. A quick comparison
of the four panels of Fig. 3 with the 3-flavor case (left upper
panel of Fig. 2) shows the large impact of the 4-flavor effects
on the structure of the T2K wiggles. The behavior of the
curves can be easily interpreted, taking into account that the
dominant contribution to the total rate comes from a region
of the energies close to the first oscillation maximum, where
Δ ∼ π=2. Inspection of Eq. (12) shows that the standard
interference term is proportional to − sin δ13. From Eq. (13)
we see that for δ14 ¼ π=2, the new interference term is
proportional to sin δ13. Therefore, in this case the two terms
are in opposition of phase and, having similar amplitudes,
their sum tends to cancel out, making the wiggles almost
disappear (see the right upper panel of Fig. 3). In this case,
the T2K region is basically a vertical band.
For δ14 ¼ −π=2 (right lower panel of Fig. 3) the two

inference terms have the same phase and the horizontal
excursion of the wiggles is increased (roughly doubled). As
a benchmark, the best-fit curve excursion range is
[0.11,0.17] in the 3-flavor case, while it is [0.09,0.19] in
the 4-flavor one. In the two cases δ14 ¼ 0; π (left panels
of Fig. 3) the new interference term is proportional to
� cos δ13 ¼ � sinðπ=2 − δ13Þ and, thus, it has a �π=2
difference of phase with respect to the standard one. As

a result, in those two cases, the behavior of the T2K bands
is intermediate between the two cases δ14 ¼ ð−π=2; π=2Þ.
It is interesting to note that, in the presence of 4-flavor

effects, a better agreement between the estimates of θ13
from reactors and T2K can be obtained. In particular, this
occurs for δ14 ≃−π=2, which is, therefore, expected to be
the best-fit value in the combined analysis of reactors with
T2K. We recall that a (small) part of the shift towards lower
values of θ13 of the T2K bands is imputable to the
renormalization of the nonoscillated νμ flux, which we
have incorporated in our analysis in order to take into
account the effect of the oscillations at the near detector
ND280 (see the discussion in subsection III.A.2).
As a last step in our 4-flavor analysis, we perform the

combination of T2K with reactors. In this more general
analysis,we treat the twomixing angles (θ13; θ23) and the two
CP phases ðδ13; δ14Þ as free parameters, while fixing the
remaining 4-flavor parameters at the same values used
before: s214¼s224¼0.025, s234¼0, δ34¼0, and Δm2

14¼
1eV2. We have checked that the impact of nonzero θ34
(and consequently of the associated CP phase δ34) is
negligible, even considering very large values of θ34, well
beyond the current bounds. Therefore, the results of the
analysis, albeit formally obtained for the fixed value θ34 ¼ 0,
are indeed more general and are equivalent to those that one
would obtain by treating θ34 and δ34 as free parameters and
marginalizing over them. The insensitivity to θ34 in vacuum
is obvious from the formulas presented in Sec. II. The reason
of its irrelevance also in matter is explained in the Appendix.
Similar to the 3-flavor case, in the T2K þ reactors

combination, the (CP-phase-independent) estimate of θ13

FIG. 5 (color online). Regions allowed by the combination of
T2K and reactor experiments for the case of normal hierarchy.
The mixing angle θ23 is marginalized away.

FIG. 6 (color online). Regions allowed by the combination of
T2K and reactor experiments for the case of inverted hierarchy.
The mixing angle θ23 is marginalized away.
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provided by the reactor experiments selects those subre-
gions of the T2K bands that have a statistically significant
overlap with such an estimate. These, in turn, correspond to
allowed regions in the plane ½δ13; δ14� spanned by the two
CP phases. Figures 5 and 6 display such regions for the two
cases of NH and IH, together with the 2-dimensional
projections that have the mixing angle θ13 as one of the
two variables. As expected, a preference for values of
δ13 ∼ δ14 ∼ −π=2 emerges. The absence of CP violation is
disfavored at a slightly lower confidence level in compari-
son with the 3-flavor case. This is imputable to the larger
freedom allowed by the larger parameter space available in
the 3þ 1 scheme.

