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ABSTRACT. We study, with respect to the parameter ¢ # 0, the
following Schrédinger-Bopp-Podolsky system in R3
—Au+ wu + ¢2ou = |u\I’72u7
— A¢+a’A%p = 4mu?,
where p € (2,3],w > 0,a > 0 are fixed. We prove, by means of the
fibering approach, that the system has no solutions at all for large
values of ¢’s, and has two radial solutions for small ¢’s. We give
also qualitative properties about the energy level of the solutions

and a variational characterization of these extremals values of q.
Our results recover and improve some results in [2, 5].
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1. INTRODUCTION

In the recent paper [2] for the first time in the mathematical literature
the following system in R3 has been studied

—Au+ wu + ¢*pu = |u|p72u,

(1) — Ajp+ a®A%p = 4mu?,

where a,w > 0, ¢ # 0 and p € (2,6). The system appears when one looks
for stationary solutions u(z)e™! of the Schrédinger equation coupled
with the Bopp-Podolski Lagrangian of the electromagnetic field, in the
purely electrostatic situation. Here u represents the modulus of the
wave function and ¢ the electrostatic potential. From a physical point
of view, the parameter ¢ has the meaning of the electric charge and a is
the parameter of the Bopp-Podolski term.

2010 Mathematics Subject Classification. Primary 35A02, 35J50, 35J91, 35Q60,

Key words and phrases. Schrodinger-Poisson type system, variational methods,
fibering methods, Nehari manifold.

Gaetano Siciliano was partially supported by Fapesp, CNPq and Capes, Brazil.

1



2 G. SICILIANO AND K. SILVA

In the cited paper, it has been shown that the problem can be
addressed variationally. Indeed introducing the Hilbert space

D:={pe DR : A¢p e L*(R*)}
normed by
lellp = a®lAel3 + IVel3,

it can be proved that for every u € H'(R?) there is a unique solution
¢, € D of the second equation in the system, that is satisfying

(1.2) —Ady, + a’A%p, = dmu’.
Moreover it turns out that

_ e I'l/a
= 71 |e ‘ b3 U2.

Observe from (1.2) that, for every u € H(R?),

M/%ﬁﬂm%,

which will be used throughout the paper.
By using the classical by now reduction argument one is led to study,
equivalently, the single equation

(1.3) —Au+wu+ ¢Fdyu = uP"?u  in R3

Pu

containing the nonlocal term ¢, u. Then whenever from now on we speak
of solution of the system (1.1) we mean just the solution u of the above
equation since ¢ = ¢, is univocally determined. To the equation (1.3)
is related the energy functional

1 q> 1
Ty = gl + % [ o = Sl we HUE)

which is well defined and C!. In this way we are simply reduced to find
critical points of J;. We are denoting (here and throughout the paper)
by ||u|l, the LP—norm and by

lull* = Va3 + wlul
the (squared) norm in H'(R3), being w a fixed positive constant.

In [2, Theorem 1.1 and Theorem 1.2] it is proved that if p € (3,6),
then problem (1.1) admits a solution for every g # 0. On the other hand,
if p € (2, 3] the existence of a solution is proved just for ¢ # 0 sufficiently
small. As we can see, there is a difference in the result depending on the
range where p varies. Indeed in the case of p’s “small” the value of ¢
may prevent the existence of critical points for the functional 7.
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Of course, if a = 0 system (1.1) reduces to the so called Schrédinger-
Poisson system in R3
{—Au + wu + ¢*pu = |u|P?u,

(1.4) — A¢ = 4mu?

or, equivalently, to
—Au+ wu + ¢G5 u = |uP?u,

where now

¢2P = ﬁ *uZ.

In the mathematical literature there is a huge number of papers
concerning this last problem. However we cite here just [1] where the
authors for the first time introduced the reduction method which allows
to study a single equation instead of a system, and [5] where the author
studies the problem depending on the parameter ¢2. In particular Ruiz
in [5], among other results, shows that, in the case p € (2,3) the system
(1.4) has two radial solutions for small ¢?> and has no solutions at all,
that is radial or not, for ¢ > 1/4. See also [6] for similar results related
to the problem in bounded domains.

