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Abstract

Finite mixtures of Multinomial distributions are a valuable tool for analyzing discrete
positive data, particularly in the context of text analysis where data is represented
as a Bag-of-Words (BOW). In this approach, only term frequency from a predefined
vocabulary is considered, disregarding the specific positions of terms within the pre-
processed text document. Dirichlet-Multinomial mixture models, in particular, offer a
straightforward yet effective method for text categorization. These models often out-
perform more complex latent variable models in cases where documents are short. The
combination of Dirichlet priors and Multinomial likelihoods can be addressed within
a Bayesian framework. However, despite the model’s simplicity, the exact posterior
distribution is intractable, necessitating the use of numerical methods. Variational
inference offers a promising approach by approximating the joint posterior distribu-
tion with a probability distribution in which the model parameters are assumed to
be independent a posteriori. Under certain conditions, a coordinate ascent variational
algorithm can be constructed to yield an approximation that closely matches the true
posterior in terms of the reverse Kullback—Leibler divergence. A notable limitation of
standard variational algorithms, however, is their requirement to use the entire dataset
to compute the iterative equations for estimating the local variational parameters,
which poses a significant scalability issue when working with large text corpora. To
address this, we employ stochastic variational inference within the exponential family
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to develop a scalable estimation algorithm. By leveraging straightforward assumptions
about the full conditional distributions of the hierarchical model and the distributions
of the variational parameters, we demonstrate that, under the Robbins—Monro con-
ditions, a gradient ascent algorithm can be derived. This algorithm converges to a
local maximum of the approximated posterior surface. Crucially, instead of utilizing
all observations, each iteration relies on a noisy yet unbiased estimate of the gra-
dient calculated from a single randomly selected data point. Numerical simulations
demonstrate the superior per-iteration computational efficiency of stochastic varia-
tional inference (SVI). While SVI typically requires more iterations for convergence,
its efficiency advantage extends beyond computational speed. Albeit preliminary and
somewhat speculative, the obtained results suggest that SVI yields higher-quality solu-
tions, as evidenced by both text clustering accuracy and the implicit regularization of
weakly identified components.

Keywords Dirichlet-Multinomial mixture model - Text categorization - Variational
inference - Stochastic variational inference - Numerical optimization

1 Introduction

Finite mixtures of Multinomial distributions are a valuable tool for analyzing discrete
positive data. This class of models has garnered considerable attention in the scien-
tific literature, with early influential work by Nigam et al. (2000), which introduced a
hierarchical structure using the Dirichlet distribution as a prior for Multinomial prob-
abilities and demonstrated how parameter estimates from this model could be applied
to the text classification of an unlabeled document corpus. In this framework, topics
are represented by prior distributions over the vocabulary of terms, while the product
likelihood explains why this mixture model is commonly referred to in the machine
learning community as a “mixture of Unigrams.” This model structure addresses limi-
tations of pure Multinomial distributions, which tend to provide rough estimates when
observed counts are close to zero and fail to adequately capture the phenomenon of
word burstiness. Applying a Dirichlet prior to Multinomial probabilities is a widely
accepted solution to this issue (Bouguila 2011a).

The combination of Dirichlet priors and Multinomial likelihoods yields the widely-
used Dirichlet-Multinomial mixture model, which has been extended in various ways.
For instance, latent topic models—of which Latent Dirichlet Allocation (LDA) is a
notable example—are highly flexible and richly parameterized generative models that
allow multiple topics to co-occur within a single document, as different words can
be assigned to different topics (Blei et al. 2003; Blei and Lafferty 2007; Blei 2012).
Despite these advancements, the simpler mixture of Unigrams remains relevant due to
its inherent simplicity and superior performance in certain contexts. Specifically, for
very short texts (such as abstracts, tweets, and social media posts), Blei’s model often
underperforms. As a consequence, Dirichlet-Multinomial mixtures have maintained
their relevance in text mining and data analysis, with recent contributions focusing on
efficient exploration of the posterior distribution of parameters. For example, Ander-
lucci and Viroli (2020) proposes an iterative method for parameter estimation in an
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empirical Bayes framework, leveraging the fact that the class-conditional distributions
are Dirichlet-Multinomial when the Dirichlet priors are integrated out. The authors
demonstrate that their approach performs particularly well on short texts, outperform-
ing several competing algorithms.

This semantic interpretation of our model provides a foundation for introducing the
primary inferential challenge we aim to address. In scenarios involving large corpora,
specifically when the number of documents 7 is very large (e.g. >10°), the vocabu-
lary size p representing the number of terms often becomes substantial. This remains
true even after pre-processing the vocabulary to remove overly frequent terms that
contribute minimal semantic value relevant to specific topics that a document may
encapsulate (Manning et al. 2008). The combined dimensionality of these parameters
introduces significant computational complexity, rendering standard algorithms gen-
erally non-scalable. Consequently, computation times increase drastically beyond a
certain threshold of complexity, often to an unacceptable degree, despite the brevity
of individual documents.

To address this challenge, Bilancia et al. (2023) propose an optimization-based
algorithm for posterior parameter estimation, employing a technique known as varia-
tional inference (Jordan et al. 1999; Blei et al. 2017; Tran et al. 2021). In this approach,
the joint posterior distribution is approximated by a probability distribution in which
model parameters are assumed to be independent a posteriori. This setup enables the
definition of a variational coordinate ascent algorithm (CAVI) for posterior parame-
ter estimation. Optimization-based variational methods offer several advantages over
traditional iterative MCMC methods. For instance, the label-switching problem—an
inherent issue in finite mixture models arising from the invariance of the posterior dis-
tribution under class label permutations—makes it challenging to estimate any feature
that relies on specific labels (Diebolt and Robert 1994; Celeux et al. 2000; Mena and
Walker 2015). MCMC methods are sensitive to this problem, often jumping across
modes in the posterior distribution, leading to outputs unsuitable for inference. In
contrast, optimization-based methods focus on a single mode, which contains all the
information required for posterior inference. Additionally, CAVI algorithms are gener-
ally more computationally efficient than MCMC, avoiding the extended burn-in phase
and typically converging faster. However, even with CAVI, each iteration still requires
using the full dataset, which poses a serious limitation when handling large-scale
document corpora.

An alternative approach is to use stochastic variational inference (SVI), a scalable
adaptation of the CAVI algorithm based on stochastic gradient ascent, originally intro-
duced by Hoffman et al. (2013) (see also Bottou et al., 2018, for a comprehensive
introduction to stochastic gradient-based optimization). Under certain conditions—
specifically when variational distributions belong to the exponential family—the CAVI
algorithm is equivalent to performing gradient ascent on a statistical manifold param-
eterized by the variational distribution. However, as with any coordinate gradient
ascent algorithm, each data point must be reused in each iteration to re-estimate hid-
den variables and model parameters. In contrast, SVI relies on sampling, using a single
randomly selected data point rather than the entire dataset in each iteration, resulting
in a noisy but unbiased gradient estimate. Under suitable conditions, SVI converges
to a local maximum in a manner similar to standard gradient ascent. Our work pro-
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vides a more generalized framework than that of Hoffman et al. (2013), deriving
the update equations for the method and applying them to specific cases. The only
required assumptions concern the form of the complete conditionals and variational
distributions, which must belong to the exponential family, with the form of each
variational prior constrained by its corresponding full conditional. This foundation
enables the derivation of update equations for the stochastic variational estimation of
hidden variables and model parameters, demonstrating significant advantages beyond
computational time alone.

The paper is organized as follows. In Sect. 2, we define the basic notation that links
the model to our focus on textual data analysis. Section3 introduces the Dirichlet-
Multinomial mixture model as a hierarchical Bayesian model with latent variables,
featuring an intrinsic structure in which the local context (hidden allocation variables)
is juxtaposed with the global components (model parameters). In Sect. 4, we briefly
discuss fixed-form variational inference and derive update equations for a coordinate
ascent variational algorithm, given certain assumptions regarding the distribution of
the model’s full conditionals and the mean-field variational distributions. Section5
addresses the scalability challenge and the solution provided by stochastic variational
inference. The main results of the paper are presented in Sect.6, where we derive
the update equations for the stochastic variational inference of our Bayesian mixture
model. Section 7 provides numerical experiments, evaluating aspects of the proposed
estimation algorithm such as unsupervised text categorization, implicit regulariza-
tion, and model selection. Finally, in Sect. 8, we offer conclusions and discuss future
research directions.

2 Notation

As discussed in the introduction, the primary focus of the model’s semantics in this
paper is its application to text analysis, for which we introduce the essential notation.
Let V represent a vocabulary of terms with p = |V| terms extracted from a corpus
of n documents. A common assumption in this setting is that the data-generating
process can be modeled as a generative probabilistic framework producing infinitely
exchangeable sequences of terms. This implies that any two finite sequences of terms
of the same length, differing only in the order of occurrences, are generated with
the same probability and are considered identical under the bag-of-words (BOW)
representation (Gelman et al. 2013). In other words, the BOW model functions as a
feature generation tool, where the i-th document is represented as a vector of term
counts:

yi= ity ¥ip) (1)

where y;¢, for £ =1, ..., p, provides the number of occurrences for the ¢-th term in
the vocabulary V.

Infinite exchangeability implies that the probability of a word occurring in V is
independent of its position within the document. Additionally, it implies that the prob-
ability of occurrence for a finite sequence of words of arbitrary length can be factorized
as the product of the corresponding marginal probabilities. These conditions charac-
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terize the Unigram language model (Nigam et al. 2000), under which the likelihood
of the count vector y; for the i-th document follows the well-known Multinomial
distribution:

(20— vie)
PWilB) = = 1"[ B )
[Te, yie!
where 8 = (B1,...,8 p)T € R? is the vector of Multinomial parameters that must

satisfy the constraints 8y > Ofor£ =1, ..., p and Zgzl Be = 1.

