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XV Gennaio
Dedicata a Ciaciottina, nivea gattina di immacolata freschezza,

buona come il pane e custode di eccelsa purezza,

dall’intelletto superno a quello congetturato in molti umani,

che passeggerà e ci amerà in cielo,

cosparso di stelle risplendenti,

come ha passeggiato e amato nella sua prediletta terra stellata,

cosparsa di vivi fiori e affetti.

Tu sei colei che l’umana e felide natura nobilitasti,

dal provvidenziale d̀ı del tuo arrivo indizi di risolutezza rivelasti,

in ogni giornata balsamo di sincera garbatezza e baldezza, con cui

le novelle stagioni avvivavi e sul vento del nord trionfavi.

Sempre pregiati ti furono gli spazi innalzati,

come le erme caldaie esterne rasentate da una pervicace edera fiorita,

che da tanta parte dell’ultimo orizzonte il guardo esclude,

e dove, sedendo e mirando, intendevi e coglievi cosmici cinguettii,

ti sovvenivano nuovi interminati spazi di là da quella

e del tempo apprendevi impenetrabili e personali segreti,

fiutando e presentendo molto più di inconfessati profeti

aventi cor di ferro in petto, sedotti da falsi bisogni e azzannati

da bieco progresso druidico, misticati come chicchi di caffè nel macinino.

Pletorica sarebbe stata la tua dotta favella,

sicché con un miagolar festante e quieto,

ora andando per un segreto calle, ora valcando balconi

e dominando sacripanti macchine da multiformi angolazioni,

volgevi il tuo cortese saluto, sorgendo giorno e notte

da qualsivoglia punto cardinale, sommamente amata,

e con un zampettar qua e là, privo di smarrimento,

studierai e ti ingegnerai per tornare,

osservando e ascoltando appassionatamente curiosa

nuove arti e scienze, effigiando il sentimento della natura

nei tuoi occhietti fulgidi, indulgenti e innocenti,

debordanti infinita soavità, fuggitivi e ridenti,

moventi il Sole e le altre stelle imponenti.
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Abstract

Controllability and stability of partial differential equations ruled by linear degenerate

operators constitute an important topic in both theory and real world applications. In

particular, this thesis focuses on the controllability and the stability for one-dimensional

beam equations of Euler-Bernoulli type affected by leading degenerate operators with

respect to the spatial variable.

Precisely, the systems under consideration can be viewed as abstract Cauchy problems

on suitable Hilbert spaces, whose functions possess good integrability properties and satisfy

fundamental Gauss-Green formulas. Therefore, the well-posedness of the problems can

be treated in the framework of semigroup theory and, thus, existence results as well as

dissipativeness of the systems can be achieved. Then, both the controllability and the

stability results are obtained via the energy approach and the multiplier method.

The thesis is divided in five chapters and their organisation follows a simple and direct

approach which quickly leads both to the main results pursued during the Ph.D. period

and to some new open problems. In the first chapter we collect all the preliminary tools

for the convenience of the reader and to make the exposition self-contained. The subject of

the second chapter is represented by some recent developments in boundary control theory

for linear degenerate beam equations. In the third chapter we show the exponential decay

of the energy associated to some degenerate equations via a damping term acting on the

boundary. In the fourth chapter we apply the results of the third chapter to prove the

stability features for several classes of non-linear degenerate beam equations and some

concrete applications are illustrated. Finally, the thesis concludes with the fifth chapter,

where some open problems are presented.

ix





Introduction

The aim of this Ph.D. thesis is to present new results regarding problems governed by

evolution equations in presence of a degenerate fourth-order operator. The whole work is

based on the papers [22-28].

Differential equations ruled by degenerate operators have attracted a lot of attention

during the last decades, mainly because they allow to give accurate description of several

complex phenomena in numerous fields of science, especially in Biology and Engineer-

ing. Indeed, some interdisciplinary applications can be described by degenerate equations,

which provide an excellent instrument for the description of processes appearing in many

different applications. This type of systems has been studied by numerous authors and

there are well-known results if the underlying differential operator is of second-order. Far

from giving an exhaustive list of references, here we only quote a few papers, where differ-

ent situations have been faced. For degenerate parabolic problems the pioneering papers

are [7], [29], [30], [31], [50], [81], [82] (see also [51] and the references therein); for de-

generate hyperbolic problems the most important papers are [8], where an operator in

divergence form - (DF) for short - and a general degenerate function are considered (see

also [56], [112], and the references mentioned within), and [19] for the non-divergence case

- (NDF) for short - (see also [52]). However, many relevant problems for applications

are described by fourth-order operators. Among these applications we can find dealloying

(corrosion processes, see, e.g., [47]), population dynamics (see, e.g., [39]), bacterial films

(see, e.g., [63]), thin film (see, e.g., [88]), Chemistry (see, e.g., [105]), tumor growth (see,

e.g., [11], [62]), image processing (denoising, inpainting, see, e.g., [17], [34], [45]), Astron-

omy (rings of Saturn, see, e.g., [103]), Ecology (surprisingly, the clustering of mussels can

be perfectly well described by the Cahn-Hilliard equation, see, e.g, [76]) and so on. Surely,

we underline some applications in many engineering fields, such as mechanical engineering

and civil engineering or in robotics and steel industry (see, e.g., [73], [80], [114]).

However, while controllability and stability are well known for evolution equations gov-

erned by degenerate second-order operators, for degenerate fourth-order operators there

are no results. Actually, for controllability of linear beam problems in the non-degenerate

xi
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case, we refer to [21], [66], [69], [70], [75], [84], [97] and the references therein, and to

[14], [18], [36], [37], [38], [40], [99] for their stability. But, as written before, the equations

studied in the previous papers are always non-degenerate.

For this reason, the thesis is focused on null controllability - (NC) for short - and on

stability for degenerate evolution equations of beam type. More precisely, for (NC) we

want to study under which condition it is possible to find a control f such that the so-

lution of the considered degenerate equation and its velocity at time T are equal to 0.

For the stability we want to find some conditions to guarantee that this solution decays

exponentially fast in a uniform way.

In particular, the class of equations we aim to consider is the one of Euler-Bernoulli

beam equations. These equations are fundamental in beam theory, which dates back to

the 18th century and it is known as the Euler-Bernoulli theory. This latter arose thanks to

the individual contributions (summarised in [102]) of many scientists, such as G. Galilei,

E. Mariotte, J. Bernoulli, D. Bernoulli, L. Euler. Some remarkable contributions to this

theory were also achieved by L. da Vinci, who considered the deformation of a beam with

rectangular cross section (see, e.g., [98]), and by G. Galilei and E. Mariotte, who investi-

gated the strength of beams. Studying the shape of the deflection curve of an elastic bar,

J. Bernoulli opened an important field in the mechanics of elastic bodies. In particular,

he discovered that the curvature of an elastic beam at any point is proportional to the

bending moment at that point. D. Bernoulli, nephew of J. Bernoulli, was the first one who

formulated the differential equation of motion of a vibrating beam. Later, J. Bernoulli’s

theory was accepted by L. Euler in his investigation on the shape of elastic beams under

various loading conditions and many advances on the elastic curves were made (see, e.g.,

[60], [102]). All these contributions led to the birth of the so-called Euler-Bernoulli beam

theory, which is the most commonly used because it provides reasonable engineering ap-

proximations for many problems.

From a mathematical point of view the beam problem can be viewed in the following

way: if we consider an external forcing function F and E is the elastic modulus (or Young’s

modulus), I is the area of inertia (or area moment of inertia or second moment of area)

and m is the mass per unit length, then the problem of the deflection of a beam can be

described by the following fourth-order partial differential equation:

mytt(t, x) + (EIyxx(t, x))xx = F (y(t, x)).

The applied load function F , which is sufficiently smooth, can depend on y, as in this

case, or on time t and position x. If E, I,m are constants, after a rescaling process, the

previous equality becomes an equation of this type:

ytt(t, x) + yxxxx(t, x) = F (y(t, x)).
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This is the reason why in this thesis we will consider two evolution problems: the first

one in (NDF), represented by the equation

ytt(t, x) + a(x)yxxxx(t, x) = 0, (t, x) ∈ (0,+∞)× (0, 1), (1)

the second one in (DF) and it is described by the equation

ytt(t, x) + (a(x)yxx(t, x))xx = 0, (t, x) ∈ (0,+∞)× (0, 1). (2)

An equation similar to the one of (1) can be found, for example, in models that describe

the vibrations of a bridge. Indeed, a suspension bridge may be seen as a beam of finite

length, with hinged ends and whose downward deflection is measured by a function y(t, x)

subject to three forces. These forces can be summarised as the stays holding the bridge

up as non-linear springs with spring constant k, the constant weight W per unit length

of the bridge pushing it down, and the external forcing term f(t, x). This leads to the

equation

ytt(t, x) + »yxxxx(t, x) = −ky+(t, x) +W + f(t, x),

where y+ := max{y, 0} and » is a physical constant depending on the beam, on Young’s

modulus and on the second moment of inertia. If » is a function that depends on the

variable x and the external function acts only on the boundary, then we have exactly

equation (1). Problems similar to (2) are studied in several papers (see, for example, [72],

[101]).

Coming back to (1) and (2), we observe that in both formulations we consider the

beam clamped at the left end, x = 0, and controlled by applying a shearing force or a

damping term at the right end, x = 1. More precisely, at x = 1, we consider the following

conditions:

y(t, 1) = 0 and yx(t, 1) = f(t), (3)

where t > 0 and f ∈ L2
loc[0,+∞) for the (NC) problem; on the other hand, for the stability

problem, we consider




´y(t, 1)− yxxx(t, 1) + yt(t, 1) = 0,

µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0,
(4)

for the problem in (NDF), and




´y(t, 1)− (ayxx)x(t, 1) + yt(t, 1) = 0,

µyx(t, 1) + (ayxx)(t, 1) + ytx(t, 1) = 0,
(5)

for the problem in (DF). In both cases ´ and µ are non-negative constants and t > 0. The

following variables have physical meanings: y is the vertical displacement, yt is the velocity,

yx is the rotation, ytx is the angular velocity, −yxx(t, 1) or −(ayxx)(t, 1) is the bending
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moment and −yxxx(t, 1) or −(ayxx)x(t, 1) is the shear. Thus, the boundary conditions

(4) and (5) mean that the shear and the bending moment are a linear combination of

the vertical displacement and the velocity, and of the rotation and the angular velocity,

respectively. In particular, if ´ = 0, the shear is proportional to the velocity; if µ = 0, the

bending moment is negatively proportional to the angular velocity.

As for wave or parabolic models (see, for example, [8], [19], [52-54] for wave equations

and [7], [29-31], [50], [51], [56] for parabolic ones), we consider two types of degeneracy for

a: the weakly degenerate case (WD), for example a(x) = xk, k ∈ (0, 1), and the strongly

degenerate one (SD), for example a(x) = xk, k g 1. We also underline that for (1) and

(2) we consider the same boundary conditions at the degeneracy point x = 0 in the (WD)

case; while in the (SD) case we consider for (1):

y(t, 0) = yx(t, 0) = 0, t ∈ (0,+∞), (6)

and for (2):

y(t, 0) = (ayxx)(t, 0) = 0, t ∈ (0,+∞). (7)

The boundary condition (ayxx)(t, 0) = 0 in the (SD) case is not surprising. Indeed,

also for the parabolic or wave equations it is required a similar one (see, for example, [7]

or [8]). This is due to the fact that if the problem is in (DF) and a is (SD), then yxx(t, ·)
is not defined at 0; on the other hand, (ayxx)(t, 0) is well defined.

Controllability and stability results for the problem in (DF) can also be obtained from

the ones of the problem in (NDF), simply rewriting

(a(x)yxx(t, x))xx = a′′(x)yxx(t, x) + 2a′(x)yxxx(t, x) + a(x)yxxxx(t, x).

On the other hand, this procedure would require additional regularity on the function

a(x). Moreover, as we will see, the natural spaces where we treat problems (1) and (2)

are different according to the studied situations (see Chapters 2 and 3). For this reason,

(NC) and stability for degenerate beam equations in (DF) require a different treatment.

From a methodological point of view, we study the well-posedness of the considered

beam systems using a semigroup approach; on the other hand, a multiplier method and

an energy approach are necessary to investigate controllability and stability.

The thesis is composed by five chapters and every chapter, except the first one and

the fifth one, begins with the state of the art. In fact, before going on with the problem

discussed in the corresponding chapter, we frame it in the background bibliography and for

each problem we give a portrait of the existing literature mentioning corroborated as well

as recent contributions; then, we develop the obtained results organising the discussion

according to the formulations in (NDF) and in (DF). Each chapter ends with a section

dedicated to the reached conclusions, which give rise to some open problems. Let us now

briefly describe the content of each chapter.
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In Chapter 1 we introduce notations, definitions and preliminary results used through-

out the thesis. We introduce the natural functional spaces associated to the formulation in

(NDF) and in (DF). Thanks to the introduction of suitable inner products and equivalent

norms on these spaces, we are able to present the functional framework crucial to study

beam equations ruled by degenerate differential operators. Moreover, we derive some es-

sential results needed for the following.

Chapter 1 is based on [22-26] and [28].

In Chapter 2 we consider the boundary controllability issues for problems of the form

(1) or (2). In particular, we want to find conditions such that there exists a control

f ∈ L2(0, T ), where T is sufficiently large, so that the solution of system (1), (3), (6) or

(2), (3), (7), with initial conditions

y(0, x) = y0(x) and yt(0, x) = y1(x), ∀ x ∈ (0, 1), (8)

satisfies

y(T, x) = yt(T, x) = 0, ∀ x ∈ (0, 1).

To study these problems, as a first step we consider the homogeneous adjoint prob-

lems associated to (1), (3), (6), (8) or (2), (3), (7), (8), respectively, proving that these

problems are well posed and admit a unique solution. We introduce the energy function

Ey connected to the solution of the corresponding adjoint problems and we prove that it

is constant through time. Then, we establish some estimates from above and from be-

low for the energy and, thanks to these estimates, we obtain that the adjoint problems

are observable. Using the boundary observability property and the notion of solution by

transposition, we prove that the original problems have a unique solution, which is null

controllable.

Chapter 2 is based on [24] and [26].

In Chapter 3 we focus on the study of stability properties for degenerate beam equa-

tions. Indeed, the second topic addressed in the thesis is the linear stabilisation for (1)

and (2) with dissipative conditions, i.e. we want to find conditions such that the solution

of system (1), (4), (6) and (8) or (2), (5), (6) or (7) and (8) satisfies

lim
t→+∞

Ey(t) = 0,

where in this case Ey is the energy function associated to the original problems in (NDF)

or in (DF). We prove that the energy is a non-increasing function with respect to time.

In particular, using a well-known result (see, for example, [64]), we prove that Ey decays

exponentially fast.

Chapter 3 is based on [25] and [26].

In Chapter 4 we deal with stability analysis of non-linear degenerate delay beam equa-

tions. It is well known that real world problems often exhibit delay effects, which may be
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caused, e.g., by computation of control forces (see [59]). For example, time delay arises in

many biological and physical applications and leads to a subclass of differential equations

in which the derivative of the unknown function at a certain time is given in terms of the

values of the function at previous times, i.e. delay differential equations (see [44]). Since

even small time delays may destroy stability (see, for example, [42] and [43]), this topic

deserves a careful analysis. Thus, Chapter 4 is devoted to study the stability of non-linear

delay equations. In particular, we consider the following degenerate beam equations with

time delay and non-linear source terms:





ytt(t, x)−Aiy(t, x) + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

Biy(t, 0) = 0, t ∈ (0,+∞),

Ciy(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(9)

i = 1, 2. Here Q := (0,+∞)× (0, 1), Biy(t, 0) = 0 and Ciy(t, 1) = 0 are suitable boundary

conditions related to the operators Ai, i = 1, 2, where

Aiy(t, x) :=




−a(x)yxxxx(t, x), i = 1,

−(a(x)yxx(t, x))xx, i = 2,

Biy(t, 0) :=





y(t, 0) = yx(t, 0), i = 1,

y(t, 0) =




yx(t, 0), if a is (WD) at 0,

(ayxx)(t, 0), if a is (SD) at 0,
i = 2,

and

Ciy(t, 1) :=








´y(t, 1)− yxxx(t, 1) + yt(t, 1) = 0,

µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0,
i = 1,




´y(t, 1)− (ayxx)x(t, 1) + yt(t, 1) = 0,

µyx(t, 1) + (ayxx)(t, 1) + ytx(t, 1) = 0,
i = 2.

The bounded linear operator B that appears in (9) is defined on a real Hilbert space,

B∗ is its adjoint operator, Ä > 0 is the time delay, y0, y1, g are initial data given in suit-

able spaces and f is a non-linear function satisfying suitable hypotheses together with the

damping coefficient k ∈ L1
loc[−Ä,+∞). Under appropriate hypotheses on the coefficients

of the problems and on the initial data, we obtain an estimate of exponential decay for

the solution of the systems. The approach used for (9) can also be applied to degenerate

wave equations, to which the last section of Chapter 4 is devoted.

This chapter is based on [27].
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The thesis ends with Chapter 5, where conclusions and some open problems are pre-

sented.

It is worth noting that in this thesis we deal with real function spaces, but the assertions

can be easily extended to the complex case.





Chapter 1

Preliminary results and weighted

Hilbert spaces

The objective of the first chapter is to introduce the terminology, the theoretical prelimi-

naries and the weighted Hilbert spaces that will be useful in the rest of the thesis.

First of all, we introduce the concept of a degenerate function at a point of the spatial

domain and we discuss some properties of it. Then, we give the definition of the natural

functional spaces where we study the degenerate partial differential equations under con-

sideration and we discuss the general properties of such settings.

In this chapter and in the subsequent chapters we always use the superscripts nd and

d, which stand for non-divergence and divergence, respectively; in particular, they appear

in the mathematical symbols used for some functionals, bilinear forms, operators, energy

spaces, energy functions, semigroups and some constants and boundary terms in the for-

mulations in non-divergence form and in divergence form.

The chapter is based on [22-26] and [28].

1.1 Degenerate functions

For the study of evolution equations ruled by degenerate fourth-order operators, it is

important to understand where they degenerate. Indeed, they can degenerate in the

interior of the spatial domain (see, e.g., [22-23] and [28]) or at the boundary (see, e.g.,

[24-27]). Since it may be difficult to treat them under the most general assumption, we

restrict our attention to the boundary degeneracy case.

In particular, we give the following definition. Without loss of generality, we consider

the interval [0, 1].

Definition 1.1.1. A function g: [0, 1] → R such that g(0) = 0 and g(x) > 0 for all

2
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x ∈ (0, 1] is said

1. weakly degenerate at 0 - (WD) at 0 for short - if g ∈ C([0, 1]) ∩ C1((0, 1]) and

∃ Kg ∈ (0, 1) such that

sup
x∈ (0,1]

x
∣∣g′(x)

∣∣
g(x)

= Kg; (1.1.1)

2. strongly degenerate at 0 - (SD) at 0 for short - if g ∈ C1([0, 1]) and Kg in (1.1.1)

belongs to [1, 2).

As an example of a degenerate function we can consider g(x) = xk, which is (WD) at

0 if 0 < k < 1, while it is (SD) at 0 if 1 f k < 2.

In an easy way, one can prove that if g is (WD) or (SD) at 0, then the function

x 7→ xk

g(x)
is non-decreasing in (0, 1] for all k g Kg (1.1.2)

and, in particular,

lim
x→0

xk

g(x)
= 0, (1.1.3)

for all k > Kg.

We list below some simple consequences of the previous definition.

Firstly, observe that by (1.1.2)

1√
g(x)

f 1√
g(1)xKg

, ∀ x ∈ (0, 1].

Hence, if Kg < 2, the above inequality implies that 1√
g
∈ L1(0, 1). In particular, if Kg < 1,

then 1
g
∈ L1(0, 1). On the other hand, 1

g
/∈ L1(0, 1) if Kg ∈ [1, 2). Indeed, since in this

case g ∈ C1([0, 1]), we have

g(x) =

∫ x

0
g′(t)dt f

∥∥g′
∥∥
∞ x, ∀ x ∈ (0, 1];

this implies that 1
g(x) g 1

∥g′∥
∞

1
x
in a neighbourhood of 0 (see, for example, [51, Chapter

1]).

1.2 Weighted Hilbert spaces associated to the operators in

non-divergence form

In this section we introduce the functional spaces needed to study degenerate problems

ruled by operators in non-divergence form.

To this aim, consider a function a: [0, 1] → R which is (WD) or (SD) at 0. Then, we

define the following weighted Hilbert spaces with the related inner products:

L2
1

a

(0, 1) :=

{
u ∈ L2(0, 1) :

u√
a
∈ L2(0, 1)

}
, ïu, vðL2

1
a

(0,1) :=

∫ 1

0

uv

a
dx, (1.2.1)
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for every u, v ∈ L2
1

a

(0, 1), and

Hm
1

a

(0, 1) := L2
1

a

(0, 1) ∩Hm(0, 1), ïu, vðHm
1
a

(0,1) :=
m∑

j=1

〈
u(j), v(j)

〉
L2(0,1)

+ ïu, vðL2
1
a

(0,1) ,

(1.2.2)

for every u, v ∈ Hm
1

a

(0, 1), m = 1, 2. Obviously, the previous inner products induce the

related respective norms

∥u∥2L2
1
a

(0,1) :=

∫ 1

0

u2

a
dx, ∀ u ∈ L2

1

a

(0, 1),

and

∥u∥2Hm
1
a

(0,1) :=

m∑

j=1

∥∥u(j)
∥∥2
L2(0,1)

+ ∥u∥2L2
1
a

(0,1) , ∀ u ∈ Hm
1

a

(0, 1), m = 1, 2.

On the spaces H1
1

a

(0, 1) and H2
1

a

(0, 1) we can consider other associated norms, which we

will use from now on, being more convenient. In particular, we define

∥u∥2
m, 1

a

:=
∥∥u(m)

∥∥2
L2(0,1)

+ ∥u∥2L2
1
a

(0,1) , ∀ u ∈ Hm
1

a

(0, 1), m = 1, 2.

Observe that ∥·∥Hm
1
a

(0,1) and ∥·∥m, 1
a
are equivalent in Hm

1

a

(0, 1). This assertion is obviously

true if m = 1. The case m = 2 is more interesting: obviously, ∥u∥22, 1
a

f ∥u∥2H2
1
a

(0,1), for

every u ∈ H2
1

a

(0, 1). For the other estimate, we recall that ∥u∥H2(0,1) is equivalent to

∥u∥L2(0,1) + ∥u′′∥L2(0,1), for all u ∈ H2(0, 1), by [20, Chapter VIII]. Moreover, ∥u∥2L2(0,1) f
max

x∈ [0,1]
a(x) ∥u∥2L2

1
a

(0,1) for all u ∈ L2
1

a

(0, 1) and, in particular, for all u ∈ H2
1

a

(0, 1). Hence,

∥u∥2H2
1
a

(0,1) f ∥u∥2L2
1
a

(0,1) + ∥u∥2H2(0,1) f C

{(
1 + max

x∈ [0,1]
a(x)

)
∥u∥2L2

1
a

(0,1) +
∥∥u′′

∥∥2
L2(0,1)

}

f C

(
1 + max

x∈ [0,1]
a(x)

)
∥u∥22, 1

a

, ∀ u ∈ H2
1

a

(0, 1),

for a positive constant C.

Moreover, in the (SD) case the following characterisation holds.

Proposition 1.2.1. Assume a to be (SD) at 0 and set

X :=
{
u ∈ H2

1

a

(0, 1) : u(0) = (au′)(0) = 0
}
.

Then H2
1

a

(0, 1) = X .

Proof. Obviously, X ¦ H2
1

a

(0, 1). Now, consider u ∈ H2
1

a

(0, 1). In order to prove the claim,

it is sufficient to show that u(0) = (au′)(0) = 0. To this aim, since u ∈ H2(0, 1), we have

that u, u′, and hence au′, belong to C([0, 1]). This implies that there exists

lim
x→0

u(x) = u(0) =: L ∈ R.
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Observe that L = 0. Indeed, if L ̸= 0, then there exists C > 0 such that

|u(x)| g C,

for all x in a neighbourhood of 0, x ̸= 0. Thus,

u2(x)

a(x)
g C2

a(x)
, (1.2.3)

for all x in a neighbourhood of 0, x ̸= 0. Since in the (SD) case 1
a
/∈ L1(0, 1), we obtain

u /∈ L2
1

a

(0, 1). Consequently, L = 0. Moreover, arguing as before, there exists

lim
x→0

u′(x) = u′(0) =:M ∈ R

and hence, using the fact that a(0) = 0, one has lim
x→0

(au′)(x) = 0.

Now, set

Q(0, 1) :=
{
u ∈ H2

1

a

(0, 1) : au′′′′ ∈ L2
1

a

(0, 1)
}
.

Note that, thanks to the characterisation of H2
1

a

(0, 1) in the (SD) case, one has that

Q(0, 1) =
{
u ∈ H2

1

a

(0, 1) : u(0) = (au′)(0) = 0 and au′′′′ ∈ L2
1

a

(0, 1)
}
.

In particular, the following property holds.

Proposition 1.2.2. Assume a to be (SD) at 0. If u ∈ Q(0, 1), then

u′′ ∈W 1,1(0, 1).

The proof of the previous proposition is based on the following classical result. We

decide to provide the proof of Lemma 1.2.1 for the sake of completeness.

Lemma 1.2.1. Let J := (³1, ³2), with ³1, ³2 ∈ R, ³1 < ³2, p g 1 and D′(J) the space of

distributions defined on J . If f ∈ D′(J) has m-th derivative which is a function belonging

to Lp(J), then f ∈Wm,p(J), where m ∈ N, m g 1.

Proof. Let x ∈ J and define





v1(x) :=

∫ x

³1

f (m)(s)ds,

vi(x) :=

∫ x

³1

vi−1(s)ds,

i = 2, ...m. Then, for all i = 1, ...m,

vi ∈W i,p(J) and v
(i)
i = f (m). (1.2.4)



1 Preliminary results and weighted Hilbert spaces 6

Indeed, for i = 1 the thesis is obvious. Now, we prove it for i = 2:

v′′2 = (v′2)
′ = (v1)

′ = f (m).

Hence, iterating the procedure, one has that (1.2.4) holds.

Let È := vm − f . Hence, the distributional m-th derivative of È is given by È(m) =

v
(m)
m − f (m) = 0. Thus, there exists a constant c ∈ R such that

f (m−1) = v(m−1)
m + c

a.e. in J ; this implies that f (m−1) ∈ W 1,p(J). In particular, one has f (m−1) ∈ Lp(J).

Proceeding as in the first part of the proof and iterating the procedure, one has that

f (i) ∈ Lp(J), for all i = 1, 2, ...,m− 2.

Now, define z(x) :=
∫ x

³1
f ′(s)ds and w(x) := z(x)− f(x). Obviously, z ∈ W 2,p(J) and

w′(x) = 0 a.e. in J . This implies that there exists a constant C ∈ R such that

f = z + C.

In particular, f ∈ Lp(J) and the thesis follows.

Proof of Proposition 1.2.2. Fixed u ∈ Q(0, 1), we will establish that u′′ is absolutely con-

tinuous in [0, 1]. To this aim, let ¶ > 0. Note that

u′′(¶) = u′′(1)−
∫ 1

¶

u′′′(x)dx, (1.2.5)

thus

u′′(¶) = u′′(1)−
∫ 1

¶

(
u′′′(1)−

∫ 1

x

u′′′′(s)ds

)
dx

= u′′(1)− u′′′(1) + ¶u′′′(1) +
∫ 1

¶

u′′′′(s)(s− ¶)ds.

(1.2.6)

Trivially lim
¶→0

¶u′′′(1) = 0; moreover,

∫ 1

¶

u′′′′(s)(s− ¶)ds =

∫ 1

¶

su′′′′(s)ds− ¶

∫ 1

¶

u′′′′(s)ds.

Since
√
au′′′′ ∈ L2(0, 1) and x√

a
∈ L∞(0, 1) thanks to (1.1.2), we infer xu′′′′ =

√
au′′′′ x√

a
∈

L2(0, 1) ¦ L1(0, 1). Consequently, by the absolute continuity of the integral,

lim
¶→0

∫ 1

¶

su′′′′(s)ds =
∫ 1

0
su′′′′(s)ds and

0 < ¶

∫ 1

¶

∣∣u′′′′(s)
∣∣ds f ¶

(∫ 1

¶

1

a(s)
ds

) 1

2 ∥∥√au′′′′
∥∥
L2(0,1)

f ¶1−
Ka
2

(∫ 1

¶

sKa

a(s)
ds

) 1

2 ∥∥√au′′′′
∥∥
L2(0,1)

f 1√
a(1)

¶1−
Ka
2 (1− ¶)

1

2

∥∥√au′′′′
∥∥
L2(0,1)

.
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If we pass to the limit as ¶ → 0 in (1.2.6), we conclude that

∃ lim
¶→0

u′′(¶) = u′′(1)− u′′′(1) +
∫ 1

0
su′′′′(s)ds ∈ R.

By continuity, it is possible to define u′′(0) := lim
¶→0

u′′(¶). In particular, by (1.2.5),

∫ 1

0
u′′′(x)dx = u′′(1)− u′′(0)

and the thesis follows.

Observe that the statement of Proposition 1.2.2 is satisfied if a is (WD) at 0. Indeed,

in this case if u ∈ Q(0, 1), then

∫ 1

0

∣∣u′′′′(x)
∣∣dx =

∫ 1

0

√
a
∣∣u′′′′(x)

∣∣
√
a

dx f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√au′′′′
∥∥
L2(0,1)

(recall that, if a is (WD) at 0, then 1
a
∈ L1(0, 1)). Hence, u′′′′ ∈ L1(0, 1) and we can apply

Lemma 1.2.1 obtaining that u ∈W 4,1(0, 1). As a consequence,

u ∈ C
3([0, 1]).

Moreover, we underline that Proposition 1.2.2 is proved in [28] under more general as-

sumptions on the function a. Indeed, to prove Proposition 1.2.2, it is sufficient to require

that a satisfies (1.1.2) with k ∈ [1, 2).

In the previous spaces the following Gauss-Green formulas hold.

Lemma 1.2.2. For all (u, v) ∈ Q(0, 1)×H2
1

a

(0, 1) one has:

1. if a is (WD) at 0, then

∫ 1

0
u′′′′v dx =

[
u′′′v

]x=1

x=0
−
[
u′′v′

]x=1

x=0
+

∫ 1

0
u′′v′′dx;

2. if a is (SD) at 0, then

∫ 1

0
u′′′′v dx = u′′′(1)v(1)−

[
u′′v′

]x=1

x=0
+

∫ 1

0
u′′v′′dx.

Proof. Fix (u, v) ∈ Q(0, 1) × H2
1

a

(0, 1). Observe that u′′′′v ∈ L1(0, 1), since u′′′′v =
√
au′′′′ v√

a
∈ L1(0, 1). Due to the nature of the degeneracy, the proof of the previous

formulas is based on different techniques.

Point 1. As we have seen before, if a is (WD) at 0, then u ∈ C3([0, 1]) and the formula

of integration by parts follows immediately.

Point 2. Now, assume a to be (SD) at 0. Consider ¶ > 0 and set K := [¶, 1]. By
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definition of Q(0, 1), u′′′′ ∈ L2(K); thus, by Lemma 1.2.1 with m = p = 2 and f = u′′,

u ∈ H4(K). Hence, we can integrate by parts, obtaining

∫ 1

0
u′′′′v dx =

∫ ¶

0
u′′′′v dx+

∫ 1

¶

u′′′′v dx =

∫ ¶

0
u′′′′v dx+

∫ 1

¶

u′′v′′dx

+ (u′′′v)(1)− (u′′′v)(¶)− (u′′v′)(1) + (u′′v′)(¶).

(1.2.7)

Observe that ∫ 1

¶

u′′v′′dx =

∫ 1

0
u′′v′′dx−

∫ ¶

0
u′′v′′dx.

As before for u′′′′v, also u′′v′′ belongs to L1(0, 1) by the Hölder inequality. Thus, for any

ε > 0, by the absolute continuity of the Lebesgue integral, there exists ¶ := ¶(ε) > 0 such

that ∣∣∣∣∣

∫ ¶

0
u′′v′′dx

∣∣∣∣∣ f
∫ ¶

0

∣∣u′′v′′
∣∣dx < ε,

∣∣∣∣∣

∫ ¶

0
u′′′′v dx

∣∣∣∣∣ f
∫ ¶

0

∣∣u′′′′v
∣∣dx < ε.

Considering such a ¶ in (1.2.7), from the arbitrariness of ε, we can deduce

lim
¶→0

∫ ¶

0
u′′′′v dx = lim

¶→0

∫ ¶

0
u′′v′′dx = 0, lim

¶→0

∫ 1

¶

u′′v′′dx =

∫ 1

0
u′′v′′dx.

By Proposition 1.2.2, lim¶→0(u
′′v′)(¶) = u′′(0)v′(0). Moreover, lim¶→0(u

′′′v)(¶) = 0. In-

deed, since v(0) = 0, one has v(¶) =
∫ ¶

0 v
′(y)dy f

√
¶ ∥v′∥L2(0,1) and

∣∣(u′′′v)(¶)
∣∣ f

∣∣v(¶)u′′′(1)
∣∣+
∣∣∣∣∣v(¶)

∫ 1

¶

u′′′′(s)ds

∣∣∣∣∣

f
∣∣v(¶)u′′′(1)

∣∣+
∥∥√au′′′′

∥∥
L2(0,1)

|v(¶)|
(∫ 1

¶

sKa

asKa
ds

) 1

2

f
∣∣v(¶)u′′′(1)

∣∣+
∥√au′′′′∥L2(0,1)√

a(1)
|v(¶)|

(∫ 1

¶

s−Kads

) 1

2

f





∣∣v(¶)u′′′(1)
∣∣+

∥√au′′′′∥L2(0,1)√
a(1)

¶
3−Ka

2

√
Ka − 1

|v(¶)|
¶

, Ka ̸= 1,

∣∣v(¶)u′′′(1)
∣∣+

∥√au′′′′∥L2(0,1)√
a(1)

(− log(¶))
1

2 |v(¶)|, Ka = 1,

f





∣∣v(¶)u′′′(1)
∣∣+

∥√au′′′′∥L2(0,1)√
a(1)

1√
Ka − 1

∥∥v′
∥∥
L2(0,1)

¶
2−Ka

2 , Ka ̸= 1,

∣∣v(¶)u′′′(1)
∣∣+

∥√au′′′′∥L2(0,1)√
a(1)

∥∥v′
∥∥
L2(0,1)

(−¶ log(¶)) 1

2 , Ka = 1.

In any case lim¶→0(u
′′′v)(¶) = 0, since v(0) = 0.

Using the previous basic spaces, in the following we introduce some specific spaces in

which the behaviour of the functions at the boundary of the interval [0, 1] is taken into
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account. In particular, we consider

H̃1
1

a
,0
(0, 1) :=

{
u ∈ H1

1

a

(0, 1) : u(0) = 0
}
, (1.2.8)

H̃2
1

a
,0
(0, 1) :=

{
u ∈ H̃1

1

a
,0
(0, 1) ∩H2(0, 1) : u′(0) = 0

}
(1.2.9)

and

Hm
1

a
,0
(0, 1) := L2

1

a

(0, 1) ∩Hm
0 (0, 1), (1.2.10)

with the norms ∥·∥Hm
1
a

(0,1), m = 1, 2. We recall that Hm
0 (0, 1) :=

{
u ∈ Hm(0, 1) : u(k)(j) =

0, j = 0, 1, k = 0,m− 1
}
, m = 1, 2. Naturally, Hm

1

a
,0
(0, 1) ¢ H̃m

1

a
,0
(0, 1), m = 1, 2.

We underline that the spaces introduced in (1.2.8) and (1.2.9) will be used in Chapters

3 and 4 to study the boundary stabilisation problem in (NDF), while the spaces in (1.2.10)

are related to the boundary controllability problem in (NDF) discussed in Chapter 2.

Moreover, it is possible to exploit several advantages in these new spaces. As a first

step, one can prove that the usual respective norm is equivalent to the more useful

∥u∥m :=
∥∥u(m)

∥∥
L2(0,1)

, ∀ u ∈ H̃m
1

a
,0
(0, 1),

and, in particular, for all u ∈ Hm
1

a
,0
(0, 1), m = 1, 2. More precisely, it is possible to prove

the following equivalence.

Proposition 1.2.3. Assume a to be (WD) or (SD) at 0. Then the norms ∥·∥Hm
1
a

(0,1),

∥·∥m, 1
a

and ∥·∥m are equivalent in H̃m
1

a
,0
(0, 1), m = 1, 2. In particular, there exists a

constant CHP > 0 such that ∥u∥21, 1
a

f
(
CHP + 1

)
∥u∥21 for all u ∈ H̃1

1

a
,0
(0, 1) and

∥u∥22, 1
a

f
(
4CHP + 1

)
∥u∥22 (1.2.11)

for all u ∈ H̃2
1

a
,0
(0, 1).

Proof. By [29, Proposition 2.6], one has that there exists C > 0 such that
∫ 1

0

u2

a
dx f C

∫ 1

0
(u′)2dx, (1.2.12)

for all u ∈ H1
0 (0, 1). Naturally, (1.2.12) also holds if u ∈ H̃1

1

a
,0
(0, 1). Let

CHP be the best constant of (1.2.12). (1.2.13)

Thus, the thesis follows immediately if m = 1. Now, assume m = 2 and consider u ∈
H̃2

1

a
,0
(0, 1). Applying (1.2.12) and the classical Hardy inequality to z := u′ ∈ H̃1

1

a
,0
(0, 1),

we have ∫ 1

0

u2

a
dx f CHP

∫ 1

0
(u′)2dx f CHP

∫ 1

0

z2

x2
dx

f 4CHP

∫ 1

0
(z′)2dx = 4CHP

∫ 1

0
(u′′)2dx = 4CHP ∥u∥22

and the thesis follows.
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Obviously, the equivalence proved in Proposition 1.2.3 still holds inHm
1

a
,0
(0, 1),m = 1, 2.

Moreover, in these spaces some useful properties hold:

Lemma 1.2.3. Assume a to be (WD) or (SD) at 0.

1. If u ∈ H̃1
1

a
,0
(0, 1), then lim

¶→0

¶

a(¶)
u2(¶) = 0.

2. If u ∈ Q(0, 1), then ∃ lim
¶→0

¶u′′′(¶) ∈ R. In addition, if u′(0) = 0, then

lim
¶→0

¶u′(¶)u′′′(¶) = 0.

Proof. Point 1. Let u ∈ H̃1
1

a
,0
(0, 1). If Ka < 1, then the assertion follows immediately by

(1.1.3) with k = 1. Thus, assume Ka g 1. Set z(x) :=
x

a(x)
u2(x); then z ∈ L1(0, 1).

Indeed, ∫ 1

0
z dx f

∫ 1

0

u2

a
dx.

Moreover, z′ =
u2

a
+2

xuu′

a
− a′x
a2
u2; thus, by (1.1.2), x2

a
is non-decreasing in (0, 1]. Hence,

∫ 1

0

∣∣z′
∣∣dx f

∫ 1

0

u2

a
dx+ 2

(∫ 1

0

x2(u′)2

a
dx

) 1

2
(∫ 1

0

u2

a
dx

) 1

2

+Ka

∫ 1

0

u2

a
dx

f
(
1 +Ka

) ∫ 1

0

u2

a
dx+

2√
a(1)

(∫ 1

0
(u′)2dx

) 1

2
(∫ 1

0

u2

a
dx

) 1

2

and z ∈ W 1,1(0, 1). As a consequence, there exists lim
¶→0

z(¶) =: L ∈ [0,+∞). If L ̸= 0,

sufficiently close to ¶ = 0 we would have that
u2

a
g L

2¶
̸∈ L1(0, 1), while

u2

a
∈ L1(0, 1).

Point 2. Let u ∈ Q(0, 1). We rewrite ¶u′′′(¶) as

¶u′′′(¶) = u′′′(1)−
∫ 1

¶

(xu′′′(x))′dx

= u′′′(1)−
∫ 1

¶

u′′′(x)dx−
∫ 1

¶

xu′′′′(x)dx.

(1.2.14)

As in the proof of Proposition 1.2.2, one has that xu′′′′ ∈ L1(0, 1). Hence, by the absolute

continuity of the integral,

lim
¶→0

∫ 1

¶

xu′′′′(x)dx =

∫ 1

0
xu′′′′(x)dx. Furthermore,

∫ 1

¶

u′′′(x)dx =

∫ 1

¶

(
u′′′(1)−

∫ 1

x

u′′′′(s)ds

)
dx

= (1− ¶)u′′′(1)−
∫ 1

¶

∫ 1

x

u′′′′(s)ds dx.

(1.2.15)
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Now, we estimate the last term in the previous equation; to this purpose, we observe that
∫ 1

¶

∫ 1

x

u′′′′(s)ds dx =

∫ 1

¶

∫ s

¶

u′′′′(s)dx ds =
∫ 1

¶

u′′′′(s)(s− ¶)ds

=

∫ 1

¶

su′′′′(s)ds− ¶

∫ 1

¶

u′′′′(s)ds.

(1.2.16)

As before, lim
¶→0

∫ 1

¶

su′′′′(s)ds =
∫ 1

0
su′′′′(s)ds. Moreover, as far as the second term in the

last member of (1.2.16) is concerned, we have

0 < ¶

∫ 1

¶

∣∣u′′′′(s)
∣∣ds = ¶

∫ 1

¶

√
a(s)

∣∣u′′′′(s)
∣∣

√
a(s)

ds

f ¶

(∫ 1

¶

1

a(s)
ds

) 1

2 ∥∥√au′′′′
∥∥
L2(0,1)

= ¶1−
Ka
2

(∫ 1

¶

¶Ka

a(s)
ds

) 1

2 ∥∥√au′′′′
∥∥
L2(0,1)

f ¶1−
Ka
2

(∫ 1

¶

sKa

a(s)
ds

) 1

2 ∥∥√au′′′′
∥∥
L2(0,1)

f ¶1−
Ka
2

√
a(1)

(1− ¶)
1

2

∥∥√au′′′′
∥∥
L2(0,1)

.

Thus, since Ka < 2, it follows that lim
¶→0

¶

∫ 1

¶

u′′′′(s)ds = 0. Consequently, from (1.2.16),

lim
¶→0

∫ 1

¶

∫ 1

x

u′′′′(s)ds dx =

∫ 1

0
su′′′′(s)ds

and, by (1.2.15),

lim
¶→0

∫ 1

¶

u′′′(x)dx = u′′′(1)−
∫ 1

0
su′′′′(s)ds.

Coming back to (1.2.14), we obtain that ∃ lim
¶→0

¶u′′′(¶) ∈ R. Moreover, using the fact that

u ∈ H2(0, 1), one has that u′ is a continuous function. This implies that lim
¶→0

u′(¶) = u′(0).

Hence, if in addition u′(0) = 0, the second limit of the thesis becomes a direct consequence

of the previous statement.

Moreover, in the space H̃2
1

a
,0
(0, 1) the following variational result holds. This proposi-

tion will be crucial in Chapter 3.

Proposition 1.2.4. Assume a to be (WD) or (SD) at 0 and consider ´, µ g 0. Define

|||u|||21
a

:=
∥∥u′′

∥∥2
L2(0,1)

+ ´u2(1) + µ(u′(1))2, ∀ u ∈ H̃2
1

a
,0
(0, 1).

Then the norms |||·||| 1
a
and ∥·∥2 are equivalent in H̃2

1

a
,0
(0, 1). Moreover, for every ¼, µ ∈ R,

the variational problem
∫ 1

0
z′′φ′′dx+ ´z(1)φ(1) + µz′(1)φ′(1) = ¼φ(1) + µφ′(1), ∀ φ ∈ H̃2

1

a
,0
(0, 1), (1.2.17)
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admits a unique solution z ∈ H̃2
1

a
,0
(0, 1), which satisfies the estimates

∥z∥2L2
1
a

(0,1) f
(
4CHP + 1

)
(|¼|+ |µ|)2 and |||z|||21

a

f (|¼|+ |µ|)2. (1.2.18)

Here CHP is the constant introduced in (1.2.13).

Proof. As a first step observe that, for all u ∈ H̃2
1

a
,0
(0, 1), one has

∣∣u′(x)
∣∣ =

∣∣∣∣∣

∫ x

0
u′′(t)dt

∣∣∣∣∣ f
∥∥u′′

∥∥
L2(0,1)

= ∥u∥2 (1.2.19)

and

|u(x)| =
∣∣∣∣∣

∫ x

0
u′(t)dt

∣∣∣∣∣ f ∥u∥2 , (1.2.20)

for all x ∈ [0, 1]. Thus, ||| · ||| 1
a
and ∥·∥2 are equivalent. Indeed, for all u ∈ H̃2

1

a
,0
(0, 1),

∥u∥22 =
∥∥u′′

∥∥2
L2(0,1)

f |||u|||21
a

. (1.2.21)

Moreover, (1.2.19) and (1.2.20) imply µ(u′(1))2 f µ ∥u∥22 and ´u2(1) f ´ ∥u∥22, respec-
tively; hence,

|||u|||21
a

f (1 + ´ + µ) ∥u∥22

and the claim holds. Now, consider the bilinear and symmetric form

Gnd: H̃2
1

a
,0
(0, 1)× H̃2

1

a
,0
(0, 1) → R

such that

Gnd(u, φ) :=

∫ 1

0
u′′φ′′dx+ ´u(1)φ(1) + µu′(1)φ′(1).

