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QUANTIZATION OF THE FREE POISSON CENTRAL LIMIT

THEOREM

YUNGANG LU*

Abstract. This paper is devoted to quantization of the free Poisson central

limit theorem. We construct a sequence of free independent binomial random
variables on an interacting Fock space in terms of creation–annihilation op-

erators. By using these random variables, one studies a quantization of the

free Poisson central limit theorem with respect to the convergence both in
mixed–moments and in law.

1. Introduction

In the present paper, as a continuation of [6] and [7], we set up a quantization
of the free Poisson central limit theorem (CLT in short). Its monotone analogue
will be dealt with in [8].

The free Poisson CLT (see [12] and references within) can be formulated prac-
tically as follows: Let {pn}∞n=1 ⊂ [0, 1] be such sequence that npn → λ, then, in the
weak convergence

lim
n→∞

((1− pn) δ0 + pnδ1)
⋆n

= Pf (λ) (1.1)

where, “⋆” is the free convolution and Pf (λ) is the free Poisson distribution
with the parameter λ (see [9], [10], [11] and [12] for the detail), in particular,
Pf (0) := δ0. Throughout, for any x ∈ R, δx :=the Dirac measure centred on x.

One recalls that the free convolution is usually defined by means of the Cauchy
transform: for any µ, ν ∈ P := {probability measure on (R,B)} with the Cauchy
transforms Gµ and Gν respectively, the free convolution µ ⋆ ν is the element of
P with the Cauchy transform Gµ + Gν . Moreover, the properties of the Cauchy
transform and the characterization of the weak convergence of a sequence of P in
terms of the Cauchy transform have already been studied systematically (see, e.g.
[3], [5], [10] and references within).

Clearly, the free Poisson CLT (1.1) can be reformulated in terms of algebraic
random variables and the free independence as follows: Let (X , ψ) be an algebraic
probability space and {ξn,k : n ∈ N∗ and k ≤ n} be a family of algebraic random
variables, let {pn}∞n=1 ⊂ [0, 1]. If
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• ψ
(
ξmn,k

)
= ψ (ξn,k) = pn for any m,n ∈ N∗ and k ≤ n (therefore, the ψ−

distribution of ξn,k is (1− pn) δ0+pnδ1, i.e. the binomial distribution with

the parameter (1, pn), one writes this fact simply as ξn,k
ψ∼ b (1, pn));

• for any n ≥ 2, {ξn,1, . . . , ξn,n} is a free independent family with respect to
ψ,

the ψ− distribution of
∑n
k=1 ξn,k goes to Pf (λ) , whenever npn −→ λ.

For any n ∈ N∗, since ξn,k
ψ∼ b(1, pn) for any k ≤ n and since {ξn,1, . . . , ξn,n} is

a free independent family with respect to ψ,
∑n
k=1 ξn,k is indeed a sum of n (free)

independent random variables and each of them has the binomial distribution with
the parameter (1, pn). So, one calls naturally its distribution the free binomial
distribution with the parameter (n, pn).

Notice that this reformulation of the free Poisson CLT does not depend on the
specific construction of the algebraic probability space and random variables. In
other words, if we take such a particular (A, ϕ) and {Xn,k : n ∈ N∗ and k ≤ n}
that

• Xn,k
ϕ∼ b (1, pn) for any n ∈ N∗ and k ≤ n,

• {Xn,1, . . . , Xn,n} is a free independent family with respect to ϕ for any n ≥ 2,
then the ϕ−distribution of

∑n
k=1Xn,k is ((1− pn) δ0 + pnδ1)

⋆n
and the usual free

Poisson CLT tells us that it goes to Pf (λ) whenever npn → λ.
In this paper, we start from a given Hilbert space H with an orthogonal normal

base (onb in short) {ek}∞k=1 and introduce a particular interacting Fock space (IFS
in short) Γsf (H) as a modification the usual full (free) Fock space over H (for the
detail, see Section 2). Then we defined, on the IFS Γsf (H), the creation (resp.
annihilation) operator a+f (resp. af ) with the test function f ∈ H. By denoting,

for any k ∈ N∗, a+k := a+ek (resp. ak := aek) and

a
(ε)
k :=


ak, if ε = −1

a+k , if ε = 1

aka
+
k , if ε = 0

a+k ak, if ε = 2

(1.2)

we will take the following particular algebraic probability space (A, ϕ) and alge-
braic random variables {Xn,k : n ∈ N∗ and k ≤ n}: Let

• A be the algebra generated by Ak’s and

Ak :=
{
polynomial in ak and a+k with degree ≥ 1

}
, ∀k (1.3)

and any monomial in ak and a+k with degree ≥ 1 will be called a word of
the algebra Ak;

• ϕ :=the vacuum state, i.e., ϕ (·) := 〈Ψ, ·Ψ〉 with Ψ :=the vacuum vector of
Γsf (H) ;

• for any n ∈ N∗, k ≤ n and for any given {pn}∞n=1 ⊂ [0, 1],

Xn,k :=
√
pn (1− pn)a

(−1)
k +

√
pn (1− pn)a

(+1)
k + pna

(0)
k + (1− pn) a

(2)
k (1.4)
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Remark 1.1. We will say that,
√
pn (1− pn)a

(−1)
k and

√
pn (1− pn)a

(+1)
k are off–

diagonal components of Xn,k since they are conjugate each other; pna
(0)
k and

(1− pn) a
(2)
k are diagonal components of Xn,k since they are self–adjoint.

In Section 2, we give concrete construction of the IFS Γsf (H) and show

• the algebras Ak’s defined in (1.3) are free independent;

• any Xn,k is a projector and ϕ (Xn,k) = pn; consequently Xn,k
ϕ∼ b (1, pn).

