Mathematische Annalen (2024) 390:3691-3722

https://doi.org/10.1007/500208-024-02842-8 Mathematische Annalen
)]

Check for

updates
Partially concentrating standing waves for weakly coupled
Schrodinger systems

Benedetta Pellacci' @ - Angela Pistoia? - Giusi Vaira® - Gianmaria Verzini*

Received: 13 November 2023 / Revised: 15 February 2024 / Accepted: 28 February 2024 /
Published online: 29 March 2024
© The Author(s) 2024

Abstract
We study the existence of standing waves for the following weakly coupled system of
two Schrodinger equations

iB0p1 = — 2 A+ ViG)wn — Py — Bl

I8 = —F Ay + Vo)W — malipaPv2 — Blvn Py,

where V| and V, are radial potentials bounded from below. We address the case
my ~ h? — 0, m constant, and prove the existence of a standing wave solution with
both nontrivial components satisfying a prescribed asymptotic profile. In particular,
the second component of such solution exhibits a concentrating behavior, while the
first one keeps a quantum nature.
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1 Introduction

The mathematical analysis of singularly perturbed semilinear elliptic equations and
systems has been the object of a wide range of studies in the last decades. Among the
many motivations, a big role is provided by models in Quantum Mechanics, and in
particular by the semiclassical analysis of Schrodinger-type equations. In this context,
one postulates that the classical Newtonian Mechanics should be recovered from the
Quantum one by letting the Planck constant 7 vanish. Accordingly, the wave func-
tion of the quantum particle should concentrate and collapse to one or more Dirac’s
deltas, which position should describe the sharp location of classical particles. When
different quantum waves interact, e.g. in the case of weakly coupled NLS systems, the
commonly investigated setting is the one in which all the waves concentrate in point
particles. From the analytical point of view, this study lets different challenges arise.
On the one hand, one may ask what is the limit concentrating profile at specific energy
levels, for instance for ground states; this is typically done exploiting variational meth-
ods and blow-up analysis. On the other hand, solutions concentrating with prescribed
shape and position can be constructed, mainly using the Lyapunov—Schmidt reduction
approach.

A largely studied model is the case of a binary mixture of Bose—Einstein con-
densates, usually described by the Gross-Pitaevskii system, namely a systems of two
weakly coupled nonlinear Schrodinger equations

B3y = — o Ay + Vi)Y — ¥ Py — BlvalPyr inRY
I8y = — 45 Ay + Va(x)¥a — palya PPy — BlYn Py inRY,

for N = 1, 2, 3. Here, ¥| and v, are the order parameters of t1~1e two components of the
mixture, m and mj the corresponding masses, and V and W the external potentials,
bounded from below. In general, the (trapping) potentials may be different, opening
interesting possibilities concerning the geometrical configurations of the condensates.
Finally, the interaction parameters (1, (2, 8 depend on the scattering lengths asso-
ciated to the different states. These interaction parameters can be fine-tuned across a
wide rage of values, profiting from the presence of a Feshbach resonance. For more
details on this model we refer to the book by Pitaevskii and Stringari [21], in particular
Chaps. 5 and 21.

Looking for standing waves (1 (x, 1), ¥a(x, 1)) = (e'E11/Pu(x), e'E21/My(x)) of
frequencies E; we have that (u, v) solves

—%Au + V(@)u = pu’ + pv*u inRVN,

()
—%Av + Wx)v = povd + Bu?v inRV,
with V(x) = E| + V(x) and W(x) = E» + W(x), for E; such that infry V > 0 and
infry W > 0. The usually studied case is the one in which u;, 8 are both very large,
or h is very small with respect to the other parameters, so that one is lead to consider

the singularly perturbed elliptic system
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Partially concentrating standing waves... 3693

—2Au+ Vi(xu = M1u3 + ﬂuv2 inRY,

2
—e2Av + Vo(x)v = u2v3 + ﬂuzv in RV, @

While the autonomous case, namely the case V; = A; with A; positive constants, has
been widely studied in the last two decades, (see the recent paper [25] for an exhaustive
list of references), a few results concerning the non-autonomous situation are known.
The first result seems due to Lin and Wei [11] who studied the case of a binary mixture
in a singularly perturbed regime and in presence of trapping potentials. They prove
the existence of ground state solutions, derive their asymptotic behaviors as ¢ — 0
and show that each component has one maximum point (possibly the same), called
spike, which is trapped at the minimum points of the potentials V;. The existence of
a concentrating ground state solutions was also established by Montefusco, Pellacci
and Squassina [15], Pomponio [22], Ikoma and Tanaka [7] and Byeon [4]. All the
previous papers are concerned with system (2) where both the equations are affected
by the presence of the small parameter &, so that every wave (given by the components
of the vector solution) concentrates as & approaches zero.

Here, we focus on another type of regime, as it may happen that only some of the
waves act in a semiclassical way, while the others persist in a quantum behavior. To
the best of our knowledge, this kind of analysis is not present in the PDEs literature
yet, and this paper is a first contribution in this direction.

More precisely, in our study we consider 2m; = B2 and my = % in (1), so that
(u, v) solves the following elliptic weakly coupled system

—Au+ Vx)u = piu’ + Buv? in RV, 3)
—2Av+ WH)v = u2v3 + ﬂvu2 inRY,

where 2 := h2. According to the previous discussion, along this paper we deal with
the system above in the singularly perturbed regime ¢ — 0. Moreover, our study will
deal with the case of u; > 0 and 8 < 0, corresponding to positive intraspecies and
to a negative interspecies scattering length, describing a repulsive interaction between
the condensates.

Our analysis will include the class of potentials satisfying the following assump-
tions.

(V1) V(x) = V(|x|) is a radially symmetric function satisfying

VeC%RMam%gVQ)>O 4)

Moreover, V is such that there exists Y € C3(RY) N H>(R") unique positive
radial solution to

_ _ 3
{AT+W@T_MT )

Y(x) — 0as |x| = o0,
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which is non-degenerate in the space He1 (RM)) of functions even with respect to
each variables, i.e.

H!®RY)

that is the only solutions to

— Az +V(x)z =31 Y’z inRY
z € HI(RY)

is the trivial one.
(V2) The potential V is such that for every f € L™ (RM), 2 < m < 400, there exists
a unique solution u € W2 (R") of the equation

—Au+Vxu=f,
and

lullwzm@yy S IF N Lm@yy-
(W) W(x) is even with respect to all the variables,

W e C3(RY) and g W(x) > 0. (7

Our main result is stated as follows.