As in [52], by (1.2.21) and thanks to (1.2.19) and (1.2.20), one can easily prove that Gnd

is coercive and continuous. Furthermore, consider the functional

Fnd(φ) := ¼φ(1) + µφ′(1),

with φ ∈ H̃2
1

a
,0
(0, 1) and ¼, µ ∈ R. Observe that Fnd is continuous and linear. Thus, by

the Lax-Milgram Theorem, there exists a unique solution z ∈ H̃2
1

a
,0
(0, 1) of

Gnd(z, φ) = Fnd(φ), for all φ ∈ H̃2
1

a
,0
(0, 1);

in particular, ∫ 1

0
(z′′)2dx+ ´z2(1) + µ(z′(1))2 = ¼z(1) + µz′(1). (1.2.22)

Concerning the other estimates, by (1.2.20)-(1.2.21) and (1.2.22), we have

|||z|||21
a

= ¼z(1) + µz′(1) f
(
|¼|+ |µ|

)
|||z||| 1

a
;
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thus,

|||z||| 1
a
f |¼|+ |µ|. (1.2.23)

Moreover, by Proposition 1.2.3, we know that in H̃2
1

a
,0
(0, 1) the two norms ∥·∥2, 1

a
and

∥·∥H2
1
a

(0,1) are equivalent. Thus, by (1.2.11),

|||z|||21
a

= ∥z∥22 + ´z2(1) + µ(z′(1))2 g ∥z∥22

g 1

4CHP + 1
∥z∥22, 1

a

g 1

4CHP + 1
∥z∥2L2

1
a

(0,1)

and, by (1.2.23), ∥z∥2L2
1
a

(0,1) f
(
4CHP + 1

)
|||z|||21

a

f
(
4CHP + 1

)
(|¼|+ |µ|)2.

Finally, observe that if ´ = 0 and µ = 0, the norms ||| · ||| 1
a
and ∥·∥2 coincide and the

proof of the estimates given in (1.2.18) is simpler.

1.3 Weighted Hilbert spaces associated to the operators in

divergence form

In this section we introduce suitable weighted spaces to treat problems governed by oper-

ators in divergence form.

Consider a function a: [0, 1] → R, which is (WD) or (SD) at 0.

If a is (WD) at 0, we define:

Hm
a (0, 1) :=

{
u ∈ Hm(0, 1) : u(m) ∈ AC([0, 1]),

√
au(m+1) ∈ L2(0, 1)

}
;

on the other hand, if a is (SD) at 0, then

Hm
a (0, 1) :=

{
u ∈ Hm(0, 1) : u(m) ∈ LAC((0, 1]),

√
au(m+1) ∈ L2(0, 1)

}
,

m = 0, 1, where AC([0, 1]) is the space of all absolutely continuous functions on the real

interval [0, 1] and LAC((0, 1]) is the space of all locally absolutely continuous functions on

the real interval (0, 1].

In both cases we consider on Hm
a (0, 1) the related inner products:

ïu, vðHm
a (0,1) :=

m∑

j=0

〈
u(j), v(j)

〉
L2(0,1)

+
〈√

au(m+1),
√
av(m+1)

〉
L2(0,1)

,

which induce the corresponding norms

∥u∥2Hm
a (0,1) :=

m∑

j=0

∥∥u(j)
∥∥2
L2(0,1)

+
∥∥√au(m+1)

∥∥2
L2(0,1)

, (1.3.1)

for every u, v ∈ Hm
a (0, 1), m = 0, 1; here H0(0, 1) := L2(0, 1) and u(0) := u.

The previous norms ∥·∥Hm
a (0,1) are equivalent to the following ones:

∥u∥2m+1,a := ∥u∥2L2(0,1) +
∥∥√au(m+1)

∥∥2
L2(0,1)

, ∀ u ∈ Hm
a (0, 1), (1.3.2)
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m = 0, 1. Indeed, the following proposition holds.

Proposition 1.3.1. If a is (WD) or (SD) at 0, then the norms ∥·∥Hm
a (0,1) and ∥·∥m+1,a

are equivalent in Hm
a (0, 1), m = 0, 1.

The proof of the previous proposition is based on the following lemmas.

Lemma 1.3.1 ([71], Theorem 7.37). Let J ¦ R be an open interval and let 1 f p, q, r f
+∞ be such that

1

2p
+

1

2q
g 1

r
.

Let u ∈W 2,1
loc

(J). Then there exists c = c(p, q, r) > 0 such that

∥∥u′
∥∥
Lr(J)

f cl
1

r
−1− 1

q ∥u∥Lq(J) + cl
1− 1

p
+ 1

r

∥∥u′′
∥∥
Lp(J)

,

for every l ∈ (0,L1(J)), where L1(J) is the one-dimensional Lebesgue measure of J and

W 2,1
loc

(J) is defined as the space of all functions u ∈ L1
loc(J) which admit weak derivatives

of order 1 and 2 in L1
loc(J).

Lemma 1.3.2. Let P be the subspace of polynomials of degree one. For all u ∈ H1
a(0, 1),

if p1 ∈ P is such that

∥u− p1∥L2(0,1) = min
p∈P

∥u− p∥L2(0,1), (1.3.3)

then the function v := u− p1 has at least two zeros.

Proof. Consider u ∈ H1
a(0, 1), define v(x) := u(x) − p1(x) and suppose v(x) ̸= 0, for

all x ∈ [0, 1]. Without loss of generality, we can assume v(x) > 0. Obviously, v g
min[0,1](u− p1) =: Ã > 0. Assume that p1(x) = mx+ q, m, q ∈ R. Then, p1 + Ã ∈ P and

∥u− p1∥2L2(0,1) − ∥u− p1 − Ã∥2L2(0,1) = Ã

∫ 1

0
(−Ã + 2u− 2mx− 2q)dx.

Recalling that u(x)−mx− q g Ã and Ã > 0, we have

∥u− p1∥2L2(0,1) − ∥u− p1 − Ã∥2L2(0,1) g 0.

But this is not possible since, by assumption, p1 is such that (1.3.3) holds. Now, suppose

that there exists only a point y0 ∈ [0, 1] such that v(y0) = 0 and v(x) ̸= 0, for all x ̸= y0.

For ϵ ∈
(
0, 2

∫ 1
0 v(x)dx

)
, consider gϵ(x) = v(x)− ϵ. Then, one can prove that

∥gϵ∥2L2(0,1) < ∥v∥2L2(0,1) .

Indeed,

∥gϵ∥2L2(0,1) =

∫ 1

0

(
v2 + ϵ2 − 2ϵv

)
dx <

∫ 1

0
v2dx⇐⇒ ϵ

(
ϵ− 2

∫ 1

0
v dx

)
< 0

⇐⇒ ϵ < 2

∫ 1

0
v dx.
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Again, we find p(x) := p1(x) + ϵ ∈ P , such that

∥u− p∥L2(0,1) f ∥u− p1∥L2(0,1)

and this is not possible. Thus, the proof is complete.

Proof of Proposition 1.3.1. For m = 0 the thesis is obvious. Now, fix m = 1 and u ∈
H1

a(0, 1). Naturally, ∥u∥22,a f ∥u∥2H1
a(0,1)

.

As a first step, we examine the (WD) case. For the other estimate it is sufficient to

prove
∥∥u′
∥∥2
L2(0,1)

f C
(
∥u∥2L2(0,1) +

∥∥√au′′
∥∥2
L2(0,1)

)
,

for a positive constant C. To this aim, observe that u ∈ W 2,1
loc (0, 1). Thus, by Lemma

1.3.1 with J = (0, 1), p = 1, q = 2 and r = 2, one has that there exists c > 0 such that

∥∥u′
∥∥
L2(0,1)

f cl−1 ∥u∥L2(0,1) + cl
1

2

∥∥u′′
∥∥
L1(0,1)

. (1.3.4)

By the Hölder inequality,

∥∥u′′
∥∥
L1(0,1)

=

∫ 1

0

√
a
∣∣u′′
∣∣

√
a

dx f
(∫ 1

0
(a(u′′)2)(x)dx

) 1

2
(∫ 1

0

1

a(x)
dx

) 1

2

=
∥∥√au′′

∥∥
L2(0,1)

∥∥∥∥
1

a

∥∥∥∥

1

2

L1(0,1)

.

Using this inequality in (1.3.4), one has

∥∥u′
∥∥2
L2(0,1)

f C
(
∥u∥2L2(0,1) +

∥∥√au′′
∥∥2
L2(0,1)

)
,

for some suitable constant C > 0; thus, the thesis follows.

To complete the proof, we assume that a is (SD) at 0. As a first step we prove that

there exists a positive constant C such that

∫ 1

0
(v′(x))2dx f C

∥∥√av′′
∥∥2
L2(0,1)

, (1.3.5)

for all

v ∈ X :=
{
w ∈ H1

a(0, 1) : ∃ y0 ∈ (0, 1) such that w′(y0) = 0
}
.

Consider x ∈ (0, 1] and v ∈ X; then there exists y0 ∈ (0, 1) such that v′(y0) = 0 and

v′(x) = v′(x)− v′(y0) =
∫ x

y0

v′′(y)
√
a√

a
dy f

∥∥√av′′
∥∥
L2(0,1)

(∫ x

y0

1

a(y)
dy

) 1

2

.

Hence, ∫ 1

0
(v′(x))2dx f

∥∥√av′′
∥∥2
L2(0,1)

∫ 1

0

(∫ x

y0

1

a(y)
dy

)
dx.
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Thus, it is sufficient to estimate the integral in the right-hand side of the above inequality.

To this aim, we split the integral in the following way:

∫ 1

0

(∫ x

y0

1

a(y)
dy

)
dx =

∫ y0

0

(∫ x

y0

1

a(y)
dy

)
dx+

∫ 1

y0

(∫ x

y0

1

a(y)
dy

)
dx.

Using the monotonocity property of a, one has

∫ 1

y0

(∫ x

y0

1

a(y)
dy

)
dx f 1

a(1)

∫ 1

y0

(∫ 1

y0

1

yKa
dy

)
dx f





y1−Ka

0

a(1)
(
Ka − 1

) , Ka ̸= 1,

− log(y0)

a(1)
, Ka = 1.

Now, we consider the term
∫ y0
0

(∫ x

y0
1

a(y)dy
)
dx. Using again the properties of a and the

fact that the constant Ka is strictly less than 2, one has
∣∣∣∣∣

∫ y0

0

(∫ x

y0

1

a(y)
dy

)
dx

∣∣∣∣∣ =
∣∣∣∣∣−
∫ y0

0

(∫ y0

x

1

a(y)
dy

)
dx

∣∣∣∣∣ =
∫ y0

0

(∫ y0

x

1

a(y)
dy

)
dx

=

∫ y0

0

1

a(y)

∫ y

0
dx dy =

∫ y0

0

y

a(y)
dy =

∫ y0

0

yKa

a(y)yKa−1
dy

f 1

a(1)

∫ y0

0

1

yKa−1
dy =

1

a(1)

1(
2−Ka

)y2−Ka

0 .

Thus, ∫ 1

0

(∫ x

y0

1

a(y)
dy

)
dx f C and

∫ 1

0
(v′(x))2dx f C

∥∥√av′′
∥∥2
L2(0,1)

,

for a positive constant C. In the subsequent step, we prove the thesis for all u ∈ H1
a(0, 1).

To this aim, consider u ∈ H1
a(0, 1) and let P be the subspace of polynomials of degree one.

Then, by [20, Theorem 5.2], we can find a polynomial p1 of degree one such that (1.3.3)

holds. Set v := u − p1; then, v ∈ H1
a(0, 1), v has at least two zeros and its derivative

vanishes at least once (by Lemma 1.3.2). Hence, v ∈ X and, by (1.3.5), there exists a

positive constant C such that

∥∥v′
∥∥2
L2(0,1)

=

∫ 1

0
(v′(x))2dx f C

∥∥√av′′
∥∥2
L2(0,1)

.

Therefore,

∥∥u′
∥∥
L2(0,1)

f
∥∥v′
∥∥
L2(0,1)

+
∥∥p′1
∥∥
L2(0,1)

f C
∥∥√av′′

∥∥
L2(0,1)

+
∥∥p′1
∥∥
L2(0,1)

. (1.3.6)

It remains to estimate ∥p′1∥L2(0,1). To this aim, observe that there exists a positive constant

C such that
∥∥p′1
∥∥
L2(0,1)

f C ∥p1∥L2(0,1) . (1.3.7)

Moreover,

∥v∥L2(0,1) = ∥u− p1∥L2(0,1) f ∥u∥L2(0,1)
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and

∥p1∥L2(0,1) f ∥u− p1∥L2(0,1) + ∥u∥L2(0,1) f 2 ∥u∥L2(0,1) . (1.3.8)

Hence, by (1.3.7) and (1.3.8), it follows that

∥∥p′1
∥∥
L2(0,1)

f C ∥u∥L2(0,1), (1.3.9)

for a positive constant C. By (1.3.6) and (1.3.9), we obtain

∥∥u′
∥∥
L2(0,1)

f C ∥u∥2,a ,

thus the statement follows.

Using the previous spaces and setting

Z(0, 1) :=
{
u ∈ H1

a(0, 1) : au
′′ ∈ H2(0, 1)

}
,

it is possible to prove the following Gauss-Green formulas.

Lemma 1.3.3. For all (u, v) ∈ Z(0, 1)×H1
a(0, 1) one has:

1. if a is (WD) at 0, then

∫ 1

0
(au′′)′′v dx =

[
(au′′)′v

]x=1

x=0
−
[
au′′v′

]x=1

x=0
+

∫ 1

0
au′′v′′dx;

2. if a is (SD) at 0, then

∫ 1

0
(au′′)′′v dx =

[
(au′′)′v

]x=1

x=0
− (au′′v′)(1) +

∫ 1

0
au′′v′′dx.

Actually the proof of the previous formulas is different in the two considered cases. In

particular, in the (SD) case one has to characterise the space Z(0, 1) and the following

proposition is crucial.

Proposition 1.3.2. Assume a to be (SD) at 0 and set

Y :=
{
u ∈ H1(0, 1) : u′ ∈ LAC((0, 1]), au, au′ ∈ H1(0, 1), au′′ ∈ H2(0, 1),

√
au′′ ∈ L2(0, 1), (au(m))(0) = 0, for all m = 0, 1, 2

}
.

For all u ∈ Y we have that

1. |a(x)u(x)| f ∥(au)′∥L2(0,1)

√
x,

2.
∣∣a(x)u′(x)

∣∣ f ∥(au′)′∥L2(0,1)

√
x,

3.
∣∣a(x)u′′(x)

∣∣ f ∥(au′′)′∥L2(0,1)

√
x,
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for all x ∈ [0, 1].

Proof. We prove only the last point, the proof of the other points being similar. Let u ∈ Y.

Since (au′′)(0) = 0, then

∣∣(au′′)(x)
∣∣ =

∣∣∣∣∣

∫ x

0
(au′′)′(s)ds

∣∣∣∣∣ f
∥∥(au′′)′

∥∥
L2(0,1)

√
x,

for all x ∈ [0, 1], and the thesis follows.

Using the properties of a in the (SD) framework, in particular the fact that
1

a
̸∈ L1(0, 1),

one can prove the following characterisation.

Proposition 1.3.3. If a is (SD) at 0, then Z(0, 1) = Y.

Proof. Obviously, Y ¦ Z(0, 1). Now, we prove Z(0, 1) ¦ Y. To this aim, let u ∈ Z(0, 1);

we only need to prove that

au ∈ H1(0, 1), au′ ∈ H1(0, 1)

and (au(m))(0) = 0, for all m = 0, 1, 2.

It is easy to prove that (au)(0) = (au′′)(0) = 0. Indeed, since u ∈ H1(0, 1), we have

that u ∈ C([0, 1]), thus au ∈ C([0, 1]) and there exists

lim
x→0

(au)(x) = (au)(0) = 0.

Now, we prove that (au′′)(0) = 0. By assumption, we know that au′′ ∈ H2(0, 1), hence au′′

is continuous in [0, 1]. In particular, there exists limx→0(au
′′)(x) = (au′′)(0) =: N ∈ R. If

N ̸= 0, then there exists C > 0 such that (au′′)2(x) g C, for all x in a neighbourhood of

0, x ̸= 0. In particular,

(a(u′′)2)(x) g C

a(x)
,

for all x in a neighbourhood of 0, x ̸= 0. Using the properties of a, one has that
√
au′′ ̸∈

L2(0, 1); hence, N = 0.

In the subsequent step, we prove that au ∈ H1(0, 1). We already know that au ∈
L2(0, 1). Furthermore, since a ∈ C1([0, 1]), (au)′ = a′u + au′ ∈ L2(0, 1). Moreover,

we easily get that (au)′ is the distributional derivative of au. Indeed, considering φ ∈
C∞
c ((0, 1)) and ¶ > 0, one has

∫ 1

0
(au)′(x)φ(x)dx =

∫ ¶

0
(au)′(x)φ(x)dx+

∫ 1

¶

(au)′(x)φ(x)dx.

Obviously, by the absolute continuity of the Lebesgue integral, it follows that

lim
¶→0

∫ ¶

0
(au)′(x)φ(x)dx = 0;
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moreover,

lim
¶→0

∫ 1

¶

(au)′(x)φ(x)dx = lim
¶→0

(
−(auφ)(¶)−

∫ 1

¶

(au)(x)φ′(x)dx

)

= −
∫ 1

0
(au)(x)φ′(x)dx.

Hence, for all φ ∈ C∞
c ((0, 1)), it holds

∫ 1

0
(au)′(x)φ(x)dx = −

∫ 1

0
(au)(x)φ′(x)dx.

Thus, (au)′ is the distributional derivative of au and, so, au ∈ H1(0, 1).

To conclude the proof, we prove that ∃ limx→0(au
′)(x) = (au′)(0) = 0. As a first step,

consider x > 0. Since u′ is locally absolutely continuous in (0, 1], we have that u′(1) is

well defined. Moreover, au′ ∈ L2(0, 1) and

(au′)′ = a′u′ + au′′ ∈ L2(0, 1),

since u ∈ Z(0, 1). Thus,

(au′)(x) = −
∫ 1

x

(au′)′(y)dy + (au′)(1)

and there exists limx→0(au
′)(x) = (au′)(0) = −

∫ 1
0 (au

′)′(y)dy + (au′)(1) =: M ∈ R.

Arguing as before, we can prove that M = 0. Indeed, if we assume M ̸= 0, then,

proceeding as in (1.2.3), there exists C > 0 such that

∣∣u′(x)
∣∣ g C

a(x)
,

for all x in a right neighbourhood of 0; hence, M = 0. As a consequence, there exists

limx→0(au
′)(x) = (au′)(0) = 0.

Proceeding as before, one can prove that (au′)′ is the distributional derivative of au′

so that au′ ∈ H1(0, 1) and the thesis follows.

Now, we can prove Lemma 1.3.3.

Proof of Lemma 1.3.3. Consider u ∈ Z(0, 1) and v ∈ H1
a(0, 1).

Point 1. Assume a to be (WD) at 0. Observe that au′′, (au′′)′ ∈ H1(0, 1) and v, v′ are

absolutely continuous; hence,

∫ 1

0
(au′′)′′v dx =

[
(au′′)′v

]x=1

x=0
−
∫ 1

0
(au′′)′v′dx

=
[
(au′′)′v

]x=1

x=0
−
[
au′′v′

]x=1

x=0
+

∫ 1

0
au′′v′′dx.
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Observe that au′′v′′ ∈ L1(0, 1) since, by assumption,
√
au′′ and

√
av′′ belong to L2(0, 1).

Point 2. In the (SD) case, since u ∈ Z(0, 1), u′ is locally absolutely continuous in

(0, 1] and not absolutely continuous in [0, 1] as for the (WD) case. Thus, the Gauss-

Green formula is not true a priori and we have to use the characterisation of Z(0, 1). By

definitions of Z(0, 1) and H1
a(0, 1), one has that au′′ ∈ H2(0, 1) and v ∈ H1(0, 1). Hence,

one can integrate by parts, obtaining

∫ 1

0
(au′′)′′v dx =

[
(au′′)′v

]x=1

x=0
−
∫ 1

0
(au′′)′v′dx. (1.3.10)

Now, we consider the term
∫ 1
0 (au

′′)′v′dx. For ¶ > 0, we have

∫ 1

0
(au′′)′v′dx =

∫ ¶

0
(au′′)′v′dx+ (au′′v′)(1)− (au′′v′)(¶)−

∫ 1

¶

au′′v′′dx. (1.3.11)

Moreover, by the Hölder inequality, au′′v′′ and (au′′)′v′ belong to L1(0, 1). Hence, by the

absolute continuity of the Lebesgue integral, one has

lim
¶→0

∫ ¶

0
(au′′)′v′dx = 0, lim

¶→0

∫ 1

¶

au′′v′′dx =

∫ 1

0
au′′v′′dx. (1.3.12)

In order to obtain the desired result, it is sufficient to prove that

lim
¶→0

(au′′v′)(¶) = 0. (1.3.13)

To this aim, we can choose ¶ in (1.3.11) such that v′ is absolutely continuous in K := [¶, 1].

Moreover, using the fact that also au′′ ∈ C([0, 1]), one has

(au′′v′)(¶) = −
∫ 1

¶

(au′′v′)′(s)ds+ (au′′v′)(1)

= −
∫ 1

¶

[(au′′)′v′](s)ds−
∫ 1

¶

(au′′v′′)(s)ds+ (au′′v′)(1).

Proceeding as before, one has that there exists L ∈ R such that

lim
¶→0

(au′′v′)(¶) = lim
¶→0

(
−
∫ 1

¶

[
(au′′)′v′

]
(s)ds−

∫ 1

¶

(au′′v′′)(s)ds

)
+ (au′′v′)(1)

= −
∫ 1

0
[(au′′)′v′](s)ds−

∫ 1

0
(au′′v′′)(s)ds+ (au′′v′)(1) =: L.

If L ̸= 0, then there exists C > 0 such that
∣∣(au′′v′)(x)

∣∣ g C, for all x in a neighbourhood

of 0, x ̸= 0. Thus, by Proposition 1.3.2,

∣∣v′(x)
∣∣ g C∣∣(au′′)(x)

∣∣ g
C1√
x
,

for all x in a neighbourhood of 0, x ̸= 0, and for a suitable positive constant C1. This

implies that v′ ̸∈ L2(0, 1). Hence, L = 0. Therefore, (1.3.13) holds and the thesis follows

by (1.3.10)-(1.3.13).
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We underline that, in order to prove Lemma 1.3.3 in the (WD) case, we do not use the

property 1
a
∈ L1(0, 1); actually, it is sufficient to require a ∈ C([0, 1]).

Moreover, in Z(0, 1) the following useful properties hold.

Lemma 1.3.4. Assume a to be (WD) at 0 and u ∈ Z(0, 1). The following assertions are

true:

1. if u′(0) = 0 or (au′′)′(0) = 0, then lim
¶→0+

u′(¶)(au′′)′(¶) = 0;

2. if u′(0) = 0 or (au′′)(0) = 0, then lim
¶→0+

u′(¶)(au′′)(¶) = 0;

3. lim
¶→0+

a(¶)(u′(¶))2 = 0;

4. lim
¶→0+

¶a(¶)(u′′(¶))2 = 0.

Proof. Since a is (WD) at 0 and u ∈ Z(0, 1), one has au′′ ∈ C1([0, 1]) and u′ is absolutely

continuous in [0, 1]. Thus, one has immediately

lim
¶→0+

u′(¶)(au′′)′(¶) = 0

if u′(0) = 0 or (au′′)′(0) = 0,

lim
¶→0+

u′(¶)(au′′)(¶) = 0

if u′(0) = 0 or (au′′)(0) = 0, and

lim
¶→0+

a(¶)(u′(¶))2 = 0.

Hence, it remains to prove the last point. To this aim, using (1.1.3) and the fact that

au′′ ∈ C1([0, 1]), one has

lim
¶→0+

¶a(¶)(u′′(¶))2 = lim
¶→0+

¶

a(¶)
(au′′)2(¶) = 0. (1.3.14)

Lemma 1.3.5. Assume a to be (SD) at 0 and u ∈ Z(0, 1). The following assertions are

true:

1. ∃ lim
¶→0+

¶u′(¶) = 0;

2. lim
¶→0+

u′(¶)(au′′)(¶) = 0;

3. lim
¶→0+

a(¶)(u′(¶))2 = 0;

4. lim
¶→0+

¶a(¶)(u′′(¶))2 = 0.
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Proof. Point 1. As a first step, we will prove that ∃ lim
¶→0+

¶u′(¶) ∈ R. To this aim, we

rewrite ¶u′(¶) as

¶u′(¶) = u′(1)−
∫ 1

¶

(xu′)′(x)dx = u′(1)−
∫ 1

¶

u′(x)dx−
∫ 1

¶

xu′′(x)dx.

Since u′ ∈ L2(0, 1) and
∣∣xu′′

∣∣ = x√
a

∣∣√au′′
∣∣ f 1√

a(1)

∣∣√au′′
∣∣ ∈ L2(0, 1), by the absolute

continuity of the integral, one has that ∃ lim¶→0+ ¶u
′(¶) =: L ∈ R. Assume L ̸= 0; then

there exists C > 0 such that
∣∣u′(¶)

∣∣ g C

¶
,

for all ¶ in a right neighbourhood of 0. Since
1

¶
̸∈ L1(0, 1), we conclude that u′ ̸∈ L1(0, 1),

but this is not possible since u′ ∈ L2(0, 1). Hence L = 0.

Point 2. Note that

u′(¶)(au′′)(¶) = u′(1)(au′′)(1)−
∫ 1

¶

(u′au′′)′dx

= u′(1)(au′′)(1)−
∫ 1

¶

a(u′′)2dx−
∫ 1

¶

u′(au′′)′dx.

By the absolute continuity of the integral, using the fact that a(u′′)2 and u′(au′′)′ belong

to L1(0, 1), one has that there exists lim¶→0 u
′(¶)(au′′)(¶) =: L ∈ R. As before, if L ̸= 0,

then there exists C > 0 such that

∣∣u′(¶)(au′′)(¶)
∣∣ g C, (1.3.15)

for all ¶ in a neighbourhood of 0. Moreover, since (au′′)(0) = 0 by Proposition 1.3.3,

∣∣(au′′)(¶)
∣∣ f

√
¶
∥∥(au′′)′

∥∥
L2(0,1)

, (1.3.16)

by Point 3 in Proposition 1.3.2; hence, by (1.3.15) and (1.3.16), we have

C f
∣∣u′(¶)(au′′)(¶)

∣∣ f
∣∣u′(¶)

∣∣√¶
∥∥(au′′)′

∥∥
L2(0,1)

.

This implies
∣∣u′(¶)

∣∣ g C√
¶ ∥(au′′)′∥L2(0,1)

,

for all ¶ in a neighbourhood of 0, in contrast to the fact that u′ ∈ L2(0, 1). Hence, L = 0.

Point 3. To obtain the thesis we rewrite a(¶)(u′(¶))2 in the following way:

a(¶)(u′(¶))2 = a(1)(u′(1))2 −
∫ 1

¶

(a(u′)2)′(s)ds

= a(1)(u′(1))2 −
∫ 1

¶

(a′(u′)2)(s)ds− 2

∫ 1

¶

(au′u′′)(s)ds.

Since a′(u′)2 and au′u′′ belong to L1(0, 1), we have that ∃ lim¶→0+ a(¶)(u
′(¶))2 =: L ∈ R.

If L ̸= 0, proceeding as in (1.2.3), one can conclude that u′ ̸∈ L2(0, 1). Hence, L = 0.
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Point 4. If Ka = 1, then, using the fact that
¶

a(¶)
f 1

a(1)
and proceeding as in (1.3.14),

one has immediately the thesis, since au′′ ∈ C1([0, 1]) and (au′′)(0) = 0. On the other

hand, if Ka ∈ (1, 2), then, using the Taylor formula, we have

a(¶)u′′(¶) = (au′′)′(À¶)¶ + o(¶),

for À¶ ∈ (0, ¶); hence,

¶a(¶)(u′′(¶))2 = ¶u′′(¶)((au′′)′(À¶)¶ + o(¶))

= (au′′)′(À¶)¶
2u′′(¶) + o(¶2)u′′(¶).

(1.3.17)

Now, lim¶→0 ¶
2u′′(¶) = lim¶→0

¶2

a(¶)(au
′′)(¶) = 0 and, analogously, lim¶→0 o(¶

2)u′′(¶) = 0;

moreover, using the fact that au′′∈ C1([0, 1]), one has lim¶→0 ¶
2u′′(¶)(au′′)′(À¶) = 0. Thus,

passing to the limit in (1.3.17), we have the thesis.

(Observe that the previous proof also holds if Ka = 1).

Now, starting from the basic spaces given before, we define some specific spaces in

which the value of the functions at 0 is prescribed. More precisely, we introduce the

following subspace of H1
a(0, 1):

H̃1
a,0(0, 1) :=

{
u ∈ H1

a(0, 1) : u(0) = 0
}
,

which is different according to the kind of degeneracy of a.

Indeed, if a is (WD) at 0, then

H̃1
a,0(0, 1) =

{
u ∈ H1(0, 1) : u′ ∈ AC([0, 1]),

√
au′′ ∈ L2(0, 1), u(0) = 0

}
; (1.3.18)

on the other hand, if a is (SD) at 0, then

H̃1
a,0(0, 1) =

{
u ∈ H1(0, 1) : u′ ∈ LAC((0, 1]),

√
au′′ ∈ L2(0, 1), u(0) = 0

}
. (1.3.19)

Finally, define

H̃1,1
a,0(0, 1) :=

{
u ∈ H̃1

a,0(0, 1) : u
′(0) = 0, if a is (WD) at 0

}
(1.3.20)

and observe that, in the (SD) case, H̃1,1
a,0(0, 1) = H̃1

a,0(0, 1).

On H̃1
a,0(0, 1) we consider the norms ∥·∥H1

a(0,1)
or ∥·∥2,a defined in (1.3.1) and in (1.3.2),

respectively, and the following ones:

∥u∥22,∼ :=
∣∣u′(1)

∣∣2 +
∥∥√au′′

∥∥2
L2(0,1)

and ∥u∥2,◦ :=
∥∥√au′′

∥∥
L2(0,1)

,

for all u ∈ H̃1
a,0(0, 1).

In these new spaces it is possible to recognise several advantages. Firstly, the following

proposition holds.
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Proposition 1.3.4. Assume a to be (WD) or (SD) at 0. Then the four norms ∥·∥H1
a(0,1)

,

∥·∥2,a, ∥·∥2,∼ and ∥·∥2,◦ are equivalent in H̃1
a,0(0, 1). In particular, for all u ∈ H̃1

a,0(0, 1),

∥u∥2L2(0,1) f
∥∥u′
∥∥2
L2(0,1)

f 2

(
∣∣u′(1)

∣∣2 +
∥√au′′∥2L2(0,1)

a(1)
(
2−Ka

)
)

f 2max

{
1,

1

a(1)
(
2−Ka

)
}
∥u∥22,∼ ,

(1.3.21)

∥u∥22,a f max

{
2, 1 +

2

a(1)
(
2−Ka

)
}
∥u∥22,∼

and

∥u∥2H1
a(0,1)

f max

{
4,

4

a(1)
(
2−Ka

) + 1

}
∥u∥22,∼ .

Proof. Obviously, ∥u∥2,◦ f ∥u∥2,a f ∥u∥H1
a(0,1)

and ∥u∥2,◦ f ∥u∥2,∼, for all u ∈ H̃1
a,0(0, 1).

Let u ∈ H̃1
a,0(0, 1) and consider x ∈ (0, 1]. Since u(0) = 0, we have that

|u(x)| =
∣∣∣∣∣

∫ x

0
u′(s)ds

∣∣∣∣∣ f
∫ x

0

∣∣u′(s)
∣∣ds f

√
x
∥∥u′
∥∥
L2(0,1)

f
∥∥u′
∥∥
L2(0,1)

, (1.3.22)

for all x ∈ (0, 1], and

∥u∥2L2(0,1) f
∥∥u′
∥∥2
L2(0,1)

. (1.3.23)

Moreover,

∣∣u′(1)− u′(x)
∣∣ =

∣∣∣∣∣

∫ 1

x

√
a(y)u′′(y)√
a(y)

dy

∣∣∣∣∣ f
∥∥√au′′

∥∥
L2(0,1)

(∫ 1

x

1

a(y)
dy

) 1

2

, (1.3.24)

for all x ∈ (0, 1). Consequently, using the monotonicity of
xKa

a(x)
,

∫ 1

0

∣∣u′(x)− u′(1)
∣∣2dx f

∥∥√au′′
∥∥2
L2(0,1)

∫ 1

0

∫ 1

x

1

a(y)
dy dx

=
∥∥√au′′

∥∥2
L2(0,1)

∫ 1

0

1

a(y)

∫ y

0
dx dy

=
∥∥√au′′

∥∥2
L2(0,1)

∫ 1

0

y

a(y)
dy

=
∥∥√au′′

∥∥2
L2(0,1)

∫ 1

0

yKa

a(y)
y1−Kady

f
∥∥√au′′

∥∥2
L2(0,1)

1

a(1)

∫ 1

0
y1−Kady

=
∥√au′′∥2L2(0,1)

a(1)
(
2−Ka

) .

(1.3.25)



1 Preliminary results and weighted Hilbert spaces 25

Now, we estimate
∣∣u′(1)

∣∣2. By (1.3.25),

∣∣u′(1)
∣∣2 =

∣∣∣∣∣

∫ 1

0
(u′(1))2dx

∣∣∣∣∣ f 2

∫ 1

0
(u′(1)− u′(x))2dx+ 2

∫ 1

0
|u′(x)|2dx

f 2

(
∥√au′′∥2L2(0,1)

a(1)
(
2−Ka

) +
∥∥u′
∥∥2
L2(0,1)

)
.

(1.3.26)

Hence, for all u ∈ H̃1
a,0(0, 1), it results

∥u∥22,∼ =
∣∣u′(1)

∣∣2 +
∥∥√au′′

∥∥2
L2(0,1)

f
(

2

a(1)
(
2−Ka

) + 1

)
∥∥√au′′

∥∥2
L2(0,1)

+ 2
∥∥u′
∥∥2
L2(0,1)

f max

{
2

a(1)(2−Ka)
+ 1, 2

}
∥u∥2H1

a(0,1)
.

Furthermore, by (1.3.23) and (1.3.25),

∥u∥2L2(0,1) f
∥∥u′
∥∥2
L2(0,1)

=

∫ 1

0

∣∣u′(x)
∣∣2dx f

∫ 1

0
(
∣∣u′(x)− u′(1)

∣∣+
∣∣u′(1)

∣∣)2dx

f 2
∣∣u′(1)

∣∣2 + 2

∫ 1

0

∣∣u′(x)− u′(1)
∣∣2dx

f 2
∣∣u′(1)

∣∣2 + 2
∥√au′′∥2L2(0,1)

a(1)
(
2−Ka

) .

(1.3.27)

Thus, (1.3.21) holds and it results

∥u∥22,a = ∥u∥2L2(0,1) +
∥∥√au′′

∥∥2
L2(0,1)

f 2
∣∣u′(1)

∣∣2 +
(

2

a(1)
(
2−Ka

) + 1

)
∥∥√au′′

∥∥2
L2(0,1)

f max

{
2,

2

a(1)
(
2−Ka

) + 1

}
∥u∥22,∼ ,

for all u ∈ H̃1
a,0(0, 1). Hence, by (1.3.27),

∥u∥2H1
a(0,1)

= ∥u∥22,a +
∥∥u′
∥∥2
L2(0,1)

f 4
∣∣u′(1)

∣∣2 +
(

4

a(1)
(
2−Ka

) + 1

)
∥∥√au′′

∥∥2
L2(0,1)

f max

{
4,

4

a(1)
(
2−Ka

) + 1

}
∥u∥22,∼ .

In the subsequent result we give the analogue of Proposition 1.2.4 for the divergence

case. This proposition will be useful in Chapter 3.

Proposition 1.3.5. Assume a to be (WD) or (SD) at 0 and consider ´ g 0 and µ > 0.

Define

|||u|||2a :=
∥∥√au′′

∥∥2
L2(0,1)

+ ´u2(1) + µ(u′(1))2, ∀ u ∈ H̃1,1
a,0(0, 1).
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Then the norms ||| · |||a, ∥·∥H1
a(0,1)

, ∥·∥2,a and ∥·∥2,∼ are equivalent in H̃1,1
a,0(0, 1). Moreover,

for every ¼, µ ∈ R, the variational problem

∫ 1

0
az′′φ′′dx+ ´z(1)φ(1) + µz′(1)φ′(1) = ¼φ(1) + µφ′(1), ∀ φ ∈ H̃1,1

a,0(0, 1), (1.3.28)

admits a unique solution z ∈ H̃1,1
a,0(0, 1), which satisfies the estimates

∥z∥2L2(0,1) f D1D2C
2
a,Ka,¼,µ

and |||z|||2a f C2
a,Ka,¼,µ

, (1.3.29)

where

D1 := 2max

{
1,

1

a(1)
(
2−Ka

)
}
, D2 := max

{
1,

1

µ

}
(1.3.30)

and

Ca,Ka,¼,µ :=
√
D2

(
|¼|
√
D1 + |µ|

)
.

Proof. For all u ∈ H̃1,1
a,0(0, 1), we have that ∥u∥22,∼ f max

{
1,

1

µ

}
|||u|||2a. Moreover, by

(1.3.22),

|||u|||2a f max{1, µ} ∥u∥22,∼ + ´ ∥u∥2H1
a(0,1)

,

for all u ∈ H̃1,1
a,0(0, 1). The first part of the thesis follows by Proposition 1.3.4, which holds

in H̃1
a,0(0, 1) and, in particular, in H̃1,1

a,0(0, 1).

Now, consider the bilinear and symmetric form

Gd: H̃1,1
a,0(0, 1)× H̃1,1

a,0(0, 1) → R

such that

Gd(u, φ) :=

∫ 1

0
au′′φ′′dx+ ´u(1)φ(1) + µu′(1)φ′(1).

Obviously, Gd is coercive and continuous. Furthermore, consider the functional

Fd(φ) := ¼φ(1) + µφ′(1),

with φ ∈ H̃1,1
a,0(0, 1) and ¼, µ ∈ R. The functional Fd is continuous and linear; thus, by

the Lax-Milgram Theorem, there exists a unique solution z ∈ H̃1,1
a,0(0, 1) of

Gd(z, φ) = Fd(φ), for all φ ∈ H̃1,1
a,0(0, 1);

in particular, ∫ 1

0
a(z′′)2dx+ ´z2(1) + µ(z′(1))2 = ¼z(1) + µz′(1). (1.3.31)

Now, we prove (1.3.29). To this aim, observe that by (1.3.22) and (1.3.27),

|z(x)|2 f
∥∥z′
∥∥2
L2(0,1)

f 2max

{
1,

1

a(1)
(
2−Ka

)
}
∥z∥22,∼ , (1.3.32)
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for all x ∈ (0, 1], and, by definition of ∥·∥2,∼,
∣∣z′(1)

∣∣2 f ∥z∥22,∼ , (1.3.33)

for all z ∈ H̃1,1
a,0(0, 1). By (1.3.31)-(1.3.33), we have

|||z|||2a = ¼z(1) + µz′(1) f |¼|

√√√√2max

{
1,

1

a(1)
(
2−Ka

)
}
∥z∥2,∼ + |µ| · ∥z∥2,∼

f Ca,Ka,¼,µ|||z|||a,

thus

|||z|||a f Ca,Ka,¼,µ.

Moreover, by (1.3.21), we have

∥z∥2L2(0,1) f 2max

{
1,

1

a(1)
(
2−Ka

)
}
∥z∥22,∼

f 2max

{
1,

1

a(1)
(
2−Ka

)
}
max

{
1,

1

µ

}
|||z|||2a

f 2max

{
1,

1

a(1)
(
2−Ka

)
}
max

{
1,

1

µ

}
C2
a,Ka,¼,µ

.

Then, define

W(0, 1) :=
{
u ∈ H̃1

a,0(0, 1) : au
′′ ∈ H2(0, 1)

}

=
{
u ∈ H1

a(0, 1) : u(0) = 0, au′′ ∈ H2(0, 1)
}

=
{
u ∈ Z(0, 1) : u(0) = 0

}
(1.3.34)

and

W0(0, 1) :=
{
u ∈ W(0, 1) : u′(0) = 0, if a is (WD) at 0

}

=
{
u ∈ Z(0, 1) : u(0) = u′(0) = 0, if a is (WD) at 0, or

u(0) = 0, if a is (SD) at 0
}

=
{
u ∈ H1

a(0, 1) :

au′′ ∈ H2(0, 1), u(0) = 0 and u′(0) = 0, if a is (WD) at 0, or

au′′ ∈ H2(0, 1), u(0) = 0, if a is (SD) at 0
}
.

(1.3.35)

Notice that in the (SD) case, if u ∈ Z(0, 1), then (au′′)(0) = 0 by Proposition 1.3.3. Hence,

if u ∈ W(0, 1) or u ∈ W0(0, 1), then (au′′)(0) = 0. (1.3.36)
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We underline that these new spaces are related to the stability of problems in (DF),

which are studied in Chapters 3 and 4, in the linear and non-linear cases, respectively.

The last group of Hilbert spaces that we will use in the subsequent chapters are the

following ones:

H1
a,0(0, 1) :=

{
u ∈ H1

a(0, 1) : u(0) = u(1) = 0
}
;

in particular, if a is (WD) at 0, we consider

H1
a,0(0, 1) =

{
u ∈ H̃1

a,0(0, 1) : u(1) = 0
}

=
{
u ∈ H1

0 (0, 1) : u
′ ∈ AC([0, 1]),

√
au′′ ∈ L2(0, 1)

}
;

(1.3.37)

on the other hand, if a is (SD) at 0, then

H1
a,0(0, 1) =

{
u ∈ H̃1

a,0(0, 1) : u(1) = 0
}

=
{
u ∈ H1

0 (0, 1) : u
′ ∈ LAC((0, 1]),

√
au′′ ∈ L2(0, 1)

}
.

(1.3.38)

In both cases we consider on H1
a,0(0, 1) the norms ∥·∥H1

a(0,1)
or ∥·∥2,a, defined in (1.3.1)

and in (1.3.2), respectively. Now, define

H2
a,0(0, 1) :=

{
u ∈ H1

a,0(0, 1) : u
′(0) = u′(1) = 0

}
(1.3.39)

if a is (WD) at 0, and

H2
a,0(0, 1) :=

{
u ∈ H1

a,0(0, 1) : u
′(1) = 0

}
(1.3.40)

if a is (SD) at 0. Naturally, H2
a,0(0, 1) ¦ H1

a,0(0, 1) ¦ H̃1
a,0(0, 1). Moreover, on H2

a,0(0, 1)

we can consider the same norms of H1
a,0(0, 1) and the following one:

∥u∥2,◦ :=
∥∥√au′′

∥∥
L2(0,1)

, ∀ u ∈ H2
a,0(0, 1).

Obviously, in H2
a,0(0, 1) the two norms ∥·∥2,∼ and ∥·∥2,◦ coincide, since u′(1) = 0, for all

u ∈ H2
a,0(0, 1). In particular, Proposition 1.3.4 still holds in H2

a,0(0, 1) substituting ∥·∥2,∼
with ∥·∥2,◦.

Furthermore, the inequalities given in Proposition 1.3.4 can be improved. Indeed,

∥u∥2,◦ f ∥u∥2,a f ∥u∥H1
a(0,1)

, ∀ u ∈ H1
a,0(0, 1),

and, in particular, for all u ∈ H2
a,0(0, 1). Moreover, using the fact that u′(1) = 0, (1.3.24)

and (1.3.25) become

∣∣u′(x)
∣∣ =

∣∣∣∣∣

∫ 1

x

√
a(t)u′′(t)√
a(t)

dt

∣∣∣∣∣ f
∥∥√au′′

∥∥
L2(0,1)

(∫ 1

x

1

a(t)
dt

) 1

2

, ∀ x ∈ (0, 1],

and ∥∥u′
∥∥2
L2(0,1)

f 1

a(1)
(
2−Ka

)
∥∥√au′′

∥∥2
L2(0,1)

,



1 Preliminary results and weighted Hilbert spaces 29

for all u ∈ H2
a,0(0, 1). Consequently,

∥u∥2L2(0,1) f
∥∥u′
∥∥2
L2(0,1)

f 1

a(1)
(
2−Ka

)
∥∥√au′′

∥∥2
L2(0,1)

. (1.3.41)

Hence,

∥u∥2H1
a(0,1)

f
[

2

a(1)
(
2−Ka

) + 1

]
∥u∥22,◦ and ∥u∥22,a f

[
1

a(1)
(
2−Ka

) + 1

]
∥u∥22,◦ ,

for all u ∈ H2
a,0(0, 1).