Thus, we introduce, for any n ∈ N∗

B(±1)
n :=

√
pn (1− pn)

n∑
k=1

a
(±1)
k ; B(0)

n := pn

n∑
k=1

a
(0)
k ; B(2)

n := (1− pn)

n∑
k=1

a
(2)
k

Bn := B(−1)
n +B(+1)

n +B(0)
n +B(2)

n =

n∑
k=1

Xn,k (1.5)

and moreover, for any {c0, c1, c2} ⊂ R,

DF (n, pn; c0, c1, c2)

:=ϕ− distribution of c1

(
B(−1)
n +B(+1)

n

)
+ c0B

(0)
n + c2B

(2)
n (1.6)

As said above, the usual free Poisson CLT confirms that the ϕ−distribution of
Bn (i.e., DF (n, pn; 1, 1, 1)) goes to Pf (λ) whenever npn → λ. Contrast with this,
the quantized Poisson type CLT is:

1) to calculate, for any {c0, c1, c2} ⊂ R, the limit

lim
N→∞

ϕ
(
exp

(
it
(
c1

(
B(−1)
n +B(+1)

n

)
+ c0B

(0)
n + c2B

(2)
n

)))
, ∀t ∈ R (1.7)

i.e. to know the weak limit of DF (n, pn; c0, c1, c2) by means of the characteristic
function;

2) to study the moment version of above limit, i.e., to see the limit

lim
n→∞

ϕ
(
B(ε(1))
n . . . B(ε(m))

n

)
(1.8)

for any m ∈ N and ε ∈ {−1, 0, 1, 2}m;
3) to give a suitable representation to the above limits.

As a consequence of the above 1) and 2), the quantized Poisson CLT makes

in evidence the individual contributions of each B
(ε)
n in the CLT’s procedure, not

only their sum. In particular, by noticing that

B(±1)
n :=

√
pn (1− pn)

n∑
k=1

a
(±1)
k

npn→λ
≈

√
λ

1√
n

n∑
k=1

a
(±1)
k

and by taking c0 = c2 = 0 and c1 = 1 in the above 1), one gets the free Laplace–de
Moivre CLT. Therefore, the quantization of the free Poisson CLT gives a view
to understand the relationship between the free Poisson CLT and corresponding
Laplace–de Moivre CLT: the free Laplace–de Moivre CLT is the off–diagonal part
of the free Poisson CLT. Moreover, by using the representation mentioned in the
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above 3), one can also understand the relationship between the free Poisson distri-
bution and the free Gaussian distribution, namely, the Wigner (e.g. semi–circle)
distribution.

In Section 3, we

• show that the limit (1.7) equals to〈
Φ, exp

(
it
(
c1
√
λ
(
b(−1) + b(+1)

)
+ λc0b

(0) + c2b
(2)

))
Φ
〉

(1.9)

in other words, the vacuum distribution of
{
c1
(
B

(−1)
n +B

(+1)
n

)
+ c0B

(0)
n +

c2B
(2)
n

}∞
n=1

(i.e. Dn (n, pn; c0, c1, c2)) goes to the vacuum distribution of

c1
√
λ
(
b(−1) + b(+1)

)
+λc0b

(0)+ c2b
(2) in the weak convergence, where and

throughout the present paper,

b(ε) :=


b, if ε = −1

b+, if ε = 1

1, if ε = 0

1− PΦ, if ε = 2

(1.10)

b+ and b are the creation–annihilation operators on the 1–mode–interacting
Fock space (1M–IFS in short) Γfr (C) := Γ (C, {ωn}n) with ωn = 1 for any
n ∈ N∗, Φ is the vacuum vector and PΦ is the projector from Γfr (C) to
its vacuum subspace;

• prove the existence of the limit (1.8) and show that it has the form〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2) (1.11)

Remark 1.2. On the 1M–IFS Γfr (C), one has bb+ = 1 and b+b = 1− PΦ.

2. Definition and Some Elementary Properties of Γsf (H)

The following notations will be used frequently

Fn := {functions from {1, . . . , n} to N}
Fn :=

{
k ∈ Fn : k (i) 6= k (i+ 1) for any 1 ≤ i < n

}
F0
n := {k ∈ Fn : k (i) 6= k (j) for any 1 ≤ i 6= j ≤ n} (2.1)

Let H be a Hilbert space with an onb {ek}∞k=1, one defines Γsf (H) as
⊕∞

n=0 Hn,
whereH0 := C,H1 := H and for any n ≥ 2, Hn is the (pre–)Hilbert space obtained
by equipping the usual the tensor scalar product 〈·, ·〉n on the vector space

lin.sp.
{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n

}
(2.2)

i.e.,〈
eh(n) ⊗ . . .⊗ eh(1), ek(n) ⊗ . . .⊗ ek(1)

〉
n
:=

∏
1≤j≤n

δh(j),k(j), ∀k,h ∈ F0
n (2.3)
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As usual, one calls Ψ := 1⊕0⊕0⊕... and Hn the vacuum vector and the n−particle
space respectively.

Γsf (H) is obviously a subspace of the usual full (free) Fock space over H which
is
⊕∞

n=0 H⊗n. Contrast with Hn, H⊗n is obtained by introducing the same scalar
product (2.3) on the vector space

lin.sp.
{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ Fn

}
On the other hand, Γsf (H) can be viewed as a particular IFS over H : for any

n ≥ 2, one defines Ωn : H⊗n 7−→ H⊗n by the linearity and

Ωn
(
ek(n) ⊗ . . .⊗ ek(1)

)
:=

∏
1≤j<r≤n

(
1− δk(j),k(r)

) (
ek(n) ⊗ . . .⊗ ek(1)

)
, ∀k ∈ Fn (2.4)

It is easy to see that Ωn is a projector and moreover, the following (·, ·)n
(x, y)n := 〈x,Ωny〉 , ∀x, y ∈ H⊗n

defines a positive quadratic form and our Hn (more precisely, (Hn, 〈·, ·〉n)) is iso-
morphic to (H⊗n, (·, ·)n) / ker ((·, ·)n) . Clearly,

• for any n ∈ N∗,
{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n

}
is an onb of Hn;

• a general element of Γsf (H) has the form
∑
n∈I xn with I ⊂ N finite and

xn ∈ Hn for any n ∈ I.

