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Abstract. Motivated by the seminal paper due to Brézis-Nirenberg [12], we will establish the existence of solutions
for the following class of degenerate elliptic equations with critical nonlinearity:(

−∆γv = λ|v|q−2v + |v|2∗γ−2 v in Ω,

v = 0 on ∂Ω,

where ∆γ := ∆x + (1 + γ)2 |x|2γ ∆y is the Grushin operator, z := (x, y) ∈ RN , N = m + n, m, n ≥ 1, Ω ⊂ RN is a

smooth bounded domain, λ > 0, q ∈ [2, 2∗γ) and 2∗γ =
2Nγ

Nγ−2
is the critical Sobolev exponent in this context, where

Nγ = m + (1 + γ)n is the so-called homogeneous dimension attached to the Grushin operator ∆γ . In order to prove
our main results it was necessary to do a careful study involving the best constant Sγ(m, n) of the Sobolev embedding
for the spaces associated with ∆γ . In order to do that, we prove a version of the Lions’ Concentration-Compactness
Principle for the Grushin operator. We also provide existence results for a critical problem involving the Grushin
operator on the whole space RN .
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1. Introduction

In the last years many authors have considered the existence of solutions for some classes of elliptic problems
with critical growth and the motivation to consider this type of problem comes from the seminal paper due to
Brezis-Nirenberg [12], where the authors obtained the existence of positive solutions for the problem

{
−∆v = λ|v|q−2v + |v|2∗−2

v in Ω,

v = 0 on ∂Ω,
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where Ω ⊂ RN for N ≥ 3 is a smooth bounded domain, λ > 0, q ∈ [2, 2∗) and 2∗ = 2N
N−2 for the following cases:

Case 1: q = 2 and λ ∈ (0, λ1(Ω)), where λ1(Ω) denotes the first eigenvalue of (−∆,H1
0 (Ω)) for N ≥ 4 and λ

belonging to a left neighborhood of λ1(Ω) for N = 3;
Case 2: q ∈ (2, 2∗), λ > 0 and N ≥ 4;
Case 3: q ∈ (2, 2∗) and N = 3: if 4 < q < 6, existence of solutions is proved for any λ > 0; if 2 < q ≤ 4, existence is
proved for λ sufficiently large. (see for this case [12], Example 2.3 and 2.4).

The main tool used in [12] is the variational method and a key point in the approach introduced in that paper are
the properties of the best Sobolev constant S of the embedding D1,2

(
RN

)
↪→ L2∗

(
RN

)
. In particular, the functions

(ε + |x|2)−N−2
2 , ε > 0, play a natural role because they are the extremal functions for the Sobolev inequality in RN .

For the reader interested in this type of problems, we cite the papers [7], [13], [14], [15], [18], [36] and the references
therein.

Motivated by the results in [12], in the present paper we intend to establish the existence of solutions for the
following class of problems

{
−∆γv = λ|v|q−2v + |v|2∗γ−2

v in Ω,

v = 0 on ∂Ω,
(1.1)

where ∆γ is the so-called Grushin operator, defined as

∆γv = ∆xv + (1 + γ)2 |x|2γ ∆yv,(1.2)

where ∆x and ∆y are the Laplace operators in the variables x and y, respectively, z := (x, y) ∈ Rm+n, m, n ≥ 1 and
γ > 0. In the considered problem (1.1), Ω ⊂ Rm+n is a smooth bounded domain, 2∗γ = 2Nγ

Nγ−2 is the critical Sobolev
exponent in this context, where Nγ = m+(1+ γ)n is the so-called homogeneous dimension attached to the operator
∆γ , q ∈ [2, 2∗γ) and λ ∈ R. Precisely, we search for weak solutions of (1.1) (see the definition (2.3) in Section 2), i.e.
solutions in the Sobolev space H̊1,2

γ (Ω), defined as the completion of C∞0 (Ω) with respect to the norm

‖v‖ :=
(ˆ

Ω

|∇γv|2 dz

)1/2

,

where ∇γv = (∇xv, (1 + γ)|x|γ∇yv).
In order to prove our main results, it was necessary to do a careful study involving the best constant Sγ(m,n) of

the Sobolev embedding D1,2
γ

(
RN

)
↪→ L2∗γ

(
RN

)
, where the space D1,2

γ

(
RN

)
is defined in Sect. 2. Since the problem

of the explicit knowledge of the Sobolev extremals for the Grushin operator has not been completely solved (see
Monti [37] and the recent results in Dou et al [20]), following the approach in [33] we overcome this difficulty by
means of a suitable a priori qualitative analysis of such extremals, which is, in fact, sufficient for our purpose. In
particular, a preliminary crucial step will be to prove the existence of such minimizers for any m,n ≥ 1, by means of
a version of Lions’ Concentration-Compactness Principle for the Grushin operator, which is a novelty for this class
of problems, see Section 3 for more details. Then, we will use the knowledge of their asymptotic decay at infinity
proved in [34] and recalled in Theorem 3.7.

Concerning the involved operator, we recall that in 1920, Tricomi [39] introduced a degenerate differential operator
of the form

D :=
∂2

∂x2
+ x

∂2

∂y2
.

Later Grushin [25, 26] and Baouendi [9] generalized this definition to ∆γ . Franchi and Lanconelli [23] obtained
fundamental regularity and embedding results for a wide class of subelliptic operators including ∆γ . This type of
operator appears in the study of P.D.E. on manifolds, for example in Kogoj and Lanconelli [28], the authors showed
that it appears in the study of a P.D.E. in the Heisenberg group, while in Bhakta and Sandeep [11] a strong relation
with a P.D.E on the Hyperbolic space was pointed out. For recent results involving the Grushin operator, we refer
to [17, 19, 20, 21, 22, 29, 31, 35, 37, 38, 40].

Our first main result concerns the existence of solutions for problem (1.1) with linear lower order term
{
−∆γv = λv + |v|2∗γ−2

v in Ω,

v = 0 on ∂Ω,
(1.3)

where Ω is a smooth bounded domain intersecting the degeneration set of the operator, i.e. such that Ω∩{x = 0} 6= ∅.
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We emphasize that the condition Ω∩ {x = 0} 6= ∅ ensures that the considered problem with exponent 2∗γ = 2Nγ

Nγ−2

turns out to be “critical” in the usual sense of the Sobolev embeddings, since for these domains the Sobolev embedding
H̊1,2

γ (Ω) ↪→ Lp(Ω) is compact for p < 2∗γ , but fails to be compact for p = 2∗γ , due to the action of the rescalings
defined in (3.2). For domains that are far from the degeneration set, instead, the operator becomes uniformly elliptic
and the underlying dimension N = m + n takes over: in particular, for these domains the threshold of compactness
is the usual exponent 2N

N−2 , which is higher than 2∗γ = 2Nγ

Nγ−2 , and the problem of the existence of solutions for
(1.3) can be provided by standard compactness arguments. So, our analysis will be devoted to domains intersecting
the degeneration set {x = 0}. We will see that in the Brezis-Nirenberg problems for this class of domains the
homogeneous dimension Nγ plays exactly the same role as the space dimension in the ordinary Laplacian case.

We also observe that the limit case when only the boundary of Ω touches the degeneration set {x = 0} is more
delicate from the geometric point of view and it will be addressed in a separate work.

Now, let λ1(Ω) denote the first Dirichlet eigenvalue of −∆γ on H̊1,2
γ (Ω). We observe that, by the validity of the

Poincaré inequality for the Grushin gradient and the compactness of the embedding of H̊1,2
γ (Ω) into L2(Ω), it follows

by standard procedure in spectral theory that the spectrum of the Dirichlet −∆γ is discrete and that λ1(Ω) > 0 (see
for more details [29]). We prove the following existence result:

Theorem 1.1. Let Ω ⊂ RN be a smooth bounded domain, Ω ∩ {x = 0} 6= ∅. Then, the following statements hold:
i) If Nγ ≥ 4, problem (1.3) has a nontrivial solution v ∈ H̊1,2

γ (Ω) for any 0 < λ < λ1(Ω);
ii) If Nγ < 4, there exists λ∗ > 0 such that (1.3) has a nontrivial solution v ∈ H̊1,2

γ (Ω) for λ ∈ (λ∗, λ1(Ω)).

Moreover, in dimension Nγ < 4, we also prove that the problem does not admit nonnegative nontrivial solutions
for small positive λ’s, under some additional regularity assumptions up the boundary.

Theorem 1.2. If Nγ < 4 and Ω is strictly δt-starshaped about a point of {x = 0}, there exists λ∗∗ > 0 such that
problem (1.3) has no nonnegative nontrivial solution v ∈ C2(Ω) for 0 < λ < λ∗∗.

We observe that the above non-existence result of solutions for small positive λ’s in dimension Nγ < 4 is obtained
by means of a Pohozaev-type argument modelled on the Grushin geometry and it shows a phenomenon of so-called
critical dimensions in this subelliptic context, analogous to the one observed for the ordinary Laplacian operator in
dimension N = 3 (see [12]).

Our second main result involves the existence of solutions for the problem
{
−∆γv = λ|v|q−2v + |v|2∗γ−2

v in Ω,

v = 0 on ∂Ω,
(1.4)

where 2 < q < 2∗γ and it can be stated as follows.

Theorem 1.3. Let Ω ⊂ RN be a smooth bounded domain, Ω ∩ {x = 0} 6= ∅ and let q ∈ (2, 2∗γ). Then, the following
statements hold:
a) If Nγ ≥ 4, problem (1.4) has a nontrivial solution v ∈ H̊1,2

γ (Ω) for any λ > 0;
b) If Nγ < 4 and 4

Nγ−2 < q < 2∗γ , problem (1.4) has a nontrivial solution v ∈ H̊1,2
γ (Ω) for any λ > 0; if 2 < q ≤ 4

Nγ−2 ,
there exists λ0 > 0 such that problem (1.4) has a nontrivial solution for λ > λ0.

In the last part of the paper, we consider a critical problem involving the Grushin operator on the whole space RN .
Very recently, Alves and de Holanda [1] established the existence of nontrivial solutions of the following problem:

−∆γv + a(z)v = f(v) in RN ,(1.5)

where γ > 0, f has a subcritical growth, i.e., |f(s)| = O(sq), 1 < q <
Nγ+2
Nγ−2 . More precisely, they have obtained

critical points of the energy functional corresponding to (1.5) in the subspace H1,2
γ,radx,y

(
RN

)
when a(z) = 1 and in

the subspace Ha
γ,radx

(
RN

)
when a(z) ≥ 0 is either periodic in the variable y or coercive in the variable y. They have

made use of the principle of symmetric criticality (see, for instance, [41, Theor. 1.28]) to show that these critical
points are solutions of (1.5). The existence of nontrivial solutions of (1.5) was open in the critical case, i.e., when

|f(s)| = O(s
Nγ+2
Nγ−2 ). Here we complete this step.

