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ABSTRACT. In this work we discuss stability and nondegeneracy properties of some
special families of minimal hypersurfaces embedded in R™ x R™ with m,n > 2.
These hypersurfaces are asymptotic at infinity to a fixed Lawson cone Cy, . In
the case m +n > 8, we show that such hypersurfaces are strictly stable and we
provide a full classification of their bounded Jacobi fields, which in turn allows us
to prove the non-degeneracy of such surfaces. In the case m+n < 7, we prove that
such hypersurfaces have infinite Morse index.
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1. INTRODUCTION

In this work we are interested in stability and nondegeneracy properties of certain
minimal hypersurfaces ¥ embedded in RV*! with N > 3. To make our aims precise
let us start with some preliminaries.

In what follows we assume that ¥ C RY*! and we will denote its singular set by
sing(X). Assume that sing(X) has zero N—dimensional Hausdorff measure and that
¥\ sing(X) is an orientable hypersurface. Let vy : 3\ sing(X) — SV denote a choice
of the continuous unit normal vector to ¥. Here SV denotes the standard unit sphere
in RV+1,

These assumptions guarantee the existence of a continuous function § : ¥\sing(3) —
(0, 00) such that the Fermi coordinates are defined by the smooth diffeomorphism

(y,2) = Fly,2) ==y + zvn(y)
from a tubular neighborhood of ¥ \ sing(X) onto the open set
Ni={y+z2s(y) : y € X\sing(X) and |[z] <4(y)}.
It is known that the area of ¥ is given by the formula

Area(Y) ::/da,
s
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where do is the N—dimensional Hausdorff measure. We note that Area(X) € [0, oo]
and that whenever ¥ is smooth, Area(X) coincides with the classic definition of area
of a manifold with respect to the metric induced by the inner product in RV¥+!,

The minimality of ¥ can be understood through the first derivative of Area(X).
Once minimality of ¥ has been established, its stability and nondegeneracy proper-
ties are related to the properties of the second derivative of Area(X). In order to

make these concepts precise we next introduce the notion of normal perturbation of
3.

Let ¢ € C2°(X\sing(X)) be arbitrary, but fixed. Consider a function f : F~1(N) —
RN+ such that f is smooth in F~(N), f = f(y,¢) and

f(y,0)=0 and 0.f(y,0) = ¢(y)vs(y) for yec X\ sing(X).

Since ¢ is compactly supported in ¥ \ sing(X), there exists dy > 0 such that, for
e € (—dg, d), the e—normal variation of ¥ with respect to the function f is given by
the hypersurface

Ye={y+ fly,e): y € I} (1.1)
On the other hand, due to the fact that sing(X) is closed in 3, we fix G € RV*L,

bounded and open in ¥ such that supp(¢) C ¥. N G and dist(X. N G, sing(X)) > 0.
By choosing dy > 0 smaller, if necessary, we may consider the function

(—d0,d0) > € — Area(X. N G).

Notice that Area(3. N G) € [0,00) and it is a smooth function. Even more,

Area(X. NG) = / do.

YeNG

It is well known that the local change of area of ¥ with respect to the formal
perturbation f is given by

d
£Area(25 NG)

:—/Hg¢da, (1.2)
e=0 3

where Hy, := K1+ - -+ky is the mean curvature of ¥ and k1, ..., ky : X\sing(¥) - R
correspond to the principal curvatures of ¥. We remark that the left-hand side in
(1.2) does not depend on B but only on ¢.

The hypersurface ¥ is said to be minimal if Hy = 0 in ¥\sing(X) or equiva-
lently, since the function ¢ is arbitrary, if X is a critical point of the Area functional
with respect to compactly supported normal variations. Here it is crucial that ¢ is
supported outside the singular set of ¥ and ¥ is smooth outside sing(X).
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Assume that ¥ is minimal. In the above notations for the normal variation of X,
we introduce the second variation of Area(X), which is given by

2

Ox(0) := j—EQArea(EE NnG)

= (o~ lasPeydo. (13)
e=0 D)
We refer the reader to [17] for the detailed calculations.

Now, observe that ¥ being minimal does not necessarily imply that ¥ minimises
the area functional. In order to describe the character of the minimality of Y, the
second variation of Area(X) with respect to the normal variation Y. plays a crucial
role. Hence we introduce the following definition.

Definition 1.1. Let ¥ C RY*! be a minimal hypersurface of codimension one with
sing(X) having measure zero and such that 3\ sing(3) is an orientable hypersurface.
Assume that X is minimal. We say that

(1) X is stable if for any ¢ € C*(X \ sing(X)), Ox(¢) > 0;
(2) X is strictly stable if

inf {Qs(¢) : ¢ € CZ(2\ sing(2)), [[|Ax[oll2s) = 1} > 0.

Definition (1.1) is a generalisation of the definitions of stability and strict stability
given in Section 4 of [9]. Note that strict stability implies stability but the converse
is not necessarily true.

It follows from the definitions and Taylor expansions that any minimising hyper-
surface is stable.

Integrating by parts it is possible to see that
Qs(0) = [ ~Jsoods Vo€ RS\ sing(®))
)

where Jg := Ay + |Ax|? is known as the Jacobi operator of ¥, Ay is the Laplace-
Beltrami operator of 3 and |Ag|? := k% + - - - + k% is the squared norm of the second
fundamental form, or equivalently the sum of the squared principal curvatures of >.
A distributional solution ¢ to the Jacobi equation

Jedp =0 (1.4)

is known as a Jacobi field of 3. We are also interested in Jacobi fields which are not
necessarily smooth, for instance unbounded Jacobi fields, even on smooth minimal
hypersurfaces (see Section 5).
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As mentioned above, a minimal hypersurface is not necessarily a minimiser of the
Area functional. For this reason, it is worth introducing the concept of Area min-
imising hypersurfaces.

We define the perimeter of a measurable subset £ C RY*! in an open set ) ¢ RV*!
as

Per(E, Q) := sup {/ divY d¢ : Y € O2(Q, RV Y] < 1}. (1.5)
E

If E has smooth boundary OF, it follows from the Divergence Theorem that Per(F, Q)
coincides with the N-dimensional Hausdorff measure of OF N (). However, the defi-
nition in (1.5) allows us to treat the case of sets £ with non-smooth boundary JF.

Assuming, without loss of generality, that 0 € OF, we define area minimising
hypersurfaces as follows.

Definition 1.2. We say that ¥ := OF is an area-minimising (or minimising) hy-
persurface if for any p > 0 and for any smooth set F C RNT such that F\B,(0) =

E\B,(0),
Per(E, B,,(0)) < Per(F, B,,(0)).

In view of Definition 1.2, Area-minimising hypersurfaces are true minimisers of
the Area, so that, if they are regular enough, they are minimal hypersurfaces too,
while the converse is not necessarily true.

A hypersurface C C RY¥*! is said to be a cone if there exists yo € C such that
y € Cif and only if (y — yo) + yo € C, Vr > 0.
Assuming, up to a translation, that yy = 0, any cone can be written as
C={r0: 0l r>0},

where I' = CNSY is a suitable (N —1)-dimensional hypersurface in the N-dimensional
unit sphere SV.

It is known that there are no singular minimising cones of dimension N < 6 (see
[3, 11, 23]), while such cones do exist in higher dimension. For instance the Lawson
cone

Coum = {(2,9) ER" xR": (n—1)|z|* = (m — 1)|y|*}, m,n > 2

is area minimising provided m +n > 9 or m +n > 8 and m,n > 3, while Cy ¢ and
Cs .2 have zero mean curvature everywhere, except at the origin, but they are not area
minimising. This result was proved in [10] using some previous results by |7, 15, 20].
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Let
C:={rf:0cT,r>0} c RV
be a minimal cone and let
A <A <A<l

be the eigenvalues of —Jp in H(T"), where Jr := Ar + |Ap|? is the Jacobi operator of
I, given by the sum of the Laplace-Beltrami operator Ar of I and the squared norm
| Ar|? of the second fundamental form of I" as a hypersurface of SV. It is known that
a minimal cone C' is stable if and only if

(H)Q + X >0. (1.6)

2
If (1.6) is satisfied, we set Ay := 4/ (%)2 + Xo. In particular, C' is strictly stable if
and only if Ag > 0. (See [14] and [9]). We will see in Section 2 that Ay < 0.

In this paper we consider minimal hypersurfaces which are asymptotic to some
fixed cone C.

Theorem 1.1 ([14]). Let N > 7. Assume that C C RYT! is a minimising cone.
Then there exist exactly two oriented, embedded smooth area minimising hypersur-
faces ¥* C RN+ such that

(1) % are asymptotic to C at infinity and do not intersect C.
(2) dist(X*,{0}) = 1.

Moreover, the Jacobi field y- vs+(y) never vanishes.

Assumption (1.6) is fulfilled, for instance, by the Lawson cone C,,, for m,n >
2, N+1=m+n>8, since \y = —(/N — 1), hence

[

This shows that these cones are strictly stable.

