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QUANTIZATION OF THE BOOLEAN POISSON CENTRAL
LIMIT THEOREM AND A GENERALIZED BOOLEAN
BERNOULLI SEQUENCE

YUNGANG LU*

ABSTRACT. This paper is devoted to setting up a quantization of the Boolean
Poisson central limit theorem. A sequence of the Boolean independent bino-
mial random variables on an interacting Fock space is constructed in terms of
creation—annihilation operators. By using these random variables, we study
the Boolean Bernoulli sequence, its generalization and moreover, a quanti-
zation of the Poisson central limit theorem with respect to the convergence
both in mixed—moments and in law.

1. Introduction

As a continuation of [4], the main goal of the present paper is to get a quanti-
zation of the Boolean Poisson central limit theorem (CLT in short). Its free and
monotone analogues will be dealt with in [5] and [6]

The Boolean Poisson CLT (see [7] and references within) is usually formulated
as follows: Let {p,},—, C[0,1] be such sequence that lim,_,c np, = A, then

+ 1 A
)" = a0t TR0 (L.1)
in the weak convergence, where, W is the Boolean convolution and the probability
measure HL/\(SO + H%(SH,\ 1s called the Boolean Poisson distribution with the
parameter \. Throughout, §, :=the Dirac measure centred on z for any = € R.

One recalls that
1) the Boolean convolution is defined by means of “self-energy”’ function (see
e.g., [2]): for any p belonging to P :=the set of all probability measures on (R, B5),

its self-energy function is defined as K, : 2 = 2z — 5 1(Z) for any z € C with
P

lim ( (1 —pn)do + pno1

n—oo

Im (z) > 0, where, G, is the Cauchy transform of y;
2) for any p,v € P, p = v if and only K, = K, ; the Boolean convolution p v
is the element of P with the self-energy function K, + K,;

oo

3) for any {p,}oe, C P and p € P, pin, —> p if and only if ImK,,, (z + iy) —
ImK,, (z + ty) for some y > 0 and any z € R

Received 2022-2-3; Accepted 2022-9-5; Communicated by the editors.

2020 Mathematics Subject Classification. Primary 60B99; Secondary 47D07.

Key words and phrases. 1-mode and 1-mode-type interacting Fock space, Boolean indepen-
dences, quantized Boolean binomial random variable, quantization of the Boolean Poisson central
limit theorem.

* Corresponding author.



2 YUNGANG LU

Clearly, one can reformulate the above Boolean Poisson CLT in terms of alge-
braic random variables and the Boolean independence as follows: Let (X, ) be an
algebraic probability space and {&,k : n € N* and k < n} be a family of algebraic
random variables, let {p,}, -, C [0,1]. If

o qu) =Y (k) = pn for any m,n € N* and k < n (in this case, one
says that the Y—distribution of &, 1 is the binomial distribution with the

parameter (1,p,) and writes this fact simply as & k L (L,pn)),
o foranyn >2,{&1,...,&nn} is a Boolean independent family with respect
to 1.
the —distribution of ZZ=1 &n.k goes to the Boolean Poisson distribution with
the parameter A, (i.e., the two points distribution 1_%\504— 1_%\51_”) in the weak
convergence, whenever np, — A.

This reformulation of the Boolean Poisson CLT does not depend on the specific
forms of the algebraic probability space and random variables. In other words, if
we take an algebraic probability space (A, ¢) and a family of algebraic random
variables {X,, ; : n € N* and k£ < n} such that

o for any n € N* and k < n, the ¢—distribution of X,,  is b (1,pn) (Xnk 2
b(1,p,) in short) and where np,, — A,

o for any n > 2, {X,1,...,X,n} is a Boolean independent family with
respect to @,

the Boolean Poisson CLT guarantees that ¢—distribution of Y }'_, X, x goes to
the two points distribution 1%\50 + 14%\51+ » in the weak convergence.

In this paper, we take a concrete algebraic probability space (A, ¢) and a par-
ticular family of algebraic random variables {X,, ; : n € N* and k£ < n} based on
T'Bootcan (H) :=the standard Boolean Fock space over a given (pre—)Hilbert space
H, which is defined as such a special 1-mode—type—interacting Fock space (1IMT—
IFS in short) I' (H,{wy},) that w; = 1 and w, = 0 for any n > 2; the word
standard refers to the fact wy = 1. Recall that for any (pre—)Hilbert space H and
{wn}n>1 C [0, +00), the IMT-IFS T' (H, {w, },,) is defined as @®,>oH,, where

o Hy:= (C;
o for any n € N*, H,, := {H®", (-,-)} is the (pre-)Hilbert space obtained by
equipping the following scalar product on H®":

<f,g> ::(fvg)Hwk Vf,g€H®”
k=1

and (-,-) is the usual tensor scalar product.

In particular, I' (H, {wy},,) is called a 1-mode-interacting Fock space (IM-IFS in
short) if H = C.

Clearly, for any n € N*, H,, is either equal to {0} (if and only if wy, = 0 for some
1 < k < n) or topologically equivalent to the (pre-)Hilbert space {H®", (-,-) } (if
and only if wy > 0 for any 1 < k < n). In particular, T goorean (H) is isomorphic
to COH.
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In the sequel, we will take H to be a (pre—)Hilbert space with an orthogonal nor-
mal family {ex},- ;. Our concrete algebraic probability space (A, ¢) and random
variables {X,,  : n € N* and k < n} are taken as follows:

e A is the algebra generated by Ay’s and for any k € N*
Ap == the set of all polynomials in ay and a;” with degree > 1 (1.2)

ay (respectively, az) is the annihilation (respectively, creation) operator
of I'Booiean () with the test function ey (see (2.1) below for the detail);
e ¢ :=the vacuum state, i.e. ¢(-):=(¥,-¥) and ¥ := 1 0 is the vacuum
vector of I'poorean (H);
e for any n € N* and k < n, for any given {p,} -, C [0,1], the algebraic
random variable X,  is defined as a sum of four terms as follows:

\/pn (1 - pn) ax + \/pn (1 - pn) a’z +pnakaz + (1 _pn) azak

In the notation
Ak, ife=-1

+ 7
ay , ife=1

al = ., VkeN* (1.3)

agay, ife=0
aZ‘ak, ife =2

one has in fact

Xk = Von L =po) (T + 0l 4 poal® + (1= p)al?  (14)

