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XV Gennaio
Dedicata a Ciaciottina, nivea gattina di immacolata freschezza,
buona come il pane e custode di eccelsa purezza,
dall’intelletto superno a quello congetturato in molti umani,
che passeggera e ci amera in cielo,
cosparso di stelle risplendenti,
come ha passeggiato e amato nella sua prediletta terra stellata,
cosparsa di vivi fiori e affetti.

Tu sei colei che l'umana e felide natura nobilitastz,
dal provvidenziale di del tuo arrivo indizi di risolutezza rivelastt,
i ognt grornata balsamo di sincera garbatezza e baldezza, con cui
le novelle stagiont avvivavi e sul vento del nord trionfauvs.

Sempre pregiati ti furono gli spazi innalzati,
come le erme caldaie esterne rasentate da una pervicace edera fiorita,
che da tanta parte dell’ultimo orizzonte il guardo esclude,
e dove, sedendo e mirando, intendevi e coglievi cosmici cinguettii,
ti sovvenivano nuovi interminati spazi di la da quella
e del tempo apprendevi impenetrabili e personali segreti,
fiutando e presentendo molto piu di inconfessati profeti
aventi cor di ferro in petto, sedotti da falsi bisogni e azzannati
da bieco progresso druidico, misticati come chicchi di caffé nel macinino.

Pletorica sarebbe stata la tua dotta favella,
sicché con un miagolar festante e quieto,
ora andando per un segreto calle, ora valcando balconi
e dominando sacripanti macchine da multiformi angolazions,
volgevi 1l tuo cortese saluto, sorgendo giorno e notte
da qualsivoglia punto cardinale, sommamente amata,

e con un zampettar qua e la, privo di smarrimento,
studierai e ti ingegnerai per tornare,
osservando e ascoltando appassionatamente curiosa
nuove arti e scienze, effigiando il sentimento della natura
nei tuoi occhietti fulgidi, indulgenti e innocenti,
debordanti infinita soavita, fuggitivi e ridenti,
moventi il Sole e le altre stelle tmponenti.
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Abstract

Controllability and stability of partial differential equations ruled by linear degenerate
operators constitute an important topic in both theory and real world applications. In
particular, this thesis focuses on the controllability and the stability for one-dimensional
beam equations of Euler-Bernoulli type affected by leading degenerate operators with
respect to the spatial variable.

Precisely, the systems under consideration can be viewed as abstract Cauchy problems
on suitable Hilbert spaces, whose functions possess good integrability properties and satisfy
fundamental Gauss-Green formulas. Therefore, the well-posedness of the problems can
be treated in the framework of semigroup theory and, thus, existence results as well as
dissipativeness of the systems can be achieved. Then, both the controllability and the
stability results are obtained via the energy approach and the multiplier method.

The thesis is divided in five chapters and their organisation follows a simple and direct
approach which quickly leads both to the main results pursued during the Ph.D. period
and to some new open problems. In the first chapter we collect all the preliminary tools
for the convenience of the reader and to make the exposition self-contained. The subject of
the second chapter is represented by some recent developments in boundary control theory
for linear degenerate beam equations. In the third chapter we show the exponential decay
of the energy associated to some degenerate equations via a damping term acting on the
boundary. In the fourth chapter we apply the results of the third chapter to prove the
stability features for several classes of non-linear degenerate beam equations and some
concrete applications are illustrated. Finally, the thesis concludes with the fifth chapter,

where some open problems are presented.

ix






Introduction

The aim of this Ph.D. thesis is to present new results regarding problems governed by
evolution equations in presence of a degenerate fourth-order operator. The whole work is
based on the papers [22-28].

Differential equations ruled by degenerate operators have attracted a lot of attention
during the last decades, mainly because they allow to give accurate description of several
complex phenomena in numerous fields of science, especially in Biology and Engineer-
ing. Indeed, some interdisciplinary applications can be described by degenerate equations,
which provide an excellent instrument for the description of processes appearing in many
different applications. This type of systems has been studied by numerous authors and
there are well-known results if the underlying differential operator is of second-order. Far
from giving an exhaustive list of references, here we only quote a few papers, where differ-
ent situations have been faced. For degenerate parabolic problems the pioneering papers
are [7], [29], [30], [31], [50], [81], [82] (see also [51] and the references therein); for de-
generate hyperbolic problems the most important papers are [8], where an operator in
divergence form - (DF) for short - and a general degenerate function are considered (see
also [56], [112], and the references mentioned within), and [19] for the non-divergence case
- (NDF) for short - (see also [52]). However, many relevant problems for applications
are described by fourth-order operators. Among these applications we can find dealloying
(corrosion processes, see, e.g., [47]), population dynamics (see, e.g., [39]), bacterial films
(see, e.g., [63]), thin film (see, e.g., [88]), Chemistry (see, e.g., [105]), tumor growth (see,
e.g., [11], [62]), image processing (denoising, inpainting, see, e.g., [17], [34], [45]), Astron-
omy (rings of Saturn, see, e.g., [103]), Ecology (surprisingly, the clustering of mussels can
be perfectly well described by the Cahn-Hilliard equation, see, e.g, [76]) and so on. Surely,
we underline some applications in many engineering fields, such as mechanical engineering
and civil engineering or in robotics and steel industry (see, e.g., [73], [80], [114]).

However, while controllability and stability are well known for evolution equations gov-
erned by degenerate second-order operators, for degenerate fourth-order operators there

are no results. Actually, for controllability of linear beam problems in the non-degenerate

xi
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case, we refer to [21], [66], [69], [70], [75], [84], [97] and the references therein, and to
[14], [18], [36], [37], [38], [40], [99] for their stability. But, as written before, the equations
studied in the previous papers are always non-degenerate.

For this reason, the thesis is focused on null controllability - (NC) for short - and on
stability for degenerate evolution equations of beam type. More precisely, for (NC) we
want to study under which condition it is possible to find a control f such that the so-
lution of the considered degenerate equation and its velocity at time T are equal to 0.
For the stability we want to find some conditions to guarantee that this solution decays
exponentially fast in a uniform way.

In particular, the class of equations we aim to consider is the one of Euler-Bernoulli
beam equations. These equations are fundamental in beam theory, which dates back to
the 18th century and it is known as the Euler-Bernoulli theory. This latter arose thanks to
the individual contributions (summarised in [102]) of many scientists, such as G. Galilei,
E. Mariotte, J. Bernoulli, D. Bernoulli, L. Euler. Some remarkable contributions to this
theory were also achieved by L. da Vinci, who considered the deformation of a beam with
rectangular cross section (see, e.g., [98]), and by G. Galilei and E. Mariotte, who investi-
gated the strength of beams. Studying the shape of the deflection curve of an elastic bar,
J. Bernoulli opened an important field in the mechanics of elastic bodies. In particular,
he discovered that the curvature of an elastic beam at any point is proportional to the
bending moment at that point. D. Bernoulli, nephew of J. Bernoulli, was the first one who
formulated the differential equation of motion of a vibrating beam. Later, J. Bernoulli’s
theory was accepted by L. Euler in his investigation on the shape of elastic beams under
various loading conditions and many advances on the elastic curves were made (see, e.g.,
[60], [102]). All these contributions led to the birth of the so-called Euler-Bernoulli beam
theory, which is the most commonly used because it provides reasonable engineering ap-
proximations for many problems.

From a mathematical point of view the beam problem can be viewed in the following
way: if we consider an external forcing function F' and F is the elastic modulus (or Young’s
modulus), I is the area of inertia (or area moment of inertia or second moment of area)
and m is the mass per unit length, then the problem of the deflection of a beam can be

described by the following fourth-order partial differential equation:
myu(t, ) + (Elyy(t, z))ze = F(y(t, x)).

The applied load function F', which is sufficiently smooth, can depend on y, as in this
case, or on time t and position x. If E, I, m are constants, after a rescaling process, the

previous equality becomes an equation of this type:

ytt(tv 1‘) + ya&xzx(ta x) = F(y(t, 1‘))
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This is the reason why in this thesis we will consider two evolution problems: the first

one in (NDF), represented by the equation

Y (t, @) + a(T)Ygzza (t, ) =0, (t,x) € (0,+00) x (0,1), (1)
the second one in (DF) and it is described by the equation

Y (t, ) + (a(2)Ypa(t, T))za = 0, (t,z) € (0,+00) x (0,1). (2)

An equation similar to the one of (1) can be found, for example, in models that describe
the vibrations of a bridge. Indeed, a suspension bridge may be seen as a beam of finite
length, with hinged ends and whose downward deflection is measured by a function y(¢, )
subject to three forces. These forces can be summarised as the stays holding the bridge
up as non-linear springs with spring constant k, the constant weight W per unit length
of the bridge pushing it down, and the external forcing term f(¢,x). This leads to the
equation

ytt(tv‘r) + Ryl‘xa}a}(t?x) = _ker(taw) + W + f(t, x)a

where y* := max{y,0} and & is a physical constant depending on the beam, on Young’s
modulus and on the second moment of inertia. If x is a function that depends on the
variable z and the external function acts only on the boundary, then we have exactly
equation (1). Problems similar to (2) are studied in several papers (see, for example, [72],
[101]).

Coming back to (1) and (2), we observe that in both formulations we consider the
beam clamped at the left end, x = 0, and controlled by applying a shearing force or a
damping term at the right end, x = 1. More precisely, at x = 1, we consider the following

conditions:
y(t,1) =0 and y.(t,1) = f(1), (3)

where t > 0 and f € L2 [0, +00) for the (NC) problem; on the other hand, for the stability

loc

problem, we consider
VY2 (t, 1) + Yo (t, 1) + ya(t, 1) = 0,
for the problem in (NDF), and

ﬁy(ta 1) - (aym:)x(tv 1) + yt(t’ 1) =0,

’Vyz(ta 1) + (ayxz)(ta 1) + ytz(ta 1) =0,

()

for the problem in (DF). In both cases 8 and = are non-negative constants and ¢t > 0. The
following variables have physical meanings: y is the vertical displacement, g is the velocity,

Yo is the rotation, y, is the angular velocity, —yqu,(t,1) or —(ayzs)(t,1) is the bending
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moment and —Yy.(t,1) or —(ayys).(t,1) is the shear. Thus, the boundary conditions
(4) and (5) mean that the shear and the bending moment are a linear combination of
the vertical displacement and the velocity, and of the rotation and the angular velocity,
respectively. In particular, if 5 = 0, the shear is proportional to the velocity; if v = 0, the
bending moment is negatively proportional to the angular velocity.

As for wave or parabolic models (see, for example, [8], [19], [52-54] for wave equations
and [7], [29-31], [50], [51], [56] for parabolic ones), we consider two types of degeneracy for
a: the weakly degenerate case (WD), for example a(z) = z¥, k € (0,1), and the strongly
degenerate one (SD), for example a(z) = z¥, k¥ > 1. We also underline that for (1) and
(2) we consider the same boundary conditions at the degeneracy point = 0 in the (WD)

case; while in the (SD) case we consider for (1):
y(£,0) = y(t,0) =0, t € (0,400), (6)

and for (2):
y(tv 0) = (ayaw)(tv 0) =0, te (0, +OO)' (7)

The boundary condition (ay.,)(t,0) = 0 in the (SD) case is not surprising. Indeed,
also for the parabolic or wave equations it is required a similar one (see, for example, [7]
or [8]). This is due to the fact that if the problem is in (DF) and a is (SD), then y.4(¢,-)
is not defined at 0; on the other hand, (ay.)(¢,0) is well defined.

Controllability and stability results for the problem in (DF) can also be obtained from
the ones of the problem in (NDF), simply rewriting

(a(2)Yze(t, 7)) ze = @ (2)Yuz(t, @) + 20" (2)Yrza (t, ¥) + a(T)Yrzer (t, T).

On the other hand, this procedure would require additional regularity on the function
a(x). Moreover, as we will see, the natural spaces where we treat problems (1) and (2)
are different according to the studied situations (see Chapters 2 and 3). For this reason,
(NC) and stability for degenerate beam equations in (DF) require a different treatment.

From a methodological point of view, we study the well-posedness of the considered
beam systems using a semigroup approach; on the other hand, a multiplier method and
an energy approach are necessary to investigate controllability and stability.

The thesis is composed by five chapters and every chapter, except the first one and
the fifth one, begins with the state of the art. In fact, before going on with the problem
discussed in the corresponding chapter, we frame it in the background bibliography and for
each problem we give a portrait of the existing literature mentioning corroborated as well
as recent contributions; then, we develop the obtained results organising the discussion
according to the formulations in (NDF) and in (DF). Each chapter ends with a section
dedicated to the reached conclusions, which give rise to some open problems. Let us now

briefly describe the content of each chapter.
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In Chapter 1 we introduce notations, definitions and preliminary results used through-
out the thesis. We introduce the natural functional spaces associated to the formulation in
(NDF) and in (DF). Thanks to the introduction of suitable inner products and equivalent
norms on these spaces, we are able to present the functional framework crucial to study
beam equations ruled by degenerate differential operators. Moreover, we derive some es-
sential results needed for the following.

Chapter 1 is based on [22-26] and [28].

In Chapter 2 we consider the boundary controllability issues for problems of the form
(1) or (2). In particular, we want to find conditions such that there exists a control
f € L*(0,T), where T is sufficiently large, so that the solution of system (1), (3), (6) or
(2), (3), (7), with initial conditions

y(0,2) =yo(x) and y(0,2) = y1(x), Ve (0,1), (8)

satisfies
y(T,z) =y (T, x) =0, Ve (0,1).

To study these problems, as a first step we consider the homogeneous adjoint prob-
lems associated to (1), (3), (6), (8) or (2), (3), (7), (8), respectively, proving that these
problems are well posed and admit a unique solution. We introduce the energy function
E, connected to the solution of the corresponding adjoint problems and we prove that it
is constant through time. Then, we establish some estimates from above and from be-
low for the energy and, thanks to these estimates, we obtain that the adjoint problems
are observable. Using the boundary observability property and the notion of solution by
transposition, we prove that the original problems have a unique solution, which is null
controllable.

Chapter 2 is based on [24] and [26].

In Chapter 3 we focus on the study of stability properties for degenerate beam equa-
tions. Indeed, the second topic addressed in the thesis is the linear stabilisation for (1)
and (2) with dissipative conditions, i.e. we want to find conditions such that the solution
of system (1), (4), (6) and (8) or (2), (5), (6) or (7) and (8) satisfies

lim E,(t) =0,

t—+o00

where in this case Ej, is the energy function associated to the original problems in (NDF')
or in (DF). We prove that the energy is a non-increasing function with respect to time.
In particular, using a well-known result (see, for example, [64]), we prove that E, decays
exponentially fast.

Chapter 3 is based on [25] and [26].

In Chapter 4 we deal with stability analysis of non-linear degenerate delay beam equa-

tions. It is well known that real world problems often exhibit delay effects, which may be
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caused, e.g., by computation of control forces (see [59]). For example, time delay arises in
many biological and physical applications and leads to a subclass of differential equations
in which the derivative of the unknown function at a certain time is given in terms of the
values of the function at previous times, i.e. delay differential equations (see [44]). Since
even small time delays may destroy stability (see, for example, [42] and [43]), this topic
deserves a careful analysis. Thus, Chapter 4 is devoted to study the stability of non-linear
delay equations. In particular, we consider the following degenerate beam equations with
time delay and non-linear source terms:

(

yu(t, ) — Agy(t, ) + k@) BB y(t — 7,x) = f(y(t, z)), (t,x) €@,

Biy(t,0) =0, t € (0,400),

Ciy(t,1) =0, t € (0,+00), (9)
Bryi(s,z) = g(s), s € [-,0],

y(0,2) = yo(z), y:(0,x) = y1(x), z € (0,1),

i =1,2. Here Q) := (0,400) x (0,1), B;y(t,0) = 0 and C;y(¢,1) = 0 are suitable boundary

conditions related to the operators A;, i = 1,2, where

_a(x)ya:m:cac(t, l’), 1=1,

Aiy(tvx) =
_(a(x>y$;v(t7 x>)$$7 1= 27
y(t,O) :ya?(t70)7 1=1,
Biy(t,0) := =(t,0), if a is (WD) at 0,
y(6.0) = Yx(t,0) (WD) izo
(ayz2)(t,0), if ais (SD) at 0,
and
ﬁy(tv 1) - yxxx(t7 1) + yt(t> 1) =0, i—1
VYo (t, 1) 4+ Y (t, 1) + Y2 (t,1) = 0,
Ciy(t7 1) =
ﬁy(tv 1) - (aymz)fﬂ(ta 1) + yt(tv 1) =0, i—9
’me(t7 1) + (aywx)(tv 1) + ytﬂﬁ(tv 1) =0,

The bounded linear operator B that appears in (9) is defined on a real Hilbert space,
B* is its adjoint operator, 7 > 0 is the time delay, yo, y1, g are initial data given in suit-

able spaces and f is a non-linear function satisfying suitable hypotheses together with the

1
loc

damping coefficient k& € L; [—7,+00). Under appropriate hypotheses on the coefficients
of the problems and on the initial data, we obtain an estimate of exponential decay for
the solution of the systems. The approach used for (9) can also be applied to degenerate
wave equations, to which the last section of Chapter 4 is devoted.

This chapter is based on [27].
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The thesis ends with Chapter 5, where conclusions and some open problems are pre-
sented.
It is worth noting that in this thesis we deal with real function spaces, but the assertions

can be easily extended to the complex case.






Chapter 1

Preliminary results and weighted

Hilbert spaces

The objective of the first chapter is to introduce the terminology, the theoretical prelimi-
naries and the weighted Hilbert spaces that will be useful in the rest of the thesis.

First of all, we introduce the concept of a degenerate function at a point of the spatial
domain and we discuss some properties of it. Then, we give the definition of the natural
functional spaces where we study the degenerate partial differential equations under con-
sideration and we discuss the general properties of such settings.

In this chapter and in the subsequent chapters we always use the superscripts nd and
d, which stand for non-divergence and divergence, respectively; in particular, they appear
in the mathematical symbols used for some functionals, bilinear forms, operators, energy
spaces, energy functions, semigroups and some constants and boundary terms in the for-
mulations in non-divergence form and in divergence form.

The chapter is based on [22-26] and [28].

1.1 Degenerate functions

For the study of evolution equations ruled by degenerate fourth-order operators, it is
important to understand where they degenerate. Indeed, they can degenerate in the
interior of the spatial domain (see, e.g., [22-23] and [28]) or at the boundary (see, e.g.,
[24-27]). Since it may be difficult to treat them under the most general assumption, we
restrict our attention to the boundary degeneracy case.

In particular, we give the following definition. Without loss of generality, we consider

the interval [0, 1].

Definition 1.1.1. A function g¢: [0,1] — R such that ¢(0) = 0 and g(x) > 0 for all
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x € (0,1] is said

1. weakly degenerate at 0 - (WD) at 0 for short - if g € 6([0,1]) N 6'((0,1]) and
J K, € (0,1) such that

sup = Kg; (1.1.1)

zc01 9()
2. strongly degenerate at 0 - (SD) at 0 for short - if g € 6'([0,1]) and K, in (1.1.1)
belongs to [1,2).

As an example of a degenerate function we can consider g(z) = 2*, which is (WD) at
0if 0 < k < 1, while it is (SD) at 0if 1 < k < 2.
In an easy way, one can prove that if g is (WD) or (SD) at 0, then the function
k
T s non-decreasing in (0, 1] for all £k > K|, (1.1.2)

g9(z)

and, in particular,

zk

lim — = 1.1.
g = (1.1.3)
for all k > K.
We list below some simple consequences of the previous definition.
Firstly, observe that by (1.1.2)
1 1
< ,
Valz) = g(1)zFs

Hence, if K, < 2, the above inequality implies that % € LY(0,1). In particular, if K, <1,
then % € L'(0,1). On the other hand, é ¢ L*(0,1) if K, € [1,2). Indeed, since in this

case g € 61([0,1]), we have

Ve (0,1].

o(x) = / “dwdi < gz Ve

this implies that ﬁ > Hg’lll % in a neighbourhood of 0 (see, for example, [51, Chapter
1]).

9]

1.2 Weighted Hilbert spaces associated to the operators in

non-divergence form

In this section we introduce the functional spaces needed to study degenerate problems
ruled by operators in non-divergence form.
To this aim, consider a function a: [0,1] — R which is (WD) or (SD) at 0. Then, we
define the following weighted Hilbert spaces with the related inner products:
U

2 —du 2 .
L}I(O,l)._{ € I}0.1):

9 Luw
€L7(0,1) p,  (wv)p2 01y = —dx, (1.2.1)
& 0o @
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for every u,v € L3(0,1), and

HY(0,1) = L2 O, 1) NH™0,1),  (u,0) ooy = D (w09 oo 1+ (wv) 2 o)
a j=1 a

(1.2.2)
for every u,v € H{*(0,1), m = 1,2. Obviously, the previous inner products induce the

related respective norms
2 b 2
HuHLQ%(O,l) = /o ;dﬂfa Vue L%(O, 1),

and
S 2
2 j 2
el 0,1y = ZHu(J)HLQ(O,l) +lullzz 01y,  Vue HT'(0,1), m=1,2.
a j=1 a
On the spaces H1(0,1) and H?(0,1) we can consider other associated norms, which we

will use from nowa on, being moare convenient. In particular, we define
2 2 2
lull?, 1 = Hum)HLQ(m) +llullzz 0 YueHT(0,1), m=12

Observe that ||| ;ym (g 1) and ||-[|,,, 1 are equivalent in H'"(0,1). This assertion is obviously

a

. . . : . 2 2

true if m = 1. The case m = 2 is more interesting: obviously, HuHQ% < HuHHi (0,1)» for
every u € H?(0,1). For the other estimate, we recall that [ull g2(0,1) Is equivalent to
lull 201y + 1]l L2 (0.1)» for all w € H2(0,1), by [20, Chapter VIII]. Moreover, [|u]|72¢ ) <
mfix] a(x) ||u||%21 (0,1) for all u € L%(0,1) and, in particular, for all u € H%(0,1). Hence,
z€(0,1 14 A L

2 2 2 2 2
HUHHE(O,I) < HUHLQ%(O,I) + [ull 20,1y < C{ (1 + xfél%ﬁ]a@)) HUHL%(O,I) + H’LI,//HL2(071)}

)

< c<1 + m[%xl]a(x)> lulj1,  VueHI0,1),
A ‘a a

)

for a positive constant C'.

Moreover, in the (SD) case the following characterisation holds.
Proposition 1.2.1. Assume a to be (SD) at 0 and set
X = {u € H2(0,1) : u(0) = (au')(0) = 0}.
Then H3(0,1) = X.
Proof. Obviously, X C H?(0,1). Now, consider u € H?(0,1). In order to prove the claim,

it is sufficient to show that u(0) = (au')(0) = 0. To this aim, since u € H?(0,1), we have
that u, v/, and hence au’, belong to 6([0,1]). This implies that there exists

lim u(z) = u(0) =: L € R.

x—0
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Observe that L = 0. Indeed, if L # 0, then there exists C' > 0 such that
u(z)| = C,

for all x in a neighbourhood of 0, x # 0. Thus,

2 2
u(:v)2 C

a(z) ~ a(z)’
for all « in a neighbourhood of 0, = # 0. Since in the (SD) case 1 ¢ L1(0,1), we obtain

u ¢ Li(O, 1). Consequently, L = 0. Moreover, arguing as before, there exists

(1.2.3)

lim v/(z) = /(0) =: M € R

z—0

and hence, using the fact that a(0) = 0, one has lim (au')(x) = 0. O

z—0

Now, set
0(0,1) := {u e H2(0,1) : au" € L3 (0, 1)}.

Note that, thanks to the characterisation of H? (0, 1) in the (SD) case, one has that
0(0,1) = {u € H3(0,1)  u(0) = (aw')(0) = 0 and au”” € L3 (0, 1)}.
In particular, the following property holds.
Proposition 1.2.2. Assume a to be (SD) at 0. If u € Q(0,1), then
u” e wh(0,1).

The proof of the previous proposition is based on the following classical result. We

decide to provide the proof of Lemma 1.2.1 for the sake of completeness.

Lemma 1.2.1. Let J := (aq, a2), with oy, a2 € R, a1 < ag, p > 1 and D'(J) the space of
distributions defined on J. If f € 9'(J) has m-th derivative which is a function belonging
to LP(J), then f € W™P(J), where m € N, m > 1.

Proof. Let x € J and define

i =2,...m. Then, for all i = 1,...m,

v; € WHP(J) and vz(i) = fm), (1.2.4)
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Indeed, for ¢ = 1 the thesis is obvious. Now, we prove it for ¢ = 2:

of = (1) = (wn) = £

Hence, iterating the procedure, one has that (1.2.4) holds.
Let ¢ := v, — f. Hence, the distributional m-th derivative of v is given by ¢(™) =
v%n ) fm) = 0. Thus, there exists a constant ¢ € R such that

(m—1) +c

m

f(m—l) —

a.e. in J; this implies that f(™=1 € WLP(J). In particular, one has f(™=Y € LP(J).
Proceeding as in the first part of the proof and iterating the procedure, one has that
f@ e rLr(J), foralli=1,2,...,m — 2.

Now, define z(x f f’ Yds and w(x) := z(x) — f(z). Obviously, z € W?P(.J) and
w'(z) =0 a.e. in J . This implies that there exists a constant C' € R such that

f=z+C.

In particular, f € LP(J) and the thesis follows. O

Proof of Proposition 1.2.2. Fixed u € Q(0,1), we will establish that u” is absolutely con-
tinuous in [0, 1]. To this aim, let § > 0. Note that

1
W (8) = (1) — /5 () dz, (1.2.5)

thus

(1.2.6)

Trivially hm 5u’”( ) = 0; moreover,

1 1 !
/ u””(s)(s _ 6)ds — / su’///(s)ds -0 UI"’(s)ds.
s 0 ’

Since v/au"” € L*(0,1) and \f € L>(0,1) thanks to (1.1.2), we infer zu"" = ﬁu””% €
L?(0, 1) C L'(0,1). Consequently, by the absolute continuity of the integral,
1

lim [ su”(s)ds = / u”"(s)ds and
6—0 F) 0

1 1
0<5/5 }u””(s)|ds§5</6 ads) V@ || o

1

1
a 1 = 2
g51%</5 a(ds) Ve < g™ 0= O Ve
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If we pass to the limit as § — 0 in (1.2.6), we conclude that

1
3 lim u”(6) = " (1) — v (1) +/ su""(s)ds € R.
6—0 0

By continuity, it is possible to define u”(0) := %in% u”(6). In particular, by (1.2.5),
—
1
/ u"(z)dx = 4" (1) — u"(0)
0
and the thesis follows. O

Observe that the statement of Proposition 1.2.2 is satisfied if a is (WD) at 0. Indeed,
in this case if u € Q(0, 1), then

/Ol‘u””(:u)‘dx = /01 \/de <

(recall that, if a is (WD) at 0, then 1 € L1(0,1)). Hence, " € L'(0,1) and we can apply
Lemma 1.2.1 obtaining that u € W4’1(0, 1). As a consequence,

1
a

o) H\/ZZUNHHLQ(OJ)

u € 63([0,1]).

Moreover, we underline that Proposition 1.2.2 is proved in [28] under more general as-
sumptions on the function a. Indeed, to prove Proposition 1.2.2, it is sufficient to require
that a satisfies (1.1.2) with k € [1, 2).

In the previous spaces the following Gauss-Green formulas hold.
Lemma 1.2.2. For all (u,v) € Q(0,1) x H3(0,1) one has:

1. ifa is (WD) at 0, then
1 ) ) 1
\/0‘ u////v dl’ — [u///v] i;o _ [UHUI] i;o + /0\ u///U//da:_;
2. ifa is (SD) at 0, then
1 . 1
/ u""vdr = u"(1)v(1) — [u"V'] z;o + / u"v"dx.
0 0

Proof. Fix (u,v) € Q(0,1) x H%(0,1). Observe that v € L'(0,1), since uv =
\/au””ﬁ € L'(0,1). Due to the nature of the degeneracy, the proof of the previous
formulas is based on different techniques.

Point 1. As we have seen before, if a is (WD) at 0, then u € 63([0, 1]) and the formula
of integration by parts follows immediately.

Point 2. Now, assume a to be (SD) at 0. Consider 6 > 0 and set K := [4,1]. By
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definition of Q(0,1), ™ € L?(K); thus, by Lemma 1.2.1 with m = p = 2 and f = ",
u € H*(K). Hence, we can integrate by parts, obtaining

1 5 1 s 1
/ U/”/'U dx — / u////U dx + / U””'U dx — / u””'l) dl' + / ’U,//U”dl'
0 0 5 0 s (1.2.7)

+ (W"0)(1) = (u"v)(0) = (") (1) + (u"v")(9).

1 1 5
/ V" dx :/ u"v"dx —/ u"v" dx.
s 0 0

As before for u/"v, also u”v" belongs to L'(0,1) by the Hélder inequality. Thus, for any

Observe that

e > 0, by the absolute continuity of the Lebesgue integral, there exists 0 := d(¢) > 0 such

that
) ) )
/ u"v" dx S/ ‘u”v"‘dx<5, / u""v dx
0 0 0

Considering such a § in (1.2.7), from the arbitrariness of e, we can deduce

)
§/ }u"”v|dm < e.
0

é é 1 1

lim [ v""vdr =lim [ «v'dr =0, lim [ «"v"de= / u’v"dx.
5—0 Jo 50 Jo 6—0Js 0

By Proposition 1.2.2, limgs_,o(u”v")(§) = «”(0)v'(0). Moreover, lims_,o(u"v)(§) = 0. In-

deed, since v(0) = 0, one has v(d) = f(f V' (y)dy < Vo 10"l £2(0,1) and

1
‘(u"’v)(6)| < ‘v(d)u’”(l)‘ + 1)(5)/(S u’”’(s)ds

e\
< ‘U((S)um(l)‘ + H\/&u””HLQ(O,I) |U(5)’ (/ dS)

5 aska

o(S\" H\/au/mHLQ(OJ) v ls—Ka s 2
< oo ()] + ) OI( [ 5 as)

;

IVau" | 200y 672 |u(6)]
v(0)u" (1)] + : , K, #1,
< o]+ 2P I y
- ﬁu////
(@) + N0 o), K, =1,
a(1)
( IVau™ | 201y 1 2Ky
N (1 . ! ) K, #1,
3 ‘U( )U ( )‘ + \/a(l) \/Ka 1 H’U HLQ(O,l) 2 7&
- IVau"" || 1201y 1
n ) / 5 —
”U(CS)U (1)’ + W H’U HLZ(O,I) (—510g(6))2’ Ka =1.
In any case limg_,o(u"'v)(8) = 0, since v(0) = 0. O

Using the previous basic spaces, in the following we introduce some specific spaces in

which the behaviour of the functions at the boundary of the interval [0, 1] is taken into
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account. In particular, we consider

H 4(0,1) := {u e H1(0,1) : u(0) = 0}, (1.2.8)
H? ,(0,1) = {u € H} (0,1) N H*(0,1) : u/(0) = 0} (1.2.9)

and
15(0,1) := L%(O, 1) N HY(0,1), (1.2.10)

with the norms ||'HH’1"(0,1)7 m = 1,2. We recall that H)"(0,1) := {u e H™(0,1) : u® (4) =

0,j=0,1,k=0,m— 1}, m = 1,2. Naturally, HT' (0,1) C HY' (0,1), m = 1,2.
We underline that the spaces introduced in (1.2.8) and (1.2.9) will be used in Chapters
3 and 4 to study the boundary stabilisation problem in (NDF'), while the spaces in (1.2.10)
are related to the boundary controllability problem in (NDF) discussed in Chapter 2.
Moreover, it is possible to exploit several advantages in these new spaces. As a first

step, one can prove that the usual respective norm is equivalent to the more useful

m

el = 0| 2oy V€ HT(0,1),

and, in particular, for all w € H ?,0(0’ 1), m = 1,2. More precisely, it is possible to prove

the following equivalence.

Proposition 1.2.3. Assume a to be (WD) or (SD) at 0. Then the norms ||'||H71n(0,1)7
[ll,,,2 and |||, are equivalent in I;TTO(O, 1), m = 1,2. In particular, there erists a

constant Cgp > 0 such that ||u||? 1 < (Cup+1) [ ul|? for all u € ﬁi 0(0,1) and
lull3,2 < (4CHP +1) [lullz (1.2.11)

for allu € flio(o, 1).

Proof. By [29, Proposition 2.6], one has that there exists C' > 0 such that

1,2 1
/ —dz < C/ (u')?dz, (1.2.12)
0o a 0
for all u € H}(0,1). Naturally, (1.2.12) also holds if u € Efi 0(0,1). Let

Cp be the best constant of (1.2.12). (1.2.13)

Thus, the thesis follows immediately if m = 1. Now, assume m = 2 and consider u €

I}i 0(07 1). Applying (1.2.12) and the classical Hardy inequality to z := u’ € I;Ti O(O, 1),

1 u2 1 1 22
/ —dx < CHP/ (u')?dx < CHP/ “dx
0o @ 0 0o

1 1
< 4Cyp / (2')%dx = 4Cyp / (u")2dx = 4Cxp ||ul)3
0 0

and the thesis follows. O

we have
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Obviously, the equivalence proved in Proposition 1.2.3 still holds in H7" | (0,1), m =1,2.

Moreover, in these spaces some useful properties hold:
Lemma 1.2.3. Assume a to be (WD) or (SD) at 0.
~ 0
1 . 2058y _
1. Ifue H%’O(O, 1), then %13(1) mu (6) =0.
2. Ifue Q(0,1), then 3 %in(l)éu"’(é) € R. In addition, if v'(0) = 0, then
_)

lim 64/ (8)u (§) = 0.
6—0

Proof. Point 1. Let u € H i O(O, 1). If K, < 1, then the assertion follows immediately by

(1.1.3) with & = 1. Thus, assume K, > 1. Set z(z) := iu2(alc); then 2z € L1(0,1).
2

a(z)
Indeed,
1 1,2
/zdazg/ —dz.
0 0o @
o zuu'  dzx

! _ 2. 2. . .
Moreover, 2’ = . +2 U thus, by (1.1.2), £~ is non-decreasing in (0, 1]. Hence,

a

/Ol‘z"dxg/oqud:chQ(/leQ(;/)Qd:c)é(/01d) +K/dx
< (1+ Ka) /01 ‘jdm+ 5(1) (/Ol(u’)2dx)2 (/01 Zjda:)

and z € WH1(0,1). As a consequence, there exists (%II% 2(6) =: L € [0,+00). If L # 0,
—
w2

sufficiently close to § = 0 we would have that u— ¢ L*(0,1), while — € L*(0,1).
a

Point 2. Let u € Q(0,1). We rewrite du’' () as

N

1
5'114”/((5) — u///(l) _L (J,’U”/(CU))/dIIZ'
1 1
— u///<1) _/(s ///( )dx _\/6 a?u””(a?)da:.

As in the proof of Proposition 1.2.2, one has that zu” € L'(0,1). Hence, by the absolute

(1.2.14)

continuity of the integral,
1

1
lim [ zu"(x)dx = / xu™ (z)dx. Furthermore,
0

50 J5
= ( /” / / ”// dS dx.
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Now, we estimate the last term in the previous equation; to this purpose, we observe that

/ / ///I dsdl’—/ / ///I dde—/ //I/( )(S—(S)dS
:/ Su//// d8—5/ I/I/

1 1
As before, gin% / su(s)ds = / su”"(s)ds. Moreover, as far as the second term in the
—

(1.2.16)

last member of (1.2.16) is concerned, we have
0<6/ |u//// ‘ds—(S/ / ‘u
1 1
<o( [ stge) I
ko [ [ oHe :
= ([ o) W,

1— Ka b gha : 1
<o ([ 2sas ) VA g

1—&a L
—0)2 H\/a“””Hm(o,l) :

" ‘

02 (1
Va(l)

1
Thus, since K, < 2, it follows that %ir% 0 / u""(s)ds = 0. Consequently, from (1.2.16),
— J

1 1 1
lim/ / u”"(s)dsda;:/ su(s)ds
0—0 Js x 0

1 1
lim [ " (z)dz =" (1) — / su”"(s)ds.
6—0 F) 0

Coming back to (1.2.14), we obtain that 3 %in% du"(8) € R. Moreover, using the fact that
—

<

and, by (1.2.15),

u € H%(0,1), one has that « is a continuous function. This implies that %in}) u'(8) = 4'(0).
—
Hence, if in addition «'(0) = 0, the second limit of the thesis becomes a direct consequence

of the previous statement. ]

Moreover, in the space H 2 0(0, 1) the following variational result holds. This proposi-

tion will be crucial in Chapter 3.

Proposition 1.2.4. Assume a to be (WD) or (SD) at 0 and consider 3,y > 0. Define
9 -
N3 = o]2ag0) + Bu2() + A0/ Ve I3 0.,

Then the norms |H|H% and ||-||, are equivalent in ﬁio(o, 1). Moreover, for every A\, u € R,

the variational problem

1 ~
/0 2+ B2(1)p(1) + 72/ (D6 (1) = Xp(1) 4 gl(1), Ve HEp0,1), (1217)
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admits a unique solution z € ﬁi 0(0’ 1), which satisfies the estimates
\\Z\l%i(o,n < (4Cup + 1) (Al + [u)*  and H\Zl!@ < (AL + [u)?. (1.2.18)

Here Cyp is the constant introduced in (1.2.13).

Proof. As a first step observe that, for all u € H 2 O(O, 1), one has

o ()] = ‘ /0 W (Odt] < [ o) = lull (1.2.19)
and
@) =| [ 0] < ful,. (1.2.20)
0
for all € [0,1]. Thus, ||| |||+ and [-||, are equivalent. Indeed, for all u € H? 0(0,1),
2
||UH§ — HUHHL2(0,1) < ‘HUH@ (1.2.21)

Moreover, (1.2.19) and (1.2.20) imply ~v(u/(1))? < 7 ||lull3 and Bu?(1) < S ||ull3, respec-
tively; hence,

2
[lullld < (148 +9) ull;
and the claim holds. Now, consider the bilinear and symmetric form
gnd: H;()(Ov 1) X H;0<07 1) —R

such that .
G, ) = / W+ Bu(L)p(1) + 7l (1) (1),

As in [52], by (1.2.21) and thanks to (1.2.19) and (1.2.20), one can easily prove that G

is coercive and continuous. Furthermore, consider the functional

F ) i= Ap(1) + (1),

with ¢ € H z 0(0, 1) and A\, x € R. Observe that F™? is continuous and linear. Thus, by

the Lax-Milgram Theorem, there exists a unique solution z € H 2 0(0,1) of
G"(z, ) = Fd(y), forall p € H;O(O, 1);

in particular,
1
/0 (+"V2da + B22(1) +4(Z(1)2 = As(1) + ' (1). (1.2.22)

Concerning the other estimates, by (1.2.20)-(1.2.21) and (1.2.22), we have

1121113 = Az(1) + 2" (1) < (A1 + D) 1]=1]]1;
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thus,
12111 < AL+ [ul. (1.2.23)

2

Moreover, by Proposition 1.2.3, we know that in H? 0(0,1) the two norms |[-[| 1 and

||~||H2l(071) are equivalent. Thus, by (1.2.11),

||\Z||\25 = |1zl + 82°(1) +7(z'(1))* = |12II3
1
>___ - 2 >___ - 2
i 4CHP + 1 ||Z||27é — 4CHP+ 1 HZHLQ%(OJ)

and, by (1.2:23). 2125 o) < (4Cap + V)IlI2lI < (4Cap + 1) (A + [u])2 =

Finally, observe that if 3 = 0 and v = 0, the norms ||| - |||1 and |||, coincide and the

proof of the estimates given in (1.2.18) is simpler.