Theorem 1.1 Let N = 2, 3, and suppose that (Vy), (V2) and (W) hold.
Assume B < 0. Let

o(x) = W) — BT (), ®)
set wg := w(0) > 0 and assume that

2w
8_x12(0) < 0. )

Then there exists e > O such that for every € € (0, &g) there exists a solution (ug, vg)
of system (3) even with respect to each variable and having the following asymptotic
profile as ¢ — 0

() ~ Y@, ve(x) ~ @[U@o“ﬂ)w(m”&)] (10)
w2 € €
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where Y solves (5), U is the positive radial solution of
— AU + woU = woU? in RN (11)
and the peaks P, and — P, collapse to the origin as

1
4 P.o=po(£1,0,...,0), with lim —2  — (12)

e—0+ eln(l/e) \/a)_()

Theorem 1.1 states the existence of a solution whose first component looks like
a genuine solution to (5), in particular it does not concentrate, and whose second
component concentrates at two opposite points which collapse to the origin as & goes
to 0. As a consequence of the coupling in the equations, the first component of (3)
plays the role of an additional potential in the singularly perturbed second equation,
so that the concentration will be triggered by the modified potential W — BY2.
Because of the assumption 8 < 0, we will obtain a solution in the repulsive regime,
and, when the origin is a maximum point of W our solution exists for every  negative;
while when 8121 W (0) > 0 we obtain a solution for 8 < By < 0 (see (14)).

Let us make some comments.

Remark 1.2 We point out that, in case Y satisfies
AY(0) # 0, (13)

then assumption (9) is satisfied as long as

2w ()

0x1

21120

<

(14)

On the other hand, assumption (13) is verified in case V is radially non-decresing near
0 and 7Y is radial and has a (local) strict maximum at 0, as one can verify applying
Hopf’s Lemma. Indeed, first we observe that, in such a case, for any i the function
0; T solves

AT — VY = =3Y29; T + Y3,V > 0in Q; := {|x| < ro x; > 0},
for rg small, because 9; Y < 0 and 9; V > 0 in ;. Moreover
0=0,7Y(00) = ng)ax ;Y.

By Hopf’s Lemma we deduce 9;; Y(0) < 0 and (13) follows.

Remark 1.3 1Tt is useful to recall the classical results concerning the case of constant
potential, i.e.

— AU +2U =pU*in RN, U € H'RV). (15)
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It is well known that (15) has an unique positive solution which is radially symmetric
and also that the set of solution of the corresponding linearized equation

—Az+ Az = 3/LU2Z inRY, z e Hl(]RN)

is spanned by the N partial derivatives gTU, which are odd in each variable. In addition,
U is radially decreasing and it satisfies the following exponential decay (see [2, 3, 9])

_ U’
lim U(x)eﬁlxlpcl% =Cy > 0, im *x) =
|x|—o00 lx|=o00 U(x)

—1. (16)
Remark 1.4 We observe that a class of potentials V which satisfy hypotheses (V)
and (V3) includes both the constant potentials and, at least in dimension N = 3, the
trapping ones, like V (x) = A+ |x|™ for some A > 0 and m > 0. Indeed, (V1) follows
from Remarks 1.2, 1.3 and [5, Corollary 1.5 and Appendix A]. On the other hand,
(V2) follows by standard elliptic theory in the case of constant potentials (see e.g.
[24, Thm. 3, p. 135]), while for trapping ones it is a consequence of [16, 17, 23] (as
we mentioned, [23] deals only with dimensions N > 3; we believe that a version of
such results should hold also in lower dimension, but this is far beyond the aim of this

paper).

Remark 1.5 Ourresultrelies on the simmetry of the potentials V and W which allows to
build symmetric solutions with symmetric peaks P, and — P, collapsing to the origin.
We strongly believe that a similar construction could be carried out in a more general
setting in the spirit of Kang and Wei [8], when the radial solution of the first equation
(5) is non-degenerate in the whole space H LRNY (ie. Visa trapping potential as in
[5, 23]). In that case, it should be possible to build a solutions whose first component
resembles the radial solution Y of (5) and the second component has two different
peaks collapsing to a maximum point of the modified potential W — Y2,

Remark 1.6 We will prove Theorem 1.1 using a classical Lyapunov—Schmidt reduc-
tion. This will allow us to build each component with a prescribed profile: the first
component will look as one bump solution for ¢ sufficiently small, while the second
will develop two spikes collapsing at the origin and will be exponentially small far
from them. In performing this classical procedure, we faced some new difficulties.
First of all, in view of the square growth of the coupling term, we need to correct the
ansatzs of both the components to detect the suitably reduced problem. Moreover, the
use of the regularity theory will be crucial in order to make suitable expansion of all
the terms involved in the construction.

Our existence result does not cover the case N = 1, as in this case the size of
the error term does not produce the suitable smallness of the reminders terms in the
ansatz despite of the presence of the correction term. We think that this point could be
managed introducing further correction terms, again in both the equations, which at
the prices of heavy technicality should allow to construct a remaining term sufficiently
small.
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Remark 1.7 Our result deals with the case of a binary mixture and it is natural to ask
if our construction can be extended to the case of a larger number of equations, i.e.

k
—Au+ V@)= pud+u Zﬂjvjz- in RV,
j=l1
k
—SZAU]‘ + Wix)v; = /Ljv? + v ﬂju2+ Z ,Bijv? in RV, j=2,...,k.
i#]

In particular, we wonder if it is possible to build a solution whose components v;
concentrate at different pairs of points (Pf, —Pf ) collapsing to the origin as & goes
to zero. ' '

Remark 1.8 The unperturbed version of system (2) (let us say ¢ = 1) was firstly
studied by Peng and Wang [19] who (in presence of radial potentials) constructed an
unbounded sequence of non-radial solutions exhibiting an arbitrarily large number
of peaks. Their result has been successively extended to the case of more than two
equations by Pistoia and Vaira [20] and very recently by Li, Wei and Wu [10].

We wonder if it is possible, by combining the ideas used in the above papers, to
produce a solution to system (3) with ¢ = 1 whose first component looks like the
solution to (5) and second component concentrates at an arbitrary large number of
points approaching infinity as & goes to zero.

Remark 1.9 Let us finally observe that the existence of solutions to the system (2)
is closely related to the study of the normalized solutions for nonlinear Schrodinger
systems. We refer the reader to the recent papers by Lu [14], Liu and Yang [13], Guo
and Xie [6] and Liu and Tian [12]. In particular, it would be interesting to produce
normalized solutions using as a parameter their L?-norms, in the spirit of the results
obtained by Pellacci, Pistoia, Vaira and Verzini [18].