Moreover, we will call \/p,, (1 — py,) a,(cfl) and \/pn (1 — pp) a,(jl) the off—diagonal
components of X,  since they are conjugate each other; pna,io) and (1 — pn) al(f)
the diagonal components of X, , since they are self-adjoint.
In Section 2, we prove that
e the algebras Ay’s defined in (1.2) are Boolean independent with respect
to the vacuum state ¢;
e any X, ; is a projector and ¢ (X, ) = pp, in particular, X, & 2b (1,pn);
e both {Bff) :n € N*and e € {-1,0,1,2} } and {Bn}zozl are uniformly
bounded if {np, }22; is bounded, hereinafter,

n

n n
B = o (T pa) Yool BO =0, 305 B = (1-p,) Y af?
k=1 k=1

k=1

B, =B+ B{™ + B + BP =" X, (1.5)
k=1
As mentioned above, the particularity of our choice of (A, ¢) and {Xn,k :n € N*
and k < n} do not damage the Boolean Poisson CLT. And what is more, one gets
some new information that (1.1) does not supply to us, e.g.,

e the convergence in law of the families {By(f) :n€N*and e € {-1,0,1,2} }
and {B,},—, is the same as the convergence of all moments thanks to the
uniform boundedness;
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e as a generalization of the vacuum distribution of {B,} ., and its weak
limit, one can study, for any {cp,c1,c2} C R,

D (n,py; o, c1,c2)
:=the vacuum distribution of ¢; (B,(L_l) + Br(fl)) +coBY + ¢,BY? (1.6)

and the corresponding weak limit; consequently, one gets individually the
contributions of {By(f)}zo:l to the Boolean Poisson CLT, not just their

sum {256{71,071,2} Bﬁlg)}(::l (ie. {B"}Zozl)'

For any n € N*, by writing p, in the definition of B,(f)’s just as p, then
D (n,p;1,1,1) is nothing else than the usual Boolean Bernoulli distribution with
the parameter (n,p). Suggested by this, one can call naturally D (n,p;co, c1,c2)
the generalized Boolean Bernoulli distribution with the parameter (n,p).

Versus the usual Boolean Poisson CLT which is a study of the weak limit
of D (n,pn;1,1,1) (i.e. the vacuum distribution of B,,), the quantized Boolean
Poisson CLT is to investigate the weak limit of D (n,pn;co,c1,c2) for arbitrary
{co,c1,c2} C R. In a little more detail:

1) to study, for any m € N* and ¢ € {—1,0,1,2}"™ | the limit

- (=(1) <e<m>))
7’11_>rrgoqb(Bn ... B (1.7)
i.e., to see individually the limits of the mixed—moments of Bff)’s;

2) to calculate, for any {cg,c1,c2} C R and ¢ € R, the limit

lim ¢ (exp (it (01 (Br(l_l) + BT(LH)) +coB + 0237(12)>)> (1.8)

n—oo
i.e., to know the weak limit of D (n,py;co,c1,¢2) in terms of the characteristic
function;
3) to give a suitable representation to the above limits.

In case np, — A (recall that this is an elementary assumption for performing
the Poisson type CLT), one knows that /np, (1 — p,) is asymptotically equal to
VA and so

(1) . TN D o /r L N D
BFEY = /p, (1 pn);ak ~\5\/ﬁ;ak

As a consequence, by taking cp = co = 0 and ¢; = 1 in the above 2), one gets the
usual Laplace-de Moivre type CLT. Therefore, our quantization of the Boolean
Poisson CLT gives a view to understand the relationship between the Boolean Pois-
son CLT and the corresponding Laplace-de Moivre CLT: the Boolean Laplace—
de Moivre CLT is the off-diagonal part of the Boolean Poisson CLT.
Moreover, by using the representation mentioned in the above 3), one can also
understand the relationship between the Boolean Poisson distribution and the
Boolean Gaussian distribution (i.e., symmetric two points distribution).

In Section 3, we express the usual Boolean Bernoulli distribution and the usual
Boolean Poisson CLT in terms of the sequence of the algebraic random variables
{Xnr: neN"and k < n} given in (1.4). Technically, instead of the self-energy
function used in [7], we use the characteristic function.
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The section 4 is the main part of this paper, in which we

e calculate the generalized Boolean Bernoulli distribution with the param-

eter (n,p); i.e., the probability measure D (n,p;co,c1,ce) with n € N*|
p €10,1] and {cg,c1,c2} CR;
prove that the limit (1.7) exists and has the form

<@ﬁ@u»”.gdm»¢>Azzduﬂamvm (1.9)
where and throughout the paper,
b, ife=-1
bt ife=1
) =" ne (1.10)
Pq), ife=0

1- Py, ife=2

b and b are annihilation—creation operators on I'Bogreqn(C) :=the 1M-
IFS T (C,{wn},) with w; =1 and w,, = 0 for any n > 2; ® is its vacuum
vector and Pg is the projector from I'popiean(C) to its vacuum subspace;
show that the limit (1.8) exists and equals to

<<I>,exp (it (clﬁ (b(fl) + b(H)) + Acob® + czb(2)>> <I>> (1.11)

in other words, the vacuum distribution of ¢; (Bﬁfl) + Bffl)) + coBflO) +

0237(12) goes to the vacuum distribution of
Cl\/X (b(il) + b(+1)> + /\Cob(o) + Cgb(2)

in the weak convergence as n — oo.

Remark 1.1. On the IM-IFS T gooican (C), the projectors Pp and 1 — Py equal to
nothing else than bb™ and b b respectively. So (1.10) can be alternatively rewritten

to

b, ife=-1
B bt, ife=1
Co )bt ife=0
bth, ife=2

Moreover, it is natural to call, in the expression ¢;v/A (b(’l) + b(H)) + Ao +
c2b®, b1 and b(=Y the off diagonal components since they are conjugate each
other; b and b® the diagonal components since they are self-adjoint.

