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ABSTRACT

In the present paper, we prove the blow-up in finite time for local solutions of a semilinear Cauchy problem associated with a wave equation
in anti-de Sitter spacetime in the critical case. According to this purpose, we combine a result for ordinary differential inequalities with an
iteration argument by using an explicit integral representation formula for the solution to a linear Cauchy problem associated with the wave
equation in anti-de Sitter spacetime in one space dimension.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0086614

I. INTRODUCTION

In the previous work,' we studied the following semilinear Cauchy problem associated with a semilinear wave equation in anti-de Sitter
spacetime:

oty - Av+ b+ m’v = f(t,v), xeR", te(0,T),
v(0,x) = evo(x), xeR", (L.1)
O (0,x) = evi(x), xeR",

where ¢, H are positive constants, b, m* are non-negative real parameters satisfying b* > 4m?, ¢ > 0 is a parameter describing the size of initial
data, and T = T(¢) € (0, o] is the lifespan of a classical solution v (i.e., the maximal existence time), and the nonlinear term is given by

fen=r@( [ menra) i, 12

where p > 1, 820, and T = ['(¢) is a suitable positive function. In cosmology, the constant H is the so-called Hubble constant, m is the mass
of a particle, and b is taken equal to the space dimension # [cf. Eq. (0.6) in Ref. 2].

We recall that the assumption b* > 4m” guarantees that the damping term bd;v is somehow dominant over the mass term m”v; cf.
Ref. 3 (Subsections 1.1-1.3).

More precisely, considering as the T factor in (1.2),

T(t)zpe®(1+1)° (1.3)
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for some y > 0 and g, ¢ € R, we have established the following threshold values for o:

Lo VB ) ((B+ 1)p-1) +nH(B+1)(p-1)  ifn<N,

H ) (1.4)
E(b+nH)(([3+1)p—1)+nH—(n—1)H(ﬂ+1)—E if n>N,

—

Ocen(m H, by, p.p) =

where

\/h2 _ 2
N:N(H,b,mz,p)i§+%.

While for the case n < N, we provided a full picture on blow-up results for local weak solutions to (1.1) for ¢ > 0, (n, H, b, m?, B,p) (cf.
Ref. 1, Theorems 1.6-1.8), when n > N, only the case ¢ > 0.;,(n, H, b, mz,ﬁ,p) was investigated; see Ref. 1, Theorem 1.9.

The aim of the present paper is to study the blow-up for local solutions to (1.1) under suitable sign conditions for the Cauchy data in the
threshold case ¢ = ¢, (1, H, b,m*, 3, p) for n > N and to derive the corresponding upper bound estimates for the lifespan.

Furthermore, since we consider the limit case ¢ = 0., (n, H, b, m?, B,p), we have to prescribe a lower bound for the power of the
polynomial factor in (1.3), namely,

¢> L (1.5)
p

The threshold case that we treat in the present work is somehow a blow-up result for a critical case. Consequently, the approach that
we use to prove the blow-up in finite time of the spatial average V = V(¢) of a local solution v to (1.1) is inspired by the one in Ref. 4 for
the derivation of the sharp upper bound estimate for the lifespan of a local solution to the semilinear wave equation in the critical case when
n > 4. As in Ref. 5, when n > 2, we use the Radon transform with respect to the spatial variables to handle the problem as it was in one space
dimension.

The main difficulty in our argument will be the derivation of a sequence of lower bound estimates for the nonlinear term ||v(t,-) HZ @)
In particular, we will derive an iteration frame for [v(t,-)|?, (s cOmbining two estimates involving the Radon transform of v(t,+). A funda-
mental tool for this kind of argument is provided by Yagdjian’s integral transform approach. Indeed, we will make use of an explicit integral
representation formula for the solution to a linear one-dimensional wave equation in anti-de Sitter spacetime in order to derive one of the
aforementioned inequalities involving the Radon transform of v(,-).

After deriving this sequence of lower bound estimates for |[v(t,-) ||Il’f,, (rry> We will derive in turn a sequence of lower bound estimates for V'
with an additional polynomial factor. Combining these lower bound estimates for V with a comparison argument for an ordinary differential
equation (ODE) with “critical” exponential growth, we will be able to derive the desired upper bound estimates for the lifespan.

We point out that the speed of propagation, namely, the function a(t) = c e™, is exponentially increasing in the previous semilinear wave
equation. Moreover, the amplitude of the forward light-cone is given by

A(t) = Ata(r) dr = %(em -1). (L.6)

This means that, considering smooth solutions, if we assume vo and v; compactly supported in Br = {x € R" : |x| < R}, given a local solution
vto (1.1), we have that

supp v(t,-) € Brya(r) forany te (0,T). (1.7)

For the proof of this support condition, one can use the property of finite speed of propagation or, alternatively, the explicit representation
formulas from the series of works by Galstian and Yagdjian in Refs. 6-8.

In this second part of the Introduction, we provide a short summary of the results in the literature for wave models with a non-flat and
time-dependent metric in the spacetime.

In the case of de Sitter spacetime, i.e., for H < 0 in (1.1), the wave equation was considered by several authors. We recall the integral
representation formulas (and their applications) established by Yagdjian and Galstian in Refs. 2 and 9-14 and the global existence results
for semilinear wave models in Refs. 3 and 15. Concerning blow-up results, we recall the blow-up result with a pure imaginary mass term in
(1.1), namely, when we replace m with im, for both de Sitter and anti-de Sitter spacetime in Ref. 16 (Proposition 1.1). Moreover, in Ref. 17,
a blow-up result is proved in a de Sitter-type spacetime when m = 0. Finally, in Ref. 1, we slightly improved some result from Ref. 9 for the
semilinear wave equation in de Sitter spacetime with the same nonlinear term as in (1.2), further providing the lifespan estimates; see Ref. 1,
Theorems 1.2-1.4.

For anti-de Sitter spacetime, we refer to Refs. 6-8, 18, and 19, where among other things, L” — L? estimates are derived for the solutions
to the corresponding linear Cauchy problem and the existence of global solutions is proved assuming the smallness of the Cauchy data in
suitable Sobolev spaces and that the parameters g, p in the nonlinear term belong to a suitable range (according to our notations, when 3 = 0
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and ¢ = 0). Moreover, as we have already mentioned above, in Ref. 1, some blow-up results for (1.1) have been proved together with the
corresponding upper bound estimates for the lifespan.

Finally, for the wave equation in Einstein-de Sitter spacetime [that is, for the d’Alember operator Oggs = o - t2A + bt~ 0, with
ke (0,1) and b > 0], we cite Refs. 20 and 21 for the linear model, Refs. 22-27 for the semilinear model with power nonlinearity |vf, and
the recent studies”” " for the semilinear model with nonlinearity of derivative type [0 v{’.

It is interesting to compare our approach in this paper to deal with a critical case in comparison to those in Refs. 23-25 for the treat-
ment of the corresponding critical cases in Einstein—de Sitter spacetime. Indeed, while the critical case in Ref. 25 is studied by using the
approach from Ref. 31, in Refs. 23 and 24, the method from Ref. 32 is adapted to the case with time-dependent coefficients. However, in
both cases, the employment of the techniques from Refs. 31 and 32 to the case with time-dependent coefficients produces some restrictive
assumptions: in Ref. 25, an upper bound is prescribed for the size of the ball containing the supports of the Cauchy data, while in Ref. 23, a
restriction on the multiplicative constant in the damping term is prescribed. We emphasize that with the approach of the present work, no
restriction of this kind (either on the size of the support for the data or on the range for the multiplicative constants in the lower order terms)
appears.

A. Main results

Before stating the main theorem for (1.1), we recall the notion of weak solutions to (1.1) that has been employed in Ref. 1. We stress that
although we call them weak solutions, actually, for these solutions, more regularity than for usual distributional solutions is required with
respect to the time variable in order to handle a space average that is a €~ function with respect to ¢. Indeed, in Ref. 1, we worked with the
larger class of solutions that can be considered when employing the spatial average for proving the blow-up in finite time.

Definition L1. Let vo,v1 € Li,.(R") such that supp vo, supp vi c Bg for some R > 0. We say that
Ve %1([0, T),L}OC(]R")) such that f(t,v) € L1oc((0, T) x R™),

where the definition of the nonlinear term f(t,u) is given in (1.2), is a weak solution to (1.1) on [0, T) if v fulfills the support condition (1.7)
and the integral identity

fRn&v(t,x)(p(t,x)dxf /an(t,x)(pt(t,x) dx+bfwv(t,x)q)(t,x)dx+ fotfwv(s,x)((pss(s,x) — 2™ Ap(s,x) - b gs(s,x) +m2(p(s,x))dxds
= ffR”Vl(x)(P(O#) dx+€fRnV0(x)(b<P(0’x) - :(0,x)) dx + fotl"(s)(fR"\v(s,y)l" dy)ﬁAJV(s,x)\p(p(s,x)dxds (1.8)

holds for any t € (0, T) and any test function ¢ € €5~ ([0, T) x R").

We point out explicitly that in the present paper, we work with classical solutions to (1.1) since we need to employ an integral rep-
resentation formula that requires a pointwise evaluation of the Cauchy data and of the nonlinear term. Nonetheless, it is clear that classical
solutions to (1.1) are, in particular, weak solutions according to Definition I.1. We emphasize that it was necessary to recall Definition I.1 since
in what follows, we are going to use some results from Ref. 1 (see Sec. IT) that have been obtained for weak solutions in the aforementioned
sense.

Theorem 1.2. Letn> 1, c,H > 0, and b, m*> > 0 such that b* > 4m*. Let us assume 3> 0 and p > 1 such that

n Vb:-4m? 1
pn_yur oA (1.9)
2 2H p

For ¢ = ¢,,(n,H, b, mz,ﬂ,p) and ¢ > 7}17, we consider

I(t)= #eomt(n,H,b,mz,ﬁyp)t(l 4 t)C (1.10)

for some y > 0 in the term f(t,v) given by (1.2).

Let us assume that (vo,v1) € €5(R) x €o(R) are non-negative and nontrivial functions with supports contained in Br for some R > 0. Let
ve €2([0,T) x R") be a classical solution to the Cauchy problem (1.1) with lifespan T = T(e).

Then, there exists a positive constant & = & (n, ¢, H, b, m2,ﬁ,p, UG, V0, V1, R) such that for any € € (0, ], the classical solution v blows up
in finite time. Furthermore, the following upper bound estimates for the lifespan hold:
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c _ p((B+1p-1) i ( 1 O]
e e if cel--,0],
p
T(e) <{ Ce PP jp ¢ (0,%), (1.11)
e~ & i [1 )
£ < 1 ¢e|—,00],
p

where the positive constant C is independent of e.