Such cones enjoy some specific symmetry properties. Let us make this statement
precise. Given a subgroup S of O(N+1), we say that a hypersurfaces ¥ is S-invariant
if for any y € ¥ and for any p € S, we have p(y) € ¥. Using this language, the
Lawson cone is O(m) x O(n)-invariant. Setting

E;—Lm ={(z,y) eR" xR": £ ((m —D|y]* — (n — 1)|x]2) > 0},

we have the following result.
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Theorem 1.2. [4] Let m,n > 2, m +n > 8. Then there exist exactly two smooth
minimal hypersurfaces Zi’n C Ex  satisfying that

v

(1) X . are asymptotic to Cp,,, at infinity.

(2) dist(S;,,. {0}) = L
(3) X%, are O(m) x O(n)-invariant.

Moreover, the Jacobi field y- uznim(y) never vanishes.

Theorem 1.2 is stated in [4] as a generalisation of Theorem 1.1 of [5]. The proof of
Theorem 1.2 relies on the constructions in [1, 4, 14, 16, 22|. When either m,n > 3
with m+n = 8 or m,n > 2 with m+n > 9, the Lawson cone C,, ,, is area minimising.
Thus, in either case Theorem 1.2 is a particular case of Theorem 1.1. On the other
hand, when either m = 2 and n = 6 or m = 6 and n = 2, the Lawson cones Cs ¢ and
Cs 2 are strictly stable but not area minimising and in this sense Theorem 1.2 com-
plements the statement of Theorem 1.1. We remark that in R¥*! with N +1 > 8,
the problem of existence of minimising cones of codimension 1, which are not Lawson
cones is an interesting, but difficult open problem.

Each of the hypersurfaces mentioned in Theorems 1.1 and 1.2 has a positive Jacobi
field given by y € ¥ +— |y-vs(y)|. As observed in Remark 2.1 of [4], this implies their
stability. However, this is not enough to prove their strict stability. In this work we
prove the strictly stable character of these hypersurfaces.

Next, we discuss a maximum principle and an injectivity result for the Jacobi op-
erator of smooth minimal hypersurfaces which are asymptotic at infinity to a stable
cone. These two results hold in particular for the Jacobi operators of the hypersur-
faces constructed in Theorems 1.1 and 1.2. Nonetheless, we stress that our results
hold for more general hypersurfaces (see Section 3).

We will see that the strict stability of the asymptotic cone implies the strict stabil-
ity of the hypersurface, at least in the case of the Lawson cones C,, ,, when m+n > 8.

Theorem 1.3. The hypersurfaces constructed in Theorem 1.2 are strictly stable.

Then we will consider hypersurfaces which are asymptotic to a fixed Lawson cone
in lower dimension, so that condition (1.6) is not satisfied.

Theorem 1.4 ([1, 16]). Let m,n > 2, m +n < 7. Then there exists a unique
complete, embedded, O(m) x O(n) invariant minimal hypersurface ¥, , such that
(1) X, is asymptotic to the cone Cy,,, at infinity,
(2) X intersects Cy, p, infinitely many times,
(3) Xy meets R™ x {0} orthogonally,
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(4) dist(Emn, Cpp) = 1.

For such hypersurfaces it is relevant to compute the Morse index, defined as

Morse(X) := sup{dim(X) : X subspace of C°(X\sing(X)) : Oxs(¢) <0, V¢ € X\{0}}.
(1.7)

It follows from the definition that Morse(X) = 0 if and only if ¥ is stable. For our

hypersurfaces we have the following result.

Theorem 1.5. The hypersurfaces constructed in Theorem 1.4 have infinite Morse
index.

Theorem 1.5 shows that these hypersurfaces are far from being stable. Roughly
speaking, the stability properties of the cone are preserved when passing to the as-
ymptotic smooth minimal hypersurface.

Moreover, we are interested in classifying the bounded Jacobi fields of our hyper-
surfaces, that is bounded solutions to the Jacobi equation (1.4). Since the zero mean
curvature equation is invariant under translations, rotations and dilations, if we con-
sider a normal variation such that, for any € € (=4, 6), 3. is a translated, rotated or
dilated copy of 3, we have Hy_ = 0 for any ¢ € (—6,6). Keeping the above notations
and differentiating in ¢ we have

d
O - d_ HEE - ngb
€le=0
(see [17]), thus there are at most w + N + 2 linearly independent Jacobi fields

coming from such geometric transformations. These Jacobi fields and their linear
combinations are called geometric Jacobi fields and the vector space of such Jacobi
fields will be denoted by G(X). We note that the dimension of G(X) can be strictly

less than YD 4 N4 2 in case & enjoys some symmetry properties. The Jacobi fields

2
coming from rotations constitute a subspace of dimension at most NN and are
unbounded (or trivial), so that the space of bounded geometric Jacobi fields has di-
mension at most N +2. In fact, it is generated by the Jacobi fields {vs(y)- €; 1<i<n+1
associated to translations and by the Jacobi field y- vs(y) associated to dilation pro-

vided it is bounded.

Definition 1.3. A minimal hypersurface ¥ C RY*! is said to be nondegenerate if
all its bounded Jacobi fields are geometric.

This definition was given, for instance, in [12] for the Costa-Hofmann-Meeks sur-
faces.
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Since we are often interested in hypersurfaces enjoying some symmetry properties,
we introduce the concept of S-nondegenerate hypersurface.

Definition 1.4. Let S be a subgroup of O(N+1) and let ¥ C RN+ be an S-invariant
mainimal hypersurface.

o We say that a function ¢ : X — R is S-invariant if o p = ¢, for any p € S.
o We say that X is S-nondegenerate if all its bounded S-invariant Jacobi fields
are geometric.

We note that nondegeneracy implies S-nondegeneracy, while the converse is not
necessarily true.

We have nondegeneracy results for our hypersurfaces.

Theorem 1.6. (1) The hypersurfaces constructed in Theorem 1.2 are nondegen-
erate.
(2) The hypersurface ¥, , constructed in Theorem 1.4 is O(m)xO(n)-nondegenerate,
for anym,n>2 m+n<7T.

We will actually prove more. We will see that the bounded Kernel of the Jacobi
operator of X exactly has dimension N + 2 if ¥ := Eﬁm is one of the hypersurfaces
constructed in Theorem 1.2. More precisely, there is an O(m) x O(n)-invariant Jacobi
field coming from dilation, given by the non-sign changing function y — y-vs(y),
and N + 1 linearly independent Jacobi fields coming from translations which do not
enjoy such a symmetry property (see Theorem 5.1 below). For the hypersurfaces
constructed in Theorem 1.4, we prove that the space of bounded O(m) x O(n)-
invariant Jacobi fields has dimension 1 and it is generated by the Jacobi field coming
from dilations (see Theorem 5.2).

Remark 1.1. In particular, the strict stability proved in Theorem 1.3 does not ex-
clude the existence of nontrivial bounded and even decaying Jacobi fields. It just
rules out the existence of nontrivial too fast decaying Jacobi fields. More precisely,
it excludes the existence of Jacobi fields in the space X defined in (4.1) (see also
Theorem 5.1 below).

The plan of the paper is the following. In section 2 we introduce some basic notions
and notations, in section 3 we prove an injectivity result for the Jacobi operator of
a large class of minimal hypersurfaces which are asymptotic to a stable cone at
infinity, including the ones mentioned in Theorems 1.1 and 1.2, in Section 4 we prove
Theorems 1.3 and 1.5 about the stability properties of our hypersurfaces and section
5 will be devoted to nondegeneracy results, that is the proof of Theorem 1.6.



THE JACOBI OPERATOR OF SOME SPECIAL MINIMAL HYPERSURFACES 9

2. PRELIMINARIES AND NOTATIONS

In this paper we say that a hypersurfaces ¥ C RV*! is asymptotic to a cone
C:={r0:0cT,r>0}c RV

if, outside a compact set, X is the normal graph of a smooth decaying function over
C. More precisely, we introduce the following Definition.

Definition 2.1. We say that % is asymptotic to C if there exists R > 0 such that
Y = KpUSg,
where
Yp:={r0+w(r,0)vc(d): 6 €T, r > R}, (2.1)
ve(0) = ve(rb) is a choice of normal vector to C, which is actually independent of r

due to homogeneity, w : (R,00) x I' = R is a smooth function decaying as r — oo,
uniformly in @ € T', and Kg := ¥\Xg is compact.

In |2, 21| the authors give a more abstract definition of hypersurface asymptotic
to a cone. However, they actually show that the two definitions are equivalent. See
[14] page 105 and the citations there.

In case C' C RY*! fulfils (1.6), or equivalently C is stable, the decay rate of w is
discussed in Theorem 4.2 of [19]. More precisely, we have the following result.

