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Abstract

The aim of this paper is to investigate the existence of weak solutions of the coupled
quasilinear elliptic system of gradient type

—div(a(z, u, Vu) + Ai(z,u, Vu) = g1(z,u,v) in Q,
(P) —div(b(z, v, Vv) + Bi(z,v, Vv) = g2 (z,u,v) in Q,
u=v=0 on GQ,

where © € R" is an open bounded domain, p1, po > 1 and A(z,t,&), B(z,t,&) are C'—
Carathéodory functions on Q@xRxRY with partial derivatives A¢(x,t,8), a = Ve A, respectively
Bi(z,t,€), b = VeB, while gi(z,t,s), g2(x,t,s) are given Carathéodory maps defined on
Q x R x R which are partial derivatives of a function G(z,t, s).

We prove that, even if the general form of the terms A and B make the variational approach
more difficult, under suitable hypotheses, the functional 7, related to problem (P), admits at
least one critical point in the “right” Banach space X.

The proof, which exploits the interaction between two different norms, is based on a weak
version of the Cerami—Palais—Smale condition, and a suitable generalizations of the Weierstrass
Theorem.



1 Introduction

This paper aims at investigating the existence of one or more solutions for the following quasilinear
elliptic system with homogeneous Dirichlet boundary conditions:

—div(a(z,u, Vu)) + Ay(z,u, Vu) = g1(x,u,v) in Q,
—div(b(z, v, Vv)) + Bi(x,v, Vv) = g (z,u,v) in £, (1.1)
u=v=0 on 02,

where €2 is an open bounded domain in RY, N > 2, py,ps > 1, functions A(z,t,&), B(z,t,£) :
QxR x RY — R admit partial derivatives

0A 0A 0A

At(x7t7§) = 7(‘%71575)7 a(l’,t,é-) = YR (xvtaé-)"w 7(3771575) )
ot & 13N (12)
0B 0B 0B '

Bt(x7t7£) - a(xvtvf), b(mvta g) - (8517 (x,t,f), () %V(xvtvg)> 9

and a function G : 2 x R x R — R exists such that
%(x,t,s) = q1(z,t, s), aa—G(x,t, s) = ga(w,t,5) for a.e. x € Q, for all (¢,5) € R (1.3)
s

We note that the terms a(x,u, Vu) and b(x, v, Vv) make the variational approach more difficult.
In fact, also investigating the existence of solution for just an equation

—div(a(z,u, Vu)) + A¢(x,u, Vu) = g(z,u) in Q,
(1.4)
u=20 on 0,

requires suitable approaches such as nonsmooth tecniques or null Gateaux derivative only along
”good” directions or a suitable variational setting [4, 5, 11]. For example, a family of model problem

is given by:
p
2

N
Az, t,0) = | Y aij(@, )&
i,7=1

where p > 1 and (a; j(z,t))1<i,j<n is an elliptic matrix.
In particular, if 4,B:Q x R — R are given functions such that:

aij(@.t) = (p%A(x,t))% 5]

2

big(e,t) = (5 B,0) " o,
then:
Az, t,§) = p%A(aj?t)‘ﬂpl

Bla,t,€) = LB(a,0)[¢]",



and the problem (1.1) reduces to:
—div(A(z, u)|VulPr —2Vu) + pil.At(x, w)|VulPr = gi(x,u,v) inQ,
—div(B(z,v)|Vv|P2=2Vv) + p%Bt(m, v)|VoulP2 = go (z,u,v) in Q, (1.5)
u=v=0 on 0,
which solutions are the critical points of its corresponding funcional
J(u fQ x,u |Vu|p1d1:+ fQ x,v)|Vu|P2de — [, G(z,u,v)dz,

under suitable growth condition of nonlinear term G (see [12]).
In the particular case, A(z,u) = A*(x) and B(x,v) = B*(x), problem (1.5) becomes:

—div(A*(z)|Vu|Pr—2Vu) = g1 (2, u,v)  in Q,
—div(B*(x)|Vv|P272Vv) = g (z,u,v) in €, (1.6)
u=v=0 on 0f),

with A*, B* : Q@ — R. If A*(x), B*(x) are measurable, bounded and strictly positive functions,
then (1.6) generalizes the classical (p1, p2)-Laplacian system

—Ap, v = gi(z,u,v) in Q,
—Ap, v = go(z,u,v) in (1.7)
u=v=20 on 0N).

The interest in (p1,p2) - Laplacian systems, or their generalization such as (1.1), arises from the
fact that they allow to model various physical phenomena. For example, they describe problems
related to the equilibrium of anisotropic media which possibly are somewhere ”perfect” insulators
r "perfect” conductors. So that the couple (p1,p2) represents the characteristic of the medium
which involves a pseudoplastic fluid if p; < 2, a dilatant fluid if p; > 2 or a Newtonian fluid if
p1 = 2. Moreover, problem (1.1) arises in the theory of quasiregular and quasiconformal mappings
and is useful for investigating population dynamics or the spread of microrganisms.
As a consequence, many authors have studied problem (1.7) obtaining existence results under
hyphotheses of sublinear, superlinear or resonant type of the non linearity G(x,u,v).
In particular, in [2] the authors found a solution of (1.7) as critical point of the related action
functional

1 1
= 7/ |Vu|p1dx+f/ |Vv|p2dx—/G(x,u,v)dx (1.8)
p1 Jo b2 Jo Q

which is well defined on the space W, (Q) x W, ?* () if the function G is continuous on @ x R x R
such that:
Gz, u,v)| < c(1+ [uft + |v]P2),

where p7, p5 denote the critical esponents for the Soboler imbeddings and p; < pT,p2 < ps.
Moreover, if more restrictive subcritical assumptions for g; and g, hold, functional 7 is of class C*



and its critical points are weak solutions of (1.7).

On the other hand, the presence of coefficients A(z,u) and B(z,v) make the variational approach
more difficult. Indeed, even in the simplest case G(z,u,v) = 0 and A(z,u), B(x,u)are smooth,
bounded and far away from zero, the corresponding functional for the problem (1.5)

1 1
— A(:v,u)(x7u)\Vu\pldx+—/B(:E,u)(x7v)|Vv|p2dx
p1 Ja P2 Jao

is defined in W, " (€2) x W, *2(€2), but is Géteaux differentiable only along directions of the Banach
space (WP (Q) N L=(Q)) x (WyP*(Q) N L=(Q)) (see [11] for the case of a single equation).

