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1. Introduction

In this paper, we study the Cauchy problem for the generalized double dis-
persion equation

gy — Augy + A%u — Au — Auy = Af(u), t>0,2€R", (1.1)
uw(0,x) = up(x), ue(0,2) = uy(z), '
where f is a Lipschitz-continuous function verifying

[f)l < Clul™, |f(u) = f()] < Clu—v|(Jul” + [v]7), (1.2)

for some o > 0 and C' > 0. For instance, f(u) = |u|t*7.
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The structure of the equation in (1.1) may be better understood by
writing it as a wave equation with a Bessel potential and a Laplace operator
applied to a damping term and a nonlinearity

uy — Au= (1 —A) " Aug + f(u)).

As a consequence, problem (1.1) shares some properties of the Cauchy prob-
lem for the damped wave equation

uye — Au+ug = f(u), t>0,xeR",

{ w—Dutug = flu), t> (1.3)

w(0,2) = up(x), u(0,2) = ui(x),

but the action of the operator (1 — A)~!A to the damping term and to the
nonlinearity produces completely new effects. Problem (1.3) has been deeply
investigated in recent years, in particular, global small data solutions to (1.3)
exist if o > 2/n (see [36], see also [19, 22]). On the other hand, problem (1.1)
shares some properties of the Cauchy problem for the strongly damped wave
equation with nonlinearity Af(u):

ug — Au — Aug = Af(u), t>0, xR (1.4)
u(0,2) = (), up(0, %) = s (). '

The asymptotic profile of the solution to the corresponding linear model,
i.e. (1.4) with f = 0, has been recently investigated (see, in particular, [18]).
Partial results for the problem with power nonlinearity f(u) instead of A f(u)
in (1.4), have been obtained in [14].

In this paper, we exploit the special structure of (1.1) to study the
influence of assuming initial data ug,u; in real Hardy spaces HP(R™) on the
existence of global small data solutions to (1.1) (the definition and some
properties of real Hardy spaces are collected in Section 6). In order to do
that, we derive H? — HP estimates, 0 < ¢ < p < 2, for the solution to the
linear homogeneous problem

u(0,2) = uo(x). 4(0,2) = s (2). 5

{UttAUtt+A2UAUAUtO, t20,I€R",
If p > 1, then #? = LP. On the other hand, #' — L', with a proper inclusion.
As a consequence, our estimates are also LY — LP estimates when 1 < ¢ < p <
2. In this paper, we use the notation H? instead of the classical notation H?
to avoid possible confusion with the Sobolev space W72,
Assuming initial data in real Hardy spaces H?, ¢ € (0, 1], or in L? spaces,
q € [1,2], and in the energy space, one may easily derive the following long
time decay estimates for the solution and its derivatives, on L? basis.

Theorem 1.1. Let n > 1, qo,q1 € (0,2], and j € N. Assume that uy €
HONWItL2 and uy € HONWI2. Then the solution u € C([0,00), WiTh2)N
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CL([0,00), W72) to (1.5) verifies the decay estimate
Jofogu(e, ez <O +0) 0G4 g
+ o+ G ey, (16)

-+ Ce= ¢ (||u0||wk+\a|‘2 -+ ||u1 ||Wk+|a\—1,2),

for any k € N and o« € N*, with 1 < k+|a| < j+1 and t > 0, for
some C,c > 0, independent of the initial data. Decay estimate (1.6) is also
valid for k = |a| =0, provided that

1 1
(LD
@ 2
Moreover, if ¢; = 1, we may replace H by L' in (1.6), provided that n > 3,
ifqr=1and k= |a| =0.

In particular, setting k& + |a] = 1,2 in Theorem 1.1, we find that the
energy for (1.5) given by

B(t) = ue(t, 7> + [ Vue(t, )L + [Vult, )72 + 1 Au(t, )1z,

verifies the decay estimate

Bt) < o+ 6 ™G G DM (B0) 4 Juo 20 + [0 |20 )-

By using a Mikhlin-Hérmander type multiplier theorem, which provides HP
boundedness of parameter-dependent operators, we are also able to estimate
the solution in real Hardy spaces HP with p < 2 (we recall that HP = LP
for p > 1). However, in this case the oscillations coming from the wave part of
the equation produces two issues: a loss of regularity which is known from the
theory of damped wave equations when one works in LP spaces with p € [1,2)
and in real Hardy spaces HP with p € (0,1] (see [26]), and a loss of decay
rate, which is known from the theory of strongly damped wave equations.