3 Bayesian Dirichlet-Multinomial mixture models

In contrast to the standard Unigram model, we now assume the existence of k dis-
tinct probability distributions over the vocabulary, with each document in the corpus
generated from exactly one of these distributions. From a Bayesian perspective, this
assumption naturally gives rise to a finite Dirichlet-Multinomial mixture model, which
can be formulated as the following hierarchical model:

ind.
yilB, zij = 1"~ Multinomial,(B; yix), i=1,...,n, (3)
ind.
zilA '~ Multinomialy; 1), i=1,...,n, )
ind.
B;10 '~ Dirichlet,(1,0), j=1,....k (5)
Ale ~ Dirichlety(1xa), (©6)
where y;+ = 2521 Yie, @, 0 > 0, 17 = (1,1, ..., 1) denotes a 1-vector of suitable

dimension, and z; € RX is a latent indicator vector defined over the canonical basis
in R¥. The index of the vector ﬁ}— corresponds to the index of the single non-zero

element in z; € R*, such that z; j = 1 (with all other elements being zero). For each
yi, the Multinomial distribution (3) depends on y; trials. However, since this quantity
appears only in the normalization constant, it can be regarded as irrelevant for posterior
inference, and we will henceforth suppress it as an unnecessary nuisance parameter.
Furthermore, since the vector z; takes values in the canonical basis of R¥, its prior
distribution follows a Multinomial distribution over z; = 1 trials. For brevity, we will
refer to this distribution as ‘Multinoulli’, adopting the convention suggested in Murphy
(2013) by analogy with the Binomial/Bernoulli distinction, and we will denote it as
Multinoulliz (1), omitting the explicit indication of the number of trials in this case as
well. Finally, the matrix:

Bl
B=|: € RF*P,
Bl
with the generic element being denoted as B¢, for j = 1,...,kand £ =1,..., p,

contains k different distributions over the vocabulary of terms V along its rows. Each of
these distributions represents a specific thematic content; however, for each document
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in the corpus, it is unknown which of these distributions governs the actual data-
generating process. In other words, from a semantic perspective, each document can
be associated with one of k thematic contents, although the label indicating the topic is
not observed. From a purely probabilistic viewpoint, the row index j in the Multinomial
distribution in (3), which selects the corresponding distribution from the matrix B, is a
latent variable. This variable is modeled via the latent indicator vector z; € RK, where
zij = land z;; = O for s # j. Here, A € R¥ represents the mixture weights. When
it is necessary to make the mixture component index explicit, we can write the joint
distribution of the data and the latent variables as follows:

k

14 Zij
pyi,zi|B,A) = l_[ (Aj 1_[‘33’24) . o
=1

j=1

The choice of a symmetric Dirichlet prior in (5) corresponds to an exchangeable
prior over the Multinomial parameters B ;, implicitly placing greater weight on the
data when updating the posterior distribution of each B ; under a weakly informative
setting of the concentration hyperparameter 6. For instance, with 6 = 1, the prior
becomes uniform over the p-dimensional simplex.

The unnormalized posterior distribution of the latent parameters can be factorized
as follows:

P(]B, Zins Ay, 0, 0) X p(Yins 2t B, A0, o)
= P(y1:n|zl:na ]Ba )“7 9’ Ol)P(]B7 zl:nﬂ A|9’ Ol)
= p(y1:nIB, z21:) p(Z1:0|1A) p(B|O) p(A|ex), (8)
where y1., = (¥1,¥2,...,Yn) and z1., defined accordingly. The factorization in the
last line of (8) formalizes the multivariate dependency structure among all observ-
able and latent variables of the model, as implicitly defined in (3)—(6). However, the

posterior distribution lacks a closed-form expression due to the intractability of the
marginal likelihood:

n
po10.0) =[] [ X piB.20p@mp@i0)piadBar. ©)
i=1 Zi
We must therefore rely on appropriate numerical methods for Bayesian estimation

of the model parameters, keeping in mind that the chosen algorithm should scale
efficiently as the corpus size n increases.

3.1 Local versus global parameters

The joint distribution of observable data and latent variables can be written as follows:

PG 21, BoAG, @) = pBIO)pAle) [ | pi 2iB, A), (10)

i=1
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where the above identity has the form:

P(Yins 21, 0|8) = p(wlﬁ)l_[p(yi,zz‘lw), (11)

i=1

withw = (B, 1),8 = (0, @) and B, A conditionally independent given §. The condi-
tional dependencies made explicitin (11) highlight the distinction between local latent
variables (specific to each observed data point) and global latent variables (shared
parameters). Specifically, the observed data and local latent variables are condition-
ally independent given the global parameters (Hoffman et al. 2013; Nguyen 2023). In
our Bayesian Dirichlet-Multinomial mixture model, the local variables z; represent the
hidden cluster labels for each observation y;, while the global parameters include the
mixture proportions A and the Multinomial probability distributions B of the mixture
components.

4 Fixed-form mean-field variational inference

In Bayesian finite mixture models, the well-known inferential challenges become
evident when integrating out the local latent variables:

k
piB.A) =) pyizilB.A) =Y p(ilB,z)pEild) =) rjpyilB)),
Zi Zi j=1
12)
which is invariant for each of the k! possible permutations of the summands.

If an exchangeable prior is assumed for the parameters, this symmetry is inherited
by the posterior distribution, resulting in k! symmetric modal regions that correspond
to all possible permutations of the parameter labels. This phenomenon, known as ‘label
switching’ (Celeux et al. 2000), creates substantial challenges when exploring the pos-
terior landscape using standard MCMC sampling. Posterior sampling algorithms tend
to jump between modes that differ only in the order of the labels, making it impossible
to compute ergodic averages for Monte Carlo estimates of global parameters. Vari-
ous solutions to this problem have been proposed, often involving constraints on the
parameter space to break the symmetry of the posterior distribution, or post-processing
algorithms tailored specifically for this issue. The first approach does not always elim-
inate all symmetries in the posterior, while the second generally performs better but
introduces constraints that are not part of the prior specification, often leaving the
impact on posterior estimates unclear.

In contrast, variational inference is an optimization-based approach that approx-
imates the intractable posterior distribution with a variational distribution. For
maximum generality, we will refer to the formulation in (11) and only return to the spe-
cific form of our model at a later stage. The simplest variational family of distributions
is the mean-field family:
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n
@1 o) = q@I0) [ [ ailyo). (13)
i=1

with v = (&, y1,...,¥s). In (13), the global parameters and local variables are
assumed to be independent, with the variational parameter ¢ controlling the approxi-
mation of the posterior distribution for the global parameters, and y; governing that of
the local hidden variable z;. This separation between global parameters and local vari-
ables makes approximate posterior inference computationally feasible. The quality of
the approximation is then optimized by minimizing the reverse Kullback—Leibler (KL)
divergence between the variational distribution and the true posterior distribution:

argmin KL (¢ (210, @) || p(Z1:0, @Y1, 8)) . (14)
q

Defining the evidence lower-bound (ELBO) as follows:

ELBO(q) = E; [log p(Y1:n., Z1:n. @18)] — Eq [log ¢ (210, @|V)], (15)

as a consequence of a standard proof using Jensen’s inequality and the concavity of
the logarithm function, the fundamental identity of variational inference follows (Blei
et al. 2003):

log p(y1:216) = ELBO(q) + KL (¢ (z1:1, @|W)||p(Z1:0, @]y 1:0, 8)) - (16)

Since the KL divergence is always non-negative, solving the minimization problem
in (14) is equivalent to identifying the member of the mean-field variational family that
minimizes the reverse KL divergence from the posterior. More importantly, because
the marginal log-likelihood is fixed, it follows from this relationship that minimizing
the KL divergence is equivalent to maximizing the Evidence Lower Bound (ELBO).
The maximized ELBO thus represents the tightest possible lower bound for the marginal
log-likelihood.

4.1 Variational inference in the exponential family

Free-form variational algorithms determine the exact optimal solution for the vari-
ational distribution in (14) by setting the functional derivative to zero. In contrast,
fixed-form variational methods define an explicit form for the g-distribution function,
parameterized by a finite set of parameters v as in (13). These methods then maximize
the ELBO within the v-space, which is a subset of Euclidean space. Consequently, we
adopt a broader range of assumptions to address the inferential problem effectively:

a. The full conditional of the global parameter  is the exponential family:

P@|y1n, z21:0,8) = hg(w) exp {ng(yl:na 2l S)Tt(w) —dg (ng(yl:n, Z1n, 8))} >

(17)
where the natural parameter in the above equation is 7y = 7g(¥1:1, 21:1,6) and
ag(+) is the log-partition function. If # (w) is a set of linearly independent functions,
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the family is said to be in canonical form and # (@) is a set of minimal sufficient
statistics (Brown 1986).

b. The full conditional of each local hidden variable z; is a canonical exponential
family:

P@ilz—i. Y1 ©,8) = p(zilyi, @) = he(z;) exp{ne(vi, @) "1(z) — ag e (yi )}, (18)

with natural parameter n, = n¢(y;, ®).
c. The global component of the mean field family (13) is in the same exponential
family as the full conditional p(@|yi., Z1:n,8):

q@[2) = qr (@) = hg(@) expl¢ " 1(@) — a,(2)}, (19)

while the local component is in the same exponential family as p(z;|z—;, Y11, @, 8):

q@ilyi) = qy; @) = he(@) exply; 1) — ae (i)} (20)

It is important to note that in (19) and (20), in order to avoid overly cumbersome
notation, we have written the variational hyperparameters as if they were the natural
parameters of the exponential families. However, this is not always the case, particu-
larly for the results presented in Sect. 6. In this latter case, it is sufficient to replace ¢
with ¢ (¢) and y; with n¢(y;), and all the results we derive remain valid.

Hoffman etal. (2013) introduce a general framework for variational inference within
exponential families, termed conditional conjugacy. This approach relies on the exis-
tence of a conditional conjugacy relationship in (11) between the prior distribution
of the global variable @ and the joint distribution (y;, z;) in the local context of the
ith observation, where both distributions belong to the exponential family. These con-
ditions are essential to determine the precise form of the global natural parameter,
Ng = Ng(¥1:ns Z1:n, 8), When applying the free-form version of variational inference.
In this framework, the canonical conjugate prior for a Multinomial likelihood is uti-
lized, specifically the Dirichlet distribution.