In this paper, we want to extend to our quasilinear system (1.1) the existence result stated in [2]
for (p1,p2)- Laplacian system (1.7) with a ”sublinear like” growth for the nonlinear term G.

To this aim, following the approach introduced in [4, 5] for quasilinear equations and extended in
[12] to quasilinear systems, we look for solution of (1.1) as critical points of the functional:

j(u,v):/QA(x,u,Vu)daH—/QB(x,v,Vv)dx—/QG(x,u,v)dx (1.9)

in the Banach space X; x Xy, where X; = W, (Q) N L>=(Q), for i = 1,2.

We note that functional 7 does not satisfy the Palais—Smale condition or its Cerami’s variant since,
even in the case of a single equation, a Palais-Smale sequence converging in the WO1 P(Q) norm but
unbounded in L*> () can be found (see, for example, [7, Example 4.3]). Therefore, by exploiting
the interaction between two different norms on X, we introduce the weak Cerami—Palais—Smale
condition (see Definition 2.6) and apply a suitable generalized version of Weierstrass Theorem in
order to prove the existence of at least one solution (see Theorems 2.3 and 2.5).

2 Main Theorems and variational principle

From now on, let § C R™ be an open bounded domain, N > 2 and consider two functions
A, B : OxRxRY — R with partial derivatives A;(z,t, &), a(z,t,£), Bi(z,t,£),b(x,t,£), according to
the notation (1.2) and a function G : @ x RxR — R with the partial derivatives ¢; (z,t, s), g2(z, ¢, 8)
as in (1.3).

Assume that two real numbers p1, p2 > 1 and a radius R > 1 esist so that the following assumptions
are held:

(Hy) A and B are C'-Carathéodory functions, i.e.,

B

(,1,6) :x € Qs A(x,t,€) € R is measurable for all (t,£) € R x RY,
Az, ) : (5,6 €ER xRN 5 A(x,t,6) € Ris C! for ae. z € Q;

(,t,8) 2 € Qs B(x,t,€) € R is measurable for all (¢,£) € R x RY,

(z,-)

Sy

)

B(z,-,): (t,€) ERXRNHB(x,t,é“) eRis C! for ae. z €



(H;) some positive continuous functions ®;, ¢; : R — R, i € {1,2} exist such that:

|A(2,t,8)] < ®q(t) + d1 ()€ a.e. in Q, for all (t,£) € R x RY,
la(z,t,8)] < Bo(t) + do(t)|E " ae. in Q, for all (£,€) € R x R,
|Bi(w,t,8)| < ®1(t) + o (t)]€]F? a.e. in Q, for all (¢,€) € R x RV,
b(z,t,8)] < Da(t) + d2(H)[E]>"  ae. in Q, forall (,€) € R x RY;

(H2) some costants up and 01,092 > 0 exist such that

A, t,€) > po (L4 ¢ €] ace. in Q, for all |(¢,€)] > R,
B(x,t,€) > po (1 +]s[P272) €72 ace. in Q, for all |(£,€)| > R;

(H3) there exists ; > 0 such that

|[A(z,t, )| <m ae inQ, if [(t,8)] <R

|B(x,t,&)| <m  ae. inQ, if |(t,€)] < R;

(Hy) there exists 72 > 0 such that

A(l'vtag) < 772a($7t,£) : 5 a.e. in Qa if |(ta 5)' > Rv

B(x,t,€) < mob(x,t,€) - € ace. in Q, if |(t,€)| > R;

(Hs) there exists ug > 0 such that
G/(Z‘,t,g) ' 5 + At(xat7€)t Z /-l/la/(l"t;f) f a.e. in Q? lf |(t7£)| Z R’
b(x,t,8) - &+ Be(x,t,&)t > pib(z,t,€) - € ae in Q, if |(¢, )| > R;
(Hg) there exists pz > 0 such that

a(x,t,€) - € > ol ae. in Q, if |(t,€)| < R,
b(z,6,€) € > polé? e in Q, if |(£,6)] < R;

(H7) for all £,&* € RV, € £ ¢ it is
[a(z,t,8) —a(z,t,£)] - [€— €] >0 a.e inQ, forallt € R;
[b(x,t,&) —b(x,t, )] - [€ =& ] >0 ae. inQ, forallt e R;
(Go) G is a C'-Caratheodory function such that G(-,0,0) € L>(Q);

(G1) some real numbers ¢; > 1, s; > 0if < € {1,2}, and ¢ > 0 exist such that

(1+ |u|®~t + |o|**)  for a.e. x € Q, all (u,v) € R?;

‘gl(ir?ua ’U)
v (1+ |u|*2 + |v|271)  for ae. 2 € Q, all (u,v) € R?

|<e
‘92(1'7'“, )| S c



(G2)
91(2,0,0) = g2(2,0,0) =0 for a.e. z € Q.

Remark 2.1. From condition (H3) and (Hg) a constant s > 0 esists such that

A(z,t,6) = po(1 + [E7 7)€" = ns

. 2.3
B, 1) > o1 + 177l — g %)
for a.e. x € Q, all (t,£) € R x RY.
On the other hand, from (H;), (H3) and (Hy) direct computations imply

Az, £,6) < m +1m®a(t) + n2(P2(t) + ¢2(1)) 5] (2.4)

B(z,t,8) <+ n2®a(t) + n2(Pa(t) + ¢2(1))[€]”

for a.e. x € Q, all (t,£) € R x RV,

Remark 2.2. From condition (Gy) - (G1), the Main Value Theorem and standard computations
we have that:

G2, u, )] < e (T4 Jul + [ul™ + [ul[o]* + o] + [u]**|v] + |v]*) (2.5)

for a.e. z € Q, all (u,v) € R2
In fact, from (Gg) - (G1) and the Main Value Theorem, for a.e. = €  and for any (u,v) € R?
there exists 6 € ]0, 1] such that

|G(z, u,v)| < |G(x,u,v) — G(z,0,0)| + |G(x,0,0)| = |g1(x, Ou, 0v)u + g2(z, Ou, 6v)v| + |G(z, 0, 0)|
< e (L ™0 ol ) ful 4+ ¢ (1 al* + [ol=1) o] + 1G(-,0,0)

and so (2.5) follows with ¢; = max{c, |G(-,0,0)|s0}-
Theorem 2.3. Assume that (Hy) - (H7), (Go) - (G1) hold. If

IL<q <pi(l+o01), 1<q<pal+o2), (2.6)

. 1 PiD2 ( 1 )}
0 < s9 <min 1+o 1-— , 14+0 1-— ,
s s {“( 1)( p2(1+02)) N e\ oy

then system (1.1) has at least a weak bounded solution (@,7).