1.3 Weighted Hilbert spaces associated to the operators in

divergence form

In this section we introduce suitable weighted spaces to treat problems governed by oper-
ators in divergence form.

Consider a function a: [0,1] — R, which is (WD) or (SD) at 0.

If a is (WD) at 0, we define:

H™(0,1) := {u e H™(0,1) : u™ e AC([0,1]), Vau ™Y e L2(0, 1)};
on the other hand, if a is (SD) at 0, then
H™(0,1) := {u e H™(0,1) : u™ € LAC((0,1]), vau ™V e L2(0, 1)}7

m = 0,1, where AC([0, 1]) is the space of all absolutely continuous functions on the real
interval [0, 1] and LAC((0, 1]) is the space of all locally absolutely continuous functions on
the real interval (0, 1].

In both cases we consider on H}"(0,1) the related inner products:

m

(1) sy = (090D o A (Vau™ D, oDy
j=0

which induce the corresponding norms
m
HUH?‘I(’;"(OJ) = Z““(])“i2(0,1) + H\/&“(mH)Hi?(og)? (1.3.1)
j=0

for every u,v € H™(0,1), m = 0,1; here H°(0,1) := L?(0,1) and u(¥ := .

The previous norms ||| jym(q 1) are equivalent to the following ones:

2
Full 10 =l 2oy + V@™ D, Ve H'0,1), (13.2)
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m = 0, 1. Indeed, the following proposition holds.

Proposition 1.3.1. If a is (WD) or (5D) at 0, then the norms ||| gm o1y and |||l 414

are equivalent in H"(0,1), m =0, 1.
The proof of the previous proposition is based on the following lemmas.

Lemma 1.3.1 ([71], Theorem 7.37). Let J C R be an open interval and let 1 < p,q,r <

+o00 be such that
1 1 S 1

2p E Tr
Let u € leo’cl(J) Then there exists ¢ = c¢(p,q,r) > 0 such that

1.1 141
<! "||7~LHL<1(J)‘*‘CZ1 vt

| Lr(J) UHHLP(J)’

for every 1 € (0,L£(J)), where L*(J) is the one-dimensional Lebesgue measure of J and

W2L(J) is defined as the space of all functions u € L}, (J) which admit weak derivatives

loc

of order 1 and 2 in L} (J).

loc

Lemma 1.3.2. Let P be the subspace of polynomials of degree one. For all u € H(0,1),
if p1 € P is such that

HU—PIHL2(0,1) :Irfgr];HU—PHL?(OJ), (1.3.3)

then the function v := u — p1 has at least two zeros.

Proof. Consider u € HL(0,1), define v(x) := u(x) — pi(z) and suppose v(z) # 0, for
all x € [0,1]. Without loss of generality, we can assume v(z) > 0. Obviously, v >
minggj(u — p1) =: 0 > 0. Assume that pi(x) = mz + ¢, m,q € R. Then, p; + 0 € P and

1
lu — p1|\%2(071) — |lu—p1 — a||i2(071) = O‘/ (—0 + 2u — 2mx — 2q)dx.
0
Recalling that u(z) — mz — ¢ > o and ¢ > 0, we have
2 2
Ju —p1HL2(0,1) —[lu—p1 - U”L2(0,1) > 0.

But this is not possible since, by assumption, p; is such that (1.3.3) holds. Now, suppose
that there exists only a point yg € [0, 1] such that v(yo) = 0 and v(z) # 0, for all = # yp.
For e € (O, 2 fol v(x)dx), consider g.(z) = v(x) — €. Then, one can prove that

2 2
H96HL2(0,1) < ||UHL2(0,1)-

Indeed,

1 1 1
Hg5||%2(0,1)=/0 (v2+62—26v)dm</0 v2dx<:>e<e—2/0 vda:) <0

1
<:>e<2/ vdx.
0
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Again, we find p(x) := p1(x) + € € P, such that

lu— P||L2(o,1) < u— P1||L2(0,1)
and this is not possible. Thus, the proof is complete.

O

Proof of Proposition 1.3.1. For m = 0 the thesis is obvious. Now, fix m = 1 and u €
2 2

HL(0,1). Naturally, ul2, < Jull% ..

As a first step, we examine the (WD) case. For the other estimate it is sufficient to
prove
12 2 i
120 < © (lulzzon + VAo

for a positive constant C. To this aim, observe that u € Wliﬁ(o, 1). Thus, by Lemma

1.3.1 with J = (0,1), p=1, ¢ = 2 and r = 2, one has that there exists ¢ > 0 such that

HU/HLQ(OJ) <™ lull 20,1y + cl> H“//HLl(o,l) :
By the Holder inequality,

L Jalu” 1 % 1 %
o = e ([ ttronas) ([ )

= H\/a“”Hm(o,l)

(1.3.4)

12

a

L)
Using this inequality in (1.3.4), one has

11220 < C(IullEz0 + IVau" |2 )

for some suitable constant C' > 0; thus, the thesis follows.

To complete the proof, we assume that a is (SD) at 0. As a first step we prove that
there exists a positive constant C such that

1
| @@rar < vaiyg,,

(1.3.5)
for all

veX = {w € H}(0,1) : Jyo € (0,1) such that w'(yo) = O}.

Consider x € (0,1] and v € % ; then there exists yo € (0,1) such that v'(yo) = 0 and

" (y)Va °
|y < o ([ i)

v a(Y)

1 1 x 1
/0 (v (2))%dz < ||V/av"|[ 701 /0 ( / ! dy) dr.

(NI

Hence,
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Thus, it is sufficient to estimate the integral in the right-hand side of the above inequality.

To this aim, we split the integral in the following way:

/;(/y:a(ly)dy>dx:/0yo</y:a(ly)dy>dx+/y:(/y:a(ly)dy>dx'

Using the monotonocity property of a, one has

Yo K
——— Ka#1,
L[ e 1 o a(1)(Kq — 1)
/yo (/yo a(y)dy> = /yo </yo yhe dy) "= — log(yo) K =1
a0 Tl

Now, we consider the term foyo ( fyo W) dy) dz. Using again the properties of a and the
fact that the constant K, is strictly less than 2, one has

[ (L)l )= (L )
Yo Y Yo Yo K,

1 /yo 1 1 1 5,k
< dy = —————y3Ka,
a(1) Jo yKe! a(1) (2 - K,)™°

/(/ (1 )da:<C and /Ol(v’(w))zdzcSC’HW@)”H;(OJ),

for a positive constant C. In the subsequent step, we prove the thesis for all u € H}(0, 1).

Thus,

To this aim, consider u € H}(0,1) and let P be the subspace of polynomials of degree one.
Then, by [20, Theorem 5.2, we can find a polynomial p; of degree one such that (1.3.3)
holds. Set v := u — p1; then, v € H}(0,1), v has at least two zeros and its derivative
vanishes at least once (by Lemma 1.3.2). Hence, v € & and, by (1.3.5), there exists a

positive constant C' such that

1
[V 1s0n) = | 0@ < Ve g

Therefore,

H“/HLQ(O,U = HU,HL2(O,1) + lelHB(o,l) <C H\/a””HLQ(o,l) + lelHLQ(O,l) : (1.3.6)

It remains to estimate [P || 2o 1y To this aim, observe that there exists a positive constant
C such that

1241l 2201y < C P11l 2(0,) (1.3.7)
Moreover,

||’UHL2(0,1) = [lu —P1HL2(0,1) < ”UHL2(0,1)
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and
HPIHLQ(OJ) S HU/ _pIHLQ(Oyl) -+ HUHL2(O,1) S 2 HUHLQ(O,I) . (138)
Hence, by (1.3.7) and (1.3.8), it follows that
Hp/1HL2(O,1) < Cllull 20,1y (1.3.9)

for a positive constant C. By (1.3.6) and (1.3.9), we obtain

[0'[| p20.1y < € ltllag

thus the statement follows. O

Using the previous spaces and setting
2(0,1) := {u € HN0,1) : au” € H(0, 1)},
it is possible to prove the following Gauss-Green formulas.
Lemma 1.3.3. For all (u,v) € Z(0,1) x HL(0,1) one has:

1. ifais (WD) at 0, then
1 . . 1
/ (au")"vdz = [(au")"v] i;o — [au"v'] z;o +/ auv" dx;
0 0
2. ifa is (SD) at 0, then
1 . 1
/ (au")"vdz = [(au")'v] i;o — (au"v")(1) +/ au"v"dx.
0 0

Actually the proof of the previous formulas is different in the two considered cases. In
particular, in the (SD) case one has to characterise the space Z(0,1) and the following

proposition is crucial.
Proposition 1.3.2. Assume a to be (SD) at 0 and set
Y= {u € HY(0,1): o' € LAC((0,1]), au, av’ € H'(0,1), a” € H*(0,1),
Vau" € L?(0,1), (au(m))(O) =0, forallm=0,1, 2}.
For all w € Y we have that
1. Ja(@)u(@)] < @)l 2o VE
2. Ja(@)e! ()] < @)l a o) VE

3. |a(@)u" ()] < [l(@u") || 2(0,1) V2
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for all x € [0,1].

Proof. We prove only the last point, the proof of the other points being similar. Let u € .
Since (au”)(0) = 0, then

[(au") ()] = < [|@"Y|| 2 0.1) V-

| (s

for all x € [0,1], and the thesis follows. O

1
Using the properties of a in the (SD) framework, in particular the fact that — ¢ L'(0, 1),
a

one can prove the following characterisation.

Proposition 1.3.3. Ifa is (SD) at 0, then Z(0,1) = ).

Proof. Obviously, Y C Z(0,1). Now, we prove Z(0,1) C ). To this aim, let u € Z(0,1);

we only need to prove that
au € HY(0,1), au’ € H*(0,1)

and (au(™)(0) = 0, for all m = 0,1,2.
It is easy to prove that (au)(0) = (au”)(0) = 0. Indeed, since u € H'(0,1), we have
that u € “€([0, 1]), thus au € €(]0, 1]) and there exists
lim (au)(x) = (au)(0) = 0.

x—0

Now, we prove that (au”)(0) = 0. By assumption, we know that au” € H?(0, 1), hence au”
is continuous in [0, 1]. In particular, there exists lim, o(au”)(z) = (au”)(0) =: N € R. If
N # 0, then there exists C' > 0 such that (au”)?(x) > C, for all x in a neighbourhood of
0, x # 0. In particular, c

(a(u")?)(x) = @)’
for all z in a neighbourhood of 0, z # 0. Using the properties of a, one has that /au” &
L?(0,1); hence, N = 0.

In the subsequent step, we prove that au € H'(0,1). We already know that au €
L%(0,1). Furthermore, since a € 6([0,1]), (au) = d'u + a’ € L*(0,1). Moreover,
we easily get that (au)’ is the distributional derivative of au. Indeed, considering ¢ €
6€2°((0,1)) and 6 > 0, one has

1 ) 1
| @ @e@is = [ @)@+ [ (@) @l

Obviously, by the absolute continuity of the Lebesgue integral, it follows that

)

fim ; (au)'(z)p(x)dz = 0;
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moreover,
1

1
lim [ (au)'(z)p(x)dz = lim (—(awp)(é) - /6 (au)(:v)cp’(x)d:c)

6—0 Js 6—0

1
— - [ (@)@
0

Hence, for all ¢ € 62°((0,1)), it holds

1 1
/0 (aw) (2)pl(x)dz = — /0 (au) () () .

Thus, (au)’ is the distributional derivative of au and, so, au € H'(0,1).
To conclude the proof, we prove that 3 lim,_o(au’)(z) = (au’)(0) = 0. As a first step,
consider > 0. Since v’ is locally absolutely continuous in (0, 1], we have that «/(1) is

well defined. Moreover, au’ € L?(0,1) and
(a) = d'u’ + au” € L?(0,1),
since u € Z(0,1). Thus,
1
(@) (a) = = | (@'Y (y)dy + (an')(1)
x

and there exists limg,_o(au')(z) = (au/)(0) = —fol(au’)’(y)dy + (a)(1) == M € R.
Arguing as before, we can prove that M = 0. Indeed, if we assume M # 0, then,
proceeding as in (1.2.3), there exists C' > 0 such that

C

|/ (z)] > @)’

for all x in a right neighbourhood of 0; hence, M = 0. As a consequence, there exists
lim,0(av’)(x) = (au’)(0) = 0.
Proceeding as before, one can prove that (au')" is the distributional derivative of au’

so that au’ € H'(0,1) and the thesis follows. O
Now, we can prove Lemma 1.3.3.

Proof of Lemma 1.3.3. Consider u € Z(0,1) and v € HL(0,1).
Point 1. Assume a to be (WD) at 0. Observe that au”, (au”)’ € H'(0,1) and v, v are

absolutely continuous; hence,
1 . 1
/ (au”)"vdx = [(au”)’v]z;o —/ (au”")v'dz
0 0

1
= [(au")v] zié — [au"v'] zié +/ au'v"dzx.
0
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Observe that auv” € L'(0,1) since, by assumption, y/au” and y/av” belong to L?(0,1).
Point 2. In the (SD) case, since u € Z(0,1), «’ is locally absolutely continuous in
(0,1] and not absolutely continuous in [0, 1] as for the (WD) case. Thus, the Gauss-
Green formula is not true a priori and we have to use the characterisation of Z(0,1). By
definitions of Z(0,1) and H(0,1), one has that au” € H?(0,1) and v € H*(0,1). Hence,

one can integrate by parts, obtaining
1 . 1
/ (au")"vdx = [(au'/)’v]i;o —/ (au")v'dzx. (1.3.10)
0 0

Now, we consider the term fol(au’ "Yv'dz. For 6 > 0, we have

1 5 1
/ (au")v'dx = / (au")v'dz + (auv") (1) — (au"v") () — / au"v"dx. (1.3.11)
0 0 5

Moreover, by the Holder inequality, au”v” and (au”)v' belong to L'(0,1). Hence, by the
absolute continuity of the Lebesgue integral, one has
) 1

1
lim [ (au”)v'dz =0, lim [ au’v"dx = / au"v" dz. (1.3.12)
6—0 0 6—0 F) 0

In order to obtain the desired result, it is sufficient to prove that

lim (au"v")(8) = 0. (1.3.13)
0—0
To this aim, we can choose § in (1.3.11) such that v’ is absolutely continuous in K := [4, 1].

Moreover, using the fact that also au” € 6([0,1]), one has
1
(au"v")(0) = —/ (au"v") (s)ds + (auv") (1)
é
1 1
= —/ [(au)'v'](s)ds —/ (au"v")(s)ds + (au”v")(1).
é é

Proceeding as before, one has that there exists L € R such that

6—0 6—0

1 1
lim (auv")(6) = lim <—/§ [(au)V](s)ds —/6 (au”v”)(s)ds) + (auv")(1)

1 1
= —/ [(au)'v'](s)ds —/ (au"v")(s)ds + (au"v")(1) =: L.
0 0

If L # 0, then there exists C' > 0 such that |(au”v')(z)| > C, for all z in a neighbourhood
of 0, z # 0. Thus, by Proposition 1.3.2,
C Cq

— >

|(au") ()] ~ Va

for all # in a neighbourhood of 0, z # 0, and for a suitable positive constant C7. This
implies that v’ & L?(0,1). Hence, L = 0. Therefore, (1.3.13) holds and the thesis follows
by (1.3.10)-(1.3.13). O

[v'(z)] 2
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We underline that, in order to prove Lemma 1.3.3 in the (WD) case, we do not use the

property % € L'(0,1); actually, it is sufficient to require a € 6([0, 1]).

Moreover, in Z(0, 1) the following useful properties hold.

Lemma 1.3.4. Assume a to be (WD) at 0 and u € Z(0,1). The following assertions are

true:

1. if ' (0) =0 or (au”)'(0) = 0, then lim u'(6)(au”) (5) = 0;

6—0t

2. if u'(0) =0 or (au”)(0) = 0, then lim u'(8)(au”)(§) = 0;

6—0t

3. lim a(6)(u/(8))* = 0;

6—0t

4. lim 6a(8)(u”())* = 0.

6—0+

Proof. Since a is (WD) at 0 and u € Z(0, 1), one has au” € 61([0,1]) and v’ is absolutely

continuous in [0, 1]. Thus, one has immediately

lim /() (au”) (§) =0

6—0t

lim o/(6)(au”)(8) = 0

6—0t

if /(0) =0 or (au”)(0) =0, and

lim a(8)(v/(6))? = 0.

6—0t

Hence, it remains to prove the last point. To this aim, using (1.1.3) and the fact that
au” € 61([0,1]), one has

. I _ 1 g " —
JE%L sa(0)(u"(9))? = 615(% m(au )2(8) = 0. (1.3.14)

O

Lemma 1.3.5. Assume a to be (SD) at 0 and u € Z(0,1). The following assertions are

true:

1. 3 lim 6d/(6) =0;

§—0t
2. 513& u'(6)(au”)(8) = 0;
3. 613& a(8)('(0))? = 0;
4. lim éa(8)(u”(5))* = 0.

6—0t
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Proof. Point 1. As a first step, we will prove that 3 5hm+ ou'(§) € R. To this aim, we
—0

rewrite du’(9) as

1

5 (8) = /(1) — / (oY (2)dz = o' (1) — /5 (e /5 ()

0

Since v/ € L*(0,1) and |zu”| = %%/&u”’ < \/i(—l){\/ﬁu”’ € L?(0,1), by the absolute
continuity of the integral, one has that 3 limg_,g+ du/(§) =: L € R. Assume L # 0; then
there exists C' > 0 such that c
/ (5 > ~
OIEES
1
for all 4 in a right neighbourhood of 0. Since 5 ¢ L'(0,1), we conclude that v’ ¢ L(0,1),
but this is not possible since v’ € L?(0,1). Hence L = 0.

Point 2. Note that

By the absolute continuity of the integral, using the fact that a(u”)? and u/(au”)’ belong
to L1(0,1), one has that there exists lims_,qu/(5)(au”)(0) =: L € R. As before, if L # 0,
then there exists C' > 0 such that

|u'(8)(au")(8)| > C, (1.3.15)
for all § in a neighbourhood of 0. Moreover, since (au”)(0) = 0 by Proposition 1.3.3,

|[(au")(8)] < V5 [(a")'[| 200 (1.3.16)

)7
by Point 3 in Proposition 1.3.2; hence, by (1.3.15) and (1.3.16), we have

C < |/ (@) (au") @) < [u' ()| V0 | (@[] 2 g,y

This implies
C

/ 5 > ,
O @ e

for all § in a neighbourhood of 0, in contrast to the fact that v’ € L?(0,1). Hence, L = 0.

Point 3. To obtain the thesis we rewrite a(5)(u/(6))? in the following way:
1
a(8)(u'(6))* = a(1)(w'(1))? —/ (a(u')?)'(s)ds
)
1 1
= a(1)(v/(1))* _/5 (d'(u)?)(s)ds — 2/6 (au'u")(s)ds.

Since a’(v/)? and au’u” belong to L'(0,1), we have that 3 lims_,o+ a(8)(v/(6))? =: L € R.
If L # 0, proceeding as in (1.2.3), one can conclude that v’ ¢ L?(0,1). Hence, L = 0.
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) 1
Point 4. If K, = 1, then, using the fact that W < W and proceeding as in (1.3.14),
a a

one has immediately the thesis, since au” € 61([0,1]) and (au”)(0) = 0. On the other
hand, if K, € (1,2), then, using the Taylor formula, we have

a(8)u”(8) = (au") (£)d + 0(9),
for &5 € (0,0); hence,

da(0)(u"(8))* = 6u" (8)((au”)'(€5)8 + o(4))

1.3.17)
= (au")'(&)0%u" (6) + o(6%)u" (). (

Now, lims_,0 %u”(§) = limgs_.q %(au”)@) = 0 and, analogously, lims_,q0(8?)u”(8) = 0;
moreover, using the fact that au”€ 6*([0, 1]), one has limgs_,o §%u” (8)(an”)' (&) = 0. Thus,
passing to the limit in (1.3.17), we have the thesis.

(Observe that the previous proof also holds if K, = 1). O

Now, starting from the basic spaces given before, we define some specific spaces in
which the value of the functions at 0 is prescribed. More precisely, we introduce the

following subspace of H}(0,1):
HL(0,1) := {u € HY0,1) : u(0) = 0},

which is different according to the kind of degeneracy of a.
Indeed, if a is (WD) at 0, then

H.o(0,1) = {u e HY(0,1) : u' € AC([0,1]), vVau" € L2(0,1),u(0) = 0}; (1.3.18)
on the other hand, if a is (SD) at 0, then
HL4(0,1) = {u e HY0,1) : ' € LAC((0,1]), vau" € L*(0,1), u(0) = 0}. (1.3.19)
Finally, define
aL3(0,1) == {u € H! 5(0,1) : w/(0) = 0, if a is (WD) at o} (1.3.20)

and observe that, in the (SD) case, ﬁ;:&(O, 1) = ﬁ;}o(o, 1).
On ﬁ;ﬁo((), 1) we consider the norms ||-[| 19 1y or |||l , defined in (1.3.1) and in (1.3.2),

respectively, and the following ones:

lull - = |0/ (O] + [Vau" |1y and Nullg, = [Vau"|| 201

for all u € H}(0,1).
In these new spaces it is possible to recognise several advantages. Firstly, the following

proposition holds.
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Proposition 1.3.4. Assume a to be (WD) or (SD) at 0. Then the four norms ||| g1 1y,

[llo.0s Illg~ and [|-[ly, are equivalent in fIiO(O, 1). In particular, for all u € ﬁ;70(0, 1),

Ivau" |2,
[ull72(0,1) < H“,H;(og) < 2(‘7’/(1)‘2 + a(l)(2—LI((O:))

1 2
< 2max{ 1, lullz,~
{ a(1)(2 - K,) } 2

Huu;a < maX{Q, 1+

(1.3.21)

2 2
m [[ull;,~

and

4
2 2
Wl <o gy 1 0

Proof. Obviously, lluly, < [[ully, < [l 71(0. and [l < [l for all w € H24(0,1).
Let u € HIO(O 1) and consider z € (0, 1]. Since u(0) = 0, we have that

r)| = ‘/0 u/(s)ds S/O | (s)]ds < \/EHu’HLQ(OJ) < Hu'HLQ(O,l), (1.3.22)
for all z € (0,1], and
2
lalZ 20,1y < [/ |20 (1.3.23)
Moreover,
" ) 1 1 %
W' (1) — /()] = dy| < H\/au”HLQ(O,l) / a(y)dy ’ (1.3.24)
K,
for all € (0,1). Consequently, using the monotonicity of m,

1 1,1
1
/0‘u/(x)—u/(1)|2d:z§H\/&u”Hig(o’l)/ / —dyda:

:H\/a“/,Hi?(m/ aly) /d:cdy
= I | 5’

y"
— IVl [

aly)”
"2 1 1-K,
< IV gy o [ 0

Ve |72
B a(l)(2 - Ka) .

(1.3.25)
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Now, we estimate ‘u’(1)|2. By (1.3.25),

1 1 1
Ul 2.%' U/ —Ull'zl' UIQ?QI'
/0<<1>>d §2/0((1> <>>d+2/01<>\d

IVau"ll20,1) 2
§2<a(1)(2_Ka) 11201y |-

Hence, for all u € ﬁ;,o(o, 1), it results

[w' ()] =

(1.3.26)

2
lully ~ = &/ (O + Va2 1) < ((1)(2_;() * 1) Va2 + 2 1 o)

2 2
<m —— .
- ax{ OCE AR 2} lullz o,

Furthermore, by (1.3.23) and (1.3.25),

1 1
lallZ2(0,1) < [1'][7201) = /O [/ (@) *dz < /0 (| (2) = ' ()| + o' (1))

2 ! 2
< 2|/ (1)] +2/O W' (z) — ' (1)| da (1.3.27)

2
IvVau" 1201y
a(1)(2—K,)
Thus, (1.3.21) holds and it results

<2/ (1)|* +2

2 2 2 2
Julfa = el + [V o < 20 + <(1>(2_K) ¥ 1) Ve iz

2 2
<maxq 2, ———+ 1, ||u||5 -,
{ a(1)(2 - K,) } Iz,

for all u € HIO(O 1). Hence, by (1.3.27),

4
Il o1y = el + [ 70, < 410/ W + <(1>(2_K) * 1) IVaw [z

4 2
<max{4, ————— +1 :
- ax{ "a(1)(2 - K,) * }”“”2,~
O

In the subsequent result we give the analogue of Proposition 1.2.4 for the divergence

case. This proposition will be useful in Chapter 3.

Proposition 1.3.5. Assume a to be (WD) or (SD) at 0 and consider 5 > 0 and v > 0.
Define

2
el o= [Vau" |22, + Bu>(W) + 4 ()2, Vu e HE(0,1),
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Then the norms ||| [|a; [l g1(0,1)> Ill2,q and [||l5 - are equivalent in ﬁi’é(O, 1). Moreover,
a ? b K 9

for every A\, u € R, the variational problem
1
/ az"¢"dx + Bz(1)p(1) + 72/ (1)@ (1) = Ap(1) + ug'(1), V€ Hy(0,1), (1.3.28)
0
admits a unique solution z € IA—E:S(O, 1), which satisfies the estimates

2
HZHL2(0,1) < D1D2CCQL,KQ,A,H and H\Z\Hz < CCQL,KQ,,\,W (1.3.29)

where

D = Qmax{l, c1(1)(21—K)}7 Dy = max{l, i} (1.3.30)

Cattonn = VD2 (IAVD1 + |u]).

and

~ 1
Proof. For all u € H;’é(o, 1), we have that [ul3 . < max{l,}]\umg. Moreover, by
bl ’ 7

(1.3.22),

2 2
Iulll7 < max{1,v} [[ully . + B lullz0,4):

forallu € H ié (0,1). The first part of the thesis follows by Proposition 1.3.4, which holds
in IA{T&,O(O, 1) and, in particular, in ﬁ;;ol(o, 1).

Now, consider the bilinear and symmetric form
g% HYo(0,1) x Hip(0,1) —» R
such that .
GU(up) = [ au o+ BulD)oD) + 90/ (1) 1),
Obviously, G? is coercive and continuous. Furthermore, consider the functional
Flp) = Mp(1) + g’ (1),

with ¢ € H ;”5(0, 1) and A, € R. The functional F¢ is continuous and linear; thus, by

the Lax-Milgram Theorem, there exists a unique solution z € H ié (0,1) of
GU(z,0) = F(), for all p € Hyj5(0,1);

in particular, )
/ a(2")dx + B22(1) +(2'(1))? = Az(1) + u2'(1). (1.3.31)
0

Now, we prove (1.3.29). To this aim, observe that by (1.3.22) and (1.3.27),

2 1112 1 2
2(2)]” < HZ HL2(071) < 2max{17 a(l)(2—Ka)} HZHQ,N7 (1.3.32)
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for all x € (0,1], and, by definition of H-||27N,
2
12 (D] < 2l13, » (1.3.33)

for all z € H,}5(0,1). By (1.3.31)-(1.3.33), we have

21117 = Az(1) + p2' (1) < Al [ 2maxq 1, —————— b [|zllo o + [u] - [ 2]lo 0
a(l)(2 - Ka)

< Ca,Ka,)\7u’||zH|av

thus

Iz[lla < Ca,Kar -

Moreover, by (1.3.21), we have

1
1201720y < 2maxq 1, ————— b |23 .
’ a(l)(2—Ka) ;

b U E e
<2max{1,a(1)(2Ka)} {1,7}“\ I

<2 Lt 1, ez
max< 1, maxs 1, — .
> a(l)(2 _ F,a) ~y a,Ka,\p

O
Then, define
W(0,1) := {u € H.o(0,1) : au” € H(0, 1)}
- {u € HM0,1) : u(0) = 0, au” € H(0, 1)} (1.3.34)
- {u € 2(0,1) : u(0) = 0}
and
Wo(0,1) := {u € W(0,1) : u/(0) = 0, if a is (WD) at o}
- {u € 2(0,1) : u(0) = «/(0) = 0, if a is (WD) at 0, or
w(0) =0, if a is (SD) at 0} -

- {u e HM0,1) :
au” € H?*(0,1), u(0) = 0 and «/(0) = 0,if a is (WD) at 0, or
au” € H?(0,1), u(0) = 0,if a is (SD) at 0}.

Notice that in the (SD) case, if u € Z(0,1), then (au”)(0) = 0 by Proposition 1.3.3. Hence,

if u € W(0,1) or u € Wy(0,1), then (au”)(0) = 0. (1.3.36)



1 Preliminary results and weighted Hilbert spaces 28

We underline that these new spaces are related to the stability of problems in (DF),
which are studied in Chapters 3 and 4, in the linear and non-linear cases, respectively.

The last group of Hilbert spaces that we will use in the subsequent chapters are the
following ones:

H}o(0,1) = {u € HY0,1) : u(0) = u(1) = o};
in particular, if a is (WD) at 0, we consider

HL,(0,1) = {u € H! 5(0,1) : u(1) = o}

(1.3.37)
- {u € H1(0,1) : o € AC([0,1]), Vau" € L*(0, 1)};
on the other hand, if a is (SD) at 0, then
H2p(0,1) = {u € Hly(0,1) (1) = 0}
(1.3.38)

- {u € HL(0,1) : o € LAC((0,1]), vau" € L2(0, 1)}.

In both cases we consider on H;yO(O, 1) the norms ||| 11y or [[l54, defined in (1.3.1)

and in (1.3.2), respectively. Now, define
H2,(0,1) == {u € HLy(0,1) : /(0) = /(1) = 0} (1.3.39)
if a is (WD) at 0, and
Hgo(0,1) == {u € Hao(0,1) : /(1) = 0} (1.3.40)

if a is (SD) at 0. Naturally, HZ ,(0,1) € H, ((0,1) C ﬁ;,0(07 1). Moreover, on HZ,(0,1)

we can consider the same norms of H, ((0,1) and the following one:

lullyo = [[Vau"|| ooy ¥ u€ Hip(0,1).

Obviously, in HiO(O, 1) the two norms ||-||, . and [|-[|y, coincide, since u'(1) = 0, for all
u € HZ((0,1). In particular, Proposition 1.3.4 still holds in Hg (0, 1) substituting |-, .
with |[-[l;-

Furthermore, the inequalities given in Proposition 1.3.4 can be improved. Indeed,
1
lully,o < lullyq < lullgyoy, — Vue€ Hap(0,1),

and, in particular, for all u € Hg’O(O, 1). Moreover, using the fact that «/(1) = 0, (1.3.24)
and (1.3.25) become

[,
= alt)

1
I 1220,y < a2 =K Va7 0.1y

Ll
}u'(x” _ < H\/au”HB(O,l) (/m a(t)dt) , Ve (0,1],

and
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for all u € HiO(O, 1). Consequently,

1

2 2 2
HUHLQ(OJ) = H“IHLQ(O,l) < a(l)(2 _ Ka) H\/a“//HL2(o,1)' (1.3.41)
Hence,
lul2mon < |t 1| Jul2, and Jull?, < | 1] 2
HI(0,1) = a(l)(2 _ Ka) 2,0 2,a = CL(l)(2 _ Ka) 2,0

for all u € HZ(0,1).

The last space that we consider is
20(0,1) := {u € H.(0,1) : au € H*(0, 1)} - {u e W(0,1) : u(l) = 0}. (1.3.42)

By (1.3.36), if u € Z¢(0,1), then (au”)(0) = 0.
In the last result of this section we recall the following Hardy-Poincaré inequality, which

is essential in the theory of degenerate evolution equations.

Proposition 1.3.6 ([7], Proposition 2.1). Assume that a: [0,1] — Ry is a continuous
function such that a(0) = 0 and a > 0 on (0,1]. If there exists 0 € (0,1) such that the
function

a(x)

T — — 5~ is non-increasing in (0, 1],
x
then for any function w, locally absolutely continuous on (0,1], continuous at 0 and satis-
fying )
w(0) =0, and / a(w)‘w'(:v)fdx eR,
0

the following inequality holds:

1.4 Conclusions

In this preliminary chapter we introduce the notion of a degenerate function at 0 distin-
guishing between two types of degeneracy, i.e. the (WD) and the (SD) cases. Using these
concepts, we address distinct scenarios connected to the formulation of our problems. The
first scenario is represented by the formulation in (NDF), while the second one is the
formulation in (DF). In both cases we introduce different Hilbert spaces in which we will

work and we discuss their main properties.






Chapter 2

Boundary controllability for linear

degenerate beam equations

This chapter is concerned with the boundary controllability problem for systems governed

by degenerate operators in (NDF) or in (DF). The following two systems describe the

bending vibrations of a degenerate beam of length L = 1. In particular, we denote by u

the deflection of the beam and we assume that the left end of the beam is fixed, while a

suitable shear force f is exerted on the right end of the beam; thus, the motion describing

beam bending is given by the following models:

and

Ut (t, ) + a(x)Uggea (t, ) = 0, (t,z) € Q,
u(t,0) = uy(t,0) =0, t € (0,400),
u(t,1) =0, ug(t,1) = f(2), t € (0,+00),
ku(O, z) = up(z), u(0,z) =ui(z), z€(0,1)

gt (t, @) + (a(2)tza(t, 7))z = 0, (t,z) € Q,

u(t,0) =0, t € (0,400),
wa(t,0) = 0, s (WD) b0,
(atis)(t,0) = 0, if a is (SD) at 0,

w(t1) = 0, wa(t 1) = f(2), £ € (0, +00),

w(0,7) = uo(x), w(0,7) = w1 (), ze(0,1),

(2.0.1)

(2.0.2)

where @ := (0,+00) x (0,1) and a: [0,1] — R is (WD) or (SD) at 0. Moreover, f is a

control function that acts on the non-degeneracy boundary point and it is used to drive

the solution to equilibrium at a given time 7" > 0. In particular, we say that the problem

is null controllable if, fixed the initial data (ug,u1) in suitable spaces and T > 0, there

31
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exists a function f that drives the solution of (2.0.1) or (2.0.2) to 0 at 7', in the sense that
u(T,x) =w(T,z) =0, Vaxe(01). (2.0.3)

Observe that in the parabolic case null controllability - (NC) for short - means finding
a control such that the solution u satisfies u(T,z) = 0, V¥ = € (0,1). On the other hand, in
the hyperbolic setting this is not sufficient. Indeed, in the classical one-dimensional wave
equation we have a wave from the left and a wave from the right; if we require only that
u(T,xz) =0,V z € (0,1), then the waves collapse at time T and they start again unless we
require that also the velocity at time T is equal to 0.

To study (NC) for (2.0.1) and (2.0.2) we consider, as a first step, the associated homo-

geneous adjoint problems:

Yu(t, 2) + a(2)Yszaa(t, ©) =0, (t,7) € Q,

y(t,0) =y(t,1) =0, t € (0,+00),

Yz (t,0) = yu(t,1) = t € (0, +00), (2.0.4)
y(0,2) = yg (2), z € (0,1),

y(0,2) = yi (2), z € (0,1),

for the problem in (NDF), and

Y (t, @) + (a(2)Yaa (t, )2z = 0, (t,z) € Q,
y(t,0) = y(t,1) =0, t € (0,+00),
y.(t,1) =0, t € (0,+00),
y.(t,0) =0, if a is (WD) at 0, € (0,4+00). (2.0.5)
(ayzs)(t,0) =0, if ais (SD) at 0,
y(0,2) = i (2), z €(0,1),
ye(0,2) = yf (), z €(0,1),

for the problem in (DF). In both cases, y(:)F and 57 belong to suitable spaces; we underline
that the choice of denoting initial data with T-dependence is connected to the approach
for (NC) used in the following sections. After proving the well-posedness for (2.0.4) and
(2.0.5), we study the controllability of (2.0.1) and (2.0.2) by means of the well-known
Hilbert Uniqueness Method.

The chapter is based on [24] and [26].

2.1 State of the art

The topic tackled in the chapter is a classical problem in control theory and there is an

extensive literature on it. Indeed, boundary null controllability on linear beam problems
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has been studied for many years by a lot of authors (see, for example, earlier studies [21],
[66], [67], [68], [69], [70], [75], [97] and the references therein). However, in the previous
papers the equations are always non-degenerate.

The first results on boundary controllability for degenerate problems can be found
in the earlier works [8], [19] and in [56]. In particular, in [56] the author considers the
equation in (DF)

u(t, ) — (x%uy(t, ) = 0, (t,z) € Q,

for v € (0,1) and the control acting on the degeneracy point x = 0. In the same period,

[8] considers the equation

up(t,x) — (a(x)uy(t,z))r =0, (t,z) € Q, (2.1.1)

where a(z) ~ %, o > 0. In this case the authors establish a controllability result when
a < 2; on the other hand, if @ > 2, a negative result is given. We remark that in [56]
(NC) is obtained via spectral analysis, while in [8] via suitable energy estimates. In [19]
the authors consider the non-divergence case of (2.1.1) adding a drift term. The presence
of the operator in (NDF) as well as the presence of a drift term leads the authors to
use different spaces with respect to the ones in [8] or in [56] and gives rise to some new
difficulties. However, thanks to some suitable assumptions on the drift term, the authors
prove some estimates on the energy that are crucial to obtain an observability inequality
and, hence, (NC) for the initial problem.

Here, we consider a degenerate fourth-order operator, a(x)uyzzy O (a(2)Uzg)zsz, that
leads us to use different spaces with respect to the ones in the previous papers [§8], [19] or
[56]. In these new spaces we give some estimates on the energy associated to the problems.
Thanks to these estimates and to the notion of solutions by transposition, we prove (NC)

for T sufficiently large.

2.2 The problem in non-divergence form

In this section we study the well-posedness of the degenerate hyperbolic problem with
homogeneous boundary conditions (2.0.4) and, as a consequence, (NC) for (2.0.1).

The natural Hilbert space to study this problem is Li (0,1); moreover, the space
HE,O(O, 1) introduced in (1.2.10) will be crucial. Recall that,aassuming that a is (WD) or
(SD) at 0, we can use indifferently H”z,% or ||-||5 in place of ||||H21 (0,1) (see Proposition
1.2.3). :

In these spaces it is possible to define the operator (A", D(A™?)) by

Ay = a(z)u,  for all u € D(A™) := {U € H;O(O, D:a" € LQ%(O, 1)}
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Thanks to Lemma 1.2.2,

1
nd _ "N
<A U’U>L2l(0,1) —/0 uw'v'dr,
a

1 1
/ u"vdx = / u"v"dx, (2.2.1)
0 0

for all (u,v) € D(A™) x HT (0,1).

ie.