The paper is organized as follows. In the next section we set the problem, by
introducing the the main blocks of our construction and by reformulating problem
(3) as a system of two equations, one set in an infinite dimensional set, the other,
called the reduced problem, in a finite dimensional one. In Sect.3 we solve the the
infinite dimensional equation. Finally, in Sect.4 we study the reduced problem and
we complete the proof of Theorem 1.1.

2 Setting of the problem

Let us introduce the Banach spaces

H} = {u € H*RY): f Vou? < +oo} :
R (17)

Hy, = {u e H*(RY) :f W(ex)u® < +oo}.
RN
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3698 B. Pellacci et al.

equipped with the norms

lully == / Z|D“u|2+/ |Vu|2+/ V(x)u?
RN RN RN

la|=2
and
2 2
luell = / > D%l + / Vul* + / W (&) (x)u
RY RV RV
| =2

Henceforth, we omit the subscript ¢ in u, v and we agree thata < b means |a| < c|b|
for some constant ¢ which does not depend on a and b.

Performing a change of variable in the second equation, we are lead to seek a solution
(u, v) of

{—Au + V(@u = pu’ + puv? () inRY, (18)

—Av 4+ W(ex)v = uov® + Bul(ex)v inRNV.
in the space
X ={(u,v) € H‘z, X Hvzvg u, v are even functions (see (6))}.

In the next subsection, we introduce the main building blocks in the construction of
our solution.

2.1 The ansatz and the correction terms
In view of assumptions (Vy) and (V2), we can consider Y the solution of

—AY + V@Y = ;Y inRY (19)
and U be the solution of

— AU + woU = ppU? in RV, (20)
where, since 8 < 0

wo = W(0) — BY2(0) > 0.

We look for a solution (u, v) of (18) of the form

u(x) =1Tx) + P (x) +ox), vx) =Ue(x)+ B¥:(x) +¥(x). (21
— —

=:Ee(x) =0, (x)
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where
P Pe
Us(x) :=U <X - ?) +U <x + ?> =U_p,(x) + Up,(x)

and the concentration points satisfy (see (12))

Pﬁzpé‘PO:IOS(laOa-”’O)v 108

=deln(l/e), d € < for some § > 0. (22)

1
Lo L)
Jwo Jwo

The function @, and W, are suitable correction terms, whose existence and properties
are established in Lemma 2.1, 2.3. The reimander terms ¢ and i belong to the space

Kt = {(go, V) ex / Y () Ze ()dx = o} ,
RN
where K := span{(0, Z,)} ¢ H? and
B P, P,
Zo(x) = 81U(x+ 8)—81U<x— - ) (23)
solves the linear equation
_ 2 2
— AZp +w0Zs = 3ua (Upgax1 Up, — U p 0y, U,pg) . (24)

Moreover, it is worthwhile to point out that all the functions ®,, U, and Z, are even
functions.

In the following we introduce the two correction terms we need in our construction
of the solution. Let us start from the term in the first component.

Lemma 2.1 There exists a unique even @, € H‘% (RN solution of the equation
X
—AD, + (V(x) — 3;mr2(x)> @, = T(x)U> <E> . (25)

N N
< gm and ||| < em for any

Moreover, @ satisfies || Pe|lyammpyy S cti-X @
T m

m > 2.

Proof By exploiting assumptions (V1) — (V2) we deduce that for any even function
f € L>(RN) the problem

_AD+ (V(x) — 3;“?2();)) ®= finRY

has a unique even solution ® such that || ®|ly < c||fll 2gn), for some constant ¢
which does not depend on f. Now we point that the function f(x) = T(x)Ug2 (%) is
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3700 B. Pellacci et al.

an even function with

N
<l

oz ;)]

Indeed, by scaling x = ¢y we immediately deduce

/ Tz(x)U“(f)dxg/ 20 (Ut (22Fe) 4ot (220 ) ) ax < 6.
RN € & RN & &€

(26)

L2(RN)

As a direct consequence, we infer

N
[ Pell 2rry S €2

Nz

.. . 0,1 mN
This implies that ®, € C” 2 (R") and ”(I)g”CO'%(RN) <e
Now, we write (25) as

CAD 4+ V(0D = 31, Y2 (0) D (x) + Y (x)Ue (f) in RV
— &
=f1(x)

=fa2(x)
and we observe that, reasoning as in (26), we deduce that

N
m

N
I fillpm@yy S e and || f2llpmgyy S €, forany m > 2;

then, assumptions (V) implies,

N
”q)g” 2,m (RN < 8W,
W2m(@RNY S

so that, choosing m > N, Sobolev embedding wZm@RNYy — ¢ 1’1*%(RN ) yields
the claim. O

Remark 2.2 1t is useful to remark that by Lemma (2.1) since V&, (0) = 0 we deduce

_N N _N
|Pe(y) = PO S Iy I1Pell Loy S e [P (27)
m (RNV)
Moreover, since VY (0) = 0 we also have
TG = TO S PITle2@yy S I (28)

Lemma 2.3 There exists a unique W, € H>(RN), solution of the equation
AW+ <w0 ~3u (U%S ) + U2, (x))) W, = 280, ()T (O)Ue(x). (29)
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Moreover, || Wl g2@ny < 8% and there exist B, y, Ry > 0 such that
W, (x)] < &N/ (g*y‘”%‘ + e*V'X*%') . Vix| > Ro.
Proof As U is radial, there exists a unique W radial solution to
AW+ <w0 - 3/L2U2(x)> U =U®), (30)

then the function ¥, defined as

W, (x) = 2/3<DS(O>T<0>[W (x + %) v (x _ 5)]

&

solves (29). The regularity properties of W are consequence of the regularity properties
of U, while the bound from above of the H2(R") norm follows from the upper bound
on the L>®(RY) norm of &,.

The exponential decay of W, will follow from the analogous decay of W. In order
to prove this property, let us first show that there exists R > 1 such that W (r) > 0 for
every r > R.