Remark 2.4. From direct computations the hypothesis (2.7) becomes:

1
0<s51<p(1+o0 1—-—,
> 51 > 2( 2)( 1(1 1)>
0 S p1(l1+o 1 s
>S2>x P 1 (1 )



if and only if N < p1 + po.
In particular, if N < p; + ps and 01 = 02 = o, than the condition (2.7) reduces to:

1 1
0<31<(1+a—>p2, 0<82<<1+0—>p1.
D1 D2

If the additional assumption (Gz) holds, than (u,v) = (0,0) is a trivial solution of (1.1).
The next result states the existence of a non-trivial solution.

Theorem 2.5. Assume that (Hy) - (H7), (Go) - (G2) and (2.6) - (2.7) conditions hold. Moreover,
suppose that a constant ny exists such that

(Hs)

| A, t,€) < mal€]™,
|B(.’£,t,£) < 774|£|p27

lim inf Glz,u,v)

minf W >namax{A11,A2,1}  uniformly a.e. in Q,

where for i € {1,2} A1 are the first eigenvalue of —A,, in W; which is characterized as

VEPide
>\i,1 = n L, (28)
cewi\{0} [, [|Pidx
and is strictly positive, simple, isolated and has a unique eigenfunction @; 1 such that
wi1>0ae inQ, @.1€L) and |@iilp; =1 (2.9)

Then, system (1.1) has at least a weak bounded non-trivial solution.

The proofs of theorems (2.3) and (2.5) are based on a suitable generalization of the Weierstrass
Theorem.
We denote by (X, || - |lx) a Banach space with dual (X',| - ||x/), by (W,]| - |lw) another Banach
space such that X < W continuously and by J a given C' functional.
Then, we introduce a suitable weaker version of the Cerami’s variant of Palais—Smale condition.
Taking 5 € R, we say that a sequence (&), C X is a Cerami—Palais-Smale sequence at level 3,
briefly (C'PS)g-sequence, if

im J(E) =4 and Jim (4] (€) e (1 [€llx) = 0.
Moreover, (3 is a Cerami-Palais-Smale level, briefly (CPS)-level, if there exists a (CPS)g—
sequence.

As (CPS)p—sequences may exist which are unbounded in ||-||x but converge with respect to ||-||w,
we have to weaken the classical Cerami—Palais—Smale condition in a suitable way according to the
ideas already developed in previous papers (see, e.g., [4, 5, 6]).



Definition 2.6. The functional J satisfies the weak Cerami—Palais—Smale condition at level 3
(8 € R), briefly (wCPS)s condition, if for every (wCPS)g sequence (§,), € X a point £ € X
exists, such that:

(i) EIE I€n — &llw =0 (up to subsequences),

(ii) J(§) = B, dJ(§) = 0.

If J satisfies the (wC'PS)s condition at each level 5 € I, I real interval, we say that J satisfies the
(wCPS) condition in I.

Condition (wCPS)g implies that the set of critical point of J at level 5 is compact with respect
to ||-|lw, hence a Deformation Lemma and some abstract critical point Theorems con be stated (see
[6]). In particular, the following Minimum Principle can be stated (for the proof, see [6, Theorem
1.6)).

Theorem 2.7. (Minumun Principle) If J € C1(X,R) is bounded from below in X and (wCPS)g
holds at level 8 = igl(fJ € R, then J attains its infimum, i.e. & € X exists such that J(&) = 8.

3 Variational setting and first properties

From now on, we denote by:

e meas(D) the usual Lebesgue measure of a measurable set D in RY;

o L"(£2) the Lebesgue space with norm [¢], = ([, |¢]"dx) Yrife <r < +oo;

e 1>°(Q) the space of Lebesgue-measurable and essentially bounded functions £ :  — R with
norm [£]oo = ess sup [£];
Q

o W, P () the classical Sobolev space with norm H£||W01,p =|V¢|p if 1 <p < Ho0.

For simplicity, here and in the following we denote by | - | the standard norm on any Euclidean
space, as the dimension of the considered vector is clear and no ambiguity occurs, and by C any
strictly positive constant which arises by computation.

In order to look for weak solutions of the nonlinear problem (1.1), consider pj, p2 > 1 and, for
1 € {1,2}, the related Sobolev space

Wi = Wy P (Q)  with norm || - ||lw, = | - ngm

Npi

N—p;
r € [1,+o0[ if p; > N, W; is continuously embedded in L"(2), i.e. a positive constant 7; , exists
such that

From the Sobolev Embedding Theorem, for any r € [1,p}] with p} = if N > p;, or any

€] < 7 llEllw, for all £ € W;. (3.1)

For simplicity, we put

1
p;i =400 and — =0 if p, > N.
b;



Here, the notation introduced for the abstract setting at the beginning of Section 2 is referred
to our problem with
W =W; x Wy (3.2)

while the Banach space (X, | - ||x) is defined as
X =X X XQ, (33)

where
X1 = W1 N LOC(Q) and X2 = W2 N LOO(Q)

with the norms
ullx, = l[ullw, +[ule fu€ Xy and  |vflx, = [[v]lw, + |v|e if v € Xo. (3.4)

Since (W3, || - |lw;,) is a reflexive Banach space for both ¢ = 1 and i = 2, so is (W, || - ||w) where, for
(u,v) € Wit is
1w, 0)llw = llullw, + [[ollw,-

Setting
L= L7(Q) x L7(Q) - with [|(u, v) ][ = [u]oo + |v]co,

we have that X in (3.3) can also be written as
X=WnL
and can be equipped with the norm
[[(w, v)[x = l[(w, 0)llw + [[(w, v) [l = llullx, + [lvllx,-
By definition, for ¢ € {1,2} we have X; — W, and X; — L*°(Q2) with continuous embeddings.