Theorem 2.1 ([19]). Let C C RNt be a stable cone. Let X be a minimal hypersur-
face which, outside a compact set, is the normal graph over C' of a smooth function
w: (R,00) x I' = R which never vanishes and w(r,0) — 0 as r — oo, uniformly in
0 € I'. Then, in the above notations, we have

w(r,0) = (blogr 4+ a)r~ "2z A1 + O(r~%)) (2.2)
w(r,0) = ar~"7 M1+ 0(r?)) (2.3)

as v — oo uniformly in 6 € T, for some § > 0, where a # 0 and b = 0 unless
Ao = 0.These relations can be differentiated.

Theorem 2.1 applies to the hypersurfaces constructed in Theorem 1.1 if (1.6) holds
and to the hypersurfaces constructed in Theorem 1.2, since the Lawson cone C,,
fulfils (1.6) for any m,n > 2, m+n > 8.

Remark 2.1. If 3 is one of the hypersurfaces constructed in Theorem (1.2), then
Theorem (2.1) holds with b =0, because

(?)ZAO: (%)2—(1\[—1»0
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since N > 7.

The next Lemma shows that the result of Theorem 2.1 is consistent with the
assumptions, that is the function w is actually decaying at infinity, at least if the
cone C' is not RY, or equivalently if I" is not an equatorial sphere.

Lemma 2.1. If (1.6) holds and T is not an equatorial sphere, then in the above
notations we have —% + Ay < 0.

Proof. Tt is enough to prove that A\g < 0. In fact, using the variational characterisa-

and taking the constant function ¢ = |['|71/% € H1 ), where |T'| is the (N — 1)-
dimensional Hausdorff measure of I', so that ||¢||,2(ry = 1, we can see that

| Ap|?
T

More precisely, we have \g < 0, since |Ar|*> # 0. In fact, if we assume by contra-
diction that |Ar|? = 0, all the principal curvatures k; of T', seen as a submanifold
of SV, are identically zero. This yields that the differential of the Gauss map van-
ishes identically, so that the normal vector field is constant. This implies that I' is
contained in the intersection between S¥ and a hyperplane of dimension N, that is
a sphere of dimension N — 1. Since I' is minimal, then it is an equatorial sphere, a
contradiction. O

Ao

IN

do < 0.

The asymptotic behaviour of the functions defining the hypersurfaces constructed
in Theorem 1.4 is given by the following Theorem, which follows from Propositions
3 and 5 of [16] and page 106 of [14].

Theorem 2.2. Let m,n > 2 with N +1 =m+n < 7. Let ¥ := X,,, be one
of the hypersurfaces constructed in Theorem 1.4. Then, outside a compact set, X
is the normal graph over the Lawson cone C,,, of a sign-changing smooth function

w: (R,00) x ' = R such that w(r) = O(r~"2) as r — oo, uniformly in 6 € T.

Introducing an Emden-Fowler change of variables » = e* on the cone C| for t € R,
any parametrisation Fy : Q@ C R¥=! — I' of I induces a parametrisation on Y given
by

F(t,9) := " Fy(V) + w(e®, Fo(9))ve(Fo(9)) V(39,t) € QX (tg,00),
which is associated to a metric given by the corresponding first fundamental form
G = (Gij)ij, where
;= 0;F-0;F, 1<i,j <N
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We note that, In view of Theorems 2.1 and 2.2, there exists v < 0 such that

w(r,d) = o(r?) T — 00, (2.4)
uniformly in § € I' and this relation can be differentiated, so that
G = (1 + o™V (do? + dt?), as t — 0o (2.5)

where di? is the differential form coming from the metric induced on I' by Fy. This
holds true for the hypersurfaces mentioned in Theorems 2.1 and 1.4.

In the sequel, g will denote the extension of g to a Riemannian metric on the whole
3. Tts inverse will be denoted by ¢ := (¢7');;. Given a function u € C*(X), its
gradient Vyu is the vector field whose components are

u' = (Vyu)' = ¢ 0;u (2.6)
so that B
Vsu- Vv = (uFOLF)- ('O F) = g 0ud;v. (2.7)
Given a vector field v € C1(X, RY), its divergence is given by

dive = ——a,(+/Iglv") (2.8)

Vgl

so that, if u € C?*(X), its Laplace-Beltrami operator is given by
1
\/ﬁ@'( 919" Oju). (2.9)

We will be particularly interested in O(m) x O(n)-invariant hypersurfaces. This is
the case for instance for the hypersurfaces constructed in Theorems 1.2 and 1.4.
Denoting the points by € = (z,y) € R™ x R* = RN+ m_ n > 2, and setting a := |z|
and b := |y|, such hypersurfaces can be represented by a curve (a(s),b(s)) in the
quadrant

Asu = div(Vygu) =

{(a,b) e R*: a >0, b>0}.
In other words, ¥ can be represented as
¥ = {(a(s)x,b(s)y) ER™ xR": s >0, x€ S ye "1}

where a and b satisfy the equation

/ al

which is equivalent to the zero mean curvature equation Hy, = 0, and (a’)?+(V/)? = 1,
which guarantees that the curve (a,b) is parametrised by arc-length. The Jacobi
equation

b
_al/b/_|_a/b//+ (m_ 1)5

o= f (2.10)
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reduces to
1 1
?Asmflv + b—2Asnflv + 0550 + a(8)0sv + B(s)v = g,
where ¢(y) = v(s,%,y) and f(y) = g(s,%,y), with y = (a(s)x, b(s)y) € & and

o) == (m =D =D Bs) = |As)P

Introducing an Emden-Fowler change of variables e’ = s and v(s) = p(t)u(t), where

p(t) = exp (— /Ot%m) , (2.11)

the corresponding equation for u is given by

Opu+ V(tu = g(t), (2.12)
with
g —e—Qt et '—@ ale)et — % e p(et
g(t) = p(t)g( ), V()= p + (afe)e’ — 1) » T B(e’). (2.13)

For the complete computations we refer to [5, 4]. We stress that t denotes the
Emden-Fowler variable along the cone C' while ¢ denotes the Emden-Fowler variable
along ¥, defined in case ¥ is O(m) x O(n)-invariant, that is, in our paper, for the
hypersurfaces constructed in Theorem 1.2 and 1.4.

3. INJECTIVITY RESULT

In this section ¥ will be a minimal hypersurface asymptotic to a cone C' at infinity
(see Definition 2.1). Introducing the change of variables

N-—2
o(y) =y~ 2 uly) VyeX\{0}
and defining the operator
L= [y aiv(y Y Vsu) + (JyPAs + [y As(lyl ) w,

where Vy and Ay, are the gradient and the Laplace-Beltrami operator with respect
to the metric g defined in Section 2, we can prove the following Lemma.

Lemma 3.1. Let f € CP (X)) and ¢ € C? (X). Then the Jacobi equation (2.10) is
satisfied in o \ {0} if and only if uw and f fulfil

Lu = |y|¥f for a. e. y € ¥\ {0}. (3.1)
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Remark 3.1. The advantage of the change of variables performed in Lemma 3.1 is
that, due to (2.5), the operator L is asymptotic to a product operator as t — 0.
More precisely, setting

U(y) = ﬁ(tae) Vy =€ + U)(et,e)l/c(e) € ZR,

we have
~ ~ 2 N_2 2 ~ ~ ~ ~
Lu(y) = Ot + Arta+ | |Ar|® — 5 u+ Ru =: Lu + Ru, (3.2)
where
Ri| < ce Vo (|a|+[0, ]+ |Vra|+ |0l +|VEE| +[0:, Vra]) Y (t,6) € (to,00) xT

(3.3)
for any u € W22(Z) and to > 0 large enough, since |y|> = e** + w?(e*,0) and (2.4)
18 satisfied. This turns out to be very useful to prove the maximum principle outside
a compact subset of 2 (see Lemma 3.5 below) and to apply the theory in [18|, which
leads to prove the existence of a right inverse of the Jacobi operator in some suitable
function spaces. We note that R =0 if ¥ = C is a cone.

Proof. Multiplying by |y|_¥, equation (2.10) is equivalent to

N+2 N+2

| Js(y| = ) = |yl 7S (3.4)

In fact, a computation shows that

N2 N2 N2 N2 N2 N2
|72 Iy~ 2 u) = |y (Asu+ [As[u) +2)y| 2 Vs(ly|~ 2 ) - Vsu+y| 2 As(ly|~ 72 Ju=

= lyP(Asu+ | AsPu) + (2 = Nyl Vslyl- Vou+[y]™F As(lyl ™ u,
On the other hand, it is possible to see that

. - ly[™ vt ij

= y[PAsu+ [y|N g ou(|y>N)0u = (39)
= |y*Asu+ (2 — N)|y|Vsly|- Vsu
so that
"% Js(ly|~ 7 w) = Lu. (3.6)
[l

First we take f = 0 and prove injectivity results in suitable spaces, which will be
applied to prove strict stability and to classify bounded Jacobi fields.
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Given a minimal hypersurface ¥ C R¥*! asymptotic to a cone C' at infinity and
§ € R, we introduce smooth weights I'; : 3 — (0, 00) defined by T's(y) := (1 + |y|)°,
which in particular satisfy I'_; = I';! for any § € R and 'y = 1. We define the
weighted spaces

_ N _ _
LA(S, |y ™) o=y 2 LX) L3S |y ™) = TsL*(Z, |y ) (3.7)
and
WS, [y ™Y) = {u e WAE) : |yl |V | € LA, [y ), 0 < j < £}, gf{ﬁﬁ
3.8

with norms
N
lull L2z -~y = Nyl 2 Tosullz2s)
and

4 2
HWWWMM:<Mm@WM+ZMWW@M%me, e 1,2}

j=1
In these notation, the operator £ can be seen as an operator between weighted spaces
As 1 LE(S, [y ™) — L3S, lyI7),

u— Lu (39)

with dense domain W;*(Z, |ly| =), which will be shown to be injective for some val-
ues of 9.