2. A Brief Discussion to I'goojean (H)

On the standard Boolean Fock space T pooiean (H), one denotes by ¥ and ajf

(respectively, ay) the vacuum vector 160, the creation (respectively, annihilation)
operator with the test function f € #H, namely,
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0, if x v, if
a}rﬂc =4 1 ven . apT = (a?) x = {f2) ¥, 1 ven (2.1)
f, fz=0 0, ifx =0

Proposition 2.1. {¥, e}, is an orthogonal normal family of T gootean (H) when-
ever {ex}, is an orthogonal normal family of H. Moreover,

1) for any {f, g} C H,

afag = a}'a;' =0 (2.2)

and so, for anyn > 2 and {f1,..., fu} C H, the product a?il) e ajci") differs from

zero only if e (1) #£e(2) # ... #e(n);
2) for any {f,g} C H,

araf = (f.9) Py; afa,=0c@ |f)gl; afay=IIfII° Py (2.3)

where, Oc is the zero operator on C; |f){(g|x := (g,z) [ for any x € H; Py :=the
projector form I Bootean (H) to the vacuum subspace and Py :=the projector form
T Bootcan (H) to the subspace {cf : ¢ € C}; in particular,

aéo) = akaz_ = Py, a,(f) = a;i'ak =P, Vk (2:4)

(recall that, ay, := a., and aZ‘ =af for any e € {-1,1,0,2}) and
aken = Ok n¥;  afen =0= Pyep; Poen = Opnen, Vkh (2.5)
3) for any k, Ay, introduced in (1.2) has finite dimensional, more precisely
Ay, =lin — sp. {ax, a}, Py, P.,, a}f Py, Pyay, apPe,, Pe,af } (2.6)

4) Ay is unital and in fact, (Py + P.,)x = v = x (Pg + P.,) for any x € Ay,
in other words, Py + P., is identity of A (but not necessarily to be the identity

Of I'Bootean (H))7
5) the identity of T Booican (H) belongs to Ay if and only if H = {cey : ¢ € C};
6) the family { Ay}, is Boolean independent with respect to the vacuum state.

Proof. Above all, {V, ey}, is clearly an orthogonal normal family of I goorean (H)
if {ex}, C H is orthogonal normal. Now we are going to prove the six affirmations.
1) (2.2) is just a consequence of (2.1). Consequently, a?il) e a‘;
{fi,--+, fn} C H whenever ¢ (k) = (k + 1) for some k.
2) In (2.3), the last equality is clearly a particular case of the second; the first
two are obtained as follows: for any f,g € H,
e afafV =asrg = (f,9) ¥ and aya} : H — {0} (since a}f : H — {0}),
i‘e‘7 a’fa;_ = <f7.g> P‘IM
. a;{ag\I/ =0 (since ay, ¥ = 0); a?agaz = a? (9,2) U = (g,x) f for any = € H,
ie., a}rag =0c @ |f){g]-
3) The affirmation 2) tells us that for any n > 2, f € H and such € € {—1,1}"
that e (1) #e(2) # ... #e(n),

") — 0 for any

n
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I£1°™ Py, if n=2m and € (n) =1
ajc(l)... ;(n): Hf||z:Pf, ifn=2m and € (n) = —1

IfI""a} Py, ifn=2m+1ande(n)=1

IfI?™ as Py, ifn=2m+1ande(n)=—-1

By taking f = ej, and noticing that ax,a; € A, one gets (2.6).
4) For any k, we show first of all
(Py+ P.)a\® =al® =al? (Py + P.,), Vee{-1,1} (2.7)
It is clear that a general element of I'pooiean () has surely the form oy ¥ +
aser + azeir with {ag, s, a3} C C and <eé,\l'> <e%,ek> = {ex, ¥) = 0. So,
aZ‘eé‘ =0= a;i'ek and a;l'\Il =er; akff/J{ =0=axV and agep = ¥
P\pek:O:P\peé‘ and Pg¥ =V; P, ¥ =0=PF, ek and P, ey = ey
Consequently, one gets the first equality of (2.7) as follows:
(Py + P.,) a (Ozl\I/ + ager + ageé‘)
=(Py + P.,) a2V = ay¥ = qy, (al\Il + asey + ageé‘)
and
(Py + P.,) az (allll + agey + ageﬁ)
= (Py + P.,) one, = arer = aff (o1 + azey, + azey)
Similarly, one gets the second equality of (2.7): for any ¢ € {—1,1},
(E) (Py + P.,) (a1 ¥ + aze, + 06362_)

—ai(:) (¥ + aser) = a7 (an ¥+ aser, + asei)

Secondly, the fact Py P, = P, Py = 0 tells us
(Py + P, ) Py = Py = Py (Py + P.,)
(Py + Pey) Pe, = Pey, = Pe, (Py + Pe,) (2.8)
Finally, by combining (2.7) and (2.8), one knows that, for any ¢ € {—1,1}
(Py + P.,)al Py = 0\ Py = o\ Py (Py + P.,)
(Py + P.,) Pya\® = Pya\® = Pyal® (Py + P.,) (2.9)

Summing up, one finds (Py + Pek) x=x=ux(Py+ P,.,) for any x € {ak,a;:, Py,
Pe,ﬁa;P‘p, Pyay, ap P, , Pe, a} } so does for any = € Aj.

5) In the case of H = {cej : ¢ € C}, Py + P., is nothing else than the identity
of T'gootean (H) . In the case of H # {cex: c€ (C} one takes such element e
H\ {O} that (ej, ex) = 0. This choice gives us ager =0 = a;f e and Pyejt =0 =
P, ei. Consequently, zeir = 0 for any = € Ay, and so the identity of T Boorean (H),
Which must bring e € H \ {0} to itself, does not belong to Ay.

6) Recall that the Boolean independence with respect to the vacuum state
(U, U) means that for any n and k belonging to F,, := {k : function from
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{1,...,n} to Nand k(i) # k(i+1) Vi € {1,...,n—1}}, for any z; € Ay
with j € {1,...,n}, one has

(U, 21 ...2,0) = ﬁ (¥, z,;%) (2.10)

For any j, the affirmation 3) and the fact x; € Ay(; tell us that there must be
{ar,; }le C C such that

xTj = oy A + ocg,jalt(j) + a3 Po+ g P, ) + 0457jai:(j)Pq,
+ a6, Pyax(j) + arjax(j) Peey T 08, Pe) 0l (2.11)
Therefore,
1V = (a2 + asj + asj) ex) + a3 ;¥ and (¥, 2;¥) = aszj, Vj (2.12)
and this implies that for any n > 2,
(U, 21 ...2,0) = <\Il, T1...Tpo1 ( (@2 + a5n + Qon) Ek(n) + 0[37n\11)>
= <\I/, 1. . ~$n71€k(n)> (o +asn+agn)+ (¥, 21... 2,10 sy, (2.13)

Moreover, by combining (2.5) and (2.11), one gets 2, _1ex(,) = 0 whenever k (n)
#k(n—1). So, (2.13) becomes to

(U, z1...2,0) = (U1 ... 2p1¥) a3 = (U, 21 ... 201 0) (T, 2, 0)

The induction argument gives the thesis. O

Proposition 2.2. On the standard Boolean Fock space T pooiean (H) , the following
affirmations hold:

1) for any k # h, axa; =0 and a2 = (ak) = 0; for any k € N and p € [0,1],
sk = VA —p)(al Y +ag™) +pal) + (1 - p)ay”

is a projector and S, 2 b(1,p) with ¢ (-) := <\I/ W), in particular, ¢ (skp) = p;
2) for any 1 € Ho gl = lafll = 70 s | = ol = |
particular, Hagf)H =1 for any k and ¢ € {— 1,0, ,2};
3) for any n € N* and ¢ € {—1,0,1,2}

H Z a(a)

Proof. 1) For any k # h, (2.2) and the first equality of (2.3) give us a? = (a;j)z =0

and aka;{ = 0. As a consequence, s, is a projector and so s, 2 b(1,p) since
qﬁ(s}gp) = ¢ (sk,p) = p for any m € N*.