The reason behind the fact that the oscillations produce both bad effects
related to two class of damped waves is that the profile of the solution to
the double dispersion equation contains oscillations both at low and high
frequencies. On the one hand, in classical damped wave equations as in (1.3)
with f = 0, oscillations only appear at high frequencies, so that they do
not influence the decay rate of the solution, but only its regularity (see,
in particular, [25, 29, 30]). On the other hand, in strongly damped wave
equations as

Uy — Au— Auy =0, t>0, xR, (1.7)

w(0,2) = up(x), u(0,z) = uy(x), ’

oscillations only appear at low frequencies, so that they do not influence the

regularity of the solution, but only its decay rate. This loss of regularity and

of decay is determined by the distance of H? from L?, in particular, by the
quantity

1 1
0=06(n,p)=n ~=35) (1.8)

p



4 M. D’Abbicco and A. De Luca

This phenomenon of a behavior related to a partial influence of oscillations at
low or high frequencies also appear in wave equations with so-called structural
damping (—A)%uy, 6 € [0,1], as in

{utt —Au+ (=A)u; =0, t>0,2€R",

u(0,2) = up(x), ue(0,z) = uy(x). (19)

or more general damped evolution equations, see [1, 2, 3, 4, 6, 8,9, 11, 31]. A
classification of models with time-dependent coefficients for which oscillations
influence either the decay rate of the solution or its regularity is given in [10].

With respect to the study carried on in these works, the novelty of the
equation in (1.1) is that the oscillations influence the whole extended phase
space, not only its low frequency or high frequency region. At the opposite
of this scenario, we find the wave equation with double dissipation, for which
the influence of oscillations is neglected at both low and high frequencies,
see [7, 20], and the damped Klein-Gordon equation, for which the influence
of oscillations at low frequencies may be ignored [13].

We are now ready to state the analogous of Theorem 1.1, for solutions
in L? or H? spaces, in which the loss 0(n,p), both of regularity and decay
rate, due to the special structure of the oscillations for the equation in (1.1),
comes into play.

Theorem 1.2. Letn > 1, p € (0,2], go,q1 € (0,p], ¥ € N and a € N,
Let 6(n,p) be as in (1.8). Assume that ug € H® with (1 — A)wuo € HP,

, HE
and u; € H® with (1 — A) el “uy € HP. Moreover, assume that

1 1
(2D
@ p
if k =|a| =0. Then the solution to (1.5) verifies the estimate
JoFozult, s <01+ 1) 0GR =001 g

+ o+ p el =3)—omrtlal) o

Ot+k+|af

+Ce (1 —A) "2 up|ur

O+k+|af—1

+Ce (1 -A)" 2wl
for any t > 0 and for some C,c > 0, independent of the initial data.

(1.10)

Taking p = 2 in (1.10), we find estimate (1.6) in Theorem 1.1, except
for the special case of ug,u; € L.

Remark 1.3. We don’t expect the optimality of estimates (1.10), in general.
The possible improvement of the decay estimates in Theorem 1.2 will be
object of future investigations.

The decay estimates provided in Theorem 1.1 are useful to study the
global existence of small data solutions to (1.1).

Assuming initial data in the (weak) energy space W12 x L2 it is easy
to show that local (weak) energy solutions u € C([0,7), W12)nC*([0,T), L?)
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to (1.1) exist in space dimension n = 1,2, for any ¢ > 0, and in space
dimension n > 3, for any o € (0,2/(n — 2)]. The upper bound is due to the
embedding W12 — [2(1+9),

Assuming small initial data in a suitable space, global existence of small
data solutions to (1.1) have been proved in [23, Theorem 4.2] for smooth f,
in particular, with f(u) = u?. Our aim is to prove global existence of small
data (weak) energy solutions for nonsmooth f, assuming o > &(n) in (1.2),
where & is the positive solution to

no? +(n+2)0—2=0,
and o <2/(n —2) if n > 3. Explicitly, we have

5(n) = (n+2)2+2:n7(n+2)’

(1.11)
so that
2 _ 2 —3
e T o(n)zm—&—O(n ), asn— oo.
In particular, G(n) < 1, for any n € N, that is, we may deal with nonsmooth
nonlinearities in any space dimension n > 1. We also notice that &(n) is

smaller than Fujita exponent 2/n, the critical exponent for global small data
solutions to (1.3).