The last space that we consider is

Z0(0, 1) :=
{
u ∈ H1

a,0(0, 1) : au
′′ ∈ H2(0, 1)

}
=
{
u ∈ W(0, 1) : u(1) = 0

}
. (1.3.42)

By (1.3.36), if u ∈ Z0(0, 1), then (au′′)(0) = 0.

In the last result of this section we recall the following Hardy-Poincaré inequality, which

is essential in the theory of degenerate evolution equations.

Proposition 1.3.6 ([7], Proposition 2.1). Assume that a: [0, 1] → R+ is a continuous

function such that a(0) = 0 and a > 0 on (0, 1]. If there exists ¹ ∈ (0, 1) such that the

function

x 7→ a(x)

x¹
is non-increasing in (0, 1],

then for any function w, locally absolutely continuous on (0, 1], continuous at 0 and satis-

fying

w(0) = 0 , and

∫ 1

0
a(x)

∣∣w′(x)
∣∣2dx ∈ R,

the following inequality holds:

∫ 1

0

a(x)

x2
w2(x)dx f 4

(1− ¹)2

∫ 1

0
a(x)

∣∣w′(x)
∣∣2dx.

1.4 Conclusions

In this preliminary chapter we introduce the notion of a degenerate function at 0 distin-

guishing between two types of degeneracy, i.e. the (WD) and the (SD) cases. Using these

concepts, we address distinct scenarios connected to the formulation of our problems. The

first scenario is represented by the formulation in (NDF), while the second one is the

formulation in (DF). In both cases we introduce different Hilbert spaces in which we will

work and we discuss their main properties.





Chapter 2

Boundary controllability for linear

degenerate beam equations

This chapter is concerned with the boundary controllability problem for systems governed

by degenerate operators in (NDF) or in (DF). The following two systems describe the

bending vibrations of a degenerate beam of length L = 1. In particular, we denote by u

the deflection of the beam and we assume that the left end of the beam is fixed, while a

suitable shear force f is exerted on the right end of the beam; thus, the motion describing

beam bending is given by the following models:




utt(t, x) + a(x)uxxxx(t, x) = 0, (t, x) ∈ Q,

u(t, 0) = ux(t, 0) = 0, t ∈ (0,+∞),

u(t, 1) = 0, ux(t, 1) = f(t), t ∈ (0,+∞),

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ (0, 1)

(2.0.1)

and 



utt(t, x) + (a(x)uxx(t, x))xx = 0, (t, x) ∈ Q,

u(t, 0) = 0, t ∈ (0,+∞),


ux(t, 0) = 0, if a is (WD) at 0,

(auxx)(t, 0) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

u(t, 1) = 0, ux(t, 1) = f(t), t ∈ (0,+∞),

u(0, x) = u0(x), ut(0, x) = u1(x), x ∈ (0, 1),

(2.0.2)

where Q := (0,+∞) × (0, 1) and a: [0, 1] → R is (WD) or (SD) at 0. Moreover, f is a

control function that acts on the non-degeneracy boundary point and it is used to drive

the solution to equilibrium at a given time T > 0. In particular, we say that the problem

is null controllable if, fixed the initial data (u0, u1) in suitable spaces and T > 0, there

31
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exists a function f that drives the solution of (2.0.1) or (2.0.2) to 0 at T , in the sense that

u(T, x) = ut(T, x) = 0, ∀ x ∈ (0, 1). (2.0.3)

Observe that in the parabolic case null controllability - (NC) for short - means finding

a control such that the solution u satisfies u(T, x) = 0, ∀ x ∈ (0, 1). On the other hand, in

the hyperbolic setting this is not sufficient. Indeed, in the classical one-dimensional wave

equation we have a wave from the left and a wave from the right; if we require only that

u(T, x) = 0, ∀ x ∈ (0, 1), then the waves collapse at time T and they start again unless we

require that also the velocity at time T is equal to 0.

To study (NC) for (2.0.1) and (2.0.2) we consider, as a first step, the associated homo-

geneous adjoint problems:




ytt(t, x) + a(x)yxxxx(t, x) = 0, (t, x) ∈ Q,

y(t, 0) = y(t, 1) = 0, t ∈ (0,+∞),

yx(t, 0) = yx(t, 1) = 0, t ∈ (0,+∞),

y(0, x) = yT0 (x), x ∈ (0, 1),

yt(0, x) = yT1 (x), x ∈ (0, 1),

(2.0.4)

for the problem in (NDF), and





ytt(t, x) + (a(x)yxx(t, x))xx = 0, (t, x) ∈ Q,

y(t, 0) = y(t, 1) = 0, t ∈ (0,+∞),

yx(t, 1) = 0, t ∈ (0,+∞),


yx(t, 0) = 0, if a is (WD) at 0,

(ayxx)(t, 0) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

y(0, x) = yT0 (x), x ∈ (0, 1),

yt(0, x) = yT1 (x), x ∈ (0, 1),

(2.0.5)

for the problem in (DF). In both cases, yT0 and yT1 belong to suitable spaces; we underline

that the choice of denoting initial data with T -dependence is connected to the approach

for (NC) used in the following sections. After proving the well-posedness for (2.0.4) and

(2.0.5), we study the controllability of (2.0.1) and (2.0.2) by means of the well-known

Hilbert Uniqueness Method.

The chapter is based on [24] and [26].

2.1 State of the art

The topic tackled in the chapter is a classical problem in control theory and there is an

extensive literature on it. Indeed, boundary null controllability on linear beam problems



2 Boundary controllability for linear degenerate beam equations 33

has been studied for many years by a lot of authors (see, for example, earlier studies [21],

[66], [67], [68], [69], [70], [75], [97] and the references therein). However, in the previous

papers the equations are always non-degenerate.

The first results on boundary controllability for degenerate problems can be found

in the earlier works [8], [19] and in [56]. In particular, in [56] the author considers the

equation in (DF)

utt(t, x)− (x³ux(t, x))x = 0, (t, x) ∈ Q,

for ³ ∈ (0, 1) and the control acting on the degeneracy point x = 0. In the same period,

[8] considers the equation

utt(t, x)− (a(x)ux(t, x))x = 0, (t, x) ∈ Q, (2.1.1)

where a(x) ∼ x³, ³ > 0. In this case the authors establish a controllability result when

³ < 2; on the other hand, if ³ g 2, a negative result is given. We remark that in [56]

(NC) is obtained via spectral analysis, while in [8] via suitable energy estimates. In [19]

the authors consider the non-divergence case of (2.1.1) adding a drift term. The presence

of the operator in (NDF) as well as the presence of a drift term leads the authors to

use different spaces with respect to the ones in [8] or in [56] and gives rise to some new

difficulties. However, thanks to some suitable assumptions on the drift term, the authors

prove some estimates on the energy that are crucial to obtain an observability inequality

and, hence, (NC) for the initial problem.

Here, we consider a degenerate fourth-order operator, a(x)uxxxx or (a(x)uxx)xx, that

leads us to use different spaces with respect to the ones in the previous papers [8], [19] or

[56]. In these new spaces we give some estimates on the energy associated to the problems.

Thanks to these estimates and to the notion of solutions by transposition, we prove (NC)

for T sufficiently large.

2.2 The problem in non-divergence form

In this section we study the well-posedness of the degenerate hyperbolic problem with

homogeneous boundary conditions (2.0.4) and, as a consequence, (NC) for (2.0.1).

The natural Hilbert space to study this problem is L2
1

a

(0, 1); moreover, the space

H2
1

a
,0
(0, 1) introduced in (1.2.10) will be crucial. Recall that, assuming that a is (WD) or

(SD) at 0, we can use indifferently ∥·∥2, 1
a
or ∥·∥2 in place of ∥·∥H2

1
a

(0,1) (see Proposition

1.2.3).

In these spaces it is possible to define the operator (And, D(And)) by

Andu := a(x)u′′′′, for all u ∈ D(And) :=
{
v ∈ H2

1

a
,0
(0, 1) : av′′′′ ∈ L2

1

a

(0, 1)
}
.
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Thanks to Lemma 1.2.2,

〈
Andu, v

〉
L2

1
a

(0,1)
=

∫ 1

0
u′′v′′dx,

i.e. ∫ 1

0
u′′′′v dx =

∫ 1

0
u′′v′′dx, (2.2.1)

for all (u, v) ∈ D(And)×H2
1

a
,0
(0, 1).

2.2.1 The energy space and the well-posedness of the problem

In order to prove the well-posedness for (2.0.4), we rewrite the problem in an abstract

form. In this context, we introduce the following real Hilbert space:

H
nd := H2

1

a
,0
(0, 1)× L2

1

a

(0, 1),

endowed with inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hnd :=

〈
u′′, ũ′′

〉
L2(0,1)

+ ïv, ṽðL2
1
a

(0,1)

and

∥(u, v)∥2
Hnd :=

∥∥u′′
∥∥2
L2(0,1)

+ ∥v∥2L2
1
a

(0,1),

for every (u, v), (ũ, ṽ) ∈ Hnd. Then, considering the matrix operator

A
nd: D(And) ¢ H

nd → H
nd

given by

A
nd :=

(
0 Id

−And 0

)
, D(And) := D(And)×H2

1

a
,0
(0, 1),

we can rewrite (2.0.4) as a Cauchy problem. Indeed, setting

Y (t) :=

(
y(t)

yt(t)

)
and Y0 :=

(
yT0

yT1

)
,

one has that (2.0.4) can be formulated as





d

dt
Y (t) = A

nd Y (t), t g 0,

Y (0) = Y0.
(2.2.2)

The following theorem holds.

Theorem 2.2.1. Assume a to be (WD) or (SD) at 0. Then the operator (And, D(And))

is non-positive with dense domain and generates a contraction semigroup (Snd(t))tg0.
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Proof. The proof is based on [46, Corollary 3.20]. According to this result, it is sufficient

to prove that And: D(And) → Hnd is dissipative and I − And is surjective, where I :=(
Id 0

0 Id

)
.

To prove that And is dissipative, consider (u, v) ∈ D(And). Then (u, v) ∈ D(And) ×
H2

1

a
,0
(0, 1) and (2.2.1) holds. Hence,

〈
A

nd(u, v), (u, v)
〉
Hnd =

〈
(v,−Andu), (u, v)

〉
Hnd

=

∫ 1

0
u′′v′′dx−

∫ 1

0
vAndu

1

a
dx = 0.

By [46, Chapter 2.3], the operator And is dissipative.

Now, we prove that I − And is surjective; consider (f, g) ∈ Hnd. We have to prove

that there exists (u, v) ∈ D(And) such that

(
I − A

nd
)
(
u

v

)
=

(
f

g

)
⇐⇒




v = u− f,

Andu+ u = f + g.
(2.2.3)

Thus, define

Fnd: H2
1

a
,0
(0, 1) → R

as

Fnd(z) =

∫ 1

0
(f + g) z

1

a
dx,

for all z ∈ H2
1

a
,0
(0, 1). Obviously, Fnd ∈

(
H2

1

a
,0
(0, 1)

)∗
, being

(
H2

1

a
,0
(0, 1)

)∗
the dual space

of H2
1

a
,0
(0, 1) with respect to the pivot space L2

1

a

(0, 1). Now, introduce the bilinear form

Gnd: H2
1

a
,0
(0, 1)×H2

1

a
,0
(0, 1) → R

given by

Gnd(φ, z) :=

∫ 1

0
φz

1

a
dx+

∫ 1

0
φ′′z′′dx,

for all φ, z ∈ H2
1

a
,0
(0, 1). Thanks to the equivalence of the norms, we have that Gnd is

coercive. Moreover, Gnd is continuous. Indeed, for all φ, z ∈ H2
1

a
,0
(0, 1), we have

∣∣Gnd(φ, z)
∣∣ f ∥φ∥L2

1
a

(0,1) ∥z∥L2
1
a

(0,1) +
∥∥φ′′∥∥

L2(0,1)

∥∥z′′
∥∥
L2(0,1)

and the conclusion follows again by the equivalence of the norms.

As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u ∈
H2

1

a
,0
(0, 1) of

Gnd(u, z) = Fnd(z), for all z ∈ H2
1

a
,0
(0, 1),

namely ∫ 1

0
uz

1

a
dx+

∫ 1

0
u′′z′′dx =

∫ 1

0
(f + g) z

1

a
dx, (2.2.4)
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for all z ∈ H2
1

a
,0
(0, 1).

Now, consider v := u − f ; then, v ∈ H2
1

a
,0
(0, 1). We will prove that (u, v) ∈ D(And)

and solves (2.2.3). To begin with, (2.2.4) holds for every z ∈ C∞
c ((0, 1)). Thus, we have

∫ 1

0
u′′z′′dx =

∫ 1

0
(f + g − u) z

1

a
dx,

for every z ∈ C∞
c ((0, 1)). Hence, (u′′)′′ = (f+g−u)1

a
a.e. in (0, 1), that is Andu = f+g−u

a.e. in (0, 1). Consequently, as in [23, Theorem 2.1], u ∈ D(And); hence, (u, v) ∈ D(And)

and u+Andu = f + g. Recalling that v = u− f , we have that (u, v) solves (2.2.3).

Now, if Y0 ∈ Hnd, then Y (t) = Snd(t)Y0 is the mild solution of (2.2.2). In particular,

if Y0 ∈ D(And), then the solution is classical and the equation in (2.0.4) holds for all

t g 0. More precisely, by [15, Part II-1, Propositions 3.1 and 3.3], one has the following

straightforward theorem.

Theorem 2.2.2. Assume a to be (WD) or (SD) at 0. If (yT0 , y
T
1 ) ∈ Hnd, then there exists

a unique mild solution

y ∈ C
1
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

(
[0,+∞);H2

1

a
,0
(0, 1)

)

of (2.0.4) which depends continuously on the initial data (yT0 , y
T
1 ) ∈ Hnd. Moreover, if

(yT0 , y
T
1 ) ∈ D(And), then the solution y is classical, in the sense that

y ∈ C
2
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

1
(
[0,+∞);H2

1

a
,0
(0, 1)

)
∩ C

(
[0,+∞);D(And)

)

and the equation of (2.0.4) holds for all t g 0.

Remark 2.2.1. We point out that, due to the reversibility (in time) of the equation,

solutions exist with the same regularity also for t < 0.

2.2.2 Energy estimates

In the following we prove some estimates on the energy associated to the solution of (2.0.4).

As a first step, we give the definition of the energy.

Definition 2.2.1. Let y be a mild solution of (2.0.4) and consider its energy given by the

continuous function defined as

End
y (t) :=

1

2

∫ 1

0

(
y2t (t, x)

a(x)
+ y2xx(t, x)

)
dx, ∀ t g 0.

The definition above guarantees that the classical conservation of the energy still holds

true also in the degenerate situation.
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Theorem 2.2.3. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of

(2.0.4). Then

End
y (t) = End

y (0), ∀ t g 0. (2.2.5)

Proof. First of all, suppose that y is a classical solution. Then, multiplying the equation

ytt + a(x)yxxxx = 0 by
yt
a
, integrating over (0, 1) and using the formula of integration by

parts (2.2.1), one has

0 =
1

2

∫ 1

0

(
y2t
a

)

t

dx+

∫ 1

0
yxxxx yt dx

=
1

2

d

dt

(∫ 1

0

(
y2t
a

+ y2xx

)
dx

)
=

d

dt
End

y (t).

Consequently, the energy End
y is constant.

If y is a mild solution, we approximate the initial data with more regular ones, obtaining

associated classical solutions for which (2.2.5) holds. Thanks to the classical estimates and

applying an approximation argument, we can pass to the limit and obtain the thesis.

In the subsequent results we establish some inequalities for the energy from above and

from below, which will be used to establish the controllability result.

Theorem 2.2.4. Assume a to be (WD) or (SD) at 0. If y is a classical solution of (2.0.4),

then yxx(·, 1) ∈ L2(0, T ) for any T > 0 and

1

2

∫ T

0
y2xx(t, 1)dt =

∫ 1

0

[
yt
x2

a
yx

]t=T

t=0

dx+
1

2

∫

QT

x

a
y2t

(
2− xa′

a

)
dx dt

+ 3

∫

QT

xy2xxdx dt.

(2.2.6)

Here QT := (0, T )× (0, 1).

Proof. Multiplying the equation in (2.0.4) by
x2yx
a

and integrating by parts over QT , we

obtain

0 =

∫

QT

ytt
x2yx
a

dx dt+

∫

QT

x2yxyxxxxdx dt

=

∫ 1

0

[
yt
x2yx
a

]t=T

t=0

dx−
∫

QT

yt
x2

a
yxtdx dt+

∫

QT

x2yxyxxxxdx dt

=

∫ 1

0

[
yt
x2yx
a

]t=T

t=0

dx−
∫

QT

1

2

x2

a
(y2t )xdx dt+

∫

QT

x2yxyxxxxdx dt

=

∫ 1

0

[
yt
x2yx
a

]t=T

t=0

dx− 1

2

∫ T

0

[
x2

a
y2t

]x=1

x=0

dt+
1

2

∫

QT

(
x2

a

)′
y2t dx dt

+

∫

QT

x2yxyxxxxdx dt.

(2.2.7)
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Now,

(
x2

a

)′
=

2xa− x2a′

a2
=
x

a

(
2− xa′

a

)
. Hence, (2.2.7) reads

∫ 1

0

[
yt
x2

a
yx

]t=T

t=0

dx− 1

2

∫ T

0

[
x2

a
y2t

]x=1

x=0

dt+
1

2

∫

QT

x

a
y2t

(
2− xa′

a

)
dx dt

+

∫

QT

x2yxyxxxxdx dt = 0.

(2.2.8)

Furthermore, by the regularity of the solution, yt ∈ H2
1

a
,0
(0, 1) ¢ H1

1

a
,0
(0, 1), thus

lim
x→0

x2

a(x)
y2t (t, x) = 0,

by Lemma 1.2.3; therefore, by the boundary conditions of y, one has
1

a(1)
y2t (t, 1) = 0.

Now, consider the term
∫
QT

x2yxyxxxxdx dt, which is well defined; indeed, using the fact

that x2√
a
is non-decreasing, we have that

∣∣∣∣∣x
2 1√

a
yx

√
a yxxxx

∣∣∣∣∣ f
1√
a(1)

|yx|
∣∣√ayxxxx

∣∣, ∀ x ∈ (0, 1].

By hypothesis, yx and
√
ayxxxx belong to L

2(0, 1); thus, by the Hölder inequality, x2yxyxxxx ∈
L1(0, 1).

Let ¶ > 0 and write

∫

QT

x2yxyxxxxdx dt =

∫ T

0

∫ ¶

0
x2yxyxxxxdx dt+

∫ T

0

∫ 1

¶

x2yxyxxxxdx dt. (2.2.9)

Obviously, by the absolute continuity of the integral,

lim
¶→0

∫ T

0

∫ ¶

0
x2yxyxxxxdx dt = 0. (2.2.10)

Now, we will estimate the second term in (2.2.9). By definition of D(And), setting K :=

[¶, 1], we have yxxxx ∈ L2(K); thus, y ∈ H4(K) by Lemma 1.2.1. Hence, we can integrate

by parts

∫ T

0

∫ 1

¶

x2yxyxxxxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

(x2yx)xyxxxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

(
2xyx + x2yxx

)
yxxxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

2xyxyxxxdx dt−
1

2

∫ T

0

∫ 1

¶

x2(y2xx)xdx dt

(2.2.11)
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=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

[
2xyxyxx

]x=1

x=¶
dt+ 2

∫ T

0

∫ 1

¶

(xyx)xyxxdx dt

− 1

2

∫ T

0

[
x2y2xx

]x=1

x=¶
dt+

1

2

∫ T

0

∫ 1

¶

2xy2xxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

[
2xyxyxx

]x=1

x=¶
dt− 1

2

∫ T

0

[
x2y2xx

]x=1

x=¶
dt

+ 2

∫ T

0

∫ 1

¶

yxyxxdx dt+ 2

∫ T

0

∫ 1

¶

xy2xxdx dt+

∫ T

0

∫ 1

¶

xy2xxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

[
2xyxyxx

]x=1

x=¶
dt− 1

2

∫ T

0

[
x2y2xx

]x=1

x=¶
dt

+

∫ T

0

∫ 1

¶

(y2x)xdx dt+ 3

∫ T

0

∫ 1

¶

xy2xxdx dt

=

∫ T

0

[
x2yxyxxx

]x=1

x=¶
dt−

∫ T

0

[
2xyxyxx

]x=1

x=¶
dt− 1

2

∫ T

0

[
x2y2xx

]x=1

x=¶
dt

+

∫ T

0

[
y2x
]x=1

x=¶
dt+ 3

∫ T

0

∫ 1

¶

xy2xxdx dt.

But xy2xx ∈ L1(0, 1) and, using the absolute continuity of the integral, we obtain

lim
¶→0

∫ T

0

∫ 1

¶

xy2xxdx dt =

∫ T

0

∫ 1

0
xy2xxdx dt.

Now, we evaluate the boundary terms that appear in (2.2.11). To this aim observe that,

thanks to the boundary conditions of y,

[
x2yxyxxx

]x=1

x=¶
−
[
2xyxyxx

]x=1

x=¶
− 1

2

[
x2y2xx

]x=1

x=¶
+
[
y2x
]x=1

x=¶

= −¶2yx(t, ¶)yxxx(t, ¶) + 2¶yx(t, ¶)yxx(t, ¶)−
1

2
y2xx(t, 1) +

1

2
¶2y2xx(t, ¶)− y2x(t, ¶).

Naturally, since y ∈ H2
0 (0, 1), yx is a continuous function. This implies that

lim
¶→0

y2x(t, ¶) = y2x(t, 0) = 0.

Thanks to Proposition 1.2.2,

lim
¶→0

¶2y2xx(t, ¶) = 0 = lim
¶→0

¶yx(t, ¶)yxx(t, ¶).

Finally, by Lemma 1.2.3,

∃ lim
¶→0

¶2yx(t, ¶)yxxx(t, ¶) = 0.

Thus, by (2.2.11), one has

lim
¶→0

∫ T

0

∫ 1

¶

x2yxyxxxxdx dt = −1

2

∫ T

0
y2xx(t, 1)dt+ 3

∫ T

0

∫ 1

0
xy2xxdx dt.

By the previous equality and (2.2.8)-(2.2.10), the thesis follows.

As a consequence of the energy conservation law and of (2.2.6), we have the following

estimate from below on the energy.
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Theorem 2.2.5. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.4),

then for any T > 0

∫ T

0
y2xx(t, 1)dt f

(
12T + 4max

{
4

a(1)
, 1

})
End

y (0). (2.2.12)

Proof. As a first step, assume that y is a classical solution of (2.0.4); thus, (2.2.6) holds.

Now, set z(t, x) := yx(t, x); since yx(t, 0) = 0, by the classical Hardy inequality, we obtain
∫ 1

0
y2xdx =

∫ 1

0
z2dx =

∫ 1

0

z2

x2
x2dx f

∫ 1

0

z2

x2
dx f 4

∫ 1

0
z2xdx = 4

∫ 1

0
y2xxdx. (2.2.13)

Thus, applying the monotonicity of
x2

a(x)
, one has

∣∣∣∣∣

∫ 1

0

x2yx(Ä, x)yt(Ä, x)

a(x)
dx

∣∣∣∣∣ f
1

2

∫ 1

0

x4

a(x)
y2x(Ä, x)dx+

1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx

f 1

2a(1)

∫ 1

0
y2x(Ä, x)dx+

1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx

f 2

a(1)

∫ 1

0
y2xx(Ä, x)dx+

1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx,

for all Ä ∈ [0, T ]. By Theorem 2.2.3, we get
∣∣∣∣∣

∫ 1

0

[
x2yx(Ä, x)yt(Ä, x)

a(x)

]Ä=T

Ä=0

dx

∣∣∣∣∣ f
2

a(1)

∫ 1

0
y2xx(T, x)dx+

1

2

∫ 1

0

y2t (T, x)

a(x)
dx

+
2

a(1)

∫ 1

0
y2xx(0, x)dx+

1

2

∫ 1

0

y2t (0, x)

a(x)
dx

fmax

{
4

a(1)
, 1

}(
End

y (T ) + End
y (0)

)

=2max

{
4

a(1)
, 1

}
End

y (0).

(2.2.14)

Moreover, using the fact that x
∣∣a′
∣∣ f Kaa, we find

∣∣∣∣∣

∫

QT

x

a
y2t

(
2− xa′

a

)
dx dt

∣∣∣∣∣ f
∫

QT

x

a
y2t
(
2 +Ka

)
dx dt

f
(
2 +Ka

) ∫

QT

y2t
a
dx dt.

(2.2.15)

Obviously, ∫

QT

xy2xxdx dt f
∫

QT

y2xxdx dt (2.2.16)

and from (2.2.6), (2.2.14)-(2.2.16), we get (2.2.12) if y is a classical solution of (2.0.4).

Now, let y be the mild solution associated to the initial data (yT0 , y
T
1 ) ∈ Hnd. Then,

consider a sequence {((yT0 )n, (yT1 )n)}n∈N ¢ D(And) that converges to (yT0 , y
T
1 ) and let yn

be the classical solution of (2.0.4) associated to {((yT0 )n, (yT1 )n)}n∈N. We have that yn

satisfies (2.2.12); therefore, we can pass to the limit and we can conclude.
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Now, we prove an inequality from above on the energy. To this aim, we need on
1
2

∫ T

0 y2xx(t, 1)dt an equality different from (2.2.6).

Theorem 2.2.6. Assume a to be (WD) or (SD) at 0. If y is a classical solution of (2.0.4),

then yxx(·, 1) ∈ L2(0, T ) for any T > 0 and

1

2

∫ T

0
y2xx(t, 1)dt =

∫ 1

0

[
xytyx
a

]t=T

t=0

dx+
1

2

∫

QT

y2t
a

(
1− xa′

a

)
dx dt

+
3

2

∫

QT

y2xxdx dt.

(2.2.17)

Proof. Multiplying the equation in (2.0.4) by
xyx
a

and integrating over QT (where we

recall that QT := (0, T )× (0, 1)), we obtain

0 =

∫ 1

0

[
xyxyt
a

]t=T

t=0

dx−
∫

QT

1

2

x

a
(y2t )xdx dt+

∫

QT

xyxyxxxxdx dt

=

∫ 1

0

[
xyxyt
a

]t=T

t=0

dx− 1

2

∫ T

0

[
x

a
y2t

]x=1

x=0

dt+
1

2

∫

QT

(x
a

)′
y2t dx dt

+

∫

QT

xyxyxxxxdx dt.

(2.2.18)

Now,
(x
a

)′
=
a− xa′

a2
=

1

a

(
1− xa′

a

)
. Hence, (2.2.18) reads

∫ 1

0

[
xyxyt
a

]t=T

t=0

dx− 1

2

∫ T

0

[
x

a
y2t

]x=1

x=0

dt+
1

2

∫

QT

y2t
a

(
1− xa′

a

)
dx dt

+

∫

QT

xyxyxxxxdx dt = 0.

(2.2.19)

As before, limx→0
x

a(x)y
2
t (t, x) = 0 and 1

a(1)y
2
t (t, 1) = 0, so that

∫ T

0

[
x

a
y2t

]x=1

x=0

dt = 0. In

addition, the term
∫
QT

xyxyxxxxdx dt is well defined since xyxyxxxx = x√
a
yx

√
ayxxxx ∈

L1(0, 1). Thus, we consider ¶ > 0 and, as in the proof of Theorem 2.2.4, we rewrite

∫

QT

xyxyxxxxdx dt =

∫ T

0

∫ ¶

0
xyxyxxxxdx dt+

∫ T

0

∫ 1

¶

xyxyxxxxdx dt.

Since xyxyxxxx ∈ L1(0, 1), we have lim
¶→0

∫ T

0

∫ ¶

0
xyxyxxxxdx dt = 0. Moreover, integrating

by parts the second term of the previous equality and thanks to the boundary conditions

on y, we have

∫ T

0

∫ 1

¶

xyxyxxxxdx dt =

∫ T

0

[
xyxyxxx

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

(xyx)xyxxxdx dt

=−
∫ T

0
¶yx(t, ¶)yxxx(t, ¶)dt−

∫ T

0

∫ 1

¶

yxyxxxdx dt−
1

2

∫ T

0

∫ 1

¶

x(y2xx)xdx dt
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=−
∫ T

0
¶yx(t, ¶)yxxx(t, ¶)dt−

∫ T

0

[
yxyxx

]x=1

x=¶
dt+

∫ T

0

∫ 1

¶

y2xxdx dt

− 1

2

∫ T

0

[
xy2xx

]x=1

x=¶
dt+

1

2

∫ T

0

∫ 1

¶

y2xxdx dt

=−
∫ T

0
¶yx(t, ¶)yxxx(t, ¶)dt+

∫ T

0
yx(t, ¶)yxx(t, ¶)dt−

1

2

∫ T

0
y2xx(t, 1)dt

+
1

2

∫ T

0
¶y2xx(t, ¶)dt+

3

2

∫ T

0

∫ 1

¶

y2xxdx dt.

By Lemma 1.2.3, ∃ lim
¶→0

¶yxxx(t, ¶) ∈ R and lim
¶→0

¶yx(t, ¶)yxxx(t, ¶) = 0. Moreover, by

Proposition 1.2.2, we get

lim
¶→0

yx(t, ¶)yxx(t, ¶) = 0 and lim
¶→0

¶y2xx(t, ¶) = 0.

Hence,

lim
¶→0

∫ T

0

∫ 1

¶

xyxyxxxxdx dt = −1

2

∫ T

0
y2xx(t, 1)dt+

3

2

∫

QT

y2xxdx dt.

Coming back to (2.2.19), it follows that
∫ 1

0

[
xyxyt
a

]t=T

t=0

dx+
1

2

∫

QT

y2t
a

(
1− xa′

a

)
dx dt− 1

2

∫ T

0
y2xx(t, 1)dt+

3

2

∫

QT

y2xxdx dt = 0

and (2.2.17) holds.

Thanks to (2.2.17), we can prove the following estimate from above on the energy.

Theorem 2.2.7. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.4),

then for any T > 0
∫ T

0
y2xx(t, 1)dt g

(
T
(
2−Ka

)
− 4max

{
1,

4

a(1)
,
4Ka

a(1)

})
End

y (0).

Proof. Multiplying the equation in (2.0.4) by
−Kay

2a
and integrating over QT , we have

0 = −Ka

2

∫

QT

ytty

a
dx dt− Ka

2

∫

QT

yyxxxxdx dt

= −Ka

2

∫ 1

0

[
y
yt
a

]t=T

t=0

dx+
Ka

2

∫

QT

y2t
a
dx dt− Ka

2

∫

QT

y2xxdx dt,

thanks to (2.2.1). Summing the previous equality to (2.2.17) multiplied by 2, we have
∫ T

0
y2xx(t, 1)dt =2

∫ 1

0

[
xytyx
a

]t=T

t=0

dx+

∫

QT

y2t
a

(
1− xa′

a

)
dx dt+ 3

∫

QT

y2xxdx dt

− Ka

2

∫ 1

0

[
y
yt
a

]t=T

t=0

dx+
Ka

2

∫

QT

y2t
a
dx dt− Ka

2

∫

QT

y2xxdx dt

=2

∫ 1

0

[
xytyx
a

]t=T

t=0

dx− Ka

2

∫ 1

0

[
y
yt
a

]t=T

t=0

dx

+

∫

QT

y2t
a

(
1− xa′

a
+
Ka

2

)
dx dt+

(
3− Ka

2

)∫

QT

y2xxdx dt
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g 2

∫ 1

0

[
xytyx
a

]t=T

t=0

dx− Ka

2

∫ 1

0

[
y
yt
a

]t=T

t=0

dx

+

(
1− Ka

2

)∫

QT

y2t
a
dx dt+

(
1− Ka

2

)∫

QT

y2xxdx dt

=2

∫ 1

0

[
xytyx
a

]t=T

t=0

dx− Ka

2

∫ 1

0

[
y
yt
a

]t=T

t=0

dx+
(
2−Ka

)
TEnd

y (0).

Now, we analyse the boundary terms that appear in the previous relation. By (2.2.14),

2

∣∣∣∣∣

∫ 1

0

[
xyx(Ä, x)yt(Ä, x)

a(x)

]Ä=T

Ä=0

dx

∣∣∣∣∣ f 4max

{
4

a(1)
, 1

}
End

y (0).

Furthermore, since
x2

a(x)
is non-decreasing in (0, 1],

∣∣∣∣∣
y(Ä, x)yt(Ä, x)

a(x)

∣∣∣∣∣ f
1

2

y2t (Ä, x)

a(x)
+

1

2a(1)

y2(Ä, x)

x2
,

for all Ä ∈ [0, T ]; in particular, by Theorem 2.2.3, the Hardy inequality and (2.2.13), we

have ∣∣∣∣∣

∫ 1

0

y(Ä, x)yt(Ä, x)

a(x)
dx

∣∣∣∣∣ f
1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx+

1

2a(1)

∫ 1

0

y2(Ä, x)

x2
dx

f 1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx+

4

2a(1)

∫ 1

0
y2x(Ä, x)dx

f 1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx+

16

2a(1)

∫ 1

0
y2xx(Ä, x)dx

f max

{
1,

16

a(1)

}
End

y (0),

for all Ä ∈ [0, T ]. Hence,

Ka

2

∣∣∣∣∣

∫ 1

0

[
y
yt
a

]Ä=T

Ä=0

dx

∣∣∣∣∣ f Kamax

{
1,

16

a(1)

}
End

y (0)

and the thesis follows if y is a classical solution. If y is a mild solution, then we can proceed

as in Theorem 2.2.5.

2.2.3 The boundary controllability theorem

Inspired by [8], we give the following definition.

Definition 2.2.2. Problem (2.0.4) is said to be observable in time T > 0 via the second

derivative at x = 1 if there exists a constant C > 0 such that, for any (yT0 , y
T
1 ) ∈ Hnd, the

classical solution y of (2.0.4) satisfies

CEnd
y (0) f

∫ T

0
y2xx(t, 1)dt. (2.2.20)

Moreover, any constant satisfying (2.2.20) is called observability constant for (2.0.4) in

time T .
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Setting

CT := sup
{
C > 0 : C satisfies (2.2.20)

}
, (2.2.21)

we have that problem (2.0.4) is observable if and only if

CT = inf
(yT

0
,yT

1
) ̸=(0,0)

∫ T

0 y2xx(t, 1)dt

End
y (0)

> 0. (2.2.22)

The inverse of CT , i.e. cT := 1
CT

, is called the cost of observability (or the cost of control)

in time T .

Theorem 2.2.7 admits the following straightforward corollary.

Corollary 2.2.1. Assume a to be (WD) or (SD) at 0 and set

Tnd
0 :=

4

2−Ka
max

{
1,

4

a(1)
,
4Ka

a(1)

}
. (2.2.23)

If T > Tnd
0 , then (2.0.4) is observable in time T . Moreover,

T
(
2−Ka

)
− 4max

{
1,

4

a(1)
,
4Ka

a(1)

}
f CT .

In the following, we study the (NC) problem for (2.0.1). As a first step, we give the

definition of a solution for (2.0.1) by transposition, which permits low regularity on the

notion of solution itself.

Definition 2.2.3. Let f ∈ L2
loc[0,+∞) and (u0, u1) ∈ L2

1

a

(0, 1) ×
(
H2

1

a
,0
(0, 1)

)∗
. We say

that u is a solution by transposition of (2.0.1) if

u ∈ C
1
(
[0,+∞);

(
H2

1

a
,0
(0, 1)

)∗)
∩ C

(
[0,+∞);L2

1

a

(0, 1)
)

and

〈
ut(T ), v

T
0

〉(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

1

a(x)
u(T, x)vT1 dx

= ïu1, v(0)ð(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

1

a(x)
u0(x)vt(0, x) dx−

∫ T

0
f(t)vxx(t, 1)dt,

(2.2.24)

for all T > 0 and for all (vT0 , v
T
1 ) ∈ Hnd, where v solves the backward problem





vtt(t, x) + a(x)vxxxx(t, x) = 0, (t, x) ∈ Q,

v(t, 0) = 0, vx(t, 0) = 0, t ∈ (0,+∞),

v(t, 1) = 0, vx(t, 1) = 0, t ∈ (0,+∞),

v(T, x) = vT0 (x), vt(T, x) = vT1 (x), x ∈ (0, 1).

(2.2.25)
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Observe that, setting y(t, x) := v(T − t, x), one has that y satisfies (2.0.4) with yT0 (x) =

vT0 (x) and yT1 (x) = −vT1 (x). Hence, we can apply Theorem 2.2.2 and Remark 2.2.1 to

(2.0.4) obtaining that there exists a unique mild solution y of (2.0.4) in R. In particular,

there exists a unique mild solution

v ∈ C
1
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

(
[0,+∞);H2

1

a
,0
(0, 1)

)

of (2.2.25), which depends continuously on the initial data VT := (vT0 , v
T
1 ) ∈ Hnd.

By Theorem 2.2.3, the energy is preserved in our setting, as well, so that the method

of transposition done in [8] continues to hold thanks to (2.2.12). Therefore, there exists a

unique solution by transposition u ∈ C1
(
[0,+∞);

(
H2

1

a
,0
(0, 1)

)∗)
∩ C

(
[0,+∞);L2

1

a

(0, 1)
)

of (2.0.1), i.e. a solution of (2.2.24). To prove this fact, consider the functional

F : H
nd → R

given by

F(vT0 , v
T
1 ) = ïu1, v(0)ð(

H2
1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

1

a
u0vt(0, x) dx−

∫ T

0
f(t)vxx(t, 1)dt,

(2.2.26)

for all T > 0, where v solves (2.2.25). Obviously, F is linear. Moreover, it is continuous.

Indeed, for all T > 0, we have

∣∣F(vT0 , v
T
1 )
∣∣ f∥u1∥(

H2
1
a

(0,1)

)
∗ ∥v(0)∥H2

1
a

(0,1) + ∥u0∥L2
1
a

(0,1) ∥vt(0)∥L2
1
a

(0,1)

+ ∥f∥L2(0,T )

(∫ T

0
v2xx(t, 1)dt

) 1

2

.

By (2.2.12) and Theorem 2.2.3, there exists a positive constant C such that

∫ T

0
v2xx(t, 1)dt f CEnd

v (0) = CEnd
v (T ) =

C

2

∫ 1

0

(
v2t (T, x)

a(x)
+ v2xx(T, x)

)
dx

=
C

2

∥∥(vT0 , vT1 )
∥∥2

Hnd .

Hence,

∣∣F(vT0 , v
T
1 )
∣∣ f∥u1∥(

H2
1
a

(0,1)

)
∗ ∥v(0)∥H2

1
a

(0,1) + ∥u0∥L2
1
a

(0,1) ∥vt(0)∥L2
1
a

(0,1)

+

√
C

2
∥f∥L2(0,T )

∥∥(vT0 , vT1 )
∥∥

Hnd .

Using again Theorem 2.2.3, we have ∥vt(0)∥2L2
1
a

(0,1) f 2End
v (T ); thus, ∥vt(0)∥2L2

1
a

(0,1) f

C
∥∥(vT0 , vT1 )

∥∥2
Hnd . Analogously, thanks to the equivalence of the norms ∥·∥H2

1
a

(0,1), ∥·∥2, 1
a
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and ∥·∥2, there exists C > 0 such that ∥v(0)∥H2
1
a

(0,1) f C
∥∥(vT0 , vT1 )

∥∥
Hnd . Thus, we can

conclude that there exists C > 0 so that

∣∣F(vT0 , v
T
1 )
∣∣ f C

∥∥(vT0 , vT1 )
∥∥

Hnd ,

i.e. F is continuous.

Being F ∈ (Hnd)∗, we can use the Riesz Theorem obtaining that, for any T > 0, there

exists a unique (ũT0 , ũ
T
1 ) belonging to the energy space Hnd, which can be identified with

(Hnd)∗, such that

F(vT0 , v
T
1 ) =

〈
(ũT0 , ũ

T
1 ), (v

T
0 , v

T
1 )
〉
(Hnd)∗,Hnd

=
〈
ũT0 , v

T
0

〉(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
+

∫ 1

0

ũT1 v
T
1

a
dx.

(2.2.27)

Moreover, ũT0 , ũ
T
1 depend continuously on T , so there exists a unique

u ∈ C
1
(
[0,+∞);

(
H2

1

a
,0
(0, 1)

)∗)
∩ C

(
[0,+∞);L2

1

a

(0, 1)
)

such that u(T, x) = −ũT1 and ut(T, x) = ũT0 . By (2.2.26) and (2.2.27), we can conclude

that u is the unique solution by transposition of (2.0.1).

Now, we have all the tools to examine (NC). To this aim, consider the bilinear form

M
nd: H

nd × H
nd → R

defined as

M
nd(VT ,WT ) :=

∫ T

0
vxx(t, 1)wxx(t, 1)dt,

where v and w are the solutions of (2.2.25) associated to the data VT := (vT0 , v
T
1 ) and

WT := (wT
0 , w

T
1 ), respectively. The following lemma holds.

Lemma 2.2.1. Assume a to be (WD) or (SD) at 0. If T > Tnd
0 , then the bilinear form

Mnd is continuous and coercive.

Proof. By Theorem 2.2.3, End
v and End

w are constant in time and, thanks to (2.2.12), one

has that Mnd is continuous. Indeed, by the Hölder inequality and (2.2.12),

∣∣Mnd(VT ,WT )
∣∣ f
∫ T

0

∣∣vxx(t, 1)wxx(t, 1)
∣∣dt

f
(∫ T

0
v2xx(t, 1)dt

) 1

2
(∫ T

0
w2
xx(t, 1)dt

) 1

2

fC
√
End

v (T )End
w (T )



2 Boundary controllability for linear degenerate beam equations 47

=C

(∫ 1

0

(vT1 )
2(x)

a(x)
dx+

∫ 1

0
[(vT0 )xx]

2(x)dx

) 1

2

·

·
(∫ 1

0

(wT
1 )

2(x)

a(x)
dx+

∫ 1

0
[(wT

0 )xx]
2(x)dx

) 1

2

=C ∥(v(T ), vt(T ))∥Hnd ∥(w(T ), wt(T ))∥Hnd = C ∥VT ∥Hnd ∥WT ∥Hnd ,

for a positive constant C independent of (VT ,WT ) ∈ Hnd × Hnd.

In a similar way one can prove that Mnd is coercive. Indeed, by Theorem 2.2.7, one

immediately has that there exists C > 0 such that

M
nd(VT , VT ) =

∫ T

0
v2xx(t, 1)dt g CTE

nd
v (0) = CTE

nd
v (T ) g C ∥VT ∥2Hnd ,

for all VT ∈ Hnd.

Function Mnd is used to prove the (NC) property for the original problem (2.0.1).

Theorem 2.2.8. Assume a to be (WD) or (SD) at 0. Then, for all T > Tnd
0 and for

every (u0, u1) ∈ L2
1

a

(0, 1)×
(
H2

1

a
,0
(0, 1)

)∗
, there exists a control f ∈ L2(0, T ) such that the

solution of (2.0.1) satisfies (2.0.3).

Proof. Consider the map

R: H
nd → R

given by

R(VT ) := ïu1, v(0)ð(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

u0vt(0, x)

a
dx,

where v is the solution of (2.2.25) associated to the initial data VT := (vT0 , v
T
1 ) ∈ Hnd.

Note that R is continuous and linear and, thanks to Lemma 2.2.1, we can apply the

Lax-Milgram Theorem. Thus, there exists a unique V T ∈ Hnd such that

M
nd(V T ,WT ) = R(WT ), ∀WT ∈ H

nd.

Set f(t) := vxx(t, 1), where v is the unique solution of (2.2.25) associated to V T . Then

∫ T

0
f(t)wxx(t, 1)dt =

∫ T

0
vxx(t, 1)wxx(t, 1)dt = M

nd(V T ,WT ) = R(WT )

= ïu1, w(0)ð(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

u0(x)wt(0, x)

a(x)
dx,

(2.2.28)

for all WT ∈ Hnd.

Finally, denote by u the solution by transposition of (2.0.1) associated to the function
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f introduced above. We have that

∫ T

0
f(t)wxx(t, 1)dt =−

〈
ut(T ), w

T
0

〉(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
+

∫ 1

0

u(T, x)wT
1

a(x)
dx

+ ïu1, w(0)ð(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

u0(x)wt(0, x)

a(x)
dx.

(2.2.29)

Combining (2.2.28) and (2.2.29), it follows that

〈
ut(T ), w

T
0

〉(
H2

1
a ,0

(0,1)

)
∗

, H2
1
a ,0

(0,1)
−
∫ 1

0

u(T, x)wT
1

a(x)
dx = 0,

for all (wT
0 , w

T
1 ) ∈ Hnd. Hence, we have (2.0.3).