Remark 3.1. If ¢ € {1,2} is such that p; > N, then X; = W;, as W; — L>®(Q). Hence, if both
p1 > N and py > N, then X = W; x Wy and the classical Weierstrass Theorems in [3] can be
used, if required.

Now, we note that if conditions (Hp)—(H1), (Go)—(G1) hold, the functional J(u,v) in (1.9) is
well defined for all (u,v) € X. Moreover, taking any (u,v), (w,z) € X, the Gateaux differential of
functional J in (u,v) along the direction (w, z) is

dJ (u, v)[(w, 2)] :/

a(z,u, Vu) - Vw dzx —|—/ Ay(z, u, Vu)wdx
Q Q

—|—/ B(z,v,Vv)-Vz dac—i—/ By (z,v, Vv)zdx (3.5)
Q Q

—/gl(x,u,v)w dx—/gg(x,u,v)z dz.
Q Q

For simplicity, we put

aa—g(u,v) cw e X — Z—Z(u,v)[w] =dJ (u,v)[(w,0)] € R,
%—"Z(u,v) iz € Xg %—‘Z(u, v)[z] = dT (u,v)[(0, 2)] € R.



So, from (3.5) it follows that

8—‘7(u,v)[w] :/ a(z,u, Vu) - Vw dz +/ Ai(z,u, Vu)wdz
ou Q Q

—/gl(x,u,v)w dz
Q
and
— (u,v)[7] :/ b(:r,v,Vv)~Vzdz+/ Bi(z,v, Vv)zdx
Q Q
7/92(27,’1,&,'1})26&[’.
Q

Remark 3.2. Taking (u,v) € X, since dJ (u,v) € X', then

0T / oJ /
%(U’U)GXD %(U,U)EX2
and 07 07
47 (w,v)l(w, )] = S, 0)u] + ()] Vw,2) € X
Moreover, direct computations imply that
oTJ NS
- < / _— < ’
[, < 1areonx. |G| <1

and

a7 o)l < | G (o)

9T
o 5w

X5

Clearly, we have

dJ(u,v)=0in X <— %—‘Z(u,v):Oin X, and %—{(u,v):Oin Xo.

The following regularity result hold:

(3.7)

Proposition 3.3. Assume that conditions (Ho)—(Ha), (Go), (G1) hold. Let ((un,vn))n C X and

(u,v) € X be such that

Up = uin Wi, u, = u ae inifn— oo,

vy = v in Wa, v, = v a.e inifn— oo,
and, moreover, M > 0 exists such that
[tnloo <M and  |vpleo <M VneN.

Then,
T (Un,vn) = T(u,v)  and  ||[dT (un,vn) — dT (u,v)||x» = 0 asn — oco.

Hence, J is a C1 functional on X with Fréchet differential defined as in (3.5).

10



Proof. First of all, consider the functionals Ji1, J2 defined as:
Ji(u) :/ A(z,u, Vu)dz, ue X,
Q
Ja(v) :/ B(z,v,Vv)dz, ve Xs.
Q

From assumptions (Hy)—(H4) and Remark (2.1), arguing as in the Proof of [4, Proposition 3.1], it
follows that J; and J, are of class C' with Fréchet differential defined as

dJ (u)[w] = /

a(x,u, Vu) - Vwdz —I—/ Ai(z,u, Vu)wdz, u,w € X
Q

Q
and with

dJa(v)[z] = / b(x,v, Vv) - Vzdz —|—/ Bi(z,v,Vv)zdz, v,z € Xo.
Q Q

On the other hand, reasoning as in [10, Proposition 3.7], (Gp),(G1), (2.7), (3.11) and (3.13) imply
that the functional

T3 (u,v) = /QG(;U,um)dx, (u,v) € X

is of class C' with Fréchet differential defined as

A0l (w ) = |

g1 (z,u, v)wdz +/ go(z,u,v)zdx, (w,z2) € X.
Q

Q

Hence, summing up, we conclude that J = J1 + Jo + J3 is C! on X with Fréchet differential as in
(3.5). O

We point out that up to now no sub-critical growth is required for gy (z,u,v) and go(x,u,v)
since in our setting it is X; — L"(2) Vr >1 and i€ {1,2}.
Anyway, subcritical growth assumptions need for proving in general the weak Cerami—Palais—Smale
at any level while further growth assumptions on A, B and G allows us to prove that 7 is bounded
from below. To this aim, we will use the following result.

Proposition 3.4. Assume that condition (Gg)-(G1) hold. Then, there exist §,, G, such that
G, u,0)] < (1 + [u T+ [o]22). (3.14)

Moreover if we assume (2.6) and

1
D -
p1(1+01) (3 15)
1 .
0< so<pr(1+ 1——— ),
= S2 Pl( Ul) < p2<1 +02)>
it follows that
1<7q; <]31(1—§—0’1)7 1<7q, <p2(1—|—02),. (316)

11



Proof. From Remark (2.2) G verifies (2.5). Now, the Young inequality implies that for any s3 > 1

it is

1 1 .
fullol** < L + (1 - ) ol T,
S3 S3

We note that the constant s3 can be choosen such that
83

1<53<p1(1—|—01), 0§$4=$18 1<p2(1+02)
5 —
or equivalently
p2(l + o2)
— <53 < 140
p2(l402) — 51 3 <pil )
1
if and only if 0 < 51 < 140 1—— .
Yy = 51 pz( 2)( p1(1+01))

Arguing in a similar way, we have that

|u|52|v| S (1 _ 1) |u|32 5;‘21 + i‘v|s5
S5 S5

where we can choose s5 > 1 such that:

s
0<s9 i]. <p1(1+01) 1< s5 <p2(1+0'2),
or equivalently
p1(1+o01)
— < §$5 < 1+o
S i +o1) — s 5 < paf 2)
1
if and only if 0 < 55 < 140 1—-— ).
Yy < 59 < pi( 1)( p2(1+02))

Summing up, from (2.5), (3.17) and (3.19), estimate (3.14) follows with g;, G, where:

S5

¢; = max qi, 3,52
Sy — 1

Moreover, if (2.6) and (3.15) hold, then gy, g, verify (3.16).