Concerning problems for the Grushin operator in the whole space, we also quote the recent paper [2], where a
problem of the type (1.5) is studied in R2 with nonlinearity combining exponential growth and critical Grushin
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exponent. Precisely, in [2], existence results are provided for the problem

−∆γv + a(z)v = f(z, v) in R2,

where f is of the form f(z, t) = h(|x|)|t|4/γt + (1 − h(|x|))g(t), ∀z = (x, y) ∈ R2 and t ∈ R, where the term |t|4/γt

has critical behavior, being 2∗γ = 4/γ + 2 for m = n = 1, g(t) behaves like eαt2 , as t →∞, for some α > 0, and h is a
smooth function that modulates the behavior of the function f near the degeneracy region, that is, 0 ≤ h ≤ 1, such
that h(t) = 1 if 0 ≤ t ≤ δ and h(t) = 0 if t ≥ 2δ, for some δ > 0; moreover, a is assumed to be bounded from below
by a positive constant, coercive in the variable x and periodic in the variable y.

We recall that there have been several works on the existence of solutions to elliptic equations in the whole RN

with nonlinearity having a critical growth. We refer to [3, 4, 16, 43] and the references therein, where the authors
have established the existence of ground state solutions to nonlinear scalar field equations with critical growth and
fractional scalar field equations under a general critical nonlinearity.

Motivated by the above research works, it is natural to ask the following question:

Q. Can we establish the existence of nontrivial solution to (1.5) with critical nonlinearity?

In the sequel, we answer this question. More precisely, our third main result establishes the existence of nontrivial
solutions of (1.5) in the critical case under certain assumptions on a and f. In fact, we deal with the following class
of problems:

−∆γv + a(z)v = λ |v|q−2
v + |v|2∗γ−2

v in RN ,(1.6)

where λ > 0, 2 < q < 2∗γ and a is a continuous real valued function satisfying the following assumptions:

(a1) a(z) ≥ a0 > 0 for all z ∈ RN .
(a2) Radial symmetry in variable x: a(x, y) = a(x′, y) for all x, x′ ∈ Rm with |x| = |x′| and for all y ∈ Rn.
(a3) Coercivity in variable y : a(x, y) → +∞ as |y| → ∞.

We have the following existence result of weak solutions to the above problem (1.6). For the definition of the involved
Sobolev space Ha

γ

(
RN

)
, see Section 2.

Theorem 1.4. Assume that a satisfies (a1)–(a3). Then,
i) If Nγ ≥ 4, problem (1.6) has a nontrivial solution v ∈ Ha

γ

(
RN

)
for each λ > 0;

ii) If Nγ < 4 and 4
Nγ−2 < q < 2∗γ , problem (1.4) has a nontrivial solution v ∈ Ha

γ

(
RN

)
for any λ > 0; if

2 < q ≤ 4
Nγ−2 , there exists λ∗ > 0 such that problem (1.4) has a nontrivial solution v ∈ Ha

γ

(
RN

)
for λ > λ∗.

A version of problem (1.6) has been considered for the Laplacian operator by Alves, Carrião and Miyagaki when
a is periodic and asymptotic periodic, see [5]. Moreover, in Miyagaki [36], the author considered the case where the
function a is coercive.

1.1. Our approach. As in the Laplacian case, one of the main difficulty to apply the variational method to this
kind of problems is the fact that the embeddings H̊1,2

γ (Ω) ↪→ L2∗γ (Ω) and Ha
γ (RN ) ↪→ Lq(RN ) for any q ≥ 1 are

not compact. To overcome these difficulties, the techniques developed by Aubin [8], Brezis and Nirenberg [12] are
useful in our analysis. For example, in connection with problems (1.4) and (1.6), a key step is to prove that the
mountain-pass level cλ associated with the energy functional and defined in (5.1) stands below a suitable compactness
threshold, i.e.

cλ <
1

Nγ
S

Nγ
2

γ (m,n),

where Sγ(m,n) is the best constant for the Sobolev embedding D1,2
γ

(
RN

)
↪→ L2∗γ

(
RN

)
. To obtain the above

inequality, a crucial role is played by the extremals of the Sobolev embedding, whose explicit knowledge is not yet
complete in the Grushin case. In this regard, we recall that, for the case γ = 1 Beckner [10] proved that, for N1 = 3, 4
such extremal functions have the form

uA,y0(x, y) =


 A(

|x|2 + A
)2

+ |y − y0|2




N1−2
4

,(1.7)



5

where A > 0 and y0 ∈ RN . In [37], existence and symmetry results were obtained for m = 1, n ≥ 1, γ > 0. Recently
the knowledge of the explicit form of such minimizers has been extended to a larger set of dimensions m,n in [20],
by studying the best constant Sγ,x(m,n) of the embedding D1,2

γ,radx

(
RN

)
↪→ L2∗γ

(
RN

)
(where D1,2

γ,radx

(
RN

)
is the

space of functions in D1,2
γ

(
RN

)
that are radially symmetric in the x variable, see Section 2) and its relation with

Sγ(m,n). However, a general result covering all the dimensions m,n ≥ 1 and γ 6= 1 is not yet available.
To get around this difficulty we shall follow the approach in [33], developed to treat the case of sub-Laplacians

on Carnot groups. We will perform the Brezis-Nirenberg asymptotic expansions on a family of abstract Sobolev
concentrating functions, by exploiting only some qualitative properties of Sobolev extremals, namely their existence,
which will be proved in Section 3 for all m, n ≥ 1, and the knowledge of their exact rate of decay at infinity, proved
in [34] and recalled in Theorem 3.7.

Concerning the sign of solutions, we point out that the approach explored in the present paper can be adapted
to prove the existence of nonnegative solutions by replacing the functions f(t) = |t|2∗γ−2t and g(t) = |t|q−2t by

f̃(t) = t
2∗γ−1

+ and g̃(t) = tq−1
+ , respectively, where t+ = max{t, 0}. Having this in mind, and using elliptic regularity

and maximum principle away from the degeneration set, it is possible to prove the following:
(i) For problems (1.3) and (1.4), there exists a nonnegative solution u such that

u ∈ C2(Π) and u(x) > 0, ∀(x, y) ∈ Π

where Π = {(x, y) ∈ Ω : x 6= 0}.
(ii) For problem (1.6), there exists a nonnegative solution u such that

u ∈ C2(Π∗) and u(x) > 0, ∀(x, y) ∈ Π∗
where Π∗ = {(x, y) ∈ RN : x 6= 0}.

Finally, let us make some further comments about the case q = 2 with λ = 0 or λ ≥ λ1(Ω). As in the Laplacian
case, the existence of nonnegative solutions when λ = 0 has a strong connection with the geometry of the domain,
since we have a Pohozaev type identity for the Grushin operator that was proved in [28, Section 2], which enables
us to prove a nonexistence result of nonnegative nontrivial solutions under suitable geometric assumptions on the
domain. In order to state this result, we need to introduce some notations. To begin with, for each t > 0 let us
denote by δt : RN → RN the dilations naturally attached to the operator ∆γ given by

(1.8) δt(x, y) = (tx, t1+γy), ∀(x, y) ∈ RN = Rm × Rn.

Recall that ∆γ is homogeneous of degree two with respect to the dilations δt. Let us denote by T : RN → RN the
infinitesimal generator of such dilations, i.e. the vector field defined by

T (x, y) = (x, (1 + γ)y), ∀(x, y) ∈ RN = Rm × Rn.

Definition 1.5. We say that Ω is δt-starshaped (resp. strictly δt-starshaped) with respect to the origin if 0 ∈ Ω
and

〈T (x, y), ν〉 ≥ 0 (resp. > 0), at every point (x, y) ∈ ∂Ω,

where ν is the outward normal to ∂Ω.

Using the above notations, the result below is an immediate consequence of [28, Theorem 2.6].

Theorem 1.6. Let Ω ⊂ RN be a smooth connected bounded domain, δt-starshaped with respect to the origin. If
u ∈ C2(Ω) is a nonnegative solution of (1.3) with λ = 0, then u = 0.

Among our results (see Theorem 1.2) we will prove that, for homogeneous dimensions Nγ < 4, a similar
nonexistence result also holds in a right neighborhood of λ = 0, thus showing a phenomenon of so-called critical
dimensions for the considered critical problem.

We don’t want to address here the delicate issue concerning how the regularity assumptions in the non-existence
theorems 1.2 and 1.6 can be weakened, we only quote in this regards the results in [29], where a Pohozaev-type identity
for Grushin eigenfunctions is obtained under weaker regularity assumptions by means of a variational approach.

Finally, let us observe that, as in the Laplacian case, if we search for positive solutions to problem (1.1), we have
to restrict our analysis to the range 0 < λ < λ1(Ω). This can be easily proved by using a nonnegative eigenfunction
ϕ1 associated with λ1(Ω) as a test function in the equation. We recall this result below, omitting the proof for the
sake of brevity.

Proposition 1.7. If λ ≥ λ1(Ω) and u ∈ H̊1,2
γ (Ω) is a nonnegative solution of (1.3), then u = 0.
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1.2. Organization of the article. This paper is organized as follows. We recall important preliminary results and
definitions and we introduce the appropriate functional setting in Section 2. In Section 3, we prove that the optimal
constant for the Grushin Sobolev inequality is achieved. Then, we prove Theorems 1.1, 1.3 and 1.4 in Sections 4, 5
and 6, respectively.

1.3. Notations. In this paper, we use the following notations:
• For q ∈ [1, +∞), q′ denotes the conjugate exponent of q, that is, q′ = q

q−1 .

• C and Ci denote any (possibly different) positive constants, whose values are not relevant.
• If A ⊂ RN is a measurable set, we denote by |A| its Lebesgue measure.

2. Preliminaries

In this section, let us recall some preliminaries on the Grushin operator and the related embedding results. For
γ > 0, let < ∇γv,∇γu >:= ∇xv · ∇xu + (1 + γ)2 |x|2γ ∇yv · ∇yu and |∇γv|2 := |∇xv|2 + (1 + γ)2 |x|2γ |∇yv|2 . Let
us define the space D1,2

γ

(
RN

)
as the closure of C∞0

(
RN

)
with respect to the norm

‖v‖D1,2
γ (RN ) :=

(ˆ

RN

|∇γv|2 dz

) 1
2

.

In the sequel, D1,2
γ,radx

(
RN

)
denotes the following subspace

D1,2
γ,radx

(
RN

)
:=

{
v ∈ D1,2

γ

(
RN

) | v(x, y) = v(|x| , y) for all (x, y) ∈ Rm+n
}

.

Another space we will use in the sequel is the following one:

H1,2
γ

(
RN

)
:=

{
v ∈ L2

(
RN

) | ∂v

∂xi
, |x|γ ∂v

∂yj
∈ L2

(
RN

)
, i = 1, . . . , n, j = 1, . . . ,m

}

endowed with the norm

‖v‖H1,2
γ

:=
(ˆ

RN

(|∇γv|2 + v2)dz

) 1
2

.