Motivated by the cited papers [2,5], our aim here is to understand
in a more satisfactory way the existence of solutions for (1.1), or (1.3),
namely the behaviour of J, for what concerns its critical points in the
case p € (2, 3] and how they are influenced by the value of g.

We prove two type of results. The first one concerns with the smallness
of ¢? as a necessary condition in order to have a nontrivial solution of
the problem (the sufficiency being proved in [2]). Indeed we show that
for g% suitably large the problem has no solutions at all. See Theorem
1.1 below.

The second result concerns the existence of solutions for ¢? small.
However, due to the technique used (we borrow some ideas from [5]),
we are able to state such a result just in the radial case: in this case
obtaining two solutions (in spite of the result in [2] which states the
existence of one solution in the nonradial case). See Theorem 1.2 below.

Before stating rigorously the results, we observe that in the problem
is appearing the positive parameter ¢?. In view of this, the results
are stated and proved for simplicity just for ¢ > 0, being understood
that they are valid by changing ¢ with |¢|. More specifically, under the
assumption p € (2, 3] our main results in this work are the following.

Theorem 1.1. There exists ¢* > 0 such that, for every q > q* the
problem admits only the trivial solution.
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Theorem 1.2. There exist € > 0,q5 > 0 satisfying g} + ¢ < ¢* (with ¢*
given in Theorem 1.1) such that, for every q € (0,q5 + €) the problem
has two radial solutions.

Few comments on these results are in order.

As we already said, we are reduced to find critical points of J,. We
remark explicitly that no Pohozaev identity is involved in proving the
nonexistence result in Theorem 1.1: it just follows due to the properties
of the fibering map.

To prove Theorem 1.2 we will use the Mountain Pass Theorem on
the space of radial functions, that is in H}(R3). We take advantage of
the smallness of ¢ to prove that the energy functional has the Mountain
Pass Geometry. However, in contrast to [2] where the condition of ¢
small was used in order to find a function where J; is negative (and
then apply the Mountain Pass Theorem in a standard way), the value
q; we find here is a threshold: for ¢ < ¢ there is a function in H}!(R3)
where the functional is negative, while for ¢ > ¢ the functional is non-
negative. Hence the argument employed in both papers [2,5] do not work
for ¢ > ¢, nevertheless also in this case we exhibit here a Mountain Pass
structure.

As shown in [2], the solutions we find in Theorem 1.2 are classical and
positive by the Maximum Principle.

Our results holds for any fixed @ > 0. We also notice that, in case
a = 0 we do not need Lemma 2.1 and the inequality in Proposition 2.2
just follows (up to some positive constant) by multiplying the second
equation in (1.4) by |u| and integrating, which is the relation used
in [5]. In this sense our result recovers the one in [5] and even a better
understanding of the fiber maps is given here, since the Mountain Pass
structure for the functional related to (1.4) holds although the functional
is non-negative for ¢ > ¢g.

Actually we deduce Theorem 1.1 and Theorem 1.2 as consequences of
the following result which gives additional information on the solutions.

Theorem 1.3. Let p € (2,3],a > 0 be fized. There exist positive
numbers €, qo, g satisfying qf + € < ¢* such that:
1. for each q > q* the functional J, has no critical points in H*(R3)
other than the zero function;

2. for each q¢ € (0,q% + €) the functional J; has two nontrivial
critical points ug,w, € H}(R®) where w, is a Mountain Pass
critical point with

Tq(wq) > max{0, Ty (uq)}-
More specifically,
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(1) if g € (0, ¢3], then ug is a global minimum, with
Tq(ug) <0 if q€(0,qp), T (qu) =0;
(i1) if g € (¢5, 45 +¢€), then ug is a local minimum with

Tq(ug) > 0.

As we can see, whenever ¢ = ¢;, then J« is non-negative and we find
a global minimizer at zero energy; then an additional work is needed in
order to show that this is not the zero function. This result is new also
in the case a = 0.

Concerning the extremal values q; and ¢* we say here they have a
variational characterisation (see Section 2). Furthermore, although we
were not able to prove it, it seems plausible that for all ¢ € (0,q*),
the system (1.1) has two positive solutions satisfying the properties in
Theorem 1.3 and ¢* is in fact a bifurcation parameter where the two
solutions (the local minimum and the Mountain Pass type solution)
collapses.