In our case, the assumptions in (17)—(20) are sufficient for approximating the pos-
terior distribution using a fixed-form approach. This method is more general as it does
not require the canonical conjugate prior’s explicit form. Additionally, it is important
to note that @ consists of two conditionally independent components in our case. As
a result, (17) must actually be represented as two distinct full conditionals, each cor-
responding to one parameter and independent of the other. Specifically, (17) should
be expressed as the product of two conditionally independent exponential family dis-
tributions. In doing so, we recognize that when formulating the marginal posterior
distribution for one of these parameters, the prior distribution of the other parameter
is absorbed into the normalization constant.

We now denote the ELBO as a function of the variational parameters in the following
way:

Ly = ELBO(qv (21:n, ®)), 21
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with ¢y (21, ®) = q(21:1, ®|V), and partition the gradient vector into two sub com-
ponents that correspond to the two variational vector-valued parameters:

-
VoLy = (Ve Ly, Vy L), (22)
where y = (¥1,¥2, ..., ¥n). Using assumptions (17)—(20), it is easy to show that:
_ 2
Ve Ly —V;ag(;){qu [ng(}’l:n,zl:naa)] _f}, (23)

where V72 denotes the Hessian operator applied to the function a ¢(£). In the same way,
it can be shown that:

Vy Ly =V ag(yi) {Eg eyi. )l —yi}. i=1.....n (24)

Proofs of these relationships are provided in Appendix A. Equations (23) and (24)
suggest a straightforward coordinate-ascent variational inference algorithm (CAVI),
which iteratively updates each variational parameter while keeping the others fixed at
their current values. In general, it can be shown that the ELBO is concave with respect to
each variational parameter individually. This implies that each maximization problem
has a unique solution without requiring the computation of second partial derivatives
or Hessian matrices (Plummer et al. 2020). By setting the gradients to zero, the update
equations for the local variational parameters are given as follows (forr = 0, 1, 2, .. .):

vV =Eg e @], i=1,...n (25)

which are coupled with the update equation of the global variational parameter:
£V =By [ G1n 210, 8] (26)

As we will demonstrate, calculating the expected values in these equations is
relatively straightforward for our hierarchical Dirichlet-Multinomial mixture model.
However, updating the local variational parameters requires evaluating the function
ne(-) across the entire dataset. Referring to the intended semantics of our model, the
global parameter w in (25) represents the matrix of topic probabilities, B, where the
number of columns, p, corresponds to the vocabulary size in terms V. In large text
corpora, both n (the number of observations) and p (the vocabulary size) can be sub-
stantial, and standard techniques for handling sparsity in V do not permit realistic
scalability, as the interaction between n and p has a multiplicative effect on computa-
tional complexity (Bilancia et al. 2023). Furthermore, using a Multinomial distribution
can lead to underflow issues during computation. Therefore, any method employed to
operate on a logarithmic scale without underflow (e.g., the log-sum-exp trick) must
also be added to the actual computational complexity. Simplifying the algorithm’s
structure is crucial to avoid having to process the entire dataset for each update of the
local variational parameters.
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5 Stochastic variational inference

Maximizing the ELBO with respect to the variational parameters v within a subset
of Euclidean space may not be the most effective approach to ensure rapid conver-
gence to a local maximum. The maximization of ELBO is fundamentally a functional
optimization problem on a statistical manifold parameterized by the variational dis-
tribution g, = qy(21:n, ®). According to methods from information geometry, the
divergence KL(gy ||g,’) provides a suitable Riemannian metric on this manifold, con-
veying information about the local geometry around any fixed member of the family
qv (Amari 1998; Martens 2020). With a straightforward demonstration that avoids
advanced notions of Riemannian geometry, it can be shown that the direction of maxi-
mal ascent—corresponding to the natural gradient vector on the statistical manifold—has
the following approximate expression in a small neighborhood of g, (accurate up to
second order; Shrestha, 2023):

Vo LIt ~ T, L, (27)

where F,, is the expected Fisher information matrix of the parametric family g,,:

Fo = Egy [ (Vo @1 @) (Vo @i, )| ©8)

For the mean-field family (13) the variational parameters are clearly orthogonal to

each other: 0
_(F:
= (5,

hence the components of the natural gradient can be analyzed separately:

VL0 A <IE‘; 0 >‘1 (V;£v> _(F Vel (Vgﬁga:).
v 0 F, V, Ly F, 'V, L, v, Lhe

Using the mean-field exponential family specification (19)—(20) it can be proved
that (see Appendix B):

Fy = Viag (@), (29)
Fl’i — V)%iag(y,‘), i = 1, (B (30)

because ), has a block-diagonal structure, with each diagonal block being one of
the matrices Iy, . Unlike the hypotheses necessary to calculate the explicit expression
of the ELBO gradient, the calculation of the natural gradient obviously only requires
assumptions about the form of the variational family that parameterizes the statistical
manifold where we approximate the posterior distribution. Finally, by pre-multiplying
the inverse of this matrix with the gradient expressions from (23) to (24), we find that:

V;“C\r;at = qu [ng(}’l:ns Zl;;1,8)] -, 31
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Vy Lo = Eg Ine(yi, )] —yi, i=1,...,n (32)

These expressions illustrate the close relationship between the CAVI algorithm and
gradient ascent for maximizing the ELBO in exponential families. Specifically, the CAVI
algorithm can be interpreted as a natural gradient ascent on the statistical manifold
defined by the variational distribution, assuming a unit step size. By reformulating the
update equation (26) for the global variational parameter as a natural gradient ascent
with a step size p*), we arrive at (Murphy 2023):

;(t+1) = E(I) + p(t) (E‘IV(:+1) [ng(}’hn, 2l 8)] - f(t))

== pNEW +p Wk ) [ 210 8)]

(0

=(- p(f))g(f) + ,O(t)§ (33)

where: R
2" =Ey oy [0 1n 210 8] (34)
to emphasize that, unlike (26), the expected value of the natural parameters is not an
update to the current value, but an intermediate value that must be inserted in (33).

In this formulation, no additional calculations are needed compared to the standard
CAVI algorithm. However, we encounter the same issue previously discussed: updating
the expected value in (34) requires updating all local variational parameters across
the entire dataset. To enhance scalability, as suggested by Hoffman et al. (2013),
we can approximate this expected value with a noisy but unbiased estimate that is
computationally efficient. This estimate is based on a single sampled data point, zj,
where:

s ~ Uniform (1,2, ...,n),

and:
n times

e
Z? = (25,255 -5 2s)-

The natural gradient estimate based on this surrogate dataset is:
@’"ﬁ{]‘“ =E,, [n,00}.2).8)] —¢. (35)

where y? is defined in the same way as z7. Notably, when calculating the expected
value, all components of ¥ with indices # s act as multiplicative factors equivalent to
the integral of the corresponding marginal component of the variational distribution,
which equals 1 and thus vanishes from the expression. This allows the algorithm
to operate efficiently by updating the optimized local parameter using only a single
sampled data point:

YTV =Eq ey, @], (36)

and a natural gradient ascent step based on its noisy estimate:

Y

~

£ =E g [no00.24.9)]. (37)
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which in turn must be inserted in (33).

As with other stochastic optimization algorithms where the objective function is
a random unbiased estimator of the true objective, convergence to a local optimum
is assured provided that the step size satisfies the Robbins—Monro conditions (Sato
2001; Kushner and Yin 2003; Blei et al. 2017; Murphy 2023):

Z o0 = o0, Z( (z)) (38)

For example, one can choose (Tran et al. 2021):
oD =14+07% Kke(51]. (39)

where the forgetting rate x determines the speed at which past information is forgotten
in the exponentially weighted moving average (33). As x approaches 1, past values
are downweighted more strongly, reducing their influence on the current estimate.

6 Main results

In this section, we focus on our model and its hierarchical formulation, as expressed
in equation (10). We proceed by calculating the full conditional distributions and
verifying whether the assumptions in Egs. (17)—(18) hold. To this end, we define the
fixed-form variational family and derive the necessary equations to explicitly formulate
the update Eqs. (25) and (26).

6.1 Local variables z;

The full-conditional of local hidden indicators has expression:

P@Eily1n, B, Az, 0,0) = p(zilyi. B, A, , 0)
x p(yi,zi, B, Ala, 0)
= p(yilzi, B) p(zi|A) p(B|O) p(A|e)
x p(yilzi, B) p(zi|A)
= p(yi,zi|B, ). (40)

From (7):

Zij

P(i zilB, ) o ]_[ ]_[/3’7"Z :

j=1
_,_/

Uijj
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and it is obvious that in general Zl;: ( uij # 1, since the normalization factor of these
probabilities has been absorbed into the normalization constant.