<a(n) <

Theorem 1.4. Let n > 1 and assume that o > & in (1.2), where 5(n) is as
in (1.11). Moreover, let 0 < 2/(n—2) ifn > 3. We fum =1 ifo > 1
orm =2/(14 o) otherwise, and we define
mn .

n+m’ T T om
Then there exists € > 0 such that for any initial data

. mn

(uo,u1) € A, with [|(ug,u1)lla <e,

where
A= (H"™ nWh?) x (K™ nL?),
there exists a unique solution u € C([0,00), W12) N C ([0, 00), L?) to (1.1).
Moreover, the solution verifies the decay estimate
I0F O u(t, e < C(1L+ 1)~ F(m=H) ==
t O s 2 S uo,u1)||,47 (112)
for k+|al = 0,1, and for some C > 0, independent of the initial data.

Remark 1.5. Decay estimate (1.12) corresponds to take gg = m* and ¢; =
m** in Theorem 1.1. In particular, ¢ < 1 in space dimension n < 4, for
any o > 0o, that is, assuming initial data in real Hardy spaces may bring
real benefits to study (1.1). On the other hand, ¢o > ¢1 > 1 in space dimen-
sion n > 7, for any o < 2/(n — 2), that is, it is sufficient to assume small
initial data in L? spaces.

In general, the best decay rate obtained for the solution to (1.3), with f
as in (1.2) and o > 2/n, corresponds to take initial data in L' and in the
energy space W% x L? (unless special assumption are taken on f). The
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extra decay rate produced for the solution to (1.1) in low space dimension,
is due to the special structure of the equation (see later, the property of the
operator G* in (2.6)), which allows to derive benefit assuming initial data in
real Hardy spaces.

Indeed, linear estimates with initial data in real Hardy spaces for some
damped evolution equations (which generalize (1.3)) have been previously
considered in [12], but they could not be effectively applied to study nonlinear
problems, due to the lack of the special structure of the nonlinearity, as
in (1.1) (see Section 2).

1.1. Discussion about the critical exponent 5(n)

An alternative strategy to derive an existence result for the semilinear prob-
lem (1.1) for nonsmooth f (o € (0, 1)) could be the use of L' — L' estimates,
instead of LT — L2 estimates, at low frequencies. This strategy has been
effectively employed in the study of semilinear damped wave equation (1.3)
by T. Narazaki [29]. However, the presence of oscillations imposes a upper
bound on the highest possible space dimension that can be considered, i.e.
n < 5. This bound on the space dimension can be relaxed for wave equations
with effective, structural, damping, when 6 € (0,1/2) in (1.9), with power
nonlinearity |u|P, as shown in [9, 11]. The upper bound disappears in the
special case 6 = 1/2 (see [6]).

For problem (1.1) a similar upper bound would appear (whereas we can
deal with any space dimension n > 1 in Theorem 1.4), due to the presence of
high frequencies oscillations. The bound is expected to be o > (n—2)/(n+2),
obtained by the solution to #(n, 1+ ¢) < 1, which corresponds to the H!*7-
boundedness of the solution operator G and of the operator G*, as well (see
later, estimate (4.1) in Lemma 4.1). As one may easily checks, the critical
exponent & given by (1.11) is greater than (n — 2)/(n + 2) in any space
dimension n > 4. As a consequence, this strategy may be effective to lower
the critical exponent ¢ only in space dimension n < 3.

However, the presence of oscillations in (1.1) also at low-frequencies,
caused a loss of decay rate in Theorems 1.2 and 2.2. This loss makes the decay
rate of L' — L1+ estimates (1.10) worse than the decay rate of the LT — L2
estimates. Indeed,

1 b O(n,1+0) = 3 2 < 2 1
" l+o e U L Y

For the above reasons, the estimates in Theorems 1.1 and 2.1 appear better
than the estimates in Theorems 1.2 and 2.2, to study the semilinear prob-
lem (1.1). As a consequence, we cannot improve our global existence result
(namely obtaining existence for some power o < (n)), only by relying on
the L' — L1*9 estimates derived in Theorem 2.2, as one may do in the case
of classical damped waves.