2.2.1 The energy space and the well-posedness of the problem

In order to prove the well-posedness for (2.0.4), we rewrite the problem in an abstract

form. In this context, we introduce the following real Hilbert space:
%nd = Hé,o(()? 1) X Lé (07 1))

endowed with inner product and norm given by

((u,v), (@,0)) yona = <u//vﬂ”>L2(o,1) + <v’ﬁ>Li (0,1)

and

2 2 2
||(uvv)||5€”d = Hu”HLQ(O,l) + ||U||L2l(0,1)7
for every (u,v), (@,7) € #™?. Then, considering the matrix operator
d™: D(d"™) C A — A

given by

0 Id
nd ._ ndy ._ nd 2
A"t = (_And 0 ), D(A"®) := D(A™) x Hé70(07 1),

we can rewrite (2.0.4) as a Cauchy problem. Indeed, setting

Y(t) := y(t)) and Yy = (yg>,
) (yt(t) " yi

one has that (2.0.4) can be formulated as

i _ gnd
Y () =Y (1), t=0, (2.2.2)
Y(0) = Yo

The following theorem holds.

Theorem 2.2.1. Assume a to be (WD) or (SD) at 0. Then the operator (4™, D(s4™?))

is non-positive with dense domain and generates a contraction semigroup ($"(t))s>o-
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Proof. The proof is based on [46, Corollary 3.20]. According to this result, it is sufficient
to prove that 4" D(«"?) — #"? is dissipative and T — o™ is surjective, where T :=

Id 0
(0 Id)'
To prove that /™ is dissipative, consider (u,v) € D(#4"?). Then (u,v) € D(A™) x
HE’O(O, 1) and (2.2.1) holds. Hence,

<wnd(u’ U)v (u7 U)>.,“7’€”d = <(7), _Andu)’ (u’ U)>3’6’”d

1 1 1
= / v dx — / vA My =dr = 0.
0 0 a

By [46, Chapter 2.3], the operator «/"¢ is dissipative.
Now, we prove that Z — «™® is surjective; consider (f,9) € 4™, We have to prove
that there exists (u,v) € D(s4™?) such that

(T — s (7”") - <f> =Tt (2.2.3)
v g Ay fu = f+g.

F*:HE (0,1) - R

Thus, define

as

1
Fra(y) :/0 (f —|—g)z%dm,

for all z € H? ,(0,1). Obviously, Fri ¢ (HE 00, 1)) , being (Hi 0(0, 1)) the dual space
of H? 0(0, l)awith respect to the pivot spacg L%(0,1). Now, introduce the bilinear form

G™: Hi (0,1) x HT (0,1) = R

given by
1 1 1
G™(p, z) ::/ gpzdaz+/ " dx,
0 a 0
for all ¢,z € H E 0(07 1). Thanks to the equivalence of the norms, we have that G™ s

coercive. Moreover, G™ is continuous. Indeed, for all ¢,z € H E 0(0, 1), we have
a b

‘Gnd(%z)‘ < H‘P”Li(o,l) HZHL'i(o,l) + H‘PHHB(OJ) H’Z”HLQ(O,I)

and the conclusion follows again by the equivalence of the norms.
As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u €
H;O(O, 1) of
G"(u,z) = F™(z), forall z € H;U(O, 1),

namely

1 1 1 1
/ uz—dx + / u"2 dx = / (f +9g) z—dx, (2.2.4)
0 0 0 a

a



2 Boundary controllability for linear degenerate beam equations 36

for all z € H? 0(0,1).
Now, consider v := u — f; then, v € H? O(O, 1). We will prove that (u,v) € D(#"?)
and solves (2.2.3). To begin with, (2.2.4) holds for every z € 62°((0,1)). Thus, we have

1 1 1
/ ' de = / (f+9—u)z—dx,
0 0 a

1
for every z € 62°((0,1)). Hence, (u")"” = (f+g—u)a a.e. in (0, 1), that is A"y = f+g—u
a.e. in (0,1). Consequently, as in [23, Theorem 2.1], u € D(A"); hence, (u,v) € D(«4")
and u + A™u = f + g. Recalling that v = u — f, we have that (u,v) solves (2.2.3). O

Now, if Yy € 77, then Y (t) = #™4(t)Y} is the mild solution of (2.2.2). In particular,
if Yo € D(#4"%), then the solution is classical and the equation in (2.0.4) holds for all
t > 0. More precisely, by [15, Part II-1, Propositions 3.1 and 3.3], one has the following

straightforward theorem.

Theorem 2.2.2. Assume a to be (WD) or (SD) at 0. If (yl',yl) € ™, then there exists

a unique mild solution
y €61 ([0,400); L7 (0,1)) N6 ([0, +00); H2 ,(0,1))

of (2.0.4) which depends continuously on the initial data (y&,yT) € #™. Moreover, if
(yd',yT) € D(4™), then the solution y is classical, in the sense that

y € 6%([0,+00); L3 (0,1)) N6" ([0, +00); H2 ,(0,1)) 16 ([0, +00); D(A™))
and the equation of (2.0.4) holds for all t > 0.
Remark 2.2.1. We point out that, due to the reversibility (in time) of the equation,
solutions exist with the same regularity also for ¢ < 0.
2.2.2 Energy estimates

In the following we prove some estimates on the energy associated to the solution of (2.0.4).

As a first step, we give the definition of the energy.

Definition 2.2.1. Let y be a mild solution of (2.0.4) and consider its energy given by the

continuous function defined as

IR T
E;Ld(t) = 2/ (yt( ) + 2. (t, x)) de, Vt>0.
0

a(x)

The definition above guarantees that the classical conservation of the energy still holds

true also in the degenerate situation.
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Theorem 2.2.3. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of
(2.0.4). Then
nd _ rnd
Ey(t) = E;(0), Vit>0. (2.2.5)

Proof. First of all, suppose that y is a classical solution. Then, multiplying the equation

Yt + a(T)Yzaze = 0 by %, integrating over (0, 1) and using the formula of integration by
a

1 1 2 1
0 a/Jy 0
ld ! %2 2 d o nd
- ZL d = —E"¢).
2dt</0<a+ya:x € dt y()

Consequently, the energy E’y“d is constant.

parts (2.2.1), one has

If y is a mild solution, we approximate the initial data with more regular ones, obtaining
associated classical solutions for which (2.2.5) holds. Thanks to the classical estimates and

applying an approximation argument, we can pass to the limit and obtain the thesis. [

In the subsequent results we establish some inequalities for the energy from above and

from below, which will be used to establish the controllability result.

Theorem 2.2.4. Assume a to be (WD) or (SD) at 0. Ify is a classical solution of (2.0.4),
then Yz (-, 1) € L2(0,T) for any T > 0 and

1 T ) 1 1'2 t=T 1 z :I,‘a/
- t,1)dt = = dx + = 22— 2= dxdt
2/0 ymm( ) ) /0 |:yt a yﬂf:| —0 T+ 92 /QT ayt a £r

(2.2.6)
—1-3/ xy?, du dt.
T

Here Qr :=(0,T) x (0,1).

2
LY

Proof. Multiplying the equation in (2.0.4) by and integrating by parts over Qr, we

obtain

$ny 2
0 :/ Yypu——dx dt + / T2YpYpwrrdr dt
T a T

1r :U2yz_ t=T 72 )
/ Ut dx — / yt;yxtdif dt + / T YeYrzzadr dt
0L T

a T

-0
1r 2 1t=T 2
:Jc 1
=[] e [ AT hudrdts [ yenmede (227
0L a a Qr

0
ir .2, 1t=T Tr1,.2 z=1 2\ /
1 1
ytx Ya dx — / [xyf] dt + / (I> yidax dt
i a J,_g 2 )y | a 2=0 2 Jo, \ a

+ / $2yﬂcy$xmx dx dt.
Qr

=]
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a? a

1 2 t=T Tr,.2 z=1 a
1 1
/ [ytx yx:| dx — / [w yf} dt+/ Eyf 2 T ) gz at
o Lma T limo o ZJo Lo e 2 Jor ¢ (2.2.8)

+ / x2y$ymmdx dt = 0.
T

22\ 2za—22d «x xa'
Now, (> = ———— = —|2— —|. Hence, (2.2.7) reads
a a

Furthermore, by the regularity of the solution, v, € H3 0(0, 1)c H! 0(O, 1), thus

2

.'17

1
by Lemma 1.2.3; therefore, by the boundary conditions of ¥, one has Wyf(t, 1) =0.
a

Now, consider the term fQT 223 Ypazedr dt, which is well defined; indeed, using the fact

that \’E/—ZE is non-decreasing, we have that

By hypothesis, 3, and /ayzzz belong to L2(0, 1); thus, by the Holder inequality, 22y, Yzzzz €
L'(0,1).
Let 6 > 0 and write
T ré T 1
/T .Z‘Qymyxzmxdﬂi‘ dt = /0 /0 x2yzya:aczmdl' dt + /0 /6 $2ymymmda: dt. (2‘2‘9)

Obviously, by the absolute continuity of the integral,

lim / / 2 Ywreedr dt = 0. (2.2.10)
0—0 0 0

Now, we will estimate the second term in (2.2.9). By definition of D(A"?), setting K :=
[6,1], we have Yzzze € L2(K); thus, y € H4(K) by Lemma 1.2.1. Hence, we can integrate
by parts

/ / x y:ﬂyx:pxxd$ dt
T 1
0 0 é

T T 1
= / (2 YaYaua] / / 22Yy + %Yz Yooade dt
0 0 o

T T 1
:/ [nyocyxxoc / / 20y Yppedr dt — = / / ym:) dx dt
0 0 6

(2.2.11)
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T
0

1
_2/0[ xmxédt+ //Q:Bymda:dt

T - 17 -
- /0 (22 YY) oy It — /O [20yayea] 5t = 5 /O [yt

T 1 T 1 T 1
+2 / / Yo Yzzdx dt + 2/ / zy2,dz dt + / / xy?, dz dt
0 Jo 0 Jé 0 Jo

T
_ / (22 Yaa] * Lt — / 20y aa] T~ dt—% /0 2]t

/ / y2) dxdt—|—3/ / zy?, dx dt

1T o=
:/ [x yxyzm]xédt—/ [2xymyxx] 1dt—2/0 [nyixL:};dt

0

T _ T 1
+ / (Y2 —5dt +3 / / xy? dx dt.
0 B 0 Js

But xy2, € L'(0,1) and, using the absolute continuity of the integral, we obtain

T 1 T 1
lim/ / xy? dx dt—/ / xy? dz dt.
=0Jo Js o Jo

Now, we evaluate the boundary terms that appear in (2.2.11). To this aim observe that,

thanks to the boundary conditions of ¥,
1 1 1 1
[ZE yzymcz] [21:3/23?/3393] - 2 [9023/393]2 FY + [y:c]z 5
2 Lo Lo o 2
240 (1, 8) s (1 6) + 200 (1, ) (1,0) — a8, 1) + 5072, (1,0) — 2(8,6).
Naturally, since y € H3(0,1), y, is a continuous function. This implies that
lim o2 _ 2 _
1 yac(tv 6) - yz(ta 0) = 0.
0—0
Thanks to Proposition 1.2.2,

. 2 9 YT
%1_1)1})5 Ypp(t,0) =0 = %E)r%)éyx(t, 0) Yz (t,0).

Finally, by Lemma 1.2.3,
3 lim 62y, (t, 0)Ywaa(t, d) = 0.
6—0

Thus, by (2.2.11), one has

1 T T rl
lim / / 22 Ypweedr dt = —= Y2, (t, 1)dt + 3/ / xy?, d dt.
6—0 0 0 0

By the previous equality and (2.2.8)-(2.2.10), the thesis follows. O

As a consequence of the energy conservation law and of (2.2.6), we have the following

estimate from below on the energy.
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Theorem 2.2.5. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.4),
then for any T > 0

/Tyfm(t, 1)dt < [ 12T + 4 max i,l E"(0). (2.2.12)
0 a(1) Y

Proof. As a first step, assume that y is a classical solution of (2.0.4); thus, (2.2.6) holds.
Now, set z(t,z) := y,(t, z); since y5(t,0) = 0, by the classical Hardy inequality, we obtain

1
/ yidacz/ 2cl:L‘—/ —:L‘Qd:v </ —dx <4/ 2d33:4/ y2.dr.  (2.2.13)
0 0

Thus, applying the monotonicity of ——, one has

a(w)
1x2yI(T7$)yt(Tax) 1 1L4 2 )dx 1 1yt2(7—7x) T
J e e < [ ey [

1 ! 1 [ y2(r, )
< fy B0 5 ) G
(7.2)

2 Ly L[y}
< — dx + = d
<o ), et g [
for all 7 € [0,7]. By Theorem 2.2.3, we get

/01 [wQQz(T(;(l‘l);/t(T,ﬂf)]::de Sa(Ql)/Olygm(T,x)dx - % /01 y?;(j;’)x) dx

2 /1 2 1 1yt2(07x)
+—= | Y0, dx—l—/ dx
a0 J, YOt J

< max{ a(41) 1} (E;;d(T) + E;;d(O))

=2 max 4 nd
=2 {a(l)’l}Ey (0).

Moreover, using the fact that a:‘a’ ‘ < K,a, we find

o
/ —yt (2 — ) dx dt
Qr @ a

IN

dx

(2.2.14)

/ —yt (2+ Ko)da dt
r (2.2.15)

2
< (2+Ka)/ e dt.
T

Obviously,
/ xy? drdt < / y2 dx dt (2.2.16)
T T

and from (2.2.6), (2.2.14)-(2.2.16), we get (2.2.12) if y is a classical solution of (2.0.4).
Now, let y be the mild solution associated to the initial data (yg,le) € #". Then,
consider a sequence {((yd)n, (YT )n)tnen C D(4™?) that converges to (yl,yT) and let y,
be the classical solution of (2.0.4) associated to {((vd)n, (¥ )n)}nen. We have that yy,

satisfies (2.2.12); therefore, we can pass to the limit and we can conclude. ]
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Now, we prove an inequality from above on the energy. To this aim, we need on

3 OT y2,(t,1)dt an equality different from (2.2.6).

Theorem 2.2.6. Assume a to be (WD) or (SD) at 0. Ify is a classical solution of (2.0.4),
then Yz (-, 1) € L2(0,T) for any T > 0 and

1 T 1 t=T 1 2 !
/ ygx@,l)dt_/ [W] m/ ey % g ar
2 0 0 a +—0 2 QT a a

(2.2.17)
+ 3/ Y2 dz dt.
2 T

Proof. Multiplying the equation in (2.0.4) by Y2 and integrating over Qr (where we
a
recall that Q7 := (0,7) x (0,1)), we obtain

Way,y 1" Lz o
0 :/ |::| dr — / f—(yt )xdl’ dt + / TYrYzazadr dt
0 a 2a

t=0 T T
1 t=T T r=1
1 1 /
=[] g R ag [ () v (2:2.18)
0 a  Jy=0 2Jo La™ Jo—0 2 Jgr \a
T

a? a a

1 t=T T z=1 2 !
1 1
/ [W} dx_/ [xyg} dt+/ Y10 ) deat
0 a t=0 2 0 a =0 2 Qr @ a

T

/ — / 1 /
Now, (§> _aTre ( - m). Hence, (2.2.18) reads
a

(2.2.19)

r=1
dt = 0. In
=0
addition, the term IQT TYpYrzzrdx dt is well defined since xy,Yrrze = %ym VaYrrzr €

T
As before, lim,_,q ﬁyf(t,x) =0 and ﬁyf(t, 1) = 0, so that / [zyf]
0

L'(0,1). Thus, we consider § > 0 and, as in the proof of Theorem 2.2.4, we rewrite

T o T rl
T 0 0 0 1)

T ro
Since TYrYprzr € LI(O, 1), we have (lsir% TYrYrreedr dt = 0. Moreover, integrating
_)

by parts the second term of the previous equality and thanks to the boundary conditions

on y, we have

T 1 T » T 1
/ / 'Ccyxyxwzxdxdt:/ [xyxyxxa;]x:gdt_/ / (xyz)mya;a:a:dxdt
0o Js 0 = 0o Js
T T f1 1 /T 1
:—/ 0Yz (t, 0)Ysaa (t, 5)dt—/ / yxymxdxdt—/ / x(yix)xdmdt
0 o Js 2Jo Js
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T T _ T 1
_ / 5y (t, 8)Yaae (t, 6)dt — / (Yoo gt + / / 2 dx dt
0 0 - 0 Js§
1 T
—2/ [mym o 6dt+ / /ymdl‘dt
0

T
0 et + [0ttt 5 [ o2te
0

/6ymt6dt+ //ymdxdt

By Lemma 1.2.3, 3 lim 0yz.(t,0) € R and lim §y, (¢, 0)yzze(t,0) = 0. Moreover, by
6—0 6—0

Proposition 1.2.2, we get
lim g (t,6)yee(t,8) =0 and  lim §y2,(¢,6) = 0.
0—0 6—0

Hence,

3
lim/ / TYzYrgardr dt = / y2,(t, 1)dt + / Y2, dx dt.
5—0 2 Jor
Coming back to (2.2.19), it follows that

wyeye ] 1 Yz xa' 1T, 3 2
/ e d:L'—l—/ =l1-— dxdt—/ ym(t,l)dt—i—/ Yppdr dt =0
0 a |, 2 s a a 2 Jo 2 Qr

and (2.2.17) holds. O

Thanks to (2.2.17), we can prove the following estimate from above on the energy.

Theorem 2.2.7. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.4),
then for any T > 0

! 2 — — 4max 4 4K nd

Proof. Multiplying the equation in (2.0.4) by —

Y and integrating over ()7, we have

K, K,
0=-—--—-2 Mdﬂ? dt — == / YYzzeadr dt
2 Qr @ 2 T
K1 t=T K 2 K,
=__¢ [yyt] dx + —=* U gy ap — =2 / Y2, dx dt,
2 Jo " ali 2 Jop a 2 Jor

thanks to (2.2.1). Summing the previous equality to (2.2.17) multiplied by 2, we have

’ e i [, wd
/ yfm(t,l)dt:2/ [ ] dx—l—/ Zl1-— d:cdt—|—3/ y2 dx dt
0 0 a =0 r @ a T

K, [! =T K,
e P T e e [
2 0 a li—o T 2 QT

A A aLo
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T
22/ Vytﬂ -3 / [y }
0 a a li=0
K, K,
Fl1-=2 / Y g+ (1 Ke / Y2 du dt
2 s a 2 -

:2/0 [“"y;yz} i K / [ GL 0d:c+(2—Ka)TEgd(o).

Now, we analyse the boundary terms that appear in the previous relation. By (2.2.14),

! LYz (7_7 :U)yt (T> :B) =t 4 nd
2 dz| < 4maxq ——, 1 E/%(0).
0 al@) a(D)
2
Furthermore, since @) is non-decreasing in (0, 1],
a(z
y(Ta $)yt(7',.1‘) 1 ytZ(T:x) 1 y2(7',.’,12‘)

§§ a(x) 2a(1) a2 7’

for all 7 € [0,7T]; in particular, by Theorem 2.2.3, the Hardy inequality and (2.2.13), we
/1 y(Tvx)yt(T7 x)d$ S 1/1 yt2(T7 x)d.’L' + 1 /1 y2(7—,x)d$
0 2 )y alx) 2a(1) Jo 22

a(x)
1 ! ytz(7_7 l’) 4 ! 2
: 2/0 a(x) d“m(l)/o (T 2)de

1 1yt2<7_7x) 16 ! 2
< —
= /O o+ s /O y2, () da

have

Kq

1 i =T
y} dx
2 /0' |: a]r=0 ( )
and the thesis follows if y is a classical solution. If y is a mild solution, then we can proceed

as in Theorem 2.2.5. O

for all 7 € [0,T]. Hence,
1
< K, rnax{l 6}End(o)

2.2.3 The boundary controllability theorem

Inspired by [8], we give the following definition.

Definition 2.2.2. Problem (2.0.4) is said to be observable in time T' > 0 via the second
derivative at x = 1 if there exists a constant C' > 0 such that, for any (yg,y7) € 779, the

classical solution y of (2.0.4) satisfies
T
nd 2
CE(0) < /O Y2 (t,1)dt. (2.2.20)

Moreover, any constant satisfying (2.2.20) is called observability constant for (2.0.4) in
time T'.
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Setting
Cr :=sup{C > 0: C satisfies (2.2.20)}, (2.2.21)
we have that problem (2.0.4) is observable if and only if
T 2
t,1)dt
Cr= _ inf % > 0. (2.2.22)
Wi D #00)  Eyi0)

The inverse of Cp, i.e. cp := CLT, is called the cost of observability (or the cost of control)
in time 7.

Theorem 2.2.7 admits the following straightforward corollary.

Corollary 2.2.1. Assume a to be (WD) or (SD) at 0 and set

4 4 4K
e . — 1, ——, —2 %, 2.2.23
0 TR, max{ ’a(1)’a<1)} (2:2:23)

If T > TH, then (2.0.4) is observable in time T. Moreover,

4 4K,
T(2 —Ka) — 4max{1,a(1), a(l)} < Cf.

In the following, we study the (NC) problem for (2.0.1). As a first step, we give the

definition of a solution for (2.0.1) by transposition, which permits low regularity on the
notion of solution itself.

Definition 2.2.3. Let f € L2 [0,400) and (ug,u1) € L3 (0,1) x (Hi 00, 1))>k We say

that u is a solution by transposition of (2.0.1) if

we 6 ([0, +00); (H2 ,(0,1)) ) N6 ([0, +00); L3 (0,1))

and

H

1

1
w(T), v * —/ —— (T, z)vT dz
<t( ) 0>( 0(0’1)) H2(01) 0 ax) ( vy

,0

Qo

1 1 T
- | amr@n.ayde= [ poote i

(2.2.24)
for all T > 0 and for all (v, vT) € #™¢, where v solves the backward problem
Utt<t7 .’L') + a'(x)va,’mxz‘(t7 .’13) = 07 (ta .’IZ’) € QJ
v(t,0) =0, v.(t,0) =0, t € (0,+00),
(£,0) = 0, va(t,0) (0, +00) .
v(t,1) =0, vy(t,1) =0, t € (0,+00),
kv(T, z) =g (z), w(T,z) =vl(z), x€(0,1).
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Observe that, setting y(t,z) := v(T —t,z), one has that y satisfies (2.0.4) with y{ (z) =
vl (z) and yf (z) = —vl(x). Hence, we can apply Theorem 2.2.2 and Remark 2.2.1 to
(2.0.4) obtaining that there exists a unique mild solution y of (2.0.4) in R. In particular,

there exists a unique mild solution
v € 6" ([0.400): L3 (0,1)) N6 ([0, +00): H3 1(0,1))

of (2.2.25), which depends continuously on the initial data Vr := (v, v]) € #m.

By Theorem 2.2.3, the energy is preserved in our setting, as well, so that the method
of transposition done in [8] continues to hold thanks to (2.2.12). Therefore, there exists a
unique solution by transposition u € ¢! ([0, +00); (HE}O(O, 1)>*> N6 ([0, +o0); LA (0, 1))
of (2.0.1), i.e. a solution of (2.2.24). To prove this fact, consider the functional

F: " - R

given by

1 1 T
F@L,oT) = (u, 0(0)) * _ / L oun(0,2) d — / F(t)0an(t, 1)d,
(H;O(O,I)) ,H;O(o,l) 0o a 0

(2.2.26)
for all ' > 0, where v solves (2.2.25). Obviously, F is linear. Moreover, it is continuous.

Indeed, for all T' > 0, we have

H3 (0,1)

a

T
+ 1201y (/0 vl (t, 1)dt>

By (2.2.12) and Theorem 2.2.3, there exists a positive constant C' such that

| Flvg,01)] < ||U1||< ) 10O 0,1) + l[woll 22 (0,1) [10:(0) [ 22 (0,1)

o=

C

T ) )
/ v?:x(ta 1)dt < CE;Ld(O) = CEgd(T) —_ 2/ <vt (T7 .TL')
0 0

a(x)

+ v2,(T, 3:)) dx

c
= = (18 oD s

Hence,

If(vg,v?)\ < HU1H( )* HU(O>HH1(O,1) + HuOHLi(O,l) Hvt(o)HLi(O,l)

H7(0,1)
a

C
A S0 16T g

Using again Theorem 2.2.3, we have Hvt(O)H%zl o1 < 2E"4(T); thus, ”Ut(O)H%Ql 01 <

C H(vg,vlT)Héend. Analogously, thanks to the equivalence of the norms HHHi (0,1) ||H2%
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and |||, there exists C' > 0 such that ||’U(0)HH% o1y <C H(vg,vip)H%nd. Thus, we can
conclude that there exists C > 0 so that ‘

“’r(v(r{:vr{)‘ <C H(U(C)Z“’U{)Hyend,

i.e. F is continuous.
Being F € (#"%)*, we can use the Riesz Theorem obtaining that, for any T > 0, there
exists a unique (ﬂg, a’{) belonging to the energy space #"¢, which can be identified with

(#"4)* such that

F o) = (@), (o8 0F)) gy s
LaTyT 2.2.27

= (@ of) : p [Ty, 2
(Hio(m)) JHY (01)  Joooa

Moreover, %3, @ depend continuously on T, so there exists a unique
ue € ([0, oo); (H;O(O, 1)) ) ne ([0, +00); 2 (0, 1))

such that u(T,r) = —a! and w(T,r) = 4} . By (2.2.26) and (2.2.27), we can conclude

that u is the unique solution by transposition of (2.0.1).
Now, we have all the tools to examine (NC). To this aim, consider the bilinear form
M A A R

defined as .
MV, W) = / Ve (t, 1)rpa (£, 1),
0

where v and w are the solutions of (2.2.25) associated to the data Vr := (v, v]) and

Wr = (wd,wl), respectively. The following lemma holds.

Lemma 2.2.1. Assume a to be (WD) or (SD) at 0. If T > T3?, then the bilinear form

M s continuous and coercive.

Proof. By Theorem 2.2.3, E' and E"? are constant in time and, thanks to (2.2.12), one
has that 4" is continuous. Indeed, by the Holder inequality and (2.2.12),

T
AV W) < [t D1
0

T 2/ T ) 2
< (/0 vz, (1, l)dt) (/0 wi(t, 1)dt>
<O\ E(T)E(T)
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_ (o] ) () " ! o) 12 () da 2.
- (A o d+AKohﬂ(ﬂ>

(@, o e )
(A o d+AKohﬂ(M>

=C'||(v(T), ve(T)) || ygna | (w(T), w(T))|

for a positive constant C' independent of (V, Wr) € #7¢ x "4,

8

ena = C || V|

%nd ||WT| %Jnd 9

In a similar way one can prove that 4™ is coercive. Indeed, by Theorem 2.2.7, one

immediately has that there exists C' > 0 such that
T
MV, V) = / Vi, (t,1)dt > CrE}(0) = OrEYU(T) > C | Vr|[5pma
0
for all Vi € €. O

Function 4" is used to prove the (NC) property for the original problem (2.0.1).

Theorem 2.2.8. Assume a to be (WD) or (SD) at 0. Then, for all T > T3¢ and for
every (ug,u1) € L3 (0,1) x (HE 00, 1)) , there exists a control f € L*(0,T) such that the
solution of (2.0.1)a5atisﬁes (263)

Proof. Consider the map
R: " 5 R
i b,
given by ! uoen(0.2)
(V) = (1, 0(0)) : - [
<H21 0(o,1)> ,H;O(O,l) 0 a

where v is the solution of (2.2.25) associated to the initial data Vp := (vl v]) € #md.
Note that 9% is continuous and linear and, thanks to Lemma 2.2.1, we can apply the

Lax-Milgram Theorem. Thus, there exists a unique Vi € #"¢ such that
J%nd(VT, WT) = QR(WT), VWrp e %nd.
Set f(t) := Uzs(t,1), where ¥ is the unique solution of (2.2.25) associated to V. Then
T T B
/ () wae(t, 1)dt :/ Tz (t, Dwae (t, 1) dt = MV, Wr) = R(Wr)
0 0

= (u,w(0) : _/Wmmwm%x
7 (Hi 0(0,1)) ,Hio(o,l) 0 a(z) ’

a’

(2.2.28)

for all Wy € #6me.,

Finally, denote by u the solution by transposition of (2.0.1) associated to the function
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f introduced above. We have that
T . .
T
/ () wg(t, 1)dt = = (uy(T), wg ) . n / wT,z)wy
0 (Hi 0(0,1)) JHE (01)  Jo a(x)
" " . . (2.2.29)
+ {ur,w(0)) : - / w@w(0,2)
(Hi 0(071)) H3 (01 Jo a(x)
Combining (2.2.28) and (2.2.29), it follows that
<ut(T)7wg> * _/ dezo,
(Hi’0(071)> HY o1 Jo a(x)
for all (on7wriF) € #6". Hence, we have (2.0.3). 0

2.3 The problem in divergence form

The boundary controllability property for the problem ruled by the operator in (DF) can-

not be deduced by the one of the problem in (NDF) without assuming other assumptions

on the function a, as we have already seen. Moreover, another important difference be-

tween the problem in (NDF') and the one in (DF) is that the equation in (DF) is naturally

set in L2(0,1) and not in L3 (0, 1) as in the non-divergence case. In L?(0, 1) we will prove

that the degenerate problen?l governed by the fourth-order operator in (DF) is well posed

and null controllable.

Other important spaces in this section are H, ((0,1), HZ(0,1) and Z,(0,1) given in

(1.3.37)-(1.3.40) and (1.3.42), respectively.
In these spaces it is possible to define the operator (A9, D(A9)) by

A% = (a(z)u”)",  for all u € D(A?),

where

D(A%) = {v € 20(0,1) : v'(0) = /(1) = 0, if a is (WD) at 0, or

(av")(0) = v/(1) = 0, if a is (SD) at o}.

Notice that, by the statement after (1.3.42), if v € Z(0, 1), then (av”)(0) = 0; hence, this

condition in D(Ad) is automatic. However, we prefer to write it explicitly to emphasise

this boundary condition.
Thanks to Lemma 1.3.3,

1
<Adu,U>L2(0’1) — /O aU”’U”d:L‘,

1 1
/ (au")"vdx = / au'v"dx,
0 0

for all (u,v) € D(A?) x H§70(0, 1).

i.e.

(2.3.1)
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2.3.1 The energy space and the well-posedness of the problem

In this context, we introduce the following real Hilbert space:
T = HZ((0,1) x L*(0,1),
endowed with inner product and norm given by
(1 0), (8, 9)) e = (V" Vai") o) + 0, 20y

and
9 2 2
(w0, v) || 5pa == H\/&uHHLQ(O,l) + HUHLQ(OJ)’

for every (u,v), (@,7) € #%. Now, consider the operator
A% D(A) C #4 — ¢4

given by

0 Id . )
At = <—Ad O>’ with domain D (%) := D(A?) x HiO(O, 1).

Using the operator (49, D(#?)), we can write (2.0.5) into an abstract problem in #¢<.

Y () := y(t)) and Yy = (yOT>,
" (w@) ’ yi

(2.0.5) can be formulated as

Indeed, setting

d _ 4d
ZY () =Y (1), t>0, (2.3.2)

Y (0) = Yp.
Thanks to (2.3.1) and using the semigroup technique, we can prove the following gen-

eration theorem.

Theorem 2.3.1. Assume a to be (WD) or (SD) at 0. Then the operator (4%, D(4%)) is

non-positive with dense domain and generates a contraction semigroup (¥ (t))i>o-

Proof. One can proceed as in Theorem 2.2.1; thus, it is sufficient to prove that the oper-
ator @4 D(A?) — #6¢ is dissipative and that Z — «? is surjective.

To prove that 51 is dissipative, consider (u,v) € D(#?). We can apply (2.3.1) obtain-
ing

<szid(u,v), (u,v)>§€d = <(v, —Adu), (u,v)>%d

1 1
= / au”v"dx — / vA% dz = 0;
0 0
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consequently, s¢? is dissipative (see [46, Chapter 2.3]).
For the surjectivity of Z — %, consider (f,g) € #?. We have to prove that there exists
(u,v) € D(s4%) such that

(T — 4 <u> = <f> et (2.3.3)
v g Ay +u=f+g.

To this purpose, introduce the bilinear form
G HZ(0,1) x H2(0,1) = R

given by
1 1
G4, 2) ::/ <pzd;v+/ ap” " dx,
0 0

for all p,z € H 3’0 (0,1). Applying the equivalence of the norms, we can prove that G¢ is

coercive and continuous: indeed, for all ¢,z € H, 370 (0,1), we have

G4 2)| < lellzaay I2llzon + Va9 || 21y VA" | 1201y < 2l1@laa 1zl
Now, define
F% HZ0(0,1) - R

as )
Fi(z) = +g)zdx
(2) /0 (f+9) )

for all z € H370(0, 1). Obviously, F? € (Hio((), 1))*, being (Hg’O(O, 1))>k the dual space of
H 370(0, 1) with respect to the pivot space L%(0,1). Hence, by the Lax-Milgram Theorem,

there exists a unique solution v € H, 370(0, 1) of
G4u,z) = FU(z), forall z € HiO(O, 1),

ie.
1 1 1
/ uzd:):—l—/ au”z”dx:/ (f+9)zdx, (2.3.4)
0 0 0

for all z € HZ((0,1).
Now, consider v := u — f; then, v € H370(0, 1). We will prove that (u,v) € D(«4%) and
solves (2.3.3). To begin with, (2.3.4) holds for every z € 62°((0,1)). Thus, we have

1 1
/ au”z”dw—/ (f+9—u)zde,
0 0

for every z € 6€2°((0,1)). Hence, (au”)” = f+g—wu ae. in (0,1), i.e. Alu=f+g—uae.
in (0,1), and A% € L?(0,1); as a consequence, au” € H?(0,1) (by Lemma 1.2.1). Hence,
u € Z0(0,1) and v/ (0) = /(1) =0, if a is (WD) at 0, or «/(1) =0 if a is (SD) at 0 (recall
that u € HZ((0,1)); moreover, (au”)(0) = 0, since u € Zy(0,1). Thus, we can conclude
that (u,v) € D(4?), u+ A% = f + g, and, recalling that v = u — f, we have that (u,v)
solves (2.3.3). O
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By Theorem 2.3.1, if Yy € #6¢, the mild solution of (2.3.2) is given by Y (t) = %4 (t)Yp;
if Yy € D(4?), then the solution Y is more regular and the equation in (2.0.5) holds for
all ¢ > 0. In particular, as in [15, Part II-1, Propositions 3.1 and 3.3], the regularity of the

solution is discussed in the following theorem.

Theorem 2.3.2. Assume a to be (WD) or (SD) at 0. If (yX,yT) € #?, then there erists

a unique mild solution
y € 6" ([0, +00); L2(0, 1)) N6 ([0, +00): H20(0,1))

of (2.0.5) which depends continuously on the initial data (yI,yT) € 4. Moreover, if
(yd,yl) € D(49), then the solution y is classical, in the sense that

y € 62([0,+00); L2(0,1) ) N6* (10, +00); HZ(0,1)) N6 ([0, +00); D(A))
and the equation of (2.0.5) holds for all t > 0.

Remark 2.2.1 also holds in this case.

2.3.2 Energy estimates

In order to obtain an observability inequality, in the following we provide some estimates
from below and from above of the energy associated to the solution of (2.0.5). First of all,

we give the following definition.

Definition 2.3.1. Let y be a mild solution of (2.0.5) and consider its energy given by the

continuous function defined as

1
E;l(t) = ;/0 (yf(t, z) + a(z)y2,(t, x))dm, Vit>0.

As for the non-divergence case, one can prove the following conservation law.

Theorem 2.3.3. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of
(2.0.5). Then
d d
EXt) = EX0), Vt>0.

Proof. First of all, assume that y is a classical solution. Then, multiplying the equation
Ytt + (a(T)Yzz)zz = 0 by y, integrating over (0, 1) and using the formula of integration by
parts (2.3.1), one has

o ! 1d Yy 2 d g
0:5 i (vi), dx + ; (a(x)ym)mytd:r:§£ ; (yt —i—aym)d:ﬁ :gEy(t).

Consequently, the energy function Eg is constant. If y is a mild solution, we can proceed

as in Subsection 2.2.2. O
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Now, we prove an inequality for the energy which will be used to establish the control-

lability result. To this purpose, we start giving the following preliminary theorem.

Theorem 2.3.4. Assume a to be (WD) or (SD) at0. Ify is a classical solution of (2.0.5),
then Yz (-, 1) € L2(0,T) for any T > 0 and

1 r ! _
2&(1)/ y2(t, 1)dt:/ [ythym]z;Ode—i—/ wy?dx dt
0 0 T

2
+ / 3ra— —d Y2, dx dt — / a'y2dx dt.
T 2 T

Recall that Qr == (0,T) x (0,1).