To identify the natural (non-normalized) parameters, we use the representation of
this Multinomial distribution as an exponential family in non-minimal form:

p(yi,zi|B, &) o exp {log p(y;, z;|B, A)}

k P k
=exp{ > zij Y yielogBje+ Y zijlogh,
1 j=1

=1 =
hij
k
=exp{ > zij[hij +1logh;] t . (41)
j=1

which is in the same form as (18) with:

hi1 + log 11
hiz +log A2
ne=ne(Qyi,B,A) = )

hik + log Ak

Since the full conditional distribution of z; is a k-dimensional Multinomial, the
variational distribution for z; must also be Multinomial with the same dimension.
Specifically, itis a Multinoulli distribution, as z; is an indicator vector with components
that sum to 1:

q(zilyi) = qy;(z;) = Multinoulliz(z;|y;), independently overi =1,2,...,n.
(42)
Each latent indicator z; has its own variational parameter, allowing us to approxi-
mate the posterior distribution of each marginal component of the latent vector z.,.
The natural parameters of this distribution, expressed in a non-minimal exponential
family form, are log y;; for each fixedi = 1,...,nand j =1, ..., k. Consequently,
the optimal update values are given by:

log yij « Eq4 [hij + logkj],

that is:
p

Vij X exp {ZyigEq [log,ng] +E, [logkj] . (43)
(=1

The expression (43) cannot be further simplified, as the variational family g for
the global parameters has not been fully specified. For simplicity, we have omitted
the hyperparameters identifying the marginal component of g with respect to which
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the expectation is taken, as this should be clear from the context. Additionally, it is
evident that the local variational parameters can be normalized to 1 as follows:

exp {Eq [h,‘j —i—]Og)»j]}

Vij = . 44)
ZIJC':] exp {Eg [hij +log2;]}
6.2 Global parameter B
The unnormalized full-conditional has expression:
p(]B|y1:n» Zl:n’ A'a o, 9) o8 P(ylzn» Zl:n’ ]Ba )"|as 9)
= p(Yinlzi:m, B) pzi:]A) pBIO) p(Ale)
< p(¥1:nl21:0, B) p(1B|O)
n
=[] rwilzi. B)p@BI6). (45)
i=1
But it is immediate that:
n k p . k p s
i t i=1YitZij
Hp(y,|zl,lB> o«TTTTIT(8%)" =TTTT8=".
i=1j=1¢=1 j=1t=1
whereas:
k k
6—1
p@loy=[]r®B;10)=]][]8%"
j=I j=1t=1
and therefore:
i02ij+0— 1
Hp(y, 1z, B) p(B6) o H ]_[ﬁz’ eyt (46)
j=le=1

This expression represents a special case of the Dirichlet-Multinomial conjugacy,
as it is immediately evident that the right-hand side of the proportionality sign is the
product of k unnormalized Dirichlet probability density functions, i.e.,

P(Bb’lna z]:n5A‘7aa 0)

k n n n
= l—[ Dirichlet), (,3/‘ Zyilzij + 9, Z)’izzi/’ +0,..., ZyipZij + 9) . @7
j=1 i=1 i=1

i=1
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Each component of this product, written in the form of an exponential family, is
proportional to:

iezij+0—1
exp logl_[ﬁZt 1 Yiezijt }:expiZ(Z)’zﬁZz] +0— >logﬂjg},

=1 =1

and comparing the above expression with (17), the components of the natural parameter
are (for j = 1,...,k):

Yy vinzij+0 =1
Yy yizij+0 —1
Ngj = MNgj YVim»Zim, &, 0) = . . (48)

doiy Vipzij +0 =1

Consequently, the variational distribution of B must be set as the product of p-
dimensional Dirichlet densities, i.e:

q(Bjl9;) =qe,(B;) = Dirichlet,(B|¢,), independently over j =1,.... k.
(49)
The natural parameters of these distributions are ¢;jo — 1, for j = 1,2,...,k,
£ =1,..., p, and therefore the optimal value is:

n n n
dje =E4 (9 + Zyiezz',) =0+ Z}’iZquij (zij) =0 + Z)’ilyij~ (50)

i=1 i=1 i=1
6.3 Global parameter A

In this case:

p(A'|yliny Zl:}’h ]B’ Ol, 9) X P(}’l:ny Zl:nv ]B’ A'|a’ 0)
= pY1alzin, B)pzi:ald) p(B|0) pA|)
o pZ1n|d) p(Ala)

=[[r@Mp@tia). (51)

i=1

Also in this case, the explicit form of this full-conditional is a consequence of the
standard Dirichlet-Multinomial conjugacy, since:

k n Ppp—
H pempieo o« [T 14 T = [T, o

i=1j=1 j=1 j=1
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from which it follows that:

n n n
Pyt 21, B, @, 6) = Dirichlety (l‘a-i-Zzil,a-i-ZZiz ,,,,, 01+ZZik>- (53)
i=1 i=1 i

k
PAY1n,2Z1ms B, o, 0) exp log l_[ )»;l+zi=1 a1
j=1
k n
=expy Y. <a +> z - 1) loghj .  (54)
j=1 i=1
with:
n
o+ Y zip— 1
1?1
o+ Z zio — 1
Ng = Ng(Yims Zim, @, 0) = i=1 : (55)
n
a+ > zig—1
i=1

Therefore, the marginal A-component of the variational distribution follows a
Dirichlet distribution, which may not be symmetric:

q(An) = gy (A) = Dirichlet (A|n), (56)

and since the natural parameters of this distribution are n; — 1, it follows that the
optimal values are (for j = 1,2,...,k):

n n n
i=1 i=1 i=1

6.4 Stochastic variational inference for the Dirichlet-Multinomial mixture model

First, we observe that from (49), the variational distribution of B ; belongs to the expo-
nential family and can be written in canonical form with minimal sufficient statistics
logBje,forj=1,...,kand€ =1, ..., p. The natural parameter v ; has components
vj¢ = ¢j¢ — 1. Finally, the log-partition function is given by:

P P
a,(vj) = Zlog FCwje+1) — logI' (Z(Uﬂ + 1))

=1 =1
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P P
= logT'(¢e) —logT <Z ¢,~e) : (58)
=1

=1

Since it is well known that the components of the gradient of the log partition
function are equal to the vector of expected values of the minimal sufficient statistics
(Jgrgensen and Labouriau 1992):

q_ Bag(j) _ dag(v)) dpje L - ] j
Egp, [log Bje] = b T 00 dui - 99 log ' (¢¢) logF (z_: ¢jh>

14
= W(pj) — W (Zm) , (59)
h=1

where W (-) indicates the Digamma function (the logarithmic derivative of the Gamma
function).

For the global parameter A, it is intuitive that similar calculations based on the
variational distribution (56) leadto (j =1, 2, ..., k):

k
Eg, [logh;] = W(n) — W (Z m) : (60)
h=1

The explicit expressions for these two expected values provide all the necessary
information to formulate the algorithm. In contrast to the CAVI algorithm, the interme-
diate expected value in (37) must be computed over n replicates of the same observation
and corresponding local hidden variable. For instance, the expected value in (50) is
modified in the following straightforward manner:

Gje =0 + nysevs;, (61)

where s denotes the sampled data point. The entire processing sequence is outlined in
Algorithm 1.

7 Numerical experiments

In the following, we compare the SVI and CAVI algorithms, using CAVI as the base-
line to assess potential improvements. The primary comparison metric is the overall
computation time, as discussed in Sects. 7.1 and 7.2. Both algorithms explore multiple
modes of the surrogate posterior surface, requiring nruns replications to identify the
optimal posterior mode, defined as the mode corresponding to the highest ELBO value
at the end of each run (further details are provided in Sect. 7.1). For each simulation, we
measured both the total computation time and the average time per run, with the latter
computed by averaging over five repetitions of the entire procedure. It is important
to emphasize that the results presented in this section are not only relevant in terms
of computation time and determining which algorithm, SVI or CAVI, is faster, but also
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Algorithm 1 Stochastic variational inference for the proposed hierarchical model

Input: Data y1.,, = (¥1,¥2, ..., Yn); number of components k; prior hyperparameters 6, @ > 0; vari-
ational families gy, (z;) fori = 1,...,n, ¢ (ﬂj) for j = 1,2,...,k, gg(1); step size p(t) for
t=1,2,...

Initialize: Variational parameters Yij fori = 1,2,....n,j = 1,2,...,k; d)jg for j = 1,2,...,k,
t=1,2,....p; nj for j = 1,2, ...,k (initialize randomly in t = 0).

Output: Optimized variational densities.

1: while the ELBO has not converged, fort =1, 2, ... do:

2:  Sample s ~ Uniform(1,2, ..., n)

3 Update local variational parameters:

4 forj=1,2...,kdo

5t vy =oxp{ 0L, ek [1og Bje] | exp {E, [log 2]}
. . Vsj

o Ysi < Zﬁ:] Vsh

7 end for

8:  Intermediate global variational parameters:

9: for j=1,2,...,kdo

10: for}{:l,2,...,pdo

11: Gje =0+ nysevs;

12: end for

13:  end for

14: for j=1,2,...,kdo

15: 77\] =a +nyy;

16:  end for

17:  Update global variational parameters:
18: for j=1,2,...,kdo

19: fort=1,2,...,pdo

20: bje < (1 —p(t))tbjz +00¢j
21: end for

22:  end for

23: for j=1,2,...,kdo

2y (1=p0) 40O

25:  end for

26: end while

in terms of the quality of the solutions obtained. Preliminary evidence suggests that
SVI, due to the inherently different geometry of the space in which the maximization
occurs, yields partitions that are superoptimal compared to those obtained with CAVI.
We further elaborate on this crucial point in Sect. 8.

Therefore, the second aspect of the comparison is clustering accuracy, which
encompasses a set of commonly used measures for evaluating clustering performance
in the literature (Frinti et al. 2024). Although the definition of clustering accuracy may
initially seem counterintuitive—appearing similar to classification accuracy in super-
vised learning—it is important to note that clustering is an unsupervised learning task.
As such, there are often no ground truth class labels, necessitating the use of internal
validity measures. External validity measures, however, become relevant when ground
truth clustering is available, as in our case. Among these, the adjusted Rand index (ARI)
is the most widely employed (Gates and Ahn 2017). For multiclass clustering, the sec-
ond external accuracy measure was obtained by calculating the best match between
the true labels ¢; € {1, 2, ..., k} and the predicted cluster labels ¢;, as follows:
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n

1
Acc = max — 1(c; = p(c)), 62
pepng (ci = p(@)) (62)
where P is the set of all permutations in {l,..., k}. To solve the optimization

problem in (62) in polynomial time, we employed the Hungarian solver from the
RcppHungarian package (Kuhn 1955; Silverman 2023) to maximize the sum of
the diagonal elements of the confusion matrix, considering all permutations of rows
or columns.