It remains open the possibility that other strategies may bring an im-
provement on the exponent &(n). In particular, the possible improvement of
the estimates in Theorems 1.2 and 2.2, and the use of the new estimates to
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lower the critical exponent in space dimension n = 1,2, 3, will be object of
future investigations.

1.2. Initial data in weighted L' spaces

The assumption of initial data in real Hardy spaces, allows us to produce
additional decay rate in Theorem 1.1, with respect to the assumption of data
in L'. This additional decay rate is essential to prove Theorem 1.4. However,
instead of assuming initial data in real Hardy spaces, it is possible to assume
initial data in weighted L' spaces, namely, in

LY ={uecl': |z|"ue L'},

and assume that they verify a suitable moment condition. In particular, if

/n ug(z) de = /n up(z) dz,

then the spaces H% and H? may be replaced by the space L' in Theo-

rem 1.1, provided that
1
n ( — 1) <~y<1.
4q;

The proof relies on the pointwise estimate for the Fourier transform of a
function f € L7, with v € (0, 1], employed in [17]:

FOI< &M (Il + 1P, P= - f(z)dz.
Combining the previous estimate with Plancherel’s theorem, it is possible
to prove Theorem 1.1 assuming initial data in weighted spaces, verifying
the moment conditions. Analogous estimates may be derived for functions
in L7, with v > 1, which involve higher order moments. The corresponding
pointwise estimate for the Fourier transform of a function in real Hardy
space H?, q € (0,1], is (see Chapter III, Corollary 7.21 in [16]):

1)1 S 1G] flla

In view of this alternative for initial data in Theorem 1.1, the smallness as-
sumption of initial data in real Hardy spaces in Theorem 1.4, may be replaced
by the assumption of small initial data in suitable weighted L' spaces, verify-
ing the moment conditions. We address the interested reader to [4, 18, 20, 21],
and the reference therein, for a series of results in which the assumption of
initial data in weighted L' spaces is used to derive linear estimates for dissi-
pative evolution equations and to determinate the asymptotic profile of the
solution.

However, the assumption of initial data in real Hardy spaces, and not
in weighted LP spaces, has the advantage that it allows to derive HP — H?
estimates, relying on Fourier multiplier theorems (in particular, we will use
Theorems 6.3 and 6.4 in Section 6).



8 M. D’Abbicco and A. De Luca

1.3. Physical derivation of the problem

The main interest of this paper is in the study of new qualitative proper-
ties of problem (1.1) from a mathematical point of view. However, even if
problem (1.1) is interesting by itself from a theoretical mathematical point
of view, it is originated by a real world physical problem.

A presentation of the model is provided in [38]: in some problems of
nonlinear wave propagation in waveguides, in case of energy exchange be-
tween the surface of nonlinear elastic rod in material (e.g., the Murnaghan
material) and an external medium, the following double dispersion equation
(DDE)

1
ugy — Au = 1(6Au2 + alAug — bA%u) (1.13)
and the general cubic DDE (CDDE)

U — Au = i(cAu‘3 + 6AU? + aAugy — bA%u + dAuy) (1.14)

can be derived from Hamilton Principle. Here u(¢, x) is proportional to strain
%—g, where U(t,x) is the longitudinal displacement, a > 0, b > 0, and d # 0
are some constants depending on the Young modulus, the shear modulus p,
density of waveguide p and the Poisson coefficient v. Equations (1.13) and
(1.14) were studied in literature, the travelling wave solutions, depending
upon the phase variable z = x + ¢t were studied by Samsonov in [33, 34], the
strain solutions of equations (1.13) and (1.14) were observed in [24, 35].

Setting a = b = d = 4 for simplicity, equation (1.14) with ¢ = 0 is a
special case of (1.1) with f(u) = 3u?/2, so that o = 1 in (1.2).

The double dispersion equation has been well investigated in recent
times, in particular see [5, 32, 38, 39].

Notation
In this paper, we use the following.

Notation. We denote by # the Fourier transform with respect to the space
variable zx,

and we write $(£) = .7 f(£), and ¢(t,§) = (Fo(t,-))(E).