(2.3.5)

Proof. Multiplying the equation in (2.0.5) by 22y, and integrating over Qr, we obtain

0:/ ytthyzdacdt—i—/ x2yx(aym)mdacdt
T T

! _ 1
:/ [yt$2yx]:;§dfﬁ— / 22(y?) pdx dt+/ 22y (A ) wde di
0 2 Qr Qr

! _ 1 /T
_/ [ythya;]i_gdx—/ [ac yt dt+/ wytdacdt—kf x2y$(aym)mdxdt
0 2Jo T T
1
:/0 [ytx2yx}::§dx+/ mytdxdt+/ x2yx(aym)mdxdt
T T

since y;(t,0) = 0 = y,(¢,1), by the boundary conditions of y. Now, consider the term
fQT 22y (aYzz ) exde dt, which is well defined, and let § > 0. Then

T 5 T /1
/ :U2yx(aym)mdxdt:/0 /Ox2yx(aym)md:pdt+/o /5:U2yx(aym)mdazdt. (2.3.6)

T

By the Holder inequality, 22y, (ayzz)ze € L1(0,1), hence

lim/ /xzyw(aym)mdxdt:(),
6—0 0 0

by the absolute continuity of the integral. In the subsequent steps, we will estimate the
second term of (2.3.6). Setting K := [§,1], since y € D(A?), we have ay,, € H*(K) and,
in particular, 3., € H%(K) since a(x) # 0 for all € K. Hence, we can integrate by parts,

obtaining

:/ [-T yr(ayacx T dt _/ / SL‘ y:t T aya:x) dz dt
0
T . T 1
:/0 [:nny(aym)m]z;édt—Q/o /6 myx(aym)zdazdt—/o /6 nyIx(ayxx)$d$dt
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T, - T - T
:/0 [‘T yr(ayxx)x]z:(gdt_ 2/0 [xyacaymc]m:(gdt"‘Q/o /6 (xyr)xaya:xdx dt
T o o o=l T 1 )
_/0 [:n aym]x:(sdtjt/o /5 Yo (XY ) pdx di

T 1 T
:/ [:p ym(aym)x]z_ dt — 2/ [:):ymaym / 22 aym t
+2/ / Yz Yzzdx dt+2/ / vay?,d dt + / / ray?, dx dt
+/ / x2ayx:cyxac:cdx dt
0 §

T 71 T

+4/ / maymdxdt—l—/ / a(y?)pde dt + - / / z2a(y2,)dx dt
:/ [a: yx(aym)gc]x dt — 2/ [mymaym] dt—/ [a: aym]xiédt
+4/ / maymdxdt+/ ayw ﬂc 1ahf—/ / yidx dt

+ 2/0 [I aym] dt — / / 2xa + x2a’)ymdaz dt
T . T 1 (T _1
:/ [:U yx(aym)x]x_ dt — 2/ [wyxaym] dt — 2/ [xzayix]i;édt
0

T 1 CEQ
+/ ayz]” dt—/ / 2dxdt+/ / 3xa—?a’ 2 d dt.
0 1

Observe that in the (SD) case fOT fol a'yidx dt € R, being y, € L?(0,1) and a € €1([0, 1]).
In particular, by (1.3.41), we have

(2.3.7)

/}a |dacdt< max ‘a !
Qr

2
_ . 2.3.
o | (1)(2 — Ka) /T ay;dx dt (2.3.8)

In the (WD) case, it results

/ ‘a'yi‘dmdt §/ %xﬂa ‘yzdxdt <K, / 2y2dxdt
Qr Qr

Thus, we can apply Proposition 1.3.6 (where § = K, € (0,1)) to y,, obtaining

4K,
/ |y |d:c dt < K, / 2y2dac dt < / ay?,dx dt. (2.3.9)
(1 - K ) T
In every case / / a'y2dx dt € R and
4K,
m, if a is (WD) at O,

/ }a’yi}d:cdtsc/ aygdedt, where O':=1\ jay |4/(g)]
. Qr z€[0,1]

m, if a is (SD) at 0.
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T 1 2
Now, consider the term /0 /5 (33:@ 2@’) y2,dx dt. Obviously, zay?2, € L'(0,1); more-

over,

x K,
?a,yga: < %afﬁyiz € L1(07 1)

Thus, by the absolute continuity of the integral,

T 1 22 T 1 2
lim / / 3za — ——d |y2,dxdt = / / 3za — ——d' |y?,dx dt.
6—0 0 k) 2 0 0 2

It remains to estimate the boundary terms in (2.3.7). To this aim observe that, thanks to

the boundary conditions of y,

= xr= ]- xr= rT=
[« va(0ve0)a] ;=5 — 2[mveayes]; 5 — 5[ a] ;75 + [anl] )
1
= — 0% (t,0) (@l )a (1, 6) + 20 (t,0) (aya) (1, 0) — 5 (ay2,) (1, 1) (2.3.10)

+%ﬁmﬁg@ﬁy—d®ﬁ@ﬁ)

Thanks to Lemma 1.3.4, if a is (WD) at 0, or to Lemma 1.3.5, if a is (SD) at 0, one has
1

that the limit as § tends to 0 of the boundary terms in (2.3.10) reduces to —ia(l)yfm(t, 1).

Hence, by (2.3.7), we have

T 1 1 T T 1
lim/ / %Y (Y )awd dt = — a(l)/ Y2, (t,1)dt — / / a'y2dx dt
§=0Jo Js 2 0 o Jo

T r1 22
+ / / 3ra — ?a’ 2 dx dt
o Jo

and (2.3.5) follows. O

Thanks to the equality (2.3.5) and Proposition 1.3.6, one can prove an estimate from

below on the energy using the term fOT y2.(t, 1)dt.

Theorem 2.3.5. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.5),
then for any T > 0

T
MDA 2.t 1)t

6+ Ko 4K, 1
§4<Tmax{1, > T _Ka)g} +max{a(1)(2_Ka),1}>Eg(o)

if a is (WD) at 0, and

T
anA 2, (1, 1)t

6+ Ko | max,epo|d(z)] 1
§4<Tmax{1, 5+ (1) (2 - K,) }—i—max{cw_m,l})l?g(())

if a is (SD) at 0.
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Proof. As a first step we estimate the distributed terms in (2.3.5). Using the fact that
z|a’| < Kqa, by (1.1.2), we find

2./
/ <3xa T )yixdx dt
- 2

6+ K, 6+ K,
< +2 a/ zay?, dx dt < +2 a/ ay?, dx dt.

T Qr
(2.3.11)
Furthermore,
/ zyidz dt < / y2dz dt. (2.3.12)
T Qr
Now, we estimate the boundary terms in (2.3.5). By (1.3.41), one has
1 1 /1 1 /1
/ 22y, (1, )y (1, x)dx| < 2/ why? (1, 2)dx + 2/ Y2 (7, xz)dx
0 0 0

1 1 N 1 [
D — d — 2 d
< 2a(1)(2 Ka)/o a(x)ys, (1T, z)dr + 2/0 y; (1, x)dx,

for all 7 € [0,7]. By Theorem 2.3.3, we get

/0 [2%y (7, )y (1, 2)] Zigda:

1 1 1 1 1
2a(1)(2— K,) /0 a(x)ys, (T, z)d + 3 /O y2 (T, x)da

1;1(1%2.%%1121'!%
2a(1)(2_Ka)A ()yxx<07 )d +2/0 yt(O, )d

1
< 2maX{a(1)(2—Ka)’ 1}E§j(0)

By (2.3.5), (2.3.8), (2.3.9) and (2.3.11)-(2.3.13), we have

1 T 6+ K, 4K,
5a 1)/ Yo (t, )dt S/ y2da dt + + / ay?, dx dt
2 ( 0 ) e 2 (1-Ka)? ) Jo,

1
+ 2max{a(1)(2Ka), 1}Eg(0)

(2.3.13)

+

in the (WD) case, and

1 T 6+ K, max,co|d(z)]
—a(1 2 (t,1)dt < 2dx dt a ’ / 2 dxdt
2&( )/0 yxm( ) —/Tyt T + ( 9 + (I(l)(Q - Ka) a’yxx z

1
+ 2max{a(1)(2_m, 1}E3(0)

in the (SD) one. Thus, the thesis follows if y is a classical solution; on the other hand, if

y is a mild solution, we can proceed as in [24]. O

In order to obtain an estimate from above on the energy, the following preliminary

result is useful.
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Theorem 2.3.6. Assume a to be (WD) or (SD) at0. Ify is a classical solution of (2.0.5),
then yue(-,1) € L2(0,T) for any T > 0 and

1 T ! 1 1
a(l)/ Y2, (t, 1)dt = / [wytyx] Pdx + = / yidx dt + / (3a — za')y2, dx dt.
2 0 0 2 T 2 T
(2.3.14)

Proof. Multiplying the equation in (2.0.5) by zy,, integrating over Q7 and using the

boundary conditions of y, we obtain

1
=T 1
0:/ [wyxytﬁ:od:z—Q/ x(yf)xdxdt—i—/ XYz (AYzg ) grdx di
0 T Qr

X ) (2.3.15)
— / [myzyt] Tde + = 5 / yfda: dt +/ XYz (aYzg ) prdr dt.
0 T T

Now, let 0 > 0 and rewrite the well-defined integral fQT Yz (AYzg ) zxdx dt as

T 5 T 1
/ Yz (OYgz)gzdr dt = / / Yz (aYz ) zxdr dt + / / Yz (OYzg )z dr di.
T o Jo o Js

Due to the absolute continuity of the integral, we get

lim/ / Yz (aYzz) zzdx dt = 0.
6—0 0 0

Moreover, it is possible to integrate by parts the second term:

/ / Yz (aYzz ) zzdz dit
= / [2y2(ayas)e] T sdt — / / TY2) o (0Yza)de dt
/ 0y (t, 0)(aYza) = (t, 9) dt—/ / Yo (QYzz)pdx dt
- / / LYz (AYa)wda dt

T
= [ vt ettt [ a2

/ / ayz,da dt — / lazy2, |~ 5dt+ / / TYa) 2 QY d dt (2.3.16)

/ 595, 8)(aan )u £, O)dlt + / (81 (£, )y (1, 6)

— / [axym dt+ / / ay?, dzx dt + / / ay?, dx dt
0

+/ / ra(y2,).dz dt
2 )0 Js

T T
— [ St 0) a5t + [ a0t 6)alt, D
0 0
_ I/T[omcy2 ]ledzH— 1 /T /1(361 — xa')yQ dx dt
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As in the proof of Theorem 2.3.4, one has

T 1
lim / / (3a — za’) Y2 dodt = / (3a — za') Y2, dx dt
0 Jo T

6—0

and, thanks to Lemma 1.3.4 or 1.3.5, the limit as § tends to 0 of the boundary terms
1 (7
in (2.3.16) reduces to —2/ a(1)y2,(t,1)dt. Hence, by the limit as § tends to 0 of
0

fOT f; (3a — wa')y2,dx dt, (2.3.15) and (2.3.16), we obtain the thesis. O

Thanks to the equality stated in the previous theorem, one can prove an estimate from
above on the energy. This estimate is crucial to obtain the observability of (2.0.5).
Theorem 2.3.7. Assume a to be (WD) or (SD) at 0. Ify is a mild solution of (2.0.5),
then for any T > 0

T
o) [ st

> (Tmin{6 — 3K, Ko + 2} — (K, +4) max{m, 1}) E,(0).

Proof. As a first step, assume that y is a classical solution of (2.0.5). Then, multiplying

-K
the equation in (2.0.5) by ay, integrating by parts over Q7 and applying (2.3.1), we

have i e
0= —7a Yy dx dt — 7a Y(aYza)zadz dt
Qr Qr
K ! t=T K. K
=5 [ i an s B [ pasan= T [ wgrar
T T

Summing the previous equality to (2.3.14) multiplied by 2 and using the degeneracy pa-

rameter (1.1.1), we have
T 1 1
= K, - K,
a(l)/o yazm(t, 1)dt :2/0 [%ytyw]§:§d$ - 2/0 [yyt]i:(j;d.ﬁ—F (2 + 1> / ygd.ﬁdt
T

/ Ka
+/ (3 - % - 2) ay?,dx dt
T
! = Ka ! = Ka
>2/ [wytyx];gd:c— 2/ [yyt];onH > +1 / y2dz dt
0 0 -

3K,
+ / (3 — > ay?,dx dt
- 2

! t=T K, (! =T
2 | [eve] g dv = =7 | [ym]i—de

2

1
+ min{6 — 3K,, K, + 2}5 / (th + ay3x>dm dt.
Qr
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Now, we analyse the boundary terms that appear in the previous relation. As in (2.3.13),

one has

1 _
2L4;[xyx@za»yvaxﬂizidw

1
< 4max{a(1>(2_Ka), 1}E§l(0).

Furthermore, by Theorem 2.3.3 and (1.3.41), we obtain

1
/ y(r, )7, 2)dz
0

1 /L 1 1
<! / Y2 (7. 2)da + / o)y, (v, 2)de
2 Jo ) Jo

2a(1)(2 - K,

1 1
< max{l, 61(1)(2—KCL)}E3(T) = max{l, a(l)(Z—Ka)}Eg(O)?

for all 7 € [0, T]; hence,

K

1
: /0 [yy] g dz

1
<K, max{l, M}ng)

and the thesis follows if y is a classical solution. If y is a mild solution, we proceed as in
[24]. O

2

2.3.3 The boundary controllability theorem

As in Subsection 2.2.3, we formulate the following definition.

Definition 2.3.2. Problem (2.0.5) is said to be observable in time T > 0 via the second
derivative at x = 1 if there exists a constant C' > 0 such that for any (yg oyl € #6¢ the
classical solution y of (2.0.5) satisfies (2.2.20), where in place of EJ%(0) we have E{(0).

We also define in this case the constant Cr as in (2.2.21) and (2.2.22), substituting
EP4(0) with EZ(0), and we set cp = %T
Thanks to Theorem 2.3.7, one can estimate the constant Cr in the divergence case in

the following way.

Corollary 2.3.1. Assume a to be (WD) or (SD) at 0 and set

K,+4

= v
10 {6 8K, K, 1 2} max{l’ a(1)(2 - K,) } (2:3.17)

If T > T¢, then (2.0.5) is observable in time T. Moreover,

. 1
Cr > Tmin{6 — 3K,, K, + 2} — (K, +4) max{l, (1(1)(2—[@)}

In the (DF') the definition of solution by transposition for (2.0.2) becomes the following:
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Definition 2.3.3. Let f € L? [0, +0c0) and (ug,u;) € L?(0,1) x (Hg}o((),l))*. We say

loc

that u is a solution by transposition of (2.0.2) if
we 61 (10, +00); (H20(0,1))") N6 ([0, +00): L2(0,1))
and
T ! T
(u(T), vy >(H§,0(U,1))*,H270(0,1) —/0 u(T, x)v] dx
1 T
= <u1’U(O»(Hg,o(o,l))*,Hgyo(O,l) —/0 uo(z)ve(0, ) d:c—/o a(l)vg (¢, 1) f(t)dt,

for all T' > 0 and for all (v}, v) € #?, where v solves the backward problem

vt (t, @) + (a(2)vea (t, @))zz = 0, (t,z) € Q,

v(t,0) =0, v(t,1) =0, t € (0,400),
v (t,0) =0, if a is (WD) at 0, € (0. +00) (2.3.18)
(avy)(t,0) =0, ifais (SD) at 0,

v (t,1) =0, t € (0,+00),

o(T, x) = vl (z), v(T,z) = v (z), xz € (0,1).

In order to study the (NC) for (2.0.2), we consider the bilinear form

M HY % Y S R

defined as -
MV, W) ;—/ (1) 02 (£, Vs (£, 1),
0
where v and w are the solutions of (2.3.18) associated to the data Vr := (v, v]) and
T T

Wr = (w),w; ), respectively. As in Subsection 2.2.3, assuming that a is (WD) or (SD)
at 0 and T > T, one has that (¢ is continuous and coercive and, using these properties,
one can show the (NC) for (2.0.2). Indeed, one has the following result. We omit the proof

since it can be easily obtained by the one of Theorem 2.2.8 with suitable changes.

Theorem 2.3.8. Assume a to be (WD) or (SD) at 0. Then, for all T > T¢ and for every
(ug,u1) € L2(0,1) x (Hg’O(O, 1))7, there exists a control f € L?(0,T) such that the solution
of (2.0.2) satisfies (2.0.3).

2.4 Conclusions and open problems

In this chapter, first of all, we study the well-posedness of the homogeneous adjoint prob-

lems associated to (2.0.1) and (2.0.2) (see Theorems 2.2.2 and 2.3.2, respectively); then,
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we consider the energy function associated to the adjoint problems and we prove two es-
timates on the energy from below and from above. Thanks to these estimates and to the
boundary observability (see Corollary 2.2.1 for the problem in (NDF) and Corollary 2.3.1
for the problem in (DF)), we prove that the original problems have a unique solution by
transposition and this solution is null controllable.

Precisely, if the function a is (WD) or (SD) at 0 and T' > T4 or T > T¢, where T3¢
and T¢ are given in (2.2.23) and (2.3.17), respectively, we prove that (2.0.1) and (2.0.2)
are boundary null controllable, i.e. (2.0.3) holds for both problems. Recently, in [5] the
previous controllability results are obtained for (2.0.1) and (2.0.2) also in presence of a
singular term. Moreover, in [2] the controllability for a coupled system of degenerate beam
type equations is proved. Again, in these cases the (NC) is proved if T is large enough.

However, in contrast to wave equations, non-degenerate beam equations can be gener-
ically controlled in arbitrary short times since there is no finite speed of propagation (see
[64]). Hence, one would expect to obtain (NC) for (2.0.1) and (2.0.2) also for short times
using the same technique proposed in [64], where non-degenerate variable coefficients are
considered.

Finally, an open problem is to prove (NC) for (2.0.1) and (2.0.2) or to show that it
fails when K, > 2. Indeed, for degenerate wave equations it is well known that, if K, > 2,
then (NC) fails (see [8, Examples 3.7 and 3.8] for the divergence case and [19, Example
1] for the non-divergence one); on the other hand, for degenerate beam equations we do
not know anything in this case. We underline that the requirement K, < 2 is a technical
assumption.

Another interesting problem could be the (NC) for degenerate beam equations in (NDF)
or in (DF) with a distributed control or a control acting on the degeneracy point and/or

a drift term.






Chapter 3

Stability results for linear

degenerate beam equations

This chapter is devoted to study the stability of the two degenerate beam problems

p

yu(t, 2) + a(2)Yazaa(t, ) =0, (t,z) € Q,
y(t,0) =0, yz(t,0) =0, t € (0, +00),
By(t,1) = Yaaa(t, 1) + (¢, 1) =0, ¢ € (0, +00), (3.0.1)
VYz (1) + Yoo (t, 1) + yia(t,1) = 0, ¢ € (0, +00),
((0,2) = yo(x), %:(0,2) =pi(z), x€(0,1)
and
yu(t, z) + (a(2)Yza (t, )2z = 0, (t,x) € Q,
y(t,0) =0, t € (0,+00),
Yo (t,0) = 0, if a is (WD) at 0, € (0,400,
(ayze)(t,0) =0, ifais (SD) at 0, (3.0.2)

By(t:1) = (ayae)e(t, 1) + ye(t, 1) =0, t € (0,+00),

Vo (t, 1) + (aYea) (8 1) + y1a(t,1) =0, t € (0, +00),

y(0,2) = yo(x), v:(0,2) = y1(2), z € (0,1),

where @ := (0,+00) x (0,1), a is (WD) or (SD) at 0 and § and v are non-negative

constants. We underline that the sign conditions on 3,7 are necessary to study the well-

posedness of the considered problems and to exploit the equivalence among all the norms
introduced in Section 1.2, i.e. ||- ||H2 1) 12, 1, IRIIE H’l, for the problem in (NDF),
[l - |||a; for the problem in (DF). In

particular, Propositions 1.2.4 and 1.3.5 play a crucial role to obtain the stability result for

and in Section 1.3, ie. |||l g10.1)s || 2,45

62
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(3.0.1) and (3.0.2), which is the purpose of this chapter.

We take inspiration from the technique developed in [8] or in [52], where the stability for
a degenerate wave equation in (DF) or in (NDF) is studied. The presence of a degenerate
fourth-order operator brings more difficulties with respect to the non-degenerate case or
to the ones for the degenerate second-order case. These difficulties are related to some
new terms that we have to face; for example, in both formulations we have to estimate
from above the quantity fST y2(t,1)dt + fST y2(t,1)dt, for every s € (0,T), using the energy
associated to the respective original problems. This is done in Propositions 3.2.5 and
3.3.5, respectively, thanks to a suitable fourth-order variational problem introduced in
Propositions 1.2.4 and 1.3.5, respectively.

As far as the notations employed in this chapter are concerned, we consider the same
expressions of Chapter 2 for the operators in (NDF) and in (DF); however, they are
referred to differential problems different from the ones of the previous chapter. Indeed,
the domains of the operators considered in this chapter are different. For this reason,
in order to preserve a certain balance in the notations, we add specific subscripts. For
example, in this chapter and in the subsequent one the subscript S stands for Stabilisation
and it appears in the mathematical symbols referred to operators, functionals, bilinear
forms, energy spaces, energy functions, semigroups and some constants.

The chapter is based on [25] and [26].

3.1 State of the art

Problems similar to (3.0.1) or (3.0.2) are considered in several papers (see, for example,
[14], [18], [36], [37], [38], [40], [99] for the (NDF), or [72], [101] for the (DF)). In particular,
in [36] and [38], the following Euler-Bernoulli beam equation

myu(t, ) + Elypee(t, ) =0, (t,z) € Q, (3.1.1)
is considered with clamped conditions at the left end x = 0:
y(t,0) =0, ya(t,0)=0,
and with dissipative conditions at the right end:

~EIYpee(t,1) + p1ye(t, 1) =0, p1 >0,
Efymm(t, 1) + ugym(t, 1) =0, ua > 0.

(3.1.2)

In (3.1.1) m is the mass density per unit length and ET is the flexural rigidity coefficient.
Moreover, the following variables have physical meanings: y is the vertical displacement, y;
is the velocity, y, is the rotation, y, is the angular velocity, —FE Iy, is the bending moment

and —FE Iy, is the shear. Precisely, the boundary conditions (3.1.2) mean that the shear
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is proportional to the velocity and that the bending moment is negatively proportional
to the angular velocity. Observe that, if we consider § = v = 0 in (3.0.1), then we have
boundary conditions similar to those in (3.1.2). Thus, the dissipative conditions at z =1
are not surprising.

If the mass density m depends on z and if we divide by m(z), we obtain

ytt(t7 ‘T) + @(m)ymm(t, .I) = 07 (tv l’) S Q7

El
where a(z) := @ The analogous problem in divergence case reads
m(x

ytt(t, $) + (a(x)yxz(ta x)):r:p =0, (t, .TC) € Q,

as in [72]. Now, if the density is extremely large at some point, say x = 0, we can describe
this situation saying that the equation degenerates at = 0, in the sense that we can
consider a(0) = 0 (see [8], [19] or [52] for degenerate wave equations).

The qualitative behaviour of (3.1.1)-(3.1.2) is considered in [37], where the authors
study the stabilisation and the control of composite beams or serially connected beams;
in particular, it is shown that if 4 > 0 and p3 > 0, then the energy of vibration of the

beam
1

B(t) = 5 /0 1 (myf(t, z) + Elyix(t,x))dx

decays exponentially in a uniform way:
E(t) < ke "™ E(0), (3.1.3)

for some k, u > 0. In all the previous papers the equation is always non-degenerate. How-
ever, there are some papers where the equation is degenerate in the sense that a degenerate
damping appears in (3.1.1) (for stability results on beam equations with degenerate damp-
ing see, for example, [32], [84], [113]).

Finally, we mention that similar results for degenerate wave equations can be found in

[52], for the non-divergence case, and in [8], for the divergence one.

3.2 The problem in non-divergence form

As for the control problem, the natural Hilbert space where the problem in (NDF) lives is
L2(0,1). Moreover, in this case, since the problem is different from the one in Chapter 2,
wg have to use different Hilbert spaces from the previous ones. In particular, we consider
IA{T%O(O, 1) and ﬁ;o(o, 1), defined respectively in (1.2.8) and (1.2.9).

Using HE,O(O, 1), it is possible to define the operator (A%, D(A%Y)) given by

A¥y = a(z)u,  for all u € D(A%) := {v € H? 0(0,1) : av™ € LA (0, 1)}
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As written at the beginning of the chapter, we recall that Agﬁdu is the same operator
introduced in Section 2.2, but with a different domain. For this reason we prefer to use a

different notation.

3.2.1 The energy space and the well-posedness of the problem

In addition to the previous spaces, to prove the well-posedness of (3.0.1), we need to

introduce also the Hilbert space
R = ﬁ%o(o, 1) x LQ%(O, 1),
endowed with inner product and norm given by
((u,v), (@, ) yppa = <u”,&">L2(071) + (v, ﬁ)LQl 01y + Bu(1)a(1) +~u'(1)a'(1)

and

2
) 1= [0 20y + 10135 0 + Bu2(D) + 2w (1)),

for every (u,v), (@, ) € #72¢, where 3,7 > 0.

Then, consider the matrix operator

Agh: D(dg?) C #5" — 3!

and 0 Id,
—Am 0

D(tg") = {(uv) € DA x H3 (0,1) : Bu(1) = " (1) +v(1) = 0,

given by

with domain

A (1) + (1) +o'(1) = o}.

Considering u € D(A%?), we have that u € W4(0,1); hence, u € 63([0,1]) in the (WD)
case (see Section 1.2 or [28]). On the other hand, if a is (SD) at 0, then v’ € W1(0,1)
(see Proposition 1.2.2). In every case the terms u”(1) and u”'(1) are well defined, as well
as v(1) and ¢'(1), thanks to the definition of .FNIiO(O, 1). Thus, thanks to D(A%%) and

H E 0(0, 1), one can prove a simpler Gauss-Green formula. Indeed, the formulas in Lemma

1.2.2 become . 1
/ u""vdr =u" (1)v(1) —u" (1) (1) + / u"v"dx, (3.2.1)
0 O

for all (u,v) € D(A%) XI;@ ,(0,1). Thanks to (3.2.1), one can prove the following theorem,
which contains the main paroperties of the operator (#2¢, D(424)).

Theorem 3.2.1. Assume a to be (WD) or (SD) at 0. Then the operator (42, D(42%))

is non-positive with dense domain and generates a contraction semigroup (F5%(t))e>0-
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Proof. The proof is based on [46, Corollary 3.20]. According to this result, it is sufficient
to prove that «29: D(o24) — 724 is dissipative and T — /2 is surjective.

Let us prove that ¢/2¢ is dissipative: consider (u,v) € D(#42%). Then (u,v) € D(A%) x
ﬁio((), 1) and (3.2.1) holds. Hence, using the Gauss-Green formula (3.2.1), one has

<,§ﬂgd(u’ U)> (u7 U)>3¢€gd = <(1), _Agdu)> (u7 v)>3¢pnd
1 1
—/ u"v”d:c—/ v Ay~ dm—l—ﬂu( Ju(1) + v/ (1)v' (1)
0 0

= —(Umv)(l) + (u” /)(1)+5U( Jo(1) 4 ~yu'(1)v'(1)
=v(1)[—u"(1) + Bu(1)] + v'(1) [u" (1) + y/(1)]
=—v?(1) - (v'(l)) <0.

By [46, Chapter 2.3], the operator (424, D(s42%)) is dissipative.
Now, we prove that Z — Qﬁgd is surjective: consider (f,g) € %gbd. We have to prove

that there exists (u,v) € D(s2¢) such that

(T — a2 <u> - <f> P (3.2.2)
v g Agdu—l—u:f—&—g.

F§% H? (0,1) > R

Thus, define

as

1 _
Foi(z) = /0 (f + g)z%dm +2()f(1) + 2 (1) f'(1), Vze H;O(O, 1).

Obviously, Fa? € (ﬁ% 0(0, 1)) , being (ﬁ£0(0,1)> the dual space of ﬁz 0(0, 1) with

respect to the pivot space L2l (0,1). Now, introduce the bilinear form
Gyl H? (0,1) x H? (0,1) - R
given by
1 1
GHlp.2)i= [ prrdot [ "5 da+ (54 1p(D:(1) + (+ D)),
0 0

for all p,z € H 2 0(0, 1). Thanks to the equivalence of the norms given in Proposition
1.2.3, we obtain athat ng is coercive. Moreover, ng is continuous. Indeed, by (1.2.19),
(1.2.20),
d
}Gg' (9072)‘ < HQOHIPL(O’I) ||Z||Li(0,1) + }|¢//"L2(071) HZ”HLQ(OJ)
+(B+1) ][]+ (v + 1) [¢' (D] - [2'(1))

< H(PHLZL(O,I) HZHLi(O,l) + H‘P”HLZ’(OJ) HZ”HLQ(O,l)

+ B+ D lellz 2l + O+ D llells [12ll2
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for all ¢, z € H 2 0(0’ 1), and the conclusion follows again by the equivalence of the norms.
As a conseqtlllence, by the Lax-Milgram Theorem, there exists a unique solution u €
Héo(o, 1) of
G (u, z) = FB4(z), forall z € H;U(O, 1),
namely

1 1
/ uzldx + / ' dr 4+ (B + Du(1)z(1) + (v + 1)/ (1)2'(1)
0 a 0

1 1 (3.2.3)
:/O (f +9)z, do+ 2(0)f(1) + 2/ (1) (1),

for all z € H? (0,1).
Now, consider v := u — f; then, v € .FNIE 0(0,1). We will prove that (u,v) € D(sd24)
and solves (3.2.2). To begin with, (3.2.3) holds for every z € 62°((0,1)). Thus, we have

1 1 1
/ ' dr = / (f+9g—u)z—dz,
0 0 a

1

for every z € 62°((0,1)). Hence, (u”)" = (f+g—u)- a.e. in (0,1), i.e. A¥u=f+g—ue
a

L2%(0,1) a.e. in (0,1). Thus, as in [23, Theorem 2.1], u € D(A%?) and u + A%%u = f + g.
Coming back to (3.2.3), by (3.2.1), we know that

1
/0 uzdr — (u"2)(1) + (u"2")(1) + (B + Du(1)z(1) + (v + 1)u/(1)2'(1)

1
1
= [+ 9= wagde+ 20 F0) + 2 OF (),
0
~ 1
for every z € H? ,(0,1). Since " = (f+g—u)- ae. in (0,1), we obtain
@ a

—a"(1)2(1) + (8 + Du(1)=(1) = (1) £(1),
W/(1)2(1) + (7 + D' (1)2(1) = 2/ (1) (1),

for every z € H? 0(0,1). In particular,

—u"(1) + (B + Du(l) = f(1),
u’(1) + (v + Do/ (1) = f/(1).
However, recalling that v = u — f and substituting it in the previous equations, we have

that
—u"(1) + Bu(1) = —v(1),

u’ (1) + /(1) = —v'(1).

In conclusion (u,v) € D(#42%) and it solves (3.2.2). O
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As in Section 2.2, using the operator (#2¢, D(424)), we can rewrite (3.0.1) as a Cauchy
problem. Hence, by [15, Part II-1, Propositions 3.1 and 3.3], one has the following well-

posedness result.

Theorem 3.2.2. Assume a to be (WD) or (SD) at 0. If (yo,y1) € F€2%, then there exists

a unique mild solution
y €61 ([0,400); L7 (0,1)) N6 ([0, +00): F2 ,(0,1))

of (3.0.1) which depends continuously on the initial data (yo,y1) € 3‘€§d. Moreover, if
(Yo,y1) € D(AZY), then the solution y is classical, in the sense that

y € 62([0,+00): L (0,1) ) N6 ([0, +00); A3 (0,1)) 16 ([0, +00); D(4)

and the equation of (3.0.1) holds for all t > 0.

3.2.2 Energy estimates

In this subsection we prove that the energy associated to (3.0.1) decreases exponentially

under suitable assumptions. As a first step, we give the following definition.

Definition 3.2.1. Let y be a mild solution of (3.0.1) and define its energy as

1 (Y g3t ) v
ER () = = 2D a2 (¢ de + % (4, 1) + —y2(t, 1 Vit>0
S,y(> 2/(; < a(x) +yrx(7£) T + 2y(7 )+2y:c(a )7 =Y

where we recall that 3,~v > 0.

Thus, if 8,7 # 0 and y is a mild solution, then

2 2
yQ(ta 1) < BEQ,C;(t) and y:%(tv 1) < ;ngg(t)v
on the other hand, for all > 0 and v > 0, one can conclude that
2 nd 2 nd
Y (tv 1) < 2ES,y<t) and ya:(ta 1) < 2ES,y(t>7

thanks to (1.2.19)-(1.2.21). Thus, we have

VA1) < CoBEL()  and (1) < CLERL(), (3.2.4)
. 1 ) 1
2min< 1,— 5, [ #0, 2ming 1,— », ~v #0,
where Cg := B and C, = g
2’ 5 == 07 27 ’7 = 0.

In the following theorem we prove that the energy is non-increasing.
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Theorem 3.2.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution of
(3.0.1). Then the energy is non-increasing. In particular,
aBZL(1)
di’;?:—y?(t,l)—y?m(t,l), \V/tZO
Proof. Multiplying the equation y; + a(x)yzzer = 0 by % and integrating over (0,1), we
a

a

have 0 = %fol (yi) dr + fol Yazzs Yrdr. Using the boundary conditions and (3.2.1), one
t

has
L (v '
0= 5 / <a> dx + y:p:mt(t? 1)yt(ta 1) - yt:c(t7 1)yxx(t, 1) + / yiﬁmymzdx
0 t 0
_1d vi d t1 t1 2(¢,1) + y2,.(t, 1
= odr +ym w4 By° (6 1) + 5 (6 1) | + 47 (1) + y (8, 1)
d
= th L0 + P (1) + it D).
Hence, th"d( ) = —y2(t,1) — y2,(t,1) <0,V t >0, and, consequently, the energy Eg‘é
associated to y is non-increasing. O

In the subsequent propositions we establish some important equalities to obtain the
stability result.
The following equality holds.

Proposition 3.2.1. Assume a to be (WD) or (SD) at 0. If y is a classical solution of

(3.0.1), then
] _a(ll)/sTyf(t,l)dt""/ (1_Jj>da:dt

/ Y2, dx dt + 20 ym (t, Dy(t, 1)dt+2/T Yo (t, V) ye(t, 1)dt (3.2.5)

T T
2y / (t, 1)dt +2 / et st V)~ [ 426, 1
for every s € (0,T). Here Qs := (s,T) x (0,1).

Proof. Fix s € (0,T). Multiplying the equation in (3.0.1) by Yz and integrating over Qs,
a

0:/ Yt

Note that the previous integrals are well defined; indeed,

we have

/ aymm%da: dt. (3.2.6)

LYz Yt T 1 Y 1
and
LY 1 Agdy 1
TTTT < —= T L ,1 .
Wrare, | < s[5 el € 110, )
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Integrating by parts the first integral in (3.2.6) and observing that lim,_,¢ ﬁytg(t, x) =0
(by Lemma 1.2.3), we obtain

TYs U7 Lt B PP R | N
/ ?/ttadxdt:/o Y=~ dx—2/ Y dt+2/Q <E> yydz dt
s S =0 s

t=s T

I zy =T 1 T 1 y? za
= =2 de— —— 2, D)dt+ = | 2L 1-"= |dzdt.
/0 |:yt a :|t:S X 2@(1) L yt( I ) + 2 /QS a a X

Now, consider the second integral in (3.2.6). We will distinguish between the (WD) case
and the (SD) one.

Assume a to be (WD) at 0: in this case xy, € ﬁjo(o, 1). Indeed, one can prove that
zy; € L%(0,1) and, as written before Lemma 1.2.2,aif y € D(A%), then y € 63([0,1));
thus, :zy; € H?(0,1). Moreover, (xy;)(t,0) = 0 = (zy.)«(t,0). Hence, we can apply

(3.2.7)

Lemma 1.2.2, obtaining

£

T T
- / (1 1)y (£, 1)dE — / Yoo (£, 1) (292) (£, 1)t + / (292 )oayonda dt

Qs

T T 1 T
:/ Yo (t, 1) Yaae (1, 1)dt—/ Yo (t, 1) Y (1, 1)dt—2/ y2 . (t,1)dt

42 / y2 dx dt
2 Ja,

(3.2.8)

T T
:/ ym(tv 1) [ﬂy(ta 1) + yt(tv 1)}dt - / ym(ta 1) [_7yx(t> 1) - yt:}c(ta 1)] dt

1T 2 3 2
—2/ ym(t,l)dt—i—z/ Yagpdx dt.

Assume a to be (SD) at 0: fix § € (0, 1); then, using the boundary conditions, one has

T 1
/ / TYzYrezadr db
s d
T

T T 1
:/S [xyzyfﬁ?ﬁf]i:;dt_/s [(xy:c)zyacz]izidt‘f'/s /5 (ny;g)mymdxdt
T T T
- / (£stinza) (t, 1)t — / (snza) (£, )t — / (@92) ) (£, 1)t
T T 1
+/ ((myx):ﬁyxa:)(t75)dt+/ /6(xyx)mymda:dt
T T T T
~ [ Gatza) 10t = [ ) (0.0) — [ (aan) e Dt~ [ R )t

T T T /1
+ / (yyan) (2, 8)dt + / (w2, (L, 6)dt + / / (92 )aaysada dt.
’ ’ T (3.2.9)
By Proposition 1.2.2, we know that y,, € WbH1(0,1); thus, lims_o(zy2,)(t,6) = 0 and
lims—0(Y2Yzz)(t,6) = 0, being y,(t,0) = 0. Furthermore, lims_,o(2Y2Yzzz)(t,0) = 0, by
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Lemma 1.2.3.
Now, consider the term f ;(gvyx)mymdx. Obviously,

1 1 1
1
/ (TYz) r2Yoadr = 2/ yixdx—{- 2/ x(y?m)xdx
) ) )
1

1
1 1 1
=2 [ et 6D - Sd)00) ;5 [ e
1 1)

By the absolute continuity of the integral and the boundary conditions, one has

1 1
. 3 1
lim (TYs)waYzadr = 3 / yixdx + *yazcx(ta 1).
6—0 5 2 0 2
Thus, by (3.2.9), the previous limits and the boundary conditions, one has the following

equality

T
/ TYzYroardr dt = / yx(ty 1) [5y(t, 1) + yt(t7 1)] dt
. s (3.2.10)

T T
1
- [ wt D)~y D)~ 5 [ RS [ gRdede

s

also if a is (SD) at 0. Hence, by (3.2.6)-(3.2.8), and (3.2.10), one has

0 /1 7 Lot 2(¢,1)dt + 1/ T P
0 " s 2a(1) J, geis 2 Jo. a

3 T T
5 [ wtdeders [ uute e [t Dud 1)
Qs S S

T T 1 T

Multiplying the previous equality by 2, we have the thesis. O

As a consequence of the previous proposition, one has the following relation.

Proposition 3.2.2. Assume a to be (WD) or (SD) at 0. If y is a classical solution of
(3.0.1), then

2 Ka / K
/ I S d:z:dt+/ y2 (3= =2 \dadt = (B.T)™, (3.2.11)
Qs a 2 a QS 2

for every s € (0,T'), where

t= T 1 t=T T
K,
(B.T)" [yyt} / {ytxy] dx + 25 / Y (¢, 1)dt
0 a t=s S
K, T,
+7 tlyttldt—‘r’}/ ?—2 yx(t,l)dt

+<I; ) yz(tal)ytm(t,l)dt—i—/ UAGE dt—Qﬁ/ y(t, Dy(t, 1)dt

s a(l)
2/ Yo (t, Dy, 1)dt+/Ty§z(t> 1)dt.
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Proof. Let y be a classical solution of (3.0.1) and fix s € (0,7"). Multiplying the equation
in (3.0.1) by g, integrating over )5 and using (3.2.1), we obtain
a

0—/ yttyd:ndt—i—/ YYzazrdr dt
s a Qs

1 y t=T yz T
:/ [yt] daz—/ tdl’dt+/ (YYzaz)(t, 1)dt (3.2.12)
0 t=s Q s

a a
s

T
_/ (YY) (L 1)dt+/ yimdxdt.
s Qs

K
Obviously, all the previous integrals make sense and multiplying (3.2.12) by 7(1, one has

K, ¥ K, /1 y1="
0==-2 .- dedt + =2 2l d
2 /Qs ( a * Yoo v * 2 0 yta t=s v

(3.2.13)
K, [T K, [T
#750 [  aaa 0= [ gl Dt Vi
By summing (3.2.5) and (3.2.13), we get the thesis. O

By (3.2.11), we have the following estimate.