This paper is organized as follows: in Sec. II, we briefly recall some estimates derived in Ref. 1; in Sec. I1I, we prove Theorem I.2. More
precisely, this proof is split into the following intermediate steps: in Subsection III A, we derive a comparison argument for an ordinary
differential inequality (ODI) with “critical” exponential growth; in Subsection III B, we derive an integral representation formula for the
solution to the one-dimensional linear Cauchy problem associated with the wave equation in anti-de Sitter spacetime; in Subsection III C, we
derive the crucial iteration frame for |v(t,-)[?, (s> and in Subsection I11 D, we use this iteration frame to derive a sequence of lower bound

estimates for |v(t,-) H‘Z,(Rn). Hence, we, in turn, use such a sequence to derive a sequence of lower bound estimates for the spatial average of

the local solution in Subsection I1I E and complete the proof in the case ¢ € (- 117, 0]. Finally, in Subsection I1I F, we also conclude the proof for
the case ¢ > 0.

Il. PRELIMINARY RESULTS

Before beginning with the Proof of Theorem 1.2, we recall some estimates that are proved in Sec. 3 of Ref. 1.

A. Iteration frame for the spatial average

Let v be a local classical solution to (1.1). In particular, by using the property of finite speed of propagation, we have that v satisfies the
support condition (1.7). We set

V(e = /an(t,x)dx for t ¢ (0,T).

In Ref. 1 (Subsection 3.1), we proved the identity

B+1
VI (£) + bV (£) + 2V (8) = l"(t)(/Rn|v(t,x)|pdx) . @1)

We underline that (2.1) is obtained by choosing a suitable cut-off function in (1.8), which localizes the forward light-cone on the strip
[0,¢] x R". Hence, by factorizing the differential operator 87 + bd; + m” in (2.1), we then derived the following inequality for V:

- . s (B+1)
V(e [eles [y I drd 22
(ze™ [ e e @ (@) ) drds (22)

for t > 0, where a1, a, are the roots of the quadratic equation o> —ba+m?=0.
The estimate in (2.2) is very important since it will be used in Subsection I1I E to derive a sequence of lower bound estimates for V (¢)
from the sequence of lower bound estimates for |v(¢,-) Hi‘,(w) derived in Subsection I1I D.

. . o
B. First lower bound estimate for ||v(t,-)||Lp(Rn)

In Ref. 1 [cf. Eq. (3.20) from Subsection 3.2], by working with a weighted spatial average of v, with the weight function given by a suitable
positive solution of the linear adjoint equation with separable variables, we derived the following lower bound estimates:

[t ) gy 2 Belel 2 0P o0 (1= o)

for t > 0 and for a suitable constant B = E( n,c,H,b, mz,p, vo,v1) > 0.

lll. PROOF OF THEOREM 1.2

The proof of the results in the critical case ¢ = 0, (n, H, b, m?, B,p) when we are in the case n > N is more delicate than the ones for
n < N seen in Ref. 1. Roughly speaking, the functional V is no longer sufficient to show the blow-up in finite time of a local solution. The tools
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that we are going to use in this section are inspired by the ones for the treatment of the critical case for the semilinear wave equation in the flat
case. In particular, we are going to combine the approaches from Refs. 4 and 5 with some ideas from Ref. 33 for the treatment of a semilinear
wave equation with time-dependent coefficients.

A. ODI comparison argument in the critical case

We state and prove a Kato-type lemma for exponentially growing functions in the “critical case.” This result is the counterpart in our
framework of Lemma 2.1 in Ref. 4.

Lemma IIL1. Let b,m?> be non-negative real numbers such that b > 4m*. We set

a1£§+%vb2—4m2 and azég—%vb2—4mz.
Let g > 1, ko, k1 € R such that
ko + (q - 1)k1 = 0, (3.1)
ki +a; >0. (32)
Suppose that G € €*([0, T)) satisfies
G'(t) +bG'(t) + m*G(t) > Be"'|G(1) |1 for te[0,T), (3.3)
G(t) » Ke' forte [Ty, T), (34)
G(0),G'(0) >0, and «aG(0)+G(0)>0 (3.5)

with Ty € [0, T) and for some positive constants B, K. Let us define

T .{maX{To,To, (kl +(X1)71} lfk1 +oa; >0,
1=

maX{To,To} lfk1 +oa; =0,
5 =y 3.6
(—wl)q (klﬂg)q if ki + a1 >0, (36)
KOL Bl o 1-¢
(%)q_l (19) ot if ki +a =0,

where 9 € (0, %) and x € (0, To) are arbitrarily chosen, and

s+ o0

wcwrrom) 1P

if b =4m’.

o] — K2
G(0)

£G(0) + G'(0)

Ty = To(b,m*,G(0),G'(0)) =

If the multiplicative constant on the right-hand side of (3.4) satisfies K > Ko, then the lifespan of G is finite and fulfills T < 27T1.

Remark 1. Since q > 1, the two conditions (3.1) and (3.2) immediately imply that
ko—ai1(qg-1)<0. (3.7)

We will also see that the condition in (3.7) on ko, k1, along with (3.1) and (3.2), is fundamental for the Proof of Lemma III.1.

Remark 2. As we are going to see in the Proof of Lemma III.1, we may assume without loss of generality that the coefficient k; appearing
in the lower bound for G in (3.4) satisfies
ki 2 -z > —ay,

where the equality —a; = —a; in the last inequality holds only for b* = 4>, Indeed, it is possible to replace the lower bound for G in (3.4) with
(3.9) below in order to get k1 > —as.
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In particular, it makes sense to consider the limit case k; + a1 = 0 [and, consequently, to modify accordingly T, and Kp as in (3.6)] only
in the balanced case b* = 4m>.
We point out explicitly that condition (3.2) in our application of Lemma III.1 will be always satisfied thanks to (1.9).

Proof. By contradiction, we assume that G(t) is defined for any ¢ € [0,2T;]. We will show that this fact is not compatible with the choice
K > Ko.
Let us begin by proving that G is actually non-negative for any ¢ € [0, T). By using the factorization

e d

ST

(é“f“l)f%(e“”G(t))) =G"(t) + bG'(t) + m*G(£) > 0, (3.8)

straightforward computations lead to the following lower bound estimate for G(t):

ot

ot _ et -
are @ —me @b _e

at
GOO)+ S5 G(0) ifar#a,
G(t) > G (t) = a = o a - (3.9)

(1 + gt)efth(O) + tefth'(O) if 1 = .

See Ref. 1 (Sec. 2.1) for a detailed derivation of the previous kind of inequality for a function G satisfying the ordinary differential inequality
in (3.3).

Let us now introduce the further time-dependent function F(t)=e*‘G(t). By the previous considerations, it results in
E(t) > e Gyin(t) 2 0. From (3.3), it follows that

F'(£) + (b - 2a;)F (£) » Be®o (=) (p( 1)), (3.10)
By using (3.8), which can be rewritten as
—ayt d (ay—ay )t ot
e a(e F (t)) 20,

we get easily that
F () > ™' F (0) = ™" (G'(0) + 1 G(0)) > 0, (3.11)

thanks to the last sign assumption for the initial values of G in (3.5). Therefore, we multiply both sides of the inequality in (3.10) by F' (),
arriving at

Belho—a (a-)t

LL(FO)) > @ a)(F ) + S(E)™)

Be(krm(qfl))t d
> 75((1:0))‘7*1), (3.12)

q+1

q+1

where in the second estimate, we used the fact that a; > a. Integrating both sides of the previous inequality over [0, t], we obtain

(F() - (F () > qZTBlfOté"ﬂ“*”’%((F(T))q“)df

9 Belko—ai(a=1))t
> 000

e (GO GO

where in the second step, we used (3.7). By straightforward computations, we find

(=)t _
y (@G(0) + G/ (0) 1 ifar #a,
F(t) = F(0) > €™ Gun(t) - G(0) = o~ o (3.13)

(EG(O) . G'(O))t T
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so in both cases, it holds that F(¢) > F(0) > 0 for ¢ > 0. Hence,

) e(ko—a(g-1))t 9
(F) > 2 oy o - ro (50 |

, 2B EGE) - Fo)) (3.14)

qg+1

Next, we show that F(t) > 2F(0) for ¢ > Ty. For a; # as, from (3.13), we have

(a—a)t _ 1
F(t) - 2F(0) > (1 G(0) + G'(0)) S————— — G(0),
o] — K2
and then, F(t) > 2F(0) is satisfied, provided that
(o —a)t _ _ —
€ ! > G(O) <~ t2 ! In{ 1+ (al ‘XZ)G(O) = To.
o] — o 24} G(O) + G'(O) o] — Ay 061G(0) + G’(O)

For a; = ay, the situation is even simpler since
b /
F(t) - 2F(0) > EG(O) +G (0) )t - G(0).

Hence, for t > 7"0, it follows from (3.14) that
Belko—a(g-1))t

(F()) > (F(£)"".

q+1

B 1 (ko—a; (g— g+l
F(1) >,/—q+l o2 (o= a=D) (g (1)) 5,

Now, we multiply both sides of the previous inequality by (F(¢))™"*" for some 9 € (0, %1 ), obtaining

F'(t) . d 1 B i(k-a(g-1))r o
W‘E(_S(F(t))9)>\/qﬂ e o (E(n) 7

Integrating both sides of the last inequality over [ T4, f] results in

1 1 1 B [ (a1 o
5((F(Tl))9 - (F(t))“’) g V g+ 1[T,e TE@) (3.15)

The next step will consist in determining a suitable upper (respectively, lower) bound estimate for the left-hand (respectively, right-hand) side
of (3.15). In order to derive both these estimates, we employ (3.4) to establish the following lower bound estimate for F:

From the last inequality, we get

F(t) > K™Dt for > Ty, (3.16)
Therefore, employing (3.16), for t > T1, we find, on the one hand,
1 1 1 1 1 e dkira)T
1 _ <L < (3.17)
I\ (F(T))?  (F(1)?) 9 (F(T1))? 9K?

In this last part of the proof, we have to consider separately the case ki + a1 > 0 and the case k; + a1 = 0. For k; + a; > 0, we have
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L o T ' 1
/q+1/T‘ L (k=01 (g-1)) (F(T)) 2 dT> +1 KS /T‘ exp{[i(k0+(q—l)k1)—9(k1+0¢1)]T}d‘r
T t
_ /% KK9 [n exp(=9(ky + ay)7)dr
_ / 1+31KK9 (ki + )" ( —9(ki+a) Ty _e—s(k1+a1)r)’ (3.18)
q

where in the second step, we used the threshold condition (3.1). Hence, combining (3.15), (3.17), and (3.18) and using the fact that

Ty > (ky + ocl)_l,we have for ¢t = 2T},
1> B g (ki + o) ( —e_s(k”“‘)(t_T‘))
q+1

[T e (1) = (£)

which contradicts condition K > K, for k; + a; > 0. On the other hand, for k1 + a; = 0, we have

B [t S [ B t
q +1 Ll . (F(T)) dT 2 + 1 KS ﬂl eXP(*B(kl + (x])T)dT
q-1
B K=
Vo g 0T (3.19)

Analogously as before, we combine (3.15), (3.17), and (3.19), obtaining for t = x + T1 < 2T with x € (0, Ty),

g-1
1> B K%K\‘):(E)Z,
q+1 K()

which contradicts condition K > Ky for k; + a1 = 0. This completes the proof. O

Remark 3. In the previous proof, we neglected in (3.12) the influence of the term (a; — a2 ) (F'(¢))? in the intermediate steps that lead
to (3.14). If we used (3.11) to estimate this term from below and we kept the resulting term till the estimate (3.14), by having ignored the
other term that appears on the right-hand side of (3.14), we would obtain (F'(£))? 2 ¢*(®~%)* that would imply in turn F(t) 3 e{* =) for
t sufficiently large. In particular, by comparing this lower bound for F with the one in (3.16), we see that the latter is stronger, provided
that k; > —

As we pointed out in Remark 2, we may always assume without loss of generality that k; > —a; and, consequently, that (3.16) provides
the best lower bound estimate for F.