Associated with H1,2
γ

(
RN

)
we have the space below

H1,2
γ,radx,y

(
RN

)
:=

{
v ∈ H1,2

γ

(
RN

) | v(x, y) = v(|x| , |y|) for all (x, y) ∈ Rm+n
}

and

H1,2
γ,radx

(
RN

)
:=

{
v ∈ H1,2

γ

(
RN

) | v(x, y) = v(|x| , y) for all (x, y) ∈ Rm+n
}

.

For each nonnegative continuous function a(z) ≥ 0, let us define the following space

Ha
γ

(
RN

)
:=

{
v ∈ H1,2

γ

(
RN

) |
ˆ

RN

a(z) |v|2 dz < ∞
}

endowed with the norm

‖v‖Ha
γ

=
(ˆ

RN

(|∇γv|2 + a(z) |v|2)dz

) 1
2

.

Also, consider the subspace of functions which are radial in the variable x:

Ha
γ,radx

(
RN

)
=

{
v ∈ Ha

γ

(
RN

) | v(x, y) = v(|x| , y)
}

.

For each smooth bounded domain Ω ⊂ RN , we define the space

H1,2
γ (Ω) :=

{
v ∈ L2 (Ω) | ∂v

∂xi
, |x|γ ∂v

∂yj
∈ L2 (Ω) , i = 1, . . . , n, j = 1, . . . , m

}

with the norm

‖v‖H1,2
γ (Ω) =

(ˆ

Ω

(|∇γv|2 + |v|2)dz

) 1
2

.
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and we denote by H̊1,2
γ (Ω) the closure of C∞0 (Ω) with respect to the norm

(2.1) ‖v‖ =
(ˆ

Ω

|∇γv|2 dz

) 1
2

.

Through this paper, H̊1,2
γ,radx

(Ω) will denote the following subspace

H̊1,2
γ,radx

(Ω) :=
{

v ∈ H̊1,2
γ (Ω) | v(x, y) = v(|x| , y) for all (x, y) ∈ Ω

}
.

Now, it is well known that D1,2
γ (RN ) ↪→ L2∗γ (RN ), where 2∗γ = 2Nγ

Nγ−2 and Nγ = m + (1 + γ)n (see e.g. [37], [32],
[28]). In particular, the Sobolev embedding inequality

(2.2)
(ˆ

RN

|v|2∗γ dz

)2/2∗γ
≤ C

ˆ

RN

|∇γv|2 dz, ∀ v ∈ C∞0 (RN ),

where C is a positive constant depending on Nγ , can be derived as a consequence of an optimal embedding of
D1,2

γ (RN ) into an ordinary anisotropic Sobolev space, proved by Franchi and Lanconelli in [23] (see for details [32,
Section 5], where also Sobolev inequalities with remainder terms for the Grushin gradient were obtained). Moreover,
we quote [28] for the Sobolev inequality for the general class of ∆λ-operators; we also refer to [10], [37], [34], [20] for
further related results about the qualitative properties of the optimizers in (2.2).

Moreover, it has been proved (see [28]) that, if Ω is a bounded domain, the embedding H̊1,2
γ (Ω) ↪→ Lq(Ω) is

compact for each q ∈ [1, 2∗γ). We recall these known embedding results in the following propositions.

Proposition 2.1. (1) The embedding H1,2
γ

(
RN

)
↪→ Lq

(
RN

)
is continuous for every q ∈ [

2, 2∗γ
]
.

(2) If Ω ⊂ RN is a smooth bounded domain, then the embedding H̊1,2
γ (Ω) ↪→ Lq (Ω) is continuous for every

q ∈ [
1, 2∗γ

]
and compact for every q ∈ [

1, 2∗γ
)
.

(3) Assume (a1) holds, then the embedding Ha
γ

(
RN

)
↪→ Lq

(
RN

)
is continuous for 2 ≤ q ≤ 2∗γ .

Proposition 2.2. ([1, Lemma 2.5]) Assume that a satisfies (a1) and (a3). Then the inclusion
Ha

γ,radx

(
RN

)
↪→ Lq

(
RN

)
is compact for 2 ≤ q < 2∗γ .

Definition 2.3. By a weak solution of (1.1), we mean a function v ∈ H̊1,2
γ (Ω) satisfying

ˆ

Ω

∇γv · ∇γw dz =
ˆ

Ω

λvw dz +
ˆ

Ω

|v|2∗γ−2
vw dz, ∀w ∈ H̊1,2

γ (Ω).(2.3)

Definition 2.4. By weak solution of (1.6), we mean a function v ∈ Ha
γ

(
RN

)
satisfying

ˆ

RN

(∇γv · ∇γw + a(z)vw) dz = λ

ˆ

RN

|v|q−2
vw dz +

ˆ

RN

|v|2∗γ−2
vw dz, ∀w ∈ Ha

γ

(
RN

)
.

Finally, let us recall the natural gauge associated to the Grushin operator: for z = (x, y) ∈ Rm × Rn, let

(2.4) d(z) = (|x|2(γ+1) + |y|2) 1
2(γ+1) .

The function d(z) is homogeneous of degree one with respect to the anisotropic dilations δt defined in (1.8). Moreover,
there exists a suitable constant C > 0 depending on γ and Nγ , such that Γ(z) = C

d(z)Nγ−2 is the fundamental solution
of −∆γ with pole at the origin.

For r > 0, we shall denote by Br = Br(0) the ball with center at 0 and radius r with respect to the homogeneous
norm d, i.e., Br = {z ∈ RN | d(z) < r }.

3. Optimal Constant and Sobolev extremals

Let Nγ ≥ 3. The optimal constant in the Sobolev inequality (2.2) is defined as

Sγ(m,n) := inf
v∈D1,2

γ (RN ),‖v‖
L

2∗γ (RN )
=1
‖∇γv‖2L2(RN ) > 0.(3.1)

In this section, our goal is to prove that the infimum defined above is achieved, under no restrictions on m,n ≥ 1. To
accomplish our goal, we will generalize the results of [41, Section 1.9] for the Grushin operator and the corresponding
Sobolev spaces.
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Let u ∈ D1,2
γ

(
RN

)
and ρ > 0. Define

(3.2) ue,ρ(z) := ρ
Nγ−2

2 u(ρx, ρ1+γy + e),

where z = (x, y) ∈ Rm+n and e ∈ Rn. It is easy to verify the following invariances

‖∇γue,ρ‖L2(RN ) = ‖∇γu‖L2(RN ) and ‖ue,ρ‖
L

2∗γ (RN )
= ‖u‖

L
2∗γ (RN )

.

Analogously, it can be verified that the equation satisfied, up to a stretching constant, by the minimizers for Sγ(m,n),
that is −∆γu = |u|2∗γ−2u in RN , is invariant under the translations in the y variable and the rescaling defined in
(3.2). Note that the same problem is not invariant under general translations in RN .

Let us recall some preliminary results and definitions from measure theory [41]. Let Ω be an open subset of RN

and define
K(Ω) := {v ∈ C(Ω) : supp v is a compact subset of Ω}

and

B(Ω) :=
{

v ∈ C(Ω) : ‖v‖L∞(Ω) := sup
x∈Ω

|v(x)| < ∞
}

.

We denote by C0(Ω) the closure of K(Ω) in B(Ω) with respect to the uniform norm. Following the approach in [42],
we adopt the following definitions.

Definition 3.1. A finite measure on Ω is a continuous linear functional on C0(Ω). The norm of the finite measure
µ is defined by

‖µ‖ := sup
v∈C0(Ω)

‖v‖L∞(Ω)=1

|〈µ, v〉| .

We denote by
M(Ω)− The space of finite measures on Ω.

M+(Ω)− The space of positive finite measures on Ω.

We say that a sequence µk ⇀ µ weakly in M(Ω), whenever

〈µk, u〉 → 〈µ, u〉, ∀u ∈ C0(Ω).

Theorem 3.2. (i) Every bounded sequence of finite measures on Ω contains a weakly convergent subsequence.
(ii) If µk ⇀ µ in M(Ω), then (µk) is bounded and

‖µ‖ ≤ lim inf ‖µk‖ .

(iii) If µ ∈M+(Ω), then B(Ω) ⊂ L1(Ω, µ) and

‖µ‖ = sup
v∈B(Ω)

‖v‖L∞(Ω)=1

|〈µ, v〉| = 〈µ, 1〉.

The proof of the above theorem can be found in [42], page 206.

Lemma 3.3. (The Concentration-Compactness Principle) Let {vk} ⊂ D1,2
γ

(
RN

)
be a sequence such that

vk ⇀ v in D1,2
γ

(
RN

)
,

|∇γ (vk − v)|2 ⇀ µ in M (
RN

)
,

|vk − v|2∗γ ⇀ ν in M (
RN

)
,

vk → v a.e. on RN

and define

µ∞ := lim
R→∞

lim sup
k→∞

ˆ

d(z)>R

|∇γvk|2 dz, ν∞ := lim
R→∞

lim sup
k→∞

ˆ

d(z)>R

|vk|2
∗
γ dz,(3.3)
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then it follows that

‖ν‖
2
2∗γ ≤ Sγ(m,n)−1 ‖µ‖ ,(3.4)

ν
2
2∗γ∞ ≤ Sγ(m,n)−1µ∞,(3.5)

lim sup
k→∞

‖∇γvk‖22 = ‖∇γv‖22 + ‖µ‖+ µ∞,(3.6)

lim sup
k→∞

‖vk‖2
∗
γ

2∗γ
= ‖v‖2

∗
γ

2∗γ
+ ‖ν‖+ ν∞.(3.7)

Moreover, if v = 0 and ‖ν‖
2
2∗γ = Sγ(m, n)−1 ‖µ‖ , then the measures µ and ν are concentrated at a single point.

Proof. Case (i) Assume first v = 0. Let φ ∈ C∞0 (RN ), then from the Sobolev embedding, we have

Sγ(m, n)
(ˆ

RN

|φvk|2
∗
γ dz

) 2
2∗γ ≤

ˆ

RN

|∇γ(φvk)|2 dz.

Now, using the Hölder inequality and the convergence vk → 0 in L2
loc(RN ), we obtain

Sγ(m,n)
(ˆ

RN

|φ|2∗γ dν

) 2
2∗γ ≤

ˆ

RN

|φ|2 dµ.(3.8)

Thus 3.4 follows.
For R > 0, let φR ∈ C1(RN ) be such that 0 ≤ φR ≤ 1 on RN , φR = 1 in Bc

R+1 := RN \ BR+1 and φR = 0 in BR.
Again, using Sobolev inequality, we obtain

Sγ(m,n)
(ˆ

RN

|φRvk|2
∗
γ dz

) 2
2∗γ ≤

ˆ

RN

|∇γ(φRvk)|2 dz.