For any k ∈ N∗, we introduce the linear operator (called the creation operator
with the test function ek) a

+
k on Γsf (H) by linearity and

a+k Ψ := ek

a+k ek(n) ⊗ . . .⊗ ek(1) :=

{
ek ⊗ ek(n) ⊗ . . .⊗ ek(1), if k /∈ range (k)

0, if k ∈ range (k)

=

n∏
j=1

(
1− δk,k(j)

)
ek ⊗ ek(n) ⊗ . . .⊗ ek(1), ∀n ≥ 1,k ∈ F0

n (2.5)

Proposition 2.1. For any n ∈ N and k ∈ N∗, one has the following affirmations.

1)
∥∥∥a+k ∣∣Hn

∥∥∥ = 1,
∥∥a+k ∥∥ = 1 and

(
a+k

)2
= 0.

2) ak :=the conjugate of a+k , is called the annihilation operator with the test
function ek and verifies

akΨ = 0,

ak
(
ek(n) ⊗ . . .⊗ ek(1)

)
= δk,k(n)ek(n−1) ⊗ . . .⊗ ek(1), ∀k ∈ F0

n (2.6)

Moreover,
∥∥∥ak∣∣Hn

∥∥∥ = 1 for any n ∈ N∗, ‖ak‖ = 1 and (ak)
2
= 0.

3) By denoting,

H(s)
n,k := lin.sp.

{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n with k (n) = k
}

H(d)
n,k := lin.sp.

{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n with k /∈ range (k)
}

(2.7)

then H(s)
n,k and H(d)

n,k are closed,
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(
H(s)
n,k

)⊥
= lin.sp.

{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n with k (n) 6= k
}

(
H(d)
n,k

)⊥
= lin.sp.

{
ek(n) ⊗ . . .⊗ ek(1) : k ∈ F0

n with k ∈ range (k)
}

(2.8)

and

Hn = H(s)
n,k ⊕

(
H(s)
n,k

)⊥
= H(d)

n,k ⊕
(
H(d)
n,k

)⊥

Proof. All affirmations can be checked easily and we omit their detail. �

Proposition 2.2. 1) For any k ∈ N∗,

a+k ak = P
(s)
k :=

∞⊕
n=1

(the projector to H(s)
n,k)

aka
+
k = P

(d)
k := (the projector to H0)⊕

∞⊕
n=1

(the projector to H(d)
n,k) (2.9)

and

a+k P
(d)
k = P

(s)
k a+k ; akP

(d)
k = P

(s)
k ak = 0 (2.10)

For any different h, k ∈ N∗,

aka
+
h = 0, P

(s)
k P

(s)
h = P

(s)
h P

(s)
k = 0 (2.11)

and

a+h ak
(
ek(n) ⊗ . . .⊗ ek(1)

)
=δk,k(n)

n−1∏
j=1

(
1− δh,k(j)

) (
eh ⊗ ek(n−1) ⊗ . . .⊗ ek(1)

)
, ∀n ≥ 1, k ∈ F0

n (2.12)

2) For any n ∈ N∗,∥∥∥ n∑
k=1

a+k ak

∥∥∥ = 1,
∥∥∥ 1√

n

n∑
k=1

a
(±1)
k

∥∥∥ ≤ 1,
∥∥∥ 1
n

n∑
k=1

aka
+
k

∥∥∥ ≤ 1

and so
{
B

(−1)
n , B

(+1)
n , B

(0)
n , B

(2)
n : n ∈ N∗

}
is a uniform bounded family whenever

there exists the limit limn→∞ npn.

Proof. Let J ⊂ N be finite, let nr ∈ N∗, αr ∈ C and kr ∈ F0
nr

for any r ∈ J , by
writing

∑
r∈J αrekr(nr) ⊗ . . .⊗ ekr(1) to( ∑

r∈J:kr(nr)=k

+
∑

r∈J:kr(nr) ̸=k

)
αrekr(nr) ⊗ . . .⊗ ekr(1) (2.13)

(2.5) and (2.6) tell us that

a+k ak
∑

r∈J:kr(nr)=k

αrekr(nr) ⊗ . . .⊗ ekr(1) =
∑

r∈J:kr(nr)=k

αrekr(nr) ⊗ . . .⊗ ekr(1)

and
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a+k akΨ = 0 = a+k ak
∑

r∈J:kr(nr) ̸=k

αrekr(nr) ⊗ . . .⊗ ekr(1)

therefore, a+k ak = P
(s)
k .

Similarly, by writing
∑
r∈J αrekr(nr) ⊗ . . .⊗ ekr(1) to( ∑

r∈J:k∈range(kr)

+
∑

r∈J:k/∈range(kr)

)
αrekr(nr) ⊗ . . .⊗ ekr(1) (2.14)

(2.5) and (2.6) say that

aka
+
k

∑
r∈J:k∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1) = 0

and

aka
+
k Ψ = Ψ

aka
+
k

∑
r∈J:k/∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

=
∑

r∈J:k/∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

therefore, aka
+
k = P

(d)
k .

Clearly, in order to obtain (2.10), one needs only to prove the first equality and

others are trivial: in fact, akP
(d)
k = akaka

+
k = 0, P

(s)
k ak = a+k akak = 0.

For any k ∈ N∗, (2.9) and the definition of creation operator tell us that

P
(d)
k

∑
r∈J:k∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

=0 = a+k

∑
r∈J:k∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

So both a+k P
(d)
k and P

(s)
k a+k bring the vector in the form of∑
r∈J:k∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

to zero. Moreover, it follows just from the definitions of a+k , P
(d)
k and P

(s)
k that

a+k P
(d)
k

(
αΨ+

∑
r:k/∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

)
=αek +

∑
r:k/∈range(kr)

αrek ⊗ ekr(nr) ⊗ . . .⊗ ekr(1)

and
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P
(s)
k a+k

(
αΨ+

∑
r:k/∈range(kr)

αrekr(nr) ⊗ . . .⊗ ekr(1)

)
=P

(s)
k

(
αek +

∑
r:k/∈range(kr)

αrek ⊗ ekr(nr) ⊗ . . .⊗ ekr(1)

)
=αek +

∑
r:k/∈range(kr)

αrek ⊗ ekr(nr) ⊗ . . .⊗ ekr(1)

So one gets the first equality of (2.10).
In the case of h 6= k, the equalities in (2.11) are obtained just from (2.5), (2.6)

and the fact H(s)
n,k

⋂
H(s)
n,h = ∅. Moreover, (2.12) is proved simply as follows:

a+h ak
(
ek(n) ⊗ . . .⊗ ek(1)

)
= δk,k(n)a

+
h

(
ek(n−1) ⊗ . . .⊗ ek(1)

)
= δk,k(n)

n−1∏
j=1

(
1− δh,k(j)

) (
eh ⊗ ek(n−1) ⊗ . . .⊗ ek(1)

)
Summing up, the affirmation 1) is proved.