In the sequel we will denote the Jacobi field coming from dilations by ((y) :=
y-vs(y).
Remark 3.2. Let C C RY*! be a stable cone and let ¥ be a minimal hypersurface
asymptotic to C' which does not intersect C.
(1) If Ao > 0, then we have either

—2

C(y) =clyl T (1 +0(1) |yl = oo (3.10)

C) =y~ (1 +0(1) |yl = oo (3.11)

for some constant ¢ € R\{0}.
(2) If Aoy =0, then

N-2
0<er <yl 7 [C(y)| <cloglyl  for |yl > R, (3.12)

for some C1, co, R > 0.
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This is true since
C(y) = r20.(r~tw) + O(r~Pw), as r — oo,

where y and r are related through the relation y = r0+w(r,0)ve(y), (r,0) € (R, 00) X
[, w is the function whose normal graph is 3 and § > 0 (see Theorem 2.1 Remark
2.2 in [14]). We note that such a Jacobi field does not vanish a compact subset of X.

We set
v:=inf{r € R: limsup |y|™"|¢(y)| = 0}.
ly|—o0
and § = % + v. By Remark 3.2 if ¥ is asymptotic to a stable cone C' and does
not intersect it, then ¥ is well defined and [5] = Ay > 0.

Lemma 3.2. If X is a stable minimal hypersurface asymptotic to a cone C', then C
15 stable.

Proof. 1f we assume by contradiction that C'is unstable, then there exists a function
¢ € C(C\sing(C)) such that Qc(¢) < 0. Introducing a small scaling parameter
e > 0, by homogeneity it is possible to see that the new function ¢.(r, ) := ¢(er, 0)
fulfills

Qc(¢e) = €7 Qe(9) < 0.
This shows that for any € > 0, there exists a function ¢, € C2°(C\sing(C')) supported
in X1 such that Q¢ () < 0.

Since ¢ has compact support, we can fix R > 0 such that ¢(r,0) = 0 for r > R.
We set ¢ (y) := ¢c(r,0), where

y =10+ w(r 0)vc(0) € Lg.

—2

Setting . (y) = \y[’NTue(y), we note that
Qs(p) = [ Lyl Vo =
)

= /d&/ —Lucu (1 + o.(1))dtds =
T log R

- / Jedebe(l + 0,(1))doe <0,
C

where the operator L is defined in Remark 3.1 and do¢ is the volume element of the
cone, since L fulfils

/—Jc¢¢dac = /d&/ —Luudtds Vo € C°(C\sing(C)),
C T log R
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where ¢(r,0) = e~z tu(t, ). This shows that ¥ is unstable, a contradiction. [

According to the properties of the Jacobi fields coming from dilations, we have an
injectivity result for Ay if ¥ is stable.

Proposition 3.1. Let X be a stable minimal hypersurface asymptotic to a cone C
which does not intersect C. Then As is injective for any § < 9.

Proposition 3.1 will be proved below. One of the purposes of this paper is to apply
Proposition 3.1 to the hypersurfaces constructed in Theorems 1.1 and 1.2. In order
to do so we introduce the concept of strictly area minimising cone.

Definition 3.1. We say that a cone C C RNTL is strictly area-minimising (or strictly
minimising) if there exists a constant K > 0 such that, for any € > 0 small enough

Area(C N By) < Area(S) — Kev,
for any hypersurface S C RN\ B, such that S =T .

It is proved in [15] that the Lawson cone C,,, is strictly area minimising for
m,n > 3 with m+n =8 or m,n > 2 with m +n > 9. As we mentioned in the
introduction, the cones Cy ¢ and Cp 5 are not minimising, so in particular they cannot
be strictly minimising.

Proposition 3.2. (1) Let ¥ be one of the hypersurfaces constructed either in
Theorem 1.1 with the assumption that C' is strictly area minimising or in
Theorem 1.2. Then 6 = Ay and hence Ay is injective for § < Ay.

(2) Let 2 be one of the hypersurfaces constructed in Theorem 1.1 with the as-
sumption that C is minimising but not strictly. Then 6 = —Ay and hence As
is injective for 6 < —Ay.

Proof of Proposition 3.2. If ¥ is one of the hypersurfaces constructed in Theorem
1.1, then in particular it is stable and it does not intersect C.

If Ay > 0, due to Remark 3.2 and Theorem 3.2 of [14], the Jacobi field ((y) :=
y-vs(y) fulfils (3.10) if C is strictly minimising, so that § = A, or (3.11) if C' is min-
imising but not strictly, so that 6 = —Ay. Hence the result follows from Proposition
3.1

If Ay = 0, then Remark 3.2 yields that § = 0, therefore the result follows once
again from Proposition 3.1.

If 3 is one of the hypersurfaces constructed in Theorem 1.2, then it is stable, be-
cause it has a positive Jacobi field, and it does not intersect the asymptotic cone C, ,,.
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Moreover, by Remark 3.2 we have § = Ay = \/(¥)2 —(N—=1)>0if Cp,, is
strictly minimising, which is the case for m,n > 2 with N+1 =m+n > 9 or
m,n > 3 with N +1 =m + n = 8§, thus, for such values of m and n, the conclusion

follows from Proposition 3.1.

It remains to treat the cases m = 2, n = 6 and m = 6, n = 2. In such cases we

will see in Section 5 that § = Ag = \/(¥)2 — (N —1) > 0 as well (see Proposition

5.1) and Remark (5.2), which concludes the proof, due to Proposition 3.2.

O

Roughly speaking, if the asymptotic cone is strictly area-minimising, we have a
better injectivity result, since we have injectivity on a space of functions with slower
decay at infinity.

The remaining part of the Section will be devoted to the proof of Proposition 3.1.
For this purpose, we set

N —2\?
Aj;:\/(T) +,  J>0,

where \g < Ay < -+ < A\; = oo are the eigenvalues of —Jp. Note that A; are
nonnegative real numbers for any j > 0 provided (1.6) holds, actually positive for
j > 1. The numbers +A; are known as the indicial roots of X.

The proof of Proposition 3.1 relies on Lemma 11.1.4 of [18|, which can be used to
prove the following result.

Lemma 3.3. Let §,8' € R\ U {££A;} with &' < 8. If u € Wy (2, |y|~N) is such
that Lu = 0 and there are no indicial roots in (8',0), then u € Wo*(%, [y|~N).

Proof. The proof is very similar to the proof of Lemma 11.2.1 of [18|, however, for
the sake of clarity, we give the outlines. Setting, for R > 0 large enough,

u(y) =u(t,0) Vy=-e"0+w(e, 0)ve() € Xg

and taking a smooth cutoff function x : R — R such that x = 0 in (—o0,log(R+1))
and x = 1 in (log(R + 2), 00), we can see that

L(x@) = —xRi + 20y X Opi + 10y x € €T VLT x R).

Recalling that v < 0, applying Lemma 11.1.4 of [18] and denoting the eigenfunctions
of —Jr = —(Ar + |Ar|?) by ¢;, we have
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with § = min{d",§ +~ — 1} and o~ € W22(I" x (R, 0)). Using that there are no
indicial roots in (&', ), we conclude the proof. O

Lemma 3.3 gives an improvement of the decay of the solutions to Lu = 0, which
correspond to the Jacobi fields of ¥, thanks to Lemma 3.1. It is similar to Lemma
11.2.1 of [18], however it is not exactly the same since condition 8.1 of [18] is not
fulfilled here.

Moreover, we need a result about the pointwise decay of the Jacobi fields.

Lemma 3.4. Let ¥ C RY*! be a minimal hypersurface asymptotic to a cone C
at infinity. Let § € R and let u € Wy*(3,|y|™N) be such that Lu = 0. Then
u e CH(X), for some a € (0,1), and

loc
u)l <c(l+yl)’  Vyex (3.13)
for some constant ¢ > 0.