We point out finally that similar results have been obtained in some
nonlinear problems depending on a parameter in some recent papers: see
II’'yasov and Silva [4], Silva and Macedo [7].

This paper is organised as follows.

In Section 2 some preliminaries and technical results (true in the
general nonradial setting) are given. As a byproduct of these results,
the proof of item 1. in Theorem 1.3 follows, see Corollary 2.8.

In Section 3 the important Proposition 3.1 is proved. It concerns with
radial functions and is fundamental in proving our result.

Finally, the proof of Theorem 1.3 is completed in Section 4.

As a matter of notations, we use the generic letters C, C’, ... to denote
a positive constant, usually related to Sobolev embedding, whose value
may also change from line to line: no confusion should arise.

2. PRELIMINARIES AND TECHNICAL RESULTS

In [2] some properties of the solution ¢, are found. However to deal
with the case p € (2, 3] we need also the next ones. Of course this applies
just for a # 0.

Lemma 2.1. For each u € H'(R3) we have
(i) Ap, €D,

(ii) a?Agy, < b



6 G. SICILIANO AND K. SILVA

Proof. Let us fix u € H*(R3) and let 1, := —Ag¢,. Then
—a? Ay + 1, = ATu’.
Since u? € L?(R3), by standard results we have ¢, € H?(R3) and in
particular,
¥, € LS(R?), Vip, € L*(R®) and A, € L*(R?).
This gives Ag, € DM2(R?) and A%¢, € L*(R?), namely A¢, € D

proving (i).
On the other hand, if we set v = —a?A¢,, + ¢, then

—Av=4ru?® >0

and v € DV2(R?) and is continuous. Define Q= = {z € R®: v(z) < 0}
and suppose that Q~ # (. Once v is continuous, the set Q7 is open. Let
v~ = max{—wv,0}. It follows that

—/ |Vol? :/VUVU_ >0,

which is a contradiction, therefore, Q= = () and a?A¢, < ¢, in R3,

proving (ii). O
The next result will be useful to get a generalisation of [5, Formula

(19)] to the case a # 0.

Proposition 2.2. There holds

1
[l < SoulolVala, e B @)

Proof. For u € H'(R?) fixed, let us consider equation (1.2). Since by
Lemma 2.1 it holds in particular that VA¢, € L*(R?), by multiplying
the equation (1.2) by |u| € H}(R?) and integrating we get

477/\u|3 = aQ/V(—A¢u)V|u| +/V¢UV|U|
||V (=A¢u)ll2[[Vullz + [Voull2 ] Vull2
= (@®IV(=26u)]2 + [[Voull2) [ Vull2

(2.1) < (@®IV(Agu)z + lIgullD) [Vl

On the other hand by multiplying (1.2) by A¢, € D and making use of
(ii) of Lemma 2.1 we get

IN

a® |V (Adu)ll3

ir [ 2ol ~ [V6,9(80,)

IN

1 2 e? 2 1 2
EH%HD + §|W(A¢u)||2 + 27€2||V¢u\|2

IN

1 2 e? 2 1 2
?”QSUHD + §|W(A¢u)||2 + 27€2||¢u||73-
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By choosing € = a above we conclude that, for all u € H'(R3?),
2 1 3
(22) @IV < Sloulh + lould = 5l

From (2.1) and (2.2) we conclude that

1
1l < ol vl
™
completing the proof. O

We conclude this section by showing a first simple property of the
energy functional. The next result says that the functional J, has a
strict local minimum in 0, uniformly in g. However to have the complete
Mountain Pass structure ¢ has to be small, as it will be shown in
Corollary 2.9.

Proposition 2.3. There exist p > 0 and M > 0 such that
Vg € Ryu € HY(R?) with ||ul| = p: J,(u) > M.