The first equality of (2.9) says that a+k ak is a non–zero projector for any k; then

(2.11) tells us that
∑n
k=1 a

+
k ak is a non–zero projector and so

∥∥∑n
k=1 a

+
k ak

∥∥ = 1.

The second equality of (2.9) guarantees that
∥∥aka+k ∥∥ = 1 for any k. Consequently∥∥∥ 1

n

n∑
k=1

aka
+
k

∥∥∥ ≤ 1

n

n∑
k=1

∥∥∥aka+k ∥∥∥ = 1

Therefore, the first equality of (2.11) makes sure that( n∑
k=1

a+k

)∗( n∑
k=1

a+k

)
=

n∑
k,h=1

aka
+
h =

n∑
k=1

aka
+
k

and so ∥∥∥( 1√
n

n∑
k=1

a+k

)∗∥∥∥2 =
∥∥∥( 1√

n

n∑
k=1

a+k

)∥∥∥2
=
∥∥∥( 1√

n

n∑
k=1

a+k

)∗( 1√
n

n∑
k=1

a+k

)∥∥∥ =
∥∥∥ 1
n

n∑
k=1

aka
+
k

∥∥∥2 ≤ 1 �

Remark 2.3. One has clearly the conjugate formulation of (2.10):

P
(d)
k ak = akP

(s)
k , P

(d)
k a+k = a+k P

(s)
k = 0

Proposition 2.4. 1) For any k,

Ak = lin.sp.
{
a+k , ak, P

(d)
k , a+k P

(d)
k , P

(s)
k , akP

(s)
k

}
(2.15)

i.e., any word of Ak is either the following: a+k , ak, P
(d)
k , a+k P

(d)
k , P

(s)
k , akP

(s)
k .

2) For any k and xk being a word of Ak,
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xkΨ =


ek, if xk ∈

{
a+k , a

+
k P

(d)
k

}
Ψ, if xk = P

(d)
k

0, if xk ∈
{
ak, P

(s)
k , akP

(s)
k

} (2.16)

and for any n ∈ N∗ and k ∈ F0
n

xk
(
ek(n) ⊗ . . .⊗ ek(1)

)

=



∏n
h=1

(
1− δk,k(h)

)
ek ⊗ ek(n) ⊗ . . .⊗ ek(1), if xk ∈

{
a+k , a

+
k P

(d)
k

}∏n
h=1

(
1− δk,k(h)

)
ek(n) ⊗ . . .⊗ ek(1), if xk = P

(d)
k

δk,k(n)ek(n) ⊗ . . .⊗ ek(1), if xk = P
(s)
k

δk,k(n)ek(n−1) ⊗ . . .⊗ ek(1), if xk ∈
{
ak, akP

(s)
k

} (2.17)

hereinafter,
ek(r) ⊗ . . .⊗ ek(1)

∣∣
r=0

:= Ψ (2.18)

3) For any k, n ∈ N∗, k ∈ Fn (not necessarily belongs to F0
n) and j ∈ {1, . . . , n},

for any xj ∈
{
a+k(j), ak(j), a

+
k(j)P

(d)
k(j), P

(s)
k(j), ak(j)P

(s)
k(j)

}
(notice that xj is NOT be

taken as P
(d)
k(j)),

xn . . . x1Ψ

=

{
ek(n) ⊗ . . .⊗ ek(1), if k ∈ F0

n and xj ∈
{
a+k(j), a

+
k(j)P

(d)
k(j)

}
, ∀j ∈ {1, . . . , n}

0, otherwise

(2.19)

Proof. Just by applying definitions of operators a+k , ak, P
(d)
k and P

(s)
k , one gets

easily (2.16) and (2.17) for k ∈ F0
n.

The affirmation 3) is a consequence of the affirmation 2), more precisely, is the
consequence of the fact:

xk
(
ek(m) ⊗ . . .⊗ ek(1)

)
=

m∏
h=1

(
1− δk,k(h)

)
ek ⊗ ek(m) ⊗ . . .⊗ ek(1)

for any m ∈ N, k ∈ F0
m and xk ∈

{
a+k , a

+
k P

(d)
k

}
. Now we turn to show the

affirmation 1).
By the definition,

Ak = lin.sp.
{
a
ε(1)
k . . . a

ε(n)
k : n ∈ N∗, ε ∈ {−1, 1}n

}
where, one prefers to write

{
a
ε(1)
k . . . a

ε(n)
k : n ∈ N∗, ε ∈ {−1, 1}n

}
to{

ak, a
+
k

}
∪
{
a
ε(1)
k . . . a

ε(2m)
k : m ∈ N∗, ε ∈ {−1, 1}2m

}
∪
{
a
ε(1)
k . . . a

ε(2m+1)
k : m ∈ N∗, ε ∈ {−1, 1}2m+1

}
It follows from the fact a+2

k = a2k = 0 (see Proposition 2.1) that a general word

of Ak, i.e., a
ε(1)
k . . . a

ε(n)
k with n ∈ N∗ and ε ∈ {−1, 1}n , differs from zero only if ε

is consecutively different: ε (1) 6= ε (2) 6= . . . 6= ε (n− 1) 6= ε (n) . Moreover
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• if n = 2m and 1 = ε (1) 6= ε (2) 6= . . . 6= ε (n− 1) 6= ε (n) , one has