2) For any {f,g} € H and {«,8} C C, one has af (a¥ + Bg) (21 af and
la¥ + Bgl||? = |a|? + 8% - ||g||? in virtue of the fact (¥, g) = 0. So,

no
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1= s gy 147 €7 59|
(e,B,9): |al*+[B]*=1,[lgl|=1
= sup al 11 = 1171

(a,8,9): |al®+|81*=1,]lg]l=1

* 2
asll = ll(@}) [l = 141l and ||asaf || = ||afas|| = 1717
3) (2.14) holds for £ = 0 since a,(co) = Py for any k and so n(2-1) >ory aéo)
=5 X a = Py.
(2 14) holds for e = 2 since the facts a,(f) = P, and P., LP., whenever k #

h give that n('% 1) Sra® = 6l = S0 P, which equals to the
projector of the subspace generated by {e1,...,en}.
Finally, (2.14) holds for € = £1 because

0 S o = g i

M%ikﬂiiﬁm4%Z%M%H =1

Consequently,

Q

and

Corollary 2.3. For any n € N* and p, € [0,1],
IBSEVN < Vo (1=pa); 1B < npps IBP] < 1= pa (2.15)
Moreover, by denoting ry, := max {1,npn, 1/npn}, one has

max  ||BE|| <7, ; sup |BE)| < supry, (2.16)
e€{-1,0,1,2} n>1,e€{-1,0,1,2} n>1

and consequently, both {B,(LE) :n € N ande € {71,071,2}} and {Bn}zozl are
uniformly bounded whenever {np,}52_, is bounded.

Proof. 1f {np,};2; is bounded, one has sup,,~;r, < +oo and so the uniform
boundedness of {B,(f) :n €N ande € {-1,0,1,2} } and {Bn}zozl follows from
the second inequality of (2.16), which is a trivial consequence of the first. The affir-

mation 3) of Proposition 2.2 and the definition of B,(f)’s guarantee the inequalities
in (2.15) and which make sure the first inequality of (2.16). O
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As the end of this section, we formulate some easily checked equalities: for any
n € N*, by denoting p,, simply as p in the definition of By, E)’

BUYw = BAWw =0, BOW =npv,
BEVBEY = np (1 - p) ¥, BEBIE = (1-p) B,
BOBHD — BOBR — pHH B+ — (2.17)

In fact these results are consequences of the following facts: for any k, h € N*,

a0 =aPw =0, DU=1v, o V"V =45,,7,
L N

By applying (2.17), one finds, for any {cg,c1,c2} CR and m > 1,
m
(01 (BSY + BCY) 4+ ¢BO + CQB;”) v
m—1
- (cl (BSY + B 4 ¢oBO + czBff)) (clB;“) + coB;‘))) v
m—1
=conp (cl (Bf;l) + B,(l"'l)) + cOBgo) + CQBT(LQ)) v
m—1
+o (q (BSY + BUY) +6BO + cQB,@) BHDw (2.18)
and

(en(BSY + BEY) + 0B + B2 Biw
= <c1 (Bﬁfl) + Bﬁfl)) + cOB(O) + ¢y B ) (clB -1 e B(2)) B£L+1)\p
m—1
—anp(l = p) (er(BSY + BUY) + @B + BR)
m—1
+e2(l—p) (Cl (BCY + B{HY) + B + cQB,?)) Bty (2.19)

In particular, one has
e by taking co = ¢ = co =1,

B™U = np B W 4 BB w (2.20)
and
BB = np(1 — p)B™ W + (1 — p)B™ BTV W (2.21)

e by taking c; = 0,

<c1( ( 1) —i—B(H)) + co B(0)> g

m—1

m— 1
=conp (01 (B( Dy B H + coB 0))
) By (2.22)

+ 1 (Cl(B( D +B (+1) +CoB (0)

and
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<C1(B£L_1) _’_BT(l-i-l)) +C()B7(10))mB'EL+1)lII

=cinp(l — p) (01 (BT(L_U + B,(fl)) + coBflO))N%1 U (2.23)
e by taking ¢; = 0,
(coB + czB,?))m U = (conp)™ W = (coB,(f))m v (2.24)
and

(coBﬁf’) + cQBff)) BUDY = (cy(1 — p))" B = (CQBT(L?)) BHDY (2.25)

3. A Reformulation of the Usual Boolean Poisson CLT

Our main goal in this section is to reformulate the usual Boolean Poisson CLT
and give a new proof by using the characteristic function rather than the self-
energy function as did in [7].

Proposition 3.1. The following affirmations hold.
1) For any n € N* and p € [0,1], the Boolean Bernoulli distribution with
the parameter (n,p) (i.e., the probability measure D (n,p;1,1,1)) is H(lr%mpéo +

1+(Z€1)p51+(n71)17'
2) In the case of limy,_, oo npy, = A, for any m € N

. m _ m—1 __ m 1 A

and moreover,

1 4 Aeft(1+A)
Tim (W, exp (itB,) ¥) = %

- 1 A
_ itx
_/6 d(1+)\50+71+)\51+)\), vVt e R (3.2)

i.e., D(n,pn;1,1,1) — 1-1%\

3) By using the notations introduced in Section 1 (more concrete, (1.10) and
Remark 1.1), the expressions in the right hand side of (3.1) and (3.2) equal to

A : .
do + I—TA(;H‘A in the weak convergence;

(o, (VA(b+b) + AP +1-P3) " @) (3.3)
and
<<1>, exp (it (ﬁ (b+b%) + APy +1— Pcp)) q>> (3.4)

respectively. In other words, the vacuum distribution of B, (i.e., the probability
measure Dy, (n,pn;1,1,1)) tends, in the the weak convergence, to 1_%)\50—&—1_%51%\,

i.e., the vacuum distribution of VX (b+b) + A\Pp 4+ 1 — Py.
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Proof. We prove first of all the affirmation 1). Clearly, D (n,p;1,1,1) is the
vacuum distribution of B, introduced in (1.5) with p, = p.
One denotes, for any n,m € N,