By contradiction there exists a sequence r,, — 400 of minimum point at a negative
level for W. Then

—1
0> -V, () — NT\IJ,,(}’,[) = —woW¥(ry) + 3M2U2(rn)\p(rn) + U(rn)
> —W(r) (00 = 312U ) 2 0

as soon as ry, is sufficiently large so that the parenthesis is positive.
Let us now fix A > Osuch that 3y UW +1 < A andlet v(r) = Be™?” with y2 < wy.
Then w = v — W solves

N-—-1
—Aw 4+ wow = v (a)o - )/2 + —y) —UQBu YU + 1)
r
>v|lwy—y +——y ) — AU
r
N -1
> Be V" (wo -y + —7/) — Ae™ V"
r

=e 7 [B <a)0 -2+ No1 ) - Ae_(‘/“TO_y)r] >0
r

as y2 < wg for r > Ry sufficiently large. In addition, we can choose B such that
Be™V" > max|y|=g, W, then the maximum principle yields 0 < W < v for |x| > Rj.
O
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Remark 2.4 Let us point out that assumptions (V1) and (V) are satisfied by constant
potentials as well as by potentials of the type V (x) = |x|” with m > 0 as shown in
[5,23].

Remark 2.5 As a consequence of Sobolev embedding, the bounds from above stated
in Lemma 2.1 hold for ¥, as well.

2.2 Rewriting the problem
Let us introduce the orthogonal projections
M:L°®RY)—~ K, andI1+:L*@RY)— K+
where
K := span{(0, Z,)} C L?,

Kt:= {(f,g) e L2 (RY) x L2RN) : / gZedx = 0}.
RN

Plugging the ansatz u = E; 4+ ¢ and v = O, 4+ ¢ (see (21)) into (18), one obtains the
following equivalent system

{H{L«o, V) —E—N(@.¥)}) =0 an

O (L, ¥) —E—N(g,¥)} =0

Here the linear operator £ = (L1, £2) is defined by

Lilg. ) = =Bp+ V@ — (3mEL + 07 () 0 —260; (Z) By ()

&

Lo ) i= =AY + W)y — (31207 + BEL(x) ) ¥ — 260, Ee(ex)p(ex).
(32)

The error term £ = (&1, &) is defined by

&= 3 TR + 1 B0 + FTow, (2) + 282 1@, (2) we (2)
£ & £
+B20: U2 (5) + Brocw: (5) +26820:U: () we (5) (33)
& I £ I

& == (wo — w(ex)) Op 4 22U, (T (sx) D (ex) — D (0)T(0))
o (U = U, = U2 ) +3us (U2 = U, = U2, ) W
+B302(ex) O, + 283 WY (6x)De () + 312 B2U V2 + 18303 (34)

where

ox) = W) — BY%(x) and (0) = wo.
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Partially concentrating standing waves... 3703

Finally, the nonlinear term A = (N, N>) is defined by

M@, ¥) ==u19”> B8 + ¢) + Bo¥r (;) (2@8 (%C) + (;)) 1 BE Y2 (;)

Na(p, ¥) i=p2¥? (30, + V) + Brp(ex) 2Ee(ex) + ¢(ex)) + BO.0*(ex).

3 The linear theory

Let us start the study of the second equation in (31) by proving the following crucial
result.

Lemma 3.1 There exists ¢ > 0, and g9 > 0 such that for every ¢ € (0, &y) and for
every B < 0 it results

T L, Wl 2@vy 2@y 2 @ Wl vy zeyys V0 ¥) € K*

Proof We argue by contradiction and suppose that there exist £, — 0 and (¢,, ¥,,) €
K+ with [[(@n. ¥l 2 eivyx 2 eny = 1 such that

. X X X
—Agy + V()@ = |:3H-I Eg" + ﬁ(“)f,, (:)] on +2B8, 0, (:) Yn <;) + fu
n n

A+ W) = [31202, + BE2 (60)] Yin + 2600, Ben(en)gn(en) + g0 )

+ 1y an
where f,, gn — 0in L*RN), [on fuZe, = [gn 8nZe, = 0,1, € Rand Z,, is given
in (23).

Step 1. Let us first show that ¢, — 0 strongly in H‘z/ (RM). Then by Sobolev
embeddings ¢ — 0in L®([RN). As ¢, is bounded in H', there exists ¢ € H'(RY)
such that, up to a subsequence, ¢, — ¢ weakly in H'(R"), strongly in L2 (RV) and
almost everywhere in RY . Taking into account that

B =T+ B, (Bds, +27)
and testing the first equation in (35) by x € Cg° (RY) we get

X
/ VouVx + V(X)enx =[ [wnrz +3u1B®Pe, (BPe, +27) + BO7 (—)] P X
RN RN En

X x
+ /RN 2B(Y + BP;,)O; (g) Vn (g) X +/1;N e

By applying Lemma 2.1 one deduces that

— 0.

‘ / B, (BDs, + 2V x
RN
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3704 B. Pellacci et al.

Moreover, by applying Lemma 2.3 we obtain

1
2 (X 4 (X2 a2
O ()l Sl | |05 ()| S e 102, Iy,
n n

Arguing analogously on the other terms on the right hand side, it follows that ¢ solves
—Ap+V(x)p = 3/L1T2g0 in RV,

Since ¢ is an even function, by the assumtpion (V) we get ¢ = 0.

In order to show that ¢, — O strongly in H‘z, (RM), it is enough to exploit
Lemma 2.1 and 2.3 to verify that the LZ(RV)—norm of the right hand side
(R.H.S. for short) of the first equation goes to zero, and then apply hypothe-
sis (V1). Indeed, as ||(¢,, ¢,1)||H\2/ RV)xH2,®RN) = 1, Sobolev embeddings yield
”(pn”LZ(RN)v ||1/fn||L2(]RN) < land ”(pn”LOO(RN) < 1. Then

X
IR.H.S N 2@y SIV2@nll 2@y + H [% (B®s, +27) + O <8—)} On

+ H (T + Bds,)O, (1) Vi (1)
&n &n

2 N
SIT @ull 2@y + 1 De, | oo @y I @n | L2rNY + €2 ll@nll LoomNy

N
+ e[ Ynllzwyy + 1 fnll 2@y
=o0(1),

L2(RN)

+ 1 full 2wy

L2(RN)

where we have also taken into account that Y" decays exponentially and ¢ — 0 strongly

in L _(RN), so that we also have

/RN Y42 = o(1).

Step 2. We now study the second equation in (35) and we prove that 7, — 0. We test
with Z,, and we remind that Z,, solves

_A25n + wOZgn = 3”“2 (U}%gn 8Xl UP&‘n - Ungn axl U_PEn) .
Therefore we get
o [ 2= [ (W = pTem - o) 2o,
R
2 2 2
“3u / vzze, — (v2h, 000-p, — U 80UR, ) | ¥
R

—28 / O, B (82 %)@ (6nX) Ze, — 2 / Y (£4) De, (€0X) Yn Ze,
RN RN
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N /R eV Ze, — 3B fR e, (2Ue, + PVe,) Y Z

2
| (Weenn) = BT2E00) —0) 22, |, o Wnllizeny
v ze, - (20, 00U-p, — U3, 80U, )|, o Wl
Hllenll Loo@mny + 1Pe, Il oo wyy + [1We, | oo mry
=o(1). (36)

Indeed, we use the exponential decay of U and of its derivatives. Since wy =
W(0) — BY2(0) we get

IW(y) = BY*(») —wol S Iyl if [yl <o
for some ¢ > 0 and so

(W) = BY(enx) — 0) Z,

= o(1).