Notation. In this paper differential operators are denoted by 95 = o7 - - - 95,

Fole) = / p(@)e 7 de,

where oo = (a1,...,a,) € N and |a| = aq + - - - + a5, is the length of a.
With the symbol A we denote the Laplace operator as A =Y | 8% Frac-

tional powers s > 0 of —A and 1 — A are intended as defined by their action
(=A)ye=771E*e),  (1-A)Pp=F"1((6)*9),

where

(€ =1 +eP)e.
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Similarly, we define the Riesz and Bessel potentials (see also Section 6) for s >
0:

Le=7"(79), (Q1-48)p=7""(""9)
By W™P p € [1,00], we denote the usual Sobolev space of LP functions with
derivatives up to the order m in LP, recalling that W™? = (1 — A)~% LP
ifp>1.

Notation. Let f,g: @ — R be two functions. We use the notation f ~ ¢
if there exist two constants C1,Cy > 0 such that C1g(y) < f(y) < Cag(y)
for all y € Q. If the inequality is one-sided, namely, if f(y) < Cyg(y) (resp.
f(y) > Cyg(y)) for all y € Q, then we write f < g (resp. f 2 g).

The definition of real Hardy spaces HP and some of their properties are
collected in Section 6.

2. Fundamental solution and decay estimates
We consider the linear problem

Uy — Augy + A%u — Au — Auy = Af(t,x), t>0,x€R, 2.1)
u(0,z) = uo(x), w(0,z) = ui(z), )
which corresponds to (1.1), by replacing the nonlinearity f(u) with a inho-

mogeneous term f (¢, x).

We introduce the ¢-dependent Fourier multiplier G(t, £) given by

G(t,§)=e Mn(iﬂ : (2.2)
n=n(§) = 2|<§§|>2 ; (2.3)

o= w(© =lel\/1- 1oL (24

recalling that (¢)2 = 1 + |£]?. The solution to (2.1) may be written as
u(t> 33) = (H(ta ) * UO)(‘T) + (G(t’ ) * ul)(‘r)

+/ (Gu(t —s,:)* f(s, ))(m) ds, (2:5)
0
where the fundamental solution is G(t,z) = .Z ~'G(t, &) and
GHt,x) = (1 — A)TTAG(t, z), (2.6)
H(t,z) = (0 — (1 = A)T'A)G(t, x) = Ge(t,z) — GH(t, ). (2.7)

Indeed,
11(,6) = 1 (cost) + 2 ) g, 1 g (-2,
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and 2n = |£[2(¢) 2. From the point of view of regularity, the kernels G(t, )

and G*(t, z) behave in the same way. In particular, G(t, T)*(z) and GH(t, T)*(z)

are LP-bounded operators if n|1/p—1/2| < 1 when n > 3. On the other hand,

G(t, ) has the following asymptotic expression (see Remark 4.3 in [37])
G(t,x) ~ G(t,x) () E(t,r), “in some sense”,

where G(¢t,z) and £(t,z) are the fundamental solution to the heat equation
and the wave equation:

(0, —A)G =0, Gg(o,-) =9,
(8,5,5 - A)g == 0, E(O, ) == 0, 5t(07 ) == 6

As a consequence, in space dimension n > 3, we have the asymptotic pro-
file [37]

n_ lal+k—1

I0F05G(t, ) * pllze ~ #7577 (lleller + lellwrria-ra), (28)
o _n_ ltlal+k
IOFOTGR(t, ) gl ~ 757 (llelln + lellwrsio-iz) (29)

provided that we assume n > 3 if k = || = 0 in the first one. As a conse-
quence,
lal+k

10805 H(t,) * @llre ~ 75~ 72 (ol + lellweriai-r2) (2.10)
provided that

/n o(x)dz # 0. (2.11)

On the other hand, estimates (2.8), (2.9) and (2.10) may be improved if ¢
verifies the moment condition, i.e.