a
ε(1)
k . . . a

ε(n)
k = a

ε(1)
k . . . a

ε(2m)
k =

(
a+k ak

)m
= P

(s)
k

• if n = 2m and −1 = ε (1) 6= ε (2) 6= . . . 6= ε (n− 1) 6= ε (n) , one has

a
ε(1)
k . . . a

ε(n)
k = a

ε(1)
k . . . a

ε(2m)
k =

(
aka

+
k

)m
= P

(d)
k

• if n = 2m+ 1 and 1 = ε (1) 6= ε (2) 6= . . . 6= ε (n− 1) 6= ε (n) , one has

a
ε(1)
k . . . a

ε(n)
k = a

ε(1)
k . . . a

ε(2m+1)
k = a+k

(
aka

+
k

)m
= a+k P

(d)
k

• if n = 2m+ 1 and −1 = ε (1) 6= ε (2) 6= . . . 6= ε (n− 1) 6= ε (n) , one has

a
ε(1)
k . . . a

ε(n)
k = a

ε(1)
k . . . a

ε(2m+1)
k = ak

(
a+k ak

)m
= akP

(s)
k

Summing up, the thesis is obtained. �

Remark 2.5. Among all words of Ak, P
(d)
k has a particular feature: its vacuum

expectation equals to 1 while anyone of other words has zero vacuum expectation.

For any k, n ∈ N∗ and k ∈ F0
n, we have the following easily proved result:

1−
n∏
h=1

(
1− δk,k(h)

)
=

n∑
j=1

δk,k(j) = χrange(k)(k) (2.20)

where, χE(x) =

{
1, if x ∈ E

0, if x /∈ E
for any set E.

In fact, for any k ∈ F0
n, {k−1({j})}’s are 2–2 disjoint and so one gets the second

equality of (2.20):

χrange(k)(k) = χ∪n
j=1k

−1({j})(k) =

n∑
j=1

χk−1({j})(k) =

n∑
j=1

δk,k(j)

Moreover, the first equality of (2.20) is obtained by noticing that
• both 1−

∏n
h=1

(
1− δk,k(h)

)
and

∑n
j=1 δk,k(j) take values in {0, 1};

• 1 −
∏n
h=1

(
1− δk,k(h)

)
= 0 iff

∏n
h=1

(
1− δk,k(h)

)
= 1 iff δk,k(h) = 0 for all

h ∈ {1, . . . , n} iff
∑n
h=1 δk,k(h) = 0.

Proposition 2.6. For any k, n ∈ N∗ and k ∈ F0
n, one has the following affirma-

tions:
1) as a particular case of (2.16) and (2.17),

(1− P
(d)
k )Ψ = 0

(1− P
(d)
k )

(
ek(n) ⊗ . . .⊗ ek(1)

)
= χrange(k)(k)ek(n) ⊗ . . .⊗ ek(1) (2.21)

2) let

Ãk :=
{
a+k , ak, a

+
k P

(d)
k , P

(s)
k , akP

(s)
k , 1− P

(d)
k

}
(2.22)

and

A(+1)
k :=

{
a+k , a

+
k P

(d)
k

}
, A(−1)

k :=
{
ak, akP

(s)
k

}
, A(0)

k :=
{
P

(s)
k , 1− P

(d)
k

}
(2.23)

Then
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A(+1)
k , A(−1)

k and A(0)
k are 2–2 disjoint; A(+1)

k ∪ A(−1)
k ∪ A(0)

k = Ãk (2.24)

and

xk(ek(n) ⊗ . . .⊗ ek(1)) ∈


{cek(n) ⊗ . . .⊗ ek(1) : c ∈ C}, if xk ∈ A(0)

k

{cek ⊗ ek(n) ⊗ . . .⊗ ek(1) : c ∈ C}, if xk ∈ A(+1)
k

{cek(n−1) ⊗ . . .⊗ ek(1) : c ∈ C}, if xk ∈ A(−1)
k

(2.25)

Proof. The proof is completed easily as follows:
• the first equality of (2.21) is trivial in virtue of (2.16);
• the second equality of (2.21) is obtained just by combining (2.17) and (2.20);
• (2.24) is just a consequence of (2.22) and (2.23);
• finally, one gets (2.25) thanks to (2.16), (2.17) and (2.23). �

Proposition 2.7. For any m ∈ N∗ and k ∈ F0
m, for any xj ∈ A(+1)

k(j) ∪ A(0)
k(j) with

j ∈ {1, . . . ,m}, by denoting r :=
∣∣{j ∈ {1, . . . ,m} : xj ∈ A(+1)

k(j)

}∣∣, there exist a

constant C (depending on k in general) and 1 ≤ i1 < . . . < ir ≤ m such that

xm . . . x1Ψ = Cek(ir) ⊗ . . .⊗ ek(i1) (2.26)

hereinafter, we have adopted the conventions (2.18) and {i1, . . . , ir}
∣∣
r=0

:= ∅.

Proof. (2.16) and the first equality of (2.21) say that

x1Ψ =

{
ek(1), if x1 ∈ A(+1)

k(1)

0, if x1 ∈ A(0)
k(1) ∪ A(−1)

k(1)

(2.27)

So we obtain (2.26) by taking (recall that we have assumed x1 ∈ A(+1)
k(1) ∪ A(0)

k(1))

• C = 0 if x1 ∈ A(0)
k(1);

• C = 1, r = 1 and i1 = 1 if x1 ∈ A(+1)
k(1) .