2.3 The problem in divergence form

The boundary controllability property for the problem ruled by the operator in (DF) can-

not be deduced by the one of the problem in (NDF) without assuming other assumptions

on the function a, as we have already seen. Moreover, another important difference be-

tween the problem in (NDF) and the one in (DF) is that the equation in (DF) is naturally

set in L2(0, 1) and not in L2
1

a

(0, 1) as in the non-divergence case. In L2(0, 1) we will prove

that the degenerate problem governed by the fourth-order operator in (DF) is well posed

and null controllable.

Other important spaces in this section are H1
a,0(0, 1), H

2
a,0(0, 1) and Z0(0, 1) given in

(1.3.37)-(1.3.40) and (1.3.42), respectively.

In these spaces it is possible to define the operator (Ad, D(Ad)) by

Adu := (a(x)u′′)′′, for all u ∈ D(Ad),

where
D(Ad) :=

{
v ∈ Z0(0, 1) : v

′(0) = v′(1) = 0, if a is (WD) at 0, or

(av′′)(0) = v′(1) = 0, if a is (SD) at 0
}
.

Notice that, by the statement after (1.3.42), if v ∈ Z0(0, 1), then (av′′)(0) = 0; hence, this

condition in D(Ad) is automatic. However, we prefer to write it explicitly to emphasise

this boundary condition.

Thanks to Lemma 1.3.3,

〈
Adu, v

〉
L2(0,1)

=

∫ 1

0
au′′v′′dx,

i.e. ∫ 1

0
(au′′)′′v dx =

∫ 1

0
au′′v′′dx, (2.3.1)

for all (u, v) ∈ D(Ad)×H2
a,0(0, 1).
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2.3.1 The energy space and the well-posedness of the problem

In this context, we introduce the following real Hilbert space:

H
d := H2

a,0(0, 1)× L2(0, 1),

endowed with inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hd :=

〈√
au′′,

√
aũ′′
〉
L2(0,1)

+ ïv, ṽðL2(0,1)

and

∥(u, v)∥2
Hd :=

∥∥√au′′
∥∥2
L2(0,1)

+ ∥v∥2L2(0,1),

for every (u, v), (ũ, ṽ) ∈ Hd. Now, consider the operator

A
d: D(Ad) ¢ H

d → H
d

given by

A
d :=

(
0 Id

−Ad 0

)
, with domain D(Ad) := D(Ad)×H2

a,0(0, 1).

Using the operator (Ad, D(Ad)), we can write (2.0.5) into an abstract problem in Hd.

Indeed, setting

Y (t) :=

(
y(t)

yt(t)

)
and Y0 :=

(
yT0

yT1

)
,

(2.0.5) can be formulated as





d

dt
Y (t) = A

d Y (t), t g 0,

Y (0) = Y0.
(2.3.2)

Thanks to (2.3.1) and using the semigroup technique, we can prove the following gen-

eration theorem.

Theorem 2.3.1. Assume a to be (WD) or (SD) at 0. Then the operator (Ad, D(Ad)) is

non-positive with dense domain and generates a contraction semigroup (Sd(t))tg0.

Proof. One can proceed as in Theorem 2.2.1; thus, it is sufficient to prove that the oper-

ator Ad: D(Ad) → Hd is dissipative and that I − Ad is surjective.

To prove that Ad is dissipative, consider (u, v) ∈ D(Ad). We can apply (2.3.1) obtain-

ing 〈
A

d(u, v), (u, v)
〉
Hd =

〈
(v,−Adu), (u, v)

〉
Hd

=

∫ 1

0
au′′v′′dx−

∫ 1

0
vAdu dx = 0;
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consequently, Ad is dissipative (see [46, Chapter 2.3]).

For the surjectivity of I −Ad, consider (f, g) ∈ Hd. We have to prove that there exists

(u, v) ∈ D(Ad) such that

(
I − A

d
)
(
u

v

)
=

(
f

g

)
⇐⇒




v = u− f,

Adu+ u = f + g.
(2.3.3)

To this purpose, introduce the bilinear form

Gd: H2
a,0(0, 1)×H2

a,0(0, 1) → R

given by

Gd(φ, z) :=

∫ 1

0
φz dx+

∫ 1

0
aφ′′z′′dx,

for all φ, z ∈ H2
a,0(0, 1). Applying the equivalence of the norms, we can prove that Gd is

coercive and continuous: indeed, for all φ, z ∈ H2
a,0(0, 1), we have

∣∣Gd(φ, z)
∣∣ f ∥φ∥L2(0,1) ∥z∥L2(0,1) +

∥∥√aφ′′∥∥
L2(0,1)

∥∥√az′′
∥∥
L2(0,1)

f 2 ∥φ∥2,a ∥z∥2,a .

Now, define

F d: H2
a,0(0, 1) → R

as

F d(z) =

∫ 1

0
(f + g) z dx,

for all z ∈ H2
a,0(0, 1). Obviously, F d ∈

(
H2

a,0(0, 1)
)∗
, being

(
H2

a,0(0, 1)
)∗

the dual space of

H2
a,0(0, 1) with respect to the pivot space L2(0, 1). Hence, by the Lax-Milgram Theorem,

there exists a unique solution u ∈ H2
a,0(0, 1) of

Gd(u, z) = F d(z), for all z ∈ H2
a,0(0, 1),

i.e. ∫ 1

0
uz dx+

∫ 1

0
au′′z′′dx =

∫ 1

0
(f + g) z dx, (2.3.4)

for all z ∈ H2
a,0(0, 1).

Now, consider v := u− f ; then, v ∈ H2
a,0(0, 1). We will prove that (u, v) ∈ D(Ad) and

solves (2.3.3). To begin with, (2.3.4) holds for every z ∈ C∞
c ((0, 1)). Thus, we have

∫ 1

0
au′′z′′dx =

∫ 1

0
(f + g − u) z dx,

for every z ∈ C∞
c ((0, 1)). Hence, (au′′)′′ = f + g−u a.e. in (0, 1), i.e. Adu = f + g−u a.e.

in (0, 1), and Adu ∈ L2(0, 1); as a consequence, au′′ ∈ H2(0, 1) (by Lemma 1.2.1). Hence,

u ∈ Z0(0, 1) and u
′(0) = u′(1) = 0, if a is (WD) at 0, or u′(1) = 0 if a is (SD) at 0 (recall

that u ∈ H2
a,0(0, 1)); moreover, (au′′)(0) = 0, since u ∈ Z0(0, 1). Thus, we can conclude

that (u, v) ∈ D(Ad), u+ Adu = f + g, and, recalling that v = u− f , we have that (u, v)

solves (2.3.3).
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By Theorem 2.3.1, if Y0 ∈ Hd, the mild solution of (2.3.2) is given by Y (t) = Sd(t)Y0;

if Y0 ∈ D(Ad), then the solution Y is more regular and the equation in (2.0.5) holds for

all t g 0. In particular, as in [15, Part II-1, Propositions 3.1 and 3.3], the regularity of the

solution is discussed in the following theorem.

Theorem 2.3.2. Assume a to be (WD) or (SD) at 0. If (yT0 , y
T
1 ) ∈ Hd, then there exists

a unique mild solution

y ∈ C
1
(
[0,+∞);L2(0, 1)

)
∩ C

(
[0,+∞);H2

a,0(0, 1)
)

of (2.0.5) which depends continuously on the initial data (yT0 , y
T
1 ) ∈ Hd. Moreover, if

(yT0 , y
T
1 ) ∈ D(Ad), then the solution y is classical, in the sense that

y ∈ C
2
(
[0,+∞);L2(0, 1)

)
∩ C

1
(
[0,+∞);H2

a,0(0, 1)
)
∩ C

(
[0,+∞);D(Ad)

)

and the equation of (2.0.5) holds for all t g 0.

Remark 2.2.1 also holds in this case.

2.3.2 Energy estimates

In order to obtain an observability inequality, in the following we provide some estimates

from below and from above of the energy associated to the solution of (2.0.5). First of all,

we give the following definition.

Definition 2.3.1. Let y be a mild solution of (2.0.5) and consider its energy given by the

continuous function defined as

Ed
y (t) :=

1

2

∫ 1

0

(
y2t (t, x) + a(x)y2xx(t, x)

)
dx, ∀ t g 0.

As for the non-divergence case, one can prove the following conservation law.

Theorem 2.3.3. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of

(2.0.5). Then

Ed
y (t) = Ed

y (0), ∀ t g 0.

Proof. First of all, assume that y is a classical solution. Then, multiplying the equation

ytt + (a(x)yxx)xx = 0 by yt, integrating over (0, 1) and using the formula of integration by

parts (2.3.1), one has

0 =
1

2

∫ 1

0

(
y2t
)
t
dx+

∫ 1

0
(a(x)yxx)xx ytdx =

1

2

d

dt

(∫ 1

0

(
y2t + ay2xx

)
dx

)
=

d

dt
Ed

y (t).

Consequently, the energy function Ed
y is constant. If y is a mild solution, we can proceed

as in Subsection 2.2.2.



2 Boundary controllability for linear degenerate beam equations 52

Now, we prove an inequality for the energy which will be used to establish the control-

lability result. To this purpose, we start giving the following preliminary theorem.

Theorem 2.3.4. Assume a to be (WD) or (SD) at 0. If y is a classical solution of (2.0.5),

then yxx(·, 1) ∈ L2(0, T ) for any T > 0 and

1

2
a(1)

∫ T

0
y2xx(t, 1)dt =

∫ 1

0

[
ytx

2yx
]t=T

t=0
dx+

∫

QT

xy2t dx dt

+

∫

QT

(
3xa− x2

2
a′
)
y2xxdx dt−

∫

QT

a′y2xdx dt.

(2.3.5)

Recall that QT := (0, T )× (0, 1).

Proof. Multiplying the equation in (2.0.5) by x2yx and integrating over QT , we obtain

0 =

∫

QT

yttx
2yxdx dt+

∫

QT

x2yx(ayxx)xxdx dt

=

∫ 1

0

[
ytx

2yx
]t=T

t=0
dx− 1

2

∫

QT

x2(y2t )xdx dt+

∫

QT

x2yx(ayxx)xxdx dt

=

∫ 1

0

[
ytx

2yx
]t=T

t=0
dx− 1

2

∫ T

0

[
x2y2t

]x=1

x=0
dt+

∫

QT

xy2t dx dt+

∫

QT

x2yx(ayxx)xxdx dt

=

∫ 1

0

[
ytx

2yx
]t=T

t=0
dx+

∫

QT

xy2t dx dt+

∫

QT

x2yx(ayxx)xxdx dt

since yt(t, 0) = 0 = yt(t, 1), by the boundary conditions of y. Now, consider the term
∫
QT

x2yx(ayxx)xxdx dt, which is well defined, and let ¶ > 0. Then

∫

QT

x2yx(ayxx)xxdx dt =

∫ T

0

∫ ¶

0
x2yx(ayxx)xxdx dt+

∫ T

0

∫ 1

¶

x2yx(ayxx)xxdx dt. (2.3.6)

By the Hölder inequality, x2yx(ayxx)xx ∈ L1(0, 1), hence

lim
¶→0

∫ T

0

∫ ¶

0
x2yx(ayxx)xxdx dt = 0,

by the absolute continuity of the integral. In the subsequent steps, we will estimate the

second term of (2.3.6). Setting K := [¶, 1], since y ∈ D(Ad), we have ayxx ∈ H2(K) and,

in particular, yxx ∈ H2(K) since a(x) ̸= 0 for all x ∈ K. Hence, we can integrate by parts,

obtaining

∫ T

0

∫ 1

¶

x2yx(ayxx)xxdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

(x2yx)x(ayxx)xdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

∫ 1

¶

xyx(ayxx)xdx dt−
∫ T

0

∫ 1

¶

x2yxx(ayxx)xdx dt



2 Boundary controllability for linear degenerate beam equations 53

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

[
xyxayxx

]x=1

x=¶
dt+ 2

∫ T

0

∫ 1

¶

(xyx)xayxxdx dt

−
∫ T

0

[
x2ay2xx

]x=1

x=¶
dt+

∫ T

0

∫ 1

¶

ayxx(x
2yxx)xdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

[
xyxayxx

]x=1

x=¶
dt−

∫ T

0

[
x2ay2xx

]x=1

x=¶
dt

+ 2

∫ T

0

∫ 1

¶

ayxyxxdx dt+ 2

∫ T

0

∫ 1

¶

xay2xxdx dt+ 2

∫ T

0

∫ 1

¶

xay2xxdx dt

+

∫ T

0

∫ 1

¶

x2ayxxyxxxdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

[
xyxayxx

]x=1

x=¶
dt−

∫ T

0

[
x2ay2xx

]x=1

x=¶
dt

+ 4

∫ T

0

∫ 1

¶

xay2xxdx dt+

∫ T

0

∫ 1

¶

a(y2x)xdx dt+
1

2

∫ T

0

∫ 1

¶

x2a(y2xx)xdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

[
xyxayxx

]x=1

x=¶
dt−

∫ T

0

[
x2ay2xx

]x=1

x=¶
dt

+ 4

∫ T

0

∫ 1

¶

xay2xxdx dt+

∫ T

0

[
ay2x
]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

a′y2xdx dt

+
1

2

∫ T

0

[
x2ay2xx

]x=1

x=¶
dt− 1

2

∫ T

0

∫ 1

¶

(
2xa+ x2a′

)
y2xxdx dt

=

∫ T

0

[
x2yx(ayxx)x

]x=1

x=¶
dt− 2

∫ T

0

[
xyxayxx

]x=1

x=¶
dt− 1

2

∫ T

0

[
x2ay2xx

]x=1

x=¶
dt

+

∫ T

0

[
ay2x
]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

a′y2xdx dt+
∫ T

0

∫ 1

¶

(
3xa− x2

2
a′
)
y2xxdx dt.

(2.3.7)

Observe that in the (SD) case
∫ T

0

∫ 1
0 a

′y2xdx dt ∈ R, being yx ∈ L2(0, 1) and a ∈ C1([0, 1]).

In particular, by (1.3.41), we have
∫

QT

∣∣a′y2x
∣∣dx dt f max

x∈ [0,1]

∣∣a′(x)
∣∣ 1

a(1)
(
2−Ka

)
∫

QT

ay2xxdx dt. (2.3.8)

In the (WD) case, it results
∫

QT

∣∣a′y2x
∣∣dx dt f

∫

QT

1

x2
x2
∣∣a′
∣∣y2xdx dt f Ka

∫

QT

a

x2
y2xdx dt.

Thus, we can apply Proposition 1.3.6 (where ¹ = Ka ∈ (0, 1)) to yx, obtaining
∫

QT

∣∣a′y2x
∣∣dx dt f Ka

∫

QT

a

x2
y2xdx dt f

4Ka

(1−Ka)2

∫

QT

ay2xxdx dt. (2.3.9)

In every case

∫ T

0

∫ 1

0
a′y2xdx dt ∈ R and

∫

QT

∣∣a′y2x
∣∣dx dt f C

∫

QT

ay2xxdx dt, where C :=





4Ka

(1−Ka)2
, if a is (WD) at 0,

max
x∈ [0,1]

∣∣a′(x)
∣∣

a(1)
(
2−Ka

) , if a is (SD) at 0.
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Now, consider the term

∫ T

0

∫ 1

¶

(
3xa− x2

2
a′
)
y2xxdx dt. Obviously, xay2xx ∈ L1(0, 1); more-

over, ∣∣∣∣∣
x2

2
a′y2xx

∣∣∣∣∣ f
Ka

2
axy2xx ∈ L1(0, 1).

Thus, by the absolute continuity of the integral,

lim
¶→0

∫ T

0

∫ 1

¶

(
3xa− x2

2
a′
)
y2xxdx dt =

∫ T

0

∫ 1

0

(
3xa− x2

2
a′
)
y2xxdx dt.

It remains to estimate the boundary terms in (2.3.7). To this aim observe that, thanks to

the boundary conditions of y,

[
x2yx(ayxx)x

]x=1

x=¶
− 2
[
xyxayxx

]x=1

x=¶
− 1

2

[
x2ay2xx

]x=1

x=¶
+
[
ay2x
]x=1

x=¶

=− ¶2yx(t, ¶)(ayxx)x(t, ¶) + 2¶yx(t, ¶)(ayxx)(t, ¶)−
1

2
(ay2xx)(t, 1)

+
1

2
¶2(ay2xx)(t, ¶)− a(¶)y2x(t, ¶).

(2.3.10)

Thanks to Lemma 1.3.4, if a is (WD) at 0, or to Lemma 1.3.5, if a is (SD) at 0, one has

that the limit as ¶ tends to 0 of the boundary terms in (2.3.10) reduces to −1

2
a(1)y2xx(t, 1).

Hence, by (2.3.7), we have

lim
¶→0

∫ T

0

∫ 1

¶

x2yx(ayxx)xxdx dt =− 1

2
a(1)

∫ T

0
y2xx(t, 1)dt−

∫ T

0

∫ 1

0
a′y2xdx dt

+

∫ T

0

∫ 1

0

(
3xa− x2

2
a′
)
y2xxdx dt

and (2.3.5) follows.

Thanks to the equality (2.3.5) and Proposition 1.3.6, one can prove an estimate from

below on the energy using the term
∫ T

0 y2xx(t, 1)dt.

Theorem 2.3.5. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.5),

then for any T > 0

a(1)

∫ T

0
y2xx(t, 1)dt

f 4

(
T max

{
1,

6 +Ka

2
+

4Ka

(1−Ka)2

}
+max

{
1

a(1)
(
2−Ka

) , 1
})

Ed
y (0)

if a is (WD) at 0, and

a(1)

∫ T

0
y2xx(t, 1)dt

f 4

(
T max

{
1,

6 +Ka

2
+

maxx∈ [0,1]

∣∣a′(x)
∣∣

a(1)
(
2−Ka

)
}

+max

{
1

a(1)
(
2−Ka

) , 1
})

Ed
y (0)

if a is (SD) at 0.
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Proof. As a first step we estimate the distributed terms in (2.3.5). Using the fact that

x
∣∣a′
∣∣ f Kaa, by (1.1.2), we find
∣∣∣∣∣

∫

QT

(
3xa− x2a′

2

)
y2xxdx dt

∣∣∣∣∣ f
6 +Ka

2

∫

QT

xay2xxdx dt f
6 +Ka

2

∫

QT

ay2xxdx dt.

(2.3.11)

Furthermore, ∫

QT

xy2t dx dt f
∫

QT

y2t dx dt. (2.3.12)

Now, we estimate the boundary terms in (2.3.5). By (1.3.41), one has
∣∣∣∣∣

∫ 1

0
x2yx(Ä, x)yt(Ä, x)dx

∣∣∣∣∣ f
1

2

∫ 1

0
x4y2x(Ä, x)dx+

1

2

∫ 1

0
y2t (Ä, x)dx

f 1

2

1

a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(Ä, x)dx+

1

2

∫ 1

0
y2t (Ä, x)dx,

for all Ä ∈ [0, T ]. By Theorem 2.3.3, we get
∣∣∣∣∣

∫ 1

0

[
x2yx(Ä, x)yt(Ä, x)

]Ä=T

Ä=0
dx

∣∣∣∣∣

f 1

2

1

a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(T, x)dx+

1

2

∫ 1

0
y2t (T, x)dx

+
1

2

1

a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(0, x)dx+

1

2

∫ 1

0
y2t (0, x)dx

f 2max

{
1

a(1)
(
2−Ka

) , 1
}
Ed

y (0).

(2.3.13)

By (2.3.5), (2.3.8), (2.3.9) and (2.3.11)-(2.3.13), we have

1

2
a(1)

∫ T

0
y2xx(t, 1)dt f

∫

QT

y2t dx dt+

(
6 +Ka

2
+

4Ka

(1−Ka)2

)∫

QT

ay2xxdx dt

+ 2max

{
1

a(1)
(
2−Ka

) , 1
}
Ed

y (0)

in the (WD) case, and

1

2
a(1)

∫ T

0
y2xx(t, 1)dt f

∫

QT

y2t dx dt+

(
6 +Ka

2
+

maxx∈ [0,1]

∣∣a′(x)
∣∣

a(1)
(
2−Ka

)
)∫

QT

ay2xxdx dt

+ 2max

{
1

a(1)
(
2−Ka

) , 1
}
Ed

y (0)

in the (SD) one. Thus, the thesis follows if y is a classical solution; on the other hand, if

y is a mild solution, we can proceed as in [24].

In order to obtain an estimate from above on the energy, the following preliminary

result is useful.
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Theorem 2.3.6. Assume a to be (WD) or (SD) at 0. If y is a classical solution of (2.0.5),

then yxx(·, 1) ∈ L2(0, T ) for any T > 0 and

1

2
a(1)

∫ T

0
y2xx(t, 1)dt =

∫ 1

0

[
xytyx

]t=T

t=0
dx+

1

2

∫

QT

y2t dx dt+
1

2

∫

QT

(
3a− xa′

)
y2xxdx dt.

(2.3.14)

Proof. Multiplying the equation in (2.0.5) by xyx, integrating over QT and using the

boundary conditions of y, we obtain

0 =

∫ 1

0

[
xyxyt

]t=T

t=0
dx− 1

2

∫

QT

x(y2t )xdx dt+

∫

QT

xyx(ayxx)xxdx dt

=

∫ 1

0

[
xyxyt

]t=T

t=0
dx+

1

2

∫

QT

y2t dx dt+

∫

QT

xyx(ayxx)xxdx dt.

(2.3.15)

Now, let ¶ > 0 and rewrite the well-defined integral
∫
QT

xyx(ayxx)xxdx dt as

∫

QT

xyx(ayxx)xxdx dt =

∫ T

0

∫ ¶

0
xyx(ayxx)xxdx dt+

∫ T

0

∫ 1

¶

xyx(ayxx)xxdx dt.

Due to the absolute continuity of the integral, we get

lim
¶→0

∫ T

0

∫ ¶

0
xyx(ayxx)xxdx dt = 0.

Moreover, it is possible to integrate by parts the second term:
∫ T

0

∫ 1

¶

xyx(ayxx)xxdx dt

=

∫ T

0

[
xyx(ayxx)x

]x=1

x=¶
dt−

∫ T

0

∫ 1

¶

(xyx)x(ayxx)xdx dt

=−
∫ T

0
¶yx(t, ¶)(ayxx)x(t, ¶)dt−

∫ T

0

∫ 1

¶

yx(ayxx)xdx dt

−
∫ T

0

∫ 1

¶

xyxx(ayxx)xdx dt

=−
∫ T

0
¶yx(t, ¶)(ayxx)x(t, ¶)dt−

∫ T

0

[
ayxyxx

]x=1

x=¶
dt

+

∫ T

0

∫ 1

¶

ay2xxdx dt−
∫ T

0

[
axy2xx

]x=1

x=¶
dt+

∫ T

0

∫ 1

¶

(xyxx)xayxxdx dt

=−
∫ T

0
¶yx(t, ¶)(ayxx)x(t, ¶)dt+

∫ T

0
a(¶)yx(t, ¶)yxx(t, ¶)dt

−
∫ T

0

[
axy2xx

]x=1

x=¶
dt+

∫ T

0

∫ 1

¶

ay2xxdx dt+

∫ T

0

∫ 1

¶

ay2xxdx dt

+
1

2

∫ T

0

∫ 1

¶

xa(y2xx)xdx dt

=−
∫ T

0
¶yx(t, ¶)(ayxx)x(t, ¶)dt+

∫ T

0
a(¶)yx(t, ¶)yxx(t, ¶)dt

− 1

2

∫ T

0

[
axy2xx

]x=1

x=¶
dt+

1

2

∫ T

0

∫ 1

¶

(
3a− xa′

)
y2xxdx dt.

(2.3.16)
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As in the proof of Theorem 2.3.4, one has

lim
¶→0

∫ T

0

∫ 1

¶

(
3a− xa′

)
y2xxdx dt =

∫

QT

(
3a− xa′

)
y2xxdx dt

and, thanks to Lemma 1.3.4 or 1.3.5, the limit as ¶ tends to 0 of the boundary terms

in (2.3.16) reduces to −1

2

∫ T

0
a(1)y2xx(t, 1)dt. Hence, by the limit as ¶ tends to 0 of

∫ T

0

∫ 1
¶

(
3a− xa′

)
y2xxdx dt, (2.3.15) and (2.3.16), we obtain the thesis.

Thanks to the equality stated in the previous theorem, one can prove an estimate from

above on the energy. This estimate is crucial to obtain the observability of (2.0.5).

Theorem 2.3.7. Assume a to be (WD) or (SD) at 0. If y is a mild solution of (2.0.5),

then for any T > 0

a(1)

∫ T

0
y2xx(t, 1)dt

g
(
T min

{
6− 3Ka,Ka + 2

}
−
(
Ka + 4

)
max

{
1

a(1)
(
2−Ka

) , 1
})

Ed
y (0).

Proof. As a first step, assume that y is a classical solution of (2.0.5). Then, multiplying

the equation in (2.0.5) by
−Kay

2
, integrating by parts over QT and applying (2.3.1), we

have

0 = −Ka

2

∫

QT

ytty dx dt−
Ka

2

∫

QT

y(ayxx)xxdx dt

= −Ka

2

∫ 1

0

[
yyt
]t=T

t=0
dx+

Ka

2

∫

QT

y2t dx dt−
Ka

2

∫

QT

ay2xxdx dt.

Summing the previous equality to (2.3.14) multiplied by 2 and using the degeneracy pa-

rameter (1.1.1), we have

a(1)

∫ T

0
y2xx(t, 1)dt =2

∫ 1

0

[
xytyx

]t=T

t=0
dx− Ka

2

∫ 1

0

[
yyt
]t=T

t=0
dx+

(
Ka

2
+ 1

)∫

QT

y2t dx dt

+

∫

QT

(
3− xa′

a
− Ka

2

)
ay2xxdx dt

g 2

∫ 1

0

[
xytyx

]t=T

t=0
dx− Ka

2

∫ 1

0

[
yyt
]t=T

t=0
dx+

(
Ka

2
+ 1

)∫

QT

y2t dx dt

+

∫

QT

(
3− 3Ka

2

)
ay2xxdx dt

g 2

∫ 1

0

[
xytyx

]t=T

t=0
dx− Ka

2

∫ 1

0

[
yyt
]t=T

t=0
dx

+min
{
6− 3Ka,Ka + 2

}1
2

∫

QT

(
y2t + ay2xx

)
dx dt.
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Now, we analyse the boundary terms that appear in the previous relation. As in (2.3.13),

one has

2

∣∣∣∣∣

∫ 1

0

[
xyx(Ä, x)yt(Ä, x)

]Ä=T

Ä=0
dx

∣∣∣∣∣ f 4max

{
1

a(1)
(
2−Ka

) , 1
}
Ed

y (0).

Furthermore, by Theorem 2.3.3 and (1.3.41), we obtain
∣∣∣∣∣

∫ 1

0
y(Ä, x)yt(Ä, x)dx

∣∣∣∣∣

f 1

2

∫ 1

0
y2t (Ä, x)dx+

1

2a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(Ä, x)dx

f max

{
1,

1

a(1)
(
2−Ka

)
}
Ed

y (Ä) = max

{
1,

1

a(1)
(
2−Ka

)
}
Ed

y (0),

for all Ä ∈ [0, T ]; hence,

Ka

2

∣∣∣∣∣

∫ 1

0

[
yyt
]Ä=T

Ä=0
dx

∣∣∣∣∣ f Kamax

{
1,

1

a(1)
(
2−Ka

)
}
Ed

y (0)

and the thesis follows if y is a classical solution. If y is a mild solution, we proceed as in

[24].

2.3.3 The boundary controllability theorem

As in Subsection 2.2.3, we formulate the following definition.

Definition 2.3.2. Problem (2.0.5) is said to be observable in time T > 0 via the second

derivative at x = 1 if there exists a constant C > 0 such that for any (yT0 , y
T
1 ) ∈ Hd the

classical solution y of (2.0.5) satisfies (2.2.20), where in place of End
y (0) we have Ed

y (0).

We also define in this case the constant CT as in (2.2.21) and (2.2.22), substituting

End
y (0) with Ed

y (0), and we set cT = 1
CT

.

Thanks to Theorem 2.3.7, one can estimate the constant CT in the divergence case in

the following way.

Corollary 2.3.1. Assume a to be (WD) or (SD) at 0 and set

T d
0 :=

Ka + 4

min
{
6− 3Ka,Ka + 2

} max

{
1,

1

a(1)
(
2−Ka

)
}
. (2.3.17)

If T > T d
0 , then (2.0.5) is observable in time T . Moreover,

CT g T min
{
6− 3Ka,Ka + 2

}
−
(
Ka + 4

)
max

{
1,

1

a(1)
(
2−Ka

)
}
.

In the (DF) the definition of solution by transposition for (2.0.2) becomes the following:
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Definition 2.3.3. Let f ∈ L2
loc[0,+∞) and (u0, u1) ∈ L2(0, 1) ×

(
H2

a,0(0, 1)
)∗
. We say

that u is a solution by transposition of (2.0.2) if

u ∈ C
1
(
[0,+∞);

(
H2

a,0(0, 1)
)∗) ∩ C

(
[0,+∞);L2(0, 1)

)

and

〈
ut(T ), v

T
0

〉(
H2

a,0(0,1)
)
∗

, H2
a,0(0,1)

−
∫ 1

0
u(T, x)vT1 dx

= ïu1, v(0)ð(
H2

a,0(0,1)
)
∗

, H2
a,0(0,1)

−
∫ 1

0
u0(x)vt(0, x) dx−

∫ T

0
a(1)vxx(t, 1)f(t)dt,

for all T > 0 and for all (vT0 , v
T
1 ) ∈ Hd, where v solves the backward problem





vtt(t, x) + (a(x)vxx(t, x))xx = 0, (t, x) ∈ Q,

v(t, 0) = 0, v(t, 1) = 0, t ∈ (0,+∞),


vx(t, 0) = 0, if a is (WD) at 0,

(avxx)(t, 0) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

vx(t, 1) = 0, t ∈ (0,+∞),

v(T, x) = vT0 (x), vt(T, x) = vT1 (x), x ∈ (0, 1).

(2.3.18)

In order to study the (NC) for (2.0.2), we consider the bilinear form

M
d: H

d × H
d → R

defined as

M
d(VT ,WT ) :=

∫ T

0
a(1)vxx(t, 1)wxx(t, 1)dt,

where v and w are the solutions of (2.3.18) associated to the data VT := (vT0 , v
T
1 ) and

WT := (wT
0 , w

T
1 ), respectively. As in Subsection 2.2.3, assuming that a is (WD) or (SD)

at 0 and T > T d
0 , one has that Md is continuous and coercive and, using these properties,

one can show the (NC) for (2.0.2). Indeed, one has the following result. We omit the proof

since it can be easily obtained by the one of Theorem 2.2.8 with suitable changes.

Theorem 2.3.8. Assume a to be (WD) or (SD) at 0. Then, for all T > T d
0 and for every

(u0, u1) ∈ L2(0, 1)×
(
H2

a,0(0, 1)
)∗
, there exists a control f ∈ L2(0, T ) such that the solution

of (2.0.2) satisfies (2.0.3).

2.4 Conclusions and open problems

In this chapter, first of all, we study the well-posedness of the homogeneous adjoint prob-

lems associated to (2.0.1) and (2.0.2) (see Theorems 2.2.2 and 2.3.2, respectively); then,
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we consider the energy function associated to the adjoint problems and we prove two es-

timates on the energy from below and from above. Thanks to these estimates and to the

boundary observability (see Corollary 2.2.1 for the problem in (NDF) and Corollary 2.3.1

for the problem in (DF)), we prove that the original problems have a unique solution by

transposition and this solution is null controllable.

Precisely, if the function a is (WD) or (SD) at 0 and T > Tnd
0 or T > T d

0 , where T
nd
0

and T d
0 are given in (2.2.23) and (2.3.17), respectively, we prove that (2.0.1) and (2.0.2)

are boundary null controllable, i.e. (2.0.3) holds for both problems. Recently, in [5] the

previous controllability results are obtained for (2.0.1) and (2.0.2) also in presence of a

singular term. Moreover, in [2] the controllability for a coupled system of degenerate beam

type equations is proved. Again, in these cases the (NC) is proved if T is large enough.

However, in contrast to wave equations, non-degenerate beam equations can be gener-

ically controlled in arbitrary short times since there is no finite speed of propagation (see

[64]). Hence, one would expect to obtain (NC) for (2.0.1) and (2.0.2) also for short times

using the same technique proposed in [64], where non-degenerate variable coefficients are

considered.

Finally, an open problem is to prove (NC) for (2.0.1) and (2.0.2) or to show that it

fails when Ka g 2. Indeed, for degenerate wave equations it is well known that, if Ka g 2,

then (NC) fails (see [8, Examples 3.7 and 3.8] for the divergence case and [19, Example

1] for the non-divergence one); on the other hand, for degenerate beam equations we do

not know anything in this case. We underline that the requirement Ka < 2 is a technical

assumption.

Another interesting problem could be the (NC) for degenerate beam equations in (NDF)

or in (DF) with a distributed control or a control acting on the degeneracy point and/or

a drift term.





Chapter 3

Stability results for linear

degenerate beam equations

This chapter is devoted to study the stability of the two degenerate beam problems





ytt(t, x) + a(x)yxxxx(t, x) = 0, (t, x) ∈ Q,

y(t, 0) = 0, yx(t, 0) = 0, t ∈ (0,+∞),

´y(t, 1)− yxxx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0, t ∈ (0,+∞),

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1)

(3.0.1)

and 



ytt(t, x) + (a(x)yxx(t, x))xx = 0, (t, x) ∈ Q,

y(t, 0) = 0, t ∈ (0,+∞),


yx(t, 0) = 0, if a is (WD) at 0,

(ayxx)(t, 0) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

´y(t, 1)− (ayxx)x(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

µyx(t, 1) + (ayxx)(t, 1) + ytx(t, 1) = 0, t ∈ (0,+∞),

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(3.0.2)

where Q := (0,+∞) × (0, 1), a is (WD) or (SD) at 0 and ´ and µ are non-negative

constants. We underline that the sign conditions on ´, µ are necessary to study the well-

posedness of the considered problems and to exploit the equivalence among all the norms

introduced in Section 1.2, i.e. ∥·∥H2
1
a

(0,1), ∥·∥2, 1
a
, ∥·∥2, ||| · ||| 1

a
, for the problem in (NDF),

and in Section 1.3, i.e. ∥·∥H1
a(0,1)

, ∥·∥2,a, ∥·∥2,∼, ||| · |||a, for the problem in (DF). In

particular, Propositions 1.2.4 and 1.3.5 play a crucial role to obtain the stability result for

62
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(3.0.1) and (3.0.2), which is the purpose of this chapter.

We take inspiration from the technique developed in [8] or in [52], where the stability for

a degenerate wave equation in (DF) or in (NDF) is studied. The presence of a degenerate

fourth-order operator brings more difficulties with respect to the non-degenerate case or

to the ones for the degenerate second-order case. These difficulties are related to some

new terms that we have to face; for example, in both formulations we have to estimate

from above the quantity
∫ T

s
y2(t, 1)dt+

∫ T

s
y2x(t, 1)dt, for every s ∈ (0, T ), using the energy

associated to the respective original problems. This is done in Propositions 3.2.5 and

3.3.5, respectively, thanks to a suitable fourth-order variational problem introduced in

Propositions 1.2.4 and 1.3.5, respectively.

As far as the notations employed in this chapter are concerned, we consider the same

expressions of Chapter 2 for the operators in (NDF) and in (DF); however, they are

referred to differential problems different from the ones of the previous chapter. Indeed,

the domains of the operators considered in this chapter are different. For this reason,

in order to preserve a certain balance in the notations, we add specific subscripts. For

example, in this chapter and in the subsequent one the subscript S stands for Stabilisation

and it appears in the mathematical symbols referred to operators, functionals, bilinear

forms, energy spaces, energy functions, semigroups and some constants.

The chapter is based on [25] and [26].

3.1 State of the art

Problems similar to (3.0.1) or (3.0.2) are considered in several papers (see, for example,

[14], [18], [36], [37], [38], [40], [99] for the (NDF), or [72], [101] for the (DF)). In particular,

in [36] and [38], the following Euler-Bernoulli beam equation

mytt(t, x) + EIyxxxx(t, x) = 0, (t, x) ∈ Q, (3.1.1)

is considered with clamped conditions at the left end x = 0:

y(t, 0) = 0, yx(t, 0) = 0,

and with dissipative conditions at the right end:




−EIyxxx(t, 1) + µ1yt(t, 1) = 0, µ1 g 0,

EIyxx(t, 1) + µ2ytx(t, 1) = 0, µ2 g 0.
(3.1.2)

In (3.1.1) m is the mass density per unit length and EI is the flexural rigidity coefficient.

Moreover, the following variables have physical meanings: y is the vertical displacement, yt

is the velocity, yx is the rotation, ytx is the angular velocity, −EIyxx is the bending moment

and −EIyxxx is the shear. Precisely, the boundary conditions (3.1.2) mean that the shear
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is proportional to the velocity and that the bending moment is negatively proportional

to the angular velocity. Observe that, if we consider ´ = µ = 0 in (3.0.1), then we have

boundary conditions similar to those in (3.1.2). Thus, the dissipative conditions at x = 1

are not surprising.

If the mass density m depends on x and if we divide by m(x), we obtain

ytt(t, x) + a(x)yxxxx(t, x) = 0, (t, x) ∈ Q,

where a(x) :=
EI

m(x)
. The analogous problem in divergence case reads

ytt(t, x) + (a(x)yxx(t, x))xx = 0, (t, x) ∈ Q,

as in [72]. Now, if the density is extremely large at some point, say x = 0, we can describe

this situation saying that the equation degenerates at x = 0, in the sense that we can

consider a(0) = 0 (see [8], [19] or [52] for degenerate wave equations).

The qualitative behaviour of (3.1.1)-(3.1.2) is considered in [37], where the authors

study the stabilisation and the control of composite beams or serially connected beams;

in particular, it is shown that if µ21 > 0 and µ22 g 0, then the energy of vibration of the

beam

E(t) =
1

2

∫ 1

0

(
my2t (t, x) + EIy2xx(t, x)

)
dx

decays exponentially in a uniform way:

E(t) f ke−µtE(0), (3.1.3)

for some k, µ > 0. In all the previous papers the equation is always non-degenerate. How-

ever, there are some papers where the equation is degenerate in the sense that a degenerate

damping appears in (3.1.1) (for stability results on beam equations with degenerate damp-

ing see, for example, [32], [84], [113]).

Finally, we mention that similar results for degenerate wave equations can be found in

[52], for the non-divergence case, and in [8], for the divergence one.

3.2 The problem in non-divergence form

As for the control problem, the natural Hilbert space where the problem in (NDF) lives is

L2
1

a

(0, 1). Moreover, in this case, since the problem is different from the one in Chapter 2,

we have to use different Hilbert spaces from the previous ones. In particular, we consider

H̃1
1

a
,0
(0, 1) and H̃2

1

a
,0
(0, 1), defined respectively in (1.2.8) and (1.2.9).

Using H̃2
1

a
,0
(0, 1), it is possible to define the operator (And

S , D(And
S )) given by

And
S u := a(x)u′′′′, for all u ∈ D(And

S ) :=
{
v ∈ H̃2

1

a
,0
(0, 1) : av′′′′ ∈ L2

1

a

(0, 1)
}
.
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As written at the beginning of the chapter, we recall that And
S u is the same operator

introduced in Section 2.2, but with a different domain. For this reason we prefer to use a

different notation.

3.2.1 The energy space and the well-posedness of the problem

In addition to the previous spaces, to prove the well-posedness of (3.0.1), we need to

introduce also the Hilbert space

H
nd
S := H̃2

1

a
,0
(0, 1)× L2

1

a

(0, 1),

endowed with inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hnd

S
:=
〈
u′′, ũ′′

〉
L2(0,1)

+ ïv, ṽðL2
1
a

(0,1) + ´u(1)ũ(1) + µu′(1)ũ′(1)

and

∥(u, v)∥2
Hnd

S
:=
∥∥u′′

∥∥2
L2(0,1)

+ ∥v∥2L2
1
a

(0,1) + ´u2(1) + µ(u′(1))2,

for every (u, v), (ũ, ṽ) ∈ Hnd
S , where ´, µ g 0.

Then, consider the matrix operator

A
nd
S : D(And

S ) ¢ H
nd
S → H

nd
S

given by

A
nd
S :=

(
0 Id

−And
S 0

)
,

with domain

D(And
S ) :=

{
(u, v) ∈ D(And

S )× H̃2
1

a
,0
(0, 1) : ´u(1)− u′′′(1) + v(1) = 0,

µu′(1) + u′′(1) + v′(1) = 0
}
.

Considering u ∈ D(And
S ), we have that u ∈ W 4,1(0, 1); hence, u ∈ C3([0, 1]) in the (WD)

case (see Section 1.2 or [28]). On the other hand, if a is (SD) at 0, then u′′ ∈ W 1,1(0, 1)

(see Proposition 1.2.2). In every case the terms u′′(1) and u′′′(1) are well defined, as well

as v(1) and v′(1), thanks to the definition of H̃2
1

a
,0
(0, 1). Thus, thanks to D(And

S ) and

H̃2
1

a
,0
(0, 1), one can prove a simpler Gauss-Green formula. Indeed, the formulas in Lemma

1.2.2 become ∫ 1

0
u′′′′v dx = u′′′(1)v(1)− u′′(1)v′(1) +

∫ 1

0
u′′v′′dx, (3.2.1)

for all (u, v) ∈ D(And
S )×H̃2

1

a
,0
(0, 1). Thanks to (3.2.1), one can prove the following theorem,

which contains the main properties of the operator (And
S , D(And

S )).

Theorem 3.2.1. Assume a to be (WD) or (SD) at 0. Then the operator (And
S , D(And

S ))

is non-positive with dense domain and generates a contraction semigroup (Snd
S (t))tg0.
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Proof. The proof is based on [46, Corollary 3.20]. According to this result, it is sufficient

to prove that And
S : D(And

S ) → Hnd
S is dissipative and I − And

S is surjective.

Let us prove that And
S is dissipative: consider (u, v) ∈ D(And

S ). Then (u, v) ∈ D(And
S )×

H̃2
1

a
,0
(0, 1) and (3.2.1) holds. Hence, using the Gauss-Green formula (3.2.1), one has

〈
A

nd
S (u, v), (u, v)

〉
Hnd

S

=
〈
(v,−And

S u), (u, v)
〉
Hnd

S

=

∫ 1

0
u′′v′′dx−

∫ 1

0
vAnd

S u
1

a
dx+ ´u(1)v(1) + µu′(1)v′(1)

= −(u′′′v)(1) + (u′′v′)(1) + ´u(1)v(1) + µu′(1)v′(1)

= v(1)
[
−u′′′(1) + ´u(1)

]
+ v′(1)

[
u′′(1) + µu′(1)

]

= −v2(1)− (v′(1))2 f 0.

By [46, Chapter 2.3], the operator (And
S , D(And

S )) is dissipative.

Now, we prove that I − And
S is surjective: consider (f, g) ∈ Hnd

S . We have to prove

that there exists (u, v) ∈ D(And
S ) such that

(
I − A

nd
S

)
(
u

v

)
=

(
f

g

)
⇐⇒




v = u− f,

And
S u+ u = f + g.

(3.2.2)

Thus, define

Fnd
S : H̃2

1

a
,0
(0, 1) → R

as

Fnd
S (z) :=

∫ 1

0
(f + g)z

1

a
dx+ z(1)f(1) + z′(1)f ′(1), ∀ z ∈ H̃2

1

a
,0
(0, 1).

Obviously, Fnd
S ∈

(
H̃2

1

a
,0
(0, 1)

)∗
, being

(
H̃2

1

a
,0
(0, 1)

)∗
the dual space of H̃2

1

a
,0
(0, 1) with

respect to the pivot space L2
1

a

(0, 1). Now, introduce the bilinear form

Gnd
S : H̃2

1

a
,0
(0, 1)× H̃2

1

a
,0
(0, 1) → R

given by

Gnd
S (φ, z) :=

∫ 1

0
φz

1

a
dx+

∫ 1

0
φ′′z′′dx+ (´ + 1)φ(1)z(1) + (µ + 1)φ′(1)z′(1),

for all φ, z ∈ H̃2
1

a
,0
(0, 1). Thanks to the equivalence of the norms given in Proposition

1.2.3, we obtain that Gnd
S is coercive. Moreover, Gnd

S is continuous. Indeed, by (1.2.19),

(1.2.20), ∣∣Gnd
S (φ, z)

∣∣ f ∥φ∥L2
1
a

(0,1) ∥z∥L2
1
a

(0,1) +
∥∥φ′′∥∥

L2(0,1)

∥∥z′′
∥∥
L2(0,1)

+ (´ + 1) |φ(1)| · |z(1)|+ (µ + 1)
∣∣φ′(1)

∣∣ ·
∣∣z′(1)

∣∣

f ∥φ∥L2
1
a

(0,1) ∥z∥L2
1
a

(0,1) +
∥∥φ′′∥∥

L2(0,1)

∥∥z′′
∥∥
L2(0,1)

+ (´ + 1) ∥φ∥2 ∥z∥2 + (µ + 1) ∥φ∥2 ∥z∥2 ,
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for all φ, z ∈ H̃2
1

a
,0
(0, 1), and the conclusion follows again by the equivalence of the norms.