Remark 4. We point out that in the literature, there are other ODI comparison arguments for functions with exponential growth; see, for
example, Lemma 3.2 in Ref. 9. Lemma III.1 differs from the previously cited lemma in Ref. 9 since, on the one hand, it deals with an ordinary
differential inequality with both first- and zero-order terms and, on the other hand, it concerns only the threshold case [meaning that we just
consider the case in which (3.1) is fulfilled]. Additionally, in Lemma III.1, an upper bound is provided for the lifespan.

B. Integral representation formula for the 1D linear Cauchy problem

We derive now an integral representation formula for the solution of the following linear inhomogeneous Cauchy problem in one space
dimension:
&21/ 22Ht8 v+ b + mv = g(tx), xeR, t>0,

v(0,x) = vo(x), xeR, (3.20)
Ov(0,x) = v1(x), xeR
Similar representation formulas are well-established in the literature by Yagdjian and Galstian and Yagdjian (cf. the Introduction) in both de
Sitter and anti-de Sitter spacetimes for the Klein-Gordon equation, normalizing ¢ = 1 = H. By means of a suitable change of variables first

and, then, employing the so-called dissipative transformation, we will easily derive a representation formula for the solution of (3.20) by using
Ref. 7 (Theorems 3 and 4).
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Let us consider the change of variables,

H
T=Ht, y=—x (3.21)
c
Elementary computations show that v solves the following Cauchy problem with respect to (7, y):
2 2 m’ 1 T ¢y
Oyv—e7o v+ﬁ81v+ﬁv—ﬁg(H H) yeR, 7>0,
v(0,y) = Vo(%), yeR, (3.22)
1
9:v(0,x) = Evl(%), yeR
Applying the transformation v(7,y) = e w(,y), we find that v solves the Cauchy problem in (3.22) if and only if w solves
b —4am® e (1 cy
2 2 2
O;w—e Byw—Ww:Hzg(ﬁ,E), yeR, 7>0,
w(0,y) = vo % yeR, (3.23)
b cy cy
6w(0 x)_EVO(H)+HVI(E)’ yeR
Let us set G(7,y) = o s 8G 1) wo(») 2vo(F), wi () = o () + v (), and v= Y20,
According to Theorems 3 and 4 from Ref. 7, w admits the following representation:
T ryte’—e’ _ 1 _« . .
w(t,y) = /0 / E(7,y;0,90;v)G(0,y0) dyo do + J¢! (wo(y+e" —1) +wo(y—€" +1))
er+e’
y+e'—1 y+e'—1__
+ f Ko (7, 5503 v)wo(yo) dyo + f 1 Ki(7, 5550 v)w1 (y0) dyo, (3.24)
y—e'+1 eT+
with the kernel functions given by
2v —v(T+a) T g2 2 ’%*V 1 1 (e 7ea) ()’*)’0)2
E ; ; 2 -- Fl - -v, - , 3.25
Br350,9059) = O R e A (25)
~ 0 ~
Ko(1,y;905v) = —%E (1,550, 0 V)| s> (3.26)
Ki(7,y5903v) =E(7, 950, y05 ), (3.27)

where F(§ — v, 1 — v; 15-) denotes the Gauss hypergeometric function.
Inverting the change of variables in (3.21), we may rewrite the four addends in the representation for w in (3.24) in a more convenient
way. Let us begin with the double integral involving the source term,

y+e'—e’__ y+e'—¢ bo o C
[ f E(T,y;cr,yo;v)G(o,yo)dyoda—E/ [ E(T,y;a,yg;v)eZHg(ﬁ,%)dyoda

er+e’ er+e’

£ O™ _ Hz \ o,
f f (T,y;HS,l;v) e? g(s,z) dzds
(y—er+eltts) c

)

x+< (e —e
f f e’bsE(Ht Hx s Hs, Hz;v)g(s,z) dzds. (3.28)
x— Cc

(eH”—eH‘)
By (3.21) and the definition for wy, we can easily express the second addend in (3.24) as follows:
1 -7 T T _ 1 —%t c ¢ Ht c (Ht
¢ (wo(y+e = 1) +wo(y—e" +1)) = ¢ (vo(x+ 7 =1)) +w(x-f(e" ~ 1))

- %e—?f(vo(mfx(t))+v0(x—A(t))). (3.29)
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Finally, we rewrite together the remaining integrals in (3.24). By using the definition of wy, w1, and (3.21), we get

—eT+1

y+e -1
- /y_erﬂ (KO(T’}”)’O"’)W( q ) + *KI(T )’»)/o)v)( ( I};O) + vl(%o)))dyo
1 [sGre-1) H
:,[ J ((HKO(T,}/, Z,v)+b1<1(r,y, ,v))vo(z)+K1(T,y, ,v)vl(z))dz
€ J 5 (y—e+1) 2

1 perg(em-1) Hx H Hx H 1 (=1 Hx H
= f/ (HKO(Ht =, —Z,v) éKl(Hl‘ == ))vo(z)dz+ / Kl(Ht,—x;—z;v)vl(z)dz.
€ Jx—£ (efi-1) c 2 c x— £ (ef-1) c c

y+e'—1
f (Ko(7, 5503 v)wo(y0) + Ko (7, 33 y03 v) w1 (30) ) dyo
b

We more carefully analyze the kernel for the first data, that is,

HKO(Ht Hix Hz, ) él?l(Ht Hix Hz, )f —HQE(Ht Hx, Hz;v) éE(Ht Bx o 12, )
c c ¢ Oo =0
= —QE(Ht Hx Hs,&;v) + bE(Ht Hx 0,&;1/)
0 c s=0 ¢
veef  Hx . H Hx H
- g(egsE(Ht,—x;Hs,—z;v)) + bE(Ht *.0, Z;v),
Os c c s=0

where in the second equality, we used the chain rule H % |g:0 = % |S:0 for 0 = Hs. Consequently,

yt+e—1
f (Ko(t, 350 v)wo(30) + Ki (7, 33305 v) w1 (70) ) dyo
Y

et
~(  Hx H 1 e+ Hx Hz

+bE(Ht,—x;0,—Z;v))v0(z)dz+ f E(Ht,—x;O— )vl(z)dz
s=0 c [ C Jx C Cc

1 x+7(eH[—1) b
- 7/ ( -0, (e E(Ht Hx g B2 v))
x— £ (eHi-1) _ — £ (eMMi-1)

(3.30)

Using the inverse transformation v(t,x) = e~ : ‘w(t,y) in (3.24) and combining (3.28)~(3.30), we conclude

t orx+s (e —ef )
v(t,x) = %‘/0 [ e S)E(Ht = Hs, ,v)g(s z)dzds

_ < (eHi_eH:
x— (eflt—ef)

+ % e’“THt[vo(xwL é(em - 1)) + Vo(x* %(em - 1))]

1 [r+sE-1) b~ H. H
+7/ (fg+b) (e i S)E(Ht,i;Hs,l;V))
€ Jx—F (ef-1) ¢ ¢

1 x+£(em—1) b H H.
+*/ e gtE(Ht,—x;O,—z;v)vl(z)dz.
€ Jx—g(etti-1) c c

vo(z)dz

Summarizing the computations that we have just done and using definitions (3.25)-(3.27), we proved the following result.

Lemma IIL.2. Letn=1,¢,H >0, and b,m* > 0 such that b* > 4m*. Let us assume vo € €*(R), v; € €' (R), and g € € ([0, ), %" (R)).
Then, the classical solution v to the Cauchy problem (3.20) can be represented as follows:

x+A(t)—A(s) 2 1 _ @+
v(t,x) = // E(t,x;5,z,¢,H,bym )g(s,z)dzds+5e > [vo(x+A(t)) + vo(x — A(1))]

A(t)+A(s)
x+A(t) 2 x+A(t) 2
+[ Ko(t,x:2;¢, H, b, m” )vo(2) dz+[ Ki(t,xz;¢, H,b,m™ )v1(2) dz,
x—A(t) x—A(t)
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where A(t) = & (e 1), and the kernel functions are given by

—2v 2 —%+V ¢ ( Ht _ _Hs 27 _ 2
E(t,x;s,z;c,H,b,m2) :%(&) ef(ng)’e(%"’H)s((i(th+eHS)) 7(xfz)2) F(lv,lv;l;(H(e ¢ )) (x-2) ),

H H 2 2 (ﬁ(thJreHs))z_(x_z)z
(3.31)
0
Kg(t,x;z;c,H,b,mz)i—a—E(t,x;s,z;c,H,b,mz) +bE(t,x0,25¢, H, b,m”), (3.32)
S s=0
Ki(t,x;z;¢,H, b, mz) =E(t,x;0,z;¢, H, b, mz), (3.33)
and the parameter in the hypergeometric function is v = 7”22;14"’2.

Remark 5. In (3.31), we could replace v with —v thanks to the following property of the hypergeometric function:
F(ar,a2,b;() = (1 - ()h_(ulmz)F(b —ai,b—axb{).

See, for example, Eq. (15.8.1) in Ref. 34. However, we preferred the definition provided in (3.31) since in this way, we have no singular behavior
for the hypergeometric function as { — 1* when v > 0.

Remark 6. It is clear that the kernel functions E and K are non-negative on the forward light-cone and on the base of the forward
light-cone, respectively.

Now, we want to show that Ko(t,x; z; ¢, H, b,m”) > 0 for any z such that [x — 2| < £ (e - 1).

Let us express in a more explicit way the kernel function Ky in (3.32). For the sake of brevity, we introduce the notation

@t x5 2 oy L (bom)s( (€ gme sy 2\ (1 o
(t, x5z, H,bym™) =e\2 ﬁ(e +e ) -(x-2) F Efv,ifv,l,(,

where
(é(th _eHS))2 _ (X—Z)2

(£ (Mt +eH5))2 —(x-2)*

(={(t,x;ss,z;¢,H) =

Clearly,

1(2c\™® (v 0
Ko(t,x325¢,H,bym”) = ﬁ(ﬁc) e (Z”H)t(fa—
s

+ b) & (t,x:0,25¢, H,bym").
s=0

Direct computations show that

%—f(t,x;s,z;c,H,b, m’) = (g ~vH)& (t,x5,2;¢, H,bym”) +

(2v=1)H(5)* (™ +e™)e™

(%(th + eHS))2 -(x-2)?