Proof. Since
1 1 1
Jo(w) > S lull* - EIIUHZ > S lull®* = Cllul”,
the conclusion easily follows. O

In this Section we establish some notations and study the geometry
of the functional J,;. We observe that ¢, = t2¢,, and therefore, if
Ygu ¢ [0,00) = R is defined by v . (t) = J,(tu), we have that

t2 gt P
Va®) = Sl + T [ =l

Whenever ¢ and u are fixed, we will use for brevity also the notation
1 1= 1g. A simple analysis shows that

Proposition 2.4. For each ¢ € R\ {0} and v € H'(R3)\ {0}, there are
only three possibilities for the graph of ¥:

(i) the function 1 has only two critical points when t > 0, to wit,
0 < t;(u) < tf(u). Moreover, t; (u) is a local mazimum with
Y"(t; (u)) <0 andt; (u) is a local minimum with " (t} (u)) > 0;

(i) the function v has only one critical point when t > 0 at the value
tq(u). Moreover, " (ty(u)) = 0 and v is increasing;

(i1i) the function 1 is increasing and has no critical points.
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It is important to notice that (i) happens for ¢ small, and (iii) for ¢
large.

Let us consider the Nehari manifold associated with the functional
Jq, that is

Ng = {ue H' R\ {0} : vg,(1) =0}.
Note that, for u € Ny:

Jull? < ful® + ¢* [ o < Clalp

and then all the Nehari manifolds are bounded away from zero uniformly
in ¢, in the sense that

(2.3) 3C >0 such that for all g € R, u e N, : |Jul| > C.
Moreover since
Ny =N UN)UN,

where

Nf ={ueN;: ¢"(1) >0},

Ny ={ueNg: ¢"(1) =0},

Ny ={ueN;: ¢"(1) <0}
as an application of the Implicit Function Theorem one has the following;:
Proposition 2.5. If NJF N~ #0, then Nt N~ # 0 are C* manifolds
of codimension 1 in H'(R3). Moreover, u € N;t UN, is a critical point

for the functional J if and only if u is a critical point of the constrained
functional (Jg) | n+un N UN; =R

Note that, fixed u € H'(R?) \ {0} we have tu € N if, and only
if ) 4, (1) = ¥, (1) = 0, ie. the following system of equations is
satisfied:

Hlull? + g2 / buti® — 17 [ufl? = 0,
(2.4)
ul]? + 3¢%2 / pui® — (p— 1)P~2u]|?, = 0.

We can solve the system (2.4) with respect to the variables ¢ and ¢ to
obtain a unique solution given by

) = (2

4 —p)llullp
and
(2.5)
p/(p—2) _\1/2.1/2(4 _ \(4—p)/2(p—2)
2 2 4
o) — ¢l ¢, _ 2p =224 ) |

P ul|A=P) =2y | p 21/(r—2)
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In addition the solutions ¢(u) and ¢(u) are related by

1/(p—4
(207w [lsulin Y
t(u) = 1 5 b .
m(p—2) |ullp
Define the extremal value (see II'yasov [3])
q* =sup {q(u): ue H'(R*)\{0}}.

Lemma 2.6. The function H*(R3)\ {0} > u — q(u) defined in (2.5) is
0-homogeneous. Moreover ¢* < 0.

Proof. That q(u) is zero homogeneous is obvious. Let us prove that
q* < c0. Indeed, once p € (2, 3] we have from the interpolation inequality
that, for all u € H!(R?) we have

3 6
(2.6) lully < Null®=2ulls?

Combining the inequality (2.6) with the Proposition 2.2 we conclude
that

27)  [ulll < Cllull®22[[ul| #9736y |57 = Cllull* |6l 2.
for some constant C' > 0. It follows from (2.7) that

[l 422, 1
< < C
1) < O[T D, o =

completing the proof. O

Another extremal value which will be important for us is the one
such that, for larger values of the parameter, the functional is always
non-negative. Let us start by fixing v € H*(R?) \ {0} and considering
the system

t2
aaalte) = Bl + 3 [ 62~ By =0,

Vi alto) = tolul + a368 [ dua® — 5l = o

One can solve this system with respect to the variables ¢y and gy to
obtain the unique solution given by
(2.8)
Hung/(z)—?) 23/2(]7 _ 2)1/27r1/2(4 _ p)(47p)/2(p72)

() = Cor a4, v P2)
and to(u) is given by

o (B0 llouB
fol )‘<2< —3) ||u|p> '
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Observe that Cy, < Cp, where C) is the one appearing in (2.5). Then
qo(u) < q(u). Define the extremal value as

a5 =sup {qo(u) : uwe H'(R*)\{0}}.