As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u ∈
H̃2

1

a
,0
(0, 1) of

Gnd
S (u, z) = Fnd

S (z), for all z ∈ H̃2
1

a
,0
(0, 1),

namely ∫ 1

0
uz

1

a
dx+

∫ 1

0
u′′z′′dx+ (´ + 1)u(1)z(1) + (µ + 1)u′(1)z′(1)

=

∫ 1

0
(f + g)z

1

a
dx+ z(1)f(1) + z′(1)f ′(1),

(3.2.3)

for all z ∈ H̃2
1

a
,0
(0, 1).

Now, consider v := u − f ; then, v ∈ H̃2
1

a
,0
(0, 1). We will prove that (u, v) ∈ D(And

S )

and solves (3.2.2). To begin with, (3.2.3) holds for every z ∈ C∞
c ((0, 1)). Thus, we have

∫ 1

0
u′′z′′dx =

∫ 1

0
(f + g − u)z

1

a
dx,

for every z ∈ C∞
c ((0, 1)). Hence, (u′′)′′ = (f+g−u)1

a
a.e. in (0, 1), i.e. And

S u = f+g−u ∈
L2

1

a

(0, 1) a.e. in (0, 1). Thus, as in [23, Theorem 2.1], u ∈ D(And
S ) and u+And

S u = f + g.

Coming back to (3.2.3), by (3.2.1), we know that

∫ 1

0
u′′′′z dx− (u′′′z)(1) + (u′′z′)(1) + (´ + 1)u(1)z(1) + (µ + 1)u′(1)z′(1)

=

∫ 1

0
(f + g − u)z

1

a
dx+ z(1)f(1) + z′(1)f ′(1),

for every z ∈ H̃2
1

a
,0
(0, 1). Since u′′′′ = (f + g − u)

1

a
a.e. in (0, 1), we obtain




−u′′′(1)z(1) + (´ + 1)u(1)z(1) = z(1)f(1),

u′′(1)z′(1) + (µ + 1)u′(1)z′(1) = z′(1)f ′(1),

for every z ∈ H̃2
1

a
,0
(0, 1). In particular,




−u′′′(1) + (´ + 1)u(1) = f(1),

u′′(1) + (µ + 1)u′(1) = f ′(1).

However, recalling that v = u − f and substituting it in the previous equations, we have

that 


−u′′′(1) + ´u(1) = −v(1),

u′′(1) + µu′(1) = −v′(1).

In conclusion (u, v) ∈ D(And
S ) and it solves (3.2.2).
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As in Section 2.2, using the operator (And
S , D(And

S )), we can rewrite (3.0.1) as a Cauchy

problem. Hence, by [15, Part II-1, Propositions 3.1 and 3.3], one has the following well-

posedness result.

Theorem 3.2.2. Assume a to be (WD) or (SD) at 0. If (y0, y1) ∈ Hnd
S , then there exists

a unique mild solution

y ∈ C
1
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

(
[0,+∞); H̃2

1

a
,0
(0, 1)

)

of (3.0.1) which depends continuously on the initial data (y0, y1) ∈ Hnd
S . Moreover, if

(y0, y1) ∈ D(And
S ), then the solution y is classical, in the sense that

y ∈ C
2
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

1
(
[0,+∞); H̃2

1

a
,0
(0, 1)

)
∩ C

(
[0,+∞);D(And

S )
)

and the equation of (3.0.1) holds for all t g 0.

3.2.2 Energy estimates

In this subsection we prove that the energy associated to (3.0.1) decreases exponentially

under suitable assumptions. As a first step, we give the following definition.

Definition 3.2.1. Let y be a mild solution of (3.0.1) and define its energy as

End
S,y(t) :=

1

2

∫ 1

0

(
y2t (t, x)

a(x)
+ y2xx(t, x)

)
dx+

´

2
y2(t, 1) +

µ

2
y2x(t, 1), ∀ t g 0,

where we recall that ´, µ g 0.

Thus, if ´, µ ̸= 0 and y is a mild solution, then

y2(t, 1) f 2

´
End

S,y(t) and y2x(t, 1) f
2

µ
End

S,y(t);

on the other hand, for all ´ g 0 and µ g 0, one can conclude that

y2(t, 1) f 2End
S,y(t) and y2x(t, 1) f 2End

S,y(t),

thanks to (1.2.19)-(1.2.21). Thus, we have

y2(t, 1) f C´E
nd
S,y(t) and y2x(t, 1) f CµE

nd
S,y(t), (3.2.4)

where C´ :=





2min

{
1,

1

´

}
, ´ ̸= 0,

2, ´ = 0,

and Cµ :=





2min

{
1,

1

µ

}
, µ ̸= 0,

2, µ = 0.

In the following theorem we prove that the energy is non-increasing.
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Theorem 3.2.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution of

(3.0.1). Then the energy is non-increasing. In particular,

dEnd
S,y(t)

dt
= −y2t (t, 1)− y2tx(t, 1), ∀ t g 0.

Proof. Multiplying the equation ytt + a(x)yxxxx = 0 by
yt
a

and integrating over (0, 1), we

have 0 = 1
2

∫ 1
0

(
y2t
a

)

t
dx +

∫ 1
0 yxxxx ytdx. Using the boundary conditions and (3.2.1), one

has

0 =
1

2

∫ 1

0

(
y2t
a

)

t

dx+ yxxx(t, 1)yt(t, 1)− ytx(t, 1)yxx(t, 1) +

∫ 1

0
yxxytxxdx

=
1

2

d

dt

(∫ 1

0

(
y2t
a

+ y2xx

)
dx+ ´y2(t, 1) + µy2x(t, 1)

)
+ y2t (t, 1) + y2tx(t, 1)

=
d

dt
End

S,y(t) + y2t (t, 1) + y2tx(t, 1).

Hence, d
dt
End

S,y(t) = −y2t (t, 1) − y2tx(t, 1) f 0, ∀ t g 0, and, consequently, the energy End
S,y

associated to y is non-increasing.

In the subsequent propositions we establish some important equalities to obtain the

stability result.

The following equality holds.

Proposition 3.2.1. Assume a to be (WD) or (SD) at 0. If y is a classical solution of

(3.0.1), then

0 =2

∫ 1

0

[
yt
x

a
yx

]t=T

t=s

dx− 1

a(1)

∫ T

s

y2t (t, 1)dt+

∫

Qs

y2t
a

(
1− xa′

a

)
dx dt

+ 3

∫

Qs

y2xxdx dt+ 2´

∫ T

s

yx(t, 1)y(t, 1)dt+ 2

∫ T

s

yx(t, 1)yt(t, 1)dt

+ 2µ

∫ T

s

y2x(t, 1)dt+ 2

∫ T

s

yx(t, 1)ytx(t, 1)dt−
∫ T

s

y2xx(t, 1)dt,

(3.2.5)

for every s ∈ (0, T ). Here Qs := (s, T )× (0, 1).

Proof. Fix s ∈ (0, T ). Multiplying the equation in (3.0.1) by
xyx
a

and integrating over Qs,

we have

0 =

∫

Qs

ytt
xyx
a
dx dt+

∫

Qs

ayxxxx
xyx
a
dx dt. (3.2.6)

Note that the previous integrals are well defined; indeed,
∣∣∣∣∣ytt

xyx
a

∣∣∣∣∣ =
∣∣∣∣∣
ytt√
a

x√
a
yx

∣∣∣∣∣ f
1

a(1)

∣∣∣∣∣
ytt√
a

∣∣∣∣∣|yx| ∈ L1(0, 1)

and ∣∣∣∣∣ayxxxx
xyx
a

∣∣∣∣∣ f
1

a(1)

∣∣∣∣∣
And

S y√
a

∣∣∣∣∣|yx| ∈ L1(0, 1).
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Integrating by parts the first integral in (3.2.6) and observing that limx→0
x

a(x)y
2
t (t, x) = 0

(by Lemma 1.2.3), we obtain

∫

Qs

ytt
xyx
a
dx dt =

∫ 1

0

[
yt
xyx
a

]t=T

t=s

dx− 1

2

∫ T

s

[
x

a
y2t

]x=1

x=0

dt+
1

2

∫

Qs

(x
a

)′
y2t dx dt

=

∫ 1

0

[
yt
xyx
a

]t=T

t=s

dx− 1

2a(1)

∫ T

s

y2t (t, 1)dt+
1

2

∫

Qs

y2t
a

(
1− xa′

a

)
dx dt.

(3.2.7)

Now, consider the second integral in (3.2.6). We will distinguish between the (WD) case

and the (SD) one.

Assume a to be (WD) at 0: in this case xyx ∈ H̃2
1

a
,0
(0, 1). Indeed, one can prove that

xyx ∈ L2
1

a

(0, 1) and, as written before Lemma 1.2.2, if y ∈ D(And
S ), then y ∈ C3([0, 1]);

thus, xyx ∈ H2(0, 1). Moreover, (xyx)(t, 0) = 0 = (xyx)x(t, 0). Hence, we can apply

Lemma 1.2.2, obtaining
∫

Qs

xyxyxxxxdx dt

=

∫ T

s

yx(t, 1)yxxx(t, 1)dt−
∫ T

s

yxx(t, 1)(xyx)x(t, 1)dt+

∫

Qs

(xyx)xxyxxdx dt

=

∫ T

s

yx(t, 1)yxxx(t, 1)dt−
∫ T

s

yx(t, 1)yxx(t, 1)dt−
1

2

∫ T

s

y2xx(t, 1)dt

+
3

2

∫

Qs

y2xxdx dt

=

∫ T

s

yx(t, 1)
[
´y(t, 1) + yt(t, 1)

]
dt−

∫ T

s

yx(t, 1)
[
−µyx(t, 1)− ytx(t, 1)

]
dt

− 1

2

∫ T

s

y2xx(t, 1)dt+
3

2

∫

Qs

y2xxdx dt.

(3.2.8)

Assume a to be (SD) at 0: fix ¶ ∈ (0, 1); then, using the boundary conditions, one has

∫ T

s

∫ 1

¶

xyxyxxxxdx dt

=

∫ T

s

[
xyxyxxx

]x=1

x=¶
dt−

∫ T

s

[
(xyx)xyxx

]x=1

x=¶
dt+

∫ T

s

∫ 1

¶

(xyx)xxyxxdx dt

=

∫ T

s

(xyxyxxx)(t, 1)dt−
∫ T

s

(xyxyxxx)(t, ¶)dt−
∫ T

s

((xyx)xyxx)(t, 1)dt

+

∫ T

s

((xyx)xyxx)(t, ¶)dt+

∫ T

s

∫ 1

¶

(xyx)xxyxxdx dt

=

∫ T

s

(yxyxxx)(t, 1)dt−
∫ T

s

(xyxyxxx)(t, ¶)dt−
∫ T

s

(yxyxx)(t, 1)dt−
∫ T

s

y2xx(t, 1)dt

+

∫ T

s

(yxyxx)(t, ¶)dt+

∫ T

s

(xy2xx)(t, ¶)dt+

∫ T

s

∫ 1

¶

(xyx)xxyxxdx dt.

(3.2.9)

By Proposition 1.2.2, we know that yxx ∈ W 1,1(0, 1); thus, lim¶→0(xy
2
xx)(t, ¶) = 0 and

lim¶→0(yxyxx)(t, ¶) = 0, being yx(t, 0) = 0. Furthermore, lim¶→0(xyxyxxx)(t, ¶) = 0, by
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Lemma 1.2.3.

Now, consider the term
∫ 1
¶
(xyx)xxyxxdx. Obviously,

∫ 1

¶

(xyx)xxyxxdx = 2

∫ 1

¶

y2xxdx+
1

2

∫ 1

¶

x(y2xx)xdx

= 2

∫ 1

¶

y2xxdx+
1

2
y2xx(t, 1)−

1

2
(xy2xx)(t, ¶)−

1

2

∫ 1

¶

y2xxdx.

By the absolute continuity of the integral and the boundary conditions, one has

lim
¶→0

∫ 1

¶

(xyx)xxyxxdx =
3

2

∫ 1

0
y2xxdx+

1

2
y2xx(t, 1).

Thus, by (3.2.9), the previous limits and the boundary conditions, one has the following

equality
∫

Qs

xyxyxxxxdx dt =

∫ T

s

yx(t, 1)
[
´y(t, 1) + yt(t, 1)

]
dt

−
∫ T

s

yx(t, 1)
[
−µyx(t, 1)− ytx(t, 1)

]
dt− 1

2

∫ T

s

y2xx(t, 1)dt+
3

2

∫

Qs

y2xxdx dt

(3.2.10)

also if a is (SD) at 0. Hence, by (3.2.6)-(3.2.8), and (3.2.10), one has

0 =

∫ 1

0

[
yt
xyx
a

]t=T

t=s

dx− 1

2a(1)

∫ T

s

y2t (t, 1)dt+
1

2

∫

Qs

y2t
a

(
1− xa′

a

)
dx dt

+
3

2

∫

Qs

y2xxdx dt+ ´

∫ T

s

yx(t, 1)y(t, 1)dt+

∫ T

s

yx(t, 1)yt(t, 1)dt

+ µ

∫ T

s

y2x(t, 1)dt+

∫ T

s

yx(t, 1)ytx(t, 1)dt−
1

2

∫ T

s

y2xx(t, 1)dt.

Multiplying the previous equality by 2, we have the thesis.

As a consequence of the previous proposition, one has the following relation.

Proposition 3.2.2. Assume a to be (WD) or (SD) at 0. If y is a classical solution of

(3.0.1), then

∫

Qs

y2t
a

(
Ka

2
+ 1− xa′

a

)
dx dt+

∫

Qs

y2xx

(
3− Ka

2

)
dx dt = (B.T.)nd, (3.2.11)

for every s ∈ (0, T ), where

(B.T.)nd =
Ka

2

∫ 1

0

[
yyt
a

]t=T

t=s

dx− 2

∫ 1

0

[
yt
x

a
yx

]t=T

t=s

dx+
Ka´

2

∫ T

s

y2(t, 1)dt

+
Ka

2

∫ T

s

y(t, 1)yt(t, 1)dt+ µ

(
Ka

2
− 2

)∫ T

s

y2x(t, 1)dt

+

(
Ka

2
− 2

)∫ T

s

yx(t, 1)ytx(t, 1)dt+

∫ T

s

y2t (t, 1)

a(1)
dt− 2´

∫ T

s

yx(t, 1)y(t, 1)dt

− 2

∫ T

s

yx(t, 1)yt(t, 1)dt+

∫ T

s

y2xx(t, 1)dt.
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Proof. Let y be a classical solution of (3.0.1) and fix s ∈ (0, T ). Multiplying the equation

in (3.0.1) by
y

a
, integrating over Qs and using (3.2.1), we obtain

0 =

∫

Qs

ytt
y

a
dx dt+

∫

Qs

yyxxxxdx dt

=

∫ 1

0

[
yt
y

a

]t=T

t=s

dx−
∫

Qs

y2t
a
dx dt+

∫ T

s

(yyxxx)(t, 1)dt

−
∫ T

s

(yxyxx)(t, 1)dt+

∫

Qs

y2xxdx dt.

(3.2.12)

Obviously, all the previous integrals make sense and multiplying (3.2.12) by
Ka

2
, one has

0 =
Ka

2

∫

Qs

(
−y

2
t

a
+ y2xx

)
dx dt+

Ka

2

∫ 1

0

[
yt
y

a

]t=T

t=s

dx

+
Ka

2

∫ T

s

y(t, 1)yxxx(t, 1)dt−
Ka

2

∫ T

s

yx(t, 1)yxx(t, 1)dt.

(3.2.13)

By summing (3.2.5) and (3.2.13), we get the thesis.

By (3.2.11), we have the following estimate.

Proposition 3.2.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution

of (3.0.1). Then there exists ε0 > 0 such that

ε0
2

∫

Qs

(
y2t
a

+ y2xx

)
dx dt f

(
4ϑ+ ϱ+

Cµ

2

(
2− Ka

2

))
End

S,y(s)

+

(
Ka´

2
+
Ka

4
+ ´

)∫ T

s

y2(t, 1)dt+
(
´ + 1 + 2µ2

) ∫ T

s

y2x(t, 1)dt,

for every s ∈ (0, T ), where

ϑ := max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
and ϱ := max

{
2,
Ka

4
+ 1 +

1

a(1)

}
.

Proof. By assumption, Ka < 2; hence, there exists ε0 > 0 such that 2−Ka g ε0. Thus,

Ka

2
+ 1− xa′

a
=

(2−Ka) a+ 2 (Kaa− xa′)
2a

g ε0
2

and 3− Ka

2
> 1− Ka

2
g ε0

2
.

Using the previous inequalities, the boundary terms in (3.2.11) can be estimated by below

in the following way:

(B.T.)nd =

∫

Qs

y2t
a

(
Ka

2
+ 1− xa′

a

)
dx dt+

∫

Qs

y2xx

(
3− Ka

2

)
dx dt

g ε0
2

∫

Qs

(
y2t
a

+ y2xx

)
dx dt.

(3.2.14)
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Now, we estimate the boundary terms from above. First of all, consider the integral∫ 1

0

(
−2yt

x

a
yx +

Ka

2

yyt
a

)
(Ä, x)dx for all Ä ∈ [s, T ]. Using the fact that

x2

a(x)
f 1

a(1)
,

together with the classical Hardy inequality, (1.2.12) and (1.2.13), one has

∫ 1

0

(
−2yt

x

a
yx +

Ka

2

yyt
a

)
(Ä, x)dx

f
∫ 1

0

(
x2y2x
a

)
(Ä, x)dx+

∫ 1

0

y2t
a
(Ä, x)dx+

Ka

4

∫ 1

0

y2t
a
(Ä, x)dx+

Ka

4

∫ 1

0

y2

a
(Ä, x)dx

f 1

a(1)

∫ 1

0
y2x(Ä, x)dx+

(
1 +

Ka

4

)∫ 1

0

y2t
a
(Ä, x)dx+

KaCHP

4

∫ 1

0

x2y2x
x2

(Ä, x)dx

f 1

a(1)

∫ 1

0

x2y2x
x2

(Ä, x)dx+

(
1 +

Ka

4

)∫ 1

0

y2t
a
(Ä, x)dx+KaCHP

∫ 1

0
y2xx(Ä, x)dx

f 4

a(1)

∫ 1

0
y2xx(Ä, x)dx+

(
1 +

Ka

4

)∫ 1

0

y2t
a
(Ä, x)dx+KaCHP

∫ 1

0
y2xx(Ä, x)dx

f 2max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
End

S,y(Ä),

for all Ä ∈ [s, T ]. Hence,

∫ 1

0

[
−2yt

x

a
yx +

Ka

2

yyt
a

]t=T

t=s

dx f 4max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
End

S,y(s). (3.2.15)

Now, by (3.2.4) and the fact that Ka < 2, we have

µ

(
Ka

2
− 2

)∫ T

s

y2x(t, 1)dt+

(
Ka

2
− 2

)∫ T

s

yx(t, 1)ytx(t, 1)dt

f
(
Ka

2
− 2

)
1

2

(
y2x(T, 1)− y2x(s, 1)

)
f
(
2− Ka

2

)
1

2
y2x(s, 1)

f
(
2− Ka

2

)
Cµ

2
End

S,y(s).

(3.2.16)

Obviously,

Ka

2

∫ T

s

y(t, 1)yt(t, 1)dt f
Ka

4

∫ T

s

y2(t, 1)dt+
Ka

4

∫ T

s

y2t (t, 1)dt, (3.2.17)

−´
∫ T

s

2yx(t, 1)y(t, 1)dt f ´

∫ T

s

2|(yxy)(t, 1)|dt f ´

∫ T

s

y2x(t, 1)dt+ ´

∫ T

s

y2(t, 1)dt

(3.2.18)

and

−
∫ T

s

2yx(t, 1)yt(t, 1)dt f
∫ T

s

2|(yxyt)(t, 1)|dt f
∫ T

s

y2x(t, 1)dt+

∫ T

s

y2t (t, 1)dt. (3.2.19)

Furthermore, recalling that µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0, one has
∫ T

s

y2xx(t, 1)dt f 2µ2
∫ T

s

y2x(t, 1)dt+ 2

∫ T

s

y2tx(t, 1)dt. (3.2.20)
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Hence, by (3.2.14)-(3.2.20), and Theorem 3.2.3, we have

ε0
2

∫

Qs

(
y2t
a

+ y2xx

)
dx dt

f 4max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
End

S,y(s)

+

(
2− Ka

2

)
Cµ

2
End

S,y(s) +

(
Ka

4
+ 1 +

1

a(1)

)∫ T

s

y2t (t, 1)dt+ 2

∫ T

s

y2tx(t, 1)dt

+

(
Ka´

2
+
Ka

4
+ ´

)∫ T

s

y2(t, 1)dt+
(
´ + 1 + 2µ2

) ∫ T

s

y2x(t, 1)dt

f 4max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
End

S,y(s) +

(
2− Ka

2

)
Cµ

2
End

S,y(s)

+ max

{
2,
Ka

4
+ 1 +

1

a(1)

}∫ T

s

− d

dt
End

S,y(t)dt

+

(
Ka´

2
+
Ka

4
+ ´

)∫ T

s

y2(t, 1)dt+
(
´ + 1 + 2µ2

) ∫ T

s

y2x(t, 1)dt

f 4max

{
4

a(1)
+KaCHP , 1 +

Ka

4

}
End

S,y(s) +

(
2− Ka

2

)
Cµ

2
End

S,y(s)

+ max

{
2,
Ka

4
+ 1 +

1

a(1)

}
End

S,y(s)

+

(
Ka´

2
+
Ka

4
+ ´

)∫ T

s

y2(t, 1)dt+
(
´ + 1 + 2µ2

) ∫ T

s

y2x(t, 1)dt,

and the thesis holds.

In the subsequent proposition we will find an estimate from above for

∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt.

To this aim, the following result is crucial.

Proposition 3.2.4. Let z ∈ H̃2
1

a
,0
(0, 1) be the unique solution of (1.2.17) and ¼, µ ∈ R.

We have that z ∈ D(And
S ) and solves





And
S z = 0,

´z(1)− z′′′(1) = ¼,

µz′(1) + z′′(1) = µ.

(3.2.21)

Proof. In order to prove that z belongs to D(And
S ) and solves (3.2.21), we consider again

(1.2.17); naturally, it holds for every φ ∈ C∞
c ((0, 1)), so that

∫ 1
0 z

′′φ′′dx = 0, for all φ ∈
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C∞
c ((0, 1)). Thus, z′′ is constant a.e. in (0, 1) (see, e.g., [61, Lemma 1.2.1]) and, so,

az′′′′ = 0 a.e. in (0, 1); in particular, And
S z = az′′′′ ∈ L2

1

a

(0, 1); this implies that z ∈ D(And
S ).

Now, coming back to (1.2.17) and using (3.2.1), we have
∫ 1

0
z′′φ′′dx+ ´z(1)φ(1) + µz′(1)φ′(1) = ¼φ(1) + µφ′(1)

⇐⇒ −z′′′(1)φ(1) + (z′′φ′)(1) + ´z(1)φ(1) + µ(z′φ′)(1) = ¼φ(1) + µφ′(1),

for all φ ∈ H̃2
1

a
,0
(0, 1). Thus, −z′′′(1) + ´z(1) = ¼ and µz′(1) + z′′(1) = µ, that is z solves

(3.2.21).

Now, set

¿ :=
1

C´ + Cµ
. (3.2.22)

Proposition 3.2.5. Assume a to be (WD) or (SD) at 0 and let y be a classical solution

of (3.0.1). Then, for every s ∈ (0, T ) and for every ¶ ∈ (0, ¿), we have
∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt f
2¶

C¶

∫ T

s

End
S,y(t)dt

+
1

C¶

(
2
(
1 +

(
4CHP + 1

)(
C´ + Cµ

))
+

1

¶

(
8CHP + 3

))
End

S,y(s),

where

C¶ := 1− ¶(C´ + Cµ).

Proof. Set ¼ = y(t, 1), µ = yx(t, 1), where t ∈ [s, T ], and let z = z(t, ·) ∈ H̃2
1

a
,0
(0, 1) be the

unique solution of
∫ 1

0
zxxφ

′′dx+ ´z(t, 1)φ(1) + µzx(t, 1)φ
′(1) = ¼φ(1) + µφ′(1), ∀ φ ∈ H̃2

1

a
,0
(0, 1).

By Proposition 3.2.4, z(t, ·) ∈ D(And
S ) for all t and solves (3.2.21). Now, multiplying the

equation in (3.0.1) by
z

a
and integrating over Qs (recall that Qs is defined in Proposition

3.2.1), we have

0 =

∫

Qs

ytt
z

a
dx dt+

∫

Qs

zyxxxxdx dt

=

∫ 1

0

[
yt
z

a

]t=T

t=s

dx−
∫

Qs

ytzt
a
dx dt+

∫ T

s

z(t, 1)yxxx(t, 1)dt−
∫ T

s

zx(t, 1)yxx(t, 1)dt

+

∫

Qs

zxxyxxdx dt.

(3.2.23)

Hence, (3.2.23) reads
∫ 1

0

[
yt
z

a

]t=T

t=s

dx−
∫

Qs

ytzt
a
dx dt =−

∫ T

s

z(t, 1)yxxx(t, 1)dt+

∫ T

s

zx(t, 1)yxx(t, 1)dt

−
∫

Qs

zxxyxxdx dt.

(3.2.24)
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Furthermore, multiplying the equation in (3.2.21) by
y

a
and integrating over Qs, we have

∫
Qs
zxxxxy dx dt = 0. By (3.2.1), we get

∫

Qs

zxxyxxdx dt = −
∫ T

s

zxxx(t, 1)y(t, 1)dt+

∫ T

s

yx(t, 1)zxx(t, 1)dt.

Substituting in (3.2.24), using the fact that zxxx(t, 1) = ´z(t, 1)−¼, zxx(t, 1) = −µzx(t, 1)+
µ, ¼ = y(t, 1) and µ = yx(t, 1), we have

∫ 1

0

[
yt
z

a

]t=T

t=s

dx−
∫

Qs

ytzt
a
dx dt

=−
∫ T

s

z(t, 1)yxxx(t, 1)dt+

∫ T

s

zx(t, 1)yxx(t, 1)dt+

∫ T

s

zxxx(t, 1)y(t, 1)dt

−
∫ T

s

yx(t, 1)zxx(t, 1)dt

=−
∫ T

s

z(t, 1)yxxx(t, 1)dt+

∫ T

s

zx(t, 1)yxx(t, 1)dt+

∫ T

s

y(t, 1)
[
´z(t, 1)− ¼

]
dt

−
∫ T

s

yx(t, 1)
[
−µzx(t, 1) + µ

]
dt

=

∫ T

s

z(t, 1)
[
´y(t, 1)− yxxx(t, 1)

]
dt

+

∫ T

s

zx(t, 1)
[
yxx(t, 1) + µyx(t, 1)

]
dt−

∫ T

s

y2(t, 1)dt−
∫ T

s

y2x(t, 1)dt.

Then
∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt =−
∫ T

s

(ytz)(t, 1)dt−
∫ T

s

(zxytx)(t, 1)dt

−
∫ 1

0

[
yt
z

a

]t=T

t=s

dx+

∫

Qs

ytzt
a
dx dt.

(3.2.25)

Thus, in order to estimate
∫ T

s
y2(t, 1)dt+

∫ T

s
y2x(t, 1)dt, we have to consider the four terms

in the previous equality. So, by (1.2.18) and (3.2.4), we have, for all Ä ∈ [s, T ],

∫ 1

0

∣∣∣
ytz

a
(Ä, x)

∣∣∣dx f 1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx+

1

2

∫ 1

0

z2(Ä, x)

a(x)
dx

f 1

2

∫ 1

0

y2t (Ä, x)

a(x)
dx+

(
4CHP + 1

)(
y2(t, 1) + y2x(t, 1)

)

f
(
1 +

(
4CHP + 1

)(
C´ + Cµ

))
End

S,y(s).

By Theorem 3.2.3,
∣∣∣∣∣

∫ 1

0

[
ytz

a

]t=T

t=s

dx

∣∣∣∣∣ f 2
(
1 +

(
4CHP + 1

)(
C´ + Cµ

))
End

S,y(s). (3.2.26)

Moreover, for any ¶ > 0, we have

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2t (t, 1)dt+ ¶

∫ T

s

z2(t, 1)dt. (3.2.27)
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By definition of ||| · ||| 1
a
, if ´ ̸= 0, one has z2(t, 1) f 1

´
|||z|||21

a

f 1
´
(|¼|+ |µ|)2 f 2

´

(
y2(t, 1)+

y2x(t, 1)
)
; moreover, for all ´, and in particular for ´ = 0, it results that z2(t, 1) f |||z|||21

a

f
2
(
y2(t, 1) + y2x(t, 1)

)
, by (1.2.20) and (1.2.21). Hence, z2(t, 1) f C´

(
y2(t, 1) + y2x(t, 1)

)
.

Thus, by (3.2.27), we have

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2t (t, 1)dt+ ¶C´

∫ T

s

(y2 + y2x)(t, 1)dt. (3.2.28)

In a similar way, it is possible to find the following estimate:

∫ T

s

∣∣(zxytx)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2tx(t, 1)dt+ ¶Cµ

∫ T

s

(y2 + y2x)(t, 1)dt, (3.2.29)

being z2x(t, 1) f Cµ

(
y2(t, 1)+y2x(t, 1)

)
for all µ g 0 (by definition of |||·||| 1

a
and by (1.2.19)).

Therefore, summing (3.2.28) and (3.2.29) and applying Theorem 3.2.3, we obtain

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt+

∫ T

s

∣∣(zxytx)(t, 1)
∣∣dt

f 1

¶

∫ T

s

− d

dt
End

S,y(t)dt+ ¶(C´ + Cµ)

∫ T

s

(y2 + y2x)(t, 1)dt

f
End

S,y(s)

¶
+ ¶(C´ + Cµ)

∫ T

s

(y2 + y2x)(t, 1)dt.

(3.2.30)

Finally, we estimate the last integral in (3.2.25), i.e.

∫

Qs

ytzt
a
dx dt. To this aim, consider

again problem (3.2.21) and differentiate it with respect to t. Thus,





a(zt)xxxx = 0,

´zt(t, 1)− (zt)xxx(t, 1) = yt(t, 1),

µ(zt)x(t, 1) + (zt)xx(t, 1) = (yx)t(t, 1).

Evidently, zt satisfies (1.2.18), in particular

∥zt(t)∥2L2
1
a

(0,1) f
(
4CHP + 1

)
(|yt(t, 1)|+ |ytx(t, 1)|)2

and

|||zt(t)|||21
a

f (|yt(t, 1)|+ |ytx(t, 1)|)2.

Thus, for ¶ > 0, we find

∫

Qs

∣∣∣
ytzt
a

∣∣∣dx dt f ¶

∫

Qs

y2t
a
dx dt+

1

¶

∫

Qs

z2t
a
dx dt

f 2¶

∫ T

s

End
S,y(t)dt+

2

¶

(
4CHP + 1

) ∫ T

s

(
y2t (t, 1) + y2tx(t, 1)

)
dt

= 2¶

∫ T

s

End
S,y(t)dt+

2

¶

(
4CHP + 1

) ∫ T

s

− d

dt
End

S,y(t)dt

f 2¶

∫ T

s

End
S,y(t)dt+

2

¶

(
4CHP + 1

)
End

S,y(s).

(3.2.31)
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Coming back to (3.2.25) and using (3.2.26), (3.2.30), (3.2.31), we obtain

C¶

∫ T

s

(
y2(t, 1) + y2x(t, 1)

)
dt f 2

(
1 +

(
4CHP + 1

)(
C´ + Cµ

))
End

S,y(s)

+ 2¶

∫ T

s

End
S,y(t)dt+

1

¶

(
8CHP + 3

)
End

S,y(s),

for every ¶ ∈ (0, ¿), and the thesis follows.

As a consequence of Propositions 3.2.3 and 3.2.5, we can formulate the main result of

this subsection, whose proof is based on the following lemma.

Lemma 3.2.1 ([64], Theorem 8.1). Assume that E: [0,+∞) → [0,+∞) is a non-increasing

function and that there exists a constant M > 0 such that
∫ +∞

t

E(s) ds fME(t), ∀ t ∈ [0,+∞).

Then

E(t) f E(0)e1−
t
M , ∀ t ∈ [M,+∞).

Theorem 3.2.4. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of

(3.0.1). Then, for all t gMnd and for all ¶ ∈
(
0,min

{
¿,
ε0
C1

})
, one has

End
S,y(t) f End

S,y(0)e
1− t

Mnd , (3.2.32)

where Mnd :=
C2

ε0 − ¶C1
,

C1 :=
2

C¶

(
Ka´

2
+
Ka

4
+ ´ + ε0

´

2
+ ´ + 1 + 2µ2 + ε0

µ

2

)
,

C2 := 4ϑ+ ϱ+
Cµ

2

(
2− Ka

2

)
+ C3

and

C3 :=
1

C¶

(
2
(
1 +

(
4CHP + 1

)(
C´ + Cµ

))
+

1

¶

(
8CHP + 3

)
)
·

·
(
Ka´

2
+
Ka

4
+ ´ + ε0

´

2
+ ´ + 1 + 2µ2 + ε0

µ

2

)
.

Here ε0, ϑ and ϱ are as in Proposition 3.2.3 and ¿ is the constant defined in (3.2.22).

Proof. As a first step, consider y a classical solution of (3.0.1) and consider ¶ > 0 such

that ¶ < min
{
¿,
ε0
C1

}
. By definition of End

S,y and Propositions 3.2.3 and 3.2.5, we have

ε0

∫ T

s

End
S,y(t)dt

=
ε0
2

∫

Qs

(
y2t (t, x)

a(x)
+ y2xx(t, x)

)
dx dt+ ε0

´

2

∫ T

s

y2(t, 1)dt+ ε0
µ

2

∫ T

s

y2x(t, 1)dt
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f
(
4ϑ+ ϱ+

Cµ

2

(
2− Ka

2

))
End

S,y(s) +

(
Ka´

2
+
Ka

4
+ ´ + ε0

´

2

)∫ T

s

y2(t, 1)dt

+

(
´ + 1 + 2µ2 + ε0

µ

2

)∫ T

s

y2x(t, 1)dt

f
(
4ϑ+ ϱ+

Cµ

2

(
2− Ka

2

)
+ C3

)
End

S,y(s) + ¶C1

∫ T

s

End
S,y(t)dt.

This implies
[
ε0− ¶C1

] ∫ T

s
End

S,y(t)dt f C2E
nd
S,y(s). Hence, we can apply Lemma 3.2.1 with

Mnd := C2

ε0−¶C1
and (3.2.32) holds. If y is the mild solution of the problem, we can proceed

as in [52], obtaining the thesis.

3.3 The problem in divergence form

In this section we study the second problem of the chapter, i.e. the linear stabilisation of

the degenerate beam problem (3.0.2).

As for the control problem, one can rewrite the operator in (DF) as the operator in

(NDF) obtaining the results for the divergence case from the ones in the non-divergence

one. This is possible, but one has to make stronger assumptions on the function a, without

taking into account that the natural space for the problem in (DF) is L2(0, 1) and not

the weighted space L2
1

a

(0, 1) as in the non-divergence case. Thus, a different kind of

analysis is required in the current section and we are forced to study the divergence case

independently from the non-divergence one.

In order to study the well-posedness of (3.0.2), the reference spaces are H̃1
a,0(0, 1),

H̃1,1
a,0(0, 1), W(0, 1) and W0(0, 1) (see (1.3.18)-(1.3.20), (1.3.34), (1.3.35), respectively). In

these spaces we consider the operator (Ad
S , D(Ad

S)) given by

Ad
Su := (a(x)u′′)′′, for all u ∈ D(Ad

S) := W0(0, 1).

3.3.1 The energy space and the well-posedness of the problem

The description of the functional setting needed to study (3.0.2) is completed introducing

the associated energy space

H
d
S := H̃1,1

a,0(0, 1)× L2(0, 1),

endowed with inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hd

S
:=
〈√

au′′,
√
aũ′′
〉
L2(0,1)

+ ïv, ṽðL2(0,1) + ´u(1)ũ(1) + µu′(1)ũ′(1)

and

∥(u, v)∥2
Hd

S
:=
∥∥√au′′

∥∥2
L2(0,1)

+ ∥v∥2L2(0,1) + ´u2(1) + µ(u′(1))2,
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for every (u, v), (ũ, ṽ) ∈ Hd
S .

Now, consider the matrix operator

A
d
S :=

(
0 Id

−Ad
S 0

)
,

with domain

D(Ad
S) :=

{
(u, v) ∈ D(Ad

S)× H̃1,1
a,0(0, 1) : ´u(1)− (au′′)′(1) + v(1) = 0,

µu′(1) + (au′′)(1) + v′(1) = 0
}
.

Thanks to the definitions ofD(Ad
S) and H̃

1,1
a,0(0, 1), we have that u(1), u

′(1), (au′′)(1), (au′′)′(1)

and v(1), v′(1) are well defined. Moreover, the Gauss-Green formulas given in Lemma 1.3.3

become ∫ 1

0
(au′′)′′v dx = ((au′′)′v)(1)− (au′′v′)(1) +

∫ 1

0
au′′v′′dx, (3.3.1)

for all (u, v) ∈ D(Ad
S)× H̃1,1

a,0(0, 1).

Theorem 3.3.1. Assume a to be (WD) or (SD) at 0. Then the operator (Ad
S , D(Ad

S)) is

non-positive with dense domain and generates a contraction semigroup (Sd
S (t))tg0.

Proof. To prove that Ad
S is dissipative, we consider (u, v) ∈ D(Ad

S). Then (u, v) ∈ D(Ad
S)×

H̃1,1
a,0(0, 1) and (3.3.1) holds. Hence,

〈
A

d
S(u, v), (u, v)

〉
Hd

S

=
〈
(v,−Ad

Su), (u, v)
〉
Hd

S

=

∫ 1

0
au′′v′′dx−

∫ 1

0
vAd

Su dx+ ´u(1)v(1) + µu′(1)v′(1)

= −((au′′)′v)(1) + (au′′v′)(1) + ´u(1)v(1) + µu′(1)v′(1)

= v(1)
[
´u(1)− (au′′)′(1)

]
+ v′(1)

[
µu′(1) + (au′′)(1)

]

= −v2(1)− (v′(1))2 f 0,

thus Ad
S is dissipative.

To prove the surjectivity of I −Ad
S , consider (f, g) ∈ Hd

S . We have to prove that there

exists (u, v) ∈ D(Ad
S) such that

(
I − A

d
S

)
(
u

v

)
=

(
f

g

)
⇐⇒




v = u− f,

Ad
Su+ u = f + g.

(3.3.2)

To this purpose, define

F d
S : H̃

1,1
a,0(0, 1) → R

as

F d
S(z) =

∫ 1

0
(f + g)z dx+ z(1)f(1) + z′(1)f ′(1),
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for all z ∈ H̃1,1
a,0(0, 1). Obviously, F d

S ∈
(
H̃1,1

a,0(0, 1)
)∗
, being

(
H̃1,1

a,0(0, 1)
)∗

the dual space of

H̃1,1
a,0(0, 1) with respect to the pivot space L2(0, 1). Now, introduce the bilinear form

Gd
S : H̃

1,1
a,0(0, 1)× H̃1,1

a,0(0, 1) → R

given by

Gd
S(φ, z) :=

∫ 1

0
aφ′′z′′dx+

∫ 1

0
φz dx+ (´ + 1)φ(1)z(1) + (µ + 1)φ′(1)z′(1),

for all φ, z ∈ H̃1,1
a,0(0, 1). Since ´ and µ are non-negative constants, using the equivalence

of the norms given in Proposition 1.3.4, we obtain that Gd
S is coercive. Furthermore, Gd

S

is continuous: indeed, by (1.3.22) and (1.3.26), we have

∣∣Gd
S(φ, z)

∣∣ f
∥∥√aφ′′∥∥

L2(0,1)

∥∥√az′′
∥∥
L2(0,1)

+ ∥φ∥L2(0,1) ∥z∥L2(0,1)

+ (´ + 1) |φ(1)| · |z(1)|+ (µ + 1)
∣∣φ′(1)

∣∣ ·
∣∣z′(1)

∣∣

f
∥∥√aφ′′∥∥

L2(0,1)

∥∥√az′′
∥∥
L2(0,1)

+ ∥φ∥L2(0,1) ∥z∥L2(0,1)

+ (´ + 1)
∥∥φ′∥∥

L2(0,1)

∥∥z′
∥∥
L2(0,1)

+ 2(µ + 1)

( ∥∥√aφ′′∥∥
L2(0,1)√

a(1)
(
2−Ka

) +
∥∥φ′∥∥

L2(0,1)

)( ∥∥√az′′
∥∥
L2(0,1)√

a(1)
(
2−Ka

) +
∥∥z′
∥∥
L2(0,1)

)

fC ∥φ∥H1
a(0,1)

∥z∥H1
a(0,1)

,

for all φ, z ∈ H̃1,1
a,0(0, 1) and for some suitable positive constant C.

As a consequence, by the Lax-Milgram Theorem, there exists a unique solution u ∈
H̃1,1

a,0(0, 1) of

Gd
S(u, z) = F d

S(z), for all z ∈ H̃1,1
a,0(0, 1),

namely ∫ 1

0
au′′z′′dx+

∫ 1

0
uz dx+ (´ + 1)u(1)z(1) + (µ + 1)u′(1)z′(1)

=

∫ 1

0
(f + g)z dx+ z(1)f(1) + z′(1)f ′(1),

(3.3.3)

for all z ∈ H̃1,1
a,0(0, 1). Now, consider v := u − f ; then, v ∈ H̃1,1

a,0(0, 1). We will prove that

(u, v) ∈ D(Ad
S) and solves (3.3.2). As in the proof of Theorem 2.3.1, one can prove that

u ∈ W(0, 1). In particular, u(0) = 0 and u′(0) = 0 if a is (WD) at 0, and (au′′)(0) = 0 if

a is (SD) at 0, by (1.3.36).

Coming back to (3.3.3) and applying the formula of integration by parts (3.3.1), we

obtain
∫ 1

0
(au′′)′′z dx− (au′′)′(1)z(1) + (au′′z′)(1) + (´ + 1)u(1)z(1) + (µ + 1)u′(1)z′(1)

=

∫ 1

0
(f + g − u)z dx+ z(1)f(1) + z′(1)f ′(1).

(3.3.4)
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Since (au′′)′′ = f + g − u a.e. in (0, 1), (3.3.4) implies that

−(au′′)′(1)z(1) + (´ + 1)u(1)z(1) = f(1)z(1), ∀ z ∈ H̃1,1
a,0(0, 1), (3.3.5)

(au′′)(1)z′(1) + (µ + 1)u′(1)z′(1) = f ′(1)z′(1), ∀ z ∈ H̃1,1
a,0(0, 1). (3.3.6)

From (3.3.5) and (3.3.6), it follows

−(au′′)′(1) + (´ + 1)u(1) = f(1) ⇐⇒ −(au′′)′(1) + ´u(1) = f(1)− u(1) = −v(1)

and

(au′′)(1) + (µ + 1)u′(1) = f ′(1) ⇐⇒ (au′′)(1) + µu′(1) = f ′(1)− u′(1) = −v′(1),

respectively, i.e. −(au′′)′(1) + ´u(1) + v(1) = 0 and (au′′)(1) + µu′(1) + v′(1) = 0. Hence,

(u, v) belongs to D(Ad
S) and solves (3.3.2).

Moreover, as in the Subsection 2.3.1, one has the following existence theorem.

Theorem 3.3.2. Assume a to be (WD) or (SD) at 0. If (y0, y1) ∈ Hd
S, then there exists

a unique mild solution

y ∈ C
1
(
[0,+∞);L2(0, 1)

)
∩ C

(
[0,+∞); H̃1,1

a,0(0, 1)
)

of (3.0.2) which depends continuously on the initial data (y0, y1) ∈ Hd
S. Moreover, if

(y0, y1) ∈ D(Ad
S), then the solution y is classical, in the sense that

y ∈ C
2
(
[0,+∞);L2(0, 1)

)
∩ C

1
(
[0,+∞); H̃1,1

a,0(0, 1)
)
∩ C

(
[0,+∞);D(Ad

S)
)

and the equation of (3.0.2) holds for all t g 0.

3.3.2 Energy estimates

As for the non-divergence case, we will prove that the energy associated to the problem

decreases exponentially. However, the definition of the energy in the (DF) is different from

the previous one.