_ 53
and g, = max qg,ss,sls
3 —

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

O

Remark 3.5. We point out that (Gp), (G1) imply only that G has a polinomial growth. Under
the additional assumption (2.6) and (3.15), G has a "little more” than ”subquadratic growth”. In
particular, if we take 01 = 09 = 0 in (Hz), G has a ”subquadratic like growth”, assuming that:

1<qgi <p1, 1<q2<po,

0< s <p2(1—p%>7 0<s3<p1 (1—1,%)
Remark 3.6. If p; = ps = p, condition (2.6) and (3.15) reduce to:
L<q<p(l+o1), 1<g<p(l+or),

0<s; <p(l+os)— 0<sy<p(l+oy)—

1 + g1 ’ 1 + g9
and the exponents g, 7, in (3.14) verify (3.16).

In particular, if p; = p2 = 2 and o1 = 02 = 0, the classical subquadratic growth for G is obtained.
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4 Proof of the Main Theorem

In this section we will reply Theorem 2.7 (Minimum Principle) to our functional J : X — R
defined as in (1.9). To this aim, we will use the following results.

Remark 4.1. Taking (u,v) € X, it results (|u|" u, |v| v € Wy P* (Q)x Wy (Q)) as for a.e. z € Q

IV([ul” w)[Pr = (14 01)” [u”* 7 [Vul”

Vel = (14 02) " Vol )
Lemma 4.2. Assume that conditions (Hy)—(Hs), (Go)—(G1) hold.
Then, some positive constants c; exist such that:
1 Ho o1 o1 L}r
T (u,v) = pollullfy + mlllul ullyps = ealllul ™ ully s
Ho o D o Li .
+pollv[IT2 + W”M “vllyre — e2fl o] ol — s
Hence, if also (2.6) and (3.15) hold, then
igl(f J(u,v) > —o0. (4.3)
Proof. Fixing any (u,v) € X, from Remark (2.1), (3.14) and (4.1), it follows that:
Ho o1, \|PL o1\ T
U, v) > Vupldz+7/Vu ‘u d:c—c/ w|” ) e do
Fluww) = o [ [Vl o+ e [ 9l [ (urw)
Ho o3, \|P2 o2\ T2
+ vagderi/V v|v d:cfc/ v|7?v) Fo2 dx — 2n3meas(§2
o [ (9ode + o [ 9 (ol KR momeas($)
then (4.2) follows from the Sobolev Imbedding Theorem.
Clearly, (4.2) implies:
Ho o o L‘ZU
T (u,v) > mlllu\ tully = ealllul "l
Ho o o Li
+WH|U| 2””552 — ca|[v] 20”‘;22 — C3.
Hence, if also (2.6) and (3.15) hold, then (4.3) follows from (3.16). O

Remark 4.3. From (4.2), (2.6), (3.15) and direct computations, we obtain
T (u,v) = pol|ullips + ealllul ™ ulligs + pollvllp= + esll v vll- — o

for suitable constants ¢4, ¢5 and cg > 0.

In order to prove that functional J satislies that (wCPS) condition in R, we need the following
results.
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Lemma 4.4. Fiz o >0 and let (£,), C Wy P(Q) N L=(Q) be a sequence such that

(/ (1+ |€n|pa)|V€n|pd$> is bounded.
Q n

Then, € € WyP(Q) esists such that |u|”u € Wy'P(R), too, and up to subsequences, if n — oo, we
have

€n — € weakly in WyP ()

(|7 &0 — [€]7€ in Wy ()

& — & a.e. in

&n — & strongly in L™(QY  for each r € [1,p(1 + o).

Proof. For the proof, see [10, Lemma 3.8] O

Lemma 4.5. Let Q be an open bounded subset of RN and consider & € W&m(ﬂ) with p < N.
Suppose that v > 0 and kg € N exist such that

/ |VEPde < / (E—k)ydae | +v> k*meas(QN)]' ¥ for all k > ko,
of o j=1
with QF == {z € Q: &(x) > k} and r,m, aj,e; are positive constants such that

1<r<p, g; >0, p < a; <egipt+p.

Then ess sup € is bounded from above by a positive constant which can be chosen so that it depends
Q

€] for some | > r if p* = 4+00).

only on meas(Q2), N,p, v, ko,r,m,;,a;,
Proof. For the proof, see [14, Theorem II 5.1]. O

Proposition 4.6. Assume hypotheses (Ho)—(Hzr), (Go)—(G1) and (2.6) — (2.7) hold.
Then, functional J satisfies condition (wCPS) in R.

Proof. Let § € R be fixed and consider ((un,v,))n C X a sequence such that
T (Un,vp) — B and  ||[dT (un,vn)|x/ (1 + |[(wn,vn)|lx) — 0 if n — 400, (4.4)

Our proof is divided in several steps:

1. ((tn,vn))n is bounded in W. Hence, there exists (u,v) € W such that (ju|”"u, |v|”*v) € W
and up to subsequences, we have that

(Un, V) — (u,v) weakly in W, (4.5)
(|t [0 720) = (ful™ 1, [0]2v) weakly in W, (46)
(UnyVn) — (u,v) in L™(Q) x L™2(Q) if 1 <ry <pi(1+01),1 <ry <pi(l+02), (4.7)
(Un,vn) — (u,v) a.e. in . (4.8)

14



2. (u,v) € L;
3. for any k > 0, defining T, : R — R such that

ne [t <k
LR R

Tt

and
7;; : (tl,tQ) S R2 — ﬁ(thtg) = (Tktl,Tth) S RQ,

then, if & > max{|(u,v)|r, R} + 1 (with R > 1 as in our set of hypotheses), we have
14T (Th(un, vn))llxr — 0 (4.9)
and

I (Tie(tn,vn)) — B (4.10)

4. | (Thun — u, Ty, — v)|lw — 0 and then ||(u, — u, v, —v)||lw — 0 (up to subsequences);
5. J(u,v) = B,dJ (u,v) = 0.