Now, using Hölder’s inequality and the convergence vk → 0 in L2
loc(RN ), we obtain

Sγ(m, n) lim sup
k→∞

(ˆ

RN

|φRvk|2
∗
γ dz

) 2
2∗γ ≤ lim sup

k→∞

ˆ

RN

|∇γvk|2 |φR|2 dz.(3.9)

It is easy to check that ˆ

Bc
R+1

|∇γvk|2 dz ≤
ˆ

RN

|∇γvk|2 φ2
Rdz ≤

ˆ

Bc
R

|∇γvk|2 dz(3.10)

and ˆ

Bc
R+1

|vk|2
∗
γ dz ≤

ˆ

RN

|vk|2
∗
γ φ

2∗γ
R dz ≤

ˆ

Bc
R

|vk|2
∗
γ dz.(3.11)

Now, (3.10) and (3.11) combine with (3.3) to give

µ∞ = lim
R→∞

lim sup
k→∞

ˆ

Bc
R

|∇γvk|2 φ2
Rdz, ν∞ = lim

R→∞
lim sup

k→∞

ˆ

Bc
R

|vk|2
∗
γ φ

2∗γ
R dz.

Inequality (3.5) then follows from 3.9.

Assume, moreover, that ‖ν‖
2
2∗γ = Sγ(m,n)−1 ‖µ‖ . From (3.8),

S
1
2
γ (m,n)

(ˆ

RN

|φ|2∗γ dν

) 1
2∗γ ≤

(ˆ

RN

|φ|2 dµ

) 1
2

.

Since 2
Nγ

+ 2
2∗γ

= 1, we use Hölder’s inequality to obtain

(ˆ

RN

|φ|2 dµ

) 1
2

≤ ‖µ‖ 1
Nγ

(ˆ

RN

|φ|2∗γ dµ

) 1
2∗γ

.

Therefore

S
1
2
γ (m,n)

(ˆ

RN

|φ|2∗γ dν

) 1
2∗γ ≤ ‖µ‖ 1

Nγ

(ˆ

RN

|φ|2∗γ dµ

) 1
2∗γ

,
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leading to

ν = S−
2∗γ
2

γ (m,n) ‖µ‖ 2
Nγ−2 µ.

It follows from (3.8), for each φ ∈ C∞0 (RN ),
(ˆ

RN

|φ|2∗γ dν

) 1
2∗γ ‖ν‖ 1

Nγ ≤
(ˆ

RN

|φ|2 dν

) 1
2

.

Therefore, for each open set Ω ⊂ RN ,

ν(Ω)
1
2∗γ ν(RN )

1
Nγ ≤ ν(Ω)

1
2 ,

showing that the measure ν is concentrated at a single point.
Case (ii) Consider, now, the general case. Define wk := vk − v. Then

wk ⇀ 0 in D1,2
γ (RN ),

|∇γvk|2 ⇀ µ + |∇γv|2 in M(RN ).
Now, using the Brézis-Lieb Lemma ( see, e.g., Lemma 1.32 in [41]), we have for any φ ∈ K(RN ),

ˆ

RN

φ |v|2∗γ dz = lim
k→∞

(ˆ

RN

φ |vk|2
∗
γ dz −

ˆ

RN

φ |wk|2
∗
γ dz

)

that is,
|vk|2

∗
⇀ ν + |v|2∗γ in M (

RN
)
.

Hence, inequality (3.4) follows from the corresponding inequality for {wk} . Since

lim sup
k→∞

ˆ

Bc
R

|∇γwk|2 dz = lim sup
k→∞

ˆ

Bc
R

|∇γvk|2 dz −
ˆ

Bc
R

|∇γv|2 dz,

we obtain
lim

k→∞
lim sup

k→∞

ˆ

Bc
R

|∇wk|2 = µ∞.

By the Brezis-Lieb lemma, ˆ

Bc
R

|v|2∗γ dz = lim
k→∞

(ˆ

Bc
R

|vk|2
∗
γ dz −

ˆ

Bc
R

|wk|2
∗
γ

)
dz

and so
lim

R→∞
lim sup

k→∞

ˆ

Bc
R

|wk|2
∗
γ = ν∞.

Inequality (3.5) then follows from the corresponding inequality for {wk} .

For every R > 1, we have

lim sup
k→∞

ˆ

RN

|∇γvk|2 dz = lim sup
k→∞

(ˆ

RN

φR |∇γvk|2 dz +
ˆ

RN

(1− φR) |∇γvk|2 dz

)

= lim sup
k→∞

ˆ

RN

φR |∇γvk|2 dz +
ˆ

RN

(1− φR) dµ +
ˆ

RN

(1− φR) |∇γv|2 dz.

When R →∞, we obtain, by Lebesgue theorem,

lim sup
k→∞

ˆ

RN

|∇γvk|2 dz = µ∞ +
ˆ

RN

dµ +
ˆ

RN

|∇γv|2 dz = µ∞ + ‖µ‖+
ˆ

RN

|∇γv|2 dz.

The proof of (3.7) is similar. ¤

Theorem 3.4. Let {vk} ⊂ D1,2
γ (RN ) be a minimizing sequence such that

‖vk‖2∗γ = 1, ‖∇γvk‖22 → Sγ(m,n).(3.12)

Then, there exists a sequence {ek, ρk} ⊂ Rn × (0,∞) such that {vek,ρk

k } contains a convergent subsequence. In
particular, there exists a minimizer for Sγ(m,n).
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Proof. Up to a subsequence, we can assume that

vk ⇀ v in D1,2
γ (RN ),

so that
‖∇γv‖22 ≤ lim inf

k→∞
‖∇γvk‖22 = Sγ(m,n).

Thus, v is a minimizer provided ‖v‖2∗γ = 1. But we know only that ‖v‖2∗γ ≤ 1. Therefore, we aim to show that
‖v‖

L
2∗γ = 1. Define a concentration function

Qk(ρ) := sup
w:=(0,e)∈RN

ˆ

Bρ(w)

|vk|2
∗
γ dz,

where Bρ(w) = {z ∈ RN | d(z − w) < ρ}, d being the homogeneous norm defined in (2.4).
Note that for each k,

lim
ρ→0+

Qk(ρ) = 0, lim
ρ→∞

Qk(ρ) = 1.

Therefore, there exists ρk > 0 such that Qk(ρk) = 1
2 . Moreover, since

lim
|e|→∞

ˆ

Bρk
(w)

|vk|2
∗
γ dz = 0,

there exists ek ∈ Rn such that ˆ

Bρk
(wk)

|vk|2
∗
γ dz = Qk(ρk) =

1
2
,

where wk := (0, ek) ∈ RN . Let us define uk := vek,ρk

k . Hence

‖uk‖2∗γ = 1, ‖∇γuk‖22 → Sγ(m,n)

and
1
2

=
ˆ

B1

|uk|2
∗
γ dz = sup

w=(0,e)∈RN

ˆ

B1(w)

|uk|2
∗
γ dz.(3.13)

Since {uk} is bounded sequence in D1,2
γ (RN ), up to a subsequence, we may assume that

uk ⇀ u in D1,2
γ

(
RN

)
,

|∇γ (uk − u)|2 ⇀ µ in M (
RN

)
,

|uk − u|2∗γ ⇀ ν in M (
RN

)
,

uk → u a.e. on RN .

Now, by an application of the previous Lemma 3.3,

Sγ(m,n) = lim
k→∞

ˆ

RN

|∇γuk|2 dz = µ∞ + ‖µ‖+
ˆ

RN

|∇γu|2 dz,(3.14)

1 = lim
k→∞

‖uk‖2
∗
γ

2∗γ
= ‖u‖2

∗
γ

2∗γ
+ ‖ν‖+ ν∞,(3.15)

where
µ∞ := lim

R→∞
lim sup

k→∞

ˆ

Bc
R

|∇γuk|2 dz, ν∞ := lim
R→∞

lim sup
k→∞

ˆ

Bc
R

|uk|2
∗
γ dz.

Now, using (3.14), (3.4), (3.5) and Sobolev inequality, we get

(3.16)
((
‖u‖2

∗
γ

2∗γ

) 2
2∗γ + ‖ν‖

2
2∗γ + ν

2
2∗γ∞

)
Sγ(m, n) ≤ Sγ(m,n).

It follows from (3.15) and (3.16), taking into account that 2/2∗γ < 1, that ‖u‖2
∗
γ

2∗γ
, ‖ν‖ , ν∞ are either equal to 0 or 1.

By (3.13), ν∞ ≤ 1
2 , and hence ν∞ = 0. If ‖ν‖ = 1 then u = 0. Then by the previous Lemma 3.3, the measure ν is

concentrated at a single point z0. Therefore, from (3.13) we deduce
1
2

= sup
w=(0,e)∈RN

ˆ

B1(w)

|uk|2
∗
γ dz ≥

ˆ

B1(z0)

|uk|2
∗
γ dz → ‖ν‖ = 1,
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a contradiction. Thus, ‖u‖2∗γ = 1 and so

‖∇γu‖22 = Sγ(m,n) = lim
k→∞

‖∇γuk‖22 .

¤

A similar argument works to prove the following corollary:

Corollary 3.5. Define

Sγ,x(m,n) := inf
v∈D1,2

γ,radx
(RN ),‖v‖

L
2∗γ (RN )

=1
‖∇γv‖2L2(RN ) > 0.(3.17)

Then there exists a minimizer for Sγ,x(m,n).

Concerning the relation between Sγ(m,n) and Sγ,x(m,n), in [20] the authors say that it is reasonable to expect
that Sγ(m,n) = Sγ,x(m,n), but they are able to prove it only when 2∗γ is a positive integer (see [20, Prop. 1.13]).
Their result about the explicit form of the minimizers for Sγ,x(m,n) is the following:

Theorem 3.6. (Theorem 1.12 [20]) (1) Let γ = 1. Let m 6= 2 or m = 2, n 6= 1. Then, up to multiplicative constants,
minimizers for S1,x(m,n) are

uA,y0(x, y) =


 A(

|x|2 + A
)2

+ |y − y0|2




N1−2
4

,(3.18)

where A > 0 and y0 ∈ Rn.
(2) Let γ > 0, then up to the multiple of some constant, minimizers for Sγ,x(m, n) are of the form

uA,y0(x, y) =


 A(

|x|1+γ + A
)2

+ |y − y0|2




Nγ−2
2(γ+1)

ψ




∣∣∣∣∣∣∣
(|x|1+γ + A, y − y0)(

|x|1+γ + A
)2

+ |y − y0|2
−

(
1

2A
, 0

)
∣∣∣∣∣∣∣


 ,(3.19)

where A > 0, y0 ∈ RN , ψ > 0 is the unique solution of




ψ′′ +
(

n
r − 2αr

1
4A2−r2

)
ψ′ − α(n+α−1)

1
4A2−r2 ψ = −CAβ−α

(
1

4A2 − r2
)β−α

ψ
n+2β−α+3

n+α−1 , 0 < r < 1
2A ,

ψ
(

1
2A

)
= A

n+α−1
2 , ψ′(0) = 0, lim

r→( 1
2A )−

(
1

4A2 − r2
)α

ψ′(r) = 0,
(3.20)

where α and β satisfy

α > 0, β > −1,
n− 1
n + 1

β < α < β + 2.