Definition 3.3.1. Let y be a mild solution of (3.0.2) and define its energy as

Ed
S,y(t) :=

1

2

∫ 1

0

(
y2t (t, x) + a(x)y2xx(t, x)

)
dx+

´

2
y2(t, 1) +

µ

2
y2x(t, 1), ∀ t g 0,

where ´, µ g 0.

In the following we consider separately the cases ´, µ > 0 and ´ = 0 and/or µ = 0.

The last case will be considered only for the (WD) case.
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3.3.2.1 The case ´, µ > 0

In this subsection we study the stability problem for (3.0.2) in the case ´, µ > 0.

Let us observe that, if y is a mild solution, then

y2(t, 1) f 2

´
Ed

S,y(t) (3.3.7)

and

y2x(t, 1) f
2

µ
Ed

S,y(t), (3.3.8)

for all t g 0. In particular, it is possible to prove that the energy is a non-increasing

function.

Theorem 3.3.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution of

(3.0.2). Then the energy is non-increasing. Precisely,

dEd
S,y(t)

dt
= −y2t (t, 1)− y2tx(t, 1), ∀ t g 0.

Proof. Multiplying the equation ytt+(a(x)yxx)xx = 0 by yt and integrating over (0, 1), we

have

0 =
1

2

∫ 1

0

(
y2t
)
t
dx+

∫ 1

0
(ayxx)xx ytdx.

Using the boundary conditions and (3.3.1), one has

0 =
1

2

∫ 1

0

(
y2t
)
t
dx+ (ayxx)x(t, 1)yt(t, 1)− ytx(t, 1)a(1)yxx(t, 1) +

∫ 1

0
ayxxytxxdx

=
1

2

d

dt

(∫ 1

0

(
y2t + ay2xx

)
dx+ ´y2(t, 1) + µy2x(t, 1)

)
+ y2t (t, 1) + y2tx(t, 1)

=
d

dt
Ed

S,y(t) + y2t (t, 1) + y2tx(t, 1).

Hence,
d

dt
Ed

S,y(t) = −y2t (t, 1)− y2tx(t, 1) f 0, ∀ t g 0

and, consequently, the energy Ed
S,y associated to y is non-increasing.

The analogue of Proposition 3.2.1 is:

Proposition 3.3.1. Assume a to be (WD) or (SD) at 0. If y is a classical solution of

(3.0.2), then

0 =2

∫ 1

0

[
xytyx

]t=T

t=s
dx−

∫ T

s

y2t (t, 1)dt+

∫

Qs

y2t dx dt

+

∫

Qs

(
3a− xa′

)
y2xxdx dt+ 2´

∫ T

s

yx(t, 1)y(t, 1)dt+ 2

∫ T

s

yx(t, 1)yt(t, 1)dt

+ 2µ

∫ T

s

y2x(t, 1)dt+ 2

∫ T

s

yx(t, 1)ytx(t, 1)dt−
∫ T

s

a(1)y2xx(t, 1)dt,

(3.3.9)

for every s ∈ (0, T ). We recall that Qs := (s, T )× (0, 1).
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Even if the proof of Proposition 3.3.1 is similar to the one of Proposition 3.2.1, we

repeat it here since there are some different terms.

Proof of Proposition 3.3.1. Fix s ∈ (0, T ). Multiplying the equation in (3.0.2) by xyx and

integrating over Qs, we have

0 =

∫

Qs

yttxyxdx dt+

∫

Qs

(ayxx)xxxyxdx dt. (3.3.10)

Observe that the previous integrals are well defined; moreover, integrating by parts the

first integral in (3.3.10), we obtain

∫

Qs

yttxyxdx dt =

∫ 1

0

[
ytxyx

]t=T

t=s
dx− 1

2

∫ T

s

y2t (t, 1)dt+
1

2

∫

Qs

y2t dx dt, (3.3.11)

since yt(t, 0) = 0. Fixed ¶ ∈ (0, 1), we have

∫ T

s

∫ 1

¶

(ayxx)xxxyxdx dt =

∫ T

s

[
xyx(ayxx)x

]x=1

x=¶
dt−

∫ T

s

[
(xyx)xayxx

]x=1

x=¶
dt

+

∫ T

s

∫ 1

¶

a(xyx)xxyxxdx dt

=

∫ T

s

(yx(ayxx)x)(t, 1)dt−
∫ T

s

(xyx(ayxx)x)(t, ¶)dt

−
∫ T

s

(yxayxx)(t, 1)dt−
∫ T

s

a(1)y2xx(t, 1)dt

+

∫ T

s

(yxayxx)(t, ¶)dt+

∫ T

s

(xay2xx)(t, ¶)dt

+

∫ T

s

∫ 1

¶

a(xyx)xxyxxdx dt.

(3.3.12)

Now, consider the term
∫ 1
¶
a(xyx)xxyxxdx. Obviously,

∫ 1

¶

a(xyx)xxyxxdx =2

∫ 1

¶

ay2xxdx+
1

2

∫ 1

¶

ax(y2xx)xdx

=2

∫ 1

¶

ay2xxdx+
1

2
(ay2xx)(t, 1)−

1

2
(xay2xx)(t, ¶)−

1

2

∫ 1

¶

ay2xxdx

− 1

2

∫ 1

¶

xa′y2xxdx.

By Lemmas 1.3.4 and 1.3.5, it follows

lim
¶→0

(xay2xx)(t, ¶) = lim
¶→0

(xyx(ayxx)x)(t, ¶) = lim
¶→0

(yxayxx)(t, ¶) = 0;

moreover, xa′y2xx ∈ L1(0, 1). Hence, one has

lim
¶→0

∫ 1

¶

a(xyx)xxyxxdx =
3

2

∫ 1

0
ay2xxdx+

1

2
a(1)y2xx(t, 1)−

1

2

∫ 1

0
xa′y2xxdx,
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by the absolute continuity of the integral. Thus, by (3.3.12), one has the following equality:

∫

Qs

(ayxx)xxxyxdx dt =

∫ T

s

(yx(ayxx)x)(t, 1)dt−
∫ T

s

(yxayxx)(t, 1)dt

+
3

2

∫

Qs

ay2xxdx dt−
1

2

∫ T

s

a(1)y2xx(t, 1)dt−
1

2

∫

Qs

xa′y2xxdx dt.

(3.3.13)

Furthermore, by (3.3.10), (3.3.11) and (3.3.13), one has

0 =

∫ 1

0

[
ytxyx

]t=T

t=s
dx− 1

2

∫ T

s

y2t (t, 1)dt+
1

2

∫

Qs

y2t dx dt

+
3

2

∫

Qs

ay2xxdx dt+ ´

∫ T

s

yx(t, 1)y(t, 1)dt+

∫ T

s

yx(t, 1)yt(t, 1)dt

+ µ

∫ T

s

y2x(t, 1)dt+

∫ T

s

yx(t, 1)ytx(t, 1)dt−
1

2

∫ T

s

a(1)y2xx(t, 1)dt−
1

2

∫

Qs

xa′y2xxdx dt.

Multiplying the previous equality by 2, we have the thesis.

And again we have:

Proposition 3.3.2. Assume a to be (WD) or (SD) at 0. If y is a classical solution of

(3.0.2), then

∫

Qs

y2t

(
Ka

2
+ 1

)
dx dt+

∫

Qs

y2xx

(
3a− xa′ − Ka

2
a

)
dx dt = (B.T.)d, (3.3.14)

for all s ∈ (0, T ), where

(B.T.)d =
Ka

2

∫ 1

0

[
yyt
]t=T

t=s
dx− 2

∫ 1

0

[
xytyx

]t=T

t=s
dx+

Ka´

2

∫ T

s

y2(t, 1)dt

+
Ka

2

∫ T

s

y(t, 1)yt(t, 1)dt+ µ

(
Ka

2
− 2

)∫ T

s

y2x(t, 1)dt

+

(
Ka

2
− 2

)∫ T

s

yx(t, 1)ytx(t, 1)dt+

∫ T

s

y2t (t, 1)dt− 2´

∫ T

s

yx(t, 1)y(t, 1)dt

− 2

∫ T

s

yx(t, 1)yt(t, 1)dt+

∫ T

s

a(1)y2xx(t, 1)dt.

Proof. Let y be a classical solution of (3.0.2) and fix s ∈ (0, T ). Multiplying the equation

in (3.0.2) by y, integrating over Qs and using (3.3.1), we obtain

0 =

∫

Qs

ytty dx dt+

∫

Qs

y(ayxx)xxdx dt

=

∫ 1

0

[
yty
]t=T

t=s
dx−

∫

Qs

y2t dx dt+

∫ T

s

(y(ayxx)x)(t, 1)dt

−
∫ T

s

(yxayxx)(t, 1)dt+

∫

Qs

ay2xxdx dt.

(3.3.15)
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Obviously, all the previous integrals make sense and multiplying (3.3.15) by
Ka

2
, one has

0 =
Ka

2

∫

Qs

(
−y2t + ay2xx

)
dx dt+

Ka

2

∫ 1

0

[
yty
]t=T

t=s
dx

+
Ka

2

∫ T

s

y(t, 1)(ayxx)x(t, 1)dt−
Ka

2

∫ T

s

a(1)yx(t, 1)yxx(t, 1)dt.

(3.3.16)

By summing (3.3.9) and (3.3.16), we get the thesis.

Using (3.3.14), one can prove the analogue of Proposition 3.2.3.

Proposition 3.3.3. Assume a to be (WD) or (SD) at 0 and let y be a classical solution

of (3.0.2). Then there exists ε0 > 0 such that

ε0
2

∫

Qs

(
y2t + ay2xx

)
dx dt f

(
ϑ+ ϱ+ ς +

(
2− Ka

2

)
1

µ

)
Ed

S,y(s)

+

(
Ka

4
+
Ka´

2
+ ´

)∫ T

s

y2(t, 1)dt+

(
´ + 1 +

2µ2

a(1)

)∫ T

s

y2x(t, 1)dt,

for any s ∈ (0, T ), where

ϑ := Kamax

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
, ϱ := 4max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}

and

ς := max

{
Ka

4
+ 2,

2

a(1)

}
. (3.3.17)

Proof. Since by assumption Ka < 2, there exists ε0 > 0 such that 2−Ka g ε0. Thus,

3a− xa′ − Ka

2
a =

3(2−Ka)a+ 2(Kaa− xa′)
2

g ε0
2
a and

Ka

2
+ 1 g 2−Ka

2
g ε0

2
.

As a consequence, the boundary terms in (3.3.14) can be estimated by below in the

following way:

(B.T.)d =

∫

Qs

y2t

(
Ka

2
+ 1

)
dx dt+

∫

Qs

y2xx

(
3a− xa′ − Ka

2
a

)
dx dt

g ε0
2

∫

Qs

(
y2t + ay2xx

)
dx dt.

(3.3.18)

Now, we estimate the boundary terms from above. By Proposition 1.3.4 and (3.3.8), one

has ∣∣∣∣∣

∫ 1

0
y(Ä, x)yt(Ä, x)dx

∣∣∣∣∣ f
1

2

∫ 1

0
y2t (Ä, x)dx+

1

2

∫ 1

0
y2(Ä, x)dx

f 1

2

∫ 1

0
y2t (Ä, x)dx+ y2x(Ä, 1) +

1

a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(Ä, x)dx

f max

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
Ed

S,y(Ä),
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for all Ä ∈ [s, T ]. Hence, by Theorem 3.3.3,

∫ 1

0

[
y(Ä, x)yt(Ä, x)

]Ä=T

Ä=s
dx f 2max

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
Ed

S,y(s). (3.3.19)

Using again Proposition 1.3.4, one has

2

∫ 1

0
xyx(Ä, x)yt(Ä, x)dx f

∫ 1

0
y2x(Ä, x)dx+

∫ 1

0
y2t (Ä, x)dx

f 2y2x(Ä, 1) +
2

a(1)
(
2−Ka

)
∫ 1

0
a(x)y2xx(Ä, x)dx+

∫ 1

0
y2t (Ä, x)dx

f 2max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}
Ed

S,y(Ä),

for all Ä ∈ [s, T ], and, by Theorem 3.3.3,

2

∫ 1

0

[
xyx(Ä, x)yt(Ä, x)

]Ä=T

Ä=s
dx f 4max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}
Ed

S,y(s). (3.3.20)

Now, since Ka < 2, we have

µ

(
Ka

2
− 2

)∫ T

s

y2x(t, 1)dt+

(
Ka

2
− 2

)∫ T

s

yx(t, 1)ytx(t, 1)dt

f
(
Ka

2
− 2

)
1

2

(
y2x(T, 1)− y2x(s, 1)

)
f
(
2− Ka

2

)
1

2
y2x(s, 1)

f
(
2− Ka

2

)
1

µ
Ed

S,y(s).

(3.3.21)

Obviously,

Ka

2

∫ T

s

y(t, 1)yt(t, 1)dt f
Ka

4

∫ T

s

y2(t, 1)dt+
Ka

4

∫ T

s

y2t (t, 1)dt, (3.3.22)

−2´

∫ T

s

yx(t, 1)y(t, 1)dt f ´

∫ T

s

2|(yxy)(t, 1)|dt f ´

∫ T

s

y2x(t, 1)dt+ ´

∫ T

s

y2(t, 1)dt

(3.3.23)

and

−
∫ T

s

2yx(t, 1)yt(t, 1)dt f
∫ T

s

2|(yxyt)(t, 1)|dt f
∫ T

s

y2x(t, 1)dt+

∫ T

s

y2t (t, 1)dt. (3.3.24)

Furthermore, recalling that µyx(t, 1) + a(1)yxx(t, 1) + ytx(t, 1) = 0,

1

a(1)

∫ T

s

a2(1)y2xx(t, 1)dt f
2

a(1)
µ2
∫ T

s

y2x(t, 1)dt+
2

a(1)

∫ T

s

y2tx(t, 1)dt. (3.3.25)
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Hence, by (3.3.18)-(3.3.25),

ε0
2

∫

Qs

(
y2t + ay2xx

)
dx dt

fKamax

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
Ed

S,y(s)

+ 4max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}
Ed

S,y(s) +

(
2− Ka

2

)
1

µ
Ed

S,y(s)

+

(
Ka

4
+
Ka´

2
+ ´

)∫ T

s

y2(t, 1)dt+

(
´ + 1 +

2

a(1)
µ2

)∫ T

s

y2x(t, 1)dt

+

(
Ka

4
+ 2

)∫ T

s

y2t (t, 1)dt+
2

a(1)

∫ T

s

y2tx(t, 1)dt

fKamax

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
Ed

S,y(s)

+ 4max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}
Ed

S,y(s) +

(
2− Ka

2

)
1

µ
Ed

S,y(s)

+

(
Ka

4
+
Ka´

2
+ ´

)∫ T

s

y2(t, 1)dt+

(
´ + 1 +

2

a(1)
µ2

)∫ T

s

y2x(t, 1)dt

+max

{
Ka

4
+ 2,

2

a(1)

}∫ T

s

− d

dt
Ed

S,y(t)dt

fKamax

{
1,

2

a(1)
(
2−Ka

) , 2
µ

}
Ed

S,y(s)

+ 4max

{
2

µ
,

2

a(1)
(
2−Ka

) , 1
}
Ed

S,y(s) +

(
2− Ka

2

)
1

µ
Ed

S,y(s)

+

(
Ka

4
+
Ka´

2
+ ´

)∫ T

s

y2(t, 1)dt+
(
´ + 1 +

2

a(1)
µ2

)∫ T

s

y2x(t, 1)dt

+max

{
Ka

4
+ 2,

2

a(1)

}
Ed

S,y(s).

As for the non-divergence case, we have to find an estimate from above for

∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt.

In this case the estimate will be different from the previous one. The following proposition

is crucial.

Proposition 3.3.4. Let z ∈ H̃1,1
a,0(0, 1) be the unique solution of (1.3.28) and ¼, µ ∈ R.
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We have that z ∈ D(Ad
S) and solves





Ad
Sz = 0,

´z(1)− (az′′)′(1) = ¼,

µz′(1) + (az′′)(1) = µ.

(3.3.26)

Proof. In order to prove that z belongs to D(Ad
S) and solves (3.3.26), we consider again

(1.3.28); naturally, it holds for every φ ∈ C∞
c ((0, 1)), so that

∫ 1
0 az

′′φ′′dx = 0, for all φ ∈
C∞
c ((0, 1)). Thus, az′′ is constant a.e. in (0, 1) (see, e.g., [61, Lemma 1.2.1]) and, so,

(az′′)′′ = 0 a.e. in (0, 1); in particular, Ad
Sz = (az′′)′′ ∈ L2(0, 1) (this implies az′′ ∈

H2(0, 1), by Lemma 1.2.1) and z′(0) = 0 in the (WD) case, since z ∈ H̃1,1
a,0(0, 1).

Furthermore, since z ∈ H̃1,1
a,0(0, 1) and az

′′ ∈ H2(0, 1), z ∈ W(0, 1) and, by (1.3.36), one

has (az′′)(0) = 0. Now, coming back to (1.3.28) and using (3.3.1), for all φ ∈ H̃1,1
a,0(0, 1)

we have:
∫ 1

0
az′′φ′′dx+ ´z(1)φ(1) + µz′(1)φ′(1) = ¼φ(1) + µφ′(1)

⇐⇒ −(az′′)′(1)φ(1) + (az′′φ′)(1) + ´z(1)φ(1) + µ(z′φ′)(1) = ¼φ(1) + µφ′(1).

Thus, −(az′′)′(1) + ´z(1) = ¼ and µz′(1) + (az′′)(1) = µ, that is z ∈ D(Ad
S) and solves

(3.3.26).

Now, define

D¶ := 1− 2D2max
{
1, D1

}
¶

(
1

´
+

1

µ

)
,

where D1 and D2 are the constants defined in Proposition 1.3.5. Note that D¶ is well

defined since ´, µ > 0.

Proposition 3.3.5. Assume a to be (WD) or (SD) at 0 and let y be a classical solution

of (3.0.2). Then, for every s ∈ (0, T ) and for every ¶ ∈ (0, ¿ ′), we have

∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt

f 2¶

D¶

∫ T

s

Ed
S,y(t)dt+

1

D¶

(
2 + 4

D2
1D

2
2

´
+ 4

D1D
2
2

µ
+

1

¶
+ 2

D1D
2
2 max

{
1, D1

}

¶

)
Ed

S,y(s),

where

¿ ′ :=
´µ

2D2max
{
1, D1

}
(´ + µ)

. (3.3.27)

Proof. Set ¼ = y(t, 1), µ = yx(t, 1), where t ∈ [s, T ], and let z = z(t, ·) ∈ H̃1,1
a,0(0, 1) be the

unique solution of
∫ 1

0
azxxφ

′′dx+ ´z(t, 1)φ(1) + µzx(t, 1)φ
′(1) = ¼φ(1) + µφ′(1), ∀ φ ∈ H̃1,1

a,0(0, 1).
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By Proposition 3.3.4, z(t, ·) ∈ D(Ad
S) for all t and solves (3.3.26). Now, multiplying the

equation in (3.0.2) by z and integrating over Qs, we have

∫ 1

0

[
ytz
]t=T

t=s
dx−

∫

Qs

ytztdx dt

= −
∫ T

s

z(t, 1)(ayxx)x(t, 1)dt+

∫ T

s

zx(t, 1)(ayxx)(t, 1)dt−
∫

Qs

azxxyxxdx dt.

(3.3.28)

Furthermore, multiplying the equation in (3.3.26) by y and integrating over Qs, we obtain∫
Qs

(azxx)xxy dx dt = 0. Thus, by (3.3.1),

∫

Qs

azxxyxxdx dt = −
∫ T

s

(azxx)x(t, 1)y(t, 1)dt+

∫ T

s

yx(t, 1)(azxx)(t, 1)dt. (3.3.29)

Substituting (3.3.29) in (3.3.28), using the fact that (azxx)x(t, 1) = ´z(t, 1)−¼, (azxx)(t, 1) =
−µzx(t, 1) + µ, ¼ = y(t, 1) and µ = yx(t, 1), we have

∫ 1

0

[
ytz
]t=T

t=s
dx−

∫

Qs

ytzt dx dt

=−
∫ T

s

z(t, 1)(ayxx)x(t, 1)dt+

∫ T

s

zx(t, 1)(ayxx)(t, 1)dt

+

∫ T

s

(azxx)x(t, 1)y(t, 1)dt−
∫ T

s

yx(t, 1)(azxx)(t, 1)dt

=−
∫ T

s

z(t, 1)(ayxx)x(t, 1)dt+

∫ T

s

zx(t, 1)(ayxx)(t, 1)dt

+

∫ T

s

y(t, 1)
[
´z(t, 1)− ¼

]
dt−

∫ T

s

yx(t, 1)
[
−µzx(t, 1) + µ

]
dt

=

∫ T

s

z(t, 1)
[
´y(t, 1)− (ayxx)x(t, 1)

]
dt

+

∫ T

s

zx(t, 1)
[
(ayxx)(t, 1) + µyx(t, 1)

]
dt−

∫ T

s

y2(t, 1)dt−
∫ T

s

y2x(t, 1)dt.

Then

∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt =−
∫ T

s

(ytz)(t, 1)dt−
∫ T

s

(zxytx)(t, 1)dt

−
∫ 1

0

[
ytz
]t=T

t=s
dx+

∫

Qs

ytzt dx dt.

(3.3.30)

Now, we have to estimate the four terms in the previous equality. As a first step observe

that, by (1.3.29) and the definition of Ca,Ka,¼,µ,

∫ 1

0
z2(t, x)dx f D1D2C

2
a,Ka,¼,µ

f 2D2
1D

2
2y

2(t, 1) + 2D1D
2
2y

2
x(t, 1),

(3.3.31)
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since ¼ = y(t, 1) and µ = yx(t, 1). Thus, for all t ∈ [s, T ],

∫ 1

0
|ytz|(t, x)dx f 1

2

∫ 1

0
y2t (t, x)dx+

1

2

∫ 1

0
z2(t, x)dx

f Ed
S,y(t) +D2

1D
2
2y

2(t, 1) +D1D
2
2y

2
x(t, 1)

f Ed
S,y(t) + 2

D2
1D

2
2

´
Ed

S,y(t) + 2
D1D

2
2

µ
Ed

S,y(t)

f
(
1 + 2

D2
1D

2
2

´
+ 2

D1D
2
2

µ

)
Ed

S,y(t).

By Theorem 3.3.3,

∫ 1

0

[
ytz
]t=T

t=s
dx f 2

(
1 + 2

D2
1D

2
2

´
+ 2

D1D
2
2

µ

)
Ed

S,y(s). (3.3.32)

Moreover, for any ¶ > 0 we have

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2t (t, 1)dt+ ¶

∫ T

s

z2(t, 1)dt. (3.3.33)

By definition of ||| · |||a, one has

z2(t, 1) f 1

´
|||z|||2a f 1

´
C2
a,Ka,¼,µ

f 2
D1D2

´
y2(t, 1) + 2

D2

´
y2x(t, 1)

f 2
D2max

{
1, D1

}

´

(
y2(t, 1) + y2x(t, 1)

)
.

(3.3.34)

Thus, by (3.3.33), we have

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2t (t, 1)dt+ 2
D2max

{
1, D1

}

´
¶

∫ T

s

(y2 + y2x)(t, 1)dt. (3.3.35)

In a similar way, it is possible to find the following estimate:

∫ T

s

∣∣(zxytx)(t, 1)
∣∣dt f 1

¶

∫ T

s

y2tx(t, 1)dt+ 2
D2max

{
1, D1

}

µ
¶

∫ T

s

(y2 + y2x)(t, 1)dt, (3.3.36)

being

z2x(t, 1) f
1

µ
|||z|||2a f 1

µ
C2
a,Ka,¼,µ

. (3.3.37)

Therefore, summing (3.3.35) and (3.3.36) and applying Theorem 3.3.3, we obtain

∫ T

s

∣∣(ytz)(t, 1)
∣∣dt+

∫ T

s

∣∣(zxytx)(t, 1)
∣∣dt

f 1

¶

∫ T

s

− d

dt
Ed

S,y(t)dt+ 2max
{
1, D1

}
D2¶

(
1

´
+

1

µ

)∫ T

s

(y2 + y2x)(t, 1)dt

f
Ed

S,y(s)

¶
+ 2max

{
1, D1

}
D2¶

(
1

´
+

1

µ

)∫ T

s

(y2 + y2x)(t, 1)dt.

(3.3.38)
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To complete the proof, we estimate the last integral in (3.3.30), i.e.

∫

Qs

ytztdx dt. To this

aim, considering again problem (3.3.26) and differentiating it with respect to t, we obtain





(a(zt)xx)xx = 0,

´zt(t, 1)− (a(zt)xx)x(t, 1) = yt(t, 1),

µ(zt)x(t, 1) + (a(zt)xx)(t, 1) = (yx)t(t, 1).

Evidently, zt satisfies (1.3.29) and, proceeding as in (3.3.31), we have

∥zt∥2L2(0,1) f 2D2
1D

2
2y

2
t (t, 1) + 2D1D

2
2y

2
tx(t, 1)

f 2D1D
2
2 max

{
1, D1

}(
y2t (t, 1) + y2tx(t, 1)

)
.

Thus, for ¶ > 0 we find

∫

Qs

∣∣ytzt
∣∣dx dt f ¶

∫

Qs

y2t dx dt+
1

¶

∫

Qs

z2t dx dt

f 2¶

∫ T

s

Ed
S,y(t)dt+

2D1D
2
2 max

{
1, D1

}

¶

∫ T

s

(
y2t (t, 1) + y2tx(t, 1)

)
dt

= 2¶

∫ T

s

Ed
S,y(t)dt+

2D1D
2
2 max

{
1, D1

}

¶

∫ T

s

− d

dt
Ed

S,y(t)dt

f 2¶

∫ T

s

Ed
S,y(t)dt+

2D1D
2
2 max

{
1, D1

}

¶
Ed

S,y(s).

(3.3.39)

Coming back to (3.3.30) and using (3.3.32), (3.3.38) and (3.3.39), we obtain the thesis for

every ¶ ∈ (0, ¿ ′).

As a consequence of Propositions 3.3.3 and 3.3.5, we can formulate the main result of

this subsection, whose proof is based on Lemma 3.2.1.

Theorem 3.3.4. Assume a to be (WD) or (SD) at 0 and let y be a mild solution of

(3.0.2). Then, for all t gMd and for all ¶ ∈
(
0,min

{
¿ ′,

ε0
D3

})
, one has

Ed
S,y(t) f Ed

S,y(0)e
1− t

Md ,

where Md :=
D4

ε0 − ¶D3
,

D3 :=

(
Ka

4
+
Ka´

2
+ ´ + ε0

´

2

)
2

D¶

+

(
´ + 1 +

2µ2

a(1)
+ ε0

µ

2

)
2

D¶

,

D4 := ϑ+ ϱ+ ς +

(
2− Ka

2

)
1

µ
+D5
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and

D5 :=
1

D¶

(
2 + 4

D2
1D

2
2

´
+ 4

D1D
2
2

µ
+

1

¶
+

2D1D
2
2 max

{
1, D1

}

¶

)
·

·
(
Ka

4
+
Ka´

2
+ 2´ + ε0

´

2
+ 1 +

2µ2

a(1)
+ ε0

µ

2

)
.

Here ε0, ϑ, ϱ, ς are as in Proposition 3.3.3 and ¿ ′ is as in (3.3.27).

Proof. As a first step, consider y a classical solution of (3.0.2) and consider ¶ > 0 such

that ¶ < min
{ ε0
C3
, ¿ ′
}
. By definition of Ed

S,y and Propositions 3.3.3, 3.3.5, we have

ε0

∫ T

s

Ed
S,y(t)dt =

ε0
2

∫

Qs

(
y2t (t, x) + a(x)y2xx(t, x)

)
dx dt

+ ε0
´

2

∫ T

s

y2(t, 1)dt+ ε0
µ

2

∫ T

s

y2x(t, 1)dt

f
(
ϑ+ ϱ+ ς +

(
2− Ka

2

)
1

µ

)
Ed

S,y(s) +

(
Ka

4
+
Ka´

2
+ ´ + ε0

´

2

)∫ T

s

y2(t, 1)dt

+

(
´ + 1 +

2µ2

a(1)
+ ε0

µ

2

)∫ T

s

y2x(t, 1)dt

f
(
ϑ+ ϱ+ ς +

(
2− Ka

2

)
1

µ

)
Ed

S,y(s) +

(
Ka

4
+
Ka´

2
+ ´ + ε0

´

2

)
2

D¶

¶

∫ T

s

Ed
S,y(t)dt

+

(
Ka

4
+
Ka´

2
+ ´ + ε0

´

2

)
·

· 1

D¶

(
2 + 4

D2
1D

2
2

´
+ 4

D1D
2
2

µ
+

1

¶
+

2D1D
2
2 max

{
1, D1

}

¶

)
Ed

S,y(s)

+

(
´ + 1 +

2µ2

a(1)
+ ε0

µ

2

)
2

D¶

¶

∫ T

s

Ed
S,y(t)dt

+

(
´ + 1 +

2µ2

a(1)
+ ε0

µ

2

)
·

· 1

D¶

(
2 + 4

D2
1D

2
2

´
+ 4

D1D
2
2

µ
+

1

¶
+

2D1D
2
2 max

{
1, D1

}

¶

)
Ed

S,y(s).

This implies
[
ε0−¶D3

] ∫ T

s
Ed

S,y(t)dt f D4E
d
S,y(s). Hence, we can apply Lemma 3.2.1 with

Md := D4

ε0−¶D3
and we get the stability estimate. If y is the mild solution of the problem,

we can proceed as in [52], obtaining the thesis.

3.3.2.2 The case ´ g 0 and/or µ g 0 in the weakly degenerate context

Through this subsection we will assume that a is (WD) at 0. In this situation, we know

that if y ∈ H̃1,1
a,0(0, 1), then y′(0) = 0; thus, using this property, we can improve the
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previous results if ´ = 0 and/or µ = 0. Indeed,

∣∣y′(x)
∣∣ =

∣∣∣∣∣

∫ x

0
y′′(t)dt

∣∣∣∣∣ f
∫ 1

0

√
a(t)

∣∣y′′(t)
∣∣

√
a(t)

dt f
∥∥∥∥
1

a

∥∥∥∥

1

2

L1(0,1)

∥∥√ay′′
∥∥
L2(0,1)

(3.3.40)

for all x ∈ (0, 1]. In particular,

∣∣y′(1)
∣∣2 f

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√ay′′
∥∥2
L2(0,1)

.

Hence, for all y ∈ H̃1,1
a,0(0, 1),

∥y∥22,∼ =
∣∣y′(1)

∣∣2 +
∥∥√ay′′

∥∥2
L2(0,1)

f
(
1 +

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

)
∥∥√ay′′

∥∥2
L2(0,1)

f
(
1 +

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

)
|||y|||2a.

Observe that the previous inequality also holds if ´ and µ are non-negative.

Therefore, if a is (WD) at 0, Proposition 1.3.5 still holds with the following estimates:

∥y∥2L2(0,1) f 2max

{
1,

1

a(1)
(
2−Ka

)
}
AµC

2
a,Ka,¼,µ

and |||y|||2a f C2
a,Ka,¼,µ

, (3.3.41)

where

Aµ :=





min

{
max

{
1,

1

µ

}
,

(
1 +

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

)}
, µ ̸= 0,

1 +

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

, µ = 0,

and Ca,Ka,¼,µ :=
√
Aµ

(
|¼|

√
D1 + |µ|

)
. Observe that, if µ g 1, then Aµ = 1.

Moreover, note that if y is a mild solution of (3.0.2), then, by (1.3.22), (3.3.40), the

fact that yx(t, 0) = 0 and the definition of ||| · |||a, we also have that

y2(t, 1) f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√ay′′
∥∥2
L2(0,1)

f 2

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

Ed
S,y(t),

y2x(t, 1) f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√ay′′
∥∥2
L2(0,1)

f 2

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

Ed
S,y(t),

y2(t, 1) f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√ay′′
∥∥2
L2(0,1)

f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

|||y|||2a

and

y2x(t, 1) f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

∥∥√ay′′
∥∥2
L2(0,1)

f
∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

|||y|||2a,

for all t g 0. Observe that these estimates also hold if ´ and µ are strictly positive provided

that a is (WD) at 0. Thus

y2(t, 1) f D´E
d
S,y(t), (3.3.42)
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y2x(t, 1) f DµE
d
S,y(t), (3.3.43)

y2(t, 1) f 1

2
D´ |||y|||2a (3.3.44)

and

y2x(t, 1) f
1

2
Dµ |||y|||2a, (3.3.45)

where

D´ :=





2min

{∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

,
1

´

}
, ´ ̸= 0,

2

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

, ´ = 0,

and Dµ :=





2min

{∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

,
1

µ

}
, µ ̸= 0,

2

∥∥∥∥
1

a

∥∥∥∥
L1(0,1)

, µ = 0.

We have that (3.3.41)-(3.3.44) and (3.3.45) improve (1.3.29) and (3.3.7), (3.3.8), (3.3.34),

(3.3.37), respectively, in the case ´, µ > 0.

Evidently, under the assumptions of this subsection, Theorem 3.3.3 and Propositions

3.3.1, 3.3.2 still hold. Furthermore, Propositions 3.3.3 and 3.3.5 rewrite as follows.

Proposition 3.3.6. Assume a to be (WD) at 0 and let y be a classical solution of (3.0.2).

Then there exists ε0 > 0 such that

ε0
2

∫

Qs

(
y2t + ay2xx

)
dx dt f

(
ϑ+ ϱ+ ς +

(
2− Ka

2

)
Dµ

2

)
Ed

S,y(s)

+

(
Ka

4
+
Ka´

2
+ ´

)∫ T

s

y2(t, 1)dt+

(
´ + 1 +

2µ2

a(1)

)∫ T

s

y2x(t, 1)dt,

for any s ∈ (0, T ), where

ϑ := Kamax

{
1,

2

a(1)
(
2−Ka

) , Dµ

}
, ϱ := 4max

{
Dµ ,

2

a(1)
(
2−Ka

) , 1
}

and ς is the one defined in (3.3.17).

Proposition 3.3.7. Assume a to be (WD) at 0 and let y be a classical solution of (3.0.2).

Then, for every s ∈ (0, T ) and for every ¶ ∈ (0, ¿ ′), we have

∫ T

s

y2(t, 1)dt+

∫ T

s

y2x(t, 1)dt f
2¶

D¶

∫ T

s

Ed
S,y(t)dt

+
1

D¶

(
2 + 2D2

1A
2
µD´ + 2D1A

2
µDµ +

1

¶
+ 2

D1A
2
µ max

{
1, D1

}

¶

)
Ed

S,y(s),

where ¿ ′ in (3.3.27) becomes

¿ ′ :=
1

max
{
1, D1

}
(D´ +Dµ)Aµ

,

D1 is as in (1.3.30) and

D¶ := 1− ¶max
{
1, D1

}
(D´ +Dµ)Aµ .
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We omit the proofs of the previous results since they are similar to the previous ones.

In any case, Theorem 3.3.4 still holds with different constants. In particular:

Theorem 3.3.5. Assume a to be (WD) at 0 and let y be a mild solution of (3.0.2). Then,

for all t gMd and for all ¶ ∈
(
0,min

{
¿ ′,

ε0
D3

})
, one has

Ed
S,y(t) f Ed

S,y(0)e
1− t

Md ,

where Md :=
D4

ε0 − ¶D3
,

D3 :=

(
Ka

4
+
Ka´

2
+ ´ + ε0

´

2

)
2

D¶

+

(
´ + 1 +

2

a(1)
µ2 + ε0

µ

2

)
2

D¶

,

D4 := ϑ+ ϱ+ ς +

(
2− Ka

2

)
Dµ

2
+D5

and

D5 :=
1

D¶

(
2 + 2D2

1A
2
µD´ + 2D1A

2
µDµ +

1

¶
+ 2

D1A
2
µ max

{
1, D1

}

¶

)
·

·
(
Ka

4
+
Ka´

2
+ 2´ + ε0

´

2
+ 1 +

2µ2

a(1)
+ ε0

µ

2

)
.

Here ε0, ϑ, ϱ, ς and ¿ ′, D¶, D1 are the same constants given in Propositions 3.3.6 and

3.3.7, respectively.

3.4 Conclusions and open problems

In this chapter we study a beam equation governed by a degenerate operator in (NDF)

or in (DF) under clamped conditions at the degeneracy point and dissipative conditions

at the other end-point. As a first step, we introduce the functional framework crucial to

study the well-posedness of both problems (see Theorems 3.2.2 and 3.3.2, respectively);

then, we consider the energy associated to systems (3.0.1) and (3.0.2) and we prove some

estimates that allow us to obtain the main results of the chapter, i.e. Theorems 3.2.4,

3.3.4 and 3.3.5.

According to these results, also when a degenerates in the sense of Definition 1.1.1, the

energy satisfies (3.1.3), as in [37] for the non-degenerate case. Furthermore, we underline

that with our technique we obtain a stability result if ´ and µ are non-negative constants,

including the case studied in [37] for the non-degenerate problem; however, if the problem

is in (DF), we are able to consider only the (WD) case if ´ = 0 and/or µ = 0. Thus,

for the problem in (DF), if a is (SD) at 0, the case µ = 0 and/or ´ = 0 is still an open

problem.
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We recall that Ka < 2 is only a technical assumption. Thus, a very interesting problem

is to study the stability when Ka g 2. Another open problem is the stability of degenerate

beam equations in (NDF) or in (DF) with a local damping or a degenerate damping or a

damping term acting on the degeneracy point and/or a drift term.

Recently, in [6], a stability result is proved for the problem in (NDF) with a singular

term. The case of the problem in (DF) is still under study.





Chapter 4

Stability results for non-linear

degenerate hyperbolic equations

with time delay

In the previous chapter we have studied the well-posedness and the linear stabilisation

for equations without delay governed by fourth-order operators in (NDF) and in (DF). In

this chapter we want to prove well-posedness and stability features for the corresponding

non-linear degenerate hyperbolic equations with a delay term. Precisely, we consider the

following models:





ytt(t, x)−Aiy(t, x) + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

Biy(t, 0) = 0, t ∈ (0,+∞),

Ciy(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.0.1)

i = 1, 2. Here Q := (0,+∞)× (0, 1), Biy(t, 0) = 0 and Ciy(t, 1) = 0 are suitable boundary

conditions related to the operators Ai, i = 1, 2. In particular,

Aiy(t, x) :=




−a(x)yxxxx(t, x), i = 1,

−(a(x)yxx(t, x))xx, i = 2,

Biy(t, 0) :=





y(t, 0) = yx(t, 0), i = 1,

y(t, 0) =




yx(t, 0), if a is (WD) at 0,

(ayxx)(t, 0), if a is (SD) at 0,
i = 2,

99
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and

Ciy(t, 1) :=








´y(t, 1)− yxxx(t, 1) + yt(t, 1),

µyx(t, 1) + yxx(t, 1) + ytx(t, 1),
i = 1,




´y(t, 1)− (ayxx)x(t, 1) + yt(t, 1),

µyx(t, 1) + (ayxx)(t, 1) + ytx(t, 1),
i = 2.

The linear bounded operator B that appears in (4.0.1) is defined on a real Hilbert space,

B∗ is the adjoint operator of B and f is a non-linear function satisfying suitable hypotheses

that will be specified in the subsequent sections. Moreover, Ä > 0 is the time delay, ´

and µ are non-negative constants, y0, y1, g are initial data given in suitable spaces, the

damping coefficient k belongs to L1
loc[−Ä,+∞) and satisfies

∫ t

t−Ä

|k(s)|ds f Λ, ∀ t g 0,

for some Λ > 0. The main feature in these problems is that the coefficient a is a positive

function that degenerates at x = 0 according to Definition 1.1.1.

Time delays always exist in real systems and they may destroy stability or may cause

periodic oscillations (see, e.g., [57]). Indeed, as first noticed in [41] for one-dimensional

Euler-Bernoulli beam equations, even a small amount of time delay in the stabilising

boundary output feedback schemes could destabilise the system (see also [58]). For this

reason the stabilisation problem of equations with delay terms represents a very important

topic. Accurate studies have been conducted and the developed techniques have permitted

to obtain the desired stability property, but in presence of non-degenerate operators. To

our best knowledge, the case of degenerate beam type equations with delay and suitable

non-linearities is never considered in literature.

The chapter is based on [27].

4.1 State of the art

Mathematical results on well-posedness and stability of solutions for this kind of equations

together with some physical justifications are discussed, for instance, in [49], [59], [91],

[100], [107] for beam equations.

A common feature in many delay equations coming from applications is the presence

of a non-linear term. There are a lot of papers dealing with fourth-order hyperbolic

equations in which suitable non-linear sources are considered. For example, in [108] the

authors consider the non-linear extensible beam equation

ytt +∆2y −M(∥∇y∥2L2(Ω))∆y −∆yt + |yt|m−1yt = |y|p−1y in Ω× (0, T ), (4.1.1)

in order to study the evolution of the transverse deflection of an extensible beam derived

from the connection mechanics. In (4.1.1) Ω is a bounded domain of RN , N > 1, with
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smooth boundary ∂Ω, m g 1, M(s) := 1 + ˜́sµ̃ , µ̃ g 0, s g 0 and ˜́, µ̃, p satisfy suitable

hypotheses. The terms appearing in the previous equation have a precise physical meaning;

more precisely, the non-linear term M(∥∇y∥2L2(Ω))∆y represents the extensibility effects

on the beam, the dissipative terms ∆yt and |yt|m−1yt represent the friction force and the

non-linear source term |y|p−1y represents the external load distribution.

Another example is given in [74], where the authors make specific assumptions on the

generalised source term f(y); in particular, f is of class C1, f(0) = f ′(0) = 0, f(y) is

monotone and convex for y > 0, concave for y < 0 and it satisfies suitable estimates

together with F (y) =
∫ y

0 f(s)ds. In this perspective other important contributions on

non-linear beam equations with source terms are given in [12], where a logarithmic non-

linearity source in the right-hand side of the equation is considered, and in [35], [77], [83],

[110], [111]. We also recall [13], where the authors give sufficient conditions for the non-

existence of smooth solutions with negative initial energy, [90], where existence, uniqueness

and uniform convergence of solutions are addressed, and [106], where the authors show

that the local solutions blow up in a finite time with positive subcritical initial energy

improving the results obtained in [87].

Well-posedness and stability analysis for beam problems with non-linear source terms

are treated employing different techniques. This is the case of [1], where existence and

uniqueness of weak solutions to a non-linear beam equation are established under relaxed

assumptions (locally Lipschitz plus affine domination) on the non-linearity. In [33] the

authors use a fixed point method and a continuity argument to establish global existence

and asymptotic stability for a beam problem with non-linear source term (see also [48],

[94], [95], [109]).

However, in all the previous papers the studied equations are always non-degenerate,

in the sense that they do not take into account a leading fourth-order operator affected

by a coefficient which degenerates somewhere in the space domain.

In this chapter we apply to the degenerate case a powerful tool introduced in [86] and

then generalised in [65], to analyse a class of abstract evolution equations in the presence of

a time delay when the related system without delay is uniformly exponentially stable. Such

techniques have then been refined to deal with semilinear equations with time delay (see

[89], [96]). Our arguments extend to the new functional setting the method introduced in

[89] to deal with semilinear wave type equations with damping term and delay feedback.

Here, the presence of the degeneracy requires a more careful analysis in the technical

preliminary lemmas (Lemma 4.2.1 and Proposition 4.2.2). Furthermore, an appropriate

energy has to be defined in order to deal with the degeneracy, the delay feedback and the

boundary conditions. However, with respect to [89] we give a simpler proof by shortening

some step by step procedures (see [96]).
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4.2 The non-linear delay beam equation in non-divergence

form

In this section we consider the problem




ytt(t, x) + a(x)yxxxx(t, x) + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

y(t, 0) = 0, yx(t, 0) = 0, t ∈ (0,+∞),

´y(t, 1)− yxxx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1).

(4.2.1)

As usual, the reference weighted Hilbert spaces to study it are L2
1

a

(0, 1), Hm
1

a

(0, 1) and

H̃m
1

a
,0
(0, 1), m = 1, 2, introduced respectively in (1.2.1), (1.2.2), (1.2.8) and (1.2.9) with

their associated norms. In this case g is defined on [−Ä, 0] with values in a real Hilbert

space H and the linear bounded operator B is defined on H with values in L2
1

a

(0, 1).

Moreover, we consider the operators (And
S , D(And

S )), (And
S , D(And

S )) and the energy

space Hnd
S endowed with inner product and norm introduced in Section 3.2.