Remark 1. Once qo(u) is a multiple of q(u), Lemma 2.6 also holds true
for the function qq.

The solutions ¢(u) and go(u) given in (2.5) and (2.8) have the
following geometrical interpretation which can be proved starting from
the Proposition 2.4.

Proposition 2.7. For each u € HY(R3)\ {0} there holds:

(i) q(u) is the unique parameter ¢ > 0 for which the fiber map g .
has a critical point with second derivative zero at t(u). Moreover,
if 0 < g < q(u), theny,, satisfies (i) of the Proposition 2.4 while
if ¢ > q(u), then v, satisfies (iii) of the Proposition 2.4.

(ii) qo(u) is the unique parameter q > 0 for which the fiber map
Ygu has a critical point with zero energy at to(u). Moreover, if
0 < g < qo(u), then infy~q1q.(t) < 0 while if ¢ > go(u), then
inft>0 ﬂ)qm‘ (t) =0.

Moreover the parameter ¢; has the geometrical interpretation that
for each g € (0, q;), there exists at least one u € H*(R?) \ {0} for which
Jq(u) < 0, while if ¢ > ¢, then J,(u) > 0 for all u € H'(R?). In both
works [2, 5] the necessity of small values of ¢ was imposed in order to
show that there exists a function where the functional is negative, in
such a way that J, possesses a Mountain Pass Geometry. Therefore, the
argument employed in both papers do not work for ¢ > ¢.

The above proposition has the following important consequences.

Corollary 2.8. If ¢ > q* the functional J; has no critical points other
then the zero function. Moreover if ¢ < q*, then N~ # 0 and N}t # 0.

In particular item 1. of Theorem 1.3 is proved.

Proof. Tt is sufficient to show that, for each v € H(R3) \ {0}, the
function 4, has no critical points for ¢ > ¢*. Actually this is a
consequence of the inequalities g(u) < ¢* < ¢ and (i) of Proposition
2.7.

Now assume that ¢ < ¢*. From the definition of ¢*, there exists
u € HY(R3)\ {0} such that ¢ < q(u) < ¢*. Therefore, from (i) of
Proposition 2.7 we conclude that N~ # @ and N # 0. O

Corollary 2.9. For each q¢ > gqj, there holds J,(u) > 0 for all
u € HY(R?). Moreover, if ¢ < g, then there exists u € H*(R3) such
that Jy(u) < 0.
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Proof. Indeed, assume that ¢ > ¢§. It follows that ¢ > go(u) for each
u € HYR3)\ {0} and from item (ii) of Proposition 2.7 there holds
infys0¢q,u(t) = 0. Therefore J,(u) > 0.

Now assume that ¢ < ¢g. From the definition of ¢, there exists
w € HY(R3)\ {0} such that ¢ < go(w) < ¢f. Threfore, from (ii) of
Proposition 2.7 we conclude that inf;~gtq.,(t) < 0 and hence there
exists ¢t > 0 such that if u := tw, it holds J,(u) < 0. O

Let us conclude this section with the following important result.
Proposition 2.10. There exists a positive constant m such that
Vg € R,u € Ny : Ty(u) > m.

Proof. From the equations (2.4) with ¢t = 1 we have that
Jull? +¢* [ o = Jull; =0,

lull? + 3¢° / puti® — (p— 1)[[ul2 = 0.
It follows that

2
7 [ G = lullp = ul? andJullp = 2 ful?

so that J,(u) = %Hu”2 for each u € NQ. From (2.3) the proof is
completed. O

It is worth to point out that all that we have done in this section does
not use the radial setting, and clearly these results also holds in H}(R?).

3. GLOBAL MINIMA AND (PS) SEQUENCES FOR J,

In this section we prove the following result. Here and in the next
section is fundamental to work with radial functions.

Proposition 3.1. There holds:

(i) for each q € (0,q5) we have that —oo < infyepi(rsy Jy(u) < 0;

(ii) for each q¢ > 0, if {u,} C HYR?) is a sequence such that
Jy(un) — 0 as n — oo, then {u,} is convergent, up to
subsequences.