U = (U, BIW) 5wy 1= (W, BBV (3.5)

(notice that u, ,, is nothing else than the m—th moment of the distribution
D (n,p;1,1,1)). It is trivial to have

Un,0 = ]-» Un,1 = NP, Wn,0 = 0 (36)

and in virtue of the formulae (2.20) and (2.21), one finds

{un,m = NP Unm-—1 + Wn,m—1, Vm € N* (3 7)

Wnm = np(l - p) Un,m—1 + (]- - p)wn,mfl

The second equation in (3.7) and the initial condition (3.6) make sure that
Wy = npz (1-p)* Un,m—k, Vm€N* (3.8)
k=1

With the help of this result and the initial condition (3.6), one finds the following
recursion relation among uy »,’s:

m

3.7 3.8
Un,m+1 (:) np Un,m + Wn,m (:) npun,m +np Z (1 - p)k Un,m—k
k=1
=np > (1=p) tnmes, vm € N* (3.9)
k=0

This gives the moment—generating function of D (n,p;1,1,1) as follows:

o0 oo
M (t) := Z ™ Uy =1+ 1 Z ™ U i1
m=0 m=0

oo

3.9 " npt
(:)1+nptzth(lfp)’“un,m,kzlJr1_ P
m k=0

) Mo (3.10)

where, > t"u, ,, converges for t € (—ﬁ, ﬁ) with 7 := max {1,npn, 1/npn}
since (2.15) implies that |wy, ,| < (47)™ for any m. It follows from (3.10) that

. 1-(-p)t
MO == m -t (8:11)

and the corresponding distribution is clearly

1-p np
D(n,p;1,1,1) = o + 51t 3.12
(n.p ) I+n—-1p°  1+(n-1)p I+(n=1p (3.12)
As a consequence, one gets explicitly
Upm = (¥, B = np(1+ (n— 1)p)™~ !, Ym >1 (3.13)

Now we turn to prove the affirmation 2). By the definition, the vacuum distri-
bution B, is D (n,py;1,1,1) and where lim,,_,, np, = A. So
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(¥, B'W) =the m—moment of the distribution D (n,p,;1,1,1)

(3.13) npn m m—1
ER . S ——! —1)p)" — XA+ X
e (L (= Dp) " — A1+
e 1 A
=the m—moment of the distribution ——dp + ——d14n  (3.14)

14+ 14+ A
The assumption np, — A makes sure that sup,,», max {1, NPps 4 /npn} < +o00.
So, thanks to Corollary 2.3, the families {Bgf) :n € Nande € {-1,0,1,2} }

and {Bn}zoz1 are uniformly bounded. For such a sequence, the convergence of all

moments is equivalent to the weak convergence and therefore, (3.14) gives

1 A
—+——9
LA T T

Finally we prove the affirmation 3). By recalling the definition of b()’s given
in (1.10) on the IM-IFS T gyoiean(C), one has the following analogy of (2.17):

Ve =P =0, bV =30, pVpHNP =0
b@pHD G = ptD P, pOp+D) = pOp(2) = D+ = (3.15)

D (n,pn;1,1,1) := the vacuum distribution of B,, ——

So, by denoting
= (@, (VA(b+b") + APy +1-Py) " @)

= (@, (VAQCY +00) + 200 +53) " 3)

one has ug = 1, and moreover it follows from (3.15) that, for any m € N
wmir = (@, (VAECD 4+ 00) 4 200 + b(2>)m+1 @)

= (@, (VA +50D) + 200 + b<2>)m (VA 4+ 200) @)
=t + VA (@, (VXD +540) 4200 + b<2>)m pB)
=N + VA(@, (VAETD +50) 4+ 260 + b<2))m_1 (VD 4 5®) o 0a)

Nt + Ntim—1 + VA(®, (VABCY 4 50D) 4 200 b@))W1 b o)

k=0

The system
{um+1 =AD g Uk
uy =
guarantees that

1
U = A1+ X)L = /acmd( A

méo + m61+)\), VYm € N O
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4. Quantization of the Boolean Poisson CLT

This section is devoted to

e calculating explicitly, for any n € N*, p € [0,1] and {co, ¢1, c2} C R, the gener-
alized Boolean Bernoulli distribution (with the parameter (n,p)) D (n, p; co, c1, ¢2),
i.e., the vacuum distribution of ¢; (Br(l_l) + B,([H)) + cOB,(LO) + 62B£L2) with p, =p

in definition of Br(f)’s;
e getting a quantization of the usual Boolean Poisson CLT;

First of all, we treat some particular cases.

Proposition 4.1. For any n € N*,
D (n,p; c0,0,¢2) = deonp, Y0 €1[0,1] and {cp,co} CR (4.1)
and
D (n,1;¢9,c1,¢2) = 0¢on, D (n,0;c0,¢1,¢0) =080, V{co,c1,c2} CR  (4.2)
Proof. Tt follows from (2.24) that for any m € N (recall that p, = p),
the m—th moment of D (n, p;co,0,c2) = (¥, (COB,(LO) + CQB,,(LQ))m\I’> = (conp)m

and this is clearly the same as (4.1).
The definition of By(f)’s makes sure that for any {cg,c1,ce} C R and n € N*|

BF =0=BPifp=1;, BH =0=BDifp=0
So, in the case of p € {0, 1}, for any m,n € N*,
(w, (er(BEY + BIY) + 0B + B2)) "w)
B {<x1/, (coBY)" W), ifp=1 {(con)m, ifp=1
(W, (:BP)"w), ifp=0 |0, if p=0
and the corresponding distributions are those given in (4.2) O

Thanks to Proposition 4.1, we will concentrate our discussion to the case

p€(071)7 017&0

Lemma 4.2. For any n € N*, p € (0,1), hold the following affirmations.
1) For any {zo,x1} C R, by denoting

E (a0, 21,0:m,p) i= \/ (zonp)? + 4a2np (1 - p)

E (0,21, 1;n,p) := \/(xonp —1+4p)* +4atnp (1 - p) (4.3)

one has
o E(xg,21,0;n,p) > 0 whenever |zo| + |z1]| > 0;
e E(xg,21,1;n,p) > 0 whenever x1 # 0.
2) For any cp € R and ¢; € R\ {0},

E (co,c1,0im,p) £ conp 4)

PY =
* 2E (6076170;n7p) -
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and in addition, for any cy € R\ {0},

1 E(c’,c’,l;n,p):I:(c’np—l—i—p)
P .= 0 12E(c’ . 1.2 ] >0 (4.5)
0“1y 7p

whereafter,
/ Co / C1
= — = — 4.6
Co Cs ) C1 Cs ( )
3) For any e € {0,1},
P9 4P =1 (4.7)

4) For any such {p,}>2, C [0,1] that np, — A,

lim E (x0,21,0;n,pn) = \/ (Azo)” + 422X =: E (X; z9, 21,0)

n—-+oo

lim FE(zg,z1,1;n,p,) = \/(/\xo —1)* + 422\ =: E (\;20,21,1) (4.8)

n——+oo

Proof. The definitions of Pj(f)’s, E (zg,z1,1;n,p) and E (zo, z1,0;n,p) make sure
(4.7) and the affirmation 4).