Proposition 3.2.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution
of (3.0.1). Then there exists g > 0 such that

2
€0 Yy 2 C“/ Ka nd
SN (3 < |4 o 2e) g
2 Qs<a +ym)dxdt<'ﬁ—l—g+ > < 2)) 3%(s)

T T
+<K§ﬁ+§“+ﬁ>/s yg(t,l)dt+(ﬁ+1+272)/s vz (t 1)dt,

for every s € (0,T), where

4 K, K, 1
V= — + K 1+ — d o:= 2, —+14+——= .
max{a(l) + K.,Cgp,1+ 1 } and o max{ I +1+ a(l)}

Proof. By assumption, K, < 2; hence, there exists g9 > 0 such that 2 — K, > ¢¢. Thus,

&leiLa’: (2—K,)a+2(K.a—xad) >

K, K
and 3——a>1——a26—0.
2 a 2a

2 2 2

€0
2

Using the previous inequalities, the boundary terms in (3.2.11) can be estimated by below

in the following way:

2 Ka ! Ka
(B.T.)”d:/ yt( +1- m)da:dt—i—/ y§x<3— )dxdt
Q @\ 2 a Qs 2
2
> 520/ (y;-l-yg%z)dxdt.

(3.2.14)
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Now, we estimate the boundary terms from above. First of all, consider the integral
1 2
K, 1
/ (—2yt Yo + Jﬁ)(r, xz)dx for all 7 € [s,T]. Using the fact that o < —,
0 2 a a(x) a(l)
together with the classical Hardy inequality, (1.2.12) and (1.2.13), one has

1 Ka
/ (—Qytxyx—l—yyt (1,x)dx
0 a 2 a
1 2,2 1,2 Ka 1,2
(1’ yw)(r,:c)dx—k/ t(T,x)dﬂ:+/ L3 (1,z)dx +/
a 0o @ 4 Jo a
1 1 ) K 1,2 K CHP 1$2y2
< d 14+ =2 Zt d g z d
< a(l)/o Yo (1, 2) x+< + 1 >/0 a(T,x) T + 1 /0 . (1,x)dx

K 1,2 1
R — / —t(T, x)dx + KaC’Hp/ yzm(T, x)dx
4 o @ 0

+
! 2 K 11/? ! 2
< yo(r,x)de + | 1+ =2 /T,x dx—l—KaCHp/ Yo (T, x)dT
5 | i) e e i)

K, r K, T
v(2—2) [ oenar+ (2—2> [ et Dt 1y

K, 1 K,\1
< (2 —2>2(y§(T 1) —yi(s, 1)) < <2— 2) 21/5(8 1) (3.2.16)
K,\C
< <2— 2); g%( )
Obviously,
K, [T K, [T K, (T
2“/ y(t, Dy (t, 1)dt < 4“/ v (t, 1)dt+4“/ y2(t,1)dt, (3.2.17)
T T T T
6 [ 2wt e e <5 [ 2w vlde <5 [ 2 0de+s [ o
’ ) ’ ) (3.2.18)
and

T T T T
_ / 2y (1 1)yt 1)t < / 2 () (1, 1) dt < / y2(t, 1)dt + / y2(t, 1)dt. (3.2.19)

Furthermore, recalling that vy, (¢,1) + Y2z (¢, 1) + yi (¢, 1) = 0, one has

T T T
/yix(t,l)dt<272/ y2(t, 1)dt +2 | y2.(t,1)dt. (3.2.20)

s
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Hence, by (3.2.14)-(3.2.20), and Theorem 3.2.3, we have

AT K, 1 T T
+ (2 - 2) By (s) + <4 +14 a(1)> / yi (t,1)dt + 2/ Yie(t, 1)dt

T T
T <K§5+?+5>/8 yQ(tal)dt+(6+1+272)/ ya(t, 1)dt

s

4 Ka nd Ka C’Y nd
< 4max{a(1) + K.Cphp,1+ 4}E5,y(3) + (2 - 2) TES,y(S)

K, 1 T g
2% 414+ — —— EP (H)dt
+max{ Loy +a(1)}/8 (1)

T T
T (Ksﬂ +ia+5> / 2t Ddt+ (B+1+29%) [ yi(t,1)dt

4 Ka nd K(l C’Y nd
< 4max{a(1) + K.Chp,1+ 4}E5,y(3) + (2 - ) TES,y(S)

1

K, nd
+ max{2, e +1+ a(l)}E&y(s)

T T
+ <K§B+I}‘+ﬁ)/5 yQ(t,l)dt+(5+1+272)/ ya(t, 1)dt,

and the thesis holds. O

In the subsequent proposition we will find an estimate from above for

T T
/yQ(t,l)dt—l—/ y2(t,1)dt.

To this aim, the following result is crucial.

Proposition 3.2.4. Let z € ﬁi 0(0,1) be the unique solution of (1.2.17) and A,n € R.
We have that z € D(A%) and solves

Agdz =0,
B2(1) = 2(1) = A, (3:221)

~v2'(1) 4+ 2"(1) = p.

Proof. In order to prove that z belongs to D(Agid) and solves (3.2.21), we consider again
(1.2.17); naturally, it holds for every ¢ € 62°((0,1)), so that fol 2"o"dx = 0, for all ¢ €



3 Stability results for linear degenerate beam equations 75

62°((0,1)). Thus, 2" is constant a.e. in (0,1) (see, e.g., [61, Lemma 1.2.1]) and, so,
az"" = 0a.e. in (0,1); in particular, A%z = a2”” € L3 (0, 1); this implies that z € D(A%?).
Now, coming back to (1.2.17) and using (3.2.1), we have

1
/0 g dr + B2(1)p(1) + 72 (1)@ (1) = Ap(1) + ' (1)

= —2"(1)p(1) + (z"¢") (1) + Bz(1)e(1) + 7(2'¢") (1) = Ap(1) + pe' (1),
for all p € H? 0(0,1). Thus, —2"'(1) + B2(1) = A and 72'(1) + 2"(1) = p, that is 2 solves
(3.2.21). O

Now, set

1
U

= el 3.2.22

Proposition 3.2.5. Assume a to be (WD) or (SD) at 0 and let y be a classical solution
of (3.0.1). Then, for every s € (0,T) and for every ¢ € (0,v), we have

T T 25 T
[ enas [ penas Z [ ey
s s 6 Js

+ 61'5<2(1 + (4CHP + 1) (Cg + C,y)) + %(SCHP + 3))Egi(8),

where
05 =1 5(05 =+ C.y)

Proof. Set A = y(t,1), = y(t, 1), where t € [s,T], and let z = z(¢,-) € H? 0(0,1) be the
unique solution of ’
1 ~
/O 2aa”dz + Bz(t, 1)p(1) + 724 (t, 1)/ (1) = Xp(1) + ' (1), Vo € Hi ((0,1).

By Proposition 3.2.4, z(t,-) € D(A%?) for all ¢ and solves (3.2.21). Now, multiplying the

equation in (3.0.1) by Z and integrating over (s (recall that Q)5 is defined in Proposition
a

3.2.1), we have

O—/ yttzdxdt—i-/ 2Y gz dr dt

a S
1 Py t=T Vit T T
_ / [yta] d — / U2 i+ / 2(b 1) gaan (£, 1) — / 2ot )y (£,1)dE
0 t=s s s s
+ / ZraYzedx dt.
s (3.2.23)

Hence, (3.2.23) reads
i qt=T Y2t T T
/ [yt] dm—/ da:dt——/ 2(t, 1) Ypaa (8, 1)dt+/ 2z (t, 1)y (t, 1)dt
0 t=s s s s

a a
— / ZraYzadr dt.
Qs
(3.2.24)
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Furthermore, multiplying the equation in (3.2.21) by Y and integrating over QQs, we have
a
st Zeazay dz dt = 0. By (3.2.1), we get

T T
/ ZpaYppdr dt = — / Zoaz (t, D)y(t, 1)dt + / Yo (t, 1) 220 (t, 1)dt.
Qs S S

Substituting in (3.2.24), using the fact that z;4,(¢,1) = B2(t,1) =\, 2z2(t, 1) = —y2z(¢, 1)+
wy A =y(t, 1) and pu = y.(t, 1), we have

1 t=T Ve
/ [yt] dl‘—/ I g dt
0 a t=s s a

T T T

_ / (V) (1 1)t + / et V(£ 1) + / y(t, 1) [B=(t, 1) — A]dt
T

- y:c(tv 1) [_’Yzac(tv 1) + M] dt

= [ 2t D[Pyt 1) — yuaal(t, 1)]dt

+/Tz (t, 1) [yaa(t, 1) + vya(t, 1)]dt—/Ty2(t, 1)dt—/Ty§(t, 1)dt.

R . (3.2.25)
—/ [yt] dm—i—/ Y2 1 .
0 a t=s s a

Thus, in order to estimate f y2(t, 1)dt + f 2(t, 1)dt, we have to consider the four terms
in the previous equality. So, by (1.2.18) and (3.2.4), we have, for all 7 € [s, T,

1 z 1 ?T,l’ 122 T,T
/0 I ;/0 ya((x))d“;/o a((a:))dm

1 Y2 (T, z)
<5 [ D ar s (10up 1) (0201 +220,1)

< (1 + (4CHP + 1) (C/j + ny))Egi(S)

By Theorem 3.2.3,

1 5 t=T
L]
0 a Ji—g

Moreover, for any § > 0, we have

<2(1+ (4Cup +1)(Cs + C,) ) E&L(s). (3.2.26)

1
/ |(ye2)(t,1) ‘dt<6/ y2(t, 1dt+6/ (t,1)dt. (3.2.27)
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By definition of ||| - |||1 if 8 # 0, one has 22(¢,1) < B|Hz|]|2% (W‘HND g%(y2(t,1)+
y2(t,1)); moreover, for all 8, and in particular for 8 = 0, it results that 22(t,1) < |||2]||3 <
2(y%(t,1) + y2(t,1)), by (1.2.20) and (1.2.21). Hence, 22(t,1) < Ca(y*(t, 1) + 42(t, i)).
Thus, by (3.2.27), we have

T
/ |(ye2) (¢, 1)|dt < < / y2(t, 1)dt+5cﬁ/ (v +y2)(t, 1)dt. (3.2.28)
S S

In a similar way, it is possible to find the following estimate:

T 1 T T
/ (o) (8, )]t < / vt Dt + 8C, / (v + 42)(t, D), (3.2.29)

being 22(t,1) < Cy (y(t,1)+y2(t, 1)) for all ¥ > 0 (by definition of |||-]||1 and by (1.2.19)).
Therefore, summing (3.2.28) and (3.2.29) and applying Theorem 3.2.3, we obtain

T T
[ =)l + [ |t ]t

T T
< 2/ —jt el (t)dt + 6(Cs + Cy )/ (y* +y2)(t,1)dt (3.2.30)

B, (s) T,
< 450+ [+ ) D
S
Yezt
a
again problem (3.2.21) and differentiate it with respect to t. Thus,

Finally, we estimate the last integral in (3.2.25), i.e. / “——dz dt. To this aim, consider

a(zt)xx:c:r; = 0,
/th(ta 1) - (Zt)mcm(t? 1) = yt(tv 1)7
V(2)2(t,1) + (2t)aa(t, 1) = (y2)e(t, 1)

Evidently, z; satisfies (1.2.18), in particular
[z (¢ )||L2 0.1 < (4CuP + 1) (lye(t, D] + lyea (£, 1)])

and
IHZt(t)H@ < (lye(t, D] + gz (8, 1))

Thus, for § > 0, we find

2 1 2
/‘ytzt‘dxdtgé/ ytdxdt—i—/ ZE gy dt
Q. a 1) a

T
< 25/ Eg%(t)dt + = (4CHP+1)/ (yi(t, 1) + yz,(t,1))dt
s (3.2.31)

d

T
_25/ B3l (t)dt + = (40Hp+1)/ — = By 4 (t)dt

<20 E dtydt+ < (40Hp+ 1) Eg%(s).

0
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Coming back to (3.2.25) and using (3.2.26), (3.2.30), (3.2.31), we obtain
T
Cs [ (97 1) + y2(t. 1))t <2(1 4 (1Cup + 1) (Cs+ C1)) EE o)

+25/ Eg dt+5(80HP+3)E 1 (5),

for every 0 € (0,v), and the thesis follows. O

As a consequence of Propositions 3.2.3 and 3.2.5, we can formulate the main result of

this subsection, whose proof is based on the following lemma.

Lemma 3.2.1 ([64], Theorem 8.1). Assume that E: [0, +00) — [0, +00) is a non-increasing

function and that there exists a constant M > 0 such that

+oo
E(s)ds < ME(t), Vte][0,+00).
t

Then
E(t) < E(0)e' "%, Vi€ [M,+o0).

Theorem 3.2.4. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of
(3.0.1). Then, for allt > M™ and for all § € <O,min{1/, %}), one has
1

E (1) < EP (0)e! " 3ma 3.2.32
&y(t) = S,y( )6 Mne, ( sl )
Cy
here M™ = ——=__
where c0— 0C,’
K.B K, B 0
= 142 e
C1 Cg( 5 + — 1 +B+€0 +8+1+ ’}’ —1—602
C K,
Cy = 419+Q+7 R — +Cg
2 2
and

Cs = Cl’5< (1+ (4Cup + )(Cg+07))+(15(80HP+3)>-

+7+5+60

2 4

(KB | K 8
2

+B+1+29° +507>

Here g, ¥ and ¢ are as in Proposition 3.2.3 and v is the constant defined in (3.2.22).

Proof. As a first step, consider y a classical solution of (3.0.1) and consider § > 0 such

that § < min{y, 2—0} By definition of Eg“é and Propositions 3.2.3 and 3.2.5, we have
1 I

T
€0 / B34 (t)dt

2 T T
€0 yi (t, ) 2 /B/ 2 7/ 2
= — + t dx dt + eg= t,1)dt + cg— t,1)dt
9 QS< a(x) yzz( 7$) T 602 . Y ( ’ ) E02 i yz( ) )
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C K, K., K, B T
< ~ _ Ta nd Sra ~ 2
(429+Q+ 5 <2 2>>E57y(s)+< 5 + 1 +ﬁ+502)/s y°(t, 1)dt

T
- (ﬁ+1+272+60;>/ y2(t,1)dt

This implies [60 — 501} fsT Egz(t)dt < C’gEg‘i(s). Hence, we can apply Lemma 3.2.1 with

M= Eofgcl and (3.2.32) holds. If y is the mild solution of the problem, we can proceed
as in [52], obtaining the thesis. O

3.3 The problem in divergence form

In this section we study the second problem of the chapter, i.e. the linear stabilisation of
the degenerate beam problem (3.0.2).

As for the control problem, one can rewrite the operator in (DF) as the operator in
(NDF) obtaining the results for the divergence case from the ones in the non-divergence
one. This is possible, but one has to make stronger assumptions on the function a, without
taking into account that the natural space for the problem in (DF) is L?(0,1) and not
the weighted space Li (0,1) as in the non-divergence case. Thus, a different kind of
analysis is required in the current section and we are forced to study the divergence case
independently from the non-divergence one.

In order to study the well-posedness of (3.0.2), the reference spaces are IA—E’O(O, 1),
ﬁ;:&(o, 1), W(0,1) and Wy(0, 1) (see (1.3.18)-(1.3.20), (1.3.34), (1.3.35), respectively). In
these spaces we consider the operator (A%, D(Ads)) given by

Aby = (a(x)u”)",  for all u € D(AZ) := Wy (0,1).

3.3.1 The energy space and the well-posedness of the problem

The description of the functional setting needed to study (3.0.2) is completed introducing

the associated energy space

#64 = Hy(0,1) x L*(0,1),

a

endowed with inner product and norm given by

<(U, U)a (ﬂ, f})>3‘€g = <\/au”a \/&ﬂ”>L2(071) + <Ua 6>L2(0,1) + Bu(l)a(l) + 7u/(1)ﬂ/(1)

and

2
)l = [V 2oy + 01220 1) + Bu2(1) + (e (1)
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for every (u,v), (ii,?) € #4.

Now, consider the matrix operator
0 Id

D(std) = { (u,v) € D(AG) x Hy(0,1) : Bu(1) = (") (1) +v(1) =0,

' (1) + (au)(1) + /(1) = o}.

with domain

Thanks to the definitions of D(A%) and f[;é (0,1), we have that u(1), (1), (au”)(1), (au”)' (1)
and v(1),v'(1) are well defined. Moreover, the Gauss-Green formulas given in Lemma 1.3.3

become . .
/ (au")"vdr = ((au) v)(1) — (au”v")(1) +/ au"v"dx, (3.3.1)
0 0
for all (u,v) € D(A%) x Hy5(0,1).
Theorem 3.3.1. Assume a to be (WD) or (SD) at 0. Then the operator (42, D(AZ2)) is

non-positive with dense domain and generates a contraction semigroup (#2(t))i>o.

Proof. To prove that o/¢ is dissipative, we consider (u,v) € D(#4%). Then (u,v) € D(A%)x
ffi:é(o, 1) and (3.3.1) holds. Hence,

(A (u, v), ( > = ((v, —Au), (u ”)>7€S
1
:/ au"v"dx — / vALudz + Bu(1)v(1) +~u'(1)v'(1)
= —((au")v)(1) + (au"v')(1) + Bu(L)v(1) + yu' (1) (1)

= v(l) [Bu(1) — (au"y (1] + v/ (1) [yel (1) + (au”)(1)]
= (1) - ((1))* <0,

thus dg is dissipative.
To prove the surjectivity of Z — o4, consider (f, g) € #Z. We have to prove that there
exists (u,v) € D(o42) such that

(T — st2) <“> = <f) PR (3.3.2)
v g Adu+u=f+g.

To this purpose, define
Fg: Hy(0,1) - R
as

Fi(z) = /0 (f + g)zdz + 2(1) f(1) + 2 (1) £ (1),
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for all z € ITICILS (0,1). Obviously, Fg S (ITICILé (0, 1))*, being (f[lé (0, 1))* the dual space of

a

H 1:3(0, 1) with respect to the pivot space L?(0,1). Now, introduce the bilinear form

a
G4 Hyg(0,1) x Hyp(0,1) — R
given by

1 1
Gl(p,2) = / oy dw + / pzdi + (B + Dp(1)z(1) + (v + D (1) (1),
0 0

for all p,z € H ;é (0,1). Since 8 and v are non-negative constants, using the equivalence
of the norms given in Proposition 1.3.4, we obtain that GdS is coercive. Furthermore, GdS

is continuous: indeed, by (1.3.22) and (1.3.26), we have
|Gg(¢az)‘ < H\/5(’0/,“L2(0,1)H\/aZ”HLZ(O,l) + ”(pHLQ(O,l) HZ||L2(O,1)
+(B+ 1) lp@)] - ()] + (v + D)[' )] - ['(1)]
< H\/&SOHHLQ(O,I)H\/aZ”HLQ(O,l) + ||90||L2(0,1) HZHLQ(O,l)

+(B+1) H80/HL2(0,1) HZIHL2(0,1)

[Vae"|| 2 [vaz"|| 2
+2(7+1)< C0 11/l 2oy N
a(1)(2 - K,) a(1)(2 — Ka)

<Cllell a0 121l 510,05

for all ,z € H ié (0,1) and for some suitable positive constant C.
As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u €

H,(0,1) of

a

G4(u,z) = Fé(z), forall z € Hy5(0,1),
namely . )
/ au” 2" dx —i—/ wzdz + (B + Du(1)2(1) + (v + D' (1)2'(1)
° 0 (3.3.3)
= [+ gzde =)+ 2000,

for all z € ﬁ;:&(o, 1). Now, consider v := u — f; then, v € ﬁ;;é(o, 1). We will prove that
(u,v) € D(4¢) and solves (3.3.2). As in the proof of Theorem 2.3.1, one can prove that
u € W(0,1). In particular, u(0) = 0 and «/(0) = 0 if a is (WD) at 0, and (au”)(0) = 0 if
a is (SD) at 0, by (1.3.36).

Coming back to (3.3.3) and applying the formula of integration by parts (3.3.1), we

obtain

1
/ (au")"z dx — (au”)'(1)2(1) + (au”2')(1) + (8 + Du(1)z(1) + (v + 1)u'(1)2(1)
0 (3.3.4)

1
_ /O (f +9—wzde +2(1)f(1) + 2/ (1) f'(1).
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Since (au")’ = f 4+ g —u a.e. in (0,1), (3.3.4) implies that
—(au”) (z(1) + (B + Du(D)=(1) = fF(1)=(1), ¥z € Hyyp(0,1), (3.3.5)
(au”)(1)2'(1) + (v + D/ (1)2/(1) = f/(1)2'(1), YV ze Hyp(0,1). (3.3.6)
From (3.3.5) and (3.3.6), it follows
—(au") (1) + (B + Du(1) = f(1) <= —(au")'(1) + fu(1) = f(1) —u(1) = —v(1)
and
(au”)(1) + (v + D' (1) = f'(1) = (au")(1) + 70/ (1) = f'(1) — /(1) = =/ (1),
respectively, i.e. —(au”) (1) + Bu(1) +v(1) = 0 and (au”)(1) + yu/(1) +v'(1) = 0. Hence,
(u,v) belongs to D(#2) and solves (3.3.2). O
Moreover, as in the Subsection 2.3.1, one has the following existence theorem.

Theorem 3.3.2. Assume a to be (WD) or (SD) at 0. If (yo,y1) € HL, then there exists

a unique mild solution
y € 6" ([0, +00); L2(0,1) ) N6 ([0, +00); Hy3(0,1) )

of (3.0.2) which depends continuously on the initial data (yo,y1) € 3‘€§. Moreover, if
(yo,y1) € D(AL), then the solution y is classical, in the sense that

a

y e %2([0, +00); L2(0, 1)) N’ ([0, +00); H,'g (0, 1)) m%([o, +oo);D(AdS))

and the equation of (3.0.2) holds for all t > 0.

3.3.2 Energy estimates

As for the non-divergence case, we will prove that the energy associated to the problem
decreases exponentially. However, the definition of the energy in the (DF) is different from

the previous one.
Definition 3.3.1. Let y be a mild solution of (3.0.2) and define its energy as

1t ol
By (1) =5 /0 (vF(t,2) + a@)s(t,2) )dz + Sy2(51) + Jy2( 1), Vi 0,

where 3,y > 0.

In the following we consider separately the cases 5,7 > 0 and = 0 and/or v = 0.
The last case will be considered only for the (WD) case.
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3.3.2.1 The case 5,7 >0

In this subsection we study the stability problem for (3.0.2) in the case 8,~ > 0.

Let us observe that, if y is a mild solution, then
2
Yyt 1) < BEé,yos) (3.3.7)
and
2
y?c(t 1) < ;Eg,y(wv (338)

for all ¢ > 0. In particular, it is possible to prove that the energy is a non-increasing

function.

Theorem 3.3.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution of
(3.0.2). Then the energy is non-increasing. Precisely,
4B, (0

Proof. Multiplying the equation yy; + (a(2)Yzz)ze = 0 by ¥ and integrating over (0, 1), we

have . .
0 0

Using the boundary conditions and (3.3.1), one has

1 1 1
0= 2/0 (y?)tdl' + (ayzm):p(ta 1)yt(ta 1) - yt:p(ta 1)0(1)ym(t, 1) +/0 Yz Ytz dT
_1d 1(2+a2)dx+/32(t1)+ 2(,1) | +2(t,1) + y2 (8, 1)
- 2dt 0 yt y:c:c Yy ’ ’ny ’ yt I ytx ’

d
—BL () + Yt 1) + yd (¢, 1),

T dt
Hence,
d
%Eg’,y(t) = *th(t 1) - thw(tv 1) < O’ Vi > 0
and, consequently, the energy Egy associated to y is non-increasing. O

The analogue of Proposition 3.2.1 is:

Proposition 3.3.1. Assume a to be (WD) or (SD) at 0. If y is a classical solution of
(3.0.2), then

1 T
0= 2/ B2 Zsde - / y2(t, 1)dt + / y2dz dt
0 s

s

T T
+/ (3a—xa’)y§xdxdt+25/ v (t, Dy(t, 1)dt+2/ vz (t, Dy, (t, 1)dt  (3.3.9)

s

T T T
+27/ yg(t,1)dt+2/ yz(t,l)ym(t,l)dt—/ a(D)e2, (¢ 1)dt,

for every s € (0,T). We recall that Qs := (s,T) x (0,1).
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Even if the proof of Proposition 3.3.1 is similar to the one of Proposition 3.2.1, we

repeat it here since there are some different terms.

Proof of Proposition 3.3.1. Fix s € (0,T). Multiplying the equation in (3.0.2) by zy, and

integrating over Qg, we have
0= / Yty dx dt + / (aYzz ) wa Y da dt. (3.3.10)
s Qs

Observe that the previous integrals are well defined; moreover, integrating by parts the

first integral in (3.3.10), we obtain

! - 1T 1
/ ytta:yxdxdt:/ [yt:z:yx]i:zda:— 2/ y2(t, 1)dt+2/ y2dx dt, (3.3.11)
0 S Qs

K]

since y:(t,0) = 0. Fixed ¢ € (0, 1), we have
T 1 T — T —
/ /5 (0Yua) 2 vyode dt = / (Y2 (Y )z, _sdt — / [(2Ya)2aYar],_sdt

T 1
+/ / a(myx):m:yxa:dxdt
s 19
T

T
:/ (yz(ayzz)z)(t, 1)dt —/ (Y2 (aYzz)a)(t, 0)dt
s s (3312)

T T
_/ (ymayxac)(tv 1)dt _/ a(l)y:%a:(tv 1)dt

T T
+ / (yoayse) (1, 8)dt + / (way?, (1, 6)dt

T /1 ’
+ / / a(TYy) o Yuadr dt.
s é

Now, consider the term | 51 a(TYz) zzxYzzdr. Obviously,

1 1 1
1
/ a(2Yz)zzYoadx :2/ aygzmdx + 2/ ax(y?m)xdx
é 1) é

! 1 1 1t
:2/ ay?mdl’ + Q(aygaz)(u 1) - §(xayzx)(tu 5) - 2/ ay:%xdx
é

é
1 /1
- / xa'y?, dx.
2 Js
By Lemmas 1.3.4 and 1.3.5, it follows
lim(xay?m)(t, ) = im (2ys(aYsz)z)(t, 0) = lim (ypay.,)(t,§) = 0;
6—0 6—0 6—0

moreover, xa'y2, € L1(0,1). Hence, one has

1 1 1
. 3 1 1
lim a(TYz) gz Yzadr = / ayixdx + fa(l)yim(t, 1) — / xa’yixdx,
6—0 ) 2 0 2 2 0
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by the absolute continuity of the integral. Thus, by (3.3.12), one has the following equality:

T T
/ (W) yads dif = / (o (i) ) (£, 1) — / (Yaaan) (1 1)l

S

3 2 1 2 1 2
+ = ay;pdxrdt — = a(l)ys,(t,1)dt — = xa'y; . dx dt.
2 Jo, 2/ 2 Jo.
(3.3.13)
Furthermore, by (3.3.10), (3.3.11) and (3.3.13), one has

1 T
t=T 1 1
0:/O [yt:cyx]t Gdr — 2/ y2(t, 1)dt+2/ y2dz dt

T T
5 [ wddzdis 5 [ ae Dy e+ [ e e
QS S S

T T 1 T 1
[ wvder [ et - 5 [ e de- ;[ adyideat

Multiplying the previous equality by 2, we have the thesis. ]

And again we have:

Proposition 3.3.2. Assume a to be (WD) or (SD) at 0. If y is a classical solution of
(3.0.2), then

K, Kaq
/ y? (2 + 1> dx dt + / v, (3a —xad — 2a> dxdt = (B.T.), (3.3.14)
s Qs

for all s € (0,T), where

K, - ! =T a
)4 = / [ye] - dx—2/ [zyeys];_. d 5/ (t,1)d

T
+[;/ y(t, Dy(t, 1)dt+7(];2>/s ya(t, 1)dt

T T

>
2/ Y (t, Dy (2, 1)dt+/T a(1)yz,(t, 1)dt.

Proof. Let y be a classical solution of (3.0.2) and fix s € (0,7"). Multiplying the equation
in (3.0.2) by y, integrating over Q5 and using (3.3.1), we obtain

0:/ yttydmdt—i—/ Y(aYzrg)zadx dt
s Qs

=/01[yty]iidm—/ yfdfﬂdtJr/sT(y(aym)z)(ta 1)dt (3.3.15)

S

T
_/ (yxayxx)(tal)dt+/ begxdl‘dt.
S Qs
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Obviously, all the previous integrals make sense and multiplying (3.3.15) by —=, one has
K —
/ —y7 + aym> dz dt + / yty t da;
3.3.16
K, (T K, ( )
+ > y(t, 1) (ayze ) (t, 1)dt — Y a(l)ym(t, 1)yze (¢, 1)dt.
S S
O

By summing (3.3.9) and (3.3.16), we get the thesis.

Using (3.3.14), one can prove the analogue of Proposition 3.2.3

Proposition 3.3.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution

Then there exists eg > 0 such that

of (3.0.2).
et (y2+ay2 )da:dt< d+o+¢+ Q_Ka 1 B (s)
2 Qs ' o B 2 Y Sy
+ Ka Kaﬁ-l—ﬁ /T 2(t,1)dt + 6_1_1_1_27’72 /T 2(4,1)dt
4 y a(l) . Yo \L, )

for any s € (0,T), where
2

2 2 2
Y= KamaX{La(l)(Q—Ka)’ ’Y}’ Q= 4max{7, a(1)(2_Ka)’1}

and

G:i= max{lia + 2, a(21)} (3.3.17)

Proof. Since by assumption K, < 2, there exists €9 > 0 such that 2 — K, > ¢¢. Thus

K, 3(2— Ka)a+2(Kqea—zd') _ eg K,

o Ba a a > 241> —.

3a — xa 5 a= 5 5 a and 5 > 5 25
As a consequence, the boundary terms in (3.3.14) can be estimated by below in the

following way:
K, Ka
(B.T.)?% = / y? (2 + 1) dx dt + / You (3(1 —za — 2a> dx dt
. @ (3.3.18)
>0 (yf + ayfm) da dt.
2 Jo.

Now, we estimate the boundary terms from above. By Proposition 1.3.4 and (3.3.8), one

1 1
'/ 7, 2)y (7, x)dz| < / y2 (1, x)dx + 2/ y2 (7, x)dx
0

1 1
< 2/0 yi (7, z)dz + y2(r, )Jra(l)(Q—I{a)/o a(2)Yzy (7, ) da

has




3 Stability results for linear degenerate beam equations 87

for all 7 € [s,T]. Hence, by Theorem 3.3.3,

1
/0 [y(Tv x)yt(7-7 ‘T)] :iZdSL‘ < 2rnax{1, a(l)(;—f(a)7 3}Eg~’y(8) (3319)

Using again Proposition 1.3.4, one has

1

1 1
2/ Yo (7, )y (1, T)dx §/ yfc(T, x)da:—i—/ y?(T,x)dJ:
0 0 0

9 1 1
< 22(r 1) + iy |, aniin e+ [

a(1)(2 -

2 2
< 2max{7, m, 1}E§,y(7),

for all 7 € [s,T], and, by Theorem 3.3.3,

' =T 2 2
2/0 [2y (1, @)y (1, )| — da < 4max{7, POICE Al 1}E§,y(s). (3.3.20)

Now, since K, < 2, we have

7(? _ 2) /T y2(t, 1)dt + (Ig“ - 2) /T Yo (t, 1)yt (t, 1)dt

K 1 K, \1
<[22 —2) o (y3(T,1) —2(s,1)) < [ 2= 22 | 242(s,1 (3.3.21)
< ( 5 )2(%( 1) —yz(s,1) < ( 5 >2yw(s, )

K.\ 1,4
S <2 - 2> ;Es’y(S).
Obviously,

K, [T K, (T K, [T
e / (e, Vet D < 20 / Pt 1)t + / y2(t 1)dt, (3.3.22)

T T T T
28 / ye(t, Dy (1, 1)t < 3 / 2/ (yay)(t, D)]dt < 3 / V2t 1)dt + B / Y2t 1)t
’ ’ ’ ’ (3.3.23)

and

T T T T

Furthermore, recalling that vy, (¢,1) + a(1)yz2(¢,1) + ye(¢,1) =0,

L g 2 2 i 9 T 9 i T )
a(1>/s a (1)ym(t,1)dt<a<1)7/s yx(t,l)dt—i—a(l)/s Yix (L, 1)dt. (3.3.25)



3 Stability results for linear degenerate beam equations 88

Hence, by (3.3.18)-(3.3.25),
o

2 Ja,

SKamaX{l,a(l)(;_m,i}Eg,y(s)
+4max{i,m,1}bﬁg,y(s) + (2— I;) SE5y(9)

n (IZ Kaﬁ +5> /Tyz(t, 1)dt + <ﬁ+1+a(21)72> /STyi(t,l)dt
n (Ii“+2> ATyf(t,1)dt+CL(2D/sTyfx(t7 1)dt
SKamaX{l,a(l)(;_Ka),i}Eg‘,y(s)
+4max{i,a(l)(22_mal}Eg,y( )+ (2— I;)ﬁsnv( )

n (IZ 4 Ka +5> /STyQ(t, 1)dt + <5+1+a(21)72> /sTyi(tal)dt
+Inax{]i +2, a21)}/T—th§,y(t)dt

(
2 2
<K, max{l, m, ’Y}Eg’y(S)

2 2 Ko\ 1
+4max{ry,a(1)(2_m,l}Eg,y( ) + <2 — 2) VEg’y(S)
- <4+ “B+6> /TyZ(t,l)dt+(ﬂ+1+a(21)fyz> /STyi(tal)dt

K, 2
+ max{4 + 2, oD }Eflg’y(s).

(yf + ayix) dx dt

As for the non-divergence case, we have to find an estimate from above for

T T
/yz(t,l)dt—l—/ y2(t,1)dt.

In this case the estimate will be different from the previous one. The following proposition

is crucial.

Proposition 3.3.4. Let z € ﬁj;g(o, 1) be the unique solution of (1.3.28) and A\, € R.
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We have that z € D(A%) and solves
AdSz =0,
Bz(1) — (a2") (1) = A, (3.3.26)

72 (1) + (az")(1)

L.

Proof. In order to prove that z belongs to D(A ) and solves (3.3.26), we consider again
(1.3.28); naturally, it holds for every ¢ € 62°((0,1)), so that fol az"p"dx =0, for all p €
€2°((0,1)). Thus, az” is constant a.e. in (0,1) (see, e.g., [61, Lemma 1.2.1]) and, so,
(az")" = 0 ae. in (0,1); in particular, A%z = (az")” € L?(0,1) (this implies az” €
H2(0,1), by Lemma 1.2.1) and 2/(0) = 0 in the (WD) case, since z € H' O(O 1).
Furthermore, since z € H} 0(0 1) and az” € H?(0,1), 2 € W(0, 1) and, by (1.3.36), one
has (az”)(0) = 0. Now, coming back to (1.3.28) and using (3.3.1), for all ¢ € ﬁ;;é(o, 1)

we have:
1
/0 02" g"di + B2(L)p(1) + 12 (D¢ (1) = Ap(1) + g (1)

== —(az") (Dp(1) + (az"¢")(1) + B2(1)p(1) + (2'¢") (1) = Ap(1) + pe' (1).
Thus, —(az")'(1) + B2(1) = X and vz'(1) + (a2”)(1) = p, that is z € D(A%) and solves
(3.3.26). O

Now, define
1 1
Ds:=1—2D, max{l,D1}5<ﬁ + )
~y

where D7 and Dy are the constants defined in Proposition 1.3.5. Note that Dy is well
defined since 3,y > 0.

Proposition 3.3.5. Assume a to be (WD) or (SD) at 0 and let y be a classical solution
of (3.0.2). Then, for every s € (0,T) and for every § € (0,v'), we have

/T y2(t, 1)dt+/Ty§(t,1)dt

1 D2D?  D\D? 1 _DiD3max{1,D;}
EL (dt+ —2+4=22 44 2., -49 2 ’ E4
< Dé/ Gy (t +D5< + 5 + » +5+ 5 ¢ ,(5),

where
I By
2D, max{1, Dy }(8 + )

(3.3.27)

Proof. Set A = y(t,1), = y(t,1), where t € [s,T], and let z = z(t,-) € H} 0(0 1) be the

unique solution of

1 o~
/0 za0 g dx + B2(t, 1)p(1) + 722 (t, 1) (1) = Ap(1) + pg'(1), V@ € Hyp(0,1).
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By Proposition 3.3.4, z(t,-) € D(A%) for all ¢ and solves (3.3.26). Now, multiplying the

equation in (3.0.2) by z and integrating over @5, we have

1
/[ytz]i_sde—/ Yy zedx dit
0 h Qs

T T
= —/ z(t, 1) (ayzz )= (t, l)dt—i—/ 2z (t, 1) (ayaza) (¢, l)dt—/ AZgrYprdr dt.

s

(3.3.28)

Furthermore, multiplying the equation in (3.3.26) by y and integrating over Qs, we obtain
st (@2z2)zzy dx dt = 0. Thus, by (3.3.1),

/ T / (@) )y (6 1)+ / Dl ) (aza) (6 1)t (3.3.29)

Substituting (3.3.29) in (3.3.28), using the fact that (azzz)2(t, 1) = B2(t,1)—=A, (a2z2)(¢, 1) =
_FVZx(u 1) +p A= y(tv 1) and p = yx(t’ 1)a we have

1
/ [ytz] i;de — / Yz dzx dt
0 s

=- / 2(t, 1)(ayze)2(t, 1)dt + /T 1)(ayz.)(t, 1)dt
- T
N / (azmn)a(t.1 / yo(t, 1) (a2 (£, 1)dt
ST T
- _/ 2(t, 1) (ayee )2 (t, 1) dt+/ 2z (t, 1) (ayza) (¢, 1)dt
ST
+ y( )[ﬁz t 1 / 'sz(t)l) +,u]dt
T
:/ Z(t, 1) [,By(t, 1) - (aymz)x(tv 1)] dt
+

T T T
/ 2o (1) [(aya) (£, 1) + vy (£, 1] dt — / V(1 1) / v (1, 1)dt.

Then
/T yQ(t, l)dt + /T yi(t 1)dt = - /T(ytz)(t’ l)dt - /T(nytx)(ta 1)dt

1
—/ [ytz] dac—}—/ Yz dx dt.
0 Qs

Now, we have to estimate the four terms in the previous equality. As a first step observe
that, by (1.3.29) and the definition of Cy k, A .,

(3.3.30)

1
(t x)dx < DlDQC .
/0 Mo (3.3.31)

< 2D3D3y%(t,1) 4+ 2D, D3y2(t, 1),
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since A = y(t,1) and p = y,(¢,1). Thus, for all ¢t € [s, T,

1 1 1 1 1
/ lye2|(t, x)dx < 2/ y2 (t, x)dx + 2/ 22(t,x)da
0 0 0

< EZ,(t)+ DiD3y*(t, 1) + D1 D3y2(t, 1)
D?D2 D1 D3
B

D2D?  D,D?
< <1+2 lﬁ 249 17 2>E§7y(t).