+ (% - v)ze(g—VH)s((é(th + eHS))2 - (x—z)z)iE F(% - v,% - v;Z;C) o

&(txs,zic, H,bym®)

a;

where we used the recursive identity F'(a1, a2 b;() = “2F(a1 + 1,a2 + 1;b + 15{) for the derivative of the hypergeometric function [cf.
Eq. (15.5.1) in Ref. 34].

Since

2 Hi H.

%(t x8,26H) = 4éeH(Hs) (x=2)"+ (ﬁ) (- + ')

bl I Ly - 2
Os H [(é(eH‘ " eHs))Z _ (x—z)z]

2 2 Hs, Hs __Ht
<4 M) 2(i) (ez <) S <0
[(é(e”t +ef)) - (x— z)z]
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for [x — 2] < ("™ - ¢™) and s € [0, ], we find

&
_ %(t,x;s,z;c,H, b, mz) +b&(t,x;8,z;¢,H, b, mz)
s

(1-2v)H(5)* (™ +e™)e™

(£ (et +eH))’ = (x-2)?

b
> (E+vH)‘<f(t,x;s,z;c,H,b,m2)+ & (t,x5,2¢ Hb,m?). (3.34)

Forv e [0, %], the right-hand side of (3.34) is non-negative, so Ko(t,x; z; ¢, H, b, mz) >0 for |x — 2| < i (th —1). On the other hand, for
v> 1, we use in (3.34) the upper bound estimate

(%)Z(th i eH:)eHs (th +eHS)eHs . (1 +efH(tfs)) . 1
(£ (et + eHs))z —(x-2)? T ICO N 4 T2
for |x — 2] < 5 ("™ — &™) and s € [0,1] to derive the lower bound estimate
0% 2 2 b 1 2
—6—(t,x;s,z;c,H,h,m ) +b&(t,x;8,2¢, H,b,m™) > (E +vH + 5(1 -2v)H)& (t,x;8,2z5¢, H,b,m”)
s
1
> E(b +H)&(t,x;5,2z;¢, H, b, mz) >0
for |x — 2| < 5 ("™ — &™) and s € [0,1]. For s = 0, the previous inequality provides the non-negativity of Ko on the domain of integration.

C. Iteration frame for ||v(t,-)||‘,_’p(Rn) via the Radon transform

The idea to apply the Radon transform to somehow reduce the problem to a one-dimensional one when # > 2 was introduced in the
study of the critical case for the semilinear wave equation in the flat case in Ref. 5. Here, we will follow the main ideas from Ref. 33 (Sec. 5)
to derive an iteration frame for the nonlinear term |v(t,-) Hiﬂ (s In particular, the representation formula obtained via Yagdjian’s integral
transform approach will have a crucial role in the explicit representation of the Radon transform of v. We emphasize that the case n = 1 can
be considered as well; however, rather than working with the Radon transform of v, it is sufficient to work simply with v (cf. Remark 9 for
further details).

We begin with the following remark: without loss of generality, we may assume that a local solution is radially symmetric with respect to
x. Indeed, when v is not radial, it is possible to consider

v(t,r)= f v(t, rw)dow for te [0,T), r>0.
SVI*!

Let us clarify the meaning of this statement. By Jensen’s inequality, we have

f v(t, rw)doy
Sn*l

P

>

f [v(t,rw)|Pdo, >
SW*I

that is, [v|? (t,7) > [#(t,7)[F. Similarly, by Fubini’s theorem, we have

f lv(t,y)Pdy = wnfwf [v(t, rw)Pdo,r" " dr > wnfw\f/(t,rﬂprn_ldr = ||‘7(t»')HII);(Rn)»
R® 0 sn-1 0

where w, denotes the (n — 1)-dimensional measure of the unit sphere of R”.
Consequently, combining the previous inequality, from (1.2), we have

- p__
Ty =t [ e Pay) W > L0 oy 5 =517

Since the fundamental solution E defined in (3.31) is non-negative on the forward light-cone and the averages with respect to the space

variables of v and ¥ are equal, the inequality f(#,v) > f(¢,¥), which we just proved, allows us to assume without loss of generality that v is
radially symmetric in the proof of the blow-up result.
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Let us recall the definition of Radon transform of v(¢,-) when n > 2. Given p e Rand £ € R”, [¢| = 1, we have
R [V](1,p,E) = v(t, x)doy = / W(t, pE + x)dos, (3.35)
{xeR": x-E=p} {xeR": x-£=0}

where doy is the Lebesgue measure on the corresponding hyperplanes. Since v(t,-) is radially symmetric with respect to x, it turns out that
AR [v] does not actually depend on &, and moreover,

R [v](t,p) = (4),1,14:)1/(t,r)(r2 - pz)%srdr. (3.36)

Indeed, using polar coordinates x = wr; with r; = |x| and w € S"! such that w - &€ = 0, we obtain

RO = [ (tpE s x)do - fo fzj o V(t,, [+ rg)dawrf;—z dn
= wn,lfo v(t, \/ P+ rf)r;’*2 dr;.

Hence, employing the change of variables r = (p* + rf)l/ 2 in the last integral, we find (3.36).

Using the identity % [Av] = 9;.% [v] (see Lemma 2.1 in Chap. 1 of Ref. 35) and the linearity of %, we find that % [v] satisfies the
following one-dimensional Cauchy problem:

RR[] - RR[] + bR [V + M R[v] = R[f(t,v)], peR, te(0,T),
R [v](0,p) = eZ [vo](p)s peR,
R [v](0,p) = e [v1](p)s peR.

From Subsection 111 B follows the following integral representation formula:
R)(tp) = (R [V])in(t:p) + (2 [V])ain (1)

with

(b+H)t

(@[V])hn(t,l))i%e_ * (R nl(p+ A1) + Z [w](p - A1)

prA(t) 2
+ f Ko(t,ps 116, H, b,m™) R [vo] (17)dyy
p—A(t)

pHA(t) 2
+ / Ki(t,psm;6, H,bym™ )R [vi](n)dy,
p—A(t)

t rprA(E)=A(s) 5
(@ Dt [ " Bt pss e H b R [1(2)](5.) d ds,

—A(t)+A(s)

where the definitions of the kernel functions are given in (3.31)-(3.33), respectively. Thanks to the assumptions on the Cauchy data in the
statement of Theorem 1.2 and Remark 6, we have that (% [v]), is a non-negative function. Therefore, we have

R [](tp) 2 (R [VDalin (L p)-

We point out that & acts only on the factors in the nonlinear term f(¢, v) that depend on the space variable, that is,

Rfv)](6p) = F(t)HV(tr)llfﬁ(Rn)«% [vF1(tp).
Thus,

t B p+A(t)—A(s) ) ) 3 »
R [v](t,p) > A 1"(5)||v(s,-)HU<Rn) | E(t,p;s,s6, H,bym™) R [|v[°](s, ) dyp ds. (3.37)

—A(t)+A(s)
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From the support condition (1.7) for v, it follows that
supp % [v](t,-) c [-(R+ A(t)),R+ A(t)] forany te€[0,T).

Indeed, for |p| > R + A(t), from the second representation in (3.35), we have that

R [v](t.p.8) = 0}v(t,p£+x)d(7x:0

{xeR": x-&{=

due to the fact that on the hyperplane where we are integrating it holds that
pE+xf =p + x> p* = |pE+x>R+A(t)
and, consequently, the considered hyperplane as empty intersection with the support of v.
In a completely analogous way, we have that supp & [|[v[’](t,-) c [-(R+ A(t)),R+ A(t)] forany t € [0, T).

In the next step, we shrink the domain of integration with respect to s in (3.37) so that the support of & [|v|'](s,7) is a subset of the
#-domain of integration. In other words, we look for s € [0, ¢] such that

[~(R+ A()).R+ A(s)]  [p = A(t) + A(s),p + A(£) - A(5)]
—  2A(s) <A(t) - |p| - R

— sss()(t,p,R)iA*‘(%(A(t)-|p|-R)).

We point out that so > 0 if and only if |p| < A(#) - R.
Therefore, for |p| < A(t) — R, we obtain from (3.37),

o R+A(s)
R [v](t, ;fr - ’31’,,/ E(t,p;s,m;6,H, b,m*) & [[vf](s, 1) dn ds. 3.38
V(P> | T V(s )l e, oA (t.pss.mc m”) R [|v[°](s, ) dnds (3.38)

The next step is to estimate the kernel function E in the right-hand side of the last inequality on the shrunk #-interval of integration. First
of all, from the Taylor expansion of the hypergeometric function,

11 &G
F(E—v,i—v,l,f)szo ot ereelon,

where (a)o = 1and (a)g =a(a+1)---(a+ k- 1) denotes the so-called Pochhammer symbol, we see immediately that we can estimate from
below the factor involving the hypergeometric function in E(¢,p; s,7; ¢, H, b, mz) by the constant function 1. Furthermore, since the two
exponential terms in (3.31) are independent of #, the only factor that we actually have to estimate from below for 4 € [-(R+ A(s)), R+ A(s)]

is (( (e + ™)) — (p- 11)2)_%”. Note that we have to proceed in a different way in order to get such a lower bound estimate depending
on whether v is smaller or greater than 1/2.

Hereafter, for the sake of brevity, we use the notation ¢(¢) = %th. In particular, we may express the amplitude of the forward light-cone
as follows A(t) = ¢(t) — ¢(0).