However, in our proofs, we will only use the following qualitative property of minimizers for Sγ(m,n), namely
their asymptotic decay at infinity, proved in [34].

Theorem 3.7. (see [34]) If u ∈ D1,2
γ (RN ) is a minimizer for Sγ(m,n), then

u(z) ' d(z)2−Nγ as d(z) →∞.

where d(z) = (|x|2(γ+1) + |y|2) 1
2(γ+1) is the homogeneous norm defined in (2.4).

Finally, if Ω is any open subset of RN , let us denote by S(Ω) the best constant of the embedding H̊1,2
γ (Ω) ↪→ L2∗γ (Ω),

that is

S(Ω) := inf
v∈H̊1,2

γ (Ω),‖v‖
L

2∗γ (Ω)
=1
‖∇γv‖2L2(Ω) > 0.(3.21)

The following result holds.

Proposition 3.8. Assume that Ω is a bounded domain with Ω ∩ {x = 0} 6= ∅. Then, S(Ω) = Sγ(m, n).
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Proof. By definition of S(Ω) given in (3.21), we know that Sγ(m,n) ≤ S(Ω). Now, let {uk} ⊂ D1,2
γ (RN ) be a

minimizing sequence for Sγ(m,n), that is,

‖uk‖2∗γ = 1, lim
k→∞

‖∇γuk‖2 = Sγ(m,n).

By density, we can assume uk ∈ C∞0 (RN ). Since Ω ∩ {x = 0} 6= ∅, without loss of generality, we can assume that
0 ∈ Ω. Thereby, there is a sequence ρk > 0 such that u0,ρk

k ∈ C∞0 (Ω) for k sufficiently large. Hence,

S(Ω) ≤ lim inf
k→∞

∥∥∥∇γu0,ρk

k

∥∥∥
2

2
= lim inf

k→∞
‖∇γuk‖22 = Sγ(m,n),

showing that S(Ω) ≤ Sγ(m,n), and so, S(Ω) = Sγ(m,n). ¤

4. Proof of Theorem 1.1

The main goal of this section is to prove Theorem 1.1 and we will look for critical points of the energy functional
Jλ : H̊1,2

γ (Ω) → R given by

Jλ(v) :=
1
2

ˆ

Ω

(
|∇γv|2 − λ|v|2

)
dz − 1

2∗γ

ˆ

Ω

|v|2∗γ dz.(4.1)

Since the embedding H̊1,2
γ (Ω) ↪→ Lq(Ω) is continuous for 1 ≤ q ≤ 2∗γ , one can see that Jλ is well-defined and of class

C1 on the space H̊1,2
γ (Ω).

In what follows, we denote by λ1(Ω) the first homogeneous Dirichlet eigenvalue of −∆γ on H̊1,2
γ (Ω), that is,

λ1(Ω) = inf
v∈H̊1,2

γ (Ω),‖v‖L2(Ω)=1
‖∇γv‖2L2(Ω) > 0.

If λ ∈ (0, λ1(Ω)), a standard argument ensures that

‖∇γv‖2L2(Ω) − λ ‖v‖2L2(Ω) ≥ C ‖∇γv‖2L2(Ω) , ∀v ∈ H̊1,2
γ (Ω),

for some C > 0. Hence, we can choose the following norm on the space H̊1,2
γ (Ω) :

‖v‖λ :=
(
‖∇γv‖2L2(Ω) − λ ‖v‖2L2(Ω)

) 1
2

.(4.2)

Lemma 4.1. Assume Ω ∩ {x = 0} 6= ∅ . Then, any sequence {vk} ⊂ H̊1,2
γ (Ω) such that

d := sup
k

Jλ (vk) < c∗ :=
S

Nγ
2

γ (m, n)
Nγ

and

J ′λ(vk) → 0,

contains a convergent subsequence.

Proof. First we prove that the sequence {vk} is bounded in H̊1,2
γ (Ω). For k big enough, we have

d + 1 + ‖vk‖λ ≥ Jλ(vk)− 1
2∗γ

Jλ(vk)vk

=
(

1
2
− 1

2∗γ

)ˆ

Ω

(
|∇γv|2 − λv2

)
dz

=
(

1
2
− 1

2∗γ

)
‖vk‖2λ .

Thus, we get {‖vk‖λ} is bounded. Now, up to a subsequence, we can assume that

vk ⇀ v in H̊1,2
γ (Ω),

vk → v in L2(Ω),
vk → v a.e. in Ω.
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Since {vk} is bounded in H̊1,2
γ (Ω), the continuous embedding H̊1,2

γ (Ω) ↪→ L2∗γ (Ω) implies that
{
|vk|2

∗
γ−2vk

}
is bounded

in L
2∗γ

2∗γ−1 (Ω). Thus, we can assume that

|vk|2
∗
γ−2vk ⇀ |v|2∗γ−2v in L

2∗γ
2∗γ−1 (Ω).

It follows that J ′λ(v) = 0, and so, J ′λ(v)w = 0 for all w ∈ H̊1,2
γ (Ω). Consequently,

Jλ(v) =
1
2
‖v‖2λ −

1
2∗γ

ˆ

Ω

|v|2∗γ =
(

1
2
− 1

2∗γ

)ˆ

Ω

|v|2∗γ =
1

Nγ

ˆ

Ω

|v|2∗γ ≥ 0.(4.3)

Let wk := vk − v. The Brezis-Lieb lemma gives usˆ

Ω

|vk|2
∗
γ =

ˆ

Ω

|v|2∗γ +
ˆ

Ω

|wk|2
∗
γ + o(1).

Assuming Jλ(vk) → c ≤ d, one finds

Jλ(v) +
‖wk‖2λ

2
−
ˆ

Ω

|wk|2
∗
γ → 0.(4.4)

Since J ′λ(wk)wk → 0, one gets

‖wk‖2λ −
ˆ

Ω

|wk|2
∗
γ →

ˆ

Ω

|v|2∗γ − ‖v‖2λ = −J ′λ(v)v = 0.

Therefore, we may assume that

‖wk‖2λ → b

and ˆ

Ω

|wk|2
∗
γ → b.

Since wk → 0 in L2(Ω), it follows that ‖∇γwk‖2L2(Ω) → b. By Sobolev inequality, one has

‖∇γwk‖L2(Ω) ≥ Sγ(m, n) ‖wk‖2L2∗γ (Ω)

and so
b ≥ Sγ(m,n)b

2
2∗γ .

Our aim is to show that b = 0, otherwise

b ≥ S
Nγ
2

γ (m,n),
and using (4.3) and (4.4), one gets

c∗ =
1

Nγ
S

Nγ
2

γ (m,n) ≤
(

1
2
− 1

2∗γ

)
b ≤ d < c∗,

that is a contradiction. ¤
Now, following the ideas in [33], we construct a family of Sobolev concentrating functions starting from a fixed

Sobolev minimizer for Sγ(m,n). Recall that Theorem 3.4 ensures the existence of minimizers for Sγ(m, n) for all
m, n. So, let V > 0 be a fixed minimizer for Sγ(m, n). Then, up to a normalization constant, V solves the equation
−∆γV = V 2∗γ−1 in RN and satisfies

(4.5)
ˆ

RN

|∇γV |2dz =
ˆ

RN

|V |2∗γ dz = S
Nγ
2

γ (m,n).

For A > 0, define the family of rescaled functions

VA(z) = A
2−Nγ

2 V (δ 1
A

z).

Obviously, the functions VA are also minimizers, they are solutions of the equation −∆γVA = V
2∗γ−1

A in RN and
satisfy

(4.6)
ˆ

RN

|∇γVA|2dz =
ˆ

RN

|VA|2
∗
γ dz = S

Nγ
2

γ (m,n), for all A > 0.
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Let r > 0 be such that Br = Br(0) ⊂ Ω (we can suppose 0 ∈ Ω, due to the translation invariance with respect to the
y variable) and let φ ∈ C∞0 (Br(0)), 0 ≤ φ ≤ 1, φ = 1 in Br/2(0). Define

(4.7) vA(z) := φ(z)VA(z).

The following asymptotic expansions hold:

Proposition 4.2. The functions vA satisfy the following estimates, as A → 0
ˆ

Ω

|∇γvA|2dz ≤ S
Nγ
2

γ (m,n) + O(ANγ−2)(4.8)
ˆ

Ω

v
2∗γ
A dz = S

Nγ
2

γ (m,n) + O(ANγ )(4.9)

ˆ

Ω

v2
A dz ≥





C A2 + O(ANγ−2) if Nγ > 4
C A2| ln A| + O(A2) if Nγ = 4
C ANγ−2 + O(A2) if Nγ < 4.

(4.10)

Proof. The main ingredient of the proof is the asymptotic estimate on optimizers obtained in [34] and recalled in
Theorem 3.7, i.e. there exist C, r0 > 0 such that

C−1d(z)2−Nγ ≤ V (z) ≤ Cd(z)2−Nγ , for d(z) > r0.

The proof will therefore reduce to compute integrals of functions which only depend on the homogeneous norm d.
We recall here the polar coordinates formula for d-radial functions: for every 0 ≤ r1 < r2 and for every measurable
function f : [r1, r2] → R, we have

ˆ

Br2 (0)\Br1 (0)

f(d(z)) dz = Nγ |B1(0)|
ˆ r2

r1

f(ρ) ρNγ−1 dρ,

if at least one of the two integrals exists. Let us begin to compute
ˆ

Ω

|∇γvA|2dz =
ˆ

Ω

φ2|∇γVA|2dz + 2
ˆ

Ω

φVA < ∇γφ,∇γVA > dz +
ˆ

Ω

|∇γφ|2V 2
Adz

=
ˆ

Ω

< ∇γVA,∇γ(φ2VA) > dz +
ˆ

Ω

|∇γφ|2V 2
A dz

=
ˆ

Ω

φ2V
2∗γ
A dz +

ˆ

Ω

|∇γφ|2V 2
A dz

=
ˆ

RN

V
2∗γ
A dz +

ˆ

Ω

|∇γφ|2V 2
A dz + α(φ,A),(4.11)

where

α(φ,A) = −
ˆ

ΩC

VA
2∗γ dz +

ˆ

Ω

(φ2 − 1)VA
2∗γ dz.