Proof. Let us show (i). Indeed, from the Corollary 2.9 we know that
inf,ep1msy Jg(u) < 0. We claim that —oo < inf,cp1(gs) Jy(u). In fact,

given € > 0 such that D := % —¢* >0, by Proposition 2.2, we have
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that for each u € H}(R3) there holds
1 1 1 q° 1
Tifw) = IVl IVl + S+ & [ o - Tl

1 1 e 1
2 g IVulls + Dligulld + gllulls + == llulls = >l

1
GO = I+ Dl + [ fw)
where
1 2 1
FO)=-2+ 82 vi>o.
p

4 4

A simple analysis shows that I := inf;so f(t) > —oo and if f(t) < 0 for
some t > 0, then f~1((—o0,0)) = (, 3), where 0 < a < B < 0.
If I > 0, being D, > 0, from (3.1) we conclude that —oco <

inquH}(]R3) jq(u)
If I <0 then

1
(3-2) Jo(u) = llull* + Dgllgulp + Imeas(A)

where A = {z € R?® : u(z) € (o, B)}. If there exists a sequence
{u,} C H}(R3) such that J,(u,) — —o0 as n — oo, then ||u,|| — +oo.
Moreover by (3.2) we can assume without loss of generality that

1
(3.3) ZHunH2 < [I|meas(4,), VneN.

By the result of Strauss [8] we know that there exist a positive constant
C such that

(3-4) u(@)| < Cla|™Hull, Vue H(R?).

Define p, = sup{|z| : = € A,} and observe from the inequalities (3.3)
and (3.4) that, for every z € R?® with |z| = p,, it holds,

0 < a<un(z) < Cpytlluall < 2Cp, ({TImeas(An)) 2,
and hence, for some C’ > 0, we deduce
(3.5) C’pn < meas(An)'/2.

Similar to the deduction of (3.3), we can assume without loss of
generality that

Dll¢u, b < [Ilmeas(A,), Vn €N,
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and hence, once that the function (0,00) 3 t — (1—e~t/%) /t is decreasing
we conclude that

[Ilmeas(A,) > Dll¢u, I
[z—y|

- | [ etede

lz—yl

l—e" "=
S e )
l—e 2an 4 2
2 —H meas(An)?,
Pn
which implies that
2pn
I l—e "
(3.6) |a4‘ > %meas(fln)7 Vn € N,
n

Observe from (3.5) that |A,| — oo as n — oo and from (3.6) that
pn — 00 as n — oco. Combining (3.5) with (3.6) we obtain that

2pn

“ )pnv

C">(1—e"

for some C” > 0, which is clearly a contradiction and therefore (i) is
proved.

Let us show (ii). From the convergence J;(u,) — 0 as n — oo, we
can assume without loss of generality that

(3.7) Tg(tn)[un] < llunl|, ¥n € N,
On the other hand, from Proposition 2.2 we have that

. 1 /1
ol < 2 (09008 + 1.1 ).

where € > 0 is chosen now such that % — % > 0. It follows that, for all
n € N:

2
q
Tiun)lun] = [[Vun|® + llunll3 + =l 6w, 15 = llunll}

vV

1 1 ne? et q?
§||Un||2 + §||Un||§ + 7||Un||§ = 5w, 15 + EH%TLHQD -

[[nll}

1 2 ¢ 2 me? 3
= 5l +(47T— 90,1 + 5 ltnll3 + T lunl1 — T2

1 2
58) gl + (L= 5) 1601+ [ gtwn)
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where g(t) = t2/2 + ”7’52153 — P for t > 0. We combine (3.7) with (3.8) to
conclude that

1 q2 54
fund 2 ghunl?+ (L = 5 ) 10, B+ [ gtun)

We conclude as in the proof of (i) that {u,} is bounded. Once we know
that {u,} is bounded, standard arguments (observe that the analogous
of [5, Lemma 2.1] is valid) produce a convergent subsequence. a

Remark 2. Note that (ii) in the Proposition 3.1 can be extended in the
following way: if ¢, — q and if {u,} C HX(R3) is a sequence such that
Ty, (Un) — 0 as n — oo, then {u,} is convergent, up to subsequences.
This follows due to the smooth dependence of J; on q.