Let us begin with the case v € [0, 1 ]. Let us prove that in this case, the following upper bound estimate holds:

¢() + ¢(s) —p + 1 <2($() - p) (3.39)

forse[0,s0] and 5 € [-(R+A(s)), R+ A(s)].
Clearly, (3.39) is equivalent to require that ¢(t) —p—#n > ¢(s). We check the validity of this inequality for se [0,s0] and
7€ [-(R+A(s)), R+ A(s)] through a chain of inequalities,

¢(t) —p—n>¢(t) - p—R-A(s) > $(t) - p = R = A(s0)
= A() + $(0) =~ R= 2 (A1) = [p = R) > S (A(1) = [pl = R) + 9(0)
> A(50) + $(0) > A() + 9(0) = 9(5),

where we used twice condition A(s) < A(so) and the identity 2A(so) = A(t) - |p| - R.
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In a completely analogous way, one proves that
@) +¢(s) +p-n<2(4(t) +p)
forse[0,s0]and 5 € [-(R+A(s)), R+ A(s)].
Therefore, combining (3.39) and the last inequality, when v < %, we can estimate
(($(5) +¢())* = (p=m)") =" 2272 (1) - p7) (3.40)

forse [0,s0] and € [-(R+ A(s)),R+ A(5)].
On the other hand, for v > %, from the lower bound estimates,

P(t) +¢(s) —p+n > (1) + ¢(s) —p—R—A(s) > ¢(t) —p + $(0) - R, (3.41)
$(t) +§(s) +p=1>¢(t) + ¢(s) + p~R=A(s) > ¢(t) + p + $(0) - R '
forse [0,s0] and € [-(R+ A(s)), R+ A(s)], it follows that
(($() + () = (p=m)") =™ > ((9(t) + $(0) = R)* = p*) +™". (3.42)
Combining (3.40) and (3.42), we conclude that the kernel function in (3.38) can be estimate from below in the following way:
E(t,p;s, 56, H, bym®) 2 e (Ghi e Z_VH)S((gb(t) +R))’ —pz)_%w (3.43)
forse[0,s0] and 5 € [-(R+ A(s)),R+ A(s)], where
0 if v 1,
R, = f (3.44)
¢(0)-R ifv> >

Remark 7. Note that for R < ¢(0), in (3.43), we might consider R; = 0 even for v > %

Remark 8. In the previous considerations, we estimate from below the hypergeometric function by a constant. In the limit case b* = 4m?
(that is, for v = 0), we might think to employ the asymptotic estimate F(1,1;1;¢) ~ =In(1-{) as { - 1™ in order to improve this lower
bound estimate. However, for s € [0,s0] and 77 € [-(R+ A(s)),R + A(s)], setting

(e =) = (p-n)*
(i (et +e))* = (p—n)2

(={(t.pss,mc, H) =

we have
(10 = 1nf @O+ = (e =) [ ($(8) +6(0) - R)* - p?
n(1-4)=1 ( 46()¢(s) )21 ( 4¢(t)p(s0) )
:m(W)
2¢(t) ’

where we used (3.41) and ¢(s0) = 3(¢(t) + $(0) — p — R). Therefore, —In(1 - {) does not provide an improvement in the lower bound esti-
mate since for large t, the argument of the logarithmic term on the right-hand side of the last inequality can be only estimated by a constant
for p € [0, A(t) — R] (this is the actual range that we will consider for p at the end of this subsection).

Now, we plug the lower bound estimate from (3.43) in (3.38). For |p| < A(t) — R, we have

At > (@) + R =) [0 o) G s, (3.45)
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where we used the support condition for & [|v|] and Fubini’s theorem to obtain

R+A(s)
P1(s, 1) d ds:f P1(s.m)dnds = [v(s, )7 ..
Lo, @ s ) dne= [ 2 1o dds = (s ) o

P

The inequality in (3.45) is the first crucial estimate to obtain the iteration frame for [ v(t,-) |}, (&)

. The next step is to determine a lower

bound for |v(t,-) ||‘Z, &) with & [v] appearing in a nonlinear term on the right-hand side.

In order to derive this inequality, we will follow the approach from Ref. 33 (Sec. 5). We introduce the operator
_n=1 A([)+R n=3
T @ =A@ +R="% [ n(lr -1 T dr
for any 7 € R and any h € I (R).
In Ref. 33 (Sec. 5), it is proved that 7 € Z (I’ (R) — L (R)) for any p € (1,00) and n > 2. Even though the function A(t) in Ref. 33 is
a polynomial function (more precisely, A(t) = 717 (t1 — 1) for some £ > 0), the proof of this result is actually independent of the explicit

expression of A(t) and it can be repeated verbatim in our case with A(t) = ; (e - 1).
We consider now the function

h(t,r) = \v(t,r)|r“7Tl if r>0,
0 if r<o.

By the boundedness of the operator I~ on I* (R), we have that | T (h)(t,-) | (=) S [|h(t,-)]| 1 (=) holds uniformly with respect to ¢ € [0, T).
Therefore,

P _ * p -1y _ N
/Rn|v(t,x)| dx_w,,fo (6, )PP dr = w8, )12

2 [Ty = [T Ep)Pdp
_n-l A(t)+R n1 n=3
= [1a@ + R=pl 5| [T ) T - pl T | dp
R P

A(t)+R i A(t)+R t s p
> f (A(t)+R—p)7Tp(/ [v(t,r)|r? (r—p)Tdr) dp. (3.46)
0 P

P

We have seen that % [v] is a non-negative function by using an explicit integral representation. Moreover, by using the monotonicity of
R and (3.36), we get

0< R [(1p) < R MICp) = s [ 0N )T ) T rar

n=3 A(t)+R =3 n-1
<2 wn_ljl“ Wt P)|(r = o)) = 5 dr. (3.47)
p

Clearly, for p € [0, A(t) + R] and r € [p, A(t) + R], we have

r7 > (A(E) + R)‘“‘”[ﬁ‘%]_r"T"p(”‘l)[i‘%L,
1_
p

Combining (3.46) and (3.47) and the above inequality, we have

where [ — 1], denote the positive and negative part of 11) — 1, respectively.

it A()+R  (mD[1=E], A(D)+R et s \P
H"(t")Hip(Rn) > (A(t) +R) (n-1)[1 2],/0 W(—[’ lv(t,r)|rz (r—p): dr) dp
(n-1)[1-£]
~n[1-8]. /’“”“‘ p .
> (A(1) +R : P (R [v](t,p)) dp. 3.48
(A(t) +R) = (e Ve (3.49)
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Finally, from (3.45) and (3.48), we obtain for ¢ > A™'(R), the desired iteration frame

Ke—(3+vH)pt AWk pDI-E 2 2\(=3+v)p
Iv(t) |y (A(t) + RO T fo W((fb(thm) -p)
X(/O (g(A(r)—p—R))r(s) o vH)SH s )Hl(erﬂén)p ds) (3.49)

for a suitable positive multiplicative constant K = K(n,H,b,m*). Needless to say, in (3.49), only one between the factors

(A(t) + R)~(-D0= - and p DO-2k g actually present for p # 2. Nevertheless, we will do the computations formally as if both were
present in order to simultaneously consider the cases p € (1,2) and p > 2.

Remark 9. Let us explicitly underline that (3.49) is also true for n = 1. First, (3.45) can be obtained exactly as we did for #n > 2, with the
only difference that Yagdjian integral representation formula is applied now directly to v, that is,

V(t,p) > e—(g-i—vH)t ((¢(t) +R1)2 _PZ)—%+VASDF(S) e(g—VH)SHV(S),)HEfZ']é))Pd (350)

On the other hand, for n = 1, (3.48) can be replaced by the trivial inequality

A(t)+R »
Wt > [ e . (351

Hence, combining (3.50) and (3.51), we conclude the validity of (3.49) for n = 1 too.

D. Iteration argument for ||v(t, )||Lp(mn)

Our next goal is to derive a sequence of lower bound estimates for |v(z,-)| 1 (RnY through the iteration frame (3.49). In order to reach

this target, we use an inductive argument. For the ease of readability, we emphasize in what follows the base case and the inductive step of this
proof by induction.

1. Base case

The starting point of our iteration procedure is given by (2.3).
Let us now derive a first lower bound estimate for |v(t,

fort > A7 (R), we get

) ||‘Z, (&7 with an additional polynomial growing factor. Plugging (2.3) in (3.49),

~ b : (- : 2y (aee
HV(t )”U(Rn Kqupqe—(§+‘l/H)pt(A(t) +R)_(n_l)[l_§]f‘/0‘A Rp(n—l)[1_2]+ ((‘P((ti;—t)Rj—)R _l;))anp (Io(t)P))de: (3.52)

where, henceforth, g = (8 + 1)p and
Io(6p) = /OA"(%(A(O-P—R))F(S) o(LovH= 1 o4 ar (=D H(B+1) - 52 Ha)s 4
We recall that T'(s) = u(1 + s)*e’=’, being 0, defined by (1.4). Therefore, using the actual value of I'(s), we have
I(t,p) = foAﬂ(%(A(f)*P*R))M (1+5)° (53 ds,
where we used

Oury + g —vH—%(b+H)q+(n—1)H(ﬁ+1)—(nz;l)Hq

1 H b 1 -1
= 7(b+nH)(q—l)+nH— —+--vH--(b+H)q- MHq
p 2 2 2

H H

M oogl B (3.53)
2 p

for the coefficient in the exponential term.
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Hereafter, we consider only the case ¢ < 0. The complementary case ¢ > 0 will be discussed at the end of Sec. 111 (cf. Subsection III F).
Therefore,

AEAO-P-R) (4
Io(t,p)Z[A(1+t)cf ( ! )e(l p)HSds
0

H\3 " 2\ "5
:%(1”)‘((?) (A(t) p-R+ EC) P—1),
(3-v-5)H ‘
where we used the analytic expression of the inverse function of A [defined in (1.6)], which is given by

A (o) = —ln(H: + 1). (3.54)

Let by > 0 be a fixed parameter. For p < A(t) — R — bo ;, we may estimate (¢, p) from below as follows:

Io(t.p) > B(1 + t)g(A(t) _p-R+ %) ’,
where B= p(2 —v - —) H‘l( -(+ 1)7%%‘%)(%)%_%‘%- Plugging the last lower bound for Iy (¢, p) in (3.52), we get

V()£ gy > KBTBPePe” G2 (A () + R) DL EL (14 1) g (1) (3.55)

fort> A™"(R+ bo7), where

A(1)-R-by & (n Hh ((¢(t)+R1)2—p )( L+v)p 20\ 51
olt) = / (A() +R—p)'5? (A(t) poR+ H) dp

The next step consists in estimating from below the integral ] (¢).

First, we consider the factor ((¢(t) + R;)* - pz)(_éw)l’. Recalling that the value of R; depends on the range for v [cf. (3.44) for the
definition of R, ], we derive a lower bound for this factor separately in the case v < % and in the case v > %

For v < 1, since the power (—3 + v)p is nonpositive, we consider an upper bound for (¢(t) + R)* — p*. For p € [0, A(t) — R], since Ry =
in this case, we have

B(1) +Ri+p < §(t) + A(1) = R=26(t) - - ~R<24(1)
and
2c

c A(t)—p—R+ﬁ ifR<

$(O)+Ri-p=A(t)—p+ 7 <
A(t)-p+R if R>

m_mm

Thus, for v < 1 and p € [0, A(t) - R], we obtain

(7%“/)17 1 1
(5 CEHM (A _p_ R+ %)(‘z”)fﬂ ifR< <,

((g(t) + R)* = pH) 3> (3.56)

e m

2 (=3+)e -1y —14y .
(Ec) CHHR 41y p o R)CERIP ifR> .