/n w(x)dz =0. (2.12)

Indeed, if one is interested in the asymptotic profile of ||G(¢,-) * ¢||r2 and
|GE(t,-) * || L2 as t — oo, the oscillations coming from the wave part of the
fundamental solution have no influence, so that, by Plancherel theorem, one
may, in general, estimate | sin(wt)|/w by 1/w =~ |£|~! in (2.2), obtaining

1050 G (t,) * @lie S 0703 G(E, ) * Ll e, (2.13)

where I; denotes the Riesz potential.
The presence of the Riesz potential leads to the loss of 2 in the profile
in (2.8), with respect to the corresponding profile of

105056 (t,-) * pllga ~ 17355
valid under the assumption (2.11).
In [37], it has been proved global existence of small data solutions
to (1.1) with f = O(Ju|'*7), for any o > 1 in space dimension n > 3.
By assuming u; € W11, that is, [yu; € L!, global existence of small
data solutions has been proved in [23, Theorem 4.2] for f(u) ~ u™, with

el
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m € N, m > 2, in space dimension n > 1. We emphasize that lyu; € Lt
implies the moment condition (2.12) for uy, that is,

/n uy () dx =0,

due to [£|714;(€) € C by Riemann-Lebesgue theorem, so that i;(0) = 0.
Indeed, assuming the moment condition for u; invalidates the asymptotic
profile given in (2.8) and it may improve the corresponding decay estimates
for the solution to (1.1).

In particular, moment condition (2.12) is a necessary condition for mea-
surable functions ¢ to be in real Hardy spaces HP, with p € (0,1]. Real
Hardy spaces may be defined in several ways (see Section 6) and HP = LP,
for p € (1, 0], whereas H! C L! with a proper inclusion. The Riesz potential
has the following mapping property in real Hardy spaces (see Theorem 6.5
in Section 6):

Leow sw, =L, %
p D n
for any s > 0 and p,p* € (0,00). In particular, as a consequence, HP —
W==1, for p=mn/(n+s), due to

el —on = sl S Isllnr S llollwe-

Having this in mind, in view of (2.13) it appears natural to study prob-
lem (1.1) with initial data in HP.

In order to prove our results, we shall study the decay and mapping
properties of the operators G(t, z)*(,) and GH(t, T)*(z), and their derivatives.

Theorem 2.1. Letn > 1, ¢ € (0,2], k € N and a € N". Assume that ¢ €
HIAWHEHeI=12 Then we have the decay estimate

10F8GH(t, ) # gl 2 < (1 + 1)~ 2 (n(E=8)+iielal) g,

(2.14)
+e " lellwrtrar-1a,
for any t > 0 and for some ¢ > 0. Moreover, if k + |a] > 1, or
1 1
n(f - 7) >1, (2.15)
q 2
then we have the decay estimate
0k02G(t ) # plle < (140G gy,

+ e “Nollwr+iai-rz,

for anyt > 0 and for some ¢ > 0. If ¢ = 1, we may replace H' by L' in (2.14)
and (2.16), provided that n > 3 in (2.16) if k = |a] = 0.

We recall that H? = L9 if g € (1,2].
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Theorem 2.2. Letn > 1, p € (0,2), ¢ € (0,p], k € N and o € N™. Let 6(n, p)

be as in (1.8). Assume that ¢ € H? with (1 — A) 9+k+2|a‘71<p € HP. Then we
have the estimate

1

1088GE (1, ) # pllage < (1 -+ 1)~ (n(G=F) —0rrebrlal) o

. R (2.17)
+e A=A ollur,
for any t > 0 and for some ¢ > 0. Moreover, if k + |a] > 1, or
1 1
n(f - 7) > 1, (2.18)
q p
then we have the estimate
I0E0E G ) w pllr 5 (L4 2GR okl

O+k+|al—1

+e A=A gl
for any t > 0 and for some ¢ > 0.

We recall that HP = LP if p € (1,2], and H? = L7 if g € (1, 2]. Moreover,
we recall that H' — L' (that is, (2.19) is also valid replacing H? by LP
when p = 1).

In Theorem 2.2, the term 6(n,p) produces a loss of decay rate and of
regularity, which is due to the oscillations caused by the wave part of the fun-
damental solution. For the wave equation, it is known that the corresponding
loss is reduced to @ = (n —1)(1/p —1/2) (see [26]). The possibility to reduce
the loss of decay rate in (2.19) will be object of future investigations.

It is clear that, setting p = 2, Theorem 2.2 reduces to Theorem 2.1,
except for the fact that we cannot replace H' by L' in Theorem 2.2, in
general.