Let us evaluate the second integral in the right hand side of (4.11). Taking into account that φ = 1 on the ball Br/2

and φ = 0 outside of Br, we get
ˆ

Ω

|∇γφ|2V 2
A dz ≤ C

ˆ

Br\Br/2

V 2
A dz = C A2−Nγ

ˆ

Br\Br/2

V 2(δ 1
A

z) dz

= CA2

ˆ

Br/A\Br/2A

V 2 dz

≤ CA2

ˆ

r/2A<d(z)<r/A

1
d(z)2Nγ−4

dz

= CA2

ˆ r/A

r/2A

1
ρNγ−3

dρ

= O(ANγ−2),

where we have used the estimate from above on V for d(z) large.
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Moreover, it is easily seen that α(φ,A) = O(ANγ ). Indeed,

0 ≤
ˆ

Ω

(1− φ2)V
2∗γ
A dz ≤

ˆ

d(z)>r/2

V
2∗γ
A dz =

ˆ

d(z)>r/2A

V 2∗γ dz

≤ C

ˆ

d(z)>r/2A

1
d(z)2Nγ

dz = C

ˆ ∞

r/2A

1
ρNγ+1

dρ

= O(ANγ ),

and an analogous estimate holds for the other term in α(φ,A). So, taking into account (4.6), (4.8) is proved.

Concerning ‖vA‖2
∗
γ

2∗γ
, we have

ˆ

Ω

v
2∗γ
A dz =

ˆ

Ω

V
2∗γ
A dz +

ˆ

Ω

(φ2∗γ − 1)VA
2∗γ dz

=
ˆ

RN

V
2∗γ
A dz −

ˆ

ΩC

VA
2∗γ dz +

ˆ

Ω

(φ2∗γ − 1)VA
2∗γ dz

= S
Nγ
2

γ (m, n) + O(ANγ ).

Finally, we compute
ˆ

Ω

v2
A dz =

ˆ

Ω

φ2V 2
A ≥

ˆ

Br/2

V 2
A(z) dz = A2

ˆ

Br/2A

V 2(z) dz

= A2

(ˆ

Br0

V 2(z) dz +
ˆ

Br/2A\Br0

V 2(z) dz

)

≥ CA2

(
1 +

ˆ r/2A

r0

1
ρNγ−3

dρ

)

=





C A2 + O(ANγ−2) if Nγ > 4
C A2| ln A| + O(A2) if Nγ = 4
C ANγ−2 + O(A2) if Nγ < 4

where we have used the estimate from below on V for d(z) large.
The proof is therefore complete. ¤

Proof of Theorem 1.1 Proof of part i) First we claim that, for Nγ ≥ 4, there exists some nonnegative function
u ∈ H̊1,2

γ (Ω) \ {0} such that

(4.12) Qλ(u) :=
‖u‖2λ

‖u‖2
L

2∗γ (Ω)

< Sγ(m,n).

Indeed, by Proposition 4.2, we get, for Nγ > 4

Qλ(vA) ≤ Sγ(m,n)− λCA2 + O(ANγ−2) < Sγ(m,n)

for A > 0 sufficiently small.
Analogously, for Nγ = 4 and A > 0 sufficiently small, we have

Qλ(vA) ≤ Sγ(m, n)− λCA2| ln A|+ O(A2) < Sγ(m,n).

Hence, (4.12) holds. Now, define

g(t) := Jλ(tu) =
t2

2
‖u‖2λ −

t2
∗
γ

2∗γ

ˆ

Ω

u2∗γ , t ≥ 0.
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We obtain

0 < max
t≥0

g(tu) =
1

Nγ


 ‖u‖2λ
‖u‖2

L
2∗γ (Ω)




Nγ
2

<
S

Nγ
2

γ (m,n)
Nγ

= c∗.

Since

Jλ(v) ≥ ‖v‖2λ
2

− 1
2∗γ
‖v‖2

∗
γ

L
2∗γ (Ω)

≥ ‖v‖2λ
2

− 1

2∗γS
2∗γ
2

γ (m,n)
‖∇γv‖2

∗
γ

L2(Ω) ,

there exists r > 0 such that
b := inf

‖u‖λ=r
Jλ(u) > 0 = Jλ(0).

Also, one can see that there exists t0 > 0 such that ‖t0u‖λ > r and Jλ(t0u) < 0. Therefore, we get

max
t∈[0,1]

Jλ(tt0u) < c∗.

Now, using the preceding Lemma 4.1 and the Mountain-Pass theorem [6], we see that Jλ has a critical point v in
H̊1,2

γ (Ω) and corresponding critical value c ∈ [b, c∗). Hence, we get a solution of (1.3).

Proof of part ii) For Nγ < 4, let us consider an eigenfunction ϕ1 associated with λ1(Ω). Then Qλ1(ϕ1) = 0; by
continuity, there exists λ∗ < λ1 such that Qλ(ϕ1) < Sγ(m,n) for λ∗ < λ < λ1. ¤

Finally, we complete the study of problem (1.3) in low dimensions Nγ < 4 by proving the non-existence result for
small positive λ′s stated in Theorem 1.2. We need the following preliminary result.

Lemma 4.3. Let f ∈ Lp(Ω), p ≥ 1 and let v be a solution to problem −∆γv = f in H̊1,2
γ (Ω). Then, v satisfies the

following estimate
‖v‖Lr(Ω) ≤ C‖f‖Lp(Ω),

where 1
r = 1

p + 1
q − 1, and q <

Nγ

Nγ−2 .

Proof. To prove the above estimate, we shall use the representation of Lax-Milgram solutions to problem −∆γv = f
in terms of approximate Green’s functions (see [27] for the Laplacian case). As proved in [32], the following
representation formula holds

vρ(ξ) :=
 

Bρ(ξ)

v =
ˆ

Ω

Gρ(ξ, z)f(z) dz,

where Gρ
ξ = Gρ(ξ, ·) is the ρ-approximate Green’s function of Ω with pole at ξ. Now, adapting the proof of Young’s

theorem on convolution in RN , if f ∈ Lp, p ≥ 1, and r is such that 1
r = 1

p + 1
q − 1, write

Gρ(ξ, z)|f(z)| = [Gρ(ξ, z)q|f(z)|p]1/r |f(z)|p(1−1/q)Gρ(ξ, z)q(1−1/p).

Then, from generalized Hölder’s inequality

|vρ(ξ)| ≤
(ˆ

Ω

Gρ(ξ, z)q|f(z)|p dz

)1/r (ˆ

Ω

Gρ(ξ, z)q dz

)1/p′ (ˆ

Ω

|f(z)|p dz

)1/q′

and integrating the latter inequality
(ˆ

Ω

|vρ(ξ)|r dξ

)1/r

≤ sup
ξ∈Ω

‖Gρ(ξ, ·)‖q

(ˆ

Ω

|f(z)|p dz

)1/p

.
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Now, we take into account that, as proved in [32],

sup
ξ∈Ω

‖Gρ(ξ, ·)‖q ≤ C, q <
Nγ

Nγ − 2
,

uniformly with respect to ρ. Hence, since vρ → v a.e. in Ω, we conclude by dominated convergence. ¤

Proof of Theorem 1.2 We adapt the original idea in [12, Theorem 1.2]. By assumption, Ω is a smooth bounded
open set of Rm+n, with Nγ = m + (γ + 1)n < 4, strictly δt-starshaped with respect to a point of the axis x = 0,
which we shall suppose to be 0 for simplicity and v is a nonnegative solution u ∈ C2(Ω) of problem (1.3) in Ω.

In what follows, it will be convenient to write ∆γ as a divergence form operator on RN . To this aim, consider the
N ×N matrix

(4.13) Aγ =




IRm 0

0 |x|2γIRn




Then
∆γ = div(Aγ∇) and < Aγ∇v,∇v >= |∇γv|2,

where div and ∇ are the usual Euclidean divergence and gradient taken with respect to the variable z ∈ RN .
Let us recall the Pohozaev identity in the Grushin context (see [28]): if v ∈ C2(Ω) is a solution of the equation

−∆γv = f(v) in Ω, v = 0 on ∂Ω, where f : R→ R is a continuous function, then v satisfies the identity

Nγ

ˆ

Ω

F (v) dz −
(

Nγ − 2
2

)ˆ

Ω

vf(v) dz =
1
2

ˆ

∂Ω

< Aγ∇v,∇v >< T, ν > dσ

where F (v) =
´ v

0
f(t)dt, T is the infinitesimal generator of the dilations δt and ν denotes the outward unit normal

to ∂Ω. The above identity, in the particular case f(v) = v2∗γ−1 + λv, reads

(4.14) λ

ˆ

Ω

v2dz =
1
2

ˆ

∂Ω

< Aγ∇v,∇v >< T, ν > dσ.

Then, by (4.14), we get

λ

ˆ

Ω

v2dz ≥ a

ˆ

∂Ω

< Aγ∇v,∇v > dσ

≥ b

ˆ

∂Ω

(< Aγ∇v, ν >)2dσ ≥ c

(ˆ

∂Ω

< Aγ∇v, ν > dσ

)2

= c

(ˆ

Ω

div(Aγ∇v) dz

)2

= c

(ˆ

Ω

∆γv dz

)2

= c

(ˆ

Ω

|∆γv| dz

)2

≥ d

ˆ

Ω

v2 dz,

(4.15)

where a, b, c, d are positive constants. In the above calculation, we have used first the strict starshapedness of Ω.
Then, we have used that, since ∇v = −ν|∇v| on ∂Ω, it holds (< Aγ∇v, ν >)2 =< Aγ∇v,∇v >< Aγν, ν > on ∂Ω,
and < Aγν, ν >≤ C, being Ω bounded. Finally, in the last inequality, we have concluded by using the estimate
‖v‖2 ≤ C‖∆γv‖1, which holds exactly for Nγ < 4 by Lemma 4.3.

Hence, from (4.15) it follows that, if problem (1.3) admits a nontrivial nonnegative solution for Nγ < 4, then it
must be λ ≥ d > 0. ¤

5. Proof of Theorem 1.3

In this section, we give the proof of Theorem 1.3. To this aim, we will find a critical point of the following energy
functional corresponding to (1.4):

Jλ(v) =
1
2

ˆ

Ω

|∇γv|2 dz −
ˆ

Ω

(
λ

q
|v|q +

1
2∗γ
|v|2∗γ

)
dz for v ∈ H̊1,2

γ (Ω), 2 < q < 2∗γ .
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As in the previous section, Jλ is well-defined and of class C1. We point out that in this section we are using on
H̊1,2

γ (Ω) the norm ‖ ‖ given in (2.1).
In the next lemma, we will show that the functional Jλ verifies the Mountain-Pass geometry.

Lemma 5.1. The functional Jλ satisfies:
(i) There exists positive constants δ and R such that Jλ(v) ≥ δ for all ‖v‖ = R;
(ii) There exists v1 ∈ H̊1,2

γ (Ω) with ‖v1‖ > R and Jλ(v1) < 0.

Proof. (i) The continuous embedding H̊1,2
γ (Ω) ↪→ Lq(Ω) for 2 < q ≤ 2∗γ implies that

Jλ(v) =
1
2

ˆ

Ω

|∇γv|2 dz − λ

q

ˆ

Ω

|v|q dz − 1
2∗γ

ˆ

Ω

|v|2∗γ dz

≥ 1
2
‖v‖2 − λC1

q
‖v‖q − C2

2∗γ
‖v‖2∗γ .