Wehconsider now v > 1. In this case, we determine a lower bound for (¢(t) + Ri)* — p*. For p € [0,A(t) — R], since Ry =  — R in this case,
we have

o(1) if R<

Cc
¢(t)+R1+P>¢(t)+H_RZ{;(p(t) if R>

m\ﬁm\m

_ 3
andt > A 1(2R— 7(:),
H

and ¢(t) +Ri —p=A(t) —p-R+ %
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We emphasize that the lower bound for ||v(t,-)|? 1» (s that we are going to prove will be valid for t > A™'(aoR + bo ;) and for suitable

ao > 2 and by > 0. In particular, we will use the inequality ¢(¢) + Ry + p > 1¢(¢) when R > £ without specifying the further condition on .
Hence, for v> 1 and p € [0, A(t) — R], we proved that

Cc

((¢(t) + R1)? —pz)(‘%”)P > (H

R LAy 2 (<) c
(ﬁ) e (A -p-R+2) ifR>

)(_E+V)Pe(_%+V)Hm(A(t) -p- R+ %)(_%'W)p if R %:
(3.57)

Next, we consider the factor (A(t) + R—p)~ > TP in Jo(t). Note that in the case v < 1 when R > 5, from (3.56), we see that we have to

consider actually the factor (A(£) + R—-p)"2*"?. From (1.9), it follows that (=5 +v)p<0. Hence, in both cases, we are interested in an
upper bound estimate for the term A(t) + R — p. By straightforward computations, we get that

2c
A(t)-p—-R+ — >
() -p-R+ 4

forany p < A(t) —aoR+ (ao + l)é (3.58)

Combining (3.56)-(3.58) and shrinking the domain of integration in J (), we get

_ 1 A(t)=aoR-by -1
Jo(t) >Be(7”)H’"f0 ol (A(t) p-R+ H) dp

for t > A7'(aoR + by <), where

20\C3P g -1\ P 1
(—C) ’ (ao ) ’ ifv< - and R i,
H ( . ) ap+1 ( ) 2 H
20\ (=3P gy — 1\ GGv)p 1
) (—C) ’ (ao ) ’ ifvg = andR>£,
B= ICJ (Lo ZO+11 N % I;I (3.59)
2 —_ 2
(ﬁ (0+1) lfv>i and R T
ao
(=1+v)p ) 1
(L) ’ (ao )z 1fv>fandR>i
2H ap+1 2

Then, we further shrink the domain of integration in the right-hand side of the last inequality by increasing the bottom of the interval of
integration from 0 to 8(A(t) — aoR — by £ ) for some & € (0, 1), obtaining for t > A~ (agR + by &),

A(t)=aoR=by

1 P -1
Jo(t) > Be(*z”)HP‘f P("’l)[l’EL(A(t) -p-R+ E) dp

8(A(t)—apR-by £) H
H —agR—by <
> 7363( ) (A(t) —aR - by )(ﬂ—1)[1_§] /A(t) aokt=bosy dp
5 (=D[1=5], 3(A()-ak—by 5) A(t) —p — R+ %
Be(=3+v)Hpt -nli-2], (AW + R LT
7P(A(t)—aoR bo— ) A0 10 i) (3.60)
S(nl)l uo R+ 0+8§
We emphasize that a more restrictive range for § is going to be prescribed in the inductive step.
Finally, plugging (3.60) in (3.55), we have proved the following result.
Lemma II1.3. Keeping the same notations as before, we assume that § € (0,1) and that the real parameters ag, by fulfill
ay>22 and by >0. (3.61)
Then, fort > Ail(aoR + boé), we have
—Y(p+H —(n— _r
[v(t )|y gy > Boe™ (1 +1)%e B4 () 4 Ry~ (DD-E]
6a0 1 bo+2 ¢
C \(n-1)[1-2 A(t) + R+ -6 H
< (A() —aoR = bo ) n-D[1-3], | ( e 1R+"0+2£ , (3.62)
0 H
where By = Bo(n, ¢, H, b, m?, p, i, vo, v1, R, ao, by, &) = sr-DU-El g B1BP B,
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The previous lower bound estimates for ||v(z, ) Hi, (s in Lemma II1.3 will be the base case of the inductive argument.

We recall that the only assumptions on the paramete)rs ap and by that we did in order to obtain (3.62) are just the ones in (3.61). In the
following, however, we will require a further condition on a; cf. (3.63).

We stress that, since the amplitude function A for the light-cone grows exponentially, the logarithmic term in (3.62) provides, together
with (1 +£)%, a polynomially increasing factor. This factor constitutes the improvement with respect to the estimate in (2.3), provided that

1
G € (—E, 0].
2. Inductive step

P

The main goal of Subsection 11 D is to prove that |v(t,-) HU,(W)

satisfies the sequence of lower bound estimates given in the next lemma.

Lemma II1.4. Keeping the same notations as before, we assume that 8 € (3,1) and that the real parameters ao, bo fulfill
ap > max{z ;} and by >0 (3.63)
0 = > 201 0 > .

and we consider the sequences {a;}jen, {bj }jen whose terms for j € N,j > 1 are defined as

ajé(ao—l)(%)]-%—l, (3.64)

j
b= (bo +2)(%8) P (3.65)

Then, for t > A”' (ajR + bj ), we have

+ o 1
V(8 gy > B (1 )T &3O () 4 )DL

1y

q
da—1p,  db+2 =
€ (n-D)[1-2 Alt)+ 5 R+ T5 & 7
X (A(t) R - b) L (m( T a— , (3.66)
R+
where {B;}jen is a sequence of positive real numbers whose terms satisfy the recursive relation
Bj = Dq*(f“)Bj (3.67)

for any j € N and for a suitable positive constant D depending on n, ¢, H, b, m*, , p, ao, é.

Proof. Clearly, we have already proved (3.66) for j = 0, namely, (3.62).
We are now going to prove (3.66) by induction. Let us assume that (3.66) holds for some j, with j > 0. We will prove (3.66) for j + 1,
determining the value of Bj;; in terms of B;. According to this goal, we plug (3.66) into the iteration frame in (3.49), obtaining

[y > KB eGP (A (r) 4 R) DIl ), (3.68)
where ( |
_ AO=QaprDR2b5 (e oy ((6(F) + Ry)? - p?) —3+v)p

A (-D[1-§], i L1 (t,p))’d 3.69

Jm®= [ p DRy Tr W) (3.69)

for t > A™'((2a; + 1)R +2b; £ ) and

. AT GAm-p-R) bt ) (A(s) - iR - b; £) (" DE+DI=E],

j*2_,
)F(s) (1+s) o e(GH-"

Lii(t.p) =
1002 f e ) (A(s) + RO EDIEL
da—1,  db+2 (RS
As) + StRy 2 e ;
x(ln( )+ 15 R* 1 H)) ds. (3.70)
4G lpy bttt e
1-6 1-0 H

Note that in (3.69), we shrank the p-domain of integration in order to have a nonempty s-domain of integration when using (3.66) to obtain
Lin(t,p).
j+1\Lp
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We begin by deriving a lower bound estimate for Ij41 (¢, p). By using (3

), we can rewrite the first three factors in Ij;1 (¢, p) as follows

.
I(s) (1+ S)C% by bt g)s —u(1+ s)§+g e(gmt by bt )

_ ‘Ll(l 4 S)QT; e(;—v—ﬁ)Hs e—(n—l)H(‘B+l)(l—§)s.

By straightforward computations, we obtain that A(s) - a; £>1¢(s) if and only if s>A7'(2aR+ (2bj+1)5),
while A(s)+R < 2¢(s) if and only if s>A7'(R—%). Therefore, shrinking the domain of integration in (3.70) to
[A™" (2ajR + (2bj + 1)), A" (L (A(t) - p - R))] and working with p € [0, A(t) — (4a; + 1)R — 2(2b; + 1) 5] in (3.69), we may estimate

n— —t n— r
(A(s) -aR- b £)" 1)(?11[]1 i, 22_(n—1)(ﬁ+l)|1—§‘(£eHs)( DGO 5).
(A(s) +R)(nfl)(ﬁ+1)) -5

H
Hence, for p € [0,A(t) — (4a; + 1)R - 2(2bj + 1) +; ], we have

e o[ e \mDED(-E) o
haltp)>2 e Zﬂ(ﬁ) (L+1)" = T (tp)

P)s (3.71)
where

L o2 ¢ B+ L=

13 H
= 1R+ bl . ds. (3.72)
13 = H

In order to get a lower bound estimate for Tj41(t,p), we further shrink the domain of integration with respect to s. Since the inequal-
. -1 l —

ity A7 (3(A(t) - p-R)) > A" (2ajR + (2bj + 1)) holds for p € [0,A(t) — (8a;+ 1)R—4(2bj + 1) %], we may reduce the domain of
integration in (3.72) to [A (GAM -p-R)AT(3(A(t) -p- R))] for p in this interval
Thus, for p € [0, A(t) — (8a, +1)R - 4(2b; + 1) 1], we get

L(2a;R+(2b+1) £)

T(tp)= f G- PR))(VL)H( (

i1 da;— Sby+2 (p+1) Lt
~ AT (G (AM=p-R)) (n_, 1\g A . R g !
Ij+1(f>P)>f GO0 ()| (s)+ s

A7 (LA -p-B))

b+2 ¢ ds
135 H
da— Sh42) ¢ <ﬁ+1>*,1‘
A(t)_p+(4(1]61)_1)R 4(1:;)11 q .
2| In 4(;;] 1) 4(b +2) ¢ Lin(t.p) (3.73)
R+ =55 w
with
- A EAOB) (11 )i
Ij+1(f,p)ﬁ/ e(2 P)Hds
AT (1 (A()-p-B))
2c %’V*l
_ (A(f) -p-R+ ﬁ) ! (1 _e(%—v—}{)H(A’l(%(A(t)—p—R))—A’l(%(A(t)—p—R)))) (3.74)
(2 uC)

where we used (3.54) to get

(lrme ooy _ (H)

""‘ﬁ
A(t R+ =< .
> (t)-p- +H)

We estimate now the last factor in (3.74) for p € [0, A(t) — (8a; + 1)R — 4(2b; + 1) + ] as follows
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1_exp((g e %)H(A—I(E(A(t) —p—R)) 1(%(A(t) —P—R))))
e i 20
o3
1204+ H)))

Let us denote by d; = dj(n,c, H,v,p, R, a9, by) the right-hand side of (3.75). Since {d;}jen is an increasing and bounded sequence, we can
simply estimate the left-hand side of (3.75) from below with dp. Summarizing, we proved that

n_, 1

2c\: »
A(t)-p—-R+ —

-5 H

1 q;+|71
pey v A() —p+ (4(5@-—1) B 1)R+ 4(‘?,’;2)5 (B+1)
T (tp) 2 (A(f) p-R+ H) In 4(@ 1)R 4(h+2) p

for p € [0,A(t) — (8aj + 1)R — 4(2bj + 1) ], where C = (7_1}_1%)711{_1(%)547(10

Then, plugging the last lower bound for Tj41 (, p) in (3.71), we arrive at

qj+l—l
1

j+2 2oy-1 4(5%—1) _ a(8b+2) ¢ \\ PO
I (¢ )>€(1+t)gqﬁl At) - —R+2 ? In Al - p+( )R+ 16 H
ir1(Lp) 2 p o 4({17 e

1)R+ 18 H

— e Py~
for p € [0,A(£) - (8a; + 1)R - 4(2b; + 1) & ], where T 2~ (" DB, (= DEDA=7