L2(RN)

Moreover a direct computation and Lemma A.2 shows that

|v2 7., - (V2), 04,U-n, — U} 04Un,))|

= o(1).

L2RN)

It is possible to show that all the other integral terms on the left hand side tend to zero
by applying Lemma 2.1 and 2.3, Step 1. and Sobolev embeddings.

Finally, since it is immediate to check that || Z, || 2gy) = C + o(1) for some
C > 0, we deduce that 7, = o(1).
Step 3. Let us now introduce the sequences

~ P, ~ P,
Vp, () ==Y (x— 8"), Vip, () = v (x+ 8”).

n n

We will show that (up to subsequences) Ji p,—0 weakly in H I(RV) and strongly in
L} (RN).

Both these sequences are bounded in H%VS (]RN ), so that, up to subsequences,
gipn—\{/\fli weakly in H'(RV) and strongly in LIQQC(RN ). Let us first show that
Y4 = 0, then an analogous argument will yield that ¥, = 0.
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3706 B. Pellacci et al.

In the following we will use the notation 1Z+ p,(x) = Jpn (x). Recalling (35), the
function v p, satisfies the equation

2
—AYp, + W(enx + P)Vp, =312 (U(X) +U (x + Zﬁ) + BY, (x + i)) vp,

n En
+ B (enx + P)Vp,
+ /3@5,‘ (Snx + Pn)(ﬂq)s,, (Snx + Pn) + ZT(snx + Pn)){;Pn

Py o Py
+2lg®s,, X+ — ) Bg, x+? On(Enx + Py)

n n
Py Py

‘g |\x+— ) +tZ, | x+—).
En En

Arguing as in the first step, applying Lemma 2.1 and Lemma 2.3, and taking into
account that [|¢y || oogyy — 0, we obtain that the limit function ¥4 solves the limit
problem

— AV + 0oty = 3uaU% g in RV, 37)

On the other hand, the function JJF inherits the symmetry properties of the function
Y+ p,, namely it is even in the last two variables and it satisfies the orthogonality
condition

/ (MU )y =0,
RN

as

~ P,
0= f Yn(xX)Ze, (x)dx = / Yip, (¥) (81U(y) — U (y - 2—)) dy
RN RN €

n

= fR VU dy +o(D).

This, together with (37), yields ¥4 = 0.

Step 4. Let us prove that a contradiction arises. First, let us prove that ||y, || L2@RN) =
o(1). By testing the second equation with ,,, and recalling that 8 < 0 in view of (14),
we deduce that

f IV l? + W (enx) ¥y = / 312U Yy + B / T2 (enx) W2
RN RN RN
+ / BPe, (£2%) (BDe, (£2%) 4 27 (%)) V2
RN
+/ ZIBUS,, Be(enX)@n(enx) Yy +/ &nV¥n
RN RN

5/ 312U Yy + o(1),
]RN
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where we have repeatedly applied Lemma 2.1, 2.3, that ||y || oo rn) = o(1) and that
gn — O strongly in L?(R"). Concerning the last term, we have that

/ Uiyl = / U,%Enw,%—i— / UEPEn¢3+2 / Up, U_p, ¥}

]RN ]RN ]RN RN
< | U2, + | U, 4 Waliemys | Up U_p. =o(1)
~ Jrn TP Jen Py LYY | Y Pen Y =Py =

because Ji p, — Ostrongly in leoc (R™) (as shown in the previous step) and U decays

exponentially. This implies that v/, — 0 strongly in H'(R"), thanks to (7).

Finally, let us prove that a contradiction arises by showing that also ¥, — 0 strongly in
H%VS (RM). In order to show this, it is enough to use hypothesis (V) and to check that
the L2(RY)—norm of the right hand side of the second equation in (35) goes to zero.
Indeed, by Lemma 2.1, taking into account that ||y, || ,2gvy — 0and [|@n || oo mv) —
0

2
IRH S N2y S 1302U2 Yl 2wy + | (T(enr) + B, (e0)) -

+ [ Ue, (Y (€nx) + BPe, (62)) @ (en) || o vy + gl L2 @)
+ [l Ze, [l L2y

S Wl 2@y + l@nll poo@yy + gl L2@ay +

=o(1)

O
Remark 3.2 Letus observe that the hypothesis 8 < 0isneeded only in the proof of Step

4. Moreover, it is not needed in the case of a constant potential W(x) = W(0) = Wy.
Indeed, in this case if 8 > 0

BY2(x) < BY2(0) < W(0), aswpy > 0.
so that the sequence (Wo - ,BTz(snx)) 1//3 > 0 for every x and the final contradiction
can be obtained applying Fatou Lemma. However, even if at this point we can manage

B > 0 (in the case of W constant), the study of the finite dimensional problem will
require 8 < 0 as shown in hypothesis (14).

3.1 The size of the error term

In this subsection we compute the L?(RN) of £ which will determine the norm of the
remainder term (¢, V).

Proposition 3.3 There exists g > O such that for every ¢ € (0, gq) it results
1€ 2@y = O@EY) and & 2@y, = O <£2| 1ne|2)
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3708 B. Pellacci et al.

so that,
1€ L2 @V L2®N) = O nel?)
Proof Let us start studying £ given in (33). We have

1€ 2wy S NP2y, + 1932, + |@:U2Z (£)

o 2w () 8

R (i
LZ(RN)+H ere g)
o (7))

& &

L2RN)
Lemma 2.1 and Sobolev embedding imply that (see Remark 2.2) || D [loo < e% . Then
we deduce

+[re )
L2(RV) €

L2(RN)

L2(RN)

N 3 e
<8 ) ”q)g”Lz(RN)ng

~

2 2
TP L2@myy S I Pells

and

1
. 2
02 (e, = (L 202 G)) 5% (
e/ I L2(R3) RN &
Moreover by applying Lemma 2.3 we obtain
re ()
)
As far as concern the last three terms, similar computations show that
HTUS (E) \IJS (;) L2(RN) + H d)g\.l.ls (E)

Let us now study the L?(RN) norm of the terms in (34). In view of (7) and (12),
recalling that xo = 0 is a critical point of w by symmetry,