For any xg,z1 € R, the definition of E (zg, x1, 1;n,p) and E (xq, 21, 0; n,p) gives
their non—negativity. Moreover, in virtue of the assumption p € (0, 1), one has

E (zo,z1,0;n,p) > max{|monp\,2|x1|\/np(1 —p)} >0, if |z + |z1| >0

E (zo,71,1;n,p) > 2[z1|y/np (1 —p) >0, if 21 #0

Now we turn to prove the affirmation 2). With the given conditions, the affir-

mation 1) guarantees that Pf)’s are well-defined. Moreover,

E (z9,21,0;n,p) £ zonp > 1/ (xonp)2 + zonp >0
and
E (o, 21, 13n,p) + (zonp — 1 +p) > \/ (wonp — 1+ p)* + (zonp — 1 +p) > 0
So Pf) > 0foranye € {0,1}. O

Theorem 4.3. For any n € N*, p € (0,1) and {co,c1,c2} C R, the distribution
D (n, p;co,c1,c2) equals to the following probability measure:

600”[)7 Zf C1 = 0
POs o +P9s ifci £0, e =0
+ 0pO ~ 10,0, 1 y C2 = (4.9)
P6 o)+ PUS ), if et £0, 00 £0
{ ¢

where, Pio) and Pil) are those introduced in (4.4) and (4.5) respectively; p(io) and

p(il) are defined as follows:
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1
p(f) = 5(Conp+ E (co,c1,05n,p))

1
P = §(Conp — E(co,¢1,0im,p))

C
pV = 52 (conp+1—=p+ E(cp, ¢y, 1;n,p))
1 C2
P = 5 (conp+1—p—E(ch, ¢, 15m,p))

Proof. First of all, the affirmation 3) of Lemma 4.2 says that (4.9) defines indeed
probability measures. Moreover, Proposition 4.1 tells us that D (n,p;cg,0,c2)
equals to d¢ynp. We will complete the proof according to the following three cases:

c1#Z0and o =0; cg#0O0andco=1; ¢y #0and ca #0 (4.10)
Clearly, the third case is a generalization of the second.
For any n € N*, m € N and {cg, ¢1,c2} C R, we introduce an analogue of (3.5):
vnn = (O, (a1 (BSD + BED) 4+ ¢oBY + CQB,@)’” ) (4.11)
and

wWam =1 (W, (e1 (BIV 4+ BEY) +¢0BY +BP) BIVw)  (412)

then (2.17) gives trivially the initial conditions:
Uno =1, Un1 = conp, wno =0 (4.13)

We are going to get the explicit expression of the moment—generating function of
e (B,(fl) n Bg“)) + B +¢,B? i

V() =1+ t™nm =1+ tva1+ 3 4" 0 mi (4.14)

m=1 m=1

in the three cases mentioned in (4.10) and find in further the corresponding
distribution. Where, V() is well defined on the interval (—4-, L) with r :=
max{cg, c1,c2} - max{l,npn,,/npn} since |vpm| < (4r)™ for any m thanks to

Corollary 2.3.

The 1! case: ¢; # 0 and co = 0. In this case, (2.23) gives us

wnm =1 (¥, (e1 (BEY + BIY) + 6BY ) BIw)

m—1
—ctnp (1= p) (¥, (e (BOV + BU) +00BP) " w)
:C%n‘p(l _p) Um—1 (415)

By applying this and (2.22), we obtain
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m—+1
Un,m+1 = <\If, (cl <B7(L71) + B7(l+1)) + COBT(L0)> \I/>
= conp <\I’, (Cl (BT(L*I) 4 B'SL+1)) + CoBT(IO))m \I/>
+c1 <\I/, (01 (Br(z_l) + B§L+1)) + CoB,(LO)) Br(z+1)‘1’>

- COnpUn,m + wn,m (425) COnpUn,’m + C%np (1 - p) Un,m—h Vm 2 1 (416)
By combining (4.13), (4.14) and (4.16) together, one obtains

V(t) =14 conpt +1t Z "™ (conpvn,m + cinp (1 = p) vnm—1)

m=1
=1+ conpt(l + Z tmvmm) + cAnp (1 — p) Z " M1
m=1 m=1
=14 conptV (t) + cAnp (1 — p) 12V (1) (4.17)
i.e.,
1
V(1) (4.18)

" 1= conpt — np (1 —p) 2
Equivalently, corresponding Cauchy transform is, by using E (zg, x1,0;n,p) intro-
duced in (4.3) and noticing that ¢; # 0,

G =tv <1> - t
t t 2 — conpt — cinp (1 — p)
_ E(co,c1,05m,p) + conp 1
- 2E(cp,c1,0;m,p) . t — % (conp+ E (co, c1,0;n,p))
E (co,c1,0;n,p) — conp . 1

4.19
2E (co,c1,0;n,p) t — 3 (conp — E (co, c1,0;n,p)) (4.19)

So, the corresponding distribution is

E (007 C1, 07 nvp) + Conp
2k (COa c1,0; n,p) " 9% (conp+E(co,c1,0;n,p))
E (co, c1,0; n,p) — Conp
2E (co, c1,0;m, p) " 9L (conp—E(co,c1,05m,p))

(4.20)

i.e., the measure D (n, p;co, ¢1,c2) given in (4.9) with ¢; # 0 and ¢ = 0.
The 2"¢ case: ¢; # 0 and ¢y = 1. In this case, (2.18) makes sure that

Up,m+1 = CoNP <\I!, (01 (B,(L_l) + B,(L'H)) + cOBﬁLO) + Bff)) \I/>
+ o (W, (e (BEY + BEY) + 0B + B,f))m B{w)
= CoNPUn,m + Wn,m, Ym > 1 (4.21)
and (2.19) gives
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m—1
1%mr_ﬁ<w(q(ggw+4ﬁﬂg+@¢ww+39) BgnByn¢>