Next, after shrinking the domain of integration with respect to p as we described in the previous steps, we plug the obtained lower bound
for Ijy1(t, p) in (3.69), obtaining

7?1 P A()—(8a+1)R-4(2b;+1) £ 2 _ 2\(=1+v)p 2 _y)p-1
= f i ARERCE 1, ((6(1) + Ri) P) (A() . R+g)
0 (A(t) +R- p) “='p H
P
1 A(r) - p+ (H05D _p)R+ 0D £ ;
o Wa1) ,  4(h+2) < p.
i R+ 5w

Since the sequences {g;}jen, {j}jen are strictly increasing, we may apply the same estimates for the factors in the middle line of the previous
inequality that we used in the base case j = 0, namely, (3.56)-(3.58), arriving at

L PR A()—(8a7+1)R-4(2b+1) £ (n=D[1-£],
Jn(£) 3 BCP(1+ )P 7 e3en)tpt f / / P

0 (A(t)—p—R+%)
#t2—q
400 —1) 4(8b,42) ¢ =
x | In A(l‘)—p+( : _1)R+ o q dp (3.76)
4(a 1) 3(5+2) ¢ :
i R+ Ti5w

for t > A7'((8aj+ 1)R+4(2b; + 1) %), where B is defined in (3.59). We denote by Jj+1(t) the p-integral in the left-hand side of the last
inequality.
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We proceed with the lower bound estimate for Jisi(tf) by shrinking the domain of integration. Consequently, for
t>A‘1((8uj+1)R+4(2bj+1)§),weobtain

72—
- A(1)~(8a+1)R-4(2b,+1) & prDl-41, A(t) —p+ (74(‘51“:;1) _ 1>R n 4(‘?1;2) <\\ ;
i+1(t) 2
Jisa (1) S(A(t)—(8a;+1)R-4(2b;+1) £ ) (A(t) -p-R+ %) B %R + 4(?_);2) H ?
(n=D[1-£],
>5<”‘1>[“§]+(A(t) — (8aj+ 1)R—4(2b; + 1)%) Tr1(t), (3.77)

where7j.1(t) denotes the p-integral with the remaining factors.

Our goal now is to derive a lower bound estimate for T,-H(t) in a such way that the power of the logarithmic factor is increased by 1.
According to this purpose, we decrease the argument of the logarithmic term as follows:

At - p+ (CO5D - 1)R+ 22 ¢ AWM -p (H52 1 - g )R+ (G52 — a4 1))
4(a] 1)R 4(b; tSZ) 13 z 4(?—_61)12 4(::,;2) ﬁ
. A() —p+ 4(26—1)u]—5+§R + 4(26—11)_bé+4+48 <
- 4(a, 1)R (1-_62) % >

and we use the inequality

2 4(20-1)a;—-5+0 420 1)bj+4+48 ¢
A(t)-p—-R+ — <A(t) - R —. 3.78
(1) =p=R+ 1 <A(t) =6 + =3 o (3.78)
In particular, we can guarantee the validity of (3.78) if we assume that § > 1 and that aj, b; fulfill the following conditions:
1 (1+35)
S ) s . 3.79
%7261 177228 1) (3.79)

The condition for b; in (3.79) is trivially true for any j € N since {b;}jen is a sequence of positive real numbers. On the other hand, the
condition for aJ 1n (w 79) is satisfied for any j € N if and only if it is satisfied for j = 0, being {a;}jen an increasing sequence. Thanks to the
condition ag > 3 5 7 in (3.63), it follows the validity of (3.79), which guarantees in turn that (3.78) holds true. In conclusion, we proceed with

the estimate from below for J; i+1(t) as follows:

A~ (sa+1)R-4C2by 1) 420~ 1)aj-5+6 4(20- )by +4+46 ¢\
A(t)-p+ . R+ : —)
T (1) > f A(t)—(Sa]+1)R—4(2b]+1)ﬁ)( 0)=p 1-6 1-6 H

+2
2

q} —
At) — 4(25—1)uj—5+§R 4(20-1)b;+4+46 ¢ -1
x (ln( (t)—p+ * 1-6 H dp

4(a, l)R 4(5+2) ¢
1-6 H
j+2_)

il
4(26-1)a;—5+6 | 08(8a;+1) 4(26-1)bj+4+40 | 46(2b;+1) -1
g [ A+ (O 2 R (O HE ) )
= §7 -1 n q=1) p  4(+2) ’

(1-o)? (1-o)? i

t> A7 ((8aj+ 1)R +4(2b; + 1) £ ). Having in mind (3.66) for j + 1, according to the terms appearing in the denominator of the argument of
the logarithmic term in the previous estimate, we set
aj+1—1 _ 4(aj—1) bj+1+2 _ 4(bj+2)
1-6  (1-90)%’ 1-8  (1-0)2°

The previous two conditions are equivalent to define

4 340 4 2(3+9)
. = - — b = 7b‘+ . 3.80
TGI8 TS T8 1 (3.80)
Using iteratively (3.80), we find exactly the representations for a; and b; given in (3.64) and (3.65), respectively.
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Moreover, by straightforward computations, we find that the conditions

4(26 - 1)aj -5+46 . S(Saj +1) S 8aj+1 -1

z

(1-9)2 1-6 1-6 °
4(25—1)bj+4+48+ 46(2bj+1) S 6bj+1+2
(1-96)2 1-6 = 1-6

are satisfied if and only if the inequalities in (3.79) hold. Therefore, thanks to (3.63), we can continue the lower bound estimate for 7}+1 (1),
obtaining t > A~ ((8a; + 1)R +4(2bj + 1) &),

+2_

q
da 1 +2 -1
- A(t) + ==—R p 2 e a
]]+1(t) > (q - 1) (J+2)( ( Ajp1— 1 bjy1+2 LB s )) ’

J
1-0 R+ 1-0 H

Combining the lower bound estimates for J;+1(¢) and Jj+1(t), we get

+2_

[
T (n-1)[1- L A(t 5“)“ 1R Obi1+2 ¢ -1
Tia(6) > 6P (g 1)g 0 (4(0) - @R - by (1( O =t =i ) |

a1~ 1 hj+1+2£
1-0 R 1-0 H

where we used the relations aj1 > 8a; + 1, bj1 > 4(2bj + 1) [which turn out to be equivalent to the conditions in (3.79)] to lower the first
time-dependent factor on the right-hand side that comes from (3.77).
Finally, putting together the last estimate for Ji+1(¢), (3.76), and (3.68), we conclude

F2o1

(n-D)[1-5], 5a+,_1 Sbi+2 ¢ =
A(t R-b; A(t =5 R ! = !
[v(t, )HLP(]R") > +1£qu (1+t)cp = e—g(b+H)Pt( () - ajn 2:15) A x( ( ( )I:l 1 b:+21c_8 H)) . (3.81)
(A(t) +R) 2= i R+ g
where Bj; is defined in (3.67) with D = D(n,¢,H, b, mz,[S,p, a9, 9) = KBCPs(-DI-5]+ (q- l)qfl.
Hence, we proved (3.66) for j + 1, which is exactly (3.81) with Bjy; given by (3.67). |

Finally, for our future considerations, it is convenient to derive an explicit representation of In B;. Applying the logarithmic function to
both sides of (3.67) and using the resulting identity in an iterative way, we find

InBj=gqInBj-; —jIn q+lnD=q2 InBj, - (j+(j—1)q)lnq+ (1+q)In D

) j=1 j=1
=...=q lnBo—( Z(j—k)qk)lnq+( qu)lnD
k=0 k=0

+1
—q]lnBo—_l(q,q_ll—(j+1))lnq+q In D
In In D In In In D
-¢/[lnB, - 121 +—)+ q 1a__
q( "Tg-1? gq-1 G )q 1 (q-1)* q-1
In In In D
=g lnE+(]+1) q e ?)Z_q—l’ (3.82)

where E= Boq’q/(’ifl)le/(qfl).

E. Improved lower bound estimates for the spatial average of the solution

In Subsection I1I D 2, we derived the sequence of lower bound estimates for | v(t,-)|? s () 10 (3.66). Now, we are going to use (3.66) to
derive a sequence of lower bound estimates for the spatial average V (t).
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Indeed, plugging (3.66) in (2.2), we have

V(t) > Bﬁ“ 7 *“ztf e(“z*“l)sfs
(ajR+b £ A1(a;

A~

(fxré(lﬂH)q)T (1)
)

R+bj 17

ARTICLE

scitation.org/journal/jmp

- L Byt
% (1 + T)C q (A(T) aJR b )( 1)(ﬁ+1)[ ] 11’1 A(T) 6 1 +2§ ! de
DT ey Lg s
(A(7)+R) - SR+ {555

fort> A7 (ajR+ b %).
Since A(7) — ajR - bj >

(A(7) - aR - by &) DEDI-E,

(A(T) +R)(n—1)(ﬁ+l)[l—§]_

> 2—(n—1><ﬁ+1)\1—§|(£

(n=1)(B+1)(1-£)
i)

for 7> A7 (2a;R + (2bj + 1) £ ). Therefore,

+1 g7 —a
‘B sql €

(n=1)(B+1)(1-%)
V(t) » 27 DGO P|y( ) B

zf.[t e(
H A1 (2a;R+(2b;+1) £ )

1¢(7) for T > A7 (2a;R + (2b; + 1)) and A(7) + R < 2¢(7), provided that 7 > AN (R-

%), we have that

e(n—l)H(ﬂ+1)(1—§)r

a—ay)s

!

ql

drds

8 Sb;+2
X /S (1 +T)gq]q1 e( +v_’)HT A(T)+ “J R+ 1}‘2
A7 (2aR+(2b+1) £ ) R+ I;”’; <

for t > A7 (2ajR + (2b; + 1) 5 ), where we used

(al—i(b+H)q+(n D (B+1)(1- F(T) (1+1)€

C AN (BD

—y(1+r)< 41 e(""“’cm 3 (b+H)g+(n=1)H(+1)(1-4))7
- n 21
=H(1+T)c?e(a'+71{_%_;) —u(l+71) o el3r=1)me

with ¢, given by (1.4), and for a1, a2, we employ the same notations as in Lemma IIL1, that is, a; =

working with ¢ < 0, we have

A(T) +

b _ yH. Since we are

b _
5+vHando¢2—2

Baj

~ +2 gt -1 t s _1 T
V() > NB e (1414) e_“ztf elamans f N ER L I
J AL (20;R+(20+1) & ) AL (2aR+(20+1) &)

fort > A™'(2ajR + (2bj + 1) £ ), where N = 2~ (=D(EDI-3

a;—1

175R+

Cy) B
H)) drds

(3.83)