The analysis of (4.2.1) starts from the stability properties of the corresponding linear

problem studied in Chapter 3. Under the conditions provided in Theorem 3.2.4, the

exponential decay of solutions for (3.0.1) is uniform. As a consequence of the previous

stability result, we know that the C0-semigroup (Snd
S (t))tg0 generated by (And

S , D(And
S ))

is exponentially stable, i.e. there exist MS , É > 0 such that

∥∥Snd
S (t)

∥∥
L(Hnd

S
)
fMSe

−Ét, ∀ t g 0. (4.2.2)

Now, defining v(t, x) := yt(t, x), Y (t) :=

(
y(t)

v(t)

)
, Y0 :=

(
y0

y1

)
and using the operators

È(s) :=

(
0

Bg(s)

)
, BY (t) :=

(
0

BB∗v(t)

)
, F(Y (t)) :=

(
0

f(y(t))

)
,

and (And
S , D(And

S )), problem (4.2.1) can be formulated in the following abstract form:




d

dt
Y (t) = A

nd
S Y (t)− k(t)BY (t− Ä) + F(Y (t)), (t, x) ∈ Q,

BY (s) = È(s), s ∈ [−Ä, 0],

Y (0) = Y0, x ∈ (0, 1).

(4.2.3)

Observe that, if Y0 ∈ Hnd
S , then the following Duhamel formula holds:

Y (t) = S
nd
S (t)Y0 +

∫ t

0
S

nd
S (t− s)k(s)BY (s− Ä)ds+

∫ t

0
S

nd
S (t− s)F(Y (s))ds. (4.2.4)
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Moreover, setting

b := ∥B∥
L(H,L2

1
a

(0,1)) = ∥B∗∥
L(L2

1
a

(0,1), H), (4.2.5)

we have

∥B∥
L(Hnd

S
) = b2,

by [10] and [104].

In order to treat (4.2.3), we make the following assumptions on k and f .

Hypothesis 4.2.1. The function k: [−Ä,+∞) → R belongs to L1
loc[−Ä,+∞) and there

exists Λ > 0 such that ∫ t

t−Ä

|k(s)|ds f Λ, ∀ t g 0.

Hypothesis 4.2.2. Let f : H̃2
1

a
,0
(0, 1) → L2

1

a

(0, 1) be a continuous function such that

1. f(0) = 0;

2. for all r > 0 there exists a constant L(r) > 0 such that, for all u, v ∈ H̃2
1

a
,0
(0, 1)

satisfying ∥u′′∥L2(0,1) f r and ∥v′′∥L2(0,1) f r, one has

∥f(u)− f(v)∥L2
1
a

(0,1) f L(r)
∥∥u′′ − v′′

∥∥
L2(0,1)

;

3. there exists a strictly increasing continuous function h: R+ → R+ such that

ïf(u), uðL2
1
a

(0,1) f h
(∥∥u′′

∥∥
L2(0,1)

) ∥∥u′′
∥∥2
L2(0,1)

, (4.2.6)

for all u ∈ H̃2
1

a
,0
(0, 1).

Hypothesis 4.2.3. Suppose that:

1. ´ g 0 and µ g 0;

2. for any t > 0

MSb
2eÉÄ

∫ t

0
|k(s+ Ä)|ds f ³+ É′t, (4.2.7)

for suitable constants ³ g 0 and É′ ∈ [0, É), where MS , É and b are the constants in

(4.2.2) and (4.2.5), respectively;

3. there exist T, Ä,MÄ > 0, with L(MÄ) <
É−É′

MS
, such that if Y0 ∈ Hnd

S and g: [−Ä, 0] →
H satisfy

∥Y0∥2Hnd
S

+

∫ Ä

0
|k(s)| · ∥g(s− Ä)∥2H ds < Ä2, (4.2.8)

then (4.2.3) has a unique solution Y ∈ C
(
[0, T );Hnd

S

)
satisfying ∥Y (t)∥

Hnd
S

fMÄ for

all t ∈ [0, T ).
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In particular, Hypothesis 4.2.1 is crucial to prove the existence of a local unique solu-

tion for (4.2.3) (see Proposition 4.2.1); while Hypotheses 4.2.1, 4.2.2 are needed to prove

that (4.2.3) satisfies Hypothesis 4.2.3.3 and, if the initial data are sufficiently small, the

corresponding solutions exist and decay exponentially in (0,+∞) (see Theorem 4.2.3). On

the other hand, the exponential stability is proved thanks to Hypotheses 4.2.2 and 4.2.3

(see Theorem 4.2.1). Moreover, observe that Hypothesis 4.2.3.2 is satisfied, in particular,

if k ∈ L1(0,+∞) or k ∈ L∞(0,+∞) and ∥k∥∞ is smaller than a suitable constant depend-

ing on MS , É, b and Ä .

Furthermore, thanks to Hypothesis 4.2.2, F(0) = 0 and for any r > 0 there exists a

constant L(r) > 0 such that

∥F(Y )− F(Z)∥
Hnd

S
f L(r) ∥Y − Z∥

Hnd
S
,

whenever ∥Y ∥
Hnd

S
f r and ∥Z∥

Hnd
S

f r. In particular,

∥F(Y )∥
Hnd

S
f L(r) ∥Y ∥

Hnd
S
.

To conclude this section, define

F (y) :=

∫ y

0
f(s)ds, y ∈ H̃2

1

a
,0
(0, 1), (4.2.9)

and observe that it is possible to prove the following estimate on the non-linear term∫ 1

0

F (y(x))

a(x)
dx, thanks to Hypothesis 4.2.2.

Lemma 4.2.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.2.2. Then

∣∣∣∣∣

∫ 1

0

F (y)

a
dx

∣∣∣∣∣ f
1

2
h
(∥∥y′′

∥∥
L2(0,1)

) ∥∥y′′
∥∥2
L2(0,1)

, (4.2.10)

for all y ∈ H̃2
1

a
,0
(0, 1).

Proof. Fix y ∈ H̃2
1

a
,0
(0, 1). Observing that d

ds
F (sy) = F ′(sy)y = f(sy)y, we have

∫ 1

0

F (y)

a
dx =

∫ 1

0

1

a

∫ 1

0
f(sy)y ds dx =

∫ 1

0
ïf(sy), syðL2

1
a

(0,1)

ds

s
.

Thus, by (4.2.6),

∣∣∣∣∣

∫ 1

0

F (y)

a
dx

∣∣∣∣∣ f
∫ 1

0
h
(∥∥sy′′

∥∥
L2(0,1)

)
s2
∥∥y′′
∥∥2
L2(0,1)

ds

s

f 1

2
h
(∥∥y′′

∥∥
L2(0,1)

) ∥∥y′′
∥∥2
L2(0,1)

.
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4.2.1 The exponential stability theorem

Under the well-posedness assumption (4.2.8), in this subsection we give the exponential

decay result for the abstract problem (4.2.3). As a first step, we give an abstract stability

result.

Theorem 4.2.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.2 and 4.2.3, and

consider the initial data (Y0, g) satisfying (4.2.8). Then every solution Y of (4.2.3) is such

that

∥Y (t)∥
Hnd

S
fMS e

³

(
∥Y0∥Hnd

S
+

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

)
e−(É−É′−MSL(Mρ))t,

(4.2.11)

for any t ∈ [0, T ).

Proof. Since ∥F(Y (t))∥
Hnd

S
f L(MÄ) ∥Y (t)∥

Hnd
S

for every t ∈ [0, T ), by (4.2.4) we have

∥Y (t)∥
Hnd

S
fMS e

−Ét ∥Y0∥Hnd
S

+MS e
−Ét

∫ t

0
eÉs|k(s)| · ∥BY (s− Ä)∥

Hnd
S
ds

+MS L(MÄ)e
−Ét

∫ t

0
eÉs ∥Y (s)∥

Hnd
S
ds,

where we recall that MS , É are the parameters appearing in (4.2.2). In particular, we

obtain

∥Y (t)∥
Hnd

S
fMS e

−Ét ∥Y0∥Hnd
S

+MS e
−Ét

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

+MS e
−Ét

∫ t

Ä

eÉsb2|k(s)| · ∥Y (s− Ä)∥
Hnd

S
ds

+MS L(MÄ)e
−Ét

∫ t

0
eÉs ∥Y (s)∥

Hnd
S
ds,

(4.2.12)

if Ä f t, and

∥Y (t)∥
Hnd

S
fMS e

−Ét ∥Y0∥Hnd
S

+MS e
−Ét

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

+MS L(MÄ)e
−Ét

∫ t

0
eÉs ∥Y (s)∥

Hnd
S
ds,

(4.2.13)

if t < Ä . Setting z := s − Ä in the second integral of (4.2.12) or (4.2.13) and multiplying

the previous inequalities by eÉt, we get

eÉt ∥Y (t)∥
Hnd

S
fMS ∥Y0∥Hnd

S
+MS

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

+MS b
2eÉÄ

∫ t

0
eÉz|k(z + Ä)| · ∥Y (z)∥

Hnd
S
dz

+MS L(MÄ)

∫ t

0
eÉs ∥Y (s)∥

Hnd
S
ds,
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if Ä f t, and

eÉt ∥Y (t)∥
Hnd

S
fMS ∥Y0∥Hnd

S
+MS

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

+MS L(MÄ)

∫ t

0
eÉs ∥Y (s)∥

Hnd
S
ds,

if t < Ä . Now, let us denote M0 := MS ∥Y0∥Hnd
S

+ MS

∫ Ä

0 e
És|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds.

Thus, by the Gronwall Lemma and (4.2.7), we have

∥Y (t)∥
Hnd

S
fM0 e

MSb
2eωτ

∫ t

0
|k(s+Ä)|ds+MSL(Mρ)t−Ét fM0 e

³e[MSL(Mρ)−(É−É′)]t,

if Ä f t, and

∥Y (t)∥
Hnd

S
fM0 e

MSL(Mρ)t−Ét fM0 e
[MSL(Mρ)−É]t,

if t < Ä . In any case (4.2.11) holds.

For the subsequent step, we define an appropriate energy functional.

Definition 4.2.1. Let y be a mild solution of (4.2.1) and define its energy as

E
nd
y (t) :=

1

2

∫ 1

0

(
y2t (t, x)

a(x)
+ y2xx(t, x)

)
dx+

´

2
y2(t, 1) +

µ

2
y2x(t, 1)

−
∫ 1

0

F (y(t, x))

a(x)
dx+

1

2

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds, ∀ t g 0,

where F is defined in (4.2.9).

The following result holds.

Theorem 4.2.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.3.1, 4.2.3.3 and

let y be a mild solution of (4.2.1) defined on [0, T ). If End
y (t) g 1

4 ∥yt(t)∥
2
L2

1
a

(0,1) for any

t ∈ [0, T ), then

E
nd
y (t) f C(t)End

y (0), ∀ t ∈ [0, T ),

where

C(t) := e2
∫ t

0
b2(|k(s)|+|k(s+Ä)|)ds. (4.2.14)

Proof. Let y be a mild solution of (4.2.1). Differentiating formally End
y with respect to t,

using (3.2.1) and the boundary conditions at 1, we obtain

dEnd
y (t)

dt
=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
+ yxx(t, x)yxxt(t, x)

)
dx

+ ´y(t, 1)yt(t, 1) + µyx(t, 1)ytx(t, 1)

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H
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=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
+ yxxxx(t, x)yt(t, x)

)
dx

− yxxx(t, 1)yt(t, 1) + yxx(t, 1)ytx(t, 1)

+ yt(t, 1)
[
yxxx(t, 1)− yt(t, 1)

]
+ ytx(t, 1)

[
−yxx(t, 1)− ytx(t, 1)

]

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
+ yxxxx(t, x)yt(t, x)

)
dx− y2t (t, 1)− y2tx(t, 1)

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H .

Using the differential equation in (4.2.1), we have

dEnd
y (t)

dt
=− y2t (t, 1)− y2tx(t, 1)− k(t) ïBB∗yt(t− Ä), yt(t)ðL2

1
a

(0,1)

+
1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H − 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=− y2t (t, 1)− y2tx(t, 1)− k(t) ïB∗yt(t), B
∗yt(t− Ä)ðH

+
1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H − 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H .

By the Cauchy inequality, we infer

dEnd
y (t)

dt
f 1

2

(
|k(t+ Ä)|+ |k(t)|

)
∥B∗yt(t)∥2H

f 2b2
(
|k(t+ Ä)|+ |k(t)|

)1
4
∥yt(t)∥2L2

1
a

(0,1) .

Using the fact that End
y (t) g 1

4 ∥yt(t)∥
2
L2

1
a

(0,1) for all t ∈ [0, T ), we get

dEnd
y (t)

dt
f 2b2

(
|k(t+ Ä)|+ |k(t)|

)
E
nd
y (t)

and the thesis follows using the Gronwall Lemma.

4.2.2 The well-posedness assumption

In this subsection we prove the well-posedness assumption, i.e. Hypothesis 4.2.3.3, for

(4.2.3). To this aim, the following two propositions are crucial.

Proposition 4.2.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.2.1. Let us

consider (4.2.3) with initial data Y0 ∈ Hnd
S and È ∈ C

(
[−Ä, 0];Hnd

S

)
. Then there exists a

unique continuous local solution.
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Proof. It is sufficient to observe that if t ∈ [0, Ä ], then t − Ä ∈ [−Ä, 0]. Thus, (4.2.3) can

be formulated as a problem without delay in the interval [0, Ä ]:





d

dt
Y (t) = A

nd
S Y (t)− k(t)È(t− Ä) + F(Y (t)), t ∈ (0, Ä),

Y (0) = Y0.

Then, from the standard theory for inhomogeneous evolution problems (see [92] or [93,

Chapter 6, Theorem 1.4]), we have that there exists a unique solution of (4.2.3) on [0, ¶),

for some ¶ f Ä .

Proposition 4.2.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.2, 4.2.3.1 and

consider (4.2.3) with initial data Y0 ∈ Hnd
S and È ∈ C

(
[−Ä, 0];Hnd

S

)
. Consider T > 0

and let Y be a non-trivial solution of (4.2.3) defined on [0, ¶), with ¶ f T . The following

statements hold:

1. if h
(
∥y′′0∥L2(0,1)

)
< 1

2 , then End
y (0) > 0;

2. if h
(
∥y′′0∥L2(0,1)

)
< 1

2 and h
(
2
√
C(T )End

y (0)
)
< 1

2 , then

E
nd
y (t) >

1

4
∥yt(t)∥2L2

1
a

(0,1) +
1

4
∥yxx(t)∥2L2(0,1) +

´

4
y2(t, 1) +

µ

4
y2x(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds,

(4.2.15)

for all t ∈ [0, ¶), being C(·) the function defined in (4.2.14). In particular,

E
nd
y (t) >

1

4
∥Y (t)∥2

Hnd
S
, ∀ t ∈ [0, ¶).

Proof. Point 1. Let us consider a non-trivial solution Y . By (4.2.10) and the assumption

h
(
∥y′′0∥L2(0,1)

)
< 1

2 , we note that

∣∣∣∣∣

∫ 1

0

F (y0(x))

a(x)
dx

∣∣∣∣∣ f
1

2
h
(∥∥y′′0

∥∥
L2(0,1)

) ∥∥y′′0
∥∥2
L2(0,1)

<
1

4

∥∥y′′0
∥∥2
L2(0,1)

.

As a consequence,

E
nd
y (0) =

1

2
∥y1∥2L2

1
a

(0,1) +
1

2

∥∥y′′0
∥∥2
L2(0,1)

+
´

2
y2(0, 1) +

µ

2
y2x(0, 1)

−
∫ 1

0

F (y0(x))

a(x)
dx+

1

2

∫ 0

−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds

>
1

4
∥y1∥2L2

1
a

(0,1) +
1

4

∥∥y′′0
∥∥2
L2(0,1)

+
´

4
y2(0, 1) +

µ

4
y2x(0, 1)

+
1

4

∫ 0

−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds.
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In particular, End
y (0) > 0.

Point 2. Let us denote

r := sup{s ∈ [0, ¶) : (4.2.15) holds ∀ t ∈ [0, s)}

and suppose, by contradiction, that r < ¶. Then, by continuity,

E
nd
y (r) g 1

4
∥yt(r)∥2L2

1
a

(0,1) +
1

4
∥yxx(r)∥2L2(0,1) +

´

4
y2(r, 1) +

µ

4
y2x(r, 1)

+
1

4

∫ r

r−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds;

in particular,

1

4
∥yxx(r)∥2L2(0,1) f E

nd
y (r) and

1

4
∥yt(r)∥2L2

1
a

(0,1) f E
nd
y (r).

Hence, by Theorem 4.2.2 and using the monotonicity of h, we have

h
(
∥yxx(r)∥L2(0,1)

)
f h

(
2
√

End
y (r)

)
f h

(
2
√
C(T )End

y (0)
)
<

1

2
.

Therefore, using the definition of End
y , by the previous inequality and (4.2.10), we conclude

that

E
nd
y (r) =

1

2
∥yt(r)∥2L2

1
a

(0,1) +
1

2
∥yxx(r)∥2L2(0,1) +

´

2
y2(r, 1) +

µ

2
y2x(r, 1)

−
∫ 1

0

F (y(r, x))

a(x)
dx+

1

2

∫ r

r−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds

>
1

4
∥yt(r)∥2L2

1
a

(0,1) +
1

4
∥yxx(r)∥2L2(0,1) +

´

4
y2(r, 1) +

µ

4
y2x(r, 1)

+
1

4

∫ r

r−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds.

This is not possible due to the maximality of r; consequently, r = ¶ and the thesis is

proved.

Thanks to the previous results, we are ready to prove well-posedness and exponential

stability of solutions to (4.2.3) corresponding to sufficiently small initial data. Note that

the following theorem proves both well-posedness and exponential stability via an iterative

argument. Indeed, we first show that Hypothesis 4.2.3.3 is satisfied, for small initial data,

on a finite interval (0, T ). Then, we apply the exponential decay estimate of Theorem 4.2.1

to show that the solutions remain small enough. Therefore, we can iterate the argument

on successive time intervals obtaining, finally, global solutions exponentially decaying.

Theorem 4.2.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.2.2, 4.2.3.1,

4.2.3.2 and consider (4.2.3) with initial data Y0 ∈ Hnd
S and È ∈ C

(
[−Ä, 0];Hnd

S

)
. Then

(4.2.3) satisfies Hypothesis 4.2.3.3 and, if the initial data are sufficiently small, the corre-

sponding solutions exist and decay exponentially in (0,+∞) according to (4.2.11).
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Proof. Let us consider a time T > 0 sufficiently large such that

CT := 2M2
S e

2³
(
1 + ΛeÉÄ b2

)(
1 + Λe2ÉÄ b2

)
e−(É−É′)T f 1.

Furthermore, let Ä > 0 be such that

Ä f 1

2
√
C(T )

h−1

(
1

2

)
,

where C(·) is the function introduced in (4.2.14), and consider initial data such that

∥∥y′′0
∥∥2
L2(0,1)

+ ∥y1∥2L2
1
a

(0,1) + ´y2(0, 1) + µy2x(0, 1) +

∫ 0

−Ä

|k(s+ Ä)| · ∥g(s)∥2H ds f Ä2.

Observe that the previous condition is equivalent to require

∥Y0∥2Hnd
S

+

∫ 0

−Ä

|k(s+ Ä)| · ∥g(s)∥2H ds f Ä2. (4.2.16)

Now, by Proposition 4.2.1, we know that there exists a local solution y of (4.2.1) on a

time interval [0, ¶). Without loss of generality, we can assume ¶ < T (eventually, we can

consider a larger T ). From our assumption on the initial data, on the monotonicity of h

and the fact that
√
C(T ) > 1, we have

h
(∥∥y′′0

∥∥
L2(0,1)

)
f h(Ä) f h

(
1

2
√
C(T )

h−1

(
1

2

))
<

1

2
.

Thus, by Proposition 4.2.2.1, we deduce End
y (0) > 0. Moreover, from (4.2.10), we obtain

E
nd
y (0) f 1

2
∥y1∥2L2

1
a

(0,1) +
3

4

∥∥y′′0
∥∥2
L2(0,1)

+
´

2
y2(0, 1) +

µ

2
y2x(0, 1)

+
1

2

∫ 0

−Ä

|k(s+ Ä)| · ∥g(s)∥2H ds f Ä2,

(4.2.17)

which implies

h
(
2
√
C(T )End

y (0)
)
< h

(
2
√
C(T )Ä

)
< h

(
h−1

(
1

2

))
=

1

2
.

Hence, applying Proposition 4.2.2, we have

E
nd
y (t) >

1

4
∥yt(t)∥2L2

1
a

(0,1) +
1

4
∥yxx(t)∥2L2(0,1) +

´

4
y2(t, 1) +

µ

4
y2x(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds > 0,

(4.2.18)

for all t ∈ [0, ¶); in particular, End
y (t) g 1

4 ∥yt(t)∥
2
L2

1
a

(0,1). Thus, we can apply Theorem

4.2.2 obtaining

E
nd
y (t) f C(T )End

y (0), ∀ t ∈ [0, ¶) (4.2.19)
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(recall that ¶ < T ). As a consequence, from (4.2.18) and (4.2.19), we have

1

4
∥yxx(t)∥2L2(0,1) f

1

4
∥yt(t)∥2L2

1
a

(0,1) +
1

4
∥yxx(t)∥2L2(0,1)

f 1

4
∥yt(t)∥2L2

1
a

(0,1) +
1

4
∥yxx(t)∥2L2(0,1) +

´

4
y2(t, 1) +

µ

4
y2x(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s, x)∥2H ds < E
nd
y (t) f C(T )End

y (0),

(4.2.20)

for every t ∈ [0, ¶). Then, we can extend the solution in t = ¶ and on the whole interval

[0, T ]. In particular, for t = T , we get

h
(
∥yxx(T )∥L2(0,1)

)
f h

(
2
√
C(T )End

y (0)
)
<

1

2
.

By (4.2.17) and (4.2.20), we deduce

1

4
∥Y (t)∥2

Hnd
S

f E
nd
y (t) f C(T )End

y (0) f C(T )Ä2, ∀ t ∈ [0, T ],

i.e.

∥Y (t)∥
Hnd

S
fMÄ, ∀ t ∈ [0, T ],

where MÄ := 2
√
C(T )Ä. Now, without loss of generality, we can assume that Ä is such

that L(MÄ) <
É−É′

2MS
(eventually choosing a smaller value of Ä). Recall that L(MÄ), MS , É

and É′ are the constants considered in Hypothesis 4.2.2, (4.2.2) and (4.2.7), respectively.

Consequently, Hypothesis 4.2.3.3 is satisfied in the interval [0, T ]. Hence, Theorem 4.2.1

gives us the following estimate:

∥Y (t)∥
Hnd

S
fMS e

³

(
∥Y0∥Hnd

S
+

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds

)
e−

ω−ω′

2
t, (4.2.21)

for any t ∈ [0, T ]. By Hypothesis 4.2.1, (4.2.16) and the Hölder inequality, it follows

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
S
ds f eÉÄ

(∫ Ä

0
|k(s)|ds

) 1

2
(∫ Ä

0
|k(s)| · ∥È(s− Ä)∥2

Hnd
S
ds

) 1

2

f eÉÄ
√
Λ Ä b.

Hence, coming back to (4.2.21), we obtain

∥Y (t)∥2
Hnd

S
f 2M2

S e
2³Ä2

(
1 + b2e2ÉÄΛ

)
e−(É−É′)t, (4.2.22)

for any t ∈ [0, T ]. Moreover,

∫ T

T−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds f 2b2M2
S e

2³ΛÄ2eÉÄ
(
1 + Λe2ÉÄ b2

)
e−(É−É′)T .

Since T is chosen such that CT f 1, by (4.2.22) and the previous inequality, one has

∥Y (T )∥2
Hnd

S
+

∫ T

T−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds f CT Ä2 f Ä2
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or, equivalently,

∥yt(T )∥2L2
1
a

(0,1) + ∥yxx(T )∥2L2(0,1) + ´y2(T, 1)

+ µy2x(T, 1) +

∫ T

T−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds f Ä2.

We can apply a similar argument on the interval [T, 2T ], obtaining a solution on the whole

interval [0, 2T ]. Iterating the procedure, we obtain a unique global solution of (4.2.3).

Thus, the well-posedness Hypothesis 4.2.3.3 is satisfied and the thesis follows.

4.2.3 Delay beam equations with source term or integral non-linearity

In this subsection we apply the previous abstract results to two specific problems. To this

aim, consider as H the Hilbert space L2(P), where P is an open subset strictly contained

in (0, 1), and define the linear bounded operator B as

B: L2(P) → L2
1

a

(0, 1), y 7→ ỹ ÇP ,

being ỹ ∈ L2(0, 1) the trivial extension of y outside P. It is easy to verify that

B∗(φ) = φ|P , ∀ φ ∈
(
L2

1

a

(0, 1)
)∗
.

Hence, BB∗(φ) = ÇPφ for all φ ∈
(
L2

1

a

(0, 1)
)∗

.

Moreover, for f we consider two types of non-linearities:

f(y(t, x)) = |y(t, x)|qy(t, x), (4.2.23)

with q > 0, or

f(y(t, x)) =

(∫ 1

0
y2(t, x)dx

) p
2

y(t, x), (4.2.24)

with p g 1. Hence, as a concrete example, we consider





ytt(t, x) + a(x)yxxxx(t, x) + k(t)ÇP(x)yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

y(t, 0) = 0, yx(t, 0) = 0, t ∈ (0,+∞),

´y(t, 1)− yxxx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

µyx(t, 1) + yxx(t, 1) + ytx(t, 1) = 0, t ∈ (0,+∞),

yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

where Ä , ´, µ, a, k are as in the previous subsections, ÇP is the characteristic function of

the set P and f is defined as in (4.2.23) or in (4.2.24). In the following we prove that f

satisfies Hypothesis 4.2.2.
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First of all, assume f(y) := |y|qy, q > 0.

Naturally, f(0) = 0. Now, we prove the other points of Hypothesis 4.2.2. Observe that

∣∣|³|q³− |´|q´
∣∣ f (q + 1) (|³|+ |´|)q |³− ´|, ∀ ³, ´ ∈ R; (4.2.25)

moreover, for all v ∈ H̃2
1

a
,0
(0, 1), one has

|v(x)| f
∫ x

0

∫ t

0

∣∣v′′(s)
∣∣ds dt f

∫ x

0

√
t
∥∥v′′
∥∥
L2(0,1)

dt f 2

3
x

3

2

∥∥v′′
∥∥
L2(0,1)

, (4.2.26)

for all x ∈ (0, 1). Hence,

∫ 1

0

1

a

∣∣|y|qy − |z|qz
∣∣2dx f (q + 1)2

∫ 1

0

1

a
(|y|+ |z|)2q (y − z)2dx

f (q + 1)2Rq

∫ 1

0

1

a

(
|y|2q + |z|2q

)
(y − z)2dx,

by (4.2.25), where

Rq :=





22q−1, q g 1

2
,

1, q ∈
(
0,

1

2

)
.

(4.2.27)

Then, thanks to the previous inequality, (1.2.11) and (4.2.26), one has

∫ 1

0

1

a

∣∣|y|qy − |z|qz
∣∣2dx f

(2
3

)2q
(q + 1)2Rq

∫ 1

0

(∥∥y′′
∥∥2q
L2(0,1)

+
∥∥z′′
∥∥2q
L2(0,1)

)(y − z)2

a
dx

f
(2
3

)2q
(q + 1)2Rq

(
4CHP + 1

)
((∫ 1

0

(
y′′
)2
dx

)q

+

(∫ 1

0

(
z′′
)2
dx

)q)∫ 1

0

(
y′′ − z′′

)2
dx,

for all y, z ∈ H̃2
1

a
,0
(0, 1). Now, fixing r > 0 and considering y, z ∈ H̃2

1

a
,0
(0, 1) such that

∥y′′∥L2(0,1) f r, ∥z′′∥L2(0,1) f r, we obtain

∥f(y)− f(z)∥L2
1
a

(0,1) f L(r)
∥∥y′′ − z′′

∥∥
L2(0,1)

,

being L(r) :=
√

4
3(q + 1)2Rq

(
4CHP + 1

)
r2q. Moreover, Hypothesis 4.2.2.3 is also satisfied

with

h(x) :=

(
2

3

)q(
4CHP + 1

)
xq.

Indeed, by (1.2.11) and (4.2.26), one has

ïf(y), yðL2
1
a

(0,1) =

∫ 1

0

1

a
|y|q+2dx f

(
2

3

)q ∥∥y′′
∥∥q
L2(0,1)

∫ 1

0

1

a
y2dx

f
(
2

3

)q(
4CHP + 1

) ∥∥y′′
∥∥q+2

L2(0,1)
,

for all y ∈ H̃2
1

a
,0
(0, 1). Since f satisfies Hypothesis 4.2.2, one can apply the results of the

previous subsections as soon as Hypotheses 4.2.1 and 4.2.3 are satisfied.
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Now, assume f(y) :=
(∫ 1

0 y
2dx
) p

2

y, p g 1.

Again f(0) = 0. Moreover, using (1.2.11), one has

∥u∥2L2
1
a

(0,1) f
(
4CHP + 1

) ∥∥u′′
∥∥2
L2(0,1)

, ∀ u ∈ H̃2
1

a
,0
(0, 1);

hence,

∥f(y)− f(z)∥2L2
1
a

(0,1) =

∫ 1

0

1

a

(
∥y∥p

L2(0,1)
y − ∥z∥p

L2(0,1)
z
)2
dx

=

∫ 1

0

1

a

(
∥y∥p

L2(0,1)
y − ∥y∥p

L2(0,1)
z + ∥y∥p

L2(0,1)
z − ∥z∥p

L2(0,1)
z
)2
dx

f 2

∫ 1

0

1

a
∥y∥2p

L2(0,1)
(y − z)2dx+ 2

∫ 1

0

1

a

(
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)

)2
z2dx

f 2 ∥y∥2p
L2

1
a

(0,1)

(
max

x∈ [0,1]
a(x)

)p ∫ 1

0

1

a
(y − z)2dx

+ 2
(
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)

)2 ∫ 1

0

1

a
z2dx

f 2

(
max

x∈ [0,1]
a(x)

)p(
4CHP + 1

)p+1 ∥∥y′′
∥∥2p
L2(0,1)

∥∥y′′ − z′′
∥∥2
L2(0,1)

+ 2
(
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)

)2 ∫ 1

0

1

a
z2dx,

(4.2.28)

for all y, z ∈ H̃2
1

a
,0
(0, 1). Now, consider the term ∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)
. By (4.2.25), one

has
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)
= ∥y∥p−1

L2(0,1)
∥y∥L2(0,1) − ∥z∥p−1

L2(0,1)
∥z∥L2(0,1)

f p
(
∥y∥L2(0,1) + ∥z∥L2(0,1)

)p−1∣∣∣∥y∥L2(0,1) − ∥z∥L2(0,1)

∣∣∣

f pR p
2

(
∥y∥p−1

L2(0,1)
+ ∥z∥p−1

L2(0,1)

)∣∣∣∥y∥L2(0,1) − ∥z∥L2(0,1)

∣∣∣

f pR p
2

(
max

x∈ [0,1]
a(x)

) p−1

2
(
∥y∥p−1

L2
1
a

(0,1)
+ ∥z∥p−1

L2
1
a

(0,1)

)
∥y − z∥L2(0,1),

where R p
2
is defined as in (4.2.27). Hence,

(
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)

)2
f Sp

(
∥y∥2p−2

L2
1
a

(0,1)
+ ∥z∥2p−2

L2
1
a

(0,1)

)
∥y − z∥2L2(0,1),

where Sp := 2p2R2
p
2

(
maxx∈ [0,1] a(x)

)p−1
, and

2
(
∥y∥p

L2(0,1)
− ∥z∥p

L2(0,1)

)2 ∫ 1

0

1

a
z2dx

f 2Sp max
x∈ [0,1]

a(x)

(
∥y∥2p−2

L2
1
a

(0,1)
+ ∥z∥2p−2

L2 1

a
(0,1)

)
∥y − z∥2L2

1
a

(0,1) ∥z∥
2
L2

1
a

(0,1)

f 2Sp max
x∈ [0,1]

a(x)
(
4CHP + 1

)p+1
(∥∥y′′

∥∥2p−2

L2(0,1)
+
∥∥z′′
∥∥2p−2

L2(0,1)

)∥∥y′′−z′′
∥∥2
L2(0,1)

∥∥z′′
∥∥2
L2(0,1)

,
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by (1.2.11). By the previous inequality, (4.2.28) becomes

∥f(y)− f(z)∥2L2
1
a

(0,1) f 2

(
max

x∈ [0,1]
a(x)

)p(
4CHP+1

)p+1 ∥∥y′′
∥∥2p
L2(0,1)

∥∥y′′−z′′
∥∥2
L2(0,1)

+ 2Sp max
x∈ [0,1]

a(x)
(
4CHP+1

)p+1
(∥∥y′′

∥∥2p−2

L2(0,1)
+
∥∥z′′
∥∥2p−2

L2(0,1)

)∥∥y′′−z′′
∥∥2
L2(0,1)

∥∥z′′
∥∥2
L2(0,1)

,

for all y, z ∈ H̃2
1

a
,0
(0, 1). Now, fixing r > 0 and considering y, z ∈ H̃2

1

a
,0
(0, 1) such that

∥y′′∥L2(0,1) f r, ∥z′′∥L2(0,1) f r, we obtain

∥f(y)− f(z)∥L2
1
a

(0,1) f L(r)
∥∥y′′ − z′′

∥∥
L2(0,1)

,

being L(r) :=

√
2maxx∈ [0,1] a(x)

(
4CHP + 1

)p+1
((

maxx∈ [0,1] a(x)
)p−1

+ 2Sp

)
r2p. More-

over, Hypothesis 4.2.2.3 is also satisfied with

h(x) :=

(
max

x∈ [0,1]
a(x)

) p
2 (
4CHP + 1

) p
2
+1
xp.

Indeed, using again (1.2.11), one has

ïf(y), yðL2
1
a

(0,1) = ∥y∥p
L2(0,1)

∫ 1

0

1

a
y2dx

f
(

max
x∈ [0,1]

a(x)

) p
2 (
4CHP + 1

) p
2
+1 ∥∥y′′

∥∥p+2

L2(0,1)
,

for all y ∈ H̃2
1

a
,0
(0, 1). As for the previous example, since f satisfies Hypothesis 4.2.2, one

can apply the results of the previous subsections as soon as Hypotheses 4.2.1 and 4.2.3

are satisfied.

4.3 The non-linear delay beam equation in divergence form

In this section we study the stability for the non-linear problem governed by a degenerate

fourth-order operator in (DF):




ytt(t, x) + (a(x)yxx(t, x))xx + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

y(t, 0) = 0, t ∈ (0,+∞),


yx(t, 0) = 0, if a is (WD) at 0,

(ayxx)(t, 0) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

´y(t, 1)− (ayxx)x(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

µyx(t, 1) + (ayxx)(t, 1) + ytx(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.3.1)
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where g is defined on [−Ä, 0] with values in a real Hilbert space H. In this case the linear

bounded operator B is defined on H with values in L2(0, 1) and the function a is, as

before, (WD) or (SD) at 0. The Hilbert spaces needed to study this problem are H1
a(0, 1),

H̃1
a,0(0, 1), H̃

1,1
a,0(0, 1) and W0(0, 1), defined in Section 1.3.

Moreover, we consider the operators (Ad
S , D(Ad

S)), (A
d
S , D(Ad

S)) and the energy space

Hd
S with inner product and norm defined as in Section 3.3.

Under the conditions provided in Theorems 3.3.4 and 3.3.5, the exponential decay of

solutions for (3.0.2) is uniform. In particular, as a consequence of the previous stability

theorems, we know that the C0-semigroup (Sd
S (t))tg0 generated by (Ad

S , D(Ad
S)) is expo-

nentially stable in the sense of (4.2.2) for ´, µ > 0 in the (SD) case and for ´, µ g 0 in the

(WD) one.

Now, as in the previous section, we rewrite (4.3.1) in an abstract form. To this aim, de-

fine v(t, x), Y (t), Y0, È(s), BY (t), F(Y (t)) as in Section 4.2 and, thanks to (Ad
S , D(Ad

S)),

(4.3.1) can be rewritten as




d

dt
Y (t) = A

d
SY (t)− k(t)BY (t− Ä) + F(Y (t)), (t, x) ∈ Q,

BY (s) = È(s), s ∈ [−Ä, 0],

Y (0) = Y0, x ∈ (0, 1).

(4.3.2)

Also in this case, if Y0 ∈ Hd
S , the Duhamel formula (4.2.4) still holds substituting the

semigroup (Snd
S (t))tg0 with (Sd

S (t))tg0, and, setting

b := ∥B∥
L(H,L2(0,1)) = ∥B∗∥

L(L2(0,1), H), (4.3.3)

one has again

∥B∥
L(Hd

S
) = b2.

In order to deal with well-posedness and stability for (4.3.1), we make on k the same

assumption as before, i.e. Hypothesis 4.2.1; on the other hand, Hypotheses 4.2.2 and 4.2.3

become:

Hypothesis 4.3.1. Let f : H̃1,1
a,0(0, 1) → L2(0, 1) be a continuous function such that

1. f(0) = 0;

2. for all r > 0 there exists a constant L(r) > 0 such that, for all u, v ∈ H̃1,1
a,0(0, 1)

satisfying ∥√au′′∥L2(0,1) f r and ∥√av′′∥L2(0,1) f r, one has

∥f(u)− f(v)∥L2(0,1) f L(r)
∥∥√au′′ −

√
av′′
∥∥
L2(0,1)

;

3. there exists a strictly increasing continuous function h: R+ → R+ such that

ïf(u), uðL2(0,1) f h
(∥∥√au′′

∥∥
L2(0,1)

) ∥∥√au′′
∥∥2
L2(0,1)

, (4.3.4)
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for all u ∈ H̃1,1
a,0(0, 1).

Hypothesis 4.3.2. Suppose that:

1. ´, µ > 0 if a is (WD) or (SD) at 0 and ´, µ g 0 if a is (WD) at 0;

2. for any t > 0

MSb
2eÉÄ

∫ t

0
|k(s+ Ä)|ds f ³+ É′t (4.3.5)

for suitable constants ³ g 0 and É′ ∈ [0, É), where MS , É and b are the constants in

(4.2.2), referred to the semigroup (Sd
S (t))tg0, and (4.3.3), respectively;

3. there exist T , Ä > 0, MÄ > 0, with L(MÄ) <
É−É′

MS
, such that if Y0 ∈ Hd

S and

g: [−Ä, 0] → H satisfy

∥Y0∥2Hd
S
+

∫ Ä

0
|k(s)| · ∥g(s− Ä)∥2

Hd
S
ds < Ä2, (4.3.6)

then (4.3.2) has a unique solution Y ∈ C
(
[0, T );Hd

S

)
satisfying ∥Y (t)∥

Hd
S
f MÄ for

all t ∈ [0, T ).

Also in this case, thanks to Hypothesis 4.3.1, F(0) = 0 and for any r > 0 there exists

a constant L(r) > 0 such that

∥F(Y )− F(Z)∥
Hd

S
f L(r) ∥Y − Z∥

Hd
S
,

whenever ∥Y ∥
Hd

S
f r, ∥Z∥

Hd
S
f r. In particular,

∥F(Y )∥
Hd

S
f L(r) ∥Y ∥

Hd
S
.

4.3.1 The exponential stability theorem

Thanks to the Duhamel formula for (4.3.2), we obtain the following theorem whose proof

is analogous to the one of Theorem 4.2.1, so we omit it.

Theorem 4.3.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.1 and 4.3.2, and

consider the initial data (Y0, g) satisfying (4.3.6). Then every solution Y of (4.3.2) is such

that

∥Y (t)∥
Hd

S
fMS e

³

(
∥Y0∥Hd

S
+

∫ Ä

0
eÉs|k(s)| ·∥È(s− Ä)∥

Hd
S
ds

)
e−(É−É′−MSL(Mρ))t, (4.3.7)

for any t ∈ [0, T ).

Now, consider the function F defined in (4.2.9), where we consider H̃1,1
a,0(0, 1) in place

of H̃2
1

a
,0
(0, 1); Lemma 4.2.1 becomes
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Lemma 4.3.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.3.1. Then
∣∣∣∣∣

∫ 1

0
F (y)dx

∣∣∣∣∣ f
1

2
h
(∥∥√ay′′

∥∥
L2(0,1)

)
∥∥√ay′′

∥∥2
L2(0,1)

,

for all y ∈ H̃1,1
a,0(0, 1).

Proof. Fix y ∈ H̃1,1
a,0(0, 1). Proceeding as in Lemma 4.2.1, one has

∫ 1

0
F (y)dx =

∫ 1

0

∫ 1

0
f(sy)y ds dx =

∫ 1

0
ïf(sy), syðL2(0,1)

ds

s
.

Thus, by (4.3.4),
∣∣∣∣∣

∫ 1

0
F (y)dx

∣∣∣∣∣ f
∫ 1

0
h
(∥∥√ay′′

∥∥
L2(0,1)

)
s2
∥∥√ay′′

∥∥2
L2(0,1)

ds

s

f 1

2
h
(∥∥√ay′′

∥∥
L2(0,1)

) ∥∥√ay′′
∥∥2
L2(0,1)

.

Using the function F and under the well-posedness assumption (4.3.6), we can define

the energy associated to (4.3.1) in the following way.

Definition 4.3.1. Let y be a mild solution of (4.3.1) and define its energy as

E
d
y(t) :=

1

2

∫ 1

0

(
y2t (t, x) + a(x)y2xx(t, x)

)
dx+

´

2
y2(t, 1) +

µ

2
y2x(t, 1)

−
∫ 1

0
F (y(t, x))dx+

1

2

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds, ∀ t g 0.

The following estimate holds for the energy.

Theorem 4.3.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.2.1, 4.3.2.3 and let

y be a mild solution of (4.3.1) defined on a set [0, T ). If Ed
y(t) g 1

4 ∥yt(t)∥
2
L2(0,1) for any

t ∈ [0, T ), then

E
d
y(t) f C(t)Ed

y(0), ∀ t ∈ [0, T ),

where C(·) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.3.1). Differentiating formally Ed
y with respect to t,

using (3.3.1) and the boundary conditions at 1, we obtain

dEd
y(t)

dt
=

∫ 1

0

(
yt(t, x)ytt(t, x) + a(x)yxx(t)yxxt(t, x)

)
dx

+ ´y(t, 1)yt(t, 1) + µyx(t, 1)ytx(t, 1)

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H
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=

∫ 1

0

(
yt(t, x)ytt(t, x) + (ayxx(t, x))xxyt(t, x)

)
dx− (ayxx)x(t, 1)yt(t, 1)

+ a(1)yxx(t, 1)ytx(t, 1) + yt(t, 1)
[
(ayxx)x(t, 1)− yt(t, 1)

]

+ ytx(t, 1)
[
−a(1)yxx(t, 1)− ytx(t, 1)

]

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=

∫ 1

0

(
yt(t, x)ytt(t, x) + (ayxx(t, x))xxyt(t, x)

)
dx− y2t (t, 1)− y2tx(t, 1)

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H .

Proceeding as in Theorem 4.2.2, we have

dEd
y(t)

dt
=− y2t (t, 1)− y2tx(t, 1)− k(t) ïB∗yt(t), B

∗yt(t− Ä)ðH

+
1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H − 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

f 1

2

(
|k(t+ Ä)|+ |k(t)|

)
∥B∗yt(t)∥2H

f 2b2
(
|k(t+ Ä)|+ |k(t)|

)1
4
∥yt(t)∥2L2(0,1)

f 2b2
(
|k(t+ Ä)|+ |k(t)|

)
E
d
y(t)

and the thesis follows as in Theorem 4.2.2.

We conclude this subsection proving the well-posedness assumption (i.e. Hypothesis

4.3.2.3) for (4.3.2). To this aim, observe that Proposition 4.2.1 still holds in this context.

On the other hand, the analogue of Proposition 4.2.2 is the following one.

Proposition 4.3.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.3.1, 4.3.2.1 and

consider (4.3.2) with initial data Y0 ∈ Hd
S and È ∈ C

(
[−Ä, 0];Hd

S

)
. Consider T > 0 and

let Y be a non-trivial solution of (4.3.2) defined on [0, ¶), with ¶ f T . The following

statements hold:

1. if h
(
∥√ay′′0∥L2(0,1)

)
< 1

2 , then Ed
y(0) > 0;

2. if h
(
∥√ay′′0∥L2(0,1)

)
< 1

2 and h
(
2
√
C(T )Ed

y(0)
)
< 1

2 , then

E
d
y(t) >

1

4
∥yt(t)∥2L2(0,1) +

1

4

∥∥√ayxx(t)
∥∥2
L2(0,1)

+
´

4
y2(t, 1) +

µ

4
y2x(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds,
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for all t ∈ [0, ¶), being C(·) the function defined in (4.2.14). In particular,

E
d
y(t) >

1

4
∥Y (t)∥2

Hd
S
, ∀ t ∈ [0, ¶).

Using the previous result, the well-posedness hypothesis (4.3.6) can be proved for

(4.3.1).