By assuming the validity of our thesis for m = n, one has n+ 1 > n ≥ ir and

r′ :=
∣∣{j ∈ {1, . . . , n+ 1} : xj ∈ A(+1)

k(j)

}∣∣
=

{∣∣{j ∈ {1, . . . , n} : xj ∈ A(+1)
k(j)

}∣∣+ 1, if xn+1 ∈ A(+1)
k(n+1)∣∣{j ∈ {1, . . . , n} : xj ∈ A(+1)

k(j)

}∣∣, if xn+1 ∈ A(0)
k(n+1)

=

{
r + 1, if xn+1 ∈ A(+1)

k(n+1)

r, if xn+1 ∈ A(0)
k(n+1)

So, by applying (2.25) and noticing xn+1 ∈ A(+1)
k(n+1) ∪ A(0)

k(n+1),

xn+1xn . . . x1Ψ = Cxn+1ek(ir) ⊗ . . .⊗ ek(i1)

=C

{
c1 ek(n+1) ⊗ ek(ir) ⊗ . . .⊗ ek(i1), if xn+1 ∈ A(+1)

k(n+1)

c2 ek(ir) ⊗ . . .⊗ ek(i1), if xn+1 ∈ A(0)
k(n+1)

(2.28)

with c1, c2 ∈ C. The induction principle gives the thesis. �
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In the following, we denote, for any k ∈ N∗,

Ak := lin.sp.
{
1, a+k , ak, P

(d)
k , a+k P

(d)
k , P

(s)
k , akP

(s)
k

}
(2.29)

Theorem 2.8. With respect to the vacuum state,
{
Ak

}
k
and {Ak}k are free

independent families.

Proof. Clearly we need only to prove the free independence of
{
Ak

}
k
. That is, by

the definition, to show

〈Ψ, xn . . . x1Ψ〉 = 0 (2.30)

for any n ≥ 2, k ∈ Fn and for any such {xj}nj=1 that xj ∈ Ak(j) and 〈Ψ, xjΨ〉 = 0
for all j ∈ {1, . . . , n}.

(2.29) says that any x ∈ Ak must have the form

α1a
+
k + α2ak + α3a

+
k P

(d)
k + α4P

(s)
k + α5akP

(s)
k + α6P

(d)
k + α71

By combining this with the following facts

• 〈Ψ,1Ψ〉 = 1 =
〈
Ψ, P

(d)
k Ψ

〉
for any k ∈ N∗,

• 〈Ψ, x Ψ〉 = 0 for any x ∈ {a+k , ak, a
+
k P

(d)
k , P

(s)
k , akP

(s)
k } and k ∈ N∗,

one knows that any such xj ∈ Ak(j) that 〈Ψ, xjΨ〉 = 0 must have the form:

xj = αk(j),1a
+
k(j) + αk(j),2ak(j) + αk(j),3a

+
k(j)P

(d)
k(j)

+ αk(j),4P
(s)
k(j) + αk(j),5ak(j)P

(s)
k(j) + αk(j),6(1− P

(d)
k(j))

and so xn . . . x1 equals to a sum of finite products in the form yn . . . y1, where yj
belongs to Ãk(j) introduced in (2.22) for any j ∈ {1, . . . , n}. So, (2.30) will be
proved if one gets

〈Ψ, yn . . . y1Ψ〉 = 0, ∀yj ∈ Ãk(j), ∀j ∈ {1, . . . , n} (2.31)

and now we turn to show it.
If n = 1, (2.27) tells us that y1Ψ ∈ {0, ek(1)} and so 〈Ψ, y1Ψ〉 = 0. Now we

examine (2.31) for n ≥ 2. Moreover, since y1Ψ = 0 if y1 ∈ A(−1)
k(1) ∪A(0)

k(1), we need

only to prove (2.31) with the additional condition y1 ∈ A(+1)
k(1) . Now we perform it

in two cases.
The 1st case:

{
j : yj ∈ A(−1)

k(j)

}
6= ∅. In this case, let

m+ 1 := min
{
j : yj ∈ A(−1)

k(j)

}
then,

• m ≤ n− 1, ym+1 ∈ A(−1)
k(m+1) and yj ∈ A(0)

k(j) ∪ A(+1)
k(j) for all j ≤ m;

• the additional condition y1 ∈ A(+1)
k(1) mentioned in above tells us that m ≥ 1.

For any m ∈ {1, . . . , n − 1}, Proposition 2.7 says that ym . . . y1Ψ has the form
Cek′(r) ⊗ . . . ⊗ ek′(1) with C ∈ C, 1 ≤ i1 < . . . < ir ≤ m and k′(j) := k(ij) for

any j ∈ {1, . . . , r}. Moreover, the facts k ∈ F0
n and 1 ≤ i1 < . . . < ir < m + 1
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make sure that k′ ∈ F0
r and k(m+ 1) 6= k′(r), where r :=

∣∣{j ≤ m : yj ∈ A(+1)
k(j)

}∣∣.
Therefore, thank to the fact ym+1 ∈ A(−1)

k(m+1) and the formula (2.17), one gets

ym+1ym . . . y1Ψ = C ym+1ek′(r) ⊗ . . .⊗ ek′(1) = 0 (2.32)

The 2nd case:
{
j : yj ∈ A(−1)

k(j)

}
= ∅. In this case, Proposition 2.7 says that the

vector yn . . . y1Ψ has the form C ek(ir)⊗ . . .⊗ek(i1), where, it follows form the fact

y1 ∈ A(+1)
k(j) that i1 = 1 and r ≥ 1. Consequently one gets the equality in (2.31).

Summing up, the proof is completed. �

Remark 2.9. We do not take the standard free Fock space over H and the cor-
responding creation–annihilation operators, even if on any free Fock space, the
family {Xn,k : k ≤ n} is free independent for any n ≥ 2. The reason is, on the
standard free Fock space, for any annihilation (resp. creation) operator a (resp.
a+) with uni–norm test function, for any p ∈ (0, 1) , the vacuum distribution of

X :=
√
p (1− p) (a+ a+) + paa+ + (1− p) a+a can not be b (1, p) .

3. Quantization of the Free Poisson CLT

Now we are ready to see the quantized free Poisson CLT, which says essentially

that if npn −→ λ, then for any ε ∈ {1,−1, 0, 2}, B(ε)
n introduced in (1.5) equals

asymptotically to λ1−|ε|/2b(ε), where b(ε) is defined in (1.10).