IV. CONCLUSIONS AND OUTLOOK

We have investigated the impact of light (∼eV) sterile
neutrinos in the long-baseline experiment T2K. We have
shown that, within the 3þ 1 scheme, for mass-mixing
parameters suggested by the short-baseline anomalies, the
new term appearing in the νμ → νe transition probability
arising from the interference between the sterile and the
atmospheric oscillation frequencies has the same order of
magnitude of the standard 3-flavor solar-atmospheric
interference term. As a result, the current T2K data (in
combination with the θ13-dedicated reactor experiments)
are sensitive to two of the three CP-violating phases
involved in the 3þ 1 scheme. In particular, we found that
both the standard phase and the new one (δ13 ≡ δ and δ14 in
our parameterization choice) tend to have a common best-
fit value δ13 ≃ δ14 ∼ −π=2. In addition, quite intriguingly,
our analysis shows that the inclusion of sterile neutrino
effects leads to better agreement of the two estimates of θ13
obtained, respectively, from T2K and reactor data.
Our results make it evident that T2K and other similar

LBL experiments (like MINOS and NOνA in the near
future) should be routinely included in the global fits
involving sterile neutrinos. Finally, we stress that, in the
eventuality of a discovery of light sterile neutrino species at
the upcoming SBL experiments, our findings would
represent the first indications on the sterile-induced CPV
sources. The LBL accelerator experiments that are already
operational, and those planned for the future (LBNE,
LBNO, and T2HK), will play a key role in extracting
more information on the new CPV sector, the exploration
of which has, with the present work, just begun.
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APPENDIX: TREATMENT OF THE
MSW EFFECT

The Hamiltonian in the flavor basis can be written as

H ¼ UKU† þ V; ðA1Þ

where K denotes the diagonal matrix containing the wave
numbers ki ¼ m2

i =2Eði ¼ 1; 2; 3; 4Þ (m2
i and E being the

neutrino squared-mass and energy, respectively), while
the matrix V incorporates the position-independent matter
MSW potential [34,35]. Barring irrelevant factors propor-
tional to the identity, we can define the diagonal matrix
containing the three relevant wave numbers as

K ¼ diagð0; k12; k13; k14Þ ðA2Þ
and the matrix encoding the matter effects as

V ¼ diagðVCC; 0; 0;−VNCÞ; ðA3Þ

where

VCC ¼
ffiffiffi
2

p
GFNe ðA4Þ

is the charged-current interaction potential of the electron
neutrinos with the background electrons having number
density Ne, and

VNC ¼ − 1

2

ffiffiffi
2

p
GFNn ðA5Þ

is the neutral-current interaction potential (common to all
the active neutrino species) with the background neutrons
having number density Nn. For later convenience, we also
introduce the positive-definite ratio

r ¼ −VNC

VCC
¼ 1

2

Nn

Ne
; ðA6Þ

which in the Earth crust is approximately r≃ 0.5. In order
to simplify the treatment of matter effects in LBL experi-
ments it is useful to introduce the new basis

ν̄ ¼ Ū†ν; ðA7Þ
where

Ū ¼ ~R34R24
~R14 ðA8Þ

is the part of the mixing matrix defined in Eq. (1) containing
only the rotations involving the fourth neutrinomass state. In
this new basis, the Hamiltonian assumes the form

H̄ ¼ H̄kin þ H̄dyn ¼ U3νKU†
3ν þ Ū†VŪ; ðA9Þ

where the first term is the kinematic contribution describing
the oscillations in vacuum, and the second one represents a
nonstandard dynamical term. Since jk14j is much bigger than

N. KLOP AND A. PALAZZO PHYSICAL REVIEW D 91, 073017 (2015)

073017-8



k12 and jk13j and much bigger than 1, we can reduce the
dynamics to that of an effective 3-flavor system. Indeed, from
Eq. (A9) one has that the (4,4) entry of H̄ is much bigger than
all the other elements and (the absolute value of) the fourth
eigenvalue of H̄ is much larger than the other three ones. As a
result, the state ν̄s evolves independently of the others.
Extracting from H̄ the submatrix with indices (1,2,3), one
obtains the 3 × 3 Hamiltonian

H̄3ν ¼ H̄kin
3ν þ H̄dyn

3ν ðA10Þ
governing the evolution of the ðν̄e; ν̄μ; ν̄τÞ system, whose
dynamical part has the form