Proof of Lemma 3.4. In order to prove our claim, we write, for R > 0 large enough,
u(y) =u(t,0)  Vy=e0+w(e,0)vc(d) € Zp.

and note that, in the notations of Remark 3.1, taking a smooth cutoff function
X : R — [0, 1] such that xy =0 in (—o0,log(R+ 1)) and x = 1 in (log(R + 2), ), we
have

L(iix(t)e ) = —e "y ()Rt + 20, 1dx (x(t)e ™) + @dhs (x(t)e ")

in R x I'. Using the elliptic estimates (see [13]) and the fact that u € Wi*(Z, [y| V),
which is implies that ax(t)e™®* € W22(R x I'), a bootstrap argument shows that
ix(t) € W2I(R x I) for some ¢ > N, which yields that @y (t)e % € CH*(R x T') for

loc
some a € (0,1) and @x(t)e™t is bounded. Moreover, the elliptic estimates applied

to ¢ = \y|’¥u on the compact set Kpr o show that ¢ is bounded in Kg,o, so in
particular (3.13) holds. By the Holder elliptic estimates (see [13]), it is possible to
see that Gy (t)e % € C2%(R x I'), which yields that u € C2¥(%).

The estimate follows directly from the H older regularity since the constants in the
estimates do not depend on the center of the ball. 0

Furthermore, we need a refined version of the maximum principle on an unbounded
domain of ¥, which parallels the maximum principle for possibly unbounded domains
of RY proved in [6].

Lemma 3.5 (Maximum principle in possibly unbounded domains of Xg). Let C' C
RN*L be a stable cone and let X be a minimal hypersurface asymptotic to a cone C.
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Then there exists Ry > 0 such that, if R > Ry, Q0 C Xg is open (not necessarily
bounded) and u € C*(Q) satisfies either

lu(y)| < clyl®, for some 6 < Ag if Ag >0, or

u(y)| < cllog|y])?  for some B € (0,1) if Ag = 0 (3.14)

and
—Lu<0 mn

u <0 on 0f).
then u <0 in Q.
We note that, in the statement of the maximum principle, we do not need XNC' = ()

and condition (3.14) is relevant in case € is unbounded, otherwise it is trivially
satisfied.

Proof. First we construct a smooth function ¢ > 0 such that —L¢ > 0 in Xz and
¢(y) — oo as |y| — oo. For this purpose, if Ag > 0, we choose a € (§,Ag), we
consider a solution gy > 0 to the eigenvalue problem —Jrpg = Aoy in I' and set

o(y) = o(t,0) == e v(0) > 0, y=e"0+w(e*, 0)vr(h) € Xg.
By the decay of w as r — oo and Remark 3.1, we have

2
—£¢ = _AFQE - 8tt§l~§ - ’AF|2§Z~5 + <¥> é_‘_ R(eatgpo) -

N —2\?
= e <—JF<P0 —a’po + (T) Yo + 0(1>900) =

N -2\?
zeat(po ()\0+(T) —Oé2+0<1)> >0

in X provided R > 0 is large enough.

If Ag = 0, the same claim can be proved by setting

o(y) = o(t,0) :==t%0(0) >0, (B 1).
In fact, with this choice we have ¢(y) — oo as |y| — oo and

2
~L6 = ~Brd = O~ |acfot (T3] b ol g =

N —2\?
= —a(a — 1)ta_2900 + <)\0 + <T> ) tag00 + O(ta_2>g00

= —ala — 1)t %py + o(t*?)pe > 0
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in X, for R > 0 large enough.

Then, setting o(y) := %, Vy € Q, and using the behaviour of u as |y| — oo if Q
is unbounded, it is possible to see that
. L Vyo-V
vy Vo) + =L+ 2y
N 3; 2-N
y|Mdiv(|y Vsu 2 U . .
_ b (’Ql ) _ EIyIQVzu- V¢ — pyINle(lyl2 NVs)
Vo> L \Y -V
+2g|y|2| E;b| +—¢E+2|y|2 E(u/¢) E¢
¢ ¢ ¢ ¢ ¢
Lu )
= ? >0 in Xg,
o < 0on 0Xpg.

and limy|,o 0(y) = 0 if Q is unbounded.

Next we prove that ¢ < 0 in Xg. If we assume by contradiction that o has a
positive maximum at some point yo € X, we have

c P
0 < £uln) (g™ div(ly[*"Vzo)) | = lyol*Asc(yo) <0,
¢(Yo) v=Y0

which is a contradiction, hence 0 < 0 in Xg. O

Remark 3.3. In the proof of Lemma 3.5 we see the importance of the change of
variables ¢ = |y|’¥u. In fact the operator L allows us to define the supersolution

¢ as a product of a function on (tg,00) and a function on T

Now we can prove Proposition 3.1.

Proof of Proposition 3.1. (1) First we treat the case Ag > 0.
e In case ¢ fulfils (3.10) and u is a Jacobi field in W;*(%, |y|~") with
5 € (=Ao, Ag), then by Lemma 3.3, u € Wy(S, |y| ™) for any & €
(—Ag, ), so in particular u € WS’Q(E, ly|=™). Moreover, by Lemma 3.4,
u € Cr¥(¥) and fulfils the decay estimate (3.13) for any &' € (—Ay,9).
If § < —Ag, then in particular u € W2(%, |y|~") and it fulfils (3.13),
by Lemma 3.4.
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Since u € WS, [yl ™) € Wy 2(Z, Jy|~N) and X is stable, |u/ is a Jacobi
field too, in fact

O:/—Euu]y|Nda:/—£|u] |y N dor =
> >

= inf {/ —Lvv|y|Ndo : ve WA, \?/|N)} )
2

Here the stability of ¥ plays a crucial role, since it guarantees that the
quadratic form is non-negative.

Hence, by the strong maximum principle, the fact that |u| > 0 implies
that either u = 0, which concludes the proof, or |u| never vanishes in
Y\{0}, thus we can assume without loss of generality that the second
possibility holds. Setting vy(y) := \y|¥\g(y)], we have vy > 0 in Xpg,
provided Ry is large enough, due to Remark 3.2, since ¥ does not inter-
sect C'. Then, for R > Ry large enough, we can choose ¢ = ¢(R) > 0
(small) such that

—L(u—ev) =0 inXp
u—evg > 0 on 0Xpg.

and apply the maximum principle stated in Lemma 3.5 to conclude that
u > evy in Lp. However, this contradicts (3.13), since vo(y) = |y (1 +
o(1)) as |y| — oo

e In case ( fulfils (3.11), we observe that any Jacobi field u € Wi (%, [y| =)
with § < —Ag fulfils u € W*(Z, [y|~N) N C>%(X) and the pointwise
decay estimate (3.13). Then the proof follows the same outlines as

above, that is we compare u with the barrier vy(y) = |y\_¥]§(y)|
and, by the maximum principle stated in Lemma 3.5 we conclude that
u > cvg = cly| (1 +0(1)) in Bk for R > 0 large enough, which contra-
dicts (3.13).
(2) If Ag = 0 and u is a Jacobi field in W;*(Z, |y|~N) with § < 0, then u €
We2(2, |y)~Y) and it fulfils (3.13). On the other hand, taking R large enough
. . . N=-2 .
and comparing u with the barrier vy(y) := |y| 2z |((y)| as above, the maxi-
mum principle in X (see Lemma 3.5) yields that

u(y) >c>0  in g,

for some constant ¢ > 0, a contradiction.
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4. STABILITY PROPERTIES

In this section we will deal with O(m) x O(n)-invariant hypersurfaces. More pre-
cisely, we take m,n € N such that m,n > 2 and such that N +1=m +n > 8 and
we assume that ¥ C RV*! is one of the hypersurfaces constructed in Theorem 1.2.

We consider the space
X :={¢pecHL(D): |[Vso| € L*(), ly| "¢ € L*(2)} . (4.1)
Note that the function y € ¥ +— |y|~! € (0,00) is smooth and bounded, since
dist(3,{0}) =1, and |As|¢ € L*(2), for any ¢ € X, because |Ax|? < cly| 2.
In this section, we prove the following statement.

Proposition 4.1. Let X be one of the minimal hypersurfaces constructed in Theorem
1.2. Then there exists A > 0 such that

/ (IVso|? — |As¢?)do > )\/ |As[*¢*doc V¢ e X.
> 2
In particular, Proposition 4.1 proves Theorem 1.3, since C2°(X \ sing(X)) C X.

Remark 3.3 point (3) of [14] asserts that if X is strictly stable and the asymptotic
cone C'is minimizing, then C' is strictly stable too. Here we prove that the opposite
implication is also true, at least in the case of the Lawson cones, without assuming
that the cone is area minimising.