N
> N
< g2 ”\PSHHZ(RN) S &

~

L2(RN)

<N,
L2(RY)

L2@RN) + ”QEU& (g) e (g)

P 3 (38)
- U? (x) dx

On the other hand Lemma 2.3 allows us to deduce that
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[(wo — w(ex)Well 2 rn)

< 4
S Jow

By (27) one has

1

4 2
w2<x>) SoE I 2@y S pf S %l

P
x4+ =
£

N 2N 2, 1-N
|@e(ex) — P (0)| < emfex|™m = e7|x| " m

so that, we obtain

1Us (Y (ex)Pe(ex) = Pe(O)Y(O) [l 2Ny SIUT (€)(Pe(ex) — Pe(O) I 2wy
+ 11U (Y (ex) = Y(0) P (O) [l L2 mr)

Ny 2 3
PP m
582 (/ (U(x) X+ — ) dx)
RN &
1
b2 2 2
+ 2] @ell oo ) / (U(x) ) dx
RN

x+ =
&
N
<2 (&)27F 4ty (&)2
~ £ £

N N N
2w 4+ &2 7 |Inef? < &2 Inel>m

<&?|Ine|

By Lemma A.2 - (i) one also has

3 3 3 2 2
U2 = U} = U2 p l2@eyy S WUBU-p Nl 2@y + 1U2 5 Up, 2@y

1
2 e -
< (/ U2 (x - 2&> U4(x)dx) < e M (ﬁ)
RN & &

Sepe < e?llnel.

N-1
2

Moreover, conclusion (ii) of Lemma A.2 and (12) yield

1

2P 2
[ (Ue2 ~Up, ~ UEPE) Pell 2@y S 1Welloo ( / R (x - ;) Uz(x)dx>
R

_1

| eV (&) ; N =2

<ed ‘ 1

€ -1 2
eV (E) T ey =3

& &
=o(e?|In¢el?)
N—1

as, by using (12) it follows that p, ~ \%ﬂ In ¢] and hence g7 e WEE () 7 =

20
o(e?|Ingl?).

@ Springer



3710 B. Pellacci et al.

Let us finally study the last terms in (34)

192 (EX)Oc [l 2y S NPl S eN5 WY () Pe(ex) | 2y) S €
and
2 < N. 3 < N
UYLy S €75 1Wllemyy S €7,
concluding the proof. O

3.2 Solving the second equationin (31)

Lemma 3.1 and Proposition 3.3 yields the following result

Proposition 3.4 There exists ¢ > 0 such that for every e € (0, eg) there exists a unique
solution (¢, ) € K=+ of the equation

™ (L. ¥) = £ = Nig.¥)) =0.
Furthermore,
I ¥)llx = O (2l nel?). (39)

Proof We will obtain the result by applying the contraction principle to the continuous
map

T:Coi={.¥) e KX: . Wlx < Ane| > €.
T, ¥) = LI €+ N, v))]
where
-1

7, = &2 In¢e|?, L= (ﬁLo£> ,

is well defined thanks to Lemma 3.1, and A is a suitable positive constant to be chosen.
In order to find A, it is sufficient to prove that

IN (@, )l 2Ny = 0(Te), forall (¢, ¥) € Ce. (40)

Let us start studying N7, taking into account that || E, || L@y < C, itresults

I (o, w>uiz(RN)5fR o +aivt + v (T)e’0l (7)

()t revi (f)
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P 4 2 405\ a4 (V)
Slelly + llelly + llels (/RNI/f <8>Os(8)>

+ (/RN ¥ (%‘)) T
)

N 2N
Slelll +lelly + e el vz + &3 el Iwlls + eVl

N 2N
Stht et 4o 0 4Nt = o0(ed). 41)

In addition,
IN2(0, 132 vy S /R VO 0N YRR e B ex) + Y70t ex) + ¢ (ex)
1 2
SIS + 1w IE + w3 (/ g04(8x)) + llvli (/ w%x))‘
RN RN

+ (/ wG(EX))‘
]RN

_N
SIS+ IV IE + e 21w iiElel
_2N _2N
+e T YIlely +e7 3 llelly = o).

Wi

this, together with (41), implies (40). Then, the claim follows by the contraction
mapping theorem. O

Remark 3.5 Note that, by the Sobolev embeddings H?(R?) < C%3 (R%), HA(R?) —
C%%(R?) for any « € (0, 1), we deduce that

< o2 2
© 1900 s, T IVl o g o) S 7 Imel,

o [l@llcoemey + 1Y llcoeme) < €2 In¢|?, for every o € (0, 1),
so that

2 2 12 _ .3 20 .11/2 _
o |p(ex) —@0) <e|lne|“(e|x])/* =¢e2|Ilne||x| "/ for N = 3.
o |p(ex) — @(0)] < €2|Ine|?(elx])® = 2| Ing|?|x|¥ for N = 2, for every o €
O, D),

and analogous estimates hold for .

4 Solving the reduced problem

In this section, we are going to study the first equation in (31). Let (¢, 1) the solution
of the second equation in (31), then

TH{L(p, ) — & = N, ¥)} = coZe
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3712 B. Pellacci et al.

where

_ (Lap, ) — & — Nalo. V), Ze) 2w
B AR .

co : (42)

Our goal will be to prove that cg = 0. From now on, we fix (¢, ¥) given in
Proposition 3.4.

Lemma4.1 It results
|(N2(@. %) — La(p. ). Ze) p2giy| < 0(e?|Ine])
Proof Arguing as in the proof of Proposition 3.4 it is easy to obtain that
[ Nato zedx = Ol IP) = ote?l e
R
Now by using (24) and (32) we get that
[ awmziar = [ oz Wz, - (1207 + pEen) w2
R R
— 2/3/ Oy E(ex)p(ex)Ze
RN
= /R (W(ex) —w0) Y Ze +3u2 (Up, 85, Up, — U2 00, U-p) ¥
- / (31207 + BE*(ex)) ¥ Ze — 2 f O E(ex)g(ex) Ze
RN RN
:/ (@(ex) — w(0) Ze dx + 3;;,2] Up 1U_p, ¥ dx
RN RN
—3u2 [ U2p 01Up, ¥ — 612 f Up,U_p,Ze dx
RN RN
s [ Wzvdx-6wp [ Uz
RN RN

—ﬂ3/ 2 (ex)Ze dx —2,32/ Y (ex)®, (6x) Zo s dx
RN RN

—28? fN W, Y (sx)p(sx) Zg dx — 28° fN W, D, (ex)p(ex) Ze dx

R R (43)
—-28 /N U Y (ex)@(ex) Ze dx — 282 /N U, @ (6x)¢(ex) Ze dx.