Proposition 3.1. 1) On the IFS Γsf (H) , one has, for any {pN}∞N=1 ⊂ [0, 1] and
N ∈ N∗,

B
(−1)
N Ψ = B

(2)
N Ψ = 0; B

(0)
N Ψ = NpNΨ;

〈
Ψ,

(
B

(+1)
N

)n
Ψ
〉
= 0

B
(−1)
N

(
B

(+1)
N

)n
Ψ = χN ](n) (N − n+ 1) pN (1− pN )

(
B

(+1)
N

)n−1

Ψ

B
(0)
N

(
B

(+1)
N

)n
Ψ = χN ](n) (N − n) pN

(
B

(+1)
N

)n
Ψ

B
(2)
N

(
B

(+1)
N

)n
Ψ = χN ](n) (1− pN )

(
B

(+1)
N

)n
Ψ, ∀n ∈ N∗ (3.1)

hereinafter, χN ](n) :=

{
1, if n ≤ N

0, if n > N
.

2) On the 1M–IFS Γfr (C), one has

b(−1)Φ = b(2)Φ = 0;
〈
Φ,

(
b(+1)

)n
Φ
〉
= 0

b(2)
(
b(+1)

)n
Φ =

(
b(+1)

)n
Φ; b(−1)

(
b(+1)

)n
Φ =

(
b(+1)

)n−1

Φ, ∀n ∈ N∗ (3.2)

Proof. Clearly, we need only to show the last three equalities of (3.1) and others
are trivial. Moreover, one uses simply p instead of pN .

It follows from the definitions of a(ε)’s and B
(ε)
N ’s that
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(
B

(+1)
N

)n
Ψ =

(√
p (1− p)

)n ∑
k∈Fn, k(j)≤N for any j

a+k(n) . . . a
+
k(1)Ψ

=χN ](n)
(√

p (1− p)
)n ∑

k∈F0
n, k(j)≤N for any j

ek(n) ⊗ . . .⊗ ek(1) (3.3)

So the last three equalities of (3.1) are trivial for n > N . For n ≤ N , one gets

B
(0)
N

(
B

(+1)
N

)n
Ψ

(3.3)
= p

(√
p (1− p)

)n N∑
k=1

∑
k∈F0

n, k(j)≤N for any j

aka
+
k

(
ek(n) ⊗ . . .⊗ ek(1)

)
(2.9)
= p

(√
p (1− p)

)n ∑
k∈F0

n, k(j)≤N for any j

∑
1≤k≤N, k/∈range(k)

ek(n) ⊗ . . .⊗ ek(1)

=(N − n) p
(√

p (1− p)
)n ∑

k∈F0
n, k(j)≤N for any j

ek(n) ⊗ . . .⊗ ek(1)

(3.3)
= (N − n) p

(
B

(+1)
N

)n
Ψ (3.4)

and

B
(2)
N

(
B

(+1)
N

)n
Ψ

(3.3)
= p

(√
p (1− p)

)n N∑
k=1

∑
k∈F0

n, k(j)≤N for any j

a+k ak
(
ek(n) ⊗ . . .⊗ ek(1)

)
=(1− p)

(√
p (1− p)

)n N∑
k=1

∑
k∈F0

n, k(j)≤N for any j

δk,k(n)
(
ek(n) ⊗ . . .⊗ ek(1)

)
=(1− p)

(√
p (1− p)

)n ∑
k∈F0

n, k(j)≤N for any j

ek(n) ⊗ . . .⊗ ek(1)

(3.3)
= (1− p)

(
B

(+1)
N

)n
Ψ (3.5)

Finally, one has

B
(−1)
N

(
B

(+1)
N

)n
Ψ

(3.3)
=

(√
p (1− p)

)n+1 N∑
k=1

∑
k∈F0

n, k(j)≤N for any j

ak
(
ek(n) ⊗ . . .⊗ ek(1)

)
=
(√

p (1− p)
)n+1 N∑

k=1

∑
k∈F0

n, k(j)≤N for any j

δk,k(n)
(
ek(n−1) ⊗ . . .⊗ ek(1)

)
(3.6)
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Since
N∑
k=1

∑
k∈F0

n, k(j)≤N ∀j≤n

δk,k(n)ek(n−1) ⊗ . . .⊗ ek(1)

=
∑

k∈F0
n−1, k(j)≤N ∀j≤n−1

ek(n−1) ⊗ . . .⊗ ek(1)

N∑
k=1

∑
1≤k(n)≤N, k(n) ̸=k(j) ∀j≤n−1

δk,k(n)

=(N − n+ 1)
∑

k∈F0
n−1, k(j)≤N ∀j≤n−1

ek(n−1) ⊗ . . .⊗ ek(1)

one obtains, by applying this formula to (3.6),

B
(−1)
N

(
B

(+1)
N

)n
Ψ

=(N − n+ 1)
(√

p (1− p)
)n+1 ∑

k∈F0
n−1, k(j)≤N for any j

ek(n−1) ⊗ . . .⊗ ek(1)

(3.3)
= (N − n+ 1) p (1− p)

(
B

(+1)
N

)n−1

Ψ (3.7)

�

Theorem 3.2. On the IFS Γsf (H), if {pN}∞N=1 ⊂ [0, 1] verifies limN→∞NpN =
λ, then for any n ∈ N and ε ∈ {−1, 0, 1, 2}n , the limits, as N → ∞, of (1.7)
and (1.8) exist; moreover, they equal to the expressions (1.9) and (1.11) respec-
tively. Consequently, the Jacobi coefficients of the free Poisson distribution with
the parameter λ (more precisely, (λ, 1)) is

α0 = ωn = λ, αn = λ+ 1, ∀n ∈ N∗ (3.8)

Proof. (3.1) and (3.2) tell us〈
Ψ, B

(ε)
N Ψ

〉
=

{
NpN , if ε = 0

0, otherwise
−→

{
λ, if ε = 0

0, otherwise

= λ
〈
Φ, b(ε)Φ

〉
=

〈
Φ, b(ε)Φ

〉
λ1−|ε|/2

and 〈
Ψ, B

(ε(1))
N B

(ε(2))
N Ψ

〉
=

{
NpN (1− pN ) , if ε (1) = −1 and ε (2) = 1

0, otherwise

−→

{
λ, if ε (1) = −1 and ε (2) = 1

0, otherwise
= λ

〈
Φ, b(ε(1))b(ε(2))Φ

〉
=
〈
Φ, b(ε(1))b(ε(2))Φ

〉
λ
∑2

k=1(1−|ε(k)|/2)

i.e. the thesis is proved for n = 1 and 2.
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Suppose that the thesis is proved up to n, let’s see it for n + 1. Since we are
considering the limits of (1.7) and (1.8) as N → ∞, one can assume that N ≥ n+1.