4. EXISTENCE OF TWO RADIAL SOLUTIONS
In this section we prove item 2. of Theorem 1.3.

Proposition 4.1. For each q € (0,qg) there exists a global minimum u,
such that J4(uq) < 0.

Proof. 1t follows from the Proposition 3.1 and Ekeland’s Variational
Principle. (I

Now we prove the existence of a local minimizer for J; when g is near
q5- To do so, we first prove the existence of a global minimizer for the
functional qu.

Corollary 4.2. There exists a global minimizer ug: # 0 of Jyx such
that ‘7‘13 (’qu) =0.

Proof. Indeed, suppose that g, 1 ¢5 as n — oo. From the Proposition
4.1, for each n, there exists u, := uq, such that u, is a global minimum
for J,, and J,, (u,) < 0. It follows that J; (un) = 0 for each n and,
being all the Nehari manifolds bounded away from zero uniformly in
¢, by (2.3) it is |lun|| > C for each n. From (i) in Proposition 3.1
(see Remark 2) we conclude that u, — u # 0. By J,, (u,) < 0 for
each n, we conclude that qu (u) < 0 and from Corollary 2.9 it follows
that Jg: (u) = 0. Then it is sufficient to set ug: := u and the proof is
completed. O

Remark 3. From the definition of qf and the Corollary 4.2 it follows
that qo(ug:) = q5. Moreover q5 < q(ug: ).

For ¢ > 0, define
fq = inf {Jg(u) : ue NS U./\/:?}.
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Observe that

(4.1) Jq = uGIi{Iif(‘RB) Jq(u) Vg € (0,q]

and from Corollary 2.9 there holds jq >0 for g > q5.

Proposition 4.3. Given § > 0, there exists € > 0 such that for each
q € (g5,q95 +¢) there holds J; < 6.

Proof. Indeed, let ug: € N’qu be given as in Corollary 4.2. Observe that
if ¢ | g5, then Jy(ug:) — Ty (ug;) = 0. Moreover, once g5 < q(ug:),
it follows that there exists e1 > 0 such that g5 + &1 < gq(ugy). From
Proposition 2.4 and (ii) in Proposition 2.7, for each ¢ € (¢, ¢ + €1),
there exists ¢ (ug: ) such that ) (ugs)ug: € NiF. Note that ¢} (ug:) — 1
as ¢ | q; and therefore

jq(uqé‘) < jq(t;(qu)qu) - qu (Uq(;) =0, ¢ qp-

If &5 > 0 is choosen in such a way that J,(t}(ug:)ug:) < o for
each ¢ € (¢3,q¢ + €2), then we set ¢ = min{ey,e2} and the proof is
completed. 0

Let us recall that by Proposition 2.3, there exist positive constants
p, M such that J,(u) > M for each |lul| = p. We can assume without
loss of generality that p < C, where C' is such that

forall g e R, u € Ny : |ull > C,

(see (2.3)).
We choose § > 0 in the Proposition 4.3 in such a way that
(4.2) § < min{M,m},

where m is the positive constant such that, by Proposition 2.10,
Vg € R,u E/\/’g : Ty(u) > m.

Let € > 0 be as in Proposition 4.3 in correspondence of the above fixed
0> 0.

Proposition 4.4. There holds
inf {Jy(w) : |lull 2 p} = To. Vo € (45,45 +2)-

Proof. First observe from the inequality p < C that inf{Jy(u) : [Ju| >
p} < jq. We claim that the equality holds. Indeed, by one hand,
if the fiber map 1, satisfies (ii) or (iii) of the Proposition 2.4, then
infys , 4.4 (t) = M. On the other hand, if the fiber map ¢, ,, satisfies (i)
of the Proposition 2.4, then infys , 94, (t) > jq. Once M > 6 > jq the
proof is completed. O
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Corollary 4.5. For each q € (q§,q5 + €) there holds: there exists
uq € N such that Jy(ug) = Jy. In particular Jy(ug) > 0 and
[ugll = C > p.