Now, if ‖v‖ = R is small enough, it follows that

Jλ(v) ≥ 1
2
‖v‖2 − λC1

q
‖v‖q − C2

2∗γ
‖v‖2∗γ := δ > 0.

(ii) Note that for any fixed nonzero ψ ∈ C∞0 (Ω), it holds that

Jλ (tψ) =
t2

2

ˆ

Ω

|∇γψ|2 dz − tqλ

q

ˆ

Ω

|ψ|q dz − t2
∗
γ

2∗γ

ˆ

Ω

|ψ|2∗γ dz

≤ t2

2

ˆ

Ω

|∇γψ|2 dz − tq
ˆ

Ω

(
λ

q
|ψ|q +

1
2∗γ
|ψ|2∗γ

)
dz → −∞ as t →∞.

This proves (ii). ¤

Lemma 5.2. Let {uk} ⊂ H̊1,2
γ (Ω) be a sequence such that

Jλ(uk) → c ∈

0,

S
Nγ
2

γ (m, n)
Nγ




and
J ′λ(uk) → 0, in

(
H̊1,2

γ (Ω)
)−1

.

Then, there exists u ∈ H̊1,2
γ (Ω) such that uk ⇀ u, up to a subsequence, J ′λ(u) = 0 and u is a nontrivial solution to

problem (1.4).

Proof. The proof is analogous to the proof for the case q = 2, see Lemma 4.1. ¤
Because of Lemma 5.1, the mountain-pass level defined by

cλ := inf
α∈A

max
t∈[0,1]

Jλ(α(t)),(5.1)

where A =
{

α ∈ C
(
[0, 1], H̊1,2

γ (Ω)
)
| α(0) = 0, Jλ(α(1)) < 0

}
is well-defined. By Theorem 2.2 in [12], Jλ admits

a PS sequence at level cλ; moreover, such a sequence may be chosen in the cone of nonnegative functions since
Jλ(|u|) ≤ Jλ(u), for all u ∈ H̊1,2

γ (Ω).

Lemma 5.3. Fix v ∈ H̊1,2
γ (Ω) \ {0}. Then there exists a unique tv such that

Jλ(tvv) = max
t>0

Jλ(tv).

Proof. Since by (i) of Lemma 5.1, there exists t0 > 0 such that Jλ(t0v) > 0. Also, it is easy to see that Jλ(tv) → −∞
as t →∞ (see, proof of Lemma 5.1 part (ii)). Therefore, there exists tv > 0 such that

Jλ(tvv) = max
t>0

Jλ(tv).

To see the uniqueness, suppose there are 0 < t1 < t2 such that

max
t>0

Jλ(tv) = Jλ(t1v) = Jλ(t2v).
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Note that
J ′λ(t1v) = 0 = J ′λ(t2v).

Therefore,

‖v‖2 = tq−2
2 λ

ˆ

Ω

|v|q dz + t
2∗γ
2

ˆ

Ω

|v|2∗γ dz

> tq−2
1 λ

ˆ

Ω

|v|q dz + t
2∗γ
1

ˆ

Ω

|v|2∗γ dz

= ‖v‖2 ,

a contradiction. ¤
Lemma 5.4. For max{2,

Nγ

Nγ−2 , 4
Nγ−2} < q < 2∗γ , the number cλ given by (5.1) satisfies

cλ <
1

Nγ
S

Nγ
2

γ (m,n), ∀λ > 0.(5.2)

Proof. Let us consider

(5.3) wA :=
vA

‖vA‖L
2∗γ

,

where the functions vA are defined as in (4.7). From Lemma 5.3, there exists a unique tA > 0 such that

Jλ(tAwA) = max
t>0

Jλ(twA).

Since Jλ(twA) → −∞ as t → ∞, there exists R > 0 such that Jλ(RwA) < 0. Now, defining v1 = RwA, and using
Lemma 5.1, we can write

cλ = inf
α∈A

max
t∈[0,1]

Jλ(α(t)) ≤ max
t>0

Jλ(twA).

So, in order to prove the lemma, it is sufficient to show that

Jλ(tAwA) <
1

Nγ
S

Nγ
2

γ (m,n).

Since ‖wA‖L
2∗γ = 1, we have for t > 0

Jλ (twA) =
t2

2

ˆ

Ω

|∇γwA|2 dz − tqλ

q

ˆ

Ω

|wA|q dz − t2
∗
γ

2∗γ

ˆ

Ω

|wA|2
∗
γ dz

=

(
t2

2

ˆ

Ω

|∇γwA|2 dz − t2
∗
γ

2∗γ

)
− tqλ

q

ˆ

Ω

|wA|q dz.

Define

h(s) :=
s2

2

ˆ

Ω

|∇γwA|2 dz − s2∗γ

2∗γ
.

It is easy to check that h achieves its maximum at point sA :=
(´

Ω
|∇γwA|2 dz

) 1
2∗γ−2

and it is increasing on [0, sA].
Moreover, from

0 = J ′λ(tA) = tA

(ˆ

Ω

|∇γwA|2 dz − t
2∗γ−2

A − λtq−2
A

ˆ

Ω

|wA|qdz

)
,

we have ˆ

Ω

|∇γwA|2 dz = t
2∗γ−2

A − λtq−2
A

ˆ

Ω

|wA|qdz ≥ t
2∗γ−2

A .

Hence

tA ≤
(ˆ

Ω

|∇γwA|2
) 1

2∗γ−2

= sA.

Therefore, also taking into account that, by Proposition 4.2, it holds:ˆ

Ω

|∇γwA|2 dz = Sγ(m, n) + O(ANγ−2),
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we get that

Jλ(tAwA) = h(tA)− λ

q
tqA

ˆ

Ω

|wA|q dz(5.4)

≤ h(sA)− λ

q
tqA

ˆ

Ω

|wA|q dz(5.5)

=
1

Nγ

(ˆ

Ω

|∇γwA|2 dz

)Nγ
2

− λ

q
tqA

ˆ

Ω

|wA|q dz(5.6)

≤ 1
Nγ

S
Nγ
2

γ (m,n) + O(ANγ−2)− λCA

ˆ

Ω

|wA|qdz,(5.7)

where CA = tq
A

q . We observe that there is a positive constant C0 such that CA ≥ C0 > 0,∀A > 0. Otherwise, we
could find a sequence Ak → 0, as k →∞ such that tAk

→ 0 as k →∞, since CA ≥ 0. Now, up to a subsequence, we
have tAk

wAk
→ 0, as k →∞. Therefore,

0 < cλ ≤ max
t≥0

Jλ(twAk
) = Jλ(tAk

wAk
) = Jλ(0) = 0,

which is a contradiction. Next, we claim that

lim
A→0

λCA

ANγ−2

ˆ

Ω

|wA|qdz = ∞.(5.8)

Reasoning exactly as in Proposition 4.2, we have the following estimates, as A → 0:

ˆ

Ω

|wA|q dz ≥





O(ANγ−Nγ−2
2 q) if Nγ

Nγ−2 < q < 2∗γ ,

O(ANγ−Nγ−2
2 q| ln A|) if q = Nγ

Nγ−2 ,

O(A
q(Nγ−2)

2 ) if 1 ≤ q <
Nγ

Nγ−2 .

(5.9)

So, if max{2,
Nγ

Nγ−2 , 4
Nγ−2} < q < 2∗γ , from the first line in (5.9) and being

Nγ − Nγ − 2
2

q < Nγ − 2,

we get (5.8). Hence, from (5.4) and (5.8), we have

Jλ(tAwA) <
S

Nγ
2

γ (m,n)
Nγ

, for A > 0 sufficiently small,

for any λ > 0. This proves our aim. ¤

Proof of Theorem 1.3: a) Let Nγ ≥ 4. By Lemma 5.4, we get that condition (5.2) holds for any 2 < q < 2∗γ .
Therefore, we get a nontrivial solution to problem 1.4 for any λ > 0, for the whole range of q.
b) Let Nγ < 4. In this case, condition (5.2) in Lemma 5.4 holds for 4

Nγ−2 < q < 2∗γ , hence for this range of q′s the
existence of a nontrivial solution to problem (1.4) is ensured for any λ > 0.

For 2 < q ≤ 4
Nγ−2 , we use a different argument. Observe that, for any fixed nonnegative function v ∈ H̊1,2

γ (Ω)\{0},
it holds

Mλ := max
t≥0

{
t2

2

ˆ

Ω

|∇γv|2 dz − λtq

q

ˆ

Ω

|v|q dz

}
=

1

λ
2

q−2

(
1
2
− 1

q

) (
‖v‖2

‖v‖q
Lq(Ω)

) q
q−2

→ 0 as λ →∞.

Thereby, by definition of cλ,
0 < cλ ≤ max

t≥0
Jλ(tv) ≤ Mλ, ∀λ > 0.

Hence, there exists λ0 > 0 such that

cλ <
1

Nγ
S

Nγ
2

γ,x (m, n), ∀λ ≥ λ0.

So, for this range of q’s, the existence of a solution is ensured for λ sufficiently large.
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6. Proof of Theorem 1.4

In this section, we turn to problem (1.6) on the whole space RN and we give the proof of Theorem 1.4. Our
goal is to obtain a ground state solution of (1.6). To this aim, we will find a critical point of the energy functional
corresponding to (1.6):

Ja(v) =
1
2

ˆ

RN

(
|∇γv|2 + a(z)v2

)
dz −

ˆ

RN

(
λ

q
|v|q +

1
2∗γ
|v|2∗γ

)
dz, v ∈ Ha

γ

(
RN

)
.

Proposition 2.1 implies that the functional Ja is well-defined and of class C1. In order to overcome the loss of
compactness involving the space Ha

γ

(
RN

)
, we restrict the functional Ja to the space Ha

γ,radx

(
RN

)
and find a critical

point there. Then, we use the principle of symmetric criticality to obtain a solution in the space Ha
γ

(
RN

)
.

In the next lemma, we show that the functional Ja verifies the Mountain-Pass geometry.

Lemma 6.1. Suppose that (a1) holds. Then the functional Ja satisfies:

(i) There exist positive constants δ and R such that Ja(v) ≥ δ for all ‖v‖Ha
γ

= R;

(ii) There exists v1 ∈ Ha
γ,radx

(
RN

)
with ‖v1‖Ha

γ
> R and Ja(v1) < 0.

Proof. (i) By the continuous embedding Ha
γ,radx

(
RN

)
↪→ Lq(RN ) for 2 < q ≤ 2∗γ proved in [1] and recalled in Prop.

2.1, we get that

Ja(v) =
1
2

ˆ

RN

(
|∇γv|2 + a(z)v2dz

)
dz − λ

q

ˆ

RN

|v|q dz − 1
2∗γ

ˆ

RN

|v|2∗γ dz

≥ 1
2
‖v‖2Ha

γ
− λC1

q
‖v‖q

Ha
γ
− C2

2∗γ
‖v‖2

∗
γ

Ha
γ

.