H̄dyn ¼ VCC

0
BB@

jŪe1j2 þ rjŪs1j2 rŪ�
s1Ūs2 rŪ�

s1Ūs3

† rj ~Us2j2 rŪ�
s2Ūs3

† † rjŪs3j2

1
CCA;

ðA11Þ
where, for brevity, we have indicated with † the complex
conjugate of the matrix element having the same two indices
inverted. In deriving Eq. (A11) we have made use of the
relations Ūe2 ¼ Ūe3 ¼ Ūμ3 ¼ 0. Considering the explicit
expressions of the elements of Ū, Eq. (A11) takes the form

H̄dyn

¼VCC

0
B@
c214þrc234c

2
24s

2
14 rc234c24~s14s24 rc34c24~s14~s�34

† rc234s
2
24 rc34s24~s�34

† † rs234

1
CA;

ðA12Þ

which, for vanishing sterile neutrino angles (θ14 ¼ θ24 ¼
θ34 ¼ 0), returns the standard 3-flavor MSW potential. For
small values of such mixing angles, the dynamical term is
approximated by

H̄dyn≈VCC

0
B@
1− ð1− rÞs214 r~s14s24 r~s14~s�34

† rs224 rs24~s�34
† † rs234

1
CA: ðA13Þ

This shows that the corrections to the standard potential are of
second order7 in the new sij’s and further suppressed by a
factor r or (1 − r); in the Earth crust, r ∼ 0.5. Therefore, for
realistic values of the mixing angles, these corrections are
Oðϵ2Þ, and hence at the level of a few per cent. Taking into
account that in T2K the standard matter effects are also
small, v ¼ VCC=jk13j ∼ 0.05, we can deduce that the new
nonstandard effects have amplitudes of a few per mill and
have a completely negligible impact. We have numerically

checked that allowing for very large values of θ34 (which is
the least known of the three newmixing angles) even beyond
the range currently allowed by the global fits, the transition
probability is basically indistinguishable from the case of
θ34 ¼ 0. Therefore, the independence of the transition
probability from θ34, which is exact in vacuum, remains
essentially valid also in the presence of matter effects.
For the calculation of the transition probability, it is

useful to define the evolution operator, which, in the rotated
basis, takes the form

S̄≡ e−iH̄L ≈
�
e−iH̄3νL 0

0 e−ik14L

�
; ðA14Þ

and is connected to the evolution operator in the original
flavor basis through the unitary transformation

S ¼ Ū S̄ Ū†: ðA15Þ
Taking into account the block-diagonal form of S̄ and the
relations Ūe2 ¼ Ūe3 ¼ Ūμ3 ¼ 0, one has for the relevant
transition amplitude

Seμ ¼ Ūe1½Ū�
μ1S̄ee þ Ū�

μ2S̄eμ� þ Ūe4Ū�
μ4S̄ss: ðA16Þ

Since S̄ss ¼ e−ik14L oscillates very fast, the associated terms
are averaged out by the finite energy resolution of the
detector, and for the transition probability we have

P4ν
μe ≡ jSeμj2 ¼ jŪe1j2jŪμ1j2jS̄eej2

þ jŪe1j2jŪμ2j2jS̄eμj2
þ 2jŪe1j2Re½Ū�

μ1Ūμ2S̄eeS̄�eμ�
þ jŪe4j2jŪμ4j2: ðA17Þ

This expression is completely general, except for
the assumption of averaged oscillations, and connects the
4-flavor transition probability to the amplitudes of the
effective 3-flavor system governed by the effective
Hamiltonian in Eq. (A10). Considering the explicit expres-
sions of the elements of the matrix Ū, Eq. (A17) becomes

P4ν
μe ¼ c214s

2
24s

2
14P̄

3ν
ee þ c214c

2
24P̄

3ν
μe

− 2c214c24s14s24Reðe−iδ14 S̄eeS̄�eμÞ
þ c214s

2
14s

2
24; ðA18Þ

where P̄3ν
ee ≡ jS̄eej2 and P̄3ν

μe ≡ jS̄eμj2. Therefore, the
4-flavor problem is reduced to a more familiar 3-flavor
one, for which one needs to calculate the elements S̄ee
and S̄eμ.
Figure 7 shows the fast oscillating transition probability

obtained by a full 4-flavor numerical evolution and the
averaged probability calculated using Eq. (A18) for the
best-fit values δ13 ¼ δ14 ¼ −π=2. For clarity we have