Proof. Considering the function v : ¥ — R defined by ¢(y) = |y[‘¥u(y) and
setting H := Wy*(3, |y| ), the statement is equivalent to prove that
[Tty = vadol o > o [yl Nao e,
2 )
N42

for some p > 0, where V := |y|2|As | + |y| = Ax(|y|="z").
In other words, we need to prove that

p = inf {/(|Vgu|2\y|2 —VuH)ly|™Ndo - ue H, / w?ly|™Ndo = 1} > 0.
s s

We already know that p > 0, due to the stability of ¥. It remains to exclude the
case = 0. If we assume by contradiction that ¢ = 0, we can find a sequence u, € H
such that Huk]yr%HLz(Z) =1 and

/ (VsuPly? — Vad)ly| N do — 0.
>
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As a consequence wuy is bounded in H, so that it admits a subsequence converg-
ing weakly in H and strongly in L? (¥) to some function v € H, due to Rellich-

loc
Kondrakov’s Theorem. If we assume that there exist R, d, kg > 0 such that, for any

k > ko, we have
/ Ly Ndo > 6> 0, (4.2)
Kpg

we get that u # 0. Moreover, since ¥ is O(m) x O(n)-invariant, |[Ap[> = N — 1 is
explicit, so that there exists R > R such that

V<—% ((?) —(N—l)) <0 on¥p (4.3)

so that
/ —Vaully|™Ndo < liminf/ —Vuily|Ndo
o k—o0 o

by the Fatou Lemma. As a consequence, using the strong convergence in Kz and
the weak lower semicontinuity of the seminorm

ve Hr— / Vs |ly* VN do,
=

and the strong convergence in L} (X)), we get

0< /(‘V2U|2|y|2 — Vu2)|y|_Nda < 1i]£ninf/(|vguk|2]y|2 _ VUi)|y\_Nda — =0,
by —00 >

which yields that

O:/—Euu|y\Nda:inf{/ —Lvvly|Ndo UEH},
5 5

since Y is stable, which yields that Lu = 0. Moreover, since u € L3(%,|y|™Y),
Proposition 3.1 (Ag > 0 and § = 0) yields that u = 0, a contradiction since

/ u?ly| Ndo > § > 0.
Kpg

Therefore (4.2) is false, so that there exists a sequence k; — oo fulfilling

1
up |y Ndo >1 - =.
k]
bp J
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As a consequence, choosing j > R, with R as in (4.3), we have

/ Vsl — Vad)ly| ™ do > / V2l Ndo
b b

:/E‘

J

—Vuz|y|_Ndo+/ —Vui|y|_Nda > c+o(1),
K;

for some constant ¢ > 0, a contradiction. O

Remark 4.1. In the proof of Proposition 4.1 we see once again the importance of the
change of variables ¢ = |y|_¥u, since the potential V' is uniformly positive outside

a compact subset of 2.

Now we will consider the hypersurfaces constructed in Theorem 1.4 and we will
compute their Morse index. More precisely, we will prove the following result.

Proposition 4.2. Let X be one of the hypersurfaces constructed in Theorem 1.4.
Then there exists A > 0 and a linear infinite dimensional subspace X C C°(X) such
that

Qn(6) < —A / AP Vg Ox(D). (4.4)

Proposition 4.2 implies that the Morse index of such hypersurfaces is infinite, so
that Theorem 1.5 is true.

Proof. Since ¥ = %, ,, is asymptotic to the Lawson cone C), ,, at infinity, then it is
enough to find a subspace Y of compactly supported functions on the cone vanishing
on a sufficiently large ball such that

Q.. () = / (Ve — [Ac,. 2% < —A / e, P Ve

m,n Cm,n
(4.5)
In order to do so, we consider the eigenvalues problem on the cone
N -1 N -1 N -1
Prr + TSOT + r2 ¥ = A r2 ¥ (46)

for A > 0 given. The purpose is to show that, for 3 < N < 6 and A > 0 small enough
(depending on N), there exists a solution which, outside a compact set, changes sign
infinitely may times.

First we look for polynomial solutions of the form o(r) := 7%. A computation
shows that ¢ is a solution if and only if

ﬁzﬁi:=—¥i\/(¥)2—(N—1)(1—A).
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Since we are interested in oscillating solutions we want

—A*(\,N) = (%)2 ~(N-1(1-X)<0

Since we want to solve the problem with A > 0 and 3 < N < 6, this is possible if

O<A<A0(N):ﬁ<N—1—<¥)2>.

The corresponding solutions read

N-2

w(r) =1r""2 (cos(A(A, N)logr) £ isin(A(\, N)logr)).

Taking, for example, the real part of ¢, we have the required solution

N-2

o(r):=r""2 cos(A(\,N)logr),
which vanishes on a sequence r, — 0o. Setting ¢y, := Xjrre,a)(7)@(r) and
Y = span{epy : k > ko},

we have the required space of functions fulfilling (4.6). Since the functions ¢ have
disjoint supports, then Y has infinite dimension. Approximating ¢y in the H*(0, 0o)-
norm by smooth functions @ : (0,00) — R supported in (rg,7541) and setting
or(y) = Pr(s), for y = (a(s)x,b(s)y) € X, we have the statement. O

Proposition 4.2 actually proves more than Theorem 1.5.

Given a subgroup S C O(N + 1) and an S-invariant minimal hypersurface 2, we
define the S-invariant Morse index of ¥ as

Morse(%, S) := sup{dim(X) : X subspace of C2°(%,S): Ox(¢) <0, Vo € X\{0}},

where C2°(X, S) is the subspace of S-invariant compactly supported smooth functions
on . We note that

Morse(%,S) < Morse(%). (4.7)
Remark 4.2. The proof of Proposition 4.2 actually shows that the hypersurface 3, ,,

constructed in Theorem 1.4 actually has infinite O(m) x O(n)-invariant Morse indez,
for any m,n > 2 withm+n < 7.
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5. NONDEGENERACY

Here we consider one of the hypersurfaces constructed in Theorem 1.2, which is
O(m) x O(n)-invariant and asymptotic to C,, ,, at infinity, with m, n > 2, m4+n =
N +1 > 8, and we give a complete characterisation of the bounded Kernel of its
Jacobi operator Jy, = Ayx + |Axg|?. We will see that the strict stability of 3 plays a
crucial role.

Theorem 5.1. Let X be one of the hypersurfaces constructed in Theorem 1.2. Then
the space K(X) of bounded Jacobi fields of 3 can be written as

K(X) =T @ span{y- vs(y)},

where T is an (N +1)-dimensional subspace of non O(m) x O(n)-invariant functions.
Moreover, the Jacobi fields in K(X) are smooth.

Remark 5.1. e In particular, dim(K (X)) = N + 2.
e The Jacobi fields in T correspond to translations, that is

T ={vs(y)-a: ac RV}

In fact the space {vs(y)-a: a € RN} C K(X) has dimension N + 1. Also,
the O(m) x O(n)-invariant Jacobi field y-vs(y) € K(X), which is induced by
the dilations of 33, does not belong to {vs(y)-a: a € RN}

e Moreover, all these Jacobi fields are geometric, hence Theorem 5.1 implies
Theorem 1.6, case (1).

Since the hypersurface ¥ | can be obtained by 3, m through an orthogonal trans-
formation o € O(N + 1), namely

E:Z,n =0 (Z,m); o:(z,y) e R" X R" — (y,z) € R" x R™,
we can restrict ourselves to consider Y := X and consider all the possible cases
for m,n. We use the notation y := (a(s)x,b(s)y) € ¥ = ¥, ,, introduced in Section

2.
We consider an orthonormal basis {u; }ieny of L?(S™!) consisting of eigenfunctions of
—Agm-1 and an orthonormal basis {v;};en of L*(S"!) consisting of eigenfunctions
of —Agn-1. We denote the corresponding eigenvalues by p* and p}' respectively,
being

O:,ué<ul1§---§uﬁ—>oo 1 — 00, [ =m,n.

ph = 0 is simple. p! = --- = pul =1 — 1. These eigenvalues are considered with
repetitions.
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Using a formal Fourier expansion

o5 y) = Y o) ()= [ dlsxyuboy)dsdy

,j=1

it is possible to see that ¢(y) := ¢(s,x,y) is a Jacobi field of ¥ if and only if

0ss0ij + (8)0sij + <5(s) LA

a?(s) b2(3)> ¢ij = 0 Vi, j >0 (5.1)

Introducing an Emden-Fowler change of variables s = e’ and writing ¢;;(s) =
w;;(t)p(t), where p is defined in [5] and recalled above in (2.11), the equation for
Wsj is

i 1y -
attU)ij + ‘/Zj(t>w1] = 07 V;J<t) = V(t) - (ag(et) + b2(]6t)) €2t7 1] 2 0 (52)

where V' is the potential defined in [5] and recalled above in (2.13).

In order to study equations (5.2), we need the following general Lemma.
Lemma 5.1. Let A > 0 and V € C(R) be a potential such that
V() + M| < ce™ fort <to,n>0,c>0 (5.3)

Then the equation
admits two linearly independent entire solutions w* such that

(1) if A >0, we have w® ~ M, diw ~ £ as t — —oo. More precisely, the

remainder fulfills

Cemin{Q)\,r]}t Zf 22 7& n

vV, t <t
ce®|t] if 2X =1 0

lwE()e™ — 1] + |gwE (A e — 1| < {

(5.5)
(2) if A =0, we have
w = —t+0(1), dw™ = -1+ O(te™),
wh =1+0t™), dwt = O(te™)

ast — —oo.