As a consequence of Theorems 2.1, 2.2 and (2.7), the proofs of The-
orems 1.1 and 1.2 follow. In Sections 3 and 4, we will prove Theorems 2.1
and 2.2.

3. Proof of Theorem 2.1

In order to prove Theorem 2.1, it is convenient to localize ¢ at low frequencies
and at high frequencies.

Proof of Theorem 2.1. We fix x € CZ°, a (compactly supported) cut-off func-
tion, with xy = 1 in a neighborhood of the origin. For a given function ¢, we
define

or ~

po=F (x9), w1=1-¢0.
We first prove that

1A (1= A)TI0702G(t,) * prllze S e l@llwnsiai-rz, (3.1)
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for some ¢ > 0 which depends on x. By Plancherel theorem, we may estimate
IA7(1 = A) 902Gt ) * |2
~ [I(1 = x)(i€) |2 (€) "> 0F Gt )@l
< 11— xUE O, o 1)1 e

If x = 1 for any || < 4, then, recalling the definition of G in (2.2), it is
sufficient to notice that

_ A 1 _ e
sup (€)' F[OFG(E, ) S sup () TF — (n+ w)feT S e,
|€1=06 |§1=0 w
with ¢ = §/(2(d)) > 0, for k > 0, where we used n = 1 and w = [£].
In order to complete the proof of Theorem 2.1, it is sufficient to estimate

1= 2)T0R2G () % ol S 3 (n(am2) rekstal) oy

for j = 0,1, provided that n(1/¢—1/2) > 2 if k = |a| = 0. Let £ > 0 be such
that x is compactly supported in B = {|¢| < ¢}. For any |{| < &, we may

estimate
2 2
e el

21 +e2 — 1= 27
whereas w & |£]. In particular, n + w = |£|, as well. Therefore, in B we may
estimate

—2j o A +wk - o -1 —cl¢)?
(&)1l 10t e, ) < ) P e gt et

with ¢ =1/(2(1 +¢)?).
If we define

sen(2-1) o)

then, by Plancherel theorem and Riesz potential mapping properties (Theo-
rem 6.5 in Section 6), we get

€122l e = I sellzz S lplaa-

Therefore, we may estimate

, 2 R
00— 8)0E05 G, ) » poll 5 stp o144 147 e g 2
(|<e
_laltk-1+8
SO+ el
provided that || +k— 1+ 3 >0, that is, kK + |a| > 1 or § > 1.

To replace ||¢]l3 by ||¢|lz: we shall modify the proof, due to the fact
that the Riesz potential I5/,, does not map L' into L2. By Plancherel theorem,
Holder inequality, and Riemann-Lebesgue theorem (@]~ < ||¢|lLr), we
may estimate

—7J leY e} — —clg|?
(1 = A)70FagG(t,-) * wollce S NxllEl T e La o]l 1
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The function |y||¢]l*1T#=1 e=<léP*t is in L2 for any ¢ > 0, provided that |a| +
k > 1 or n > 3. Then we immediately get

n_ lof+k=1
2

— — 2 — %
Il =t e e < (1) 7%

This concludes the proof. ([l

4. Proof of Theorem 2.2

We will separately prove Theorem 2.2 at low and high frequencies. We fix x €

C2° a (compactly supported) cut-off function, with x =1 in a neighborhood

of the origin, as in the proof of Theorem 2.1. For a given function ¢, we define
wo=F ' (x9), v1 =1 wo.

Then we will prove the following two results which, together, lead to the
statement in Theorem 2.2.

Lemma 4.1. Letn >1,p € (0,2), k € N, « € N*, and 0 as in (1.8). Assume
that (1 — A)LWQD € ‘HP. Then we have the estimate

O+k+|al—1
2

IA7(1 = A)TOFOTG(t, ) * prllwr S e I(1 = A) llnr,  (4.1)

for any t > 0 and for some ¢ > 0, with j =0, 1.

Lemma 4.2. Letn > 1, p € (0,2), ¢ € (0,p], k € N and o € N". Assume
that @ € H1. Moreover, assume that k + |a| > 1, or that (2.18) holds. Then
we have the estimate

1

11— A) 902Gt ) ollaer S (1)~ (P Gm) =01k 10 o (4.2)

~

for any t > 0 and for some ¢ > 0, with j = 0,1 and 6 as in (1.8).