Theorem 4.3.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.3.1, 4.3.2.1,

4.3.2.2 and consider (4.3.2) with initial data Y0 ∈ Hd
S and È ∈ C

(
[−Ä, 0];Hd

S

)
. Then

(4.3.2) satisfies Hypothesis 4.3.2.3 and, if the initial data are sufficiently small, the corre-

sponding solutions exist and decay exponentially in (0,+∞) according to (4.3.7).

Also for the divergence case one can consider as f the functions given in (4.2.23) and in

(4.2.24), proving that they satisfy the assumptions needed to apply the previous abstract

results.

4.4 The non-linear degenerate delay second-order problems:

the non-divergence and the divergence cases

Well-posedness and stability are also crucial for wave equations. Some physical justifi-

cations are given, for example, in [55] and [85]. In particular, in [55], [89] and [96] the

authors study the stability of solutions for some abstract wave equations incorporating a

non-linear term of gradient type satisfying a local Lipschitz condition. In concrete appli-

cations, such as the theory of elasticity and viscoelasticity, this non-linear term gives rise

to a non-linear source term (see, e.g., [16] and [9], [79], where some decay estimates are

proved).

Moreover, taking into account wave problems with non-linear source terms, we recall

[79], where the authors focus the attention on a second-order non-autonomous hyper-

bolic equation in an abstract Hilbert space and apply the obtained results to Neumann

or Dirichlet problems for non-autonomous, semilinear wave equations. More precisely,

they consider two concrete models in a bounded domain Ω ¢ R
N , N ∈ N: the first one

is concerned with a non-linear source term of the type |y(t, x)|py(t, x), where p > 0,

with no further restrictions if N = 1, 2, and p f 2
N−2 if N g 3; in the second applica-

tion they discuss an integro-differential wave equation with a non-linearity of the form
(∫

Ω y
2(t, x)dx

) p
2 y(t, x), p g 1. Finally, in [78] the authors consider more general non-linear

source terms giving vacuum isolating phenomena of the solution and extending at the

same time the results of [48].

Anyway, all the previous papers consider only non-degenerate wave equations. Thus,

in this section we cover this gap.
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The technique developed in the previous sections for non-linear delay problems gov-

erned by degenerate fourth-order operators can also be applied to the ones governed by

degenerate operators of second-order. This final section of the chapter is devoted to present

the results in these last cases. In particular, given · g 0 and ¸ > 0, the reference models

are the following ones:




ytt(t, x)−Aiy(t, x) + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

Biy(t, 0) = 0, t ∈ (0,+∞),

Ciy(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

where Q, f , Ä are as in the previous sections and, in this case,

Aiy(t, x) :=




a(x)yxx(t, x), i = 1,

(a(x)yx(t, x))x, i = 2,

Biy(t, 0) :=





y(t, 0), i = 1,




y(t, 0), if a is (WD) at 0,

lim
x→0

(ayx)(t, x), if a is (SD) at 0,
i = 2,

and

Ciy(t, 1) :=




·y(t, 1) + yx(t, 1) + yt(t, 1), i = 1,

¸y(t, 1) + yx(t, 1) + yt(t, 1), i = 2.

A final comment on the notations employed in this section: since we consider wave

equations, we use the subscript W , which stands for Wave and it appears in the mathe-

matical symbols related to operators, energy spaces, energy functions and semigroups.

4.4.1 The second-order problem in non-divergence form

In this subsection we consider the problem




ytt(t, x)− a(x)yxx(t, x) + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,

y(t, 0) = 0, t ∈ (0,+∞),

·y(t, 1) + yx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.4.1)

where · g 0. In this case g and B are as in Section 4.2. With reference to the spaces

L2
1

a

(0, 1), H1
1

a

(0, 1), H̃1
1

a
,0
(0, 1) defined in (1.2.1), (1.2.2), (1.2.8), respectively, we consider
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the operator

And
W u := a(x)u′′, for all u ∈ D(And

W ) :=
{
v ∈ H̃1

1

a
,0
(0, 1) : av′′ ∈ L2

1

a

(0, 1)
}

=
{
v ∈ H1

1

a

(0, 1) : av′′ ∈ L2
1

a

(0, 1), v(0) = 0
}
.

Moreover, we consider the Hilbert space

H
nd
W := H̃1

1

a
,0
(0, 1)× L2

1

a

(0, 1),

with natural inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hnd

W
:=
〈
u′, ũ′

〉
L2(0,1)

+ ïv, ṽðL2
1
a

(0,1) + ·u(1)ũ(1)

and

∥(u, v)∥2
Hnd

W

:=
∥∥u′
∥∥2
L2(0,1)

+ ∥v∥2L2
1
a

(0,1) + ·u2(1),

for every (u, v), (ũ, ṽ) ∈ Hnd
W . Finally, we consider the matrix operator

A
nd
W : D(And

W ) ¢ H
nd
W → H

nd
W

given by

A
nd
W :=

(
0 Id

And
W 0

)
,

where

D(And
W ) :=

{
(u, v) ∈ D(And

W )× H̃1
1

a
,0
(0, 1) : ·u(1) + u′(1) + v(1) = 0

}
.

Thanks to the Gauss-Green formula given in [52, Lemma 2.1]

∫ 1

0
u′′v dx = (u′v)(1)−

∫ 1

0
u′v′dx, ∀ (u, v) ∈ D(And

W )× H̃1
1

a
,0
(0, 1), (4.4.2)

one can prove that, if a is (WD) or (SD) at 0, then (And
W , D(And

W )) is non-positive with

dense domain and generates a contraction semigroup (Snd
W (t))tg0 (see [52, Theorem 2.1]).

Then, considered the problem without delay




ytt(t, x)− a(x)yxx(t, x) = 0, (t, x) ∈ Q,

y(t, 0) = 0, t ∈ (0,+∞),

·y(t, 1) + yx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.4.3)

with associated energy

End
W,y(t) :=

1

2

∫ 1

0

(
y2t (t, x)

a(x)
+ y2x(t, x)

)
dx+

·

2
y2(t, 1), ∀ t g 0,

where · g 0, one has the following well-posedness and stability results.
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Theorem 4.4.1 ([52], Theorems 2.3 and 3.2). Assume a to be (WD) or (SD) at 0. If

(y0, y1) ∈ Hnd
W , then there exists a unique mild solution

y ∈ C
1
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

(
[0,+∞); H̃1

1

a
,0
(0, 1)

)

of (4.4.3) which depends continuously on the initial data (y0, y1) ∈ Hnd
W . In this case,

there exists C > 0 such that

End
W,y(t) f End

W,y(0)e
1− t

C ,

for all t g C. Moreover, if (y0, y1) ∈ D(And
W ), then the solution y is classical, in the sense

that

y ∈ C
2
(
[0,+∞);L2

1

a

(0, 1)
)
∩ C

1
(
[0,+∞); H̃1

1

a
,0
(0, 1)

)
∩ C

(
[0,+∞);D(And

W )
)

and the equation of (4.4.3) holds for all t g 0.

Under the conditions provided in the previous theorem, the exponential decay of so-

lutions for (4.4.3) is uniform; in particular, (Snd
W (t))tg0 satisfies (4.2.2) with (Snd

S (t))tg0

substituted by (Snd
W (t))tg0.

In order to treat the corresponding non-linear problem, we assume again Hypothesis

4.2.1 on k. On the other hand, Hypotheses 4.2.2 and 4.2.3 become:

Hypothesis 4.4.1. Let f : H̃1
1

a
,0
(0, 1) → L2

1

a

(0, 1) be a continuous function such that

1. f(0) = 0;

2. for all r > 0 there exists a constant L(r) > 0 such that, for all u, v ∈ H̃1
1

a
,0
(0, 1)

satisfying ∥u′∥L2(0,1) f r and ∥v′∥L2(0,1) f r, one has

∥f(u)− f(v)∥L2
1
a

(0,1) f L(r)
∥∥u′ − v′

∥∥
L2(0,1)

;

3. there exists a strictly increasing continuous function h: R+ → R+ such that

ïf(u), uðL2
1
a

(0,1) f h
(∥∥u′

∥∥
L2(0,1)

) ∥∥u′
∥∥2
L2(0,1)

,

for all u ∈ H̃1
1

a
,0
(0, 1).

Hypothesis 4.4.2. Suppose that:

1. · g 0;

2. (4.2.7) is satisfied (in this case the constants are associated to the semigroup

(Snd
W (t))tg0);
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3. there exist T, Ä > 0 and MÄ > 0, with L(MÄ) <
É−É′

MS
, such that if Y0 ∈ Hnd

W and

g: [−Ä, 0] → H satisfy

∥Y0∥2Hnd
W

+

∫ Ä

0
|k(s)| · ∥g(s− Ä)∥2

Hnd
W
ds < Ä2,

then the abstract problem associated to (4.4.1) has a unique solution Y , belonging

to C
(
[0, T );Hnd

W

)
and satisfying ∥Y (t)∥

Hnd
W

fMÄ for all t ∈ [0, T ).

Also in this case, the analogue of Theorem 4.2.1 still holds. Moreover, the following

inequality holds for the function F introduced in (4.2.9), where we consider y ∈ H̃1
1

a
,0
(0, 1)

in place of y ∈ H̃2
1

a
,0
(0, 1).

Lemma 4.4.1. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.4.1. Then
∣∣∣∣∣

∫ 1

0

F (y)

a
dx

∣∣∣∣∣ f
1

2
h
(∥∥y′

∥∥
L2(0,1)

) ∥∥y′
∥∥2
L2(0,1)

,

for all y ∈ H̃1
1

a
,0
(0, 1).

We omit the proof since it is similar to the one of Lemma 4.2.1. As before, we can give

the following definition.

Definition 4.4.1. Let y be a mild solution of (4.4.1) and define its energy as

E
nd
W,y(t) :=

1

2

∫ 1

0

(
y2t (t, x)

a(x)
+ y2x(t, x)

)
dx+

·

2
y2(t, 1)

−
∫ 1

0

F (y(t, x))

a(x)
dx+

1

2

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds, ∀ t g 0.

Moreover, this energy satisfies the following estimate.

Theorem 4.4.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.2.1, 4.4.2.3 and

let y be a mild solution of (4.4.1) defined on [0, T ). If End
W,y(t) g 1

4 ∥yt(t)∥
2
L2

1
a

(0,1) for any

t ∈ [0, T ), then

E
nd
W,y(t) f C(t)End

W,y(0), ∀ t ∈ [0, T ),

where C(·) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.4.1). Differentiating formally End
W,y with respect to t,

using the Gauss-Green formula (4.4.2) and the boundary condition at 1, we have

dEnd
W,y(t)

dt
=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
+ yx(t, x)yxt(t, x)

)
dx+ ·y(t, 1)yt(t, 1)

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H
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=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
− yxx(t, x)yt(t, x)

)
dx+ yx(t, 1)yt(t, 1)

+ yt(t, 1)
[
−yx(t, 1)− yt(t, 1)

]

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=

∫ 1

0

(
yt(t, x)ytt(t, x)

a(x)
− yxx(t, x)yt(t, x)

)
dx− y2t (t, 1)

−
∫ 1

0

f(y(t, x))yt(t, x)

a(x)
dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H .

Again one has
dEnd

W,y(t)

dt
f 2b2

(
|k(t+ Ä)|+ |k(t)|

)
E
nd
W,y(t)

and the thesis follows applying the Gronwall Lemma.

It remains to verify that the well-posedness assumption (i.e. Hypothesis 4.4.2.3) holds

for (4.4.1). Again Proposition 4.2.1 holds in this context and the analogue of Proposition

4.2.2 is the following.

Proposition 4.4.1. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.1 and 4.4.2.1.

Consider T > 0 and let Y be a non-trivial solution of the abstract problem with initial

data Y0 ∈ Hnd
W and È ∈ C

(
[−Ä, 0];Hnd

W

)
, defined on [0, ¶), with ¶ f T . The following

statements hold:

1. if h
(
∥y′0∥L2(0,1)

)
< 1

2 , then End
W,y(0) > 0;

2. if h
(
∥y′0∥L2(0,1)

)
< 1

2 and h
(
2
√
C(T )End

W,y(0)
)
< 1

2 , then

E
nd
W,y(t) >

1

4
∥yt(t)∥2L2

1
a

(0,1) +
1

4
∥yx(t)∥2L2(0,1) +

·

4
y2(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds,

for all t ∈ [0, ¶), being C(·) the function defined in (4.2.14). In particular,

E
nd
W,y(t) >

1

4
∥Y (t)∥2

Hnd
W
, ∀ t ∈ [0, ¶).

As a consequence, one has that Hypothesis 4.4.2.3 still holds for system (4.4.1).

Theorem 4.4.3. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.4.1 and 4.4.2.1,

4.4.2.2. Consider the abstract problem associated to (4.4.1), with initial data Y0 ∈ Hnd
W and



4 Stability results for non-linear degenerate hyperbolic equations with time
delay 126

È ∈ C
(
[−Ä, 0];Hnd

W

)
. Then the problem satisfies Hypothesis 4.4.2.3 and, if the initial data

are sufficiently small, the corresponding solutions exist and decay exponentially according

to the following law:

∥Y (t)∥
Hnd

W
fMS e

³

(
∥Y0∥Hnd

W
+

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hnd
W
ds

)
e−(É−É′−MSL(Mρ))t,

for any t ∈ (0,+∞).

4.4.2 The second-order problem in divergence form

Now, we consider the problem




ytt(t, x)− (a(x)yx(t, x))x + k(t)BB∗yt(t− Ä, x) = f(y(t, x)), (t, x) ∈ Q,



y(t, 0) = 0, if a is (WD) at 0,

lim
x→0

(ayx)(t, x) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

¸y(t, 1) + yx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

B∗yt(s, x) = g(s), s ∈ [−Ä, 0],

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.4.4)

where ¸ > 0 and g, B are defined as in Section 4.3. Starting from the space H0
a(0, 1) with

inner product and norm defined in Section 1.3, we consider the space

H0
a,0(0, 1) :=

{
u ∈ H0

a(0, 1) : u(0) = 0, if a is (WD) at 0
}
.

Evidently, in the (SD) case H0
a(0, 1) = H0

a,0(0, 1). Then, define

Ad
Wu := (a(x)u′)′, for all u ∈ D(Ad

W ) :=
{
v ∈ H0

a,0(0, 1) : av
′ ∈ H1(0, 1)

}
.

Observe that in [8, Proposition 2.5] it is proved that in the (SD) case, if u ∈ D(Ad
W ), then

lim
x→0

(au′)(x) = 0.

Moreover, we consider the product space

H
d
W := H0

a,0(0, 1)× L2(0, 1),

with inner product and norm given by

ï(u, v), (ũ, ṽ)ð
Hd

W
:=
〈√

au′,
√
aũ′
〉
L2(0,1)

+ ïv, ṽðL2(0,1) + ¸a(1)u(1)ũ(1)

and

∥(u, v)∥2
Hd

W
:=
∥∥√au′

∥∥2
L2(0,1)

+ ∥v∥2L2(0,1) + ¸a(1)u2(1),

for every (u, v), (ũ, ṽ) ∈ Hd
W . Finally, setting

D(Ad
W ) :=

{
(u, v) ∈ D(Ad

W )×H0
a,0(0, 1) : ¸u(1) + u′(1) + v(1) = 0

}
,
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we can define the matrix operator

A
d
W : D(Ad

W ) ¢ H
d
W → H

d
W

given by

A
d
W :=

(
0 Id

Ad
W 0

)
.

Thanks to the Gauss-Green formula

∫ 1

0
(au′)′v dx =

[
au′v

]x=1

x=0
−
∫ 1

0
au′v′dx, ∀ (u, v) ∈ D(Ad

W )×H0
a,0(0, 1),

given in [8], one has that (Ad
W , D(Ad

W )) generates a contraction semigroup (Sd
W (t))tg0 in

Hd
W . Thus, the following well-posedness and stability results hold for the problem without

delay 



ytt(t, x)− (a(x)yx(t, x))x = 0, (t, x) ∈ Q,



y(t, 0) = 0, if a is (WD) at 0,

lim
x→0

(ayx)(t, x) = 0, if a is (SD) at 0,
t ∈ (0,+∞),

¸y(t, 1) + yx(t, 1) + yt(t, 1) = 0, t ∈ (0,+∞),

y(0, x) = y0(x), yt(0, x) = y1(x), x ∈ (0, 1),

(4.4.5)

with associated energy

Ed
W,y(t) :=

1

2

∫ 1

0

(
y2t (t, x) + a(x)y2x(t, x)

)
dx+

¸

2
a(1)y2(t, 1), ∀ t g 0,

where ¸ > 0.

Theorem 4.4.4 ([8], Corollary 4.2 and Theorem 4.5). Assume a to be (WD) or (SD) at

0. If (y0, y1) ∈ Hd
W , then there exists a unique mild solution

y ∈ C
1
(
[0,+∞);L2(0, 1)

)
∩ C

(
[0,+∞);H0

a,0(0, 1)
)

of (4.4.5) which depends continuously on the initial data (y0, y1) ∈ Hd
W . In this case, if

¸ > 0 and y is the mild solution of (4.4.5), then there exists a suitable constant C > 0

such that

Ed
W,y(t) f Ed

W,y(0)e
1− t

C ,

for all t g C. Moreover, if (y0, y1) ∈ D(Ad
W ), then the solution y is classical, in the sense

that

y ∈ C
2
(
[0,+∞);L2(0, 1)

)
∩ C

1
(
[0,+∞);H0

a,0(0, 1)
)
∩ C

(
[0,+∞);D(Ad

W )
)

and the equation of (4.4.5) holds for all t g 0.
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Thus, if ¸ > 0, the solutions of (4.4.5) decay exponentially uniformly and the semigroup

(Sd
W (t))tg0 is exponentially stable, i.e. it satisfies an inequality similar to (4.2.2) with

(Snd
S (t))tg0 substituted by (Sd

W (t))tg0.

In order to study the delay problem (4.4.4), we consider the following assumptions.

Hypothesis 4.4.3. Let f : H0
a,0(0, 1) → L2(0, 1) be a continuous function such that

1. f(0) = 0;

2. for all r > 0 there exists a constant L(r) > 0 such that, for all u, v ∈ H0
a,0(0, 1)

satisfying ∥√au′∥L2(0,1) f r and ∥√av′∥L2(0,1) f r, one has

∥f(u)− f(v)∥L2(0,1) f L(r)
∥∥√au′ −

√
av′
∥∥
L2(0,1)

;

3. there exists a strictly increasing continuous function h: R+ → R+ such that

ïf(u), uðL2(0,1) f h
(∥∥√au′

∥∥
L2(0,1)

)
∥∥√au′

∥∥2
L2(0,1)

,

for all u ∈ H0
a,0(0, 1).

Hypothesis 4.4.4. Suppose that:

1. ¸ > 0;

2. (4.2.7) is satisfied (in this case the constants are associated to the semigroup

(Sd
W (t))tg0);

3. there exist T, Ä > 0, MÄ > 0, with L(MÄ) <
É−É′

MS
, such that if Y0 ∈ Hd

W and

g: [−Ä, 0] → H satisfy

∥Y0∥2Hd
W

+

∫ Ä

0
|k(s)| · ∥g(s− Ä)∥2

Hd
W
ds < Ä2,

then the abstract system associated to (4.4.4) has a unique solution Y , belonging to

C
(
[0, T );Hd

W

)
and satisfying ∥Y (t)∥

Hd
W

fMÄ for all t ∈ [0, T ).

Theorem 4.2.1 still holds and the energy function F defined in (4.2.9), where we consider

y ∈ H0
a,0(0, 1) in place of y ∈ H̃2

1

a
,0
(0, 1), satisfies the following estimate.

Lemma 4.4.2. Assume a to be (WD) or (SD) at 0 and Hypothesis 4.4.3. Then
∣∣∣∣∣

∫ 1

0
F (y)dx

∣∣∣∣∣ f
1

2
h
(∥∥√ay′

∥∥
L2(0,1)

) ∥∥√ay′
∥∥2
L2(0,1)

,

for all y ∈ H0
a,0(0, 1).

Under the well-posedness Hypothesis 4.4.4.3 and using the function F , we can define

the energy associated to (4.4.4) in the following way.
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Definition 4.4.2. Let y be a mild solution of (4.4.4) and define its energy as

E
d
W,y(t) :=

1

2

∫ 1

0

(
y2t (t, x) + a(x)y2x(t, x)

)
dx+

¸

2
a(1)y2(t, 1)

−
∫ 1

0
F (y(t, x))dx+

1

2

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds, ∀ t g 0.

The following estimate on the energy function holds.

Theorem 4.4.5. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.4.1, 4.4.4.3 and

let y be a mild solution of (4.4.4) defined on [0, T ). If Ed
W,y(t) g 1

4 ∥yt(t)∥
2
L2(0,1) for any

t ∈ [0, T ), then

E
d
W,y(t) f C(t)Ed

W,y(0), ∀ t ∈ [0, T ),

where C(·) is the function defined in (4.2.14).

Proof. Let y be a mild solution of (4.4.4). Proceeding as in the previous sections, one has

dEd
W,y(t)

dt
=

∫ 1

0

(
yt(t, x)ytt(t, x) + a(x)yx(t, x)yxt(t, x)

)
dx+ ¸a(1)y(t, 1)yt(t, 1)

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=

∫ 1

0

(
yt(t, x)ytt(t, x)− (ayx(t, x))xyt(t, x)

)
dx

+ (ayx)(t, 1)yt(t, 1) + a(1)yt(t, 1)
[
−yx(t, 1)− yt(t, 1)

]

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H

=

∫ 1

0

(
yt(t, x)ytt(t, x)− (ayx(t, x))xyt(t, x)

)
dx− a(1)y2t (t, 1)

−
∫ 1

0
f(y(t, x))yt(t, x)dx+

1

2
|k(t+ Ä)| · ∥B∗yt(t)∥2H

− 1

2
|k(t)| · ∥B∗yt(t− Ä)∥2H .

Since, also in this case, one can prove that

dEd
W,y(t)

dt
f 2b2

(
|k(t+ Ä)|+ |k(t)|

)
E
d
W,y(t),

the thesis follows as in Theorem 4.2.2.

In this case Proposition 4.2.2 becomes:
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Proposition 4.4.2. Assume a to be (WD) or (SD) at 0, Hypotheses 4.4.3 and 4.4.4.1.

Consider T > 0 and let Y be a non-trivial solution of the abstract problem associated to

(4.4.4), with initial data Y0 ∈ Hd
W and È ∈ C

(
[−Ä, 0];Hd

W

)
, defined on [0, ¶), with ¶ f T .

The following statements hold:

1. if h
(
∥√ay′0∥L2(0,1)

)
< 1

2 , then Ed
W,y(0) > 0;

2. if h
(
∥√ay′0∥L2(0,1)

)
< 1

2 and h
(
2
√
C(T )Ed

W,y(0)
)
< 1

2 , then

E
d
W,y(t) >

1

4
∥yt(t)∥2L2(0,1) +

1

4

∥∥√ayx(t)
∥∥2
L2(0,1)

+
¸

4
a(1)y2(t, 1)

+
1

4

∫ t

t−Ä

|k(s+ Ä)| · ∥B∗yt(s)∥2H ds,

for all t ∈ [0, ¶), being C(·) the function defined in (4.2.14). In particular,

E
d
W,y(t) >

1

4
∥Y (t)∥2

Hd
W
, ∀ t ∈ [0, ¶).

As a consequence, we have the last theorem.

Theorem 4.4.6. Assume a to be (WD) or (SD) at 0, Hypotheses 4.2.1, 4.4.3 and 4.4.4.1,

4.4.4.2. Consider the abstract problem associated to (4.4.4), with initial data Y0 ∈ Hd
W and

È ∈ C
(
[−Ä, 0];Hd

W

)
. Then the problem satisfies Hypothesis 4.4.4.3 and, if the initial data

are sufficiently small, the corresponding solutions exist and decay exponentially according

to the following law:

∥Y (t)∥
Hd

W
fMS e

³

(
∥Y0∥Hd

W
+

∫ Ä

0
eÉs|k(s)| · ∥È(s− Ä)∥

Hd
W
ds

)
e−(É−É′−MSL(Mρ))t,

for any t ∈ (0,+∞).

Also for the degenerate wave problems (4.4.1) and (4.4.4), one can consider the function

f given in (4.2.23) or in (4.2.24).

4.5 Conclusions and open problems

In this chapter we study the stability of the degenerate problems governed by a degenerate

fourth-order operator in (NDF) or in (DF) as in Chapter 3, but here we consider a delay

term and a non-linear term of source type. As usual, the linear theory is propaedeutic

to study the non-linear problems. Indeed, the stability results on the linear equations

without delay governed by the degenerate fourth-order operators in (NDF) and in (DF)

play a crucial role in this chapter. Thanks to these results and using the Duhamel formula,

we deduce well-posedness and stability for the non-linear delay problems writing them in an

abstract way. This technique can also be used to treat non-linear delay problems governed
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by a degenerate second-order operator in (NDF) or in (DF). Finally, some illustrative

examples are given.





Chapter 5

Conclusions and open problems

In this thesis we present some controllability and stability results for degenerate beam type

equations in divergence or in non-divergence form. We consider two types of degeneracy

according to Definition 1.1.1.

In Chapter 1 we present the functional spaces and some preliminary results that will

be used in the rest of the thesis.

In Chapter 2 we study the controllability problems of the considered systems by a

boundary control and via the notion of solutions by transposition (see Theorems 2.2.8

and 2.3.8). These results are obtained when the time control T is large enough and the

degeneracy constant Ka is less than 2. The null controllability when T is small is still an

open problem, as well as the case Ka g 2. For the first problem one can try to proceed

as in [64], where the non-degenerate case is considered. Another interesting problem is to

study the null controllability for this type of systems when we have a drift term or the

control acts in the interior of the domain or on the degeneracy point.

We underline that the results presented in Theorems 2.2.8 and 2.3.8 are recently ex-

tended to the case of degenerate beam type equations in presence of a singular term (see

[5]). Moreover, in [2] a controllability result for a system of coupled degenerate Euler-

Bernoulli beam equations is proved.

In Chapter 3 we prove the exponential stability of the problem in non-divergence or in

divergence form (see Theorems 3.2.4 and 3.3.4). Also for the stability we have some open

problems. The first one is to obtain a result when Ka g 2 in both cases, or when ´ = 0

and/or µ = 0 in the strongly degenerate case if the problem is in divergence form. Recall

that in Theorem 3.3.5 the case ´ = 0 and/or µ = 0 is considered only for the weakly

degenerate case. Also in this framework it would be interesting to consider a drift term.

Another important open probem is to study the stability in presence of a local damping or

a damping term acting on the degeneracy point. For the first problem, one can try to use

133
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the technique of [3]. It would be also interesting to study the stability under simultaneous

degenerate damping as in [4] for degenerate wave equations, as well as the stability for

degenerate beam type equations in divergence form with a singular term or for a coupled

system of degenerate beam type equations. Indeed, we underline that in [6] a stability

result is obtained only for a degenerate/singular equation in non-divergence form.

Using the results of Chapter 3, in Chapter 4 we obtain stability results for degenerate

beam type equations in non-divergence or in divergence form, but in presence of a delay

term and a non-linear term of source type.

There are a lot of open problems related to degenerate beam equations, since the in-

terest in these equations is relatively recent. However, we want to conclude this thesis

with an open problem connected to all the chapters: extend the previous results to the N -

dimensional case. Indeed, to our knowledge, there are no results neither for the degenerate

wave equations, due to some estimates that we are not able to prove.
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Notations and conventions

Acronyms

� (DF) Acronym of operator/equation/problem in divergence form

� (NC) Acronym of null controllability

� (NDF) Acronym of operator/equation/problem in non-divergence form

� (SD) Acronym of strongly degenerate function/case/context

� (WD) Acronym of weakly degenerate function/case/context

Mathematical symbols

� N The set of natural numbers

� R The set of real numbers

� R+ The interval [0,+∞)

� X × Y The cartesian product of the sets X and Y

� (x, y) Element of X × Y (x ∈ X, y ∈ Y )

� QT The set (0, T )× (0, 1)

� Qs The set (s, T )× (0, 1)

� Q The set (0,+∞)× (0, 1)

� {yn}n∈N Sequence of suitable elements

� ∼ Asymptotic equivalence

� u′ Derivative of a function u depending only on the real space

variable x

� u(m) Derivative of order m ∈ N of a function u depending only on the

real space variable x

�
d
dt

Symbol used to denote the derivative of a function depending on the

real time variable t

� ux The partial derivative of u(t, x) with respect to x

� ut The partial derivative of u(t, x) with respect to t
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� y2x (yx)
2

� y2xx (yxx)
2

� φ|P The restriction of the function φ to the set P

� ÇP The characteristic function of the set P

� Id The identity operator in a suitable reference space

� I The identity matrix operator in a suitable reference space

� H∗ The dual space of the Hilbert space H

� L(X,Y ) The space of linear bounded operators from X into Y

� L(X) The space L(X,X)

� C([0, 1]) The space of continuous real functions on [0, 1]

� ∥·∥∞ The norm on the space of essentially bounded functions

� Cm([0, 1]) The space of m-times continuously differentiable real functions

on [0, 1], m > 0

� AC([0, 1]) The space of absolutely continuous real functions on [0, 1]

� LAC((0, 1]) The space of locally absolutely continuous real functions on (0, 1]

� C∞
c ((0, 1)) The space of infinitely differentiable real functions

with compact support in (0, 1)

� Cm(J ;H) The space of m-times continuously differentiable real functions

from the interval J ¢ R to the Hilbert space H, m > 0

� D′(J) The space of distributions defined on the interval J ¢ R

� Lp(0, 1) The Lebesgue space, 1 f p f +∞

� ∥·∥Lp(0,1) The norm on the Lebesgue space, 1 f p f +∞

� Lp
loc[³,+∞) The space of functions which are in Lp(K) for every compact

set K ¦ [³,+∞), ³ ∈ R, 1 f p f +∞

� Wm,p(0, 1) The Sobolev space, 1 f p f +∞, m > 0

� Hm(0, 1) The Sobolev space Wm,2(0, 1), m > 0

� H0(0, 1) The space L2(0, 1)

� Hm
0 (0, 1) :=

{
u ∈ Hm(0, 1) : u(k)(j) = 0, j = 0, 1, k = 0,m− 1

}
, m = 1, 2

� L2
1

a

(0, 1) :=

{
u ∈ L2(0, 1) :

u√
a
∈ L2(0, 1)

}

� ïu, vðL2
1
a

(0,1) :=

∫ 1

0

uv

a
dx, ∀ u, v ∈ L2

1

a

(0, 1)

� ∥u∥2L2
1
a

(0,1) :=

∫ 1

0

u2

a
dx, ∀ u ∈ L2

1

a

(0, 1)
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� Hm
1

a

(0, 1) := L2
1

a

(0, 1) ∩Hm(0, 1), m = 1, 2

� Hm
1

a
,0
(0, 1) := L2

1

a

(0, 1) ∩Hm
0 (0, 1), m = 1, 2

� ïu, vðHm
1
a

(0,1) :=
m∑

j=1

〈
u(j), v(j)

〉
L2(0,1)

+ ïu, vðL2
1
a

(0,1), ∀ u, v ∈ Hm
1

a

(0, 1), m = 1, 2

� ∥u∥2Hm
1
a

(0,1) :=
m∑

j=1

∥∥u(j)
∥∥2
L2(0,1)

+ ∥u∥2L2
1
a

(0,1), ∀ u ∈ Hm
1

a

(0, 1), m = 1, 2

� ∥u∥2
m, 1

a

:=
∥∥u(m)

∥∥2
L2(0,1)

+ ∥u∥2L2
1
a

(0,1), ∀ u ∈ Hm
1

a

(0, 1), m = 1, 2

� H̃1
1

a
,0
(0, 1) :=

{
u ∈ H1

1

a

(0, 1) : u(0) = 0
}

� H̃2
1

a
,0
(0, 1) :=

{
u ∈ H2

1

a

(0, 1) : u(0) = u′(0) = 0
}

� ∥u∥m :=
∥∥u(m)

∥∥
L2(0,1)

, ∀ u ∈ H̃m
1

a
,0
(0, 1), m = 1, 2

� |||u|||21
a

:= ∥u′′∥2L2(0,1) + ´u2(1) + µ(u′(1))2, ∀ u ∈ H̃2
1

a
,0
(0, 1)

� Q(0, 1) :=
{
u ∈ H2

1

a

(0, 1) : au′′′′ ∈ L2
1

a

(0, 1)
}

� Hm
a (0, 1) :=

{
u ∈ Hm(0, 1) : u(m) ∈ AC([0, 1]),

√
au(m+1) ∈ L2(0, 1)

}
,

m = 0, 1, if a is (WD) at 0

� Hm
a (0, 1) :=

{
u ∈ Hm(0, 1) : u(m) ∈ LAC((0, 1]),

√
au(m+1) ∈ L2(0, 1)

}
,

m = 0, 1, if a is (SD) at 0

� ïu, vðHm
a (0,1) :=

m∑

j=0

〈
u(j), v(j)

〉
L2(0,1)

+
〈√

au(m+1),
√
av(m+1)

〉
L2(0,1)

,

∀ u, v ∈ Hm
a (0, 1), m = 0, 1

� ∥u∥2Hm
a (0,1) :=

m∑

j=0

∥∥u(j)
∥∥2
L2(0,1)

+
∥∥√au(m+1)

∥∥2
L2(0,1)

, ∀ u ∈ Hm
a (0, 1), m = 0, 1

� ∥u∥2m+1,a := ∥u∥2L2(0,1) +
∥∥√au(m+1)

∥∥2
L2(0,1)

, ∀ u ∈ Hm
a (0, 1), m = 0, 1

� H̃1
a,0(0, 1) :=

{
u ∈ H1

a(0, 1) : u(0) = 0
}

� H̃1,1
a,0(0, 1) :=

{
u ∈ H̃1

a,0(0, 1) : u
′(0) = 0, if a is (WD) at 0

}

� ∥u∥22,∼ :=
∣∣u′(1)

∣∣2 + ∥√au′′∥2L2(0,1), ∀ u ∈ H̃1
a,0(0, 1)

� ∥u∥2,◦ := ∥√au′′∥L2(0,1), ∀ u ∈ H̃1
a,0(0, 1)

� |||u|||2a := ∥√au′′∥2L2(0,1) + ´u2(1) + µ(u′(1))2, ∀ u ∈ H̃1,1
a,0(0, 1)

� H0
a,0(0, 1) :=

{
u ∈ H0

a(0, 1) : u(0) = 0, if a is (WD) at 0
}

� H1
a,0(0, 1) :=

{
u ∈ H1

a(0, 1) : u(0) = u(1) = 0
}

� H2
a,0(0, 1) :=

{
u ∈ H1

a,0(0, 1) : u
′(0) = u′(1) = 0

}
, if a is (WD) at 0
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� H2
a,0(0, 1) :=

{
u ∈ H1

a,0(0, 1) : u
′(1) = 0

}
, if a is (SD) at 0

� Z(0, 1) :=
{
u ∈ H1

a(0, 1) : au
′′ ∈ H2(0, 1)

}

� Z0(0, 1) :=
{
u ∈ H1

a,0(0, 1) : au
′′ ∈ H2(0, 1)

}

� W(0, 1) :=
{
u ∈ H̃1

a,0(0, 1) : au
′′ ∈ H2(0, 1)

}

� W0(0, 1) :=
{
u ∈ W(0, 1) : u′(0) = 0, if a is (WD) at 0

}

� Hnd := H2
1

a
,0
(0, 1)× L2

1

a

(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hnd :=

〈
u′′, ũ′′

〉
L2(0,1)

+ ïv, ṽðL2
1
a

(0,1), ∀ (u, v), (ũ, ṽ) ∈ Hnd

� ∥(u, v)∥2
Hnd := ∥u′′∥2L2(0,1) + ∥v∥2L2

1
a

(0,1), ∀ (u, v) ∈ Hnd

� Hnd
S := H̃2

1

a
,0
(0, 1)× L2

1

a

(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hnd

S
:= ïu′′, ũ′′ðL2(0,1) + ïv, ṽðL2

1
a

(0,1) + ´u(1)ũ(1) + µu′(1)ũ′(1),

∀ (u, v), (ũ, ṽ) ∈ Hnd
S , where ´, µ g 0

� ∥(u, v)∥2
Hnd

S
:= ∥u′′∥2L2(0,1) + ∥v∥2L2

1
a

(0,1) + ´u2(1) + µ(u′(1))2, ∀ (u, v) ∈ Hnd
S ,

where ´, µ g 0

� Hd := H2
a,0(0, 1)× L2(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hd :=

〈√
au′′,

√
aũ′′
〉
L2(0,1)

+ ïv, ṽðL2(0,1), ∀ (u, v), (ũ, ṽ) ∈ Hd

� ∥(u, v)∥2
Hd := ∥√au′′∥2L2(0,1) + ∥v∥2L2(0,1), ∀ (u, v) ∈ Hd

� Hd
S := H̃1,1

a,0(0, 1)× L2(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hd

S
:= ï√au′′,√aũ′′ðL2(0,1) + ïv, ṽðL2(0,1) + ´u(1)ũ(1) + µu′(1)ũ′(1),

∀ (u, v), (ũ, ṽ) ∈ Hd
S , where ´, µ g 0

� ∥(u, v)∥2
Hd

S
:= ∥√au′′∥2L2(0,1) + ∥v∥2L2(0,1) + ´u2(1) + µ(u′(1))2, ∀ (u, v) ∈ Hd

S ,

where ´, µ g 0

� Hnd
W := H̃1

1

a
,0
(0, 1)× L2

1

a

(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hnd

W
:= ïu′, ũ′ðL2(0,1) + ïv, ṽðL2

1
a

(0,1) + ·u(1)ũ(1),

∀ (u, v), (ũ, ṽ) ∈ Hnd
W , where · g 0

� ∥(u, v)∥2
Hnd

W
:= ∥u′∥2L2(0,1) + ∥v∥2L2

1
a

(0,1) + ·u2(1), ∀ (u, v) ∈ Hnd
W , where · g 0

� Hd
W := H0

a,0(0, 1)× L2(0, 1)

� ï(u, v), (ũ, ṽ)ð
Hd

W
:= ï√au′,√aũ′ðL2(0,1) + ïv, ṽðL2(0,1) + ¸a(1)u(1)ũ(1),

∀ (u, v), (ũ, ṽ) ∈ Hd
W , where ¸ > 0

� ∥(u, v)∥2
Hd

W
:= ∥√au′∥2L2(0,1) + ∥v∥2L2(0,1) + ¸a(1)u2(1), ∀ (u, v) ∈ Hd

W ,
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where ¸ > 0

� Andu := a(x)u′′′′

� D(And) :=
{
u ∈ H2

1

a
,0
(0, 1) : au′′′′ ∈ L2

1

a

(0, 1)
}

� Adu := (a(x)u′′)′′

� D(Ad) :=
{
u ∈ Z0(0, 1) : u

′(0) = u′(1) = 0, if a is (WD) at 0, or

(au′′)(0) = u′(1) = 0, if a is (SD) at 0
}

� And
S u := a(x)u′′′′

� D(And
S ) :=

{
u ∈ H̃2

1

a
,0
(0, 1) : au′′′′ ∈ L2

1

a

(0, 1)
}

� Ad
Su := (a(x)u′′)′′

� D(Ad
S) := W0(0, 1)

� And
W u := a(x)u′′

� D(And
W ) :=

{
u ∈ H̃1

1

a
,0
(0, 1) : au′′ ∈ L2

1

a

(0, 1)
}

� Ad
Wu := (a(x)u′)′

� D(Ad
W ) :=

{
u ∈ H0

a,0(0, 1) : au
′ ∈ H1(0, 1)

}

� And :=

(
0 Id

−And 0

)

� D(And) := D(And)×H2
1

a
,0
(0, 1)

� Ad :=

(
0 Id

−Ad 0

)

� D(Ad) := D(Ad)×H2
a,0(0, 1)

� And
S :=

(
0 Id

−And
S 0

)

� D(And
S ) :=

{
(u, v) ∈ D(And

S )× H̃2
1

a
,0
(0, 1) : ´u(1)− u′′′(1) + v(1) = 0,

µu′(1) + u′′(1) + v′(1) = 0
}
, where ´, µ g 0

� Ad
S :=

(
0 Id

−Ad
S 0

)

� D(Ad
S) :=

{
(u, v) ∈ D(Ad

S)× H̃1,1
a,0(0, 1) : ´u(1)− (au′′)′(1) + v(1) = 0,

µu′(1) + (au′′)(1) + v′(1) = 0
}
, where ´, µ g 0

� And
W :=

(
0 Id

And
W 0

)

� D(And
W ) :=

{
(u, v) ∈ D(And

W )× H̃1
1

a
,0
(0, 1) : ·u(1) + u′(1) + v(1) = 0

}
, where · g 0
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� Ad
W :=

(
0 Id

Ad
W 0

)

� D(Ad
W ) :=

{
(u, v) ∈ D(Ad

W )×H0
a,0(0, 1) : ¸u(1) + u′(1) + v(1) = 0

}
, where ¸ > 0

� (Snd(t))tg0 The semigroup of operators generated by (And, D(And))

� (Sd(t))tg0 The semigroup of operators generated by (Ad, D(Ad))

� (Snd
S (t))tg0 The semigroup of operators generated by (And

S , D(And
S ))

� (Sd
S (t))tg0 The semigroup of operators generated by (Ad

S , D(Ad
S))

� (Snd
W (t))tg0 The semigroup of operators generated by (And

W , D(And
W ))

� (Sd
W (t))tg0 The semigroup of operators generated by (Ad

W , D(Ad
W ))
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della laurea triennale, abbiamo parlato di operatori simmetrici su spazi di Hilbert, esten-

sioni auto-aggiunte e delle nostre prime equazioni di evoluzione lineari. Durante la saga

della laurea magistrale abbiamo conosciuto l’equazione non lineare di Thomas-Fermi e

l’Analisi Non Lineare. Dopo queste due saghe, ha finalmente inizio quella del dottorato,

in cui ci siamo occupati di equazioni (di evoluzione) sia lineari sia non lineari.

Quest’ultimo periodo comincia con la conoscenza di Genni, la quale ha accresciuto an-

cora di più l’interesse per la matematica pura diventando dopo poco tempo supervisore

dell’intera stagione, subito dopo la laurea magistrale. Lei era l’unica a occuparsi di quegli

argomenti che, avendo iniziato a individuare dalla prima saga con altri punti di vista, mi

sono piaciuti tantissimo nelle vesti di teorie e metodologie del tutto nuove a quelle degli
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inesplorati prima; dai numerosi incontri (della mattina, del pomeriggio, a volte della sera),
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come Viterbo e l’Aquila, fino ad arrivare a tutto quell’insieme di suggerimenti e consigli,

divulgati anche il fine settimana, per esempio sulla comunità universitaria e sui popoli che

la costituiscono.
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la matematica debba proporsi l’utile per iscopo, il vero per soggetto e l’interessante per

mezzo. E che in ogni argomento debba cercare di scoprire e di esprimere il vero matematico

e il vero morale, non solo come fine, ma come più ampia e perpetua sorgente del bello”.

Tuttavia, tra i suoi insegnamenti, quello che mi è rimasto impresso riguarda l’esercizio

della capacità di mantenere sangue scientifico anche quando le cose sembrano non tornare

(come i conti per i teoremi degli articoli e di questa tesi, visti e rivisti quasi ogni giorno),

per trovare sempre insieme una soluzione. Rispetto alle due tesi precedenti, la scrittura
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lare per dedurre e spiegare le leggi dell’Ottica, cos̀ı tutta la mia famiglia rappresenta il

riferimento e il valore guida che illumina d’immenso l’intero percorso. Le parole sono e

saranno sempre in numero finito, non saranno mai sufficienti per contenere ed esprimere

l’infinita gratitudine per i miei genitori Gina e Oronzo, nonna Lucia e nonna Rosa, mio
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lontani/e, e i cavalieri felini del condominio Tigrottino, Volpino, Plum Cake e Nerino (che,

istruiti da Ciaciottina, hanno trasformato il cestino vicino l’albero bifronte nel loro tempio

personale).

“Nasce dall’amore un sogno piccolino,

e abita felice dentro il cuore di un fanciullino;

ridi insieme a lui, canta insieme a lui,

che la vità è questa, è solo fare festa;

basta un sorriso, e tutto il mondo cambia in viso;

a volte basta che sia un gioco,

lo vedi? In fondo basta poco;

chi vuole bene agli altri non usa le parole,

perchè non fa rumore il suono dell’amore;

basta una carezza e la mano nella mano,

per cacciare via quell’odio disumano.

Al calar del sole non indugiare,

ma tosto recati dove esso appare.

Una sacra formula che i matematici hanno cara,

sul campo dell’onore sorgerà nell’alba chiara.

Dal buio della foresta essa veniva,

al più grande dei fiumi una ne arriva.

Dopo lunga ricerca la troverai,

se a guidarti sarà colei che aiuterai.”


		2025-01-30T21:12:23+0100
	ALESSANDRO CAMASTA


		2025-01-30T20:32:22+0000
	Francesca Mazzia


		2025-01-31T09:36:09+0100
	IT
	Genni Fragnelli