Proof. (1) We consider the case A > 0. In order to find a solution w~ with the
required asymptotic behaviour at minus infinity, we look for a solution of the
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form w=(t) := z(t)e~* and we rewrite equation (5.2) as a system

_ 20
{‘”t “ v (5.6)

Y = —q(t)e Mz

where we have set V(t) := —A\? + ¢(t). In order to prescribe the asymptotic
behaviour of w™ at —oo, we choose t; < 0 small enough and solve the Cauchy
problem associated to system (5.6) with initial values z(ty) = 1 and y(to) =0
and from Fubini’s Theorem we get

1 — 6—2)\(C—t)

dg.
2\ ¢

=1+ " (04(©)

We estimate for t < t,
1 — e—QA(C—t)

2)\ dC’

()] <1+ / " 12(Ol1g(Q)]

<1+ [0l

Using the Gronwall inequality and the behaviour of ¢ at —oo,

2(t)] < exp (/ %dc) < exp (/OO %dc) <

for t < ty. We conclude that z € L>(—o00,t). Moreover, taking t < t < tg,

we can see that
N t to
lz(t) —x(t)| = / e”‘sds/ x(T)q(T)e_Q)‘TdT
t s

cllz)| o ftf ePsds, n > 2\ (5.7)
c|lx]|o J7 €7ds, n < 2X -0 ast, t— —oo,
cllz]|o i €25(to — 8)ds, n = 2X

IN

so that there exists x := limy_, ., x(f) € R. Moreover x > 0 provided ¢, is
small enough. Using that x is bounded on (—o0, t), it is possible to estimate
y in the form

t to to ‘ ’
||‘y(||)| < / |q(7’>|€72)\7’d7 < / 6(7772)\)Td7_ < €(n72)\)t’ n < 2\
Tlloo
¢ ¢ c, n> 2\




THE JACOBI OPERATOR OF SOME SPECIAL MINIMAL HYPERSURFACES 29

so that 0,z(t) — 0 as t — —oo. Hence the asymptotic behaviour of w™ at
—o0 is given by
t

w™ ~ze M Ow ~ —ze as t — —oo.
Multiplying by a constant, we can assume that x = —1. Now we set
(1) (t)/t ds Vi<t
w =w VAR YN 0
oo (w7)%(s)

and we note that w" is a solution to (5.4) on (—o0,ty), w' and w~ are
linearly independent and, multiplying if necessary by a constant, the required
asymptotic behaviour at —oo.

Now we consider the case A = 0. We study equation (5.4) in (—o0, ), with
to < 0 and w(t) = tz(t), so that = has to satisfy the equation

01 (t*0ix) = —q(t)t?x(t),

which is equivalent to the system

{ atx = t72y7 x(ta) = (58)

1
Oy = —qt)t?z,  y(ts) =0
in (—oo,ty). Integrating (5.8) and using the initial conditions
to to
z(t) =1 —/ 2y (7)dr, y(t) :/ q(7)72x(7)drT, (5.9)
t t

thus, by Fubini’s Theorem,

sy =1- [ [ @ea(erisir
=1 [“u0e [ rarde

so that "
2(t) <1 / lg(€)ex(e)|de

therefore, by The Gronwall inequality,

(0] < e (- | ' (©elde) < ox.

hence x € L*™(—o00,ty) and, arguing as in point (2), it is possible to see
that there exists  := lim,, o x(t) > 0. Using (5.6), we can see that y =
z(c+ O(t%em)) € L>(—o00,ty), therefore using (5.6) we have

Opx = wet ™2 + O(e™).
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The fundamental Theorem of calculus yields that
r=gz—cxt ' +O0(").
In terms of w™, this yields that
w(t) =zt — zc+ O(te™), Ow™ (t) = x + O(te™) t — —o0. (5.10)

Multiplying by a constant, we can assume that x = —1. Another linearly
independent solution to (5.4) is given by

wh(t) = w_(t)/ (w™ (7)) 2dr.

A careful computation using (5.10) shows using that w* has the required
asymptotic behaviour as t — —oc.
OJ

We are interested in the fundamental system of (5.1), described in the following
Proposition.

Proposition 5.1. Let X = X one of the hypersurfaces constructed in Theorem

1.2 and let (i,j) € N x N. Then equation (5.1) has a fundamental system {gbj?}
satisfying

O s—l—jvz_gi\/(]\jz_g)Q—(N—l)JrVij) 5 - 00
o0t =
! o sV (0 )ﬂg) s — 0t

m—1 n—1

ift1>0andj>1, wherel/ij::(N—l)< +“?>,and

le o5 =0 ( =25 (72) (- +”Z°> s — 00,1 €{0,1}

%(S) O( - )forn >3, ¢(s) = O(|logs|) forn=2  s— 07,
D5ty = O(s'™™) s— 0"
Due to the convention of having repeated eigenvalues indexed with different in-

dexes, vy, =N —1forj=1,...,nand vy =N —-1fori=1,...,m

Remark 5.2. We note that by Proposition 5.1, the Jacobi field ((y) = y-vs(y)
always fulfils C(y) = |y|= = (1 + o(1)) as |y| — oo. This already follows from
the strict minimality of Cy,.p if either m+mn > 9 or m +n = 8 with |m —n| < 2,
while the result is new in case m = 2, n =6 or m = 6, n = 2. In particular, the
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hypersurfaces constructed in Theorem 1.2 fulfil § = Ay > 0, as we mentioned in the
proof of Proposition 3.2.

Corollary 5.1. Fquation (5.1) fori =0 and j = 1,...,n, admits a bounded solution
g, such that ¢g;(s) — 1 as s — oo and ¢g;(s) = O(s) as s — 0F.

Corollary 5.2. Equation (5.1) for j =0 andi=1,...,m admits a bounded solution
o3 such that ¢j(s) — 1 as s — oo and 9s¢3;(s) — 0 as s — 0.

Now we prove Proposition 5.1.

Proof of Proposition 5.1. This proof is for all values of i, j.

First we consider the case n > 3. The computations in [5] show that

V(t) = — (” 5 2)2 L0t oo

As a consequence, using that a(s) — 1 and b(s) ~ s as s — 0, which is also proved
in [5] (see pages 12 — 14 there), the asymptotic behaviour of V;; is given by

n—2

VMw:—( 2)2—ﬁ+0@% t— —o0

so, by Lemma 5.1, we can choose a fundamental system of solutions wl?g to equation
(5.2) such that

2
w-i-(t) ~ et (%2>2+”§Lt, atw?;(t) ~ j:\/(n g 2) + ,u?eiv (%2)%”‘5% as t — —oo

ij

(5.11)
Going back to the original variables, or in other words setting gb;g (s) := p(t)w;; (t) and
multiplying by a constant again if necessary, we can see that gb;;- satisfy the required

asymptotic behaviour as s — 07. We note that, for j > 0, only the asymptotic
behaviour of w;; is used, while for j = 0 we actually need the remainders estimates

provided by Lemma 5.1 for the derivatives O ;;

In order to deal with the asymptotic behaviour of gb;; as s — oo we note that

N —2)° ot
Vii(t) = — 5 +(N—=1)—v; +0(e™™) t— 00
so that, by Lemma 5.1 applied to the reflected equation 92w + Vi;(—t)w = 0, we

can prove the existence of a fundamental system U% whose asymptotic behaviour at
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infinity is given by

t ., ptAy
ij

where A}, 1= (%)2 — (N —1) + v;;. Writing
i(s) = (v (£) + agyui;(8))p(t)
We claim that oﬁ #0. If aij = 0, then the corresponding Jacobi field
P(y) = ¢ (s)wi(x)v(y),  Vy = (a(s)x,b(s)y) € %,

would belong to X (see (4.1)), which is not possible, due to the strict stability of
Y. (see Proposition 4.1) and this proves the claim. Therefore gzﬁjj has the required
asymptotic behaviour as s — oo.

U3 ¢ 81} ~ ehit = LA, eiA”t t — o0,

Proceeding in a similar manner, we can see that ¢;;(s) = v;;(t)p(t) has the required
behaviour as s — 0co. On the other hand, using the fundamental system w;';, we can
write

0i5(s) = (Biywi(t) + Bwy (1))p(t).
We claim now that §;; # 0. If 5;; = 0, then the corresponding Jacobi field

DY) = o (@) (y), Yy = (als)x,b(s)y) € T,

would belong to X, which as before yields a contradiction. As a consequence, ¢;;
fulfils the required asymptotic behaviour as s — 0" to.

The case n = 2 is similar, it relies on part (2) of Lemma 5.1 to compute the
asymptotic behaviour of ¢. O

Now we are ready to prove Theorem 5.1.