We would also like to emphasize that both the adjusted ARI and Acc, as defined
above, are invariant to any permutation of the labels. In each run, depending on the
initial conditions, the algorithm selects one of the modes of the posterior distribution,
without swapping across multiple modes. These modes differ solely in the order of the
labels, and such transitioning behavior, which is typical of MCMC samplers, would
prevent the learning of the posterior distribution for any quantity that depends on
the labels. In contrast, with variational inference, the result of the clustering quality
measures remains unchanged, regardless of the order in which the labels are assigned.
As such, it is entirely valid to present either the average of the best values obtained
over the five repetitions of the full procedure (each with nruns runs) or one of the five
results chosen randomly, to avoid distorting the results by selecting ‘optimal’ values
that are only marginally improved by random variations. In the following, we have
chosen the latter approach to simulate a real use case, where the full procedure with
nruns runs is executed only once, and the best mode is then selected.

In a similar vein, Sect. 7.3 examines the semantic coherence of the produced solu-
tion, while Sect. 7.4 evaluates the performance of both algorithms as they explore the
model’s space with varying numbers of components. In contrast, in both Sects. 7.1
and 7.2, ARl and Acc are not employed as tools for model determination, but rather to
compare the quality of the obtained partitions, conditional on a fixed value of k.

For running the variational algorithms, from relation (43) it is clear that only ¢ ¢
and 7n; need to be initialized. Following the form of (50), each element of the set
{pje;j=1,....k, £=1,..., p} was initialized as:

YA S v
¢;2) — g4 SIEL ==V Ao, e,
kxp
where 6 is set a priori. Similarly, each element of the set {n;; j = 1,...,k} was

initialized as (« is set a priori):
0) _ n
N, =a+ Z +N(0, 1);.

By modifying the seed of the pseudo-random generations at each run, the algorithm
ensures exploration of multiple modes of the approximate posterior surface.
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7.1 Binary clustering

As an initial example, we apply stochastic variational inference to perform binary text
categorization on a document corpus. The dataset used is a subset from the Reuters
21578 collection (Apté et al. 1994; Lewis et al. 2004; Debole and Sebastiani 2005),
which has previously been employed by Anderlucci and Viroli (2020) and Bilancia
et al. (2023) to evaluate the accuracy of other standard text clustering methods, such as
hierarchical clustering and Ward’s method. Our experimental corpus includes n = 70
documents: 50 belong to the category acq (covering corporate takeovers) and 20 to
the category crude (covering crude oil news), creating a substantial class imbalance.

To convert the text into a BOW representation, we preprocessed the raw data using
R 4.2.3 (R Core Team 2024) and the tm package (Feinerer et al. 2008; Feinerer
and Hornik 2023). The preprocessing steps included the following: removing extra
spaces, punctuation, and numbers; converting text to lowercase; removing stop words;
applying stemming to reduce words to their base forms; and recompleting words using
the most frequent match as completion. We then tokenized the text into unigrams,
retaining only tokens between 4 and 16 characters in length and discarding the rest.
The final output was a vocabulary of terms, V, and a document-term matrix with
dimensions (n = 70) x (p = 1518). The matrix has an overall sparsity of 96%, with
an average of 54.79 words per document.

The expression for the ELBO (Evidence Lower Bound) in the Dirichlet-Multinomial
mixture model was derived in Bilancia et al. (2023) for use with the standard CAVI
algorithm. For completeness, we reproduce this expression in Appendix C. The same
expression holds in the present context, as we use the same set of variational dis-
tributions. The only difference is the estimation algorithm employed. Algorithm
convergence can be assessed by tracking the ELBO, as their values should not decrease
between consecutive iterations. Any deviation from this behavior signals a program-
ming error. However, monitoring the ELBO is also crucial for evaluating the quality
of the approximation across multiple modes (Plummer et al. 2020). Evaluating it at
each iteration introduces significant computational complexity into the variational
algorithm. As shown in expression (C1), it is evident that the first term dominates
asymptotically, resulting in an overall computational complexity of O(n x k *x p)
for the entire run, where maxiter is a constant and does not affect the asymptotic
complexity. This represents a considerable yet unavoidable additional computational
burden.

In both CAVI and SVI we set k = 2, with default values of « = 1 and 6 = 5/k. This
setup is neutral regarding o and weakly informative for 6. It is also important to note
that, while ELBO is concave with respect to each individual argument when others are
held constant, it is generally non-concave overall. As a result, both CAVI and SVI only
guarantee convergence to a local optimum, which may be sensitive to initial parameter
settings (Blei et al. 2017). Variational inference typically explores a single mode of
the posterior, with each run converging to a different local maximum of ELBO; hence,
multiple runs are required to identify the best one. From a computational perspective,
this approach can be challenging, and the solution obtained may be suboptimal, as local
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Fig. 1 Left: 30 randomly selected trajectories of the CAVI algorithm applied to a subset of the Reuters
21578 dataset with k = 2, maxiter =50, and nruns = 50. To prevent the graph from becoming overly
dense and visually confusing, only a subset of the trajectories was shown. Right: Same as in the left panel,
but the trajectories are derived from the SVI algorithm, with maxiter = 350 and a forgetting rate k = 0.6.
The primary focus is on the qualitative characteristics of the graph and the comparison of convergence rates
between CAVI and SVI

maxima do not necessarily include the global maximum. Figure 1 illustrates examples
of ELBO trajectories toward local maxima across multiple runs.
Key considerations for interpreting the results shown in Fig. 1 include:

e Due to the inherent randomness in SVI, its convergence toward a local maximum
is generally slower, and the resulting trajectories appear noisy compared to the
deterministic trajectories of CAVI. All SVI-based results were obtained using a
forgetting rate of x = 0.6, though we observed substantial insensitivity in the
outcomes for k values within the range [0.9, 0.6].

e SVl operates similarly to a gradient ascent with a unit step size for local parameters
and adaptive step sizes, p), for global parameters, making the entire process
effectively a minimization of —£,. This point is noteworthy, as SVI trajectories
decrease towards a local minimum, which may initially appear counterintuitive (in
Fig. 1, trajectories are shown with reversed signs).

e In SVI, a single randomly selected data point provides a noisy gradient estimate.
However, the actual ELBO value must be computed using the entire dataset, explain-
ing the differences observed in Fig. 1. Both CAVI and SVI use the same observations
to compute ELBO; however, CAVI has n unique values for local variational param-
eters, while SVI uses one value replicated n times. With random initialization, the
initial additive term in ELBO (see Appendix C), which dominates, tends to be low in
early iterations, so initial values of ELBO trajectories often start near zero. The two
algorithms ultimately reach local maxima differing only by an additive constant.

To compare the two algorithms, we did not directly track ELBO convergence.
Instead, we determined an appropriate number of iterations, denoted maxiter,
through visual inspection to ensure convergence across all runs. We set maxiter
=50 for CAVI and maxiter =350 for SVI. As said above, the comparison accounted
for computation times and the quality of the unsupervised posterior classification,
where predicted labels were obtained through the standard allocation rule for a 0/1
loss function, where y* represents the optimized variational hyperparameter (James

et al. 2021):

j(HMAP = argmax Gy:ij=1), i=12,...,n (63)

J
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Table 1 Total, per-run, and per-iteration computation times, unsupervised classification accuracy (Acc),
and the adjusted Rand index (ARI) for the two algorithms (CAVI and SVI), corresponding to multiple choices
of nruns, where the predicted labels ¢; were obtained using the allocation rule in (63)

Inference maxiter nruns t (total) t (avg. perrun) ¢ (avg. periter.)  Acc ARI

CAVI 50 10 10.77 s 1.077 s 0.022 5 67.14 048
50 20 21.29s 1.065 s 0.021s 8429 4436
50 50 53.56s 1.071s 0.021s 8143  38.22
50 100 10847s  1.085s 0.021s 9286  72.59

SvI 350 10 33.05s 3.305s 0.009 s 9429  77.26
350 20 66.19 s 3.310s 0.009 s 9286 72.14
350 50 165.23s  3.305s 0.009 s 97.14  88.39
350 100 331.71s  3.317s 0.009 s 9429  77.01

The results were computed on a subset of n = 70 documents from k = 2 subcategories of the Reuters
21578 collection, using an Apple Silicon M1 processor with 16 GB of RAM. For each row in the table,
computation times were averaged across 5 repetitions of the overall procedure. Conversely, both Acc and
ARI were derived from a randomly selected result among the five repetitions

The results are presented in Table 1. For a fixed max1i ter value, we performed 10,
20, 50, and 100 runs (parameter nruns) of each algorithm to explore multiple modes
of the posterior surface. For each nruns value, the variational parameter estimates
were taken from the run where ELBO reached the highest local maximum by the end
of the iterations. A preliminary observation is that the average computation time per
iteration for CAVI is between 2.33 and 2.1 times higher than for SVI. Additionally, as
nruns increases, the average iteration time for CAVI remains nearly constant, and SVI
exhibits similar behavior. This is because individual runs are independent in terms of
memory requirements and overall efficiency. Given that the computational complexity
for each CAVI run is on the order of O (max(n, p) * k), the inefficiencies introduced
by extra garbage collection and dynamic memory allocations—due to an additional
nested loop traversing the entire dataset—are minimal for the current values of n and
p. However, these inefficiencies would likely have a greater impact in cases where n
and p are large (Bilancia et al. 2023).

Given the inherently binary structure of this experiment, we externally validate
the two clustering algorithms by identifying the component associated with the acg
corpus as the one with the highest estimated mixing weight, A;. We then assign the
label acq to all data points for which the value of j, determined according to the 0/1
decision rule (63), matches the previously labeled acg component. It is evident that
this approach is entirely equivalent to computing the permuted accuracy (62). The
mixing weights are estimated from the variational parameters as follows:

= =12 ...k (64)
J k *
Zx:l nS

The obtained results demonstrate the superiority of SVI not only in computational
efficiency but also in classification quality. The randomness inherent in the gradient

@ Springer



80 Page24o0f39 M. Bilancia et al.

Table2 The subset from Reuters 21578 used in the example, obtained by sampling with a sampling fraction
of 0.1 of the k = 5 categories given in the first column

Category Nr. of docs Topic

acq 221 Corporate mergers and acquisition
crude 50 Crude oil price

earn 375 Earning reports

grain 44 Grain market and trade

money-fx 60 Foreign exchange market

Total n =750

of SVI allows it to explore modes of the approximate posterior surface that CAVI
can only reach with a substantially higher number of runs. For instance, SVI with
nruns = 10 achieved an accuracy of 94.29% (ARl = 77.26), while with nruns = 50
it identified a mode with an external accuracy of 97.14% (ARI = 88.39). In contrast,
achieving comparable results with CAVI required setting nruns = 100. In this case,
computation time was approximately 328% higher than for SVI with nruns = 10,
despite SVI requiring seven times as many iterations.