Step 1. Firstly, we note that (2.7) implies (3.15).
Then from (Hy)-(H3), (2.6) and (2.7), Remark (4.3) holds. Hence, (4.1) and (4.4) imply that the

sequences:

(/ (1+ |un|10101)|vun|p1dx) and (/ (1—|— |”n|p202)|VUnp2dx> (4.11)
Q n Q n

are bounded and the conclusion follows from Lemma (4.4).
Step 2. Arguing by contradiction we assume that either u ¢ L>(Q) or v ¢ L>°(Q). If u ¢ L>(Q),
either

€ss sup u = +00 (4.12)
Q
or
ess sup(—u) = +o0. (4.13)
Q

For example, suppose that (4.12) holds. Then, for any fixed k € N, k > R (with R > 1 as in the
hypotheses), we have

meas(Q}) > 0, (4.14)

with Q) == {2z € Q| u(z) > k}.
Now, for any k > 0, we consider the new function RII: : R — R such that

Rt 0 %ftﬁlf.
k t—k ift>k

15



Taking k = k7*+1, from (4.6), it follows that
R (fun|™ un) = R (Jul ™ w) - in W

Thus, by the sequentially weakly lower semicontinuity of || - |1, it follows that

n—-+oo

/Q|VRZC,1+1(|u|Jlu)|pldacgliminf/Q|VR;1+1(\un\alun)|pldw,

ie.,
/ |V (u)7* T |Prde < lim inf |V ()7 TP da, (4.15)
QkJr n—-+oo Q::k
as [t|7't > k1T «—= t > k with Q:k ={z € Q| u,(x) >k}
On the other hand, from ||Rfu,|x, < |Jun|lx, (4.4) and (4.14) it follows that nj, € N exists so

that:
AT (un,vy)[Rf uy) < meas(€Q))  for all n > ny. (4.16)

Taking any k£ > R and n € N, from (3.6), (Hs) with uy < 1, (Hz) and (4.1), it follows that:

oNA n B k
%(un,vn) [Rk un] = /{ﬁk <1 — Un) (a(z,un, Vuy) - Vu, + Ag(x, uy, Vug)uy,) de

k
+/ —a(x, up, V) - Vupde — / gl(m,un,vn)Rgund:E
Q Q

+ U
n,k n

> Ml/ a(x, up, Vi) - Vupdr — / gl(m,un,vn)Rgund:E
Qr Q

n,k

Zuom/+ un”“’l\Vunlpldm—/gl(w,un,vn)R,fundx=
Q Q

n,k

_ Mot o1+1|P1 / i
= V(uy, )%t dx — T, Up, Un) Ry upde
sy MO RCE R

which, together with (4.16), implies that

1)P1
/ ‘V(un)01+1|pld$ < m (meas(ﬂz) +/
foka

g1 (ac’un,vn)RkJrundx) for all n > ng.
T Hof1 Q

(4.17)
We note that, from (4.9) and (Gp), we have

gl(x,un,vn)R:un — gl(x,u,v)R,ju a.e. in Q.
Since |R un(z)| < |un(z)| a.ex € Q, from (G1) and (3.17), we have:
|91($,un,vn)Rzun\ < C(|un| + ‘“n|q1 + |un|‘vn|81)

|un|53 N s3—1 |’Un|51 5551
83

< clunl + Jun|™ +
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Thus, since (3.18) and (4.7), we have that a function h € L'(£) exists such that
191(2, Un, Vo) R un| < C(|un] + [un]® + |un|®® + |v,]%*) < h(z) for ae. x €

up to subsequences (see, e.g., [3, Theorem 4.9]).
So, by using the Dominated Convergence Theorem, we have

ngr-lr-loo le(x,un,vn)qundx:/le(ac,u,v)RZ'udaj.

Hence, summing up, from (4.15), (4.17) and (4.18), passing to the limit, we obtain

/ |V (u)7H|Prde < C meas(QZ)—&—/ g1(z,u,v) R udx | |
Qf Qf

k

which implies, by using again (2.1), that

/ |V (u)?r T Prde < C meas(QZ')Jr/ |u\dx+/ |u\’“dm+/ |ul|v]*tda | .
Qf Qf Qf Qf

k

Now, from (3.17), (3.19) Holder inequality with conjugate exponents %:r”) > 1 and
and direct computations, it follows that

1 -1
@ < 5 e B0 [ e
QF 83 Jaf 53 Qf

k
1 -1
< — [ fufrdrs =
83 Jaf

S3 p§(1+02)

Taking g; as in (3.21) so from (4.19) and (4.20) it results

/m V() Prde < C (/Q JulTdx + meas(€] ) + [meas(ﬂznl"’;(””))
k

k

with C = C(||v|lw,) > 0.

Q,

(4.18)

(4.19)

ps(1+02)
p5(1+02)—s4

(4.20)

[V S—
015 140 Dreas()) 7T,

(4.21)

Now, if we set @ = |u|" u, as @ € Wy"'(Q) and Q = {z € Q|u(z) >k *1}, (in particular,

u=u"1"lin QF), from (4.21) we obtain:

/ [VulPrde < C / \ﬂ|%dx + meas(Q}) + [meas(Qz)]l_Pédi“z)] .
ol o
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At last, we note that:

/ |ﬂ|%dx:/ T~k + k|7 |de < 27! / |ﬂfk|7ﬂf3rldx+/ k7
ohy of of of
— - _q1
= 203#171 </ |H_ k|af#1 dx> (01+1) (/
QF Qf

P1
_ a3 _ _
|u—k:|°‘fl+1dx> (=% +2”f‘1“71k”fl+1meas(92)

k

@y ”1?-1%—1 P a1 (ala«lu) a1 g 4 +
< omfT al_a / [u — k|77 d + 275 k7 meas ().
Qf

o1 +1

Thus, from (3.16) we obtain:

P1
a1

/ |ValPrde < C (/ [w — k|q1dx> (i) + kP*meas(Q)) + meas(Q;;)lfpz*(sli"w
o of

with € = C([[ullw,, [[o]lw,) > 0.
Using the notations of Lemma (4.5), we note that, from (2.6) it is:

kPimeas(€)) = kP! (meas(QZ))l_%Jr61

with:
61:%>0, pL=a1 < eapt +pr.
At last, it results:
(meas(Qg)l_% = (meas(ﬂﬁ)l_%““ﬁ? ,

where € = & — Tty > 0le 51 < Bp5(1 + 02), as (2.7) holds.