+o <\If (er (BSY + BEY) + 0B + BSP)W1 B,(LZ)B,(L+1)\I/>

=cinp (1 —p)vnm-1 + (1 = D) Wpm—1, VYm > 1 (4.22)
By applying (4.22) to (4.21), one finds
Un,m+1 = CONPUnm + Wnm
= conpvn,m +inp (1= p) vnm—1 + (1 = p) Wom—1
= conPVnm + P (1= P) Vpm—1 + np (1 = p)* Op s

+ (1 - p)2 wn,m72
m—1

= ... = CONPUpm + CInp Z 1=p)" vk, Vm > 1 (4.23)
k=0
So the moment—generating function of the measure D (n, p; co,c1,1) is
oo m—1
Vv (t) =1 + COnpt + Z tm+1 (COnp'Un,m + C%np Z (1 - p)mik Un,k)
m=1 k=0
e} 00 m—1
=1+ C()Tlpt(l + Z tmann) + c%np Z thrl Z (1 _p)m_k Un,k
m=1 m=1 k=0
0o m—1
=1+ conptV (t) + cinpt? Z tml Z (1=p)" Fv,s
m=1 k=0

=1+ conptV () + cinp(1 — p)t? Z tF v,k Z k(1 —p)F
k=0 j=k

cinp (1 —p)t?

=1 tV (t
+ conptV (t) + —(=p)

V (t) (4.24)
This gives us

1
V(t) =
1 — conpt —

Zrp(1-p)2?
1—(1—p)t

_ 1—(1—p)t
1 —(conp+1—p)t—(cz —co)np (1l —p)t2
and therefore, the corresponding Cauchy transform is
1. /1 t—(1—p)
Git)y==-V (-] = 4.26
0= () -Gy 49
The definition of E (g, 1, 1;n,p) given in (4.3) tells us that

(4.25)

(& — o) (1) = (B (eo,en,1m,0))° — (comp+ 1 p)°)
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so one can rewrite the denominator term of the expression in the right hand side
of (4.26) as follows:

t? — (conp+1—p)t— (¢ —co) np (1 —p)
=t — (conp+1—p)t — i((E (co, c1, 1;n,p))2 — (conp+1 fp)2>
:(t— %(Coanr 1 fp*E(Co,Chl;n,P)))‘
: (t . (conp +1 —P+E(00701,1;nap))) (4.27)

2
By introducing

(conp+1—p=+E(co,c1,1;n,p)) (4.28)

DN =

c:=1—p, cq:=
one finds

cy —c= (E(co,cl,l;n,p)—l—conp—l—p—1)

— N =

c—c_ = i(E (co,c1,1;m,p) — (conp+p — 1))
cy —c_ = FE(eg,c1,1;m,p) >0 (4.29)

where, the last inequality is obtained thanks to the fact ¢; # 0 and Lemma 4.2.
By using (4.27), (4.28) and (4.29), the right hand side of (4.26) is in fact
t—c
(t—cp)(t—co)
and so (4.26) becomes to

ct —c¢ 1 c—c_ 1

G(t) = (4.30)

c+—c_.t—c+ c+—c_.t—c_

Consequently, the corresponding probability measure D (n, p;cg,c1,1), i.e., the

vacuum distribution of ¢; (By(fl) + Br(fl)) +¢oBY + B, equals to

cy —c¢ c—co
0

cp—c_ °F

which is, thanks to (4.28) and (4.29),

Oc_

Cy —C_

E (co,c1,1;n,p) + conp — 1 1t
2F (co,c1,1;n,p) 3 (conpt1=p+B(coca,1in.p))

E(CO;cla 17n7p) - (Conp -1 +p)
2F (co, c1, 1;m, p) 3 (conp+1—p—E(co,c1,1;n,p))

(4.31)

i.e., the measure D (n, p;co, c1,c2) given in (4.9) with ¢; # 0 and ¢p = 1.
The 3" case: ¢; # 0 and ¢y # 0. In this case, as has been proved above, the
vacuum distribution of ¢} (By(fl) + B,(fl)) + c{)BT(lo) + B,(f) (recall that ¢} and

¢y are those introduced in (4.6)) is nothing more than replacing the ¢o and ¢
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in the measure given in (4.31) with ¢, and ¢j. Therefore, the random variable
c1 (Bffl) + Bq(fl)) + cOBﬁlO) + 0237(,,2), which is in fact

2 (c’l (B,(fl) + Br(fl)) +¢,BO + B,@)
has the vacuum distribution given in (4.9), i.e.,

E(Cé)acllal;nvp) +C6np_ 1 +p6

2E (¢ cq, Lin, p) F (chrnptloptBlchcf Lim.p))
E(co, i, 1n,p) — (chnp — 1+ p)
2B (cho oy Limp) E(moripBpctmn)  (452)
The proof is completed. O

Corollary 4.4. For any n € N* and {co,c1} € R, we introduce Fy := 0 and
F,, :=the (m — 1) — th vacuum moment of ¢; (B,(fl) + Bffl)) + ¢oB

for any m € N*. In case of p, = p in the definition of B s, {Fin}on_g is the
generalized Fibonacci sequence with the parameter (conp,cinp (1 —p)) (see
[1], [3] and the references within).

Proof. The definition of F;;,’s and (4.16) tell us
Fo=0, Fi=1, Fpys=conpFri1+cinp(1—p)Fn

i.e., by the definition, {Fm}fno:0 is the generalized Fibonacci sequence with the pa-
rameter (conp, cAnp (1 — p)) O

Remark 4.5. The distribution D (n, p; ¢g, ¢1, c2) with ¢; # 0 can be rewritten in a
little more compact form. In fact
e the measure given in (4.20), i.e., D (n, p;co, ¢1,0) with ¢; # 0, equals to

E (co,c1,0;n,p) + (—1)?conp
> 04 - : (4.33)
. (conp+(—1)9 E(co,c1,0;n,p))
0e{0,1} 2E (co, c1,0;n,p) :

e the measure given in (4.32), i.e., D (n, p; o, c1, c2) with ¢; # 0 # ¢, equals to

z E(C6,C,1, ]-777'7p) + (71)0 (Cénpf 1 +p) Y

0€{0,1} 2E (cp, ¢1, Lim, p) F (chnp+1—p+(=1)? B(cp,e;,Lin.p))
(4.34)
Theorem 4.6. Iflim,,_, ., np, = A, the following affirmations hold:
1) For any m € N and € € {—1,0,1,2}", as n — oo, the limit of
<\I/, BEW) B,<f<m>>\p> (4.35)