Itis also noteworthy that even with nruns = 10, the quality of the partition produced
by SVI is not inferior in terms of ARl (within decimal places) to the best partition
produced by CAVI. Conversely, with nruns = 10, the best mode explored by CAVI
has a low accuracy of 67.14 with an inconsistent ARI close to zero.

7.2 Multiclass clustering

We now evaluate the model’s performance in the context of multi-class text clustering.
The dataset used is an expanded subset of the Reuters 21578 collection, obtained by
sampling with a 0.1 fraction from the k = 5 categories listed in the first column
of Table 2. The pre-processing steps mirror those applied to the dataset with k = 2
categories, resulting in a document-term matrix of dimensions (n = 750) x (p = 754).
This matrix exhibits an overall sparsity of 96%, with an average of 27.55 terms per
document, consistent with the characteristics of very short texts. During preprocessing,
all sparse terms v € V with a document frequency D(v) < 0.01 x n were removed,
where D(v) denotes the number of documents in which the term v appears at least
once.

Figure 2 presents results from the exploration of the modes of the surface approx-
imating the posterior distribution. Notably, to ensure algorithm convergence, we set
maxiter = 100 for the CAVI approach, while for SVI, we increased maxiter to
5000 due to the expectedly slower convergence. Further observations on these com-
putational aspects, as well as the divergences between the two methods—attributable
to differences in the underlying geometry used in the ascent to the maximum-will be
discussed in Sect. 7.3.

In this case as well, the results cannot be fully interpreted without considering
the efficiency with which SVI explores the modes and the quality of the solutions it
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Fig. 2 "Left: 20 trajectories of the CAVI algorithm applied to a subset of Reuters 21578 data with k = 5,
maxiter =100 and nruns = 20. Right: Same as in the left panel, but the trajectories are derived from the

SVl algorithm, with maxiter = 5000 and a forgetting rate k = 0.6. The primary focus is on the qualitative
characteristics of the graph and the comparison of convergence rates between CAVI and SVI

Table 3 Total, per-run, and per-iteration computation times, unsupervised classification accuracy (Acc),
and the adjusted Rand index (ARI) for the two algorithms (CAVI and SVI), corresponding to multiple choices
of nruns, where the predicted labels ¢; were obtained using the allocation rule in (63). The results were
computed on a subset of n = 750 documents from k = 5 subcategories of the Reuters 21578 collection,
using an Apple Silicon M1 processor with 16 GB of RAM. For each row in the table, computation times
were averaged across 5 repetitions of the overall procedure. Conversely, both Acc and ARI were derived
from a randomly selected result among the five repetitions

Inference maxiter nruns f (total) t (avg. perrun)  t (avg. periter.)  Acc ARI

CAVI 100 10 139.93 s 13.99 0.140 s 68.67  56.00
100 20 281.19s 14.06 s 0.141s 60.40  40.00
100 50 702.06 s 14.04 s 0.140 s 69.07  54.00

SvI 5000 5 1023.92s  204.78s 0.041s 73.33  52.00
5000 10 2014.56s  201.46s 0.040 s 73.33  52.00
5000 15 3035.13s  202.34s 0.040 s 77.63  54.00
5000 20 3941495  197.07s 0.039 s 77.65  54.00

produces. Table 3 shows that each iteration of CAVI requires approximately 3.5 times
more computation time than SVI. Consequently, the best solution achieved with SVI
over nruns = 20 modes is feasible, requiring just over one hour of CPU time.

The results obtained with CAVI guarantee an accuracy of no more than 69.07% (AR
= 54.00) with nruns = 50. In contrast, SVI consistently provides solutions that differ
from those obtained with CAVI, particularly yielding higher accuracy with various
choices of nruns. This suggests that these differences are unlikely to be due to chance.
Specifically, with nruns = 20, and a total computation time approximately 5.6 times
longer than that of CAVI with nruns = 50, SVI achieves an accuracy of 77.65% (ARI
= 54.00), about 8 percentage points higher than the best accuracy achieved by CAVI.

7.3 Topic quality
In addition to performance in text classification and improvements in computation

times, another important aspect is the semantic coherence of the probability dis-
tributions estimated on V. These distributions identify low-dimensional subspaces
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Fig.3 Left: 30 randomly selected trajectories of the CAVI algorithm applied to the BBCsports dataset with
k = 5,maxiter =100 and nruns = 50. Right: Same as in the left panel, except that the trajectories were
obtained using SVI with maxiter = 5000 and x = 0.9 (forgetting rate)

(topics), each of which can be interpreted as carrying certain semantic content. While
this construct is plausible in principle, text categorization models often produce low-
dimensional subspaces that fail to be meaningful to human domain experts—i.e.,
low-quality topics that frequently lack coherent connections between more than a
few word pairs (Meaney et al. 2023). We investigate these aspects using the BBCSport
dataset, which is part of a larger collection used as a benchmark in text mining research
(Greene and Cunningham 2006). This dataset contains n = 737 sports news articles
from the BBC Sport website, published between 2004 and 2005. In this dataset, we
encounter significant semantic similarity across the five available classes. Although
each subset corresponds to a specific sport, all the documents share the overarching
thematic content typical of news published by a sports newsroom, making coher-
ent topic unfolding challenging. We aim to empirically test whether SVI can identify
modes of the posterior surface that correspond to more interpretable topics than those
generated by CAVI using the same Dirichlet-Multinomial mixture. The five subsets
are:

Athletics (101 documents, 13.70%).
— Cricket (124 documents, 16.82%).
Football (265 documents, 35.96%).
— Rugby (147 documents, 19.95%).
Tennis (100 documents, 13.57%).

The corpus was preprocessed in the same way as in the previous examples, resulting
in a large matrix of size (n = 737) x (p = 7883) with extreme sparsity of about 99%.
To reduce this sparsity, we removed terms v € V for which D(v) < 0.05 x n. The
resulting matrix was (n = 737) x (p = 207) with a sparsity of 82%. We ran CAVI with
k =5,nruns =50, maxiter =100, « = 1, and § = 5/k, with an average time per
run of 5.29s. As shown in Fig. 3, the convergence with SVI was extremely slow. With
oa=1,0 =5/k,and k = 0.9, we set nruns = 20 and maxiter = 5000 to ensure
convergence in each run. The average time spent per run was 150.46 s, approximately
28.5 times longer than the time spent with CAVI, despite the total number of iterations
per run being 50 times higher. These particularly favorable performance results in
terms of computation time make the use of SVI feasible even in situations with very
slow convergence, such as the present one. We will attempt to explain this phenomenon
shortly.
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Based on the estimates of the variational parameters, we can approximate the pos-
terior estimates of the probability distributions B ; as follows:

*

L
Bv=—p—. j=L12,...0k €=12...p, (65)
! Z(l;:lqué

and use these to identify the 10 most important words in terms of their probability of
occurrence. These probabilities are plotted in Fig.4 for each of the two algorithms.
Each set is sorted based on the estimated mixing weights )L; of each component (from
largest to smallest). The index assigned to each component is purely conventional, as
there are k! equivalent modes, differing only by a permutation of the indices (though
variational algorithms explore only one mode at a time):

Examining the results of CAVI, we immediately notice that the first topic (in the order
of presentation) is clearly associated with terms like chelsea and football, which
pointdirectly to Football. Itis also noteworthy that the estimated weight, A3 = 32.72%,
closely matches the actual weight A3 = 35.96%. The third component is clearly related
to Athletics, as terms like race and olympiad appear, with A3 = 13.84% compared
to the actual A3 = 13.70%. For the other three distributions, although the estimated
weights are close to the actual weights (which are not known in real applications),
we encounter significant difficulty in associating the documents classified into these
groups with a well-defined thematic content. For instance, while tennis has its own
specific terminology, terms with high discriminatory power (e.g., serve, let, ace, fault)
are seldom mentioned in the news. These articles are often brief and primarily serve
to report match results and post-match statements from participants.