Proof. Fix q € (¢, q5 + ¢) and let {u,} € N7 UN? be a minimising
sequence for jq < 4 by Proposition 4.3. Since m > ¢ and, by Proposition
2.10, Jy(u) > m on N, we can assume that {u,} C N and hence, by
the Ekeland’s Variational Principle, also that J,(u,) — 0. We conclude
from the Proposition 3.1 that u, — u in H}(R?®) with [jul| > C > p.
Setting u, := u clearly we obtain that u, € N and J,(u,) = Ty
Due to the definition of ¢j and the fact that ¢ > ¢, we conclude that
Tq(ug) > 0. O

We observe two properties of the function (0, ¢4 +¢) > ¢ — fq.

Lemma 4.6. The function (0,q5 +¢€) 3 q — fq is increasing and
continuous.

Proof. Indeed, suppose that ¢ < ¢’. From Proposition 4.1, Corollary 4.2
and the Corollary 4.5 there exists uq such that Ty = Ty (ugr).

If ¢ € (¢5,q; + ¢), from the Corollary 4.5 it is |luy| > C > p and
hence from the Proposition 4.4 we obtain

jq < jq(uq’) < jq’(uq’) = k,7\11"
If ¢ € (0,¢g] the lemma follows by (4.1).

Now we prove that (0,¢5 +¢) > ¢ — jq is continuous. In fact,
suppose that ¢, 1 ¢ € (0, ¢} +¢). From Proposition 4.1, Corollary 4.2 and
Corollary 4.5, for each n, there exists u,, := u,, such that jq = Tg,, (Un).
Similar to the proof of Corollary 4.2 we may assume that u,, — u # 0.

As before, if ¢ € (0, ¢}] the lemma holds due to (4.1).

Ifge (45, %+ €) observe from Corollary 4.5 that ||u|| > p. We claim
that jq — jq asn — oo. Indeed, once (0, ¢} +¢€) > ¢ — jq is 1ncreasmg,
we can assume that jqn < Jq for each n and an — Jy(u) < jq as
n — oo, which implies that J,(u) = jq.

Now suppose that ¢, | ¢ € (0,¢5 +¢). Once (0,¢5 +¢) > ¢ — jq is
increasing, we can assume that jq < jqn and j\q < limj, 00 jqn. Choose
ugq such that j; = Jq(ug) (JJull > p in case ¢ € (¢, ¢¢ +€)) and observe
that jq < limy, 00 fqn <limp o0 Jg, (Ug) = fq. O

Now we turn our attention to the second solution.
Let g € (0,¢5). As a consequence of the Corollary 2.9 we have that

Ly = {v € C(0,1], H;(R%)) : 7(0) =0, Jy((1)) < 0}
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is non-empty. Define the Mountain Pass level

Cq = nglfq tren[g’)i] Ts(v(t)) > 0.

By Proposition 2.3 and Proposition 3.1 we deduce the following

Proposition 4.7. For each q € (0,q;) there exists w, € H(R?)\ {0}
such that Jy(wq) = ¢q and J;(wq) = 0. In particular Jy(wq) > T4(uq) €
(—00,0).

Let now q € (g3, ¢4 +¢), where € > 0 is the one fixed in correspondence
of § in (4.2). Let uy, € N (by Proposition 4.5) such that J,(uq) = Jq.
Define

dy = inf t
o = juf max J (v(1)),

where Ty = {7 € C(0,1], HE(R) : 7(0) =0, 7(1) = u,}.

Proposition 4.8. For each q € (i, q5+¢) there exists w, € H}(R?)\{0}
such that Jy(wy) = dgq and J (wq) = 0. In particular Jy(wy) > Ty(ug)-

Proof. Indeed, we combine Proposition 2.3 with the inequality M > § >
Ty = J4(ug) to obtain a Mountain Pass Geometry for the functional 7.
The proof follows from (ii) in Proposition 3.1. O

Now we conclude the proof of item 2. of Theorem 1.3.

Let € be given as in the Proposition 4.4. The existence of the
minimum u, follows from Proposition 4.1, Corollary 4.2, Corollary
4.5. The existence of a Mountain Pass critical point w, satisfying
Tq(wg) > max{0, J,(uq)} follows by Proposition 4.7 and Proposition 4.8.
That uq and w, are actually critical points of J, follows by Proposition
2.5.
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