(i.e. mized-moment) exists and equals to the expression (1.9).
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2) For any t € R and {co,c1,c2} C R, the limit (1.8) equals to (1.11), i.e.

lim <\I/,exp (it (01 (Br(fl) + B,(LH)) + ¢oBY + CQBT(?))) \IJ>

- Z@i}xp (z’t (cleA (b+b%) + coAPy + c2 (1 — Pé))) <1>> (4.36)

In other words, the weak limit of D (n,py; co, c1,¢2) equals to D (X; co, c1,¢a) :=the
vacuum distribution of c1vV/A (b+bT) + coAPy + co (1 — Pg). Moreover, for any
co € R, by using the notations introduced in (4.8),

e in case ¢y = 0, the distribution D (X;co,0,¢2) i Oegr;

e in case ¢ # 0 and ¢ =0, the distribution D (X; co, c1,0) is

E ()\7 CO7 Cl7 O) + (_1)000)\
Z 2E (A7 Cp, C1, 0) 6%(00)\+(_1)9E(>\"60701 ’0)) (437)

0e{0,1}

e in case ¢1 # 0 and ca # 0, by using ¢, and ¢} given in (4.6), the distribution
D (A7 Co, C1, 02)

E(X\;ch, ey, 1) 4+ (=1) (oA — 1)
2 2E (X; ¢, ), 1) 022 (oAt 1+(~1)0 B(xich,f,1)) (4.38)

0e{0,1}

Proof. We prove firstly the affirmation 1) by the induction argument.
In the case of m =1, (2.17) and (3.15) give us

<\I] B(‘E)\I/> — NPn, ife=0 . A, ife=0
o 0, otherwise 0, otherwise
= <<I>, b<f><1>> - <<I>, b<f><1>> AL-lel/2
In the case of m = 2, (2.17) and (3.15) guarantee that
<\P,B§;€“”B§f(2”\1’>

_Jnpn(1=pn), ife(l)=—-lande(2)=1
N 0, otherwise

A, ife(l)=-lande(2)=1
—
0, otherwise
.\ <<p,b<€<1>>b<€<2>>q>> - <<I>7b(5(1))b(€(2))q)> A2, (- le(k)|/2)
Suppose that the thesis is proved up to m, let’s show
<\p, BEW) B§f<m+1>>\1/>
N <q>’ pe) b(E(m+1))q)> A (=le(®)1/2) (4.39)

Ife(m+1)e€{-1,2}, (4.39) is trivial since (2.17) and (3.15) tell us that both
sides of (4.39) are zero.

If e (m 4 1) = 0, by applying (2.17), (3.15), the fact np,, — A and the assump-
tion of induction, one gets (4.39) as follows:
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<\1/, BEW) B;6<m+1>>m> - <\If BEW) B,(fWDBgO)@
—np,, <\P,B£f“” _ ..B,<f<m>>x1/> N A<¢7b(e<1>> . ._b(6(7n))q)> AT (L=le(R)]/2)
— <¢, pe) b(ﬁ(m))b(0)¢> AT (1-e(k)]/2)
_ <¢, pE) b<s<m>>b<s(m+1>>¢,> AT (1-le(k)]/2)

For proving (4.39) in the case of e (m + 1) = 1, one needs to see all possible
values of € (m) .
Ife(m+1)=1ande(m) € {0,1}, (2.17) and (3.15) guarantee that

BEIM) BEmA) g — Em) By —  — pEmpF) g — pem)pEmt) g

and so both sides of (4.39) are zero.
Ife(m+1)=1and e (m) = 2, it follows from (2.17), (3.15), the fact np, — A
(so pp, — 0) and the assumption of induction that

<\Il, BEW) B§f<m+1>>\1:> - <\1/ BEW) Bgf<m*1>>Bg2>Bg+1>\1/>
= (1-pn) <x1: BEMW) .B,(f(m‘l))B,(l“)\I'>
. <¢,b<e<1>> o b<6(m4>>b<1>q>> AA=1L/2)+ 05 (- e(R)]/2)
_ <q>7 pe) b<€<m*1>>b<2>b<1>q>> AQ=IL/2)+A—[20/2+ 05 - (k)] /2)
— <q>7 pE) b(e(m—l))b(s(nz>>b(s<m+1>>¢> S (=le(k)]/2)

Ife(m+1)=1ande(m) = —1, it follows from (2.17), (3.15), the fact np, —
A and the assumption of induction that

<\I/, BEW) B;€<m+1>>\1/> - <xp BEW) B,§€<m*1>>B§L*1)B;+1>\1/>
= npo (1= pa) (@, BEW) B w)
i <<1>, pEM) b<€<m—1))q>> AZES (-l (k)1/2)
= <<I>, pe) b(f(m*1)>b(*1)b(+1>q>> AA=11/2)+(1==1/2)+ 75 (1= 1=(k)]/2)

— <¢,’ pE) b(s(mfl))b@(m))b<s<m+1)>¢,> AT (1—le(k)]/2)

Summing up, the affirmation 1) is proved.

Now we turn to prove the affirmation 2).

First of all, the affirmation 1) and the uniform boundedness of the family {By(f) :
n € N*, g€ {-1,0,1,2}} guarantee the formula (4.36).

Secondly, Theorem 4.3 permits us to complete the proof as follows:

e In the case of ¢; = 0, the vacuum distribution of CoBT(LO) + 02B7(12) is deonpn »
which goes to 0., in the weak convergence since np, — .
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e In the case of ¢; # 0 and ¢ = 0, by using notations introduced in Remark 4.5,
the vacuum distribution of ¢; (Bgfl) + B7(,+l)) —|—cOB,(lO) is the probability measure
given in (4.33), which goes to D (X;cg,c1,0) given in (4.37) in the weak conver-
gence, since np, — A and since E (cg,c1,0;n,p,) — E (X;cp,¢1,0) as said in

4.8).
( o)In the case of ¢; # 0 # ca, by using notations introduced in Remark 4.5,
the vacuum distribution of ¢; (B,(l_l) + B,([H)) +cOB,(LO) + 62B7(12) is the probability

measure given in (4.34), which goes to D (X; ¢, ¢1,¢2) given in (4.38) in the weak
convergence, since np, — A and since E (¢(,c), 1;n,pn) — E(X;¢),c),1) as
said in (4.8).

Summing up, the proof is completed. O
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