Proof of Theorem 5.1. First we note that any bounded Jacobi field ¢ of 3 is C*°(X).
In fact ¢ € L*>°(X) implies that ¢ € L} (X) for any p > 1, so that, by the elliptic
estimates, ¢ € VV;?(E) for any p > 1. Taking p > N we can sce that ¢ € CL% (%)
with a:=1— ? so that, by a bootstrap argument, ¢ is smooth.

Now we observe that the symmetric Jacobi field y — y- yg( ) = dgo(s) € (E)
moreover the only bounded solutions gb of equations (5.1) are ¢y, <;§0] forj=1,...,n

and ¢ for i =1,.

The eigenspace corresponding to uf* = - -+ = p™ on S™~! has dimension m. Taking
a basis {u;}1<j<m of such space we obtain m linearly independent bounded Jacobi

fields ®;(y) := ¢i(s)ui(x) of ¥ which are not O(m) x O(n)-invariant. Similarly,
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W;(y) == ¢g;(s)v;(y) are n linearly independent Jacobi fields of ¥ enjoying the same
properties.

Summarizing, there is one linearly independent symmetric bounded Jacobi field
(generated by dilations of ¥3) and N +1 non-symmetric bounded linearly independent
Jacobi fields.

Appealing to Remark 5.1, we define
T = span{®;}}Z, & span{¥; }7_,.

We note that dim(7") = N + 1 and the Jacobi fields in 7"\ {0} are not O(m) x O(n)
invariant and orthogonal to y- vs(y) in L*(X), so that span{y-vs(y)} N T = {0}.

Up to now we have proved that 7@ span{y-vs(y)} C K(X). It remains to prove
that

K(X) C T @ span{y-vs(y)}. (5.12)

In order to do so, we prove the following claim.

Claim Let ¢ € K(X) be of the form

with k£ > 2. Then ¢ = 0.

Once this claim is proven we conclude the proof of Theorem 5.1 as follows. Taking
a Jacobi field

o= di(s)u(x)v;(y) € K(%),

i>0,j>0
the Fourier coefficients ¢;; are also bounded, so in particular the Jacobi fields
ok =Y Gii(s)ui(x)v;(y)
i+j=k

are bounded. Applying the claim, we can see that ¢ = 0 for any k£ > 2, which shows
that ¢ € T @ span{y-vs(y)}. Since ¢ € K(X) is arbitrary, (5.12) follows and this
would conclude the proof of the theorem.
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Let us now prove the claim. In order to do so, we use the fundamental system of
solutions to (5.1) given by {gzﬁj?} (see Proposition 5.1), so that we can expand

=3 (o) + a0 (), y).

If there exist 4, j such that i+j = k > 2 and a;; # 0, then for any (x,y) € S™ ' xS"*
we have

N-z)
o(x,y,s +\/ D+vij (Z O{l]uz Jui(y ) as s — 00,

i+j=k

thanks to Proposition 5.1. Since {wv; : 1 < i < m,1 < j < n} is a linearly
independent set and the coefficients Ozjj are not all zero, there exist xg € S™ ! and
yo € S ! such that

( > af}“i&O)%(YO)) # 0.
i+j=k
As a consequence, using the fact that £ > 2 and the definition of v;;, we can see that

| (%0, Vo, $)] — o0 as s — 0o, which is a contradiction.

If a; = 0 for any i, j such that i + j = k, then we set
ji=max{j >0:3Ji:i+j=k, a;; # 0}
If j > 1, then Proposition 5.1 shows that, for any x € S™!, y € S"~!, we have

_n=2_ +un
o(y,5) ~apsas T VTS usy)  ass o 0%

Arguing as above, we can find xy € S™1, yo € S"7! such that u;,_;;(x0)v;i(yo) # 0,
which shows that |p(xg,yo, )] = 00 as s — 07, a contradiction.

If j = 0 the argument is similar, with the only difference that, for any x €
Sm—l7 y € Sn—l)
s*m ifn>3
X,V,8) ~ a; oUk(X)V - as s — 07,
<p( y ) k,0 k( )O{|10g8| ifn=29
where vg(y) = v > 0 is constant. This concludes the proof of the claim. 0

Now we study the Jacobi fields of the surfaces constructed in Theorem 1.4. In
particular we prove the following result
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Theorem 5.2. Let 3 be one of the surfaces constructed in Theorem 1.4. Then the
space of bounded O(m) x O(n)-invariant Jacobi fields is generated by the Jacobi field

C(y) ==y vs(y), corresponding to dilations. Moreover |C(y)| < cly|= =" and

lim sup [y |¢(y)| > 0.

ly|—o0
Remark 5.3. Theorem 5.2 implies Theorem 1.6, part (2). Nonetheless, the following
remark is in order. For k € R, the group O(k) has dimension ]“QT_]“ The O(m)xO(n)
wmwvariance of X implies that there are
m+m) —m+m) n*-n m?>-—m
— — =nm

2 2 2

geometric Jacobi fields coming from isometries fixing the origin. These Jacobi fields
correspond to unbounded fields or to the trivial one. Adding translations and dila-
tions, we find that the dimension of space of geometric Jacobi fields is nm+n+m+1.

The proof relies on the following Lemma.
Lemma 5.2. Let V € C*(R) be a potential such that
[V(t) = N <ce™  fort e (—oo,ty), (5.13)
for some A\;n > 0, to € R. Then the equation
Opw + V(t)w =0 (5.14)

has two linearly independent solutions w* such that wt ~ cos(At), w™ ~ sin(\t) as
t — —oo and their derivatives are bounded in (—oo,ty)

Proof. We look for a solution w to equation (5.14) of the form w = e*x. Differenti-
ating twice it is possible to see that equation (5.14) is equivalent to the system

—2i\t
Ty =€ Y
{w:—mw&wa .

where we have set V(t) = A? 4 ¢(¢). Imposing the initial conditions z(tq) = 1 and
y(to) = 0, the fundamental Theorem of calculus gives

o) = 1— /t LW Ode, y() = /t ()N a(r)dr,

for t < tg. By Fubini’s Theorem we have
_ 62i)\(7'7t)

x(t) =1 —|—i/t i x(T)q(T)leT,



36 OSCAR AGUDELO AND MATTEO RIZZI
so that
1 [*
e <145 [ lolr)latr)ldr
t

By Gronwall’s inequality, this yields that

w01 < o ([ latwiar) <o ([ lateyar ) <o

so that x € L®(—00, ). Taking ¢ < t < ty, we have

¢ ¢ . t ¢
/ 6_2”\<dC/ q(T)eQZ)‘TdT < / d(/ lq(7)|dr < ce™ — 0
t to i to

as t — 00, so that there exists z := lim;_, ., x(t). Due to the initial condition, the
real part of z is positive, so that x # 0, so that w(t) ~ ze"' as t — —oo. Moreover,
it is possible to prove the lower bound

to to
m@gg/m@ng/ T dr < oo,
t

—00

|z(t) — 2()| <

so that y € L*(—o00,1p) is also bounded. As a consequence the derivative z; =
e (2 +iAx) is also bounded in (—o0,ty). As a consequence, taking a suitable linear
combination of the real and the imaginary part of w, we have the statement. 0

Remark 5.4. Lemma 5.2 actually shows that any non-trivial solution to equation
(5.14) is bounded in a neighbourhood of —oo but it does not decay at —oc.

Now we can prove Theorem 5.2

Proof. Any O(m) x O(n)-invariant Jacobi field ¢ can be written as ¢(y) = ¢(s),
where y = (a(s)x,b(s)y) and ¢ fulfils the ODE

Ossp + a(s)0sp + B =0

in (0,00), hence the space of O(m) x O(n)-invariant Jacobi fields has dimension 2.
Introducing an Emden-Fowler change of variables s = €' and writing ¢(s) = p(t)w(t),
we can see that w fulfils (5.14) with V' := V(. Using the asymptotic behaviour of
V' at 00, namely

[ o)t o
Wﬂ_{—@¥f+W>U+OMU b= =00

Lemma 5.2 and Lemma (5.1) we can see that (5.14) admits a fundamental system
w* such that w* is bounded and w~ is bounded in (0, c0) but explodes as t — —oo.
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More precisely, it fulfils

w(t) = O(e="zt)  forn>2
o forn =2

as t — —oo. As a consequence, writing

$(y) = p(t)(a"w™ (1) + a"w (1))
and using that ¢ is bounded, we have o~ = 0, which shows that the space K (X, O(m) x
O(n)) of bounded O(m) x O(n)-invariant Jacobi fields has dimension 1.

Since ((y) :=y-vs(y) € K(X,0(m) x O(n))\{0}, it generates the space.

Due to Theorem 2.2, ( is sign-changing |((y)| < c|y|_¥7 the decay rate being
sharp. This vanishing property is consistent with the instability of our hypersurfaces.
O

Remark 5.5. Propositions 3 and 5 of [16] actually show that, if ¥ is one of the
hypersurfaces constructed in Theorem 1.4, the Jacobi field ((y) = y- vs(y) vanishes
infinitely many times and the decay rate at infinity given by Theorem 5.2 is sharp.
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