Indeed, since s4 = 31%, we can choose s3 such that

(4.22)

if and only if it results

18



which is true from (2.7).
So, as k > 1 implies 1 < kP', Lemma (4.5) applies and yields a contradiction to (4.12).
Now, suppose that (4.13) holds which implies that, fixing any k € N, k > R, it is

meas(Q,) >0 withQ, ={z € Q:u(x) < —k}.
In this case, by replacing function R: with R, : R — R such that
0 if t > —k
R t:= 1 - ,
t+k ift<—k

we can reason as above so to apply again Lemma (4.5) which yields a contradiction to (4.13).
Then, it has to be u € L>®(9).

Similar arguments but considering %—Z(un, vp,) and Rgvm respectively R, v,, and the related sets,
allow us to prove that it has to be also v € L*°(2).

Step 3. Fixing k as required in this step, define the functions

0 if |t < k

t—kt  ifft >k

Rp:teR — Rkt:t—Tkt:{
[t]

R : (tl,tg) S R2 — Rk(tl,tg) = (Rktl,Rth) S RQ,
and the sets

Qnr ={z€Q: |up(x)] >k}, Qpp:={z€Q:|v.(x)] >k} for any n € N.
By definition, we have that
[Tk (uns o)l x < [[(un,vn)llx and [ Ri(un, on)l[x < [[(un,vn)|[x  foralln €N;  (4.23)
furthermore, we note that
Ti(u,v) = (u,v) and Rg(u,v) = (0,0) for a.e. z € ().
Then, from (4.5)—(4.7) it follows that

T (tn,vn) = (u,v) weakly in W,
Ti(tn,vy) — (u,v) in L™(Q) x L™(Q)  for any (r1,72) € [1,p7(1 + o1)[X[1, p5(1 + o2)],
Tie (U, vn) — (u,v) a.e. in Q, (4.24)

and also, again from (4.6) and (4.7), we have that

R (tn,vy) — (0,0) in L™ (Q) x L™ () for any (r1,72) € [1, pi[Xx[1,p5], (4.25)
meas(§),, ;) — 0 and meas(2;, ;) — 0 asn — +oo. (4.26)
Furthermore, (3.9), (4.4) and (4.23) imply that

0T
Hau(una Un)

0
|Rkunllx, — 0 and Hj(un,vn)
X! ov

| Rkvn |l x, — O. (4.27)
X5
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Now, by reasonig as in the proof of Step 2 but replacing R,Jgun and R,jvn with Rgu,, respectively
Ryvp, from (4.27) we have that

En = 67t7(unavn)[]%kun] +/ 91($7un,1}n)Rkund1‘
ou Q

> ,ul/ a(x, Up, Vg ) Vu,de > ,ul,ug/ |Vu,|P de,
u Q

u
n,k n,k

(4.28)

En = ai(“n>vn)[RkUn} +/ 92(5(:’ Uy U")Rkvndm
Ov Q

Zm/
Q

as the same arguments used for proving (4.18) apply so that from (4.25) we obtain

(4.29)
b(@, vn, Von )Vopde 2 Mluz/ Vo, [P2dz,
Q

v v
n,k n,k

/ 91(2, Up, vy) Rpupde — 0 and / 92(2, Up, U ) Rgvpde — 0.
Q Q

Whence, (4.28) and (4.29) imply not only that

J

|[Vu,|Prde — 0 and / |V, |P2dx — 0,
"k Q0 k
i.e.
|Rrunllw, — 0 and  ||Rgvn|lw, — 0, (4.30)
but also
/ a(x, U, V) - Vupyde — 0 and / b(x, vy, Vo) - Vo,dz — 0. (4.31)

v
n,k n,k

Now, in order to prove (4.9), from (3.10) it is enough to verify that

H?af”““m””” —0. (4.32)

0
— 0 and Ha'"Z(ﬁ;(un,vn))

’X{ ’Xé

To this aim, let w € X3, z € X5 be such that ||w||x, =1, ||2]|x, = 1. Then, direct computations
imply that

07 g
G it ) = G o)l = [ o, V) - Ve
— Ai(x, up, Vuy, )wdzx
Pk (4.33)
+ / (a(z, Txun,0) - Vw + A(x, Ty, 0)w) dz
o

—|—/(Gu(x,umvn) - Gu(:r'aTkunkaUn))Wdl'
Q
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and

2 Tetims )l = S )l = [ b, Vi) O

v
n,k

— Bi(x, vy, Vo, )zdx
. (4.34)
+ / (b(z, Txvn,0) - Vz 4+ By(z, Txv,,0)2) dx
Q

v
n,k

+/(92(1‘;Um11n) —gg(ﬂf,Tk’un,Tk’Un))U}dm,
Q

where by (4.26) and the boundedness of a(x, Tjun, 0), A(z, Thun,0) in Q. and of b(z, Tivn,0), Bi(x, Tivn, 0)
in Q) (which follow from (Hy)), it is:

/ (a(z, Trn, 0) - Vw + A(z, Tptn, 0)w) de — 0
ik
and
/ (b(z, Tivn,0) - Vz + Bi(z, Tivp,0)z) de — 0
ek

uniformly with respect to w and z respectively.
From (3.9) and (4.4) we have that

‘au(un,vn)[ww < H%‘Z(unwn)

X1 X5

On the other hand, it results

IN

/(gl(xaun,vn) - gl(xaTkun7Tkvn))wdx / |gl(x7unavn) - gl(xauav)‘dx
Q Q

+/ |91 (2, Tptin, Tevn) — g1(z,u,v)|dz,
Q

IN

‘/ (92(‘1:711’”?1}”) - 92(I7TkunaTkv7l))2dI / |92(I,Un,’l)n) - 92(1'711,’())‘611'
Q Q