7A similar behavior has been observed to occur in solar
neutrino transitions induced by sterile species [36].
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chosen the value Δm2
14 ¼ 0.1 eV2. Figure 8 displays some

selected examples of the 4-flavor probability calculated
using Eq. (A18). The four panels correspond to four
different values of the standardCP phase δ13. In each panel,
the black thick solid line represents the 3-flavor case
(θ14 ¼ θ24 ¼ 0), while the colored lines represent the 4-
flavor case (with s214 ¼ s224 ¼ 0.025) for four different
values of the nonstandard CP phase: δ14 ¼ 0 (solid), δ14 ¼
π (long-dashed), δ14 ¼ π=2 (short-dashed), and δ14 ¼ −π=2
(dotted).
While the 3-flavor elements S̄ee and S̄eμ can be evaluated

numerically (as we have done), approximate expressions
already existing in the literature in various limits may help
to further simplify the expression of the transition proba-
bility in Eq. (A18), which, for small values of the two
mixing angles θ14 and θ24, takes the form

P4ν
μe ≃ ð1 − s214 − s224ÞP̄3ν

μe − 2s14s24Reðe−iδ14 S̄eeS̄�eμÞ
þ s214s

2
24ð1þ P̄3ν

eeÞ: ðA19Þ

First, it can be noted that for small values of s13 ∼ ϵ and
αΔ ∼ ϵ2 one has [37]

S̄ee ≃ 1 −Oðϵ2Þ: ðA20Þ

Since we are interested to terms up toOðϵ4Þ, we can assume
S̄ee ¼ 1. Moreover, as discussed above, the nonstandard
matter effects are completely negligible and only the small
standard matter effects are relevant. In this approximation,
the 3-flavor amplitude S̄eμ has the well-known (see, for
example, [37]) form

S̄eμ ≃ Asm13 sinΔm þ BðαΔÞ; ðA21Þ

where A and B are two complex coefficients with Oð1Þ
modulus, given by

A ¼ −2is23e−iðΔþδ13Þ; ðA22Þ

B ¼ −2ic23s12c12; ðA23Þ

and (sm13;Δm) are the approximated expressions of (s13;Δ)
in matter

sm13 ≃ ð1þ vÞs13; ðA24Þ

Δm ≃ ð1 − vÞΔ; ðA25Þ

with v ¼ VCC=jk13j≃ 0.05. Making use of Eqs. (A20)–
(A25) in the expression of the transition probability in
Eq. (A19), in the limit case v ¼ 0 we recover, in an
alternative way, the fourth-order expansion of the vacuum
formula in Eq. (13) presented in Sec. II. For v ≠ 0, one sees
that the structure of the transition probability remains
the same as in vacuum, containing six terms of which
three are of the interference type. The only impact of matter
effects (at least for the T2K setup) is to break the
degeneracy between NH and IH, exactly as it occurs
in the 3-flavor case, because of the shifts s13 → sm13 and
Δ → Δm in Eqs. (A24),(A25).

FIG. 7 (color online). Probability of νμ → νe transition in
the 3þ 1 scheme. The thin blue line represents the numerical
result, while the red line represents the averaged probability
obtained using Eq. (A18). In both cases the hierarchy is
normal and the mixing angles are fixed at the values s214 ¼
s224 ¼ 0.025.

FIG. 8 (color online). Probability of νμ → νe transition in the
3þ 1 scheme for normal hierarchy. The four panels correspond to
four different values of the standard CP phase δ13. In each panel,
the black thick solid line represents the 3-flavor case (θ14 ¼
θ24 ¼ 0), while the colored lines represent the 4-flavor case (with
s214 ¼ s224 ¼ 0.025) for the following four different values of the
nonstandard CP phase: δ14 ¼ 0 (solid), δ14 ¼ π (long-dashed),
δ14 ¼ π=2 (short-dashed), and δ14 ¼ −π=2 (dotted).
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