< Bg, (1) +2 E§,(t) +2 E§,(t)

By Theorem 3.3.3,

1 22 2

D?D DD

/ (2] i—s d < 2<1+2 15 242 17 2>Eg,y(s). (3.3.32)
0

Moreover, for any § > 0 we have

/f!(ytz)(t, 1)]dt < ;/T W2(6,1)dt + 5/ST 24, 1)dt. (3.3.33)

By definition of ||| - |||, one has

1 1 DD, D,
22(t,1) < Bll\zllli < EC&K@,A,M <2 3 VAt 1) + 222 (1 1)

p
Do max{ 1, D1}
B

Thus, by (3.3.33), we have

(3.3.34)

IN

2 (v*(t:1) +yz(t,1)).

D 1,0}
/ (o) (£, 1) dt < = / 2 (t, 1)dt + 2 Qmaxﬂ{ ! 5/ v+ y2) (¢ 1)dt. (3.3.35)

In a similar way, it is possible to find the following estimate:

T 1 [T D 1,D T
/ |G (8, 1)t < / Y2, (1, 1)dt +2 2m"”;{ s / (v +y2)(t, 1)dt, (3.3.36)

being
1 1
Zo(t,1) < ;H\ZW?; < ;Cg,KQ,)\,p' (3.3.37)

Therefore, summing (3.3.35) and (3.3.36) and applying Theorem 3.3.3, we obtain

T T
/‘(ytz)(tal)‘dt-i'/ | (22y2) (¢, 1)|dt

/ E (t)dt +2max{1, Dy } Da§ +1 /T( 24 y2)(t,1)dt
< 5 Sy 152 5 5 Y~ T Yz) (L, (3.3.38)

T
Esg()—l-?max{l Dl}D26<B i)/ (v +y2)(t, 1)dt.

S

| /\
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To complete the proof, we estimate the last integral in (3.3.30), i.e. / yzidx dt. To this

aim, considering again problem (3.3.26) and differentiating it with respect to ¢, we obtain

(a(2t)zz)aze = 0,
Bi(t, 1) — (a(2t)ex)(t, 1) = ye(t, 1),
Y(2t)x(t 1) + (alzt)z2) (t, 1) = (Yu)i(t, 1)
Evidently, z; satisfies (1.3.29) and, proceeding as in (3.3.31), we have
200 < 2DED3E(E, 1) + 2Dy Dy, (¢, 1)
< 2Dy Dimax{1, D1} (y7(t,1) + yin(t, 1)).

Thus, for § > 0 we find

/ ’ytzt‘dxdt<5/ dxdt—l— / Z?dmdt

2D D 1,D
<2 / B4, (Hdt + = ngx{ U0 + e )
T 2D D 1,D
_ 25/ EY (H)dt + = ngx{ 3 / ZEL (Dt
T 2D1D 1,D
<25 / B (tHdt + ngx{ 1}Eg',y(3).
(3.3.39)
Coming back to (3.3.30) and using (3.3.32), (3.3.38) and (3.3.39), we obtain the thesis for
every § € (0,/). O

As a consequence of Propositions 3.3.3 and 3.3.5, we can formulate the main result of

this subsection, whose proof is based on Lemma 3.2.1.

Theorem 3.3.4. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of
(3.0.2). Then, for all t > M® and for all 6 € (O,min{l/, 6—0}), one has
D3

d -4
E§,(t) < E§,(0)e N7,

Dy
here M® .=
where p—
K.f3 B\ 2 72 7\ 2
Dy = | Doy Ra ) 1+ ) =
3 <4 + 5 +,3+Eo2>D6+<ﬂ+ + (1)+€02 Dy’
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and

.: D6

B gl 0 0

K, Ku3 B 272 ol
Y 2 P+ 2 47,
<4 + 5 + /3+Eo2+ +a(1)+502

1 D?D?2  DyD2 1 2DiD? 1,D
Ds : <2+4 i} | DiD3 1 2DiDfmax{l, D} )

Here g, ¥, 0, < are as in Proposition 3.3.3 and V' is as in (3.3.27).

Proof. As a first step, consider y a classical solution of (3.0.2) and consider § > 0 such

that § < min{g—o, 1/}. By definition of Egy and Propositions 3.3.3, 3.3.5, we have
3 K

T
o [ B 0d =T [ (00 + a0 de d

Qs

p T 2 i T 2
+€0§ Y (t,l)dt"‘EOi yx(t, 1)dt

K, Ko | K, '
§<19+Q+§+ (2— 2) i)Eg,y(s)+ <4+ 25 +B+50§> /S Y2 (t, 1)dt

2 2 T
+<5+1+7+607>/ y2(t, 1)dt

a(l) 2] /s

Ka 1 Ka Kaﬁ B 2 4 d
<| ¥ 2——2|=|Ed — = =9 Eg . (t)dt
fovorer (o) Yot (552 o) 2 st

+ <K‘L+K“5+B+eo§>-

4 2

Ds

1 DiD?  DyD3 1 2D;Dimax{1,D:}
9 4 1—2 4 2 - 2 ) Ed
< A A gt 5 Gy(5)

272 7\ 2 o
+ <B+1++502> 1)56/8 B¢ (t)dt

a(1)
+ <6+1+5(712)+50;>-

Ds

B 5 0 0

1 D?D?  DyD2 1 2DiD? 1,D
<2+4 1D DaDi 1 2D1Dymax{l, Dy} B¢ (s).

This implies [e9 — D3] fsT Eg7y(t)dt < D4E‘§’y(s). Hence, we can apply Lemma 3.2.1 with

M? .= = Png and we get the stability estimate. If y is the mild solution of the problem,
we can proceed as in [52], obtaining the thesis. O

3.3.2.2 The case >0 and/or v > 0 in the weakly degenerate context

Through this subsection we will assume that a is (WD) at 0. In this situation, we know

that if y € f[;:é(o,l), then ¢/(0) = 0; thus, using this property, we can improve the



a
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previous results if 5 =0 and/or v = 0. Indeed,
x 1 t 1 t 5
ly/(z)| = ' / Y (1)dt| < / Vally" ™|, (3.3.40)
0 0

= \/53/” I
a(t) L'(0,1) | | *0.1)
for all z € (0,1]. In particular,

1

a

ly'(1)]

2
o) H\/ayHHm(o,l) :

Hence, for all y € ﬁ;;é(o, 1),

W = WO Ve g < (14

<(1+ HlH gl
allr10,1)

Observe that the previous inequality also holds if § and « are non-negative.

L1(0,1)

) Vs

Therefore, if a is (WD) at 0, Proposition 1.3.5 still holds with the following estimates:

1
2 <2 l,————— +AC? d 2 <c? 3.3.41
HyHL?(O,l) S cmax 7CL(1) (2 _ Ka) Y~ a, Ko\ 1 an |Hy|‘|a = Ya,Kq,\u ( )
where
. 1 1
mm{max{l,},(l—k - )}, v # 0,
v @1l L1(0,1)
Ay =
1
1 + - ) Y= Oa
allri(o,1)

and C g, »p = 1/A7(|)\|\/D1 + \u\). Observe that, if v > 1, then A, = 1.

Moreover, note that if y is a mild solution of (3.0.2), then, by (1.3.22), (3.3.40), the

fact that y,(¢,0) = 0 and the definition of ||| - |||4, we also have that
2(6.1) < || Vay'|]? <21 Ed (¢
y(t,1) < [Vay HL2(0 1) = Sy(t);
allpio,) ’ @llLto,)
2 1
ya(t,1) < ||~ H\/&y”HB(o 1) <2|- Eg,y(t)’
allri,) ’ allzio,1)
24 1) < 1 Va 1|2 < 1 2
211 < IV < iyl
allpion) ’ @llro,)
and
2 1
y:?:(tv 1)< |- H\/ay”HB(o 1) < H H’Z/H‘i
allr1,1) ’ @l

for all t > 0. Observe that these estimates also hold if 5 and ~ are strictly positive provided

that a is (WD) at 0. Thus
y*(t,1) < DsEg, (1),

(3.3.42)
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ya(t,1) < DyEZ, (1), (3.3.43)
1
i (t,1) < gDﬂH\yH\i (3.3.44)
and
2 1 2
Y (t,1) < 5Dy llyllla, (3.3.45)
where
1 1 1 1
2min - s h (0 /8#0, 2 min — = 0 ')/750,
@iy B @liLroy 7
Dg := and D, :=
1 1
2= ; ﬁ = 07 2= ) Y= 0.
allr10,1) allzio,1)

We have that (3.3.41)-(3.3.44) and (3.3.45) improve (1.3.29) and (3.3.7), (3.3.8), (3.3.34),
(3.3.37), respectively, in the case 3,7 > 0.
Evidently, under the assumptions of this subsection, Theorem 3.3.3 and Propositions

3.3.1, 3.3.2 still hold. Furthermore, Propositions 3.3.3 and 3.3.5 rewrite as follows.

Proposition 3.3.6. Assume a to be (WD) at 0 and let y be a classical solution of (3.0.2).
Then there exists eg > 0 such that

£ K,\D
50 (ytz + ayg‘:‘)dﬂ” dt < (19 +o+s+ (2 - 2“) 27)Eg7y(5)
Qs

T 2 T
—I—([ZZ+K;I8+B>/S yQ(t>1)dt+<ﬁ+1+(Zyl)>/s yi(t,l)dt,

for any s € (0,T), where

9 2
9= Kamax{l, M,DW}, 0:= 4max{D7, m, 1}

and s is the one defined in (3.3.17).

Proposition 3.3.7. Assume a to be (WD) at 0 and lety be a classical solution of (3.0.2).
Then, for every s € (0,T) and for every ¢ € (0,v'), we have

T T 25 T
[ enas [ e [ e wa
s s 6 Js

1 9 9 9 1 Dy A2 max{l,Dl} d
+ Ds (2 +2D{AZDg + 2D AZD., + 512 x 5 ES ,(s),
where V' in (3.3.27) becomes
v !

- max{1, D1 }(Dg + D)A,’
Dy is as in (1.3.30) and

Ds:=1-— 5max{1, Dl}(Dg + DV)AV‘
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We omit the proofs of the previous results since they are similar to the previous ones.

In any case, Theorem 3.3.4 still holds with different constants. In particular:

Theorem 3.3.5. Assume a to be (WD) at 0 and let y be a mild solution of (3.0.2). Then,
for all t > M® and for all § € (O,min{u’, ;—0}), one has
3

ES (1) < ES(0)e' w7,

Dy
here M4 := ————
where 20— 005
K, K,B 6\ 2 2 2
D = —_— —_— — —_— _— — —_—
3 <4 + 5 +,3+602>D +<B+ +a(1) +€02>D5,
K,\D
and

Dy = Fg <2 + 2D1AVD5 + 2D1AVDA, + 5 + 2 5 .

K, K3 B 27? ol
S 2e 9 P14+ 4t
<4 + 5 + 5+€02+ +a(1)—|—602

Here g9, 9, 0, < and V', Ds, Dy are the same constants given in Propositions 3.3.6 and

3.8.7, respectively.

3.4 Conclusions and open problems

In this chapter we study a beam equation governed by a degenerate operator in (NDF)
or in (DF) under clamped conditions at the degeneracy point and dissipative conditions
at the other end-point. As a first step, we introduce the functional framework crucial to
study the well-posedness of both problems (see Theorems 3.2.2 and 3.3.2, respectively);
then, we consider the energy associated to systems (3.0.1) and (3.0.2) and we prove some
estimates that allow us to obtain the main results of the chapter, i.e. Theorems 3.2.4,
3.3.4 and 3.3.5.

According to these results, also when a degenerates in the sense of Definition 1.1.1, the
energy satisfies (3.1.3), as in [37] for the non-degenerate case. Furthermore, we underline
that with our technique we obtain a stability result if 8 and v are non-negative constants,
including the case studied in [37] for the non-degenerate problem; however, if the problem
is in (DF), we are able to consider only the (WD) case if 5 = 0 and/or v = 0. Thus,
for the problem in (DF), if a is (SD) at 0, the case v = 0 and/or 8 = 0 is still an open

problem.
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We recall that K, < 2 is only a technical assumption. Thus, a very interesting problem
is to study the stability when K, > 2. Another open problem is the stability of degenerate
beam equations in (NDF) or in (DF) with a local damping or a degenerate damping or a
damping term acting on the degeneracy point and/or a drift term.

Recently, in [6], a stability result is proved for the problem in (NDF) with a singular
term. The case of the problem in (DF) is still under study.






Chapter 4

Stability results for non-linear
degenerate hyperbolic equations

with time delay

In the previous chapter we have studied the well-posedness and the linear stabilisation

for equations without delay governed by fourth-order operators in (NDF) and in (DF). In

this chapter we want to prove well-posedness and stability features for the corresponding

non-linear degenerate hyperbolic equations with a delay term. Precisely, we consider the

following models:

yre(t, @) — Ay(t, @) + k() BBy (t — 7, @) = f(y(t,z)), (t,x)€Q,
Biy(t,0) =0, t € (0,400),
Ciy(t,1) =0, t € (0, +00),
B*yy(s,z) = g(s), s € [-7,0],
y(0,2) = yo(@), 4:(0,2) = y1 (), z € (0,1),

i =1,2. Here Q := (0,400) x (0,1), B;y(t,0) = 0 and C;y(¢,1) = 0 are suitable boundary

conditions related to the operators A;, i = 1,2. In particular,

_a(x)y:vacacx(t; x), 7= 1,

Aiy(tvx) =
_(a(x)ymac(ta x))x:m =2,
y(t,O) :yw(t,O), i =1,
Biy(t,0) := 2 (t,0), if a is (WD) at 0,
(t,0) y(£.0) = Yz (t,0) if a is (WD) a —
(ayzz)(t,0), if ais (SD) at 0,

99
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delay 100
and )

/By(t7 1) _yIII(t71)+yt(t7]—)a i=1

/By(tv 1) - (ayl‘x)x(t) 1) + yt(tv 1)) i—9

VY (t, 1) + (aYaz)(t, 1) + yea(t, 1),

\

The linear bounded operator B that appears in (4.0.1) is defined on a real Hilbert space,
B* is the adjoint operator of B and f is a non-linear function satisfying suitable hypotheses
that will be specified in the subsequent sections. Moreover, 7 > 0 is the time delay,
and v are non-negative constants, yg, y1, ¢ are initial data given in suitable spaces, the
damping coefficient k belongs to Li, [T, +0c) and satisfies

/t |k(s)lds <A, Vt>0,

t—1

for some A > 0. The main feature in these problems is that the coefficient a is a positive
function that degenerates at x = 0 according to Definition 1.1.1.

Time delays always exist in real systems and they may destroy stability or may cause
periodic oscillations (see, e.g., [57]). Indeed, as first noticed in [41] for one-dimensional
Fuler-Bernoulli beam equations, even a small amount of time delay in the stabilising
boundary output feedback schemes could destabilise the system (see also [58]). For this
reason the stabilisation problem of equations with delay terms represents a very important
topic. Accurate studies have been conducted and the developed techniques have permitted
to obtain the desired stability property, but in presence of non-degenerate operators. To
our best knowledge, the case of degenerate beam type equations with delay and suitable
non-linearities is never considered in literature.

The chapter is based on [27].

4.1 State of the art

Mathematical results on well-posedness and stability of solutions for this kind of equations
together with some physical justifications are discussed, for instance, in [49], [59], [91],
[100], [107] for beam equations.

A common feature in many delay equations coming from applications is the presence
of a non-linear term. There are a lot of papers dealing with fourth-order hyperbolic
equations in which suitable non-linear sources are considered. For example, in [108] the

authors consider the non-linear extensible beam equation
v+ A% — M(|VylZ20) Ay — Aye + [y ™'y = [yP 'y in @ x (0,T),  (4.1.1)

in order to study the evolution of the transverse deflection of an extensible beam derived

from the connection mechanics. In (4.1.1) Q is a bounded domain of RN, N > 1, with
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smooth boundary 9Q2, m > 1, M(s) := 1+ Bs7, ¥ >0,s >0 and Bﬁy,p satisfy suitable
hypotheses. The terms appearing in the previous equation have a precise physical meaning;
more precisely, the non-linear term M (||Vy\|%2(9))Ay represents the extensibility effects
on the beam, the dissipative terms Ay; and |y;|™ 'y, represent the friction force and the
non-linear source term |y[P~1y represents the external load distribution.

Another example is given in [74], where the authors make specific assumptions on the
generalised source term f(y); in particular, f is of class €%, f(0) = f/(0) = 0, f(y) is
monotone and convex for y > 0, concave for y < 0 and it satisfies suitable estimates
together with F(y) = [/ f(s)ds. In this perspective other important contributions on
non-linear beam equations with source terms are given in [12], where a logarithmic non-
linearity source in the right-hand side of the equation is considered, and in [35], [77], [83],
[110], [111]. We also recall [13], where the authors give sufficient conditions for the non-
existence of smooth solutions with negative initial energy, [90], where existence, uniqueness
and uniform convergence of solutions are addressed, and [106], where the authors show
that the local solutions blow up in a finite time with positive subcritical initial energy
improving the results obtained in [87].

Well-posedness and stability analysis for beam problems with non-linear source terms
are treated employing different techniques. This is the case of [1], where existence and
uniqueness of weak solutions to a non-linear beam equation are established under relaxed
assumptions (locally Lipschitz plus affine domination) on the non-linearity. In [33] the
authors use a fixed point method and a continuity argument to establish global existence
and asymptotic stability for a beam problem with non-linear source term (see also [48],
[94], [95], [109]).

However, in all the previous papers the studied equations are always non-degenerate,
in the sense that they do not take into account a leading fourth-order operator affected
by a coefficient which degenerates somewhere in the space domain.

In this chapter we apply to the degenerate case a powerful tool introduced in [86] and
then generalised in [65], to analyse a class of abstract evolution equations in the presence of
a time delay when the related system without delay is uniformly exponentially stable. Such
techniques have then been refined to deal with semilinear equations with time delay (see
[89], [96]). Our arguments extend to the new functional setting the method introduced in
[89] to deal with semilinear wave type equations with damping term and delay feedback.
Here, the presence of the degeneracy requires a more careful analysis in the technical
preliminary lemmas (Lemma 4.2.1 and Proposition 4.2.2). Furthermore, an appropriate
energy has to be defined in order to deal with the degeneracy, the delay feedback and the
boundary conditions. However, with respect to [89] we give a simpler proof by shortening

some step by step procedures (see [96]).
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4.2 The non-linear delay beam equation in non-divergence

form

In this section we consider the problem

Yue(t, ©) + a(2)Yozaa (t, ) + k(O BB y(t — 7,2) = f(y(t, z)), (t,z) €Q,

y(t,0) =0, y.(¢,0) =0 t € (0,400),

By(t,1) = Yoaa(t, 1) + u:(t, 1) = 0, t € (0, +00), (4.2.1)
VYo (1) + Yo (t, 1) + yea(t, 1) = 0, t € (0, +00),
Bryi(s,z) = g(s), s € [-,0],

y(0,2) = yo(x), 4:(0,z) = y1(2), z € (0,1).

As usual, the reference weighted Hilbert spaces to study it are L% (0,1), H7(0,1) and
ﬁT,O(O’ 1), m = 1,2, introduced respectively in (1.2.1), (1.2.2), (1.[12.8) and (a1.2.9) with
their associated norms. In this case g is defined on [—7,0] with values in a real Hilbert
space H and the linear bounded operator B is defined on H with values in L2 (0, 1).

Moreover, we consider the operators (A%4, D(A%)), (A2 D(42%)) and “the energy
space 3‘6@‘1 endowed with inner product and norm introduced in Section 3.2.

The analysis of (4.2.1) starts from the stability properties of the corresponding linear
problem studied in Chapter 3. Under the conditions provided in Theorem 3.2.4, the
exponential decay of solutions for (3.0.1) is uniform. As a consequence of the previous
stability result, we know that the Co-semigroup (#F%(t));>0 generated by (424, D(s424))
is exponentially stable, i.e. there exist Mg,w > 0 such that

Hygd(t)“g(%gd) < Mse_wt, Vit>0. (4.2.2)

t
Now, defining v(t, z) := y.(t,z), Y(¢) := (yi )>, Yy = <y0> and using the operators
v(t Y1

0 0 0
S) = 5 %Y = ) F Y = ’
v (Bg(s)> v (BB*v<t)> e <f <y(t))>

and (424, D(424)), problem (4.2.1) can be formulated in the following abstract form:

%Y(t) =AY (1) — k()BY (t— )+ F(Y (1), (t,2)€Q,
BY (5) = b(s), selono,  (423)
Y (0) = Y, z € (0,1).

Observe that, if Yj € :fegd, then the following Duhamel formula holds:

Y(t) = (t)Yo + / Ut — 5)k(s)BY (s — 7)ds + / Ut — 5)F (Y (s))ds. (4.2.4)
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Moreover, setting
b= 1Bl 13 01 = 157|223 0.), 10 (4.2.5)
we have
1 [l spay = b
by [10] and [104].

In order to treat (4.2.3), we make the following assumptions on k and f.

Hypothesis 4.2.1. The function k: [—7,+00) — R belongs to L}, [—7,+00) and there
exists A > 0 such that .
/ k(s)[ds <A, Vi>0.
t—T1
Hypothesis 4.2.2. Let f: fli 0(0,1) = L2(0,1) be a continuous function such that
L f(0) =0;

2. for all » > 0 there exists a constant L(r) > 0 such that, for all u,v € I;E 0(0,1)

satisfying [[u"][;2(01) < r and [[0"|| ;2o 1) < 7, one has

I f(u) — f(v)HLi(O,l) < L(r) H“H - ”HHL2(0,1);

3. there exists a strictly increasing continuous function h: Ry — Ry such that
I |2
<f(“)a“>Li(o,1) < h]u HL2(0,1)) [ HL2(0,1)’ (4.2.6)

for all u € H;()(O, 1).
Hypothesis 4.2.3. Suppose that:
1. #>0and v > 0;

2. for any t > 0
t
MSer‘”/ k(s +7)|ds < a+ W't (4.2.7)
0

for suitable constants o > 0 and w’ € [0,w), where Mg, w and b are the constants in
(4.2.2) and (4.2.5), respectively;

3. there exist T, p, M, > 0, with L(M,) < ‘“A};"/, such that if Yy € %gd and g: [-7,0] —
H satisfy

Wollga-+ [ 1K lats = 7)1 ds < o7 (128)

then (4.2.3) has a unique solution Y€ 6 ([0,7); #729) satisfying ||Y(t)||y€gd < M, for
all t €[0,7).
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In particular, Hypothesis 4.2.1 is crucial to prove the existence of a local unique solu-
tion for (4.2.3) (see Proposition 4.2.1); while Hypotheses 4.2.1, 4.2.2 are needed to prove
that (4.2.3) satisfies Hypothesis 4.2.3.3 and, if the initial data are sufficiently small, the
corresponding solutions exist and decay exponentially in (0, +00) (see Theorem 4.2.3). On
the other hand, the exponential stability is proved thanks to Hypotheses 4.2.2 and 4.2.3
(see Theorem 4.2.1). Moreover, observe that Hypothesis 4.2.3.2 is satisfied, in particular,
if k € L1(0, +00) or k € L>(0, +00) and ||k||, is smaller than a suitable constant depend-
ing on Mg,w,b and 7.

Furthermore, thanks to Hypothesis 4.2.2, %(0) = 0 and for any r» > 0 there exists a
constant L(r) > 0 such that

1F(Y) = F (D)l yega < L)Y = Z

Jend

whenever ||Y|

end <rand ||Z]

e < r. In particular,

17 (Y)]

yena < L(r) Y

ond .
%S

To conclude this section, define

Fl(y) := /Oyf(s)ds, y e ﬁ;o(o,n, (4.2.9)

and observe that it is possible to prove the following estimate on the non-linear term

1
F
/ (v(=)) dz, thanks to Hypothesis 4.2.2.
o a(x)

Lemma 4.2.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.2.2. Then

' [ Ey,
0o a

1
< 2P s0) 1 1220, (4:2.10)

for ally € fIE’O(O, 1).

Proof. Fix y € ﬁ% 0(0, 1). Observing that %F(sy) = F'(sy)y = f(sy)y, we have

- 1y g 1 d
/ngd.r:/() a/o f(sy)ydsdw=/0 <f(sy)7sy>L2;<071);'

Thus, by (4.2.6),

ds

' F(y) ' 2
[ ED] < [ 1 ) P

IN

1 2
§h(H?JHHL2(0,1)) Hy”Hm(o,l) :
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4.2.1 The exponential stability theorem

Under the well-posedness assumption (4.2.8), in this subsection we give the exponential
decay result for the abstract problem (4.2.3). As a first step, we give an abstract stability

result.

Theorem 4.2.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.2 and 4.2.3, and
consider the initial data (Yo, g) satisfying (4.2.8). Then every solution'Y of (4.2.3) is such
that

1Y ()l e < M € (uwr%gd [ ) 665 = 7) g ds) e (o =ML,
0

(4.2.11)
for any t € [0,T).

Proof. Since ”g(Y(t))”%gd < L(M,) ”Y(t)”%gd for every t € [0,T), by (4.2.4) we have

t
IY (0 lgge < M e Wollgga + Mse™ [ Ih(s)] 1Y (5 = 7)o ds
t
F ML) [ e Y (5) g i,
0

where we recall that Mg,w are the parameters appearing in (4.2.2). In particular, we

obtain
1Y (8)lena < Ms ™" [[Yoll yepa + M 6‘“”/0 e[k (s)] - [[¥(s — 7)l ypna ds
t
+ Mg e_“’t/ e k(s)] - |V (s = )| yepa ds (4.2.12)
t
+ M L) [ ¥ (3) g s,
if 7 <t, and
.
1Y (6)lgna < Mg ™" [[Yoll yepa + Mg e / e k(s)| - 19 (s = 7))l yena ds
0 (4.2.13)

t
4+ Mg L(M,)e" / e Y (5)] g s,
0

if t < 7. Setting z := s — 7 in the second integral of (4.2.12) or (4.2.13) and multiplying

the previous inequalities by e“!, we get
-
Y (Dllyga < Ms Yol yepa + M /O e [k(s)] - 465 — 7) ] g s
t
4 Mo [ ekt )] Y ()l g d
0

t
F ML) [ Y ()]s,
0
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if 7 <t, and

e Y (t)

epa < M [[Yo

%gd ds

g+ Ms [ k)] (s =)
t

+ ML) [ V()]0 ds.
0

if t < 7. Now, let us denote My := Mg HYOH%gd + Mg [y e“5[k(s)] - [|v(s — T)H%gd ds.
Thus, by the Gronwall Lemma and (4.2.7), we have

)

”Y“)”%gd < M, eMSer“”' f0t|k(s+7)|ds+MsL(Mp)t7wt < Mp eae[MSL(Mp)f(wfw’)}t

if 7 <t, and

Y (8) |l ypna < Mo eMsLM)t=wt < ppy [MsL{Mp)=wlt
S
if t < 7. In any case (4.2.11) holds. -

For the subsequent step, we define an appropriate energy functional.

Definition 4.2.1. Let y be a mild solution of (4.2.1) and define its energy as

1 [ y2(t,x)

nd - Yi (L, 2 P2 1 2

8,°(t) -—2/0 < o) + oo (t,7) |de + Sy (1) + 5ya(t, 1)
B t

(
1 t
/-”ﬁ;ﬂwx+1/ k(s + 1) 1B ()} ds,  Vi>0,
0 t
9

] 2 ),
).

The following result holds.

where F' is defined in (4.2

Theorem 4.2.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.3.1, 4.2.3.83 and
let y be a mild solution of (4.2.1) defined on [0,T). If (‘Sgd(t) > i”yt(t)HQLQl (0,1) for any
t€[0,T), then ’
nd nd
g19(t) < C(HE(0),  Vte0,T),

where
C(t) := 2 Jo Uk Flk(s+7))ds (4.2.14)

Proof. Let y be a mild solution of (4.2.1). Differentiating formally (‘Sgd with respect to t,

using (3.2.1) and the boundary conditions at 1, we obtain

A&y () _ [ (et x)yn(t, )
dt /0 ( a(z)
+ By(tv 1)yt(t7 1) + YYzx (ta 1>ytz(t7 1)

_ /1 f(y(t?x))yt(ta .%')
0 a(z)

1 *
— SO 1Byt = ),

+ yww(t7 x)yx:vt(t7 .’L’)) dx

1 *
do+ 5|kt + 1) | B w(0) I
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1
yt(tv x)ytt(tvx)
= 2 voxz (T t, d
/ ( U et () |
y:ca:x(t 1)yt(t 1) + y:caz(tv 1)ytx( )
+ yt(tv 1) [yxxx(t 1 (tv 1)] + yta: t 1 [ ya,’a:(ta 1) - ytx(tv 1)]
1
fly(t, z))y:(t, ) 1 ) 2
dr + —|k(t || B*ye(t
S R R O]
1 * 2
= 5 k@1 1B ye(t = 1)l
1
t,x t,x
:/ M + ymcxx(ta I)yt(ta :E) dr — yt2(t7 1) - ytzr(ta 1)
0 a(z)
1
f(y(t,(lf))yt(t, .CC) 1 * 2
dr + —|k(t || B*ye(t
e 4 S1a(e )| 1B w0
1 * 2
— SO 1B e~ ).
Using the differential equation in (4.2.1), we have
d&r(t) .
L2 = R0 1) — 2,1 1) — K0 (BB (e — 7). ()13 o)
1 * 2 1 * 2
+ b+ B Ol — 51k@] - 1B et = 1)l
=~y (t,1) = yi(t, 1) — k(1) (B ye(t), B ye(t — 7)) gy
1 * 1 *
5 k(1) B N — Sk 1Bt = 7)1
By the Cauchy inequality, we infer
deri(t) 1 i
L2 < (e ) D) 1B w0
1
< 207 (Jk(t +7)] + [K(O]) 7 s (D72 (0.1 -
Using the fact that &74(t) > et )H%i (0,1 for all £ € 0,T), we get
d&nd(t
ilt() <20 (k(t + 7)| + |k(2)])6(t)
and the thesis follows using the Gronwall Lemma. O

4.2.2 The well-posedness assumption

In this subsection we prove the well-posedness assumption, i.e. Hypothesis 4.2.3.3, for

(4.2.3). To this aim, the following two propositions are crucial.

Proposition 4.2.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.2.1. Let us
consider (4.2.3) with initial data Yy € #2¢ and o € 6 ([—7,0]; #2%). Then there exists a

unique continuous local solution.
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Proof. Tt is sufficient to observe that if ¢t € [0, 7], then t — 7 € [—7,0]. Thus, (4.2.3) can

be formulated as a problem without delay in the interval [0, 7]:

%Y(t) = A2Y (t) — k(t)p(t — 1) + F (Y (1), te€(0,7),

Y(0) = Yp.

Then, from the standard theory for inhomogeneous evolution problems (see [92] or [93,
Chapter 6, Theorem 1.4]), we have that there exists a unique solution of (4.2.3) on [0, ),

for some § < 7. O

Proposition 4.2.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.2, 4.2.3.1 and
consider (4.2.3) with initial data Yy € H€%% and ¢ € €([—7,0];#2%). Consider T > 0
and let Y be a non-trivial solution of (4.2.3) defined on [0,9), with 6 < T. The following

statements hold:
1. if h(Hyé’HLQ(OJ)) < 3, then &14(0) > 0;
2. if h(lyhll p2go1y) < & and h(z C(T)ggd(())) <L, then

1 1 B gl
nd 2 2 2 2
&y (t) > 1 Hyt(t)HL?%(O,l) + 1 ||Z/m(t)HL2(o,1) + 1Y (t,1)+ 4ycc(ta 1)

, (4.2.15)

t
3 [ ks IB ol ds
for allt €0,6), being C(-) the function defined in (4.2.14). In particular,

n 1 2
E4(t) > 1Y Ollega s Yt €10,0).

Proof. Point 1. Let us consider a non-trivial solution Y. By (4.2.10) and the assumption

(Hy HL2 0 1)) < %, we note that

[ Eltel),
0

1
a() § h(|lvo HL2 0,1) ) v HL2 0,1) Hy HL2 (0,1) "

As a consequence,
1 9 B
8;}(1(0) =3 HylHLi(O 1) H HL2 01) T y2(0 1)+ Z/x(o 1)

B IMQ: ! ’ s+ 1) - 1By (8|12 ds
/0 a(r) d +2/T|k( +7)|- B yt()”Hd
LB

1
>1Hy1‘|%i(01 Hy HL2 01) 4 (0 1)+ 4y:c(0 1)

I .
5 [ I+ B () ds

-7
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In particular, ébz’}d(()) > 0.
Point 2. Let us denote

r:=sup{s € [0,9) : (4.2.15) holds ¥V ¢t € [0, s)}

and suppose, by contradiction, that » < §. Then, by continuity,

n 1 B Y
&7(r) = e (r )HL2 o1 T 7 Hym( )Hiz(o,l) + 4y2(72 1)+ 4y§(7“71)

1 (" N
b [ s+ D IB (o ds

in particular,
1 2 nd 1 2 nd
e (00 < E590) and ()5 o) < E5°0).

Hence, by Theorem 4.2.2 and using the monotonicity of A, we have

Wl ()l 20) < B(2y/859(0)) < w(2\OMIER0) < 5.

Therefore, using the definition of (%"Z’}d, by the previous inequality and (4.2.10), we conclude
that

N 1 1 B8
65r) =3 ()35 0+ 5 Woae (P + 5920 1) + i)

2 2
B /1 F(y(r,z))
0

1 (" 2
E ||B*
e d:v+2/r_Tk‘(5+T)‘ | B*ye(s)|7; ds

1 B v
> [[ye(r )”L2 on 1ty Hym( )”iQ(O,l) +Z’y2(7“7 1)+ 1Y ya(r,1)
1 " * 2
+ | ks [1B7y(s)l[ ds.
T—T
This is not possible due to the maximality of r; consequently, r = ¢ and the thesis is

proved. ]

Thanks to the previous results, we are ready to prove well-posedness and exponential
stability of solutions to (4.2.3) corresponding to sufficiently small initial data. Note that
the following theorem proves both well-posedness and exponential stability via an iterative
argument. Indeed, we first show that Hypothesis 4.2.3.3 is satisfied, for small initial data,
on a finite interval (0,T"). Then, we apply the exponential decay estimate of Theorem 4.2.1
to show that the solutions remain small enough. Therefore, we can iterate the argument

on successive time intervals obtaining, finally, global solutions exponentially decaying.

Theorem 4.2.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.2.2, }.2.3.1,
4.2.3.2 and consider (4.2.3) with initial data Yy € %gd and Y € (6([—7', 0];37’6@61). Then
(4.2.3) satisfies Hypothesis 4.2.3.8 and, if the initial data are sufficiently small, the corre-

sponding solutions exist and decay exponentially in (0,4+00) according to (4.2.11).
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Proof. Let us consider a time 71" > 0 sufficiently large such that
Cr = 2M% e® (1 + Ae*™b?) (1 + Ae*Tb?)e” )T < 1.

Furthermore, let p > 0 be such that

<1l
P= 2,/C(T) 2)
where C(+) is the function introduced in (4.2.14), and consider initial data such that

0
2
\@Nwm@+Nwﬁamn+ﬁf®J)+7%®J%+/ k(s +7)| - lg(s) |7 ds < p*.

-7

Observe that the previous condition is equivalent to require

0
Wollige + [ (s )] -l 1% ds < 2 (42.16)

Now, by Proposition 4.2.1, we know that there exists a local solution y of (4.2.1) on a
time interval [0,d). Without loss of generality, we can assume 6 < T' (eventually, we can
consider a larger T'). From our assumption on the initial data, on the monotonicity of h
and the fact that m > 1, we have

1" 1 41 1
h(HyOHL2(0,1)) < h(p) < h(Wh ! (2)> <3

Thus, by Proposition 4.2.2.1, we deduce C‘Sgd(O) > 0. Moreover, from (4.2.10), we obtain

1 9 3 2 B Y
8{}”’(0) < 9 HyIHLi(O,l) + 1 HngLQ(OJ) + 5192(0: 1)+ 51/3(07 1)

(4.2.17)

1 0
ty [ Ikl + DI gl ds < 2,

which implies

n(2/Cm)E () < h(20/CT)p) < h(h*(;)) = %

Hence, applying Proposition 4.2.2, we have

n 1 1 p gl
&7 (t) > 1 Hyt(t)“%i(o,l) +3 Yz ()1 2201y + ZyQ(t, 1)+ Zyg%(t, 1)
Lot (4.2.18)
g [RGB ) ds >0,
t—T

for all ¢ € [0,6); in particular, é?gd(t) > 1 Hyt(t)||%21 (0,1)- Thus, we can apply Theorem

a

4.2.2 obtaining
nd nd
£,°(t) < C(T1)6,7(0), Vtel0,9) (4.2.19)
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(recall that 6 < T'). As a consequence, from (4.2.18) and (4.2.19), we have

1 2 1 2 1 2
1 ||ym(t)HL2(0,1) < Z ||yt(t)HL2l 01 T 1 Hym(t)Hm(o,l)

L 91 t 2 —|— 2 ’Y D
t—T1 ? H dS n 1 l nd

(4.2.20)
for every t € [0,9). Then, we can extend the solution in ¢t = ¢ and on the whole interval

[0,T]. In particular, for t =T, we get

B(lyae (D)l 20) < b (2y/C@TIEFO)) <

By (4.2.17) and (4.2.20), we deduce

N =

1 2

1 Y Ollena < &,4(t) < (1), (0) < C(T)p?, YVt el0,T],
ie.

Y @)l yepa < Mp, V€[0T,

where M, := 2,/C(T)p. Now, without loss of generality, we can assume that p is such
that L(M,) < %31~ M“’ (eventually choosing a smaller value of p). Recall that L(M,), Mg, w
and w’ are the constants considered in Hypothesis 4.2.2, (4.2.2) and (4.2.7), respectively.
Consequently, Hypothesis 4.2.3.3 is satisfied in the interval [0,T]. Hence, Theorem 4.2.1

gives us the following estimate:

||Y<t>||%gdngea<||Yo||%gd+ /O ewswk<s>|-||w<s—r>||%gdds>e-“?’t, (4.2.21)

for any t € [0,T]. By Hypothesis 4.2.1, (4.2.16) and the Holder inequality, it follows

/ ew8|k<s>|-||w<s—f>|,%gdds§em< / |k<s>|ds) ( JAZS ||¢S_T>||st>
< ewT\/Kpb.

Hence, coming back to (4.2.21), we obtain
1Y ()| 5z0 < 2M§ 0% (1 + 52T A)e —(w—u)t (4.2.22)

for any ¢ € [0,T]. Moreover,

T
/ |k(8 +T)| . ||B*yt( )HHdS < 2b2M2 204Ap2 wr(l —|—A620')Tb2)67(w7w/)T.
T—1

Since T is chosen such that Cp < 1, by (4.2.22) and the previous inequality, one has

T
1Y (7)1 50 +/ k(s +7)| - [ B*ye(s)| 3 ds < Cr p* < p°

T—1
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or, equivalently,

lye (D)7 0.0y + 190D 72,0y + BY* (T, 1)
a T 2
+ (T, 1) + / (s +7)| - | B*ye(s)[[3; ds < p*.