In contrast, the solution based on SVI is quite different. For the first topic, the
presence of the term goa 1 points to Football, while wicket helps identify the second
topic as Cricket. Similarly, the third topic is clearly related to Athletics, thanks to terms
like olympiad and race. However, the fourth and fifth components reflect the weak
posterior identifiability associated with a mixture of k = 5 components, which is not
supported by the semantic structure of the data or by the weakly informative prior
structure. The fourth component appears to be a repetition of the third, while the fifth
contains random terms associated with a negligible mixing weight (A5 = 0.0037).
In other words, CAVI gives more weight to the data, providing posterior estimates
similar to those obtained via maximum likelihood, but at the cost of poor topic quality
and interpretability. On the other hand, SVI yields more interpretable topics (at least
three) and can highlight the weak identifiability of the mixture, as two components
are essentially irrelevant. Since the maximization of ELBO follows a parameterized
path within the statistical manifold of variational distributions, the solution explored is
likely to be flat due to weak identifiability, which also contributes to the higher number
of iterations required compared to exploring directions in Euclidean parameter space.
From this, we conclude that CAVI and SVI explore very different modes under certain
conditions, a consequence of the different geometry of the underlying space in which
they operate. Additionally, it is worth noting that A3 = 74.58%, as most of the Tennis
and Rugby news are merged into this component.
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Top-10 terms CAVI (k = 5)
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Fig.4 Top 10 terms for CAVI and SVI of each row of the estimated B- matrix. The rows of B* were sorted
by the estimated weights A;‘. (j =1,2,...,k) of each component. The index assigned to each component

is purely conventional, since we have k! equivalent modes that differ only up to permutation

The fact that SVI implicitly suggests the need for regularization by reducing the
number of components can be formally verified using a measure of topic coherence,
which can be defined for each topic t as: (Mimno et al. 2011; Meaney et al. 2023):

M m—1 t) (1)
D, ,vs7)+1
COVEM) = 37 3 log ———m (66)
m=2 s=1 D(Us )

where V&M — (vft), vét), R vj(fl)) represents the list of the M most probable terms
for topic t, and D(v, v") denotes the co-document frequency of the terms v and v’
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Table 4 Topic coherence metric
(66) for CAVI and SVI. The labels
of the components are purely CAVI
conventional and correspond to

the order shown in Fig.4

Inference

t=3 t=1 t=2 t=5 t=4

cV®10y 104 —083 —123 —-093 —1.06
Y

t=5 t=1 t=3 t=4 t=2

cv®10y 074  —116 -139 —127 —1.92

(i.e., the number of documents in which both terms v and v’ occur at least once).
Based on expert annotations, (Mimno et al. 2011) demonstrate the effectiveness of the
measure in (66) for identifying poor topics, with lower values corresponding to topics
of lower quality. The results for CAVI and SVI with M = 10 are shown in Table 4.
For CAVI, we observe low variability around the overall average. In contrast, with SVI,
we can identify the spurious component with index j = 2, for which A5 = 0.0037
and C(V%19) = —1.92, indicating that a mixture with k = 4 components would be
better supported in the posterior.

It is important to note that the results presented in this Subsection are quite specula-
tive and will require further confirmation. Additionally, the approach of characterizing
topics based on the estimated term distributions for each topic may be misleading.
Alternative methods have been proposed for inspecting topics, which account for
variations in term frequency across the corpus (Muthusami et al. 2024). Some terms
might be prevalent across all topics and therefore fail to characterize a specific topic.
Given these caveats, the conclusion we aim to suggest is that the SVI algorithm, operat-
ing in a completely different space from that of the CAVI algorithm, produces radically
different results, even from a semantic standpoint—particularly when, as demonstrated
in the example, some categories in the corpus data are not clearly separated.

7.4 Model determination

In the previous examples, the value of k was set to match the actual number of categories
in the corpora, which is often unrealistic in many applications. In principle, the ELBO
provides a tight approximation to the marginal log-likelihood of the model for a fixed
k and could therefore be used to select the number of components when k varies.
However, in practice, we do not know how tight this lower bound is, and the variational
gap between ELBO and the marginal log-likelihood changes with k, complicating
comparisons. Additionally, the ELBO is calculated by exploring only one mode of
the approximating surface. While this is sufficient for parameter estimation, it may
be invalid for model selection, where the entire approximated posterior surface must
be appropriately weighted to determine the number of components (Murphy 2023).
Finally, there is the issue of approximation quality (Yao et al. 2018). Looking at (C1),
it is clear that the ELBO is an objective function treated as a linear sum of terms
on a logarithmic scale. However, the first term, which depends on the Multinomial
likelihood, has a very large negative value on this scale and dominates the other
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summands. As a result, the ELBO increases slowly as k increases, leading to overfitting
and sparsity in the component weights (Bilancia et al. 2023).

For these reasons, we consider an alternative, that is a slightly modified version of
the BIC criterion for model selection, defined as follows (Fraley and Raftery 2002):

BIC, = —2A% + py log(n), (67)

where Aj represents the log-likelihood evaluated at the posterior parameter estimates
obtained from the optimal variational parameters, and py = k(p—1)+(k—1) = kp—1
is the total number of free parameters. Models with lower BIC values are gener-
ally preferred. Under a set of extended regularity conditions, which include standard
assumptions as well as the additional requirement that the probability distribution of
the mixture components is bounded, the BIC is consistent in model selection, even for
our unidentified model (Keribin 2000).

To investigate potential differences in model selection between these algorithms, we
again used the BBCsport corpus due to its inherent semantic ambiguities. Specifically,
we created a set of synthetic corpora by sampling from the original data as follows:

1. We set k varying in {3, 4, 5}.

2. For each given k, we randomly selected k categories from the 5 available categories
(for £ = 5, all categories were considered). For each selected category, we ran-
domly sampled d € {20, 50, 100} documents, resulting in a corpus of n = k x d
documents.

3. The sampling procedure, as described in 2, was repeated 50 times to obtain 50
synthetic corpora for each value of & in {3, 4, 5}.

For each corpus, we estimated the optimal variational parameters using both CAVI
and SVI, and then calculated the index (67) based on these estimates. For CAVI, we set
maxiter =100, while for SVI, we set maxi ter =5000. In both cases, we used nruns
= 1 to avoid exploring multiple modes, thereby focusing on model selection under
possibly non-optimal conditions. Text preprocessing was performed for each corpus as
described in Sect. 7.3, using the same steps and parameters. The results are presented in
Table 5. From the average parameter p, it is evident that the average sparsity increases
significantly with higher values of k and d, ensuring that the simulation results are not
overly influenced by the growing amount of information as n increases.

In line with the theoretical properties of the BIC criterion, the results of this simu-
lation show that both CAVI and SVI tend to favor underparameterization, meaning that
the number of components selected is consistently lower than the actual number of
components. However, this effect appears to be more pronounced when using SVI. For
example, with k = 4 and n = 400, we observe k* = 3 in 56% of the simulations and
k* = 41in 42% using CAVI, compared to k* = 3in 62% and k* = 4 in 24% with SVI. A
similar pattern emerges for k = 5 and n = 500: with CAVI, k* = 4 and k* = 5 occur
in 38% and 12% of the simulations, respectively, while these percentages drop to 24%
and 6% with SVI. This behavior warrants further investigation, but it is consistent with
the implicit regularization effect observed in the previous example.
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8 Discussion and conclusions

In this paper, we develop a stochastic variational inference framework for the
Dirichlet-Multinomial finite mixture model, which has significant applications in text
categorization. Our approach simplifies the original framework proposed by Hoffman
et al. (2013) and demonstrates that a restricted subset of the initial assumptions is
sufficient to approximate the posterior distribution of the parameters and latent alloca-
tion variables. We derive update equations for the algorithm using stochastic gradient
ascent, where the gradient is replaced at each iteration by a noisy estimate based
on a single, randomly selected data point. Under suitable conditions, the algorithm
converges to a local maximum that depends on the initial conditions.

Due to its unique structure, this stochastic optimization algorithm does not require
the entire dataset for each iteration, which significantly enhances its scalability. How-
ever, much work remains to be done. In terms of computation time, SVI outperforms
CAVI per iteration by a factor of 2.8 to 3.5. Despite this, SVI generally converges more
slowly than CAVI due to its inherent randomness in exploring the ascent direction.
Nevertheless, it remains computationally feasible for medium-complexity datasets,
owing to its scalability advantages. Moreover, SVI’s efficiency is not only reflected
in computation times but also in the quality of its solutions. Although SVI explores
fewer modes than CAVI, there is some evidence suggesting that SVI tends to achieve
systematically higher internal accuracy across identified partitions. Additionally, there
is promising evidence that SVI may perform implicit regularization when the selected
number k of components is not supported by the data, as some components are weakly
identified with near-zero weights. The reasons behind this apparent superiority remain
unclear, but they likely stem from the specific geometry of the space in which ELBO
maximization occurs.

However, as shown in Tables 1 and 3, questions remain regarding the scalability
of the approach for massive corpora containing millions of short texts. Substantial
improvements are still needed in this area. One potential solution is to avoid monitor-
ing the ELBO at every iteration; instead, a reasonable maximum number of iterations
(maxiter) could be set to ensure convergence for each run, with the ELBO checked
only in the final iteration to select among competing modes. Unlike the variational
parameters, which are iteratively updated, the ELBO is computed at each iteration
based on the current variational parameters, which—though it has certain drawbacks—
significantly reduces total CPU time by several orders of magnitude. Additionally,
convergence can be monitored by observing the trajectory of the variational param-
eters, for instance by ensuring that ||®U+D — d® ||% < ¢ for at least h consecutive
iterations, where ® = {¢;¢}, || - || denotes the Frobenius matrix norm, and € is
a predefined tolerance. Furthermore, the update of global variational parameters in
Algorithm 1 relies on a series of nested for-loops, which can be optimized through
vectorization. For example, Equation (61) involves multiple multiplications between
the columns of the data matrix and the matrix of variational parameters, y;;. This pro-
cess can be implemented more efficiently by vectorization, rather than nested for-loops
(an optimization applicable to CAVI as well).

Other approaches to enhancing scalability concern the structure of the learning
algorithm itself. Recent trends in scalable inference for large-scale topic models focus
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Table5 k: Actual number of categories used for sampling the BBCsport corpus. k*: Estimated number of
components of the Dirichlet-Multinomial mixture, using the modified BIC criterion in (67). n: Total number
of documents in each of the 50 corpora obtained by sampling the BBCSport dataset, with n = k X d,
k € {3,4,5} and d € {20, 50, 100}. p: Average number of terms in the 50 sampled corpora. The prior
setting used is @ = 1 and 6 = 5/k* for k* between 2 and 7. For CAVI we used maxiter = 100, nruns =
1; for SVI, maxiter = 5000, nruns =1 and«k = 0.9

Inference &k d n P =2 k=3 k=4 k=5 k=6 k=7

CAVI 320 60 273 100% 0% 0% 0% 0% 0%
350 150 235  92% 8% 0% 0% 0% 0%
3 100 300 222 18% 78% 4% 0% 0% 0%
4 20 80 246 100% 0% 0% 0% 0% 0%
4 50 200 224 80% 18% 2% 0% 0% 0%
4 100 400 213 2% 56% 42% 0% 0% 0%
5 20 100 237 100% 0% 0% 0% 0% 0%
5 50 250 214 92% 8% 0% 0% 0% 0%
5 100 500 205 6% 44% 38% 12% 0% 0%

SvVI 320 60 273 100% 0% 0% 0% 0% 0%
350 150 235  90% 10% 0% 0% 0% 0%
3 100 300 222 34% 64% 2% 0% 0% 0%
4 20 80 246 100% 0% 0% 0% 0% 0%
4 50 200 224 92% 8% 0% 0% 0% 0%
4 100 400 213 14% 62% 24% 0% 0% 0%
5 20 100 237 100% 0% 0% 0% 0% 0%
5 50 250 214 94% 6% 0% 0% 0% 0%
5 100 500 205 20% 50% 24% 6% 0% 0%

on implementing variational inference in distributed or embarrassingly parallel envi-
ronments, as discussed in Hoffman et al. (2010) and Bakhtiari and Bouguila (2014).
Alternatively, online inference refers to the ability to learn incrementally from mini-
batches of data, as demonstrated in Zhai et al. (2012) and Li et al. (2018). These
approaches, however, differ significantly from the one explored in this work and
present promising avenues for future research, potentially enabling comparisons on
large-scale corpora.