Now, if ‖v‖Ha
γ

= R is small enough, it follows that

Ja(v) ≥ 1
2
‖v‖2Ha

γ
− λC1

q
‖v‖q

Ha
γ
− C2

2∗γ
‖v‖2

∗
γ

Ha
γ

:= δ > 0.

(ii) For any fixed nonzero ψ ∈ C∞0 (RN ), we have

Ja (tψ) =
t2

2

ˆ

RN

|∇γψ|2 dz +
t2

2

ˆ

RN

a(z) |ψ|2 dz − tqλ

q

ˆ

RN

|ψ|q dz − t2
∗
γ

2∗γ

ˆ

RN

|ψ|2∗γ dz

≤ t2

2

ˆ

RN

|∇γψ|2 dz +
t2

2

ˆ

RN

a(z) |ψ|2 dz − tq
ˆ

RN

(
λ

q
|ψ|q +

1
2∗γ
|ψ|2∗γ

)
dz → −∞, as t →∞.

This proves (ii). ¤

Because of Lemma 6.1, the mountain-pass level defined by

ca := inf
α∈A

max
t∈[0,1]

Ja(α(t)),(6.1)

where A =
{

α ∈ C
(
[0, 1],Ha

γ,radx

(
RN

)) | α(0) = 0, Ja(α(1)) < 0
}

is well-defined.
The next lemma follows as in Section 5 and we omit its proof.

Lemma 6.2. Assume that (a1) holds and fix v 6= 0 in Ha
γ,radx

(
RN

)
. Then there exists unique tv such that

Ja(tvv) = max
t>0

Ja(tv).

Our next lemma is crucial in our approach. In its proof, we will use a family of concentrating Sobolev functions
constructed by means of a fixed minimizer for the constant Sγ,x(m,n) defined in (3.17). We recall that the existence
of such minimizers was proved in Corollary 3.5.

So, let Ṽ > 0 be a fixed minimizer for Sγ,x(m,n) and consider, for A > 0, the family of rescaled functions

ṼA(z) = A
2−Nγ

2 Ṽ (δ 1
A

z).
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Obviously, the functions ṼA are also minimizers and they are solutions, up to a normalization, of the equation
−∆γ ṼA = Ṽ

2∗γ−1

A in RN . Moreover, they satisfy

(6.2)
ˆ

RN

|∇γ ṼA|2dz =
ˆ

RN

|ṼA|2
∗
γ dz = SNγ/2

γ,x (m,n), for all A > 0.

Let φ ∈ C∞0 (Br(0)), 0 ≤ φ ≤ 1, φ ≡ 1 in Br/2(0) and define

(6.3) ṽA(z) := φ(z) ṼA(z).

Moreover, define

w̃A =
ṽA

‖ṽA‖2∗γ
.

Lemma 6.3. Assume that (a1) holds. The number ca given by (6.1) satisfies

ca <
1

Nγ
S

Nγ
2

γ,x (m,n)(6.4)

for any λ > 0 if Nγ ≥ 4 or Nγ < 4 and 4
Nγ−2 < q < 2∗γ ; for λ > 0 sufficiently large if 2 < q ≤ 4

Nγ−2 .

Proof. From Lemma 6.2, we have a unique tA > 0 such that

Ja(tAw̃A) = max
t>0

Ja(tw̃A),

where w̃A was given in (5.3). Since, Ja(twA) → −∞ as t → ∞, there exists R > 0 such that Ja(Rw̃A) < 0. Now,
defining v1 = Rw̃A, and using Lemma 6.1, we can write

ca = inf
α∈A

max
t∈[0,1]

Ja(α(t)) ≤ max
t>0

Ja(tw̃A).

So, in order to prove the lemma, it is sufficient to show that

Ja(tAw̃A) <
1

Nγ
S

Nγ
2

γ,x (m,n).

Let r > 0 be fixed and will be chosen later. Since ‖w̃A‖2∗γ = 1, we have for t > 0

Ja (tw̃A) =
t2

2

ˆ

RN

∇γw̃2
Adz +

t2

2

ˆ

RN

a(z)w̃2
Adz − tqλ

q

ˆ

RN

w̃q
Adz − t2

∗
γ

2∗γ

ˆ

RN

w̃
2∗γ
A dz

=

(
t2

2

ˆ

RN

∇γw̃2
Adz − t2

∗
γ

2∗γ

)
+

t2

2

ˆ

RN

a(z)w̃2
Adz − tqλ

q

ˆ

RN

w̃q
Adz.

Define

h(s) :=
s2

2

(ˆ

RN

|∇γw̃A|2 dz +
ˆ

Br

a(z)w̃2
Adz

)
− s2∗γ

2∗γ
.

It is easy to check that h achieves maximum at point sA :=
(´
RN |∇γw̃A|2 dz +

´
Br

a(z)w̃2
Adz

) 1
2∗γ−2

and it is increasing
on [0, sA]. Moreover, it is easily seen that

tA ≤
(ˆ

RN

|∇γw̃A|2 +
ˆ

Br

a(z)w̃2
Adz

) 1
2∗γ−2

= sA.

Hence, taking into account that ˆ

RN

|∇γw̃A|2 dz = Sγ,x(m,n) + O(ANγ−2),

we get that

Ja(tAw̃A) ≤ 1
Nγ

(
Sγ,x(m,n) + O(ANγ−2) +

ˆ

Br

a(z)w̃2
Adz

)Nγ
2

− λCA

ˆ

Br

w̃q
Adz,(6.5)
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where CA = tq
A

q . We can assume that there is a positive constant C0 such that CA ≥ C0 > 0, ∀A > 0. Otherwise, we
could find a sequence Ak → 0, as k →∞ such that tAk

→ 0 as k →∞, since CA ≥ 0. Now, up to a subsequence, we
have tAk

w̃Ak
→ 0, as k →∞. Therefore

0 < ca ≤ max
t≥0

Ja(tw̃Ak
) = Ja(tAk

w̃Ak
) = Ja(0) = 0,

which is a contradiction. Now, by using the following inequality: If α ≥ 0, then

(a + b)α ≤ aα + α(a + b)α+1b,

for all positive constants a and b, we conclude that

JA(tAw̃A) ≤ S
Nγ
2

γ,x (m,n)
Nγ

+ O(ANγ−2) +
ˆ

Br

(
Ca(z)w̃2

A − λCAw̃q
A

)
dz,

for some constant C > 0. Next, we claim that, for Nγ ≥ 4 or Nγ < 4 and q > 4
Nγ−2 it holds

lim
A→0

1
ANγ−2

ˆ

Br

(
Ca(z)w̃2

A − λCAw̃q
A

)
dz = −∞.(6.6)

Assuming that (6.6) has been proved, we get

(6.7) JA(tAw̃A) <
S

Nγ
2

γ,x (m,n)
Nγ

, for A > 0 sufficiently small.

This proves our statement. Now, we prove our claim (6.6). It suffices to show that

lim
A→0

1
ANγ−2

ˆ

Br

(
Ca(z)Ṽ 2

A − λCAṼ q
A

)
dz = −∞(6.8)

Case 1. Nγ > 4.
Reasoning as in Prop. 4.2, we get thatˆ

Br

Ṽ 2
A(z) dz = CA2

ˆ

Br/A

Ṽ 2(z) dz ≤ CA2 + O(ANγ−2).

Moreover, as in (5.9), we get, for Nγ > 4
ˆ

Br

Ṽ q
A dz ≥ O(ANγ−Nγ−2

2 q),

for any 2 < q < 2∗γ , since in this case Nγ

Nγ−2 < 2. Hence, (6.6) follows, noting that Nγ − Nγ−2
2 q < Nγ − 2.

Case 2. Nγ = 4.
We have

JA(tAw̃A) ≤ S
Nγ
2

γ,x (m,n)
Nγ

+ O(A2) + CA2| ln A| − λO(A4−q),

hence (6.7) holds as before, being q > 2.
Case 3. Nγ < 4.

In this case, we get

JA(tAw̃A) ≤ S
Nγ
2

γ,x (m,n)
Nγ

+ O(ANγ−2)− λO(A
Nγ−2

2 q),

hence, if 4
Nγ−2 < q < 2∗γ , (6.7) holds.

If, instead, 2 < q ≤ 4
Nγ−2 , by using a different argument analogous to the one used in the proof of Theorem 2.1,

part b), we can prove that (6.4) holds for λ sufficiently large. We omit the details.
¤

Lemma 6.4. Assume that (a1) and (a3) hold. If (6.4) holds, there exists a bounded sequence {vk} in Ha
γ,radx

(
RN

)
such that

Ja(vk) → ca(6.9)
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and

‖J ′a(vk)‖(Ha
γ,radx

)∗ → 0.(6.10)

Moreover, the weak limit v of vk is nonzero and satisfies

J ′a(v)u = 0 for all u ∈ Ha
γ,radx

(
RN

)
.

Proof. The proof is analogous to the proof of Lemma 4.1 and Lemma 5.2. Assumption (a3) plays a role in proving
this lemma as we need a compact embedding Ha

γ,radx

(
RN

)
↪→ Lq

(
RN

)
for 2 ≤ q < 2∗γ , see Proposition 2.2. ¤

Now, we are in a position to prove Theorem 1.4. The previous lemma shows that the weak limit v of the sequence
{vk} is a critical point of Ja in the subspace Ha

γ,radx

(
RN

)
. In fact, we will show that v is a critical point of Ja in

the space Ha
γ

(
RN

)
with Ja(v) = ca.

Proof of Theorem 1.4: By the previous Lemma 6.4, we have shown that

J ′a(v)u = 0 for all u ∈ Ha
γ,radx

(
RN

)
.

Now, by (a2), we can employ the principle of symmetric criticality (see, for instance, [41, Theor. 1.28]) to conclude
that

J ′a(v)u = 0 for all u ∈ Ha
γ

(
RN

)
.

We refer to [1], where the authors use the principle of symmetric criticality to show the same. Thus, v is a critical
point of Ja in the space Ha

γ

(
RN

)
. Hence, we obtain a weak solution to (1.6). Next, we claim that Ja(v) = ca. Note

that Ja(v) ≥ ca. Now, using Fatou’s lemma, we get

ca = lim inf
k→∞

(
Ja(vk)− 1

2
J ′a(vk)vk

)

= lim inf
k→∞

λ(q − 2)
2q

ˆ

RN

|vk|q dz +
1

Nγ

ˆ

RN

|vk|2
∗
γ dz

≥ λ(q − 2)
2q

ˆ

RN

|v|q dz +
1

Nγ

ˆ

RN

|v|2∗γ dz

= Ja(v)− 1
2
J ′a(v)v

= Ja(v),

showing that Ja(v) = ca. This completes the proof. ¤
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