We can apply a similar argument on the interval [T, 27T'], obtaining a solution on the whole
interval [0,27]. Iterating the procedure, we obtain a unique global solution of (4.2.3).
Thus, the well-posedness Hypothesis 4.2.3.3 is satisfied and the thesis follows. O

4.2.3 Delay beam equations with source term or integral non-linearity

In this subsection we apply the previous abstract results to two specific problems. To this
aim, consider as H the Hilbert space L?(P), where P is an open subset strictly contained

in (0,1), and define the linear bounded operator B as
B: L*(P) — L%(O, 1), y—ixp,

being 7 € L?(0,1) the trivial extension of y outside P. It is easy to verify that
Bg)=gp,  Voe (13(0,1)"

Hence, BB*(¢) = xpyp for all ¢ € (Li(O, 1))>k

Moreover, for f we consider two types of non-linearities:

fy(t,z) = |yt 2)|%y(t, ), (4.2.23)
with ¢ > 0, or
1 5
fly(t,z)) = (/ yQ(t,x)dx> y(t, x), (4.2.24)
0
with p > 1. Hence, as a concrete example, we consider
ytt(t7 .’L') + a(x)ym:m(ta x) + k(t)X'P(‘T)yt(t -7, x) = f(y(ta x))a (tv x) € Q?
y(t,0) =0, y(¢,0) =0, t € (0,400),
By(t, 1) — Yuaa(t, 1) + ye(t,1) = 0, t € (0,400),
VYo (1) + Yo (8, 1) + y42(¢, 1) = 0, t € (0,400),
yi(s,z) = g(s), s € [-1,0],
\y(O,CC) :yO(l‘)v yt(o’x) :yl(aj)7 S (07 1)7

where 7, 8, 7, a, k are as in the previous subsections, xp is the characteristic function of
the set P and f is defined as in (4.2.23) or in (4.2.24). In the following we prove that f
satisfies Hypothesis 4.2.2.
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First of all, assume f(y) := |y|%y,q > 0.
Naturally, f(0) = 0. Now, we prove the other points of Hypothesis 4.2.2. Observe that

llof%a — (88| < (¢+1) (lal + |B)) o = B, Vo, BER; (4.2.25)

moreover, for all v € I;@ 0(0,1), one has

T t T
ol [*[Wrolasas [V gy 30 [ e, @220
0 0 0

for all x € (0,1). Hence,

1 1
1 2 1
|ttty = 2192 < (a4 12 [5Gl + 12D (0 - 2%
0o a 0o a
2 ! 1 2 2 2
< (g+1)°R, a(ly! T+ 2% (y — 2)°da,
0
by (4.2.25), where
201 g> 1
Ry = 2 X (4.2.27)
1, (o, 7).
a€ (0.5

~—

Then, thanks to the previous inequality, (1.2.11) and (4.2.26), one has

1 2\ 20 (y —2)?
/0 ~|lyl?y = |2172*dw < (5) " (g + DR, / (1" 130y + 1275 0.0)) 2 —da

< <§>2q(q +1)%R, (4CHp + 1) ((/01 (y”)Qd:n> q+ (/01 (z”)2dx> q) /01 (y' - 2") dw,

for all y,z € H2 (O 1). Now, fixing » > 0 and considering y, z € H2 (0, 1) such that

ly" ”L2(0 1) <, HZ HL2 0,1) < r, we obtain

1f(y) — f(z )HL2 01 = Hy /HL2(0,1)’

being L(r) := \/g(q +1)2Ry(4Crp + 1)r24. Moreover, Hypothesis 4.2.2.3 is also satisfied
with

h(z) = <§> (4Cup + 1)t

Indeed, by (1.2.11) and (4.2.26), one has
1 g 1
1 vo 2\" 1,
<f(y)7y>L2%(071) :/0 a‘y|q dx < <3) Hy,HLQ 01)/0 Ey dx
5\
a+2
= <3> (4Cup +1) Hy”Hm 0,1)’

for all y € ﬁi O(O, 1). Since f satisfies Hypothesis 4.2.2, one can apply the results of the

previous subsections as soon as Hypotheses 4.2.1 and 4.2.3 are satisfied.
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Now, assume f(y) (fo 2d:1:> y, p> 1.
Again f(0) = 0. Moreover, using (1.2.11), one has
HUHL2 o1 < (4Cmp +1) H“HHLQ o1 VUE H;O(Ov 1);
hence,
2 "1 2
1560 = £ o = [ 3 (W08 = 1410 2) o
1 1 » 2
= [ 2 (1ha0ny v = 0202 + 1oy = = Wl 2) o
! 2p 2 1 p p 2 o
<2 [ 2l (= 22de 2 / g(uyuwo,l) ellany) e
Po1g
2
<2||yHL2 0.1) (;"g[%ﬁ} a(fﬁ)) /O Sy —2)de (4.2.28)
2 p 1 2d
20y~ 121020) L
p
p+1 2
<2 (xrél%(l] a(ff)) (4Crp +1) Hy”Hm 0,1) ly" — Z”HLQ(O,I)
2 1
2100y~ 12laony) [ 37,
0
for all y,z € fI;O(O, 1). Now, consider the term Hy||L2 01) HzHL2 0.1 BY (4.2.25), one
has
—1 -1
Hy||L2 0,1) HZ||L2 0,1) Hy”ljjﬁ(o’l) ||y”L2(0,1) - HZ”IZ/?(OJ) HZ”LQ(O,l)

p—1
< (Il + Ilieon) Ilzza) = Nollieon|

< Ry (19122001 + 1205200 ) 190 220.0) = 12l 2201

p—1
2

-1
< pR» (mrél[%ﬁ] a(%)) (HyHLz on T HZII%(OJ)) 1y = 21l 20,1

where Ry is defined as in (4.2.27). Hence,

2
2p—2 2p—2 2
(112201 = 1212201y < S (Hyugz01)+qu;;1(0,1)> ly = #llZ2(01,

where S, := 2p? R? (max, ¢ 0,1] a(x))p_l, and
2

1 1 )
2(Iola0n) ~ Volaan) | 320

2p—2 2p—2 2 2
<25, xrgfgg]a( )(HyHLz o T IEIE 10 ) lly — ZHLi(O,l) HZHLz%(o,l)

)

< 28, max a(z)(4Cup + 1)p+1(H ”Hig 021 +] HH%Z(OQI ) Hy”_ZHHi?(O,l) HZ”HiQ(O,I)’

xG[O 1]
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by (1.2.11). By the previous inequality, (4.2.28) becomes

p
1f(y) — f(z )||L2 (0,1) < Q(zrg%}i]a(x)) (4CH +1 i H ”H 2(0,1) Hy Z”HiQ(O,l)

+25p ng%}fI]a( )(4CHP+1)p+1 (H //HQLI; 021) + H ”Hig 021 ) Hy”_zﬁHi?(o,l) ||Z//Hi2(0,1)7

for all y,z € H2 0(0,1). Now, fixing r > 0 and considering y,z € IA—IZE 0(0,1) such that

19" 2201y < 7 HZ I£2(0,1) < 7, we obtain

1F®) = F@llzs o) < L(r My = 2"l 2010

being L(r) := y/2max, ¢ o1y a(x)(4Crp + 1)p+1 ((maxgge [0,1] a(w))pil + 2S’p) r2P. More-
over, Hypothesis 4.2.2.3 is also satisfied with
b
h(z) () 2(40 +1)8t!
xTr) = xrél%},(l]a x HP

Indeed, using again (1.2.11), one has

1
1 2
(W) 9113 01 = Wiy /0 Ly
P
2

2 Piq 2
< (Lmgna) 0w s 0F WS,

for all y € H 2 0(0, 1). As for the previous example, since f satisfies Hypothesis 4.2.2, one
can apply the results of the previous subsections as soon as Hypotheses 4.2.1 and 4.2.3

are satisfied.

4.3 The non-linear delay beam equation in divergence form

In this section we study the stability for the non-linear problem governed by a degenerate

fourth-order operator in (DF):

Y (t, 2) + (a(@) Yo (t, 2))ze + k@O BByt — 7,2) = f(y(t, z)), (t,z)€Q,
y(t,0) =0, t e (0,+00),
Y2 (t,0) = 0, if a is (WD) at 0, € (0,400,
(ayz2)(t,0) =0, if ais (SD) at 0, (4.3.1)
By(t,1) — (a¥az)a(t, 1) + (2, 1) = 0, t € (0,400),
VW (t 1) + (ayze) (¢, 1) + yra(t, 1) = 0, t € (0,+00),
By(s,x) = g(s), s € [-,0],
(Y(0,2) = yo(@), %:(0,2) = yi(2), z € (0,1),
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where ¢ is defined on [—7, 0] with values in a real Hilbert space H. In this case the linear
bounded operator B is defined on H with values in L?(0,1) and the function a is, as
before, (WD) or (SD) at 0. The Hilbert spaces needed to study this problem are H}(0, 1),
ﬁ;,o(a 1), ﬁj;&(o, 1) and Wy(0,1), defined in Section 1.3.

Moreover, we consider the operators (A%, D(A%)), (4¢, D(#4¢)) and the energy space
%g with inner product and norm defined as in Section 3.3.

Under the conditions provided in Theorems 3.3.4 and 3.3.5, the exponential decay of
solutions for (3.0.2) is uniform. In particular, as a consequence of the previous stability
theorems, we know that the Co-semigroup (#4(t))i>0 generated by (42, D(«4d)) is expo-
nentially stable in the sense of (4.2.2) for 5, > 0 in the (SD) case and for 3,7 > 0 in the
(WD) one.

Now, as in the previous section, we rewrite (4.3.1) in an abstract form. To this aim, de-
fine v(t, x), Y (t), Yo, ¥(s), BY (t), F(Y(t)) as in Section 4.2 and, thanks to (g, D(«42)),

(4.3.1) can be rewritten as

%Y(t) — IV (1) — KOBY (t—T) + F(Y(H), (t2) € Q,
BY (s) = ¥(s), s e [—,0], (4.3.2)
Y (0) = Yo, xz € (0,1).

Also in this case, if Yy € #Z, the Duhamel formula (4.2.4) still holds substituting the
semigroup (#84(t))i>0 with (#2(t))>0, and, setting
b:=Bllem, 20,1 = 1Bl r20,1), 1> (4.3.3)

one has again
_ 32
18 || ¢ (ea) = b7
In order to deal with well-posedness and stability for (4.3.1), we make on k the same

assumption as before, i.e. Hypothesis 4.2.1; on the other hand, Hypotheses 4.2.2 and 4.2.3

become:

Hypothesis 4.3.1. Let f: flié (0,1) — L?(0,1) be a continuous function such that

1. f(0) =0;

2. for all 7 > 0 there exists a constant L(r) > 0 such that, for all u,v € ﬁ;;é(o, 1)
satisfying |[vau"|| 2o 1) < v and ||y/av"|| 29 1) < 7, one has

[f(w) = F)ll 20,1y < L(7) [vau" — \/&)HHLQ(OJ);

3. there exists a strictly increasing continuous function h: Ry — R, such that

(fw),w) 2001y < h(H\/au”HLQ(O,l)) H\/a“”Hi?(o,U’ (4.3.4)
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for all u € H 0(0 1).
Hypothesis 4.3.2. Suppose that:
1. B,y >0if ais (WD) or (SD) at 0 and 8,7 > 0 if a is (WD) at 0;

2. for any t > 0
t
Mste‘”/ |k(s+7)|ds < a +w't (4.3.5)
0

for suitable constants a > 0 and w’ € [0,w), where Mg, w and b are the constants in

(4.2.2), referred to the semigroup (#4(t))i>0, and (4.3.3), respectively;

3. there exist 7', p > 0, M, > 0, with L(M,) < %, such that if Yy € %g and
g: [—7,0] — H satisfy

Yol +/ k()| - lg(s — ) ds < o2 (4.3.6)

then (4.3.2) has a unique solution Y€ 6 ([0,7); #¢) satisfying ||Y(t)|]5€g < M, for
all t € [0,7).

Also in this case, thanks to Hypothesis 4.3.1, ¥ (0) = 0 and for any r > 0 there exists
a constant L(r) > 0 such that

1F(Y) = F (D)l yeg < L(r) 1Y = Zllyea »

whenever ||Y]

wd ST HZng < r. In particular,

17 ()

e < L) Y s

4.3.1 The exponential stability theorem

Thanks to the Duhamel formula for (4.3.2), we obtain the following theorem whose proof

is analogous to the one of Theorem 4.2.1, so we omit it.

Theorem 4.3.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.1 and 4.3.2, and
consider the initial data (Yo, g) satisfying (4.3.6). Then every solution'Y of (4.3.2) is such
that

1Y ()l < Ms (HYOLW [ e s = Dl ds) e (o' MSLOBL (4.37)

for any t €[0,T).

Now, consider the function F defined in (4.2.9), where we consider H ;’3(0, 1) in place
of E@ 0(0,1); Lemma 4.2.1 becomes
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Lemma 4.3.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.53.1. Then

/0 s

for ally € I’—VI;:(%(O, 1).

1
= §h(H\/ay”HL2(o,1)) H\/ay”HiQ(O,l)’

Proof. Fix y € ﬁ;é (0,1). Proceeding as in Lemma 4.2.1, one has

1 1,1 1 ds
/ F(y)dx:/ / f(sy)ydsda::/ <f(sy),3y>L2(0’1)—.
0 0 Jo 0 S
Thus, by (4.3.4),
! ! " 2 "2 ds
) F(y)dz| < . h(||Vay HL2(O,1))S H\/&y HLQ(O,l)?

1
< (VA ) VA [y
]

Using the function F' and under the well-posedness assumption (4.3.6), we can define

the energy associated to (4.3.1) in the following way.

Definition 4.3.1. Let y be a mild solution of (4.3.1) and define its energy as

1
(1) 1= [ (s(t.0) + alonalt))do + o0 1) + Ju20.1)

1 1 t
- [ Pt g [ kG40l 1B wGl s Vezo
0 t

The following estimate holds for the energy.
Theorem 4.3.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.2.1, 4.53.2.3 and let
y be a mild solution of (4.3.1) defined on a set [0,T). If £(t) > iHyt(t)H%%O,l) for any
t€[0,T), then
d d
gi(t) < C(HEL0),  Vte[0,T),
where C(+) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.3.1). Differentiating formally 85 with respect to ¢,

using (3.3.1) and the boundary conditions at 1, we obtain
d&d(t) 1
20— [ (st (t.2) + ()i Ot 2))
0
+ By, Dye(t, 1) + vy (t, Dy (t,1)

1
- [ sttt e+ k- Dl 1B Ol

1 *
LGN LRl
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1
_/0 <yt(tﬂ x)ytt(tv (IZ) + (ayﬂwc(t? x)):myt(ta w))dx - (ayém’):v(t? 1)yt(t7 1)

+ a(1) Yoz (t, Dyra(t, 1) + ye(6, 1) [(ayza)2(t, 1) — w8, 1)]

+ Yo (t, 1) [—a(1) Yo (t, 1) — Ya(t, 1)]

- [ sttt e Sk B w0l

SO 1B -

= /0 1 (yt(t, 2)yu(t, ) + (ayaa(t, ))acye(t; :L"))dw —yP(t,1) — yR(t,1)

1
- [ sttt + Sk Dl 1B O

1 *k
= 5RO 1B ye(t ~ ) -

Proceeding as in Theorem 4.2.2, we have

débg(t) 2 2 * *
dt =Y (t7 1) - ytx(t7 1) - k(t) <B yt(t)a B yt(t - T)>H
1 . 1 .
+olk(t+ )] [|1B ye(t)|I7 — Sk@)- 1Byt ~ ol
1 *
< 5(\’6(15 + 1)+ k(®)]) 1B 5 ()15
1
<20*([k(t+7)| + Ik(t)\)z lye ()1 72(0.1)
<20?(|k(t +7)| + |k(2)])6L(t)
and the thesis follows as in Theorem 4.2.2. O

We conclude this subsection proving the well-posedness assumption (i.e. Hypothesis
4.3.2.3) for (4.3.2). To this aim, observe that Proposition 4.2.1 still holds in this context.
On the other hand, the analogue of Proposition 4.2.2 is the following one.

Proposition 4.3.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.1, 4.3.2.1 and
consider (4.3.2) with initial data Yo € #€% and ¢ € 6 ([—7,0]; #¢). Consider T > 0 and
let Y be a non-trivial solution of (4.3.2) defined on [0,0), with 6 < T. The following

statements hold:
2. if h(||Vaylll j20.1)) < & and h(z C(T)gg(O)) <1 then

1 1 8

d 2 2 2 Y 2

gy(t) > Z Hyt(t)HL2(U,l) + Z H\/&anC(t)H[ﬁ(OJ) + Zy (t7 1) + Zy:r;(tv 1)
1

t
w3 [ 1B ) s
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for all t € [0,9), being C(-) the function defined in (4.2.14). In particular,

1
d 2
8y() > 1Y Dloes,  VE€[0,0).

Using the previous result, the well-posedness hypothesis (4.3.6) can be proved for
(4.3.1).

Theorem 4.3.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.3.1, 4.53.2.1,
4.8.2.2 and consider (4.3.2) with initial data Yy € 6% and o € 6([—7,0];#%). Then
(4.3.2) satisfies Hypothesis 4.3.2.3 and, if the initial data are sufficiently small, the corre-

sponding solutions exist and decay exponentially in (0,+00) according to (4.3.7).

Also for the divergence case one can consider as f the functions given in (4.2.23) and in
(4.2.24), proving that they satisfy the assumptions needed to apply the previous abstract

results.

4.4 'The non-linear degenerate delay second-order problems:

the non-divergence and the divergence cases

Well-posedness and stability are also crucial for wave equations. Some physical justifi-
cations are given, for example, in [55] and [85]. In particular, in [55], [89] and [96] the
authors study the stability of solutions for some abstract wave equations incorporating a
non-linear term of gradient type satisfying a local Lipschitz condition. In concrete appli-
cations, such as the theory of elasticity and viscoelasticity, this non-linear term gives rise
to a non-linear source term (see, e.g., [16] and [9], [79], where some decay estimates are
proved).

Moreover, taking into account wave problems with non-linear source terms, we recall
[79], where the authors focus the attention on a second-order non-autonomous hyper-
bolic equation in an abstract Hilbert space and apply the obtained results to Neumann
or Dirichlet problems for non-autonomous, semilinear wave equations. More precisely,
they consider two concrete models in a bounded domain @ € RY, N € N: the first one
is concerned with a non-linear source term of the type |y(¢,x)|Py(t,z), where p > 0,
with no further restrictions if N = 1,2, and p < ﬁ if N > 3; in the second applica-
tion they discuss an integro-differential wave equation with a non-linearity of the form
(Joy2(t,x)dx) gy(t, x),p > 1. Finally, in [78] the authors consider more general non-linear
source terms giving vacuum isolating phenomena of the solution and extending at the
same time the results of [48].

Anyway, all the previous papers consider only non-degenerate wave equations. Thus,

in this section we cover this gap.
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The technique developed in the previous sections for non-linear delay problems gov-
erned by degenerate fourth-order operators can also be applied to the ones governed by
degenerate operators of second-order. This final section of the chapter is devoted to present
the results in these last cases. In particular, given ¢ > 0 and 1 > 0, the reference models

are the following ones:

ytt(tv .’E) - Azy(ta .I‘) + k(t)BB*yt(t - T, IL’) = f(y(tv JZ)), (t7 ‘,17) € Qv
Biy(t,0) =0, t € (0,400),
Czy(ta 1) = 07 te (07 +OO),
B*y (s, x) = g(s), s € [-1,0],
y(ov‘r) = yO(x)a yt(07x> = yl(x)v VS (07 1)7
where ), f, T are as in the previous sections and, in this case,
a(x)Yze (T, x), 1 =1,
gy o f A0
(a(2)ya(t,2))e, i =2,
y(t,0), i=1,
Biy(t,0) := | y(t,0), if a is (WD) at 0,
1=2,

lim (ay,)(t,x), if ais (SD) at 0,
x—0
and
Cy(t’ 1) + yx(ta 1) + yt(tv 1)? =1,
773/(15, 1) + yx(tv 1) + yt(t7 1)7 1= 2.

A final comment on the notations employed in this section: since we consider wave

equations, we use the subscript W, which stands for Wave and it appears in the mathe-
matical symbols related to operators, energy spaces, energy functions and semigroups.
4.4.1 The second-order problem in non-divergence form

In this subsection we consider the problem

;

Yir(t, ) — a(@)yae(t, ) + k() BB y(t — 7,0) = f(y(t, x)), (t,z) € Q,

y(t,0) =0, t € (0,+00),

Cy(t,1) + 4t 1) + 3:(t, 1) = 0, t€(0,400),  (44.1)
Bryi(s, ) = g(s), s € [-7,0],

y(0,2) = yo(z), y:(0,2) = y1(x), z € (0,1),

where ¢ > 0. In this case g and B are as in Section 4.2. With reference to the spaces
L3 (0,1), Hi(0, 1),]:@ 0(0,1) defined in (1.2.1), (1.2.2), (1.2.8), respectively, we consider
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the operator
Aty = a(z)u”,  for all u € D(AY) = {v € ﬁi,O(O’ 1) :av” € LA (0, 1)}
- {v € H1(0,1) :av” € L3(0,1),0(0) = o}.
Moreover, we consider the Hilbert space
oepd = f{réo(o, 1) x Lé(o, 1),
with natural inner product and norm given by

~/

((u,v), (a, 'l~))>y€a/gl = (v, u >L2(071) + <v,17>Li (0,1) + Cu(1)a(1)

and

2 2
H(ua U)HZ%JW = HUIHL2(071) + ”UHLi(O,l) + Cu2(1),
for every (u,v), (4,v) € 3‘6{,&7. Finally, we consider the matrix operator

At D(dif) C S5 — Ayd

. 0 Id
dmg = ( nd > ;
And g

D(stit) 1= { (u,v) € DA x H1 (0,1) : Cu(1) + /(1) +v(1) = 0}

given by
where

Thanks to the Gauss-Green formula given in [52, Lemma 2.1]
1 1 ~
/0 " vdr = (u'v)(1) — /0 u'v'de, YV (u,v) € D(ARY) x H;O(O, 1), (4.4.2)

one can prove that, if a is (WD) or (SD) at 0, then («41i, D(«4119)) is non-positive with
dense domain and generates a contraction semigroup (#34(t))t>o (see [52, Theorem 2.1]).

Then, considered the problem without delay

ytt(ta I’) - a(x)ymm(ta I’) = 07 (ta I’) € Qv
y(ta 0) =0, te (07 —l—OO), (443)
Cy(t, 1) + ya(t, 1) +3:(t,1) =0, T € (0,+00),

\y(()?m) = yo(l‘), yt(O,.%') = yl(x)v LS (07 1)7

with associated energy

L[yt x)
ED (1) = = AN 2(t de + 2y2(t, 1 Vt>0
W,y() 2/0 ( a(x) +ya:(7x> T + Qy(’ )7 - Y

where ¢ > 0, one has the following well-posedness and stability results.
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Theorem 4.4.1 ([52], Theorems 2.3 and 3.2). Assume a to be (WD) or (SD) at 0. If

(yo,y1) € %{L‘ﬁi, then there exists a unique mild solution
y €6 ([0,+00): L (0.1)) N6 ([0, +00); L ,(0.1))

of (4.4.3) which depends continuously on the initial data (yo,y1) € RS, In this case,
there exists C' > 0 such that

Qle+

By, (1) < Biif, (0)e' ¢,

for allt > C. Moreover, if (yo,y1) € D(sd{}[}i), then the solution y is classical, in the sense
that

y € 6([0,+00): L3 (0.1) ) N6 ([0, +00): H1 (0,1)) 16 ([0, +00); D(4}))
and the equation of (4.4.3) holds for all t > 0.

Under the conditions provided in the previous theorem, the exponential decay of so-
lutions for (4.4.3) is uniform; in particular, (#4(t));>0 satisfies (4.2.2) with (SFU(t))e>0
substituted by (1 (t))e>0-

In order to treat the corresponding non-linear problem, we assume again Hypothesis
4.2.1 on k. On the other hand, Hypotheses 4.2.2 and 4.2.3 become:

Hypothesis 4.4.1. Let f: ffi 0(0,1) — L3(0,1) be a continuous function such that
L f(0)=0;

2. for all 7 > 0 there exists a constant L(r) > 0 such that, for all u,v € fIi 0(0,1)

satisfying [|u/[| 12(91) < 7 and [[v'[[ ;2 1) < 7, one has

1f () = F©)ll 2 (0,1) < L) [Ju" = '[] oo,

3. there exists a strictly increasing continuous function h: Ry — Ry such that
/ 12
(f(U%U)Li(o,U < (| HL2(0,1)) [ u HLQ(O,l)’

for all u € H;O(O, 1).
Hypothesis 4.4.2. Suppose that:
1. ¢>0;

2. (4.2.7) is satisfied (in this case the constants are associated to the semigroup

(L)) 120);
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3. there exist T, p > 0 and M, > 0, with L(M,) < “]\7[;"/, such that if Yy € #7¢ and
g: [—7,0] — H satisfy

i
2 2
Wolligs + [ 1K) lgts = )l ds < 7,
0

then the abstract problem associated to (4.4.1) has a unique solution Y, belonging
to 6 ([0, T); #3¢) and satisfying HY(t)H%’;};f < M, for all t € [0,T).

Also in this case, the analogue of Theorem 4.2.1 still holds. Moreover, the following

inequality holds for the function F' introduced in (4.2.9), where we consider y € H I 0(0,1)
in place of y € ﬁz 0(0,1).

Lemma 4.4.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.4.1. Then

‘/1F(y)dx
0 a

1 2
< §h(Hy,HL2(0,1)) Hy/Hm(O,l)’

for ally € ﬁi 0(0,1).

We omit the proof since it is similar to the one of Lemma 4.2.1. As before, we can give

the following definition.

Definition 4.4.1. Let y be a mild solution of (4.4.1) and define its energy as

1 2 T
8%@/@) ::% /O (% + yi(t,x)) dx + §y2(t, 1)

C[VE@e) L e e
/0 a(zx) d +2/t k(s + 1) - |1B ye(s) ||y ds,  Vi=0.

—T
Moreover, this energy satisfies the following estimate.

Theorem 4.4.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.2.1, 4.4.2.83 and
let y be a mild solution of (4.4.1) defined on [0,T). If 8{}[%(75) > 1 Hyt(t)H%?l (0,1) Jor any
t€[0,T), then ’

&, () < C(HERE,(0),  Vtel0,T),

where C(+) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.4.1). Differentiating formally 8{}% with respect to t,
using the Gauss-Green formula (4.4.2) and the boundary condition at 1, we have
dggvdvy(t) _/1 yt(tax)ytt(tvx)
dt 0 a(z)

_/*ﬂwumwﬁa»
0

a(x)

+ y:v(t7 x)yxt(t7 .’L‘)) dx + Cy(t7 1)yt(t7 1)

1 *
do+ S|kt + )| B @l

1 k
— SO 1Byt = ),
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1
:/0 <W yxx(tvl')yt(t,x))dl‘+yx(t,1)yt(t71)
+ et 1) [—a(t,1) — ye(t,1)]

/ fly tx yt )d +,‘k(t+r)\-HB*yt(t)H§1

—iwmwwm@—ﬂﬁ

1
:/0 <W _ ym(t,m)yt(t,m)> dr —y7(t,1)

! f(y(t7 x))yt(t7 $)
a(x)

1 *
— SR 1B (7)1

]' *
do+ lI(t+ 1) [ B )l

Again one has

dend (t
chzf() < 267 ([k(t+ )| + |k(1)]) 6, (1)
and the thesis follows applying the Gronwall Lemma. O

It remains to verify that the well-posedness assumption (i.e. Hypothesis 4.4.2.3) holds
for (4.4.1). Again Proposition 4.2.1 holds in this context and the analogue of Proposition
4.2.2 is the following.

Proposition 4.4.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.1 and 4.4.2.1.
Consider T > 0 and let Y be a non-trivial solution of the abstract problem with initial
data Yy € 363[}1 and P € ‘6([—7‘, 0};56%1), defined on [0,9), with § < T. The following

statements hold:
Lif h(|lypllp201y) < 35 then &f,(0) > 0;
2. if h(|lybll poo.n) < & and h<2 C(T)gg;{y(())) <L, then

¢

., 1 1
&3, () > 1 ||yt(7f)||ii(o,1) T ||yz(t)|\%2(o,1) + 11/2(1@ 1)

1/t .
3 [ Ikl IB ol s
for allt €[0,6), being C(-) the function defined in (4.2.14). In particular,

n 1
iy (t) > 1 1Y ()llJea . ¥t E0,6).

As a consequence, one has that Hypothesis 4.4.2.3 still holds for system (4.4.1).

Theorem 4.4.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.4.1 and 4.4.2.1,
4.4.2.2. Consider the abstract problem associated to (4.4.1), with initial data Yy € %’ﬁ}i and



4 Stability results for non-linear degenerate hyperbolic equations with time
delay 126

(IR ([—7’, 0]; %ﬁfl) Then the problem satisfies Hypothesis 4.4.2.8 and, if the initial data
are sufficiently small, the corresponding solutions exist and decay exponentially according

to the following law:
1Y ()l yepa < Ms e® <HYoH.~¢end + / e[k (s)] - [|9(s = 7)l| yena d8> e~ (e T ML )E
for any t € (0,400).

4.4.2 The second-order problem in divergence form

Now, we consider the problem

yie(t, 7)) — (a(2)ys(t, ))s + k(t) BB*yi(t — 7,2) = f(y(t,2)), (t,z) € Q,

y(t,0) =0, if @ is (WD) at 0, e (0too)

lim (ay)(t,2) = 0, if ais (SD) at 0, "
ny(t,1) + ya(t, 1) + ye(t,1) =0, t € (0,+00),
B*yi(s,z) = g(s), s € [—,0],

y(0,2) = yo(z), 4:(0,2) = y1(z), z € (0,1),

where 7 > 0 and g, B are defined as in Section 4.3. Starting from the space H2(0,1) with

inner product and norm defined in Section 1.3, we consider the space
HY,(0,1) = {u € H(0,1) : u(0) = 0, if a is (WD) at o}.
Evidently, in the (SD) case Hg(0,1) = H{(0,1). Then, define
Al = (a(z)d),  for all u € D(AY,) == {v € HY(0,1) : av’ € H'(0, 1)}

Observe that in [8, Proposition 2.5] it is proved that in the (SD) case, if u € D(A$,), then
lim (au’)(z) = 0.
z—0
Moreover, we consider the product space
Hy = H(0,1) x L*(0,1),

with inner product and norm given by

<(u7 U)v (ﬁ, @)>%’3V = <\/&ul7 \/&a,>L2(0’1) + <1}, Q~]>L2(0,1) + na(l)u(l)a(l)

and
2
||(u,v)||§<ggv = H\/WHLQ(OJ) + vl 20,0 + na()u?(1),

for every (u,v), (@,9) € #64,. Finally, setting

D(stfy) = { (u,v) € D(ASy) x H2(0,1) : yu(1) + w/(1) + v(1) = 0},
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we can define the matrix operator

A D(aAd,) c 268, — 68,

0 Id
il = ( g )
Afy

Thanks to the Gauss-Green formula

given by

1 1
/0 (av)vdz = [au'v] f;(l) —/O av'v'dz, Y (u,v) € D(A$,) x Hg,O(O, 1),

given in [8], one has that (&, D(«4d,)) generates a contraction semigroup (¥ (t))i>0 in

%’{fv. Thus, the following well-posedness and stability results hold for the problem without

delay
ytt(t7 x) - (a(x)yx(tvx))x =0, (t7$) € Q,
y(t,0) =0, if a is (WD) at 0,
t € (0,400),
iig%)(ayx)(t,x) =0, ifais(SD)atO, (4.4.5)
ny(t, 1) +y. (¢, 1) + ye(t, 1) =0, t € (0,400),
(Y(0,2) = yo(x), ¥:(0,2) =y1(x), z € (0,1),

with associated energy

1
By ()= 5 [ (180:0) + ala)iZe.)) o+ Ja(s? ), V=0,

where 7 > 0.

Theorem 4.4.4 ([8], Corollary 4.2 and Theorem 4.5). Assume a to be (WD) or (SD) at
0. If (yo,y1) € HE4, | then there exists a unique mild solution

y € 6" ([0, +50); L2(0,1)) N6 ([0, +00); HY0(0,1))

of (4.4.5) which depends continuously on the initial data (yo,y1) € %I‘/lv In this case, if
n > 0 and y is the mild solution of (4.4.5), then there exists a suitable constant C > 0
such that

Efyy (£) < Effyy (0)e! ¢,

for allt > C. Moreover, if (yo,y1) € D(@i{fv), then the solution y is classical, in the sense
that

y € 62(10,+00); L2(0,1) ) N6* (10, +00); HE(0,1) ) 16 ([0, +00); D(Ay))

and the equation of (4.4.5) holds for all t > 0.
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Thus, if n > 0, the solutions of (4.4.5) decay exponentially uniformly and the semigroup
(#&(t))1>0 is exponentially stable, i.e. it satisfies an inequality similar to (4.2.2) with
(ygd(t))tzo substituted by (ylilV (t))t20~

In order to study the delay problem (4.4.4), we consider the following assumptions.

Hypothesis 4.4.3. Let f: H 0(0 1) — L?(0,1) be a continuous function such that

2. for all » > 0 there exists a constant L(r) > 0 such that, for all u,v € HS70(0, 1)
satisfying [[v/aw'|| ;2 1) < 7 and ||v/av'|[12(9 1) < 7, one has

1f(w) = f()l 20,0y < L(r (r) [|Vau' = vav' HL2(01

3. there exists a strictly increasing continuous function h: Ry — Ry such that
(f (), u) 20,1y < h(|[Var'|| 2 04y) H\/au,HQLQ(O,l)’
for all u € H(g’O(O, 1).
Hypothesis 4.4.4. Suppose that:
1. n>0;
2. (4.2.7) is satisfied (in this case the constants are associated to the semigroup
(A (1))e=0);
3. there exist T,p > 0, M, > 0, with L(M,) < "JA}—:I, such that if Yy € %f/lv and
g: [—7,0] — H satisfy

Wollg, + [ 1K) - lgts — 7y, ds < 2

then the abstract system associated to (4.4.4) has a unique solution Y, belonging to
6 ([0,T); #6d,) and satisfying HY(t)HJ‘f’“fV <M, forall t €[0,T).

Theorem 4.2.1 still holds and the energy function F' defined in (4.2.9), where we consider
yE Hgvo((), 1) in place of y € ﬁli O(O, 1), satisfies the following estimate.

Lemma 4.4.2. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.4.3. Then

/0 ' Fy)ds

1

5 (IVay HL2 (0,1) H\fy HL2 0,1)’

for ally € HgO(O7 1).

Under the well-posedness Hypothesis 4.4.4.3 and using the function F', we can define
the energy associated to (4.4.4) in the following way.
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Definition 4.4.2. Let y be a mild solution of (4.4.4) and define its energy as

1
Biy(t) =3 | (480.2)+ aa)st.a))do + Ja(1)y2(.1)

1 1 t
- [ Py [ kG40l 1B G s Voo
0 t

—T
The following estimate on the energy function holds.

Theorem 4.4.5. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.4.1, 4.4.4.3 and
let y be a mild solution of (4.4.4) defined on [0,T). If S%Vy(t) > i”yt(t)uiﬂ(o,n for any
t€[0,T), then

B, (1) < COBH, (0, Vie(0.T),

where C(-) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.4.4). Proceeding as in the previous sections, one has

e 1
V;»ty(t) - / (yt(t, 2y (t, 2) + a(@)ys(t, 2)yu(t, x))dm +na(D)y(t, Dyu(t, 1)

:
- [ 16Dt + Gk w0l 1B ol
— SO 1Bt~ D)

= [ (tshett. o) = vttt )
+ (aya) (1 Dt 1) + 0l 1) [0 (8,1) — (8, 1)]

1
- [ rwt et e+ Gk D) 1B Ol

1 *
— SR 1Byl = 7%

1
= [ (et 2) = Camt.2))san (0.2 ) dz = (1520, 1)
1
- [ rwt et e+ Sk D) 1B O]

1 .
— SR 1B (e = )3

Since, also in this case, one can prove that

d(%gv’y(t)

S < 20 ([k(t+ 7]+ [R(D]) 8L (1),

the thesis follows as in Theorem 4.2.2. O

In this case Proposition 4.2.2 becomes:
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Proposition 4.4.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.3 and 4.4.4.1.
Consider T > 0 and let Y be a non-trivial solution of the abstract problem associated to
(4.4.4), with initial data Yy € HE, and ¢ € € ([—7,0];68,), defined on [0,6), with § <T.
The following statements hold:

Lif h(IVaygllpan) < 3. then &, (0) > 0;

2. if h(|Vayhll 2o1) < & and h(2 C(T)%&/,y(o)> <L, then
1 1 2 n
By ) >+ 1 By + Ve ()220 + Lt
1

t
3 [ 1B ) s

for allt €[0,6), being C(-) the function defined in (4.2.14). In particular,

1
Eivy () > 7 IV (Dl VL E0,0).

As a consequence, we have the last theorem.

Theorem 4.4.6. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.4.3 and 4.4.4.1,
4.4.4.2. Consider the abstract problem associated to (4.4.4), with initial data Yy € %I‘/lv and
P E6C ([—T, 0]; %{fv) Then the problem satisfies Hypothesis 4.4.4.3 and, if the initial data
are sufficiently small, the corresponding solutions exist and decay exponentially according

to the following law:

1Y ()] yea SMS@“(IIYoIIyed - / e |k(s)| - 11(5 — )| en ds)e—@—w’—MsL(Mﬂ”ﬂ
W w 0 w

for any t € (0,400).

Also for the degenerate wave problems (4.4.1) and (4.4.4), one can consider the function

f given in (4.2.23) or in (4.2.24).

4.5 Conclusions and open problems

In this chapter we study the stability of the degenerate problems governed by a degenerate
fourth-order operator in (NDF) or in (DF) as in Chapter 3, but here we consider a delay
term and a non-linear term of source type. As usual, the linear theory is propaedeutic
to study the non-linear problems. Indeed, the stability results on the linear equations
without delay governed by the degenerate fourth-order operators in (NDF) and in (DF)
play a crucial role in this chapter. Thanks to these results and using the Duhamel formula,
we deduce well-posedness and stability for the non-linear delay problems writing them in an

abstract way. This technique can also be used to treat non-linear delay problems governed
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by a degenerate second-order operator in (NDF) or in (DF). Finally, some illustrative

examples are given.






Chapter 5

Conclusions and open problems

In this thesis we present some controllability and stability results for degenerate beam type
equations in divergence or in non-divergence form. We consider two types of degeneracy
according to Definition 1.1.1.