7R+
b+
1-8

1
2c
H

- _e
B ‘u( 5 )( DEDO-2) We now focus on the lower bound estimate for the 7-integral

in the right-hand side of the last estimate. For s > A" (4a;R + 2(2b; + 1) £ ), we may shrink the domain of integration to [A™'(A(s)/2),s],

obtaining
+1
Sa;— dbj+2 (B+1)
—\Hr A(T)+ 4 R+ J_ £ !
MO [ e (( ST dr
15 H
(p+1) L5
A + 2(6u} 1)R+ 2(8b;+2) ¢ a1 o
2 |In (S)z(u 1) 2(b+2)1 P A e( " P)HTdT
e 2 ()
j+1_
N A TR CE P IS PN ey (s
= n 1 H In 2(“} I)R 2(bj+2) ¢ (l_e ’
(5 tv- ;) 15 H

24y-1

5)

2

Ji-7 (2

P

))).
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By elementary computations, we find

—Ail(@) = —iln(l +efH5) + lln 2
2 H H

so that we may estimate for s > A™" (4a;R + 2(2b; + 1) 17) the last factor in the lower bound for M(s) as follows:

el e () (! Hm)(;w-;)

2
Byl

-1 (2 p)
—(l+%(4ajR+(4bj+3)%) ) iyj_

2

WV

(1 4p—1
Clearly, {y;}jen is an increasing sequence of positive real numbers and limy; =1-2 Gy, Combining the previous considerations, we

proved that the s-integral in (3.83) can be estimate from below by

2(8a}

4+
2(8b+2) ¢ -
M = Vi ! (*—V—*)HS A(S)+ 1)R (li-(; )E 1
M(t) iy ¢ In z(a 1) z(b +2) ds,
(g +v- },)H A7 (4 R42(2b+1) £ ) 2D, N

"1 H

where we used a; — a1 = —2vH.
For t > A™' (8a;R +4(2b; + 1) £ ), we increase the bottom of the interval of integration so that the domain of the integral is reduced to

[A'(A(t)/2),t]. Hence, for t > A™' (8a;R + 4(2b; + 1) 5 ), we have

4(5@ 1)

)
4(8bj+2) -
0 P TR (N O = = e
” (g +v— l)H 4(“1 I)R 4(b+2) ¢ A,I(Azt))

P 1-6 H

e(g_v_;)HS ds.

We can estimate the integral in the last inequality for M(t) analogously to the corresponding term that appeared in the lower bound estimate
for M(s), that is, for t > A (8a;R + 4(2bj + 1) £),

where
2 2H

-1\ (575)
7j£1—(1+i(8aj12+(8b,-+5)§) ) "

Summarizing, for t > A™' (8a;R + 4(2b; + 1) ), we proved that

AR
5 4(6u 1) 4(8b+2) ¢ \\ BT
e~ 1 g (m-bon 421 A(t)+ =75 R+ =155 &
V(t) 2 Ny; YJB€+ e e( 2k (1 +t)g o (n( 4(a, 1)R i(b+2) +2)1 56 = ,
tTis H

whereNiN((2+v——)( —}%)Hz)_1

Remark 10. In the previous lower bound estimate for V(t), the logarithmic term provides an improvement of the lower bound in
comparison to what we would obtain if we worked with the same approach as in the proof of Ref. 1 (Theorem 1.9).

Since aj > 2 forany j € Nand 6 € (1, 1), we find that da; — 1 > 0 for any j € N, and consequently,

(D) et A\
B+1 q’ —b_d) ¢t
OB R Do (o s i )
1-6 1-6 H
fort> A7 (8ajR +4(2b; + 1) 5).
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1

2
Fort>A™ (24( PSR+ % %) ), it holds the following inequality:

A(t) 1
IH(W) > E In A(t)
H

Furthermore, the condition ¢ > £ In( 2 B 1 1) implies that In A(t) > 2, while for ¢ > 1, we may estimate (1 + £) > 2°¢.

Let us introduce
) O ¢\ f.afai-1_ b+2c\\ 2., (H
Uj:max{A (SajR+4(2bj+l)E),A (2 (578R+ 1]78H) ),ﬁln(?+l),l}. (3.84)

Combining the previous estimates, for ¢ > g;, we obtained the following lower bound estimate for V(¢):

v(t)>NQT y 3B} et S e G (1)

- (B+1) B+1
whereNiZV%lN( ) 1 and Q= 2‘11(%)'1‘.
Let us denote by

_ G+l

Kj(t,e) =NQT y B} et o i)

nH _b_H

the factor that multiplies the exponential term e 2“2 » " in the previous lower bound for V(). With this notation, we can simply write

V) 2 Ki(he) el T fortz o (3.85)
In addition, by using the support condition (1.7) and Holder’s inequality, from (2.1), we find that V satisfies

V' (£) + bV (1) + m*V(£) 2 T(£)e "HEDED (v (4yya
>(1+ t)ce(ocm—"H(lfﬂ)(P—l))f(V(t))q

nH _b

= (1+1t)% (4= - 1)t(V(t))q for t >0, (3.86)

where we used again (1.4) in the last step.
We point out that Lemma III.1 does not cover the case when a polynomial factor appears on right-hand side of the ODI in (3.3). For this
reason, we consider the next lemma, whose proof is completely analogous to the one of Lemma III.1.

Lemma IIL5. Let b, m” be non-negative real numbers such that b > 4m?>. We consider the same notations for a1 and as as in the statement
of Lemma IIL1.
Let g > 1, ko, k1 € R satisfying (3.1) and (3.2), and £y < 0, £1 > 0 such that

bo+(g-1)b >0. (3.87)

Suppose that G € €*([0, T)) satisfies
G'(t) +bG'(t) + m*G(t) > B(1 +t)“e""|G(1)|1 for t € [0,T), (3.88)
G(t) > K(1 + 1) for t € [To, T), (3.89)

and (3.5), with T € [0, T) and for some positive constants B, K. Let us define Ty and Ko as in (3.6), where 9 € (0, L LY is arbitrarily chosen so
that 29¢, < Lo + (g - 1)41.
If K > Ko, then the lifespan of G is finite and fulfills T < 27T1.

Remark 11. We emphasize that thanks to the factor Kj(t, ¢), we have a lot of freedom in the choice of the parameter ¢; in (3.89).
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In order to control more accurately K;(t, €), we rewrite it as follows:

C+lgﬁl-llnt-v—lnN}

i1 q Blteq ~
Kj(t.e) = exp{q (lne +Int 7 +1n Q)+([3+1)lnBj+ln(yjyj)—

:exp{qﬁl(lneq'*'lnl‘% +1n(QE§))+(j+1)(ﬁ-;1$+ln(yj7j)— c-;ﬁ-;—lln f 4 In N+ (ﬁ(;—l)ll;q _ (ﬁ‘zl)in D}’

where we used (3.82) in the second equality. Let us introduce the function

1 Plta
L(t,e)= ln(quEPt e ) (3.90)

We point out that L(#,¢) > 1 if and only if

pg=1)

t>To(e) =Eie ™o,

q-1
where E; = (lelE_ll’ )ﬂ““q .

Our goal is to apply Lemma IIL.1 or Lemma IIL5 to V (depending on whether ¢ = 0 or ¢ < 0). We underline that V is twice continu-
ously differentiable [see Eq. (3.1) in Ref. 1]. Clearly, (3.86) and (3.85) correspond to conditions (3.88) and (3.89), respectively, with ¢, = ¢.
Concerning ¢;, we have some freedom in its choice thanks to the factor K;(¢, €). More precisely, we choose ¢; > 0 such that ¢ + (g — 1)¢; > 0.

In particular, for ¢t > max{Ty(¢), 0;}, it holds that

Ing

a1 +1In(yyj) -

Ki(te)(1+6)™" Zexp{qu F(B+1)(i+1) B (+t) + N B (ﬁ”)lnD}.

q-1 (g-1)? q-1
Let us now introduce the family of intervals {7 ( j) }jen, where 7 (j) =[ 0}, j+1].
2
From (3.84), we see that there exists jo = jo(R, f;, 0, bo, ) € N such that for j > j;, we have g; = A7 (24(%R + l%; é) ) For j > j, and
for any t € #(j) such that t > To(¢), we have

- i+ . 1 ~ 1)1 1)In D
Ki(t,e)(1+1) 4 Zexp{q’ LB+ DG+ l)qn_q1 +1In(yj7;) +In N + (ﬁ(;_)l;q - (ﬂ;_)ln
g+ﬂ+1 “1f Jaf Giv1 =1 b +2 ¢ :
_( . +€1)1n(1+A (2 ( R I E) ))} (3.91)

We consider now Ky and To(b, m?,vo,v1) introduced in Lemmas II1.1 and IIL5 relative to V. More precisely, we use this lemma with
ki = % - g - %, ko = —(q—1)ki1, €y = ¢, and ¢; as discussed above. We stress that condition (3.2) is exactly (1.9) in this case.

Since the lower bound for Kj(t,¢) in (3.91) is divergent as j — oo, we can fix an index ] = J(n,¢,H,R, b, mz,p,ﬁ, g, 4, ag, bo, ) € N,

2
satisfying J > j, in a such way that for any t > A™' (24( Glp g Ut2e ) ) such that t > Ty (¢), it holds that K;(¢,¢) > Ko.

1-0 1-0 H

We may now fix &y = (1, ¢, H, b, m?, B, p, @4, vo,v1, R, ao, bo, 8, ) such that

To(eo) > max A7! 24([1]_1R+h/+2£)2 Ty E71/71 H B (3.92)
~ 1-6 1-6H) ) 7\\2 p '

due to the fact that all terms on the right-hand side are independent of . Consequently, for any ¢ € (0, &], since To(¢) > To(eo), we have
nH _b_H

V(t) 2 Ko(1+ t)zle(y7 270 for any t > To(e). In conclusion, Lemmas III.1 and IIL5 provide the following upper bound for the lifespan
T(e) of V:

~ n 1 - _ea=D
T(S) < 2max T()(S), To, E - V—;) H < 2T0(€) =2Eie o,

where in the second inequality, we used (3.92). This concludes the Proof of Theorem 1.2 for ¢ € (—}), 0].
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F. Upper bound estimates for the lifespan when ¢ > 0
In the previous proof, we showed the validity of (1.11) when ¢ € (—I%, 0]. Of course, we can repeat the same argument as before when

¢ > 0, obtaining the same upper bound estimate for the lifespan as in the case ¢ = 0, that is, T(¢) $ € 7", On the other hand, when ¢ > 0

and ¢ = ¢_;;> we may use the same approach as in the proof of Ref. 1 (Theorem 1.9) to prove the blow-up in finite time of V and the lifespan
estimate T(¢) S e, Comparing the last two lifespan estimates when ¢ > 0, we conclude the validity of (1.11).

IV. FINAL REMARKS AND OPEN PROBLEMS

We explicitly point out that we expect that the lifespan estimate in (1.11) is not sharp when ¢ > 0.
We also stress that when # > N in the double limit case o = 0, (1, H, b, m*,,p) and ¢ = —11), we are not able to prove the blow-up in

finite time of V. This is due to the fact that the function L(t, ¢) does no longer depend on ¢ as the power for  is 0 in (3.90) when ¢ = —’%.
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