If ε (n+ 1) ∈ {−1, 2} , (3.1) and (3.2) tell us that〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉
= 0 =

〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
=

〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)

If ε (n+ 1) = 0, (3.1) gives〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉
=

〈
Ψ, B

(ε(1))
N . . . B

(ε(n))
N B

(0)
N Ψ

〉
= NpN

〈
Ψ, B

(ε(1))
N . . . B

(ε(n))
N Ψ

〉
The assumption of induction and the fact NpN −→ λ make sure that〈

Ψ, B
(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉
−→ λ

〈
Φ, b(ε(1)) . . . b(ε(n))Φ

〉
λ
∑n

k=1(1−|ε(k)|/2)

On the other hand, (3.2) gives〈
Φ, b(ε(1)) . . . b(ε(n))b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(n+1)=0

=
〈
Φ, b(ε(1)) . . . b(ε(n))b(0)Φ

〉
λ1+

∑n
k=1(1−|ε(k)|/2)

=λ
〈
Φ, b(ε(1)) . . . b(ε(n))Φ

〉
λ
∑n

k=1(1−|ε(k)|/2)

i.e. 〈
Ψ, B

(ε(1))
N . . . B

(ε(n))
N B

(0)
N Ψ

〉
−→

〈
Φ, b(ε(1)) . . . b(ε(n))b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(n+1)=0

Finally, one sees the case of ε (n+ 1) = 1.
If ε (j) = 1 for all j ∈ {1, . . . , n+ 1}, one gets, thanks to (3.1) and (3.2),〈

Ψ, B
(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉
=

〈
Ψ,

(
B

(+1)
N

)n+1
Ψ
〉

=0 =
〈
Φ,

(
b+

)n+1
Φ
〉
=

〈
Φ, b(ε(1)) . . . b(ε(n))b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)

So one needs only to see the case of {k : ε (k) 6= 1} 6= ∅. In this case, one denotes
m := max {k : ε (k) 6= 1} , then ε (m) ∈ {−1, 0, 2}, ε (m+ 1) = . . . = ε (n+ 1) = 1,

B
(ε(1))
N . . . B

(ε(n+1))
N = B

(ε(1))
N . . . B

(ε(m−1))
N B

(ε(m))
N

(
B

(+1)
N

)n+1−m
(3.9)

In virtue of the formula (3.1), the formula (3.9), the assumption of induction
and the fact NpN −→ λ, one gets the following:
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If ε (m) = 0,〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉∣∣∣
ε(m)=0,ε(j)=1 ∀j>m

=
〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N B

(0)
N

(
B

(+1)
N

)n+1−m
Ψ
〉

=(N − (n+ 1−m)) pN

〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N

(
B

(+1)
N

)n+1−m
Ψ
〉

−→λ

〈
Φ, b(ε(1)) . . . b(ε(m−1))

(
b(+1)

)n+1−m
Φ

〉
λ
∑m−1

k=1 (1−|ε(k)|/2)+(n+1−m)/2

=
〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(m)=0,ε(j)=1 ∀j>m

If ε (m) = −1,〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉 ∣∣∣
ε(m)=−1,ε(j)=1 ∀j>m

=
〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N B

(−1)
N

(
B

(+1)
N

)n+1−m
Ψ
〉

=NpN (1− pN )
〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N

(
B

(+1)
N

)n−m
Ψ
〉

−→λ

〈
Φ, b(ε(1)) . . . b(ε(m−1))

(
b(+1)

)n−m
Φ

〉
λ
∑m−1

k=1 (1−|ε(k)|/2)+(n−m)/2

On the other hand, (3.2) gives〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(m)=−1,ε(j)=1 ∀j>m

=

〈
Φ, b(ε(1)) . . . b(ε(m−1))b(−1)

(
b(+1)

)n+1−m
Φ

〉
λ
∑m−1

k=1 (1−|ε(k)|/2)+(n−m+2)/2

So 〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉 ∣∣∣
ε(m)=−1,ε(j)=1 ∀j>m

−→
〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(m)=−1,ε(j)=1 ∀j>m

If ε (m) = 2,〈
Ψ, B

(ε(1))
N . . . B

(ε(n+1))
N Ψ

〉 ∣∣∣
ε(m)=2,ε(j)=1 ∀j>m

=
〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N B

(2)
N

(
B

(+1)
N

)n+1−m
Ψ
〉

=(1− pN )
〈
Ψ, B

(ε(1))
N . . . B

(ε(m−1))
N

(
B

(+1)
N

)n+1−m
Ψ
〉

−→
〈
Φ, b(ε(1)) . . . b(ε(m−1))

(
b(+1)

)n+1−m
Φ

〉
λ
∑m−1

k=1 (1−|ε(k)|/2)+(n−m)/2

=

〈
Φ, b(ε(1)) . . . b(ε(m−1))b(2)

(
b(+1)

)n+1−m
Φ

〉
λ
∑m−1

k=1 (1−|ε(k)|/2)+(n−m)/2

=
〈
Φ, b(ε(1)) . . . b(ε(n+1))Φ

〉
λ
∑n+1

k=1 (1−|ε(k)|/2)
∣∣∣
ε(m)=2,ε(j)=1 ∀j>m
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Summing up, we have proved that the limit of (1.8) equals to the expression (1.11).

By combining together this and the boundedness of {B(ε)
n }∞n=1, we know that the

limit of (1.7) equals to the expression (1.9). �
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