R R (44)

Let us study the right hand side. First of all, arguing as in (38) and taking into account
(39), we have
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1

/ (@(ex) — w(0) Zeyr dx < ( / lo(ex) — w(0)|*Z2 dx)z Il 2@y
RN RN

2
S P21Vl 2@y = o(e?| Inél).
1

2
fRN UpdU_pyrdx S </RN Up U2y dx> 11l 2w
_N=1

_ re (P, 2
eI (E) T laen, = ol ne)),

where we have applied Lemma A.2. Similarly

fN U2, 0\Up, ¥ = 0¥ Inel),
R
1

2
/ UpU_p, Zeydx < (f Up U2y dx) 1Y 1l 2@y = o(e*| Ingl).
RN RN

In addition, (39) and Lemma 2.1, 2.3 yield

/R S W2Zey dx S IVl a1V 2y S €V IVl 2@y) = 0(e| Inel).

N
/RN UeVeZey dx S Wl p2em 1V 2@y S €2 1Y | 2wy
58%82|1n8|2=0(82|1n8|)
D2 (ex) Zey dx < || Dell? <N = o(e?|1
o (EX)Zeydx SN Pell Yl 2wy S €7 1Y Il 2wy = o(e”|Ing])

N
/N T (ex) e (ex) Zey dx S || Pelloo |l 2wy S 26| Ingl* = o(e*|Ineg))
R

and the terms in (43) can be handled analogously. Let us focus on the terms in (44).
Recalling that

/ Usp,01Usp, dx =0, (45)
RN
we obtain
/ U:.Y(ex)p(ex)Ze.dx = / Y (ex)(@(ex) — @(0)Ue Ze dx
RN RN
+/ e0)(Y(ex) =Y (0)UcZc dx
RN
+T0)p(0) / U.Z. dx
RN

=/ Y(ex)(p(ex) —9(0)Us Ze dx
RN
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3714 B. Pellacci et al.

+/ e(0)(Y(ex) = T(O0)U: Ze dx
RN

—Y(0)p(0) /RN (Up&,a] U_p, —U_p,0 Upg)dx.
(46)

Taking into account Remark 3.5 (choosing o = % for N = 2), we infer

/T(ex)((p(ex)—w(O))nggdx§e%|lne|2/ X|2U% dx
RN RN ¢

5
< 87|ln8|2/
RN

1
<e?p2lnel? =o(?|Ing)).

1
P. 12
x+ 2| U%dx

&

Moreover, (12) and (39) yield
/RN P(0)(Y (ex) — T () U, Ze dx < %@l oo /}R Ix[PUp, dx < pZllglly = o(e*|Inel).

The last two terms in (46) can be studied similarly, by applying Lemma A.2. It results

N-1
_ e ((Pe\
T(0)¢(0) f UpU-—p, dx 5 ¢l f UpU-p, S llplve /% (£2) 2
RN RN &

= 0(82|h’18|).

The last term in (44) can be easier studied as

‘/N U @ (e)p(ex) Ze dx| S | ®ellooliglloo S e/ llglly = 0(e?|Ine])
R

concluding the proof. O

We are now in position to study the relevant term in (42).

Lemma 4.2 It results
pe (P -
/]RN EnZ.dx = |:—811a)(0)b£,05 — 2/L2C6‘_2\/0T07 (f) : ] (1 +o0(1))

for some positive constants b and c.
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Proof Recalling the definition of & given in (34) we obtain

/ ErZsdx :/ (wo — w(ex)) O Z.dx + 2,82 / U: (T(ex)Pg(ex)
RN RN RN
—®.(0)Y(0)) Z. dx

- MZ/N(Ug — U} —U2p)Zedx
R
47)
+3Bus /RN (v2- U} - U2)) Wz dx
+,63/ B2 (ex)O Z dx+2,63/ W, Y (6x) D, (ex) Zp dx
RN RN

+ 3M2ﬁ2/ UeW2Z, dx + 3 / W7, dx.
RV RV
Direct computations yield

/ (wp — w(ex)) O Z. dx :/ (w(0) —w(ex)) U (x)Z dx
RN RN
+ B / (w(0) —w(ex)) V. Z. dx
RN
:/ (wo — w(ex))Up,01Up, dx
RN
— / (wo — w(ex))Up,d1U_p, dx 48)
]RN
—i—/ (wo —w(ex))U_p,01Up, dx
RN
— / (wo — w(ex))U_p,d1U_p, dx
RN

+5/ (w(0) — w(ex)) W Z dx.
RN

Let us start studying the first term on the right hand side. Taking into account (45), we
obtain

1 5 P, P,
(wp —w(ex))Up,01Up, dx = —= (D*w0)ex,ex)U | x+ — Jo1U | x+ — ) dx
RN 2 JrN e £

+O(/ &
RN

1
=-3 /%Nw%(oxey — Pe), ey — P)U (y) 01U (y) dy

+ o(epe)
1

Pe

3
X+ — Uz(y) dx)
&
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1
*3 AN<D20)(O)PS, ey)U (y) 01U (y) dy + o(epe)

= &pe /RN(DZw(O)Po,y)U(y) 01U (y) dy +o(epe)

=A
= Blzlw(O)bspg + o(&pe).

Note that, from (12) and from the fact that U is radially decreasing we deduce that

N
A= 3]1a)(0)/ AU |(|y) dy+zal2iw(0)/RN iU == dy (|y)d
i=2
<0 -0
so that
A:=—3}0(0)band b := _/ yle(y)U ) dy > 0 “9)
RY |yl

since 8121a)(0) < 0, thanks to (9). In a similar way we get that

- /H;{ (@0 = 0(ex) Uop,01U_p, dx = Aepe + ofepe).