+/|92($7Tkun7Tkvn)—92($,U,U)|dx.
Q

We note that from (Gp) and (4.8), respectively (4.24), we have

91 (T, up,vy) — g1(z,u,v) and  go(x, up,vn) — ga(x,u,v) a.e. in Q,
g1(x, Trtin, Tpvn) — g1(x,u,v)  and  gao(w, Tptn, Tpvn) — g2(2, u,v) a.e. in ,

while from (G7) and Young inequality, direct computations imply that

|91(2, un; vn)| S O |un|™ + |oa ) and g2 (2, un, vn)| < O |un|* + |va]®)  ace. in O,
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S5

with s4 as in (4.22) and since sg = s2 Py

, we can choose s5 such that

1< s5 <p2(1+0'2)

(4.35)
0 <sg<Bpi(l+401)
if and only if it results, respectively for s4 and sg,:
P1P3 1
51 < 1+o l— —— 4.36
< B (1- o) (4:36)
and i )
Pip2
S9 < 1+0 1l—- —— 4.37
< B o (1- o) 437

which are true from (2.7).
Moreover,

|gl(x7Tkun7Tkvn)| S C and

|92 (x, Ttin, Tpv,)| < C

a.e. in Q.

Thus, (4.22), (4.35), (4.7) and [3, Theorem 4.9] allow us to apply the Dominated Convergence

Theorem so that we obtain

|g1(x,un,vn) - g1(x,u,v)|dx — Oa
Q

/ 1922, ny v0) — g2, w,0) [dz — 0,
Q

/ l91(x, Titin, Tivn) — g1 (2, u,v)|de — 0,
Q

/ lg2(x, Titin, Tivn) — g2(2, u,v)|dz — 0.
Q

So, summing up, from (4.33) and (4.34), all the previous limits imply that

’gmwmvn))[w]’ < tn +

n,k

oJ

o (Tl )2

< €k,n +

J

v
n,k

/ (a(z, un, Vuy) - Vw + A(2, tp, Vup)w) dz

(b(x, vn, Vop) - Vz+ Bi(x, vy, Vop)z) dx

)

(4.38)

i

where both (eg ), represent suitable infinitesimal sequences independent of w, respectively z.
Using the same notation introduced in Step 2, we evaluate the last integrals in (4.38) by reasoning
as in the proof of Step 3 in [5, Proposition 4.6] but taking new test functions and passing to the

limit in
o7
ou
N

ou

(T (wn, vn)) ['WRzunL
(Th (uns vn ) [W R, un),

respectively

oJ

ov
o7

ov

(Ti(tn, vn)) [ZR}JCFUHL

(Ti(tn, vn)) [ZR}; Un),

N4

%(n (Un» 'Un)) [sz—lu"}’
N4 _

Du (77c (um Un)) [WRk—lun]7
oJ

%(7; (unv Un)) [ZRerlvn]’
oT _

o (T (una Un)) [Zkalvny
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Hence, we are able to claim that (4.32) hold.
At last, direct computations imply that

T (Tie(Un,v5)) = T (Un, vn) —/ Az, up, Vuy,)dz —/ B(z, v, Vu,)dx
Q

u v
n,k Qe

+ / (G2t vn) — G, Titun, Trvn))d,
Q

where from (?7?), (?7?), (4.7), (4.8), (4.24), and again the Dominated Convergence Theorem we
have

/(G(m,un,vn) — G(z, Ty, Tpv,))dz — 0.
Q

Thus, (4.10) follows from (4.4) and (4.31).
Step 4. By following some ideas introduced in [1] and considering the real map t(t) = te""”, where
7 can be fixed in a suitable way, in particular by applying the same arguments developed in the

proof of [8, Proposition 3.6] and in the proof of Step 4 of [5, Proposition 4.6] in order to estimate
9T (Tho(tn, vn)) ¥ (Titin, — w)], We prove that

HTkun — U”Wl — 0. (439)
Moreover, reasonig in the same way but considering %—‘Z(’E(un, v ) [ (Tkvn — v)], we have also
| Tkvn — v|lw, — 0. (4.40)

Then, condition (¢) follows from (4.30), (4.39) and (4.40).
Step 5. By means of Proposition 3.3 applied to the uniformly bounded sequence (Tx(tn,vn))n,
from (4.24), (4.39) and (4.40) it follows that

I (Ti(un; vn)) — T (u,v) and [T (Tk(un,vn)) = dT (u,v)[|x» — 0.
Hence, (i) follows from (4.9) and (4.10). O

Proof of Theorem 2.3. The proof follows from the Minimum Principle (Theorem 2.7), since we
have proved that the functional 7 is bounded from below in X (Lemma 4.2) and satisfies condition
(wCPS) in R (Lemma 4.6). Thus, J admits a minimum point in X, which is a weak bounded
solution if the system (1.1). O

Proof of Theorem 2.5. Consider A € R such that

lim inf Glz,u,v)

()] = (0,0) W > X > 714 Max {)\171, )\2,1} . (441)

Then, fixing any € > 0, a constant § > 0 exists so that |u["* + |[v|P* < 4, it is

G(z,u,v)

W > (X — 6) > 714 Max {)\171, )\2_]1} . (442)

Thus, it follows that

Gz, to1,1,t921) > (A =€) (|t "t + [tp21(P?) (4.43)
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if

ltor1 " + [tz | <6, (4.44)

and since [tp1 1["" + [to2.1]" < [t 91,1100 + [E7 [tp2,1]00 < d, it Tesults that

Gz, te11,t021) > (A =€) ([t 1" + [t [@2,1]7) (4.45)
if and only if
|t|p1 < 2|901(T1\oo
) (4.46)
[t|”? < Moo

Then, from (4.41) and (4.46) it results:

T (tpr1,tp21) < mat? Aalenal, ™+ matP Xa e, " —/ G(z,tp1,1, tp21)de
Q

< matP A1 plpl + natP2 Ao 1 <,02,1|p2p2 —(A—%e) (tpl\ﬁpl,ﬂplpl +tp2\s02,1|p2p2) <0.

Thus, the conclusion follows. O
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