Another issue pertains to the model structure itself. Under a Dirichlet prior, the
mixture weight components are nearly independent, with only a slight negative corre-
lation between pairs. However, if a corpus contains documents with an above-average
frequency on a particular topic, it is realistic to expect that other related topics may
also appear with above-average frequency. In contrast, the Dirichlet model enforces a
repulsive interaction among components. In the context of the generative LDA model,
Blei and Lafferty (2007) introduce a logistic-Normal prior over the mixing weights,
which incorporates a dense, unrestricted covariance matrix. However, this prior does
not fit the framework proposed by Hoffman et al. (2013) because the full conditionals
do not belong to the exponential family, making inference computationally challeng-
ing. Indeed, even the full conditionals of the standard Bayesian logistic regression
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model are not in the exponential family (see Blei et al., 2017; but see also Durante and
Rigon, 2019 for a generalization).

Finally, another limitation of this paper lies in the absence of a comprehensive sensi-
tivity analysis in the style of Wallach et al. (2009), as well as a systematic assessment of
the influence of hyperparameter settings on the algorithm’s performance. For instance,
« values less than 1 tend to concentrate the posterior distribution of component weights
on a subset of the vertices of the R¥ simplex, whereas « values greater than 1 favor
dense mixtures. Nevertheless, we adopted the conventional non-informative setting,
which delegates most of the responsibility for updating the posterior distribution to
the data. Moreover, it is important to investigate how the proposed algorithm handles
overfitted mixtures—an open research question that constitutes a promising direction
for future work. In this context, the results presented by Rousseau and Mengersen
(2011) are particularly relevant, as they provide a systematic analysis of overfitted
mixtures within the Bayesian estimation framework. Their findings demonstrate that
the posterior distribution is asymptotically consistent, provided that the dimension
of the mixture weight vector exceeds a critical threshold determined by the prior.
Asymptotically, the superfluous components are emptied under the posterior, thereby
automatically excluding irrelevant components and regularizing the posterior. It is
therefore of practical importance to gain a deeper understanding of the conditions
under which the prior distribution and the choice of « ensure posterior regularization
and offer protection against overfitting.

A promising extension would be to use a Beta-Liouville distribution as a prior for
the mixing weights A. This distribution generalizes the Dirichlet, allowing for a richer
covariance structure in which the same expected value may correspond to different
variances (Bouguila 2011b). Notably, the Beta-Liouville distribution is conjugate to
the Multinomial likelihood (Bakhtiari and Bouguila 2016; Ling et al. 2022), suggest-
ing that it may support variational inference under suitable conditions. This would
help offset the increase in parameters in the Beta-Liouville model compared to the
Dirichlet distribution, providing significantly more modeling flexibility. The consid-
erations regarding the mixing weight distribution also apply to the prior distribution
of the Multinomial parameters within the matrix B. Allowing a flexible covariance
structure among term frequencies could yield notable benefits when representing text
as a BOW.

In conclusion, stochastic variational inference is a highly promising tool for com-
putational inference on discrete positive data, yet there remains considerable room
for improvement. Enhancements are needed both to increase computational efficiency
and to extend the method’s applicability to more realistic and flexible models.

Appendix A Expression of the gradient of the ELBO

For brevity, we derive only the component V £y, of the gradient, which corresponds to
the global variational parameter, since the derivation for the local variational parame-
ters follows a similar process. In the following, we assume the local-global structure of
the model as stated in (11), and adopt the distributional assumptions outlined in (17)—
(20). All constants with respect to ¢ are absorbed into an irrelevant global additive
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constant. Additionally, we apply a standard result for exponential families in canonical
form, which states that the components of the gradient of the log-partition function are
equal to the vector of expected values of the minimal sufficient statistics (Jgrgensen
and Labouriau 1992):

Eg, [1(@)] = Veag (@),

where this identity is written with reference to the variational distribution of the global
parameter (19). Hence:

Eg [102 PV 1+ Z1n» ©18) — 10g Gy (2120, ) ]

n
Equ log p(¥1:n, 210, @|8) — logq; (@) — Zlong (Zi):|
i=1

Eqy [102 PV 1n- 21, @]8) — log g (@)] + const.
Eqy [102 p(@]Y1:n- 212 8) +108 p(¥ 1. Z1:418) — 10g g (@)] 4 const.
Eq, [log P@I[Y1:n,21:0,8) —logg; (a))] + const.
E

v |108hg (@) + g1, 210, 8) 1 (@) — ag(ng) — loghy (@)
—¢ () +ag (;)] + const.
=k, [ﬂg()’l:n’ 21, 8) 1 (@) — ¢ Tt (w) + ag(g‘)] + const.
4y (161 20, 8)] T Egy [1@)] — £ Egy [1(@)] + ag €) + const.
gy [Me 1210, 8) = £] | Eq, [1@)] + ag(§) + const.
[1e 1> 20ms 8) — £]7 Veag(€) + ag(€) + const.
(e 1 210, 8)] T Veag@) — & T Veag () + ag () + const.

—E
—E
= E,
—E

qy

We now use an identity for the gradient calculation in matrix form, where a is a
vector not function of ¢ (Petersen and Pedersen 2012):

Ve (aTu@®) = (Vou@))a
Therefore:
Vi {qu [77g(}’1:ns AR 8)]T V{ag(;)] = Vgag(;)qu [ng(ylzns 21, 8)] .
In the same way, using the identity:
Ve (@) T0@)) = (Veu®) @) + (Vv (@) u@),
it follows that:
T _ 2 _ 2
Ve [¢TVea @) ] = (V28) Vea @) + (Viag©)) ¢ = Vea,@) + (Viag©)) .
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Putting all this together, we obtain the expression (23):

V;—EU = V?ag(I)qu [ng(yl:n»zlznvs)]
—Viay®) — (VEay©) ¢ + Veay @)
= Vgag(l) {qu [ﬂg(yl:na Zl:n»‘s)] - C} .

It is also important to note that, in this proof, we have used the prior distribution
of the global parameters in the exponential form (19), without requiring it to be the
canonical conjugate prior of the Multinomial likelihood, as assumed in Hoffman et al.
(2013). Finally, as already emphasized in Sect.4, we recall that if ¢ is not the natural
parameter, all derivations must be carried out with respect to the natural parameter
n; = ng(¢), and the gradient components must be computed with respect to the
components of n; . Therefore, mutatis mutandis, the proof remains valid, and the final
result can subsequently be expressed in terms of the original variational parameter, as
done in Sect. 6.

Appendix B The expected Fisher information matrix of the mean-field
variational family

In this case, too, we give the proof for the global variational parameter ¢ . The expres-
sion of the Fisher expected information matrix is a consequence of the particular
structure of the variational distribution (19), which is written on a logarithmic scale
as follows:

log g¢ (@) = log he(@) + ¢ " t(@) — ag(£),

Using the matrix identity, where a is a vector that does not depend on ¢ (Petersen
and Pedersen 2012):
Ve (;‘ Ta) =a,

hence:
Vi log gp (@) = t(@) — Vyay(€) = 1(w) — By, [1(@)].

From this it follows that

Fy = Eq; [ Vy log gy @) (Ve log g @) |

T
= By [ (1) — By [1@)]) (1@) — By, [1@)) ]
= Covq; [t(w)]
= Viag (),
where we have used another standard identity for exponential families in canonical
form, thanks to which the Hessian matrix of the log-partition function is equal to

the variance and covariance matrix of the minimal sufficient statistics (Petersen and
Pedersen 2012).
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Appendix C Expression of ELBO of the Dirichlet-Multinomial model

The explicit expression of ELBO for the hierarchical model (3)-(6), with mean-
field variational priors given by (42), (49) and (56) was derived in Bilancia et al.
(2023), which performed the standard CAVI variational inference using the gradi-
ent of ELBO in the Euclidean space. In what follows, v = (£,¥1,...,¥n) =

(¢1,¢27«~-,¢ka7l,}’1, '-~7yn):

n p k P
Ly=Y D" yievij {‘I’(%‘D - (Zdﬁz)}
(=1

i=1¢=1j=1

n k k
Y v —w [ Y
j=1

i=1j=1

k p

+klogT'(p6) — kplog (@) + 3 30 — 1) {w«pm - (
j=1¢=1 =

Mu

)

,_

k
+logI'(ka) —klogF'(@) + Y (@ — 1) { W(n)) - Z nj
=1
p

14 k
- Zlogr (Z w) + > log(gje)
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n k
- Z Z vijlogyij

i=1 j=I

k k k k
—logT [ Y " nj | + D logT(n) =Yy = DW= [ D nj |t
j=1

j=1 j=1 j=1

(ChH

where W (-) indicates the Digamma function (logarithmic derivative of the Gamma
function):

I'(z)
I'(z)°

d
V(z) = EF(Z) =
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