We claim that the other terms on the right hand side of (48) are of higher order with
respect to gp.. Indeed, Lemma A.3 and (12) yield

1
/ (wo — w(ex)) U_p,Up, dx = ——/ (D*w(0)ex, ex)
RN 2 RN
P, P
U(x—?>81U<x+?> dx
P, P,
+(’)</ xPU (x——8>U<x+—€> dx)
RN & £
1 ) P,
=-3 (D@ ()P, Pe)U | y —2— | 01U (y) dy + o(gpe)
RN &
= —Zp; (D w(0) Py, Po) Uly—2—)aU®)dy + o(epe)
2 RN &

)~V 241
) + o(epe)

1 e
= S0 (D70 (0) Py, Po)e V0 (%

1 . _N-1
= Sep2 (D0 () Py, Po)e VIE (2T 2 o(epy)
= 0(&pe).
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Similarly
/ (@0 — w(ex) Up,0iU-—p, dx = o(epe).
R
The last term in (48) can be managed, by applying Lemma 2.3. Indeed, we have

'/ (w(0) —w(ex)) V. Z, dx
RN

1
2 N
< c&?(|We |l L2y (/N Ix[*UE, dx) <e7p? =o0(eps).
R
Let us now study the second term on the right hand side of (47). It holds

/ Us (Y (ex) P (ex) — @:(0)Y(0)) Zo dx = / Us Y (ex) (P (ex) — P:(0)) Zg dx
RN RN

+ / Ug (Y(ex) — Y (0)) P (0)Z, dx.
RN

In view of Remark 2.2, we obtain

V Ue Y (ex) (Pe(ex) — P (0)) Ze dx
RN

5f | (ex) — B (0)| U, dx
RN €

N
582/ x>~ m U3 dx
RN ‘

2N
<é? (&) " =o(epe) ifm > N
€

and

‘/ Us (T(ex) — Ye(0) P (0)Z, dx
RN

< Cszu%uoo/ WPU3 dx < €% p? = olep).
RN ‘
Let us study the cubic and square term in Up, in (47). We have
3 3 3 _ 2
Mz/ u; - UPS — U_PS)ngx = 3,u2/ UPEU_nggdx
RN RN
+3u2/ UpU?p Z. dx
RN ‘

= 3u2/ Up U_p,Up, dx

RV ° i '

—3u2/ Uz U_p.dU_p, dx
L U U-r. ,
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+3u2/ Up,U?p 81Up, dx
RN ¢
_3“2f Up,U?p 01U_p, dx
RN ¢
P\
=3 Uly—-2—|U"(»aU)dy
RN £
2 Py
_3“2f U <y+2—> U)o U(y)dy
RN &
2 Py
+3u2/ U (y —2—> U)o U(y)dy
RN &
Pg 2
—3u2 Uly+2— U (mMaU(y)dy.
RN &

By exploiting Lemma A.3-(i) with s = 1 and t = 3 we deduce

P\ ., P, ;
3un Uly—-2—U"(»hU()dy =pu» Uly—-2—)aU’(y)dy
RN & RN &
N-1

= —pipce WA (%)_ * (1+0(1)

and similarly

N-1

P 3 -T2
—3m/ U (y +2—6) UA00U () dy = —pace ™ (22)72 (14 01)),
RN & &
Applying again Lemma A.3-(ii) with s =t = 2 we infer
2 Pe 3 2 Pe 2
32 Ut\y+2—UMIWUQ)dy = s 12 Usly+2—)oU(y)dy
RN € 2 RN e

_1
e (— 2 (1+o(1)) N =2

)

)_2 21 +o1)) ifN=3
I

)

and similarly
P, pe (P, -
32 / U2 (y - 2—8) U»UG)dy =o (e‘zﬁs (%) - ) .
RN & &
Hence
N-1

Pe

pa [ (U2 = UB, = U2 )20 dv = ~2uace ™% (2) 77 14 o).
RN e e &
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Again, by using Lemma 2.3 and Lemma A.2, it follows

/RN (UZ —Up, —U%p) WeZe dx

sc[/ U Uil + [ UEPEUPJM]
RN RN

2 Pe\ 4 :
< CllWell 2wy RNU y—Z? U™ (y)dy

N-—1
N 3 -
< CeTe 2W™E (L)f) 2
&

e )

By Lemma 2.1 and Lemma 2.3 we also obtain

VN D2 (ex)O: Ze dx| < C/N |® (ex)|* U}, dx—i—C/N |D, (ex)|?|W, | dx < eV
R R R

= 0(&pe)

'/ W, Y (ex)P.(ex)Z, dx
RN

< ClPellooIWe 2y S &Y
= 0(8106)7

and the same upper bound holds for the last two terms in (47), concluding the proof.
O

Proof of Theorem 1.1: completed First notice that (u, v) is a solution of (3) iff (u, v) is
a solution of (18). Then, we look for a solution of (18) of the form given in (21). So
that, we are lead to look for (¢, V) € X satisfying the system (31). Proposition 3.4
yields the existence of (¢, ¥) satisfying the second equation in (31). The first equation
is solved as well, if we show that ¢y = 0 where ¢ is given in (42). Then, Lemma 4.1
and 4.2 imply that we have to find d = d; in (22) such that

_N-1
[—81160(0)[18,08 — 2ppce NHE (%) ’ } 1+ o(1)) =0,

which is equivalent (taking into account that p, = d.€ In %) to
(1 — Jwod)Ine + o(lng) =0

and this is solvable by d; such that d;, — IT as ¢ — 0. That concludes the proof. O

wQ
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Appendix A. Technical Lemma

LemmaA.2 (Lemma3.7in[1]) Let u, v : RN — R be two positive continuous radial
functions such that

—blx| —b'|x|

/
u(x) ~ |x|% v(x) ~ |x[“e

as |x| — oo, where a,a’ € R, and b, b’ > 0. Let & € RN such that |€| — oo. We
denote ug (x) = u(x — &). Then the following asymptotic estimates hold:

(i) Ifb < b/,

f ugv ~ e PElg|e,
RN

A similar expression holds if b > ', by replacing a and b with a’ and b'.
(ii) If b = D', suppose that a > a'. Then:

—blglgata + 8 ey o _NHL

e

~ ) - et _ N+l
/RN““’ e PElig[ log || ifa’ = -3,
—blgl g |a ifa < —N+L

e PFljg] ifa’ < =53+

LemmaA.3 ((Lemma A.2 in [20]) Let U, = /%U(«/Xx) where U is the solution
of (15). Let s, t > 1 and consider the following integral

Os,(2) :== fRN U (& + 0oy Uy () dx, ¢ e RV,
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(i) If s < t then

Oy.4() ~ cs%e*ﬁ‘“wﬁ% as 2] = +00;

(ii) If s =t then

o5 2L sVl =D 0 VAL

<] N -1

STy N=D) . N+1

@ ~ = s gl L) 1 = —
@ ~ oo VI el i = T
csﬂe—sﬁ|;||§|_sw;“ ifs > Ly

Iq N -1

as |¢] — 4o0.

Here ¢ denotes a positive constant. In case N = 1 the first option in (ii) holds, namely

005 (8) ~ es 2L e l|g| as |¢] - +oo.

<1
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