In Chapter 1 we present the functional spaces and some preliminary results that will
be used in the rest of the thesis.

In Chapter 2 we study the controllability problems of the considered systems by a
boundary control and via the notion of solutions by transposition (see Theorems 2.2.8
and 2.3.8). These results are obtained when the time control 7" is large enough and the
degeneracy constant K is less than 2. The null controllability when T is small is still an
open problem, as well as the case K, > 2. For the first problem one can try to proceed
as in [64], where the non-degenerate case is considered. Another interesting problem is to
study the null controllability for this type of systems when we have a drift term or the
control acts in the interior of the domain or on the degeneracy point.

We underline that the results presented in Theorems 2.2.8 and 2.3.8 are recently ex-
tended to the case of degenerate beam type equations in presence of a singular term (see
[5]). Moreover, in [2] a controllability result for a system of coupled degenerate Euler-
Bernoulli beam equations is proved.

In Chapter 3 we prove the exponential stability of the problem in non-divergence or in
divergence form (see Theorems 3.2.4 and 3.3.4). Also for the stability we have some open
problems. The first one is to obtain a result when K, > 2 in both cases, or when 8§ =0
and/or v = 0 in the strongly degenerate case if the problem is in divergence form. Recall
that in Theorem 3.3.5 the case f§ = 0 and/or v = 0 is considered only for the weakly
degenerate case. Also in this framework it would be interesting to consider a drift term.
Another important open probem is to study the stability in presence of a local damping or

a damping term acting on the degeneracy point. For the first problem, one can try to use

133
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the technique of [3]. It would be also interesting to study the stability under simultaneous
degenerate damping as in [4] for degenerate wave equations, as well as the stability for
degenerate beam type equations in divergence form with a singular term or for a coupled
system of degenerate beam type equations. Indeed, we underline that in [6] a stability
result is obtained only for a degenerate/singular equation in non-divergence form.

Using the results of Chapter 3, in Chapter 4 we obtain stability results for degenerate
beam type equations in non-divergence or in divergence form, but in presence of a delay
term and a non-linear term of source type.

There are a lot of open problems related to degenerate beam equations, since the in-
terest in these equations is relatively recent. However, we want to conclude this thesis
with an open problem connected to all the chapters: extend the previous results to the V-
dimensional case. Indeed, to our knowledge, there are no results neither for the degenerate

wave equations, due to some estimates that we are not able to prove.






Bibliography

[1]

2]

[10]

A. S. Ackleh, H. T. Banks, G. A. Pinter, A nonlinear beam equation, Appl. Math.
Lett. 15 (2002), no. 3, 381-387.

M. Akil, M. Agzzaoui, G. Fragnelli, J. Salhi, Boundary controllability of cou-
pled degenerate Euler-Bernoulli beam equations, Commun. Pure Appl. Anal., doi:
10.3934/cpaa.2025033.

M. Akil, G. Fragnelli, I. Issa, Stability of degenerate wave equations with a singular
potential and local damping, Discrete Contin. Dyn. Syst. Ser. B 30 (2025), no. 5,
1575-1606.

M. Akil, G. Fragnelli, 1. Issa, Stability for degenerate wave equations with drift under
simultaneous degenerate damping, J. Differential Equations 416 (2025), 1178-1221.

M. Akil, G. Fragnelli, A. Sbai, Degenerate/singular beam-type equations: a controlla-
bility result, submitted for publication. HAL-04901715.

M. Akil, G. Fragnelli, A. Sbai, Exponential stability for a degenerate/singular
beam-type equation in mnon-divergence form, submitted for publication. DOI:
10.20944 /preprints202501.1509.v1.

F. Alabau-Boussouira, P. Cannarsa, G. Fragnelli, Carleman estimates for degenerate
parabolic operators with applications to null controllability, J. Evol. Equ. 6 (2006),
no. 2, 161-204.

F. Alabau-Boussouira, P. Cannarsa, G. Leugering, Control and stabilization of degen-
erate wave equations, STAM J. Control Optim. 55 (2017), no. 3, 2052-2087.

F. Alabau-Boussouira, P. Cannarsa, D. Sforza, Decay estimates for second order evo-
lution equations with memory, J. Funct. Anal. 254 (2008), no. 5, 1342-1372.

K. Ammari, S. Nicaise, C. Pignotti, Feedback boundary stabilization of wave equations

with interior delay, Systems Control Lett. 59 (2010), no. 10, 623-628.

136



Bibliography 137

[11]

[12]

[15]

[17]

[18]

[19]

A. C. Aristotelous, O. A. Karakashian, S. M. Wise, Adaptive, second-order in time,
primitive-variable discontinuous Galerkin schemes for a Cahn-Hilliard equation with
a mass source, IMA J. Numer. Anal. 35 (2015), no. 3, 1167-1198.

I. Baaziz, B. Benabderrahmane, S. Drabla, General decay results for a wviscoelastic
FEuler-Bernoulli equation with logarithmic nonlinearity source and a nonlinear bound-

ary feedback, Mediterr. J. Math. 20 (2023), no. 3, Paper No. 157, 23 pp.

D. Bainov, E. Minchev, Upper estimate of the interval of existence of solutions of a
nonlinear Timoshenko equation, Georgian Math. J. 4 (1997), no. 3, 219-222.

C. Behn, J. Steigenberger, C. Will, Effects of boundary damping on natural frequencies
in bending vibrations of intelligent vibrissa tactile systems, Int. J. Adv. Intell. Syst. 8
(2015), no. 3 & 4, 245-254.

A. Bensoussan, G. Da Prato, M. C. Delfour, S. K. Mitter, Representation and con-
trol of infinite dimensional systems, Second edition, Systems Control Found. Appl.,

Birkh&user Boston, Inc., Boston, MA, 2007. xxviii+575 pp.

S. Berrimi, S. A. Messaoudi, Existence and decay of solutions of a viscoelastic equation
with a nonlinear source, Nonlinear Anal. 64 (2006), no. 10, 2314-2331.

A. L. Bertozzi, S. Esedoglu, A. Gillette, Inpainting of binary images using the Cahn-
Hilliard equation, IEEE Trans. Image Process. 16 (2007), no. 1, 285-291.

A. Biselli, M. P. Coleman, The exact frequency equations for the Euler-Bernoulli beam
subject to boundary damping, Int. J. Acoust. Vib. 25 (2020), 183-189.

I. Boutaayamou, G. Fragnelli, D. Mugnai, Boundary controllability for a degenerate
wave equation in nondivergence form with drift, STAM J. Control Optim. 61 (2023),
no. 4, 1934-1954.

H. Brezis, Analyse fonctionnelle. Théorie et applications, Collect. Math. Appl.
Maitrise, Masson, Paris, 1983. xiv+234 pp.

I. F. Bugariu, S. Micu, I. Roventa, Approximation of the controls for the beam equation
with vanishing viscosity, Math. Comp. 85 (2016), no. 301, 2259-2303.

A. Camasta, G. Fragnelli, Fourth-order differential operators with interior degener-
acy and generalized Wentzell boundary conditions, Electron. J. Differential Equations

2022 (2022), Paper No. 87, 1-22.

A. Camasta, G. Fragnelli, A degenerate operator in non divergence form, Recent

advances in mathematical analysis-celebrating the 70th anniversary of Francesco Al-



Bibliography 138

[24]

[25]

[28]

[30]

[31]

[33]

tomare, Trends Math., Birkhduser/Springer, Cham, 2023, 209-235.

A. Camasta, G. Fragnelli, Boundary controllability for a degenerate beam equation,
Math. Methods Appl. Sci. 47 (2024), no. 2, 907-927.

A. Camasta, G. Fragnelli, A stability result for a degenerate beam equation, STAM J.
Control Optim. 62 (2024), no. 1, 630-649.

A. Camasta, G. Fragnelli, New results on controllability and stability for degenerate
Euler-Bernoulli type equations, Discrete Contin. Dyn. Syst. 44 (2024), no. 8, 2193-
2231.

A. Camasta, G. Fragnelli, C. Pignotti, Stability for some classes of degenerate non-
linear hyperbolic equations with time delay, Nonlinear Anal. Real World Appl. 81
(2025), Paper No. 104191, 27 pp.

A. Camasta, G. Fragnelli, Degenerate fourth order parabolic equations with Neumann
boundary conditions, to appear in INdAM-Springer Volume in Analysis and Numerics

of Design, Control and Inverse Problems.

P. Cannarsa, G. Fragnelli, D. Rocchetti, Controllability results for a class of one-
dimensional degenerate parabolic problems in nondivergence form, J. Evol. Equ. 8
(2008), no. 4, 583-616.

P. Cannarsa, G. Fragnelli, J. Vancostenoble, Regional controllability of semilinear
degenerate parabolic equations in bounded domains, J. Math. Anal. Appl. 320 (2006),
no. 2, 804-818.

P. Cannarsa, P. Martinez, J. Vancostenoble, Persistent regional null controllability
for a class of degenerate parabolic equations, Commun. Pure Appl. Anal. 3 (2004),
no. 4, 607-635.

M. M. Cavalcanti, V. N. Domingos Cavalcanti, M. A. Jorge Silva, V. Narciso, Stability
for extensible beams with a single degenerate nonlocal damping of Balakrishnan-Taylor

type, J. Differential Equations 290 (2021), 197-222.

M. M. Cavalcanti, V. N. Domingos Cavalcanti, J. A. Soriano, Global existence and
asymptotic stability for the nonlinear and generalized damped extensible plate equa-
tion, Commun. Contemp. Math. 6 (2004), no. 5, 705-731.

V. Chalupecky, Numerical studies of Cahn-Hilliard equation and applications in im-
age processing, in: Proceedings of Czech-Japanese Seminar in Applied Mathematics,
August 4-7, 2004, Czech Technical University in Prague, 2004, 10-22.



Bibliography 139

[35]

[36]

[37]

[38]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

B. Chen, Y. Gao, Y. Li, Periodic solutions to nonlinear Fuler-Bernoulli beam equa-
tions, Commun. Math. Sci. 17 (2019), no. 7, 2005-2034.

G. Chen, J. Zhou, The wave propagation method for the analysis of boundary stabi-
lization in vibrating structures, STAM J. Appl. Math. 50 (1990), no. 5, 1254-1283.

G. Chen, M. C. Delfour, A. M. Krall, G. Payre, Modeling, stabilization and control
of serially connected beams, STAM J. Control Optim. 25 (1987), no. 3, 526-546.

G. Chen, S. G. Krantz, D. W. Ma, C. E. Wayne, H. H. West, The Euler-Bernoulli
beam equation with boundary energy dissipation, Operator methods for optimal control
problems (New Orleans, La., 1986), 67-96. Lecture Notes in Pure and Appl. Math.,
108, Marcel Dekker, Inc., New York, 1987.

D. S. Cohen, J. D. Murray, A generalized diffusion model for growth and dispersion
in a population, J. Math. Biol. 12 (1981), 237-249.

M. P. Coleman, L. A. McSweeney, The exact frequency equations for the Rayleigh and
shear beams with boundary damping, Int. J. Acoust. Vib. 25 (2020), 3-8.

R. Datko, Not all feedback stabilized hyperbolic systems are robust with respect to small
time delays in their feedbacks, STAM J. Control Optim. 26 (1988), no. 3, 697-713.

R. Datko, Two questions concerning the boundary control of certain elastic systems,

J. Differential Equations 92 (1991), no. 1, 27-44.

R. Datko, Two examples of ill-posedness with respect to small time delays in stabilized

elastic systems, IEEE Trans. Automat. Control 38 (1993), no. 1, 163-166.

A. Debbouche, V. E. Fedorov, A class of fractional degenerate evolution equations
with delay, Mathematics 8 (2020), no. 10, 1-8.

I. C. Dolcetta, S. F. Vita, R. March, Area-preserving curve-shortening flows: from
phase separation to image processing, Interfaces Free Bound. 4 (2002), no. 4, 325-343.

K.-J. Engel, R. Nagel, One-parameter semigroups for linear evolution equations,
Grad. Texts in Math., 194, Springer-Verlag, New York, 2000. xxii+586 pp.

J. Erlebacher, M. J. Aziz, A. Karma, N. Dimitrov, K. Sieradzki, Fvolution of
nanoporosity in dealloying, Nature 410 (2001), 450-453.

J. A. Esquivel-Avila, Dynamics around the ground state of a nonlinear evolution

equation, Nonlinear Anal. 63 (2005), 331-343.

B. Feng, B. Chentouf, Fxponential stabilization of a microbeam system with a bound-



Bibliography 140

[52]

[55]

[56]

[57]

[59]

ary or distributed time delay, Math. Methods Appl. Sci.44 (2021), no. 14, 11613-
11630.

G. Fragnelli, D. Mugnai, Carleman estimates and observability inequalities for
parabolic equations with interior degeneracy, Adv. Nonlinear Anal. 2 (2013), no. 4,
339-378.

G. Fragnelli, D. Mugnai, Control of degenerate and singular parabolic equations.
Carleman estimates and observability, SpringerBriefs Math., BCAM SpringerBriefs,
Springer, Cham, 2021, xix+105 pp.

G. Fragnelli, D. Mugnai, Linear stabilization for a degenerate wave equa-
tion n non divergence form with drift, Bulletin of Mathematical Sciences,
https://doi.org/10.1142/S1664360725500018.

G. Fragnelli, D. Mugnai, A. Sbai, Stabilization for degenerate equations with drift and
small singular term, Math. Methods Appl. Sci., https://doi.org/10.1002/mma.10593.

G. Fragnelli, D. Mugnai, A. Sbai, Boundary controllability for degenerate/singular
hyperbolic equations in nondivergence form with drift, submitted for publication,
arXiv:2402.18247.

G. Fragnelli, C. Pignotti, Stability of solutions to nonlinear wave equations with
switching time delay, Dyn. Partial Differ. Equ. 13 (2016), no. 1, 31-51.

M. Gueye, Ezxact boundary controllability of 1-D parabolic and hyperbolic degenerate
equations, STAM J. Control Optim. 52 (2014), no. 4, 2037-2054.

I. Gumowski, C. Mira, Optimization in control theory and practice. Cambridge: Cam-

bridge University Press, 1968.

B.-Z. Guo, K.-Y. Yang, Dynamic stabilization of an Euler-Bernoulli beam equation
with time delay in boundary observation, Automatica J. IFAC 45 (2009), no. 6, 1468-
1475.

P.-C. Han, Y.-F. Li, G.-Q. Xu, D.-H. Liu, The exponential stability result of an Fuler-
Bernoulli beam equation with interior delays and boundary damping, J. Difference

Equ. (2016), Art. ID 3732176, 10 pp.

S. M. Han, H. Benaroya, T. Wei, Dynamics of transversely vibrating beams using four

engineering theories, J. Sound Vib. 225 (1999), 935-988.

J. Jost, X. Li-Jost, Calculus of variations, Cambridge Stud. Adv. Math., 64, Cam-
bridge University Press, Cambridge, 1998. xvi+323 pp.



Bibliography 141

[62]

[63]

[64]

[65]

[70]

[73]

[74]

E. Khain, L. M. Sander, Generalized Cahn-Hilliard equation for biological applica-
tions, Phys. Rev. E 77 (2008), 051129.

I. Klapper, J. Dockery, Role of cohesion in the material description of biofilms, Phys.
Rev. E (3) 74 (2006), no. 3, 031902, 8 pp.

V. Komornik, Exact controllability and stabilization: the multiplier method, Res.
Appl. Math., 36, Wiley-Masson, 1994. viii+156 pp.

V. Komornik, C. Pignotti, Energy decay for evolution equations with delay feedbacks,
Math. Nachr. 295 (2022), no. 2, 377-394.

W. Krabs, G. Leugering, T. I. Seidman, On boundary controllability of a vibrating
plate, Appl. Math. Optim. 13 (1985), no. 3, 205-229.

J. E. Lagnese, Recent progress in exact boundary controllability and uniform stabiliz-
ability of thin beams and plates, Distributed parameter control systems (Minneapolis,
MN;, 1989), 61-111. Lecture Notes in Pure and Appl. Math., 128, Marcel Dekker, Inc.,
New York, 1991.

J. E. Lagnese, J.-L. Lions, Modelling analysis and control of thin plates, Rech. Math.
Appl., 6 [Research in Applied Mathematics|, Masson, Paris, 1988. vi+177 pp.

I. Lasiecka, R. Triggiani, Ezact controllability of the Euler-Bernoulli equation with
controls in the Dirichlet and Neumann boundary conditions: a nonconservative case,
SIAM J. Control Optim. 27 (1989), no. 2, 330-373.

L. Leén, E. Zuazua, Boundary controllability of the finite-difference space semi-
discretizations of the beam equation, ESAIM Control Optim. Calc. Var. 8 (2002),
827-862.

G. Leoni, A first course in Sobolev spaces, Second edition, Grad. Stud. Math., 181,
American Mathematical Society, Providence, RI, 2017. xxii+734 pp.

G. Leugering, On boundary feedback stabilisability of a viscoelastic beam, Proc. Roy.
Soc. Edinburgh Sect. A 114 (1990), no. 1-2, 57-69.

H. Lhachemi, D. Saussié, G. Zhu, Boundary feedback stabilization of a flexible wing
model under unsteady aerodynamic loads, Automatica 97 (2018), 73-81.

W. Lian, V. D. Radulescu, R. Xu, Y. Yang, N. Zhao, Global well-posedness for a class
of fourth-order nonlinear strongly damped wave equations, Adv. Calc. Var. 14 (2021),
no. 4, 589-611.



Bibliography 142

[75]

[36]

[87]

[83]

[89]

J.-L. Lions, Ezact controllability, stabilization and perturbations for distributed sys-
tems, STAM Rev. 30 (1988), no. 1, 1-68.

Q.-X. Liu, A. Doelman, V. Rottschéafer, M. de Jager, P. M. J. Herman, M. Rietkerk, J.
van de Koppel, Phase separation explains a new class of self-organized spatial patterns
in ecological systems, Proc. Natl. Acad. Sci. USA 110 (2013), no. 29, 11905-11910.

Y. Liu, Global attractors for a nonlinear plate equation modeling the oscillations of

suspension bridges, Commun. Anal. Mech. 15 (2023), no. 3, 436-456.

Y. Liu, R. Xu, Fourth order wave equations with nonlinear strain and source terms,

J. Math. Anal. Appl. 331 (2007), no. 1, 585-607.

J.-R. Luo, T.-J. Xiao, Optimal decay rates for semi-linear non-autonomous evolution

equations with vanishing damping, Nonlinear Anal. 230 (2023), Paper No. 113247, 28
pbp-

Z.-H. Luo, B.-Z. Guo, O. Morgul, Stability and stabilization of infinite dimensional
systems with applications, Springer, 2014. 420 pp.

P. Martinez, J. Vancostenoble, Carleman estimates for one-dimensional degenerate

heat equations, J. Evol. Equ. 6 (2006), no. 2, 325-362.

P. Martinez, J.-P. Raymond, J. Vancostenoble, Regional null controllability of a lin-
earized Crocco-type equation, STAM J. Control Optim. 42 (2003), no. 2, 709-728.

S. A. Messaoudi, Global existence and nonexistence in a system of Petrovsky, J. Math.

Anal. Appl. 265 (2002), no. 2, 296-308.

V. Narciso, F. Ekinci, E. Pigkin, On a beam model with degenerate nonlocal nonlinear
damping, Evol. Equ. Control Theory 12 (2023), no. 2, 732-751.

S. Nicaise, C. Pignotti, Stabilization of second-order evolution equations with time
delay, Math. Control Signals Systems 26 (2014), no. 4, 563-588.

S. Nicaise, C. Pignotti, Exponential stability of abstract evolution equations with time
delay, J. Evol. Equ. 15 (2015), no. 1, 107-129.

K. Ono, Blowing up and global existence of solutions for some degenerate nonlinear

wave equations with some dissipation, Nonlinear Anal. 30 (1997), no. 7, 4449-4457.

A. Oron, S. H. Davis, S. G. Bankoff, Long-scale evolution of thin liquid films, Rev.
Modern Phys. 69 (1997), no. 3, 931-980.

A. Paolucci, C. Pignotti, Well-posedness and stability for semilinear wave-type equa-



Bibliography 143

[90]

[91]

[95]

tions with time delay, Discrete Contin. Dyn. Syst. Ser. S 15 (2022), no. 6, 1561-1571.

J. Y. Park, J. J. Bae, On the existence of solutions of strongly damped nonlinear wave

equations, Int. J. Math. Math. Sci. 23 (2000), no. 6, 369-382.

J. Y. Park, Y. H. Kang, J. A. Kim, Ezistence and exponential stability for a Euler-
Bernoulli beam equation with memory and boundary output feedback control term,
Acta Appl. Math. 104 (2008), no. 3, 287-301.

V. Pata, A. Zucchi, Attractors for a damped hyperbolic equation with linear memory,
Adv. Math. Sci. Appl. 11 (2001), no. 2, 505-529.

A. Pazy, Semigroups of linear operators and applications to partial differential equa-

tions, Appl. Math. Sci., 44, Springer-Verlag, New York, 1983. viii+279 pp.

D. C. Pereira, C. A. Raposo, H. H. Nguyen, Ezistence and stability of solutions for
a nonlinear beam equation with internal damping, Math. Pannon. (N. S.) 28 (2022),
no. 2, 149-157.

D. C. Pereira, H. H. Nguyen, C. A. Raposo, C. H. M. Maranhao, On the solutions
for an extensible beam equation with internal damping and source terms, Differ. Equ.

Appl. 11 (2019), no. 3, 367-377.

C. Pignotti, Ezponential decay estimates for semilinear wave-type equations with time-

dependent time delay, preprint 2023, arXiv:2303.14208.

B. Rao, Ezact boundary controllability of a hybrid system of elasticity by the HUM
method, ESAIM Control Optim. Calc. Var. 6 (2001), 183-199.

L. Reti, The Unknown Leonardo, New York, McGraw-Hill, 1974, 319 pp.

S. H. Sandilo, W. T. Van Horssen, On boundary damping for an axially moving
tensioned beam, J. Vib. Acoust. 134 (2012), 11005, 8 pp.

[100] Y. F. Shang, G. Q. Xu, Y. L. Chen, Stability analysis of Euler-Bernoulli beam with

input delay in the boundary control, Asian J. Control 14 (2012), no. 1, 186-196.

[101] M. A. Shubov, Spectral analysis of Euler-Bernoulli beam model with distributed

damping and fully non-conservative boundary feedback matriz, Asymptot. Anal. 129
(2022), no. 1, 75-112.

[102] S. P. Timoshenko, History of strength of materials. With a brief account of the

history of theory of elasticity and theory of structures. McGraw-Hill Book Co., Inc.,
New York-Toronto-London, 1953. x+452 pp.



Bibliography 144

[103] S. Tremaine, On the origin of irreqular structure in Saturn’s rings, Astron. J. 125
(2003), 894-901.

[104] M. Tucsnak, G. Weiss, Observation and control for operator semigroups, Birkhaduser
Adv. Texts Basler Lehrbiicher [Birkhduser Advanced Texts: Basel Textbooks],
Birkhauser Verlag, Basel, 2009. xii+483 pp.

[105] J. Verdasca, P. Borckmans, G. Dewel, Chemically frozen phase separation in an
adsorbed layer, Phys. Rev. E 52 (1995), no. 5, 4616-4619.

[106] S. T. Wu, L. Y. Tsai, Blow-up of solutions for some non-linear wave equations of

Kirchhoff type with some dissipation, Nonlinear Anal. 65 (2006), no. 2, 243-264.

[107] G.Xu, H. Wang, Stabilisation of Timoshenko beam system with delay in the boundary
control, Internat. J. Control 86 (2013), no. 6, 1165-1178.

[108] C. Yang, V. D. Radulescu, R. Xu, M. Zhang, Global well-posedness analysis for the
nonlinear extensible beam equations in a class of modified Woinowsky-Krieger models,
Adv. Nonlinear Stud. 22 (2022), no. 1, 436-468.

[109] Z. Yang, On an extensible beam equation with nonlinear damping and source terms,

J. Differential Equations 254 (2013), no. 9, 3903-3927.

[110] Z. Yang, G. Fan, Blow-up for the Euler-Bernoulli viscoelastic equation with a non-
linear source, Electron. J. Differential Equations 2015 (2015), No. 306, 12 pp.

[111] Y. Yuan, S. Tian, J. Qing, S. Zhu, Ezact thresholds for global existence to the non-
linear beam equations with and without a damping, J. Math. Phys. 64 (2023), no. 1,
Paper No. 011514, 17 pp.

[112] M. Zhang, H. Gao, Null controllability of some degenerate wave equations, J. Syst.
Sci. Complex. 30 (2017), no. 5, 1027-1041.

[113] C. Zhou, C. Sun, Stability for a class of extensible beams with degenerate nonlocal
damping, J. Geom. Anal. 33 (2023), no. 9, Paper No. 295, 30 pp.

[114] E. Zuazua, Controllability of partial differential equations,
http://paginaspersonales.deusto.es/enrique.zuazua/, 311 pp.






Notations and conventions

Acronyms
e (DF) Acronym of operator/equation/problem in divergence form
e (NC) Acronym of null controllability
e (NDF) Acronym of operator/equation/problem in non-divergence form
e (SD) Acronym of strongly degenerate function/case/context
e (WD) Acronym of weakly degenerate function/case/context

Mathematical symbols

e N The set of natural numbers

e R The set of real numbers

o R, The interval [0, +00)

e X xY The cartesian product of the sets X and Y

e (z,y) Element of X XY (x € X,y €Y)

e Qr The set (0,7) x (0,1)

e Qs The set (s,7) x (0,1)

e Q) The set (0, +00) x (0,1)

e {yntnen Sequence of suitable elements

° ~ Asymptotic equivalence

o Derivative of a function u depending only on the real space
variable x

o u(™ Derivative of order m € N of a function u depending only on the

real space variable x

. % Symbol used to denote the derivative of a function depending on the
real time variable ¢

o U, The partial derivative of u(t,x) with respect to x

o Uy The partial derivative of u(¢,z) with respect to ¢
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Yz
Yre
PP
XP
1d

7
I
L(X,Y)
£(X)
€([0,1])

R[S

6™([0,1])

AC([0,1])
LAC((0,1])
6°((0,1))

€"(J; H)

9'(J)
L7(0,1)
Il roy

LV o, +00)

loc

Wmp(0,1)
H™(0,1)
HY(0,1)
Hg'(0,1) :=

L%(0,1) := {u € L*0,1) :

(yz)?
(ym)Q

The restriction of the function ¢ to the set P

The characteristic function of the set P

The identity operator in a suitable reference space

The identity matrix operator in a suitable reference space

The dual space of the Hilbert space H

The space of linear bounded operators from X into Y

The space £ (X, X)

The space of continuous real functions on [0, 1]

The norm on the space of essentially bounded functions

The space of m-times continuously differentiable real functions
on [0,1], m >0

The space of absolutely continuous real functions on [0, 1]

The space of locally absolutely continuous real functions on (0, 1]

The space of infinitely differentiable real functions

with compact support in (0,1)

The space of m-times continuously differentiable real functions

from the interval J C R to the Hilbert space H, m > 0
The space of distributions defined on the interval J C R
The Lebesgue space, 1 < p < 400

The norm on the Lebesgue space, 1 < p < 400

The space of functions which are in LP(K) for every compact

set £ C [a,+00), a e R, 1 <p < 400
The Sobolev space, 1 < p < 400, m > 0
The Sobolev space W™2(0,1), m > 0
The space L%(0,1)

we H™(0,1) s u® () =0, j = 0,1, k= 0,m ~ 1}, m = 1,2

u

NG € L2(0,1)}

1
(u,v) )2 (0.1) ::/ %dl‘, Y u,v € L2(0,1)
& 0o @ a

1 U2
s gy i= | o Vue 13 0)
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. H’f(o, 1):=L2(0,1) N H™(0,1), m = 1,2

on( 1) :=L2(0,1) N HJ*(0,1), m = 1,2

m

.<UU>Hm,01 Z U >L201)+<UU>L2(01) VUUGHl(O 1) —12
7=1

o ullfrmo : E]W]Hmm1+WMgoD,Vu€H (0,1), m=1,2

o HUH?n,% = HU m)HLZ(OJ) + HUHLQL(O,l)v Vuée HT(()? 1)7 m = 172

o H(0.1):= {u € H(0,1) : u(0) = 0}
o H,(0.1):= {u € H(0,1) : u(0) = u/(0) = 0}

o flully, = ut™

HLQ(O,l)’ Vue H?’()(O? 1)7 m=1,2

o a3 = 30y + Bu>(1) + 4 (/(1)%, Y ue 3 (0,1)

e 000,1):= {u € H3(0,1): au™ € L3 (0, 1)}

o H™0,1) = {u e H™(0,1) : u™ € AC([0,1]), Vau™+V) e L2(0, 1)},
m=0,1,if a is (WD) at 0

o H2(0,1) = {we H™(0,1) s ut™ € LAC((0,1]), au™V € L2(0, 1)},
m=0,1,if ais (SD) at 0

m

. <U7U>H&n(071) — Z<u(j)’v(j)>L2(071) + <\/&u(m+1)7 \/av(m+1)>L2(071)7
=0
Vu,ve H™0,1), m=0,1

° HuHHmOl ZHU HLQ(O]_ +H\fum+1)HL201 Vue H™O0,1), m=0,1
7=0

o ull 10 = lulFoo + V@™o ) ¥ u € HE(0,1), m =0,1
o« H!((0,1):= {u e H(0,1) : u(0) :o}

o« HY3(0,1) = {u € H!(0,1) : w/(0) = 0, if a is (WD) at o}

o [lull} =[O + [Vau |72y, Vo€ Ho0,1)

o Jlully, = Vau"| 201y, Vu€ HLo(0,1)

o [ulll? = [IVau" |72 + Bu(1) + (' (1), ¥ u € Hyp(0,1)

o« HY(0,1) = {u € HO(0,1) : w(0) = 0, if a is (WD) at o}

o« H!(0,1) = {u € HN0,1) : u(0) = u(1) :0}

o« H2,(0,1) = {u € HL,(0,1) : w/(0) = /(1) = o}, if a is (WD) at 0
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o« H2,(0,1) = {ue HL,(0,1) : /(1 ):0}, if a is (SD) at 0
¢ 2(0,1):= {u € HMN0,1) : au” € H2(0, 1)}

o 25(0,1) = {u € H!o(0,1) : au” € H(0, 1)}

o W(0,1) := {u € H,(0,1) : au € H(0, 1)}

o Wo(0,1) := {u e W(0,1) : u/(0) = 0, if a is (WD) at 0}
o "= H;O(O, 1) x Li(o, 1)

o ((u,v), (@ 0))ypna = (u" ~”>L201) (0, 0) 12 1)> ¥ (w,0), (@, D) € Hend

* [[(u,v)

2 2 2
end = ||UH||L2(0,1) + ||UHL21 (0,1)° ¥ (u,v) € A"

a

o JOU = ﬁ[i ,(0,1) x L3 (0,1)
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V (u,v), (@, 0) € #24, where B,y > 0

* ||(u, U)H;egd = ||u”|72(0,1) + IIUI\ii(o,l) + BuP(1) + (' (1))?, Y (u,v) € #,
where 3,7 > 0 )
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o Jtd = H,;5(0,1) x L*(0,1)

o ((u,0), (8 0))yeq := (Vau",v/at") p2q 1y + (0,0) 20,1y + Bu(1)a(1) + ' (1)@ (1),
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o [(u0)
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o S, = H{,(0,1) x L*(0,1)

((w,v), (a,0 ))7 = (Vau/, \[U>L2 0,1) <'U7’D>L2(O,1) + na(1)u(1)a(1),
Y (u,v), (4, )G%I‘fv,where77>0

[ (u, U)H.yegv = H\/ZW/HLQ(OJ) + HUHL2(0,1) +na(l)u*(1), ¥ (u,v) € #4,
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where 7 > 0
° Andu = a(x)u////

o D(A™M) = {u € H3 (0,1) : au™ € L% (0, 1)}
— "

(a(z)u”)

W/'(1) = 0, if a is (SD) at o}

o Ay :=a(x)u""

o D(AM) = {u € H? ,(0,1) : au € L3(0, 1)}
o Alu:= (a(z)u")"

° (Ad) Wo(0,1)

o Ay :=a(x)u’

o D(Ad) = {u € Hi o(0,1) s au” € L3 (0, 1)}
. Agvu (a(z)u’)

€ H,(0,1) : au/ eHl(o,l)}

=
e ( e )

e D(A") ;= D(A") x H;O(o, 1)

i 0 Id
[ ] =
—A? 0

o D(sd?) := D(A%) x HZ(0,1)

capi— [ 0T
_And 0

o D(st3") := {(u,v) € D(A) x H3 (0.1 : Bu(l) —u" (1) +v(1) = 0,

yu'(1) + o’ (1) + /(1) = 0}, where 3,7 >0

. it 0 Id
A4 0

o D(sdd) = {(u, v) € D(A%) x H,5(0,1) : Bu(1) — (au)' (1) +v(1) = 0,
yu' (1) + (au”)(1) + /(1) = O}, where 8,7 >0

0 Id
. dﬁfl = (And 0)
w

o D(stpd) = {(u, v) € D(AR!) x H} ((0,1) : Cu(1) + /(1) +v(1) = o}, where ¢ > 0
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sd%,:z(

- {(u, v) € D(A%,) x H2o(0,1) : pu(1) + /(1) + (1) = o}, where 7 > 0

0

Afy

Id
0

The semigroup of operators generated by ("¢, D(#"))
The semigroup of operators generated by (4%, D(s4%))

The semigroup of operators generated by (424, D(424))

(

(

(
The semigroup of operators generated by (,sﬁg, (A ))
The semigroup of operators generated by (424, D(«474))
(

The semigroup of operators generated by ,szigv, (A W)
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Intrepido lettore, intrepida lettrice, dove eravamo giunti? Ti ricordo che, durante la saga
della laurea triennale, abbiamo parlato di operatori simmetrici su spazi di Hilbert, esten-
sioni auto-aggiunte e delle nostre prime equazioni di evoluzione lineari. Durante la saga
della laurea magistrale abbiamo conosciuto l’equazione non lineare di Thomas-Fermi e
I’Analisi Non Lineare. Dopo queste due saghe, ha finalmente inizio quella del dottorato,
in cui ci siamo occupati di equazioni (di evoluzione) sia lineari sia non lineari.

Quest’ultimo periodo comincia con la conoscenza di Genni, la quale ha accresciuto an-
cora di piu l'interesse per la matematica pura diventando dopo poco tempo supervisore
dell’intera stagione, subito dopo la laurea magistrale. Lei era 'unica a occuparsi di quegli
argomenti che, avendo iniziato a individuare dalla prima saga con altri punti di vista, mi
sono piaciuti tantissimo nelle vesti di teorie e metodologie del tutto nuove a quelle degli
studi precedenti. Mi ha permesso di conoscere ed espandere ulteriormente le tecniche di
ricerca e studio, fornendomi tante risorse che non le mancavano mai e supportandomi in
modi multiformi: dai suoi articoli, che hanno dato lo spunto per affrontare nuove ques-
tioni, ai suoi appunti completi di Analisi Funzionale; dalla sua monografia, donata il primo
Natale che ci conoscemmo, all’indicazione di tutti quei gruppi, progetti e cicli di seminari
inesplorati prima; dai numerosi incontri (della mattina, del pomeriggio, a volte della sera),
in cui appariva qualche figlio, alla sua premura nel delineare e selezionare luoghi di crescita
come Viterbo e ’Aquila, fino ad arrivare a tutto quell’insieme di suggerimenti e consigli,
divulgati anche il fine settimana, per esempio sulla comunita universitaria e sui popoli che
la costituiscono.

Genni ha rafforzato I'idea di “un principio che mi sembra poter essere questo: che
la matematica debba proporsi 'utile per iscopo, il vero per soggetto e 'interessante per
mezzo. E che in ogni argomento debba cercare di scoprire e di esprimere il vero matematico
e il vero morale, non solo come fine, ma come pit ampia e perpetua sorgente del bello”.
Tuttavia, tra i suoi insegnamenti, quello che mi e rimasto impresso riguarda 1’esercizio
della capacita di mantenere sangue scientifico anche quando le cose sembrano non tornare
(come i conti per i teoremi degli articoli e di questa tesi, visti e rivisti quasi ogni giorno),

per trovare sempre insieme una soluzione. Rispetto alle due tesi precedenti, la scrittura
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della tesi di dottorato € stata la pit complessa; nonostante cio, questa esperienza con Genni
¢ stata piacevole e inoltre le sue colleghe e amiche, cioe Anna Maria Candela, Addolorata
Salvatore e Francesca Mazzia, erano sempre disponibili a condividere la loro saggezza;
tutte hanno iniziato a governare in un certo tempo, promuovendo ’arte di una governance
stabile da cui si puo¢ imparare, e le ringrazio per la realizzazione di un percorso coordinato
in modo brillante.

Tutto cio non e stato guidato solo dalla mia dedizione alla ricerca, ma anche da quella
per la virtute e la conoscenza. Come le equazioni di Maxwell rappresentano la stella po-
lare per dedurre e spiegare le leggi dell’Ottica, cosi tutta la mia famiglia rappresenta il
riferimento e il valore guida che illumina d’immenso l'intero percorso. Le parole sono e
saranno sempre in numero finito, non saranno mai sufficienti per contenere ed esprimere
Pinfinita gratitudine per i miei genitori Gina e Oronzo, nonna Lucia e nonna Rosa, mio
fratello Davide, zio Mario e zia Giuseppina, zio Toni e zia Antonella, zia Eliana, zio Nicola
e zia Simona, le cugine e i cugini Guido, Paola, Marianna, Miriam, Francesco, Sara, zietta
Tina e zietta Rosina (che possono creare le opere pitt buone e belle solo insieme), tutti
gli zii e tutte le zie, tutti i conoscenti e tutte le conoscenti vicini/e o (geograficamente)
lontani/e, e i cavalieri felini del condominio Tigrottino, Volpino, Plum Cake e Nerino (che,
istruiti da Ciaciottina, hanno trasformato il cestino vicino 1’albero bifronte nel loro tempio

personale).

“Nasce dall’amore un sogno piccolino,

e abita felice dentro il cuore di un fanciullino;
ridi insieme a lui, canta insieme a lui,
che la vita é questa, e solo fare festa;

basta un sorriso, e tutto il mondo cambia in viso;
a volte basta che sia un gioco,
lo vedi? In fondo basta poco;
chi vuole bene agli altri non usa le parole,
perché non fa rumore il suono dell’amore;
basta una carezza e la mano nella mano,
per cacciare via quell’odio disumano.
Al calar del sole non indugiare,
ma tosto recati dove esso appare.

Una sacra formula che i matematict hanno cara,
sul campo dell’onore sorgera nell’alba chiara.
Dal buio della foresta essa veniva,
al piu grande dei fiumi una ne arriva.
Dopo lunga ricerca la troverai,

se a guidarti sara colei che aiuterai.”
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