In order to prove HP estimates with p € (0,2), the derivatives of G’(t, §)
come into play. We notice that we may estimate

07n(©)] < €12, (4.3)
7w(€)] < g1, (4.4)

To prove Lemma 4.1, we rely on Theorem 6.3 in Section 6.

Proof of Lemma 4.1. We consider the Fourier multiplier (see Definition 6.2)
m(t,€) = (1= x)[E[7 (&)~ ¥~ M@)o Gt ¢),
and we prove that the operator T}, is HP-bounded, with
Im(t, My S e, (4.5)

for some ¢ > 0. Due to the fact that |¢| > €, for some € > 0 (since 1 — x
vanishes in a neighborhood of the origin), it holds (£) ~ |¢|. Taking into
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account of (4.3) and (4.4), together with
D, =te™ "' 0¢,m,
O, sin(wt) = t cos(wt)0¢,w,
g, cos(wt) = —tsin(wt)0e,w,

we may estimate
: _ lg?
070FG(t,6)] S 1€[F171 (1 + t + tg) e 2

E2
SlEFr 4 phleTzme”,

In the last estimate, we used that |£| > ¢ to control || 71 (1 +¢+¢¢]) S 1+t
Therefore,

52
02m(t, )] < [0 (1 + t)e 20,
By applying Theorem 6.3 in Section 6, with a =1 and A = 1 4 ¢, we obtain
52
It ey S (14 ) 20507,

Therefore, it is sufficient to take ¢ < &2/(2(1 + €2)) to obtain (4.5) and
conclude the proof. (I

To prove Lemma 4.2, we rely on Theorem 6.4 in Section 6.

Proof of Lemma 4.2. We define

q P

(setting p = 2 we find the definition in (3.2)), we consider the Fourier multi-
plier (see Definition 6.2)

m(t,€) = x[§7(€) (&) G (. ),
and we prove that the operator T, is HP-bounded, with
It Yy S (14 83 (1(G=3) =0=181al) (4.6)
By Theorem 6.5 in Section 6, we have that
1sellnr < [l@ll2s,
so the proof of Lemma 4.2 follows from (4.6).

Due to the fact that |{] < § for some § > 0 (since x is compactly
supported), it holds (¢) ~ 1. Thanks to (4.3) and (4.4), we may estimate

A _ lel?
|070EG(t,)| S E[FM=1 (1 + tleg + tlel)e 207

k __le?
SIEFITH L+ (te) e 20w
In the last estimate, we used that |£] < § to control 1+¢|€]2 +¢[¢] < 1+¢t[€].
Therefore,

e
O m(t, €)] < Je[FHIel=h1=1(1 4 (tfe))P)e”mE
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Due to k+ |a|+ 5 —1 >0 and |¢] < §, we may estimate

_ ktlal+B-1
2 b

2
g|FHal -1 T mrE < (1 4 ¢)

Et]lal+B8—1 [|v]
2

s
g+l g Ple a5 S (1+4)” aF

Estimating 1 + ¢ S(1+ t)‘T‘, we obtain

Om(t, &) S 1+~ (VI+EEH.
By applying Theorem 6.4 in Section 6, with a = 0 and A = /1 + ¢, we obtain

kt|a|+B+6—1
2

[m(, meew)y S A +1)” ,
that is, we obtain (4.6) and this concludes the proof. O

5. Proof of Theorem 1.4

Thanks to Theorems 1.1 and 2.1, we may prove Theorem 1.4.

Proof of Theorem 1.4. We define the solution space
X =¢([0,00), W"?) nC*([0,00), L?) (5.1)
equipped with norm given by

lullx = sup (14 OFGTHE {ult, )z + (146 (e, V) (&) 22 -
te[0,00)

Then a function u € X is a solution to (1.1) if, and only if, it verifies in X
the integral equality

u(t, ) = Y(t, x) + Fu(t, z). (5.2)
where 1) is the solution to the linear problem (1.5), that is,
Y(t,x) = H(t, ) * () uo(z) + G(t, ) *(z) ur(x),
and F': u+— Fu is the integral operator defined by

t
Fu(t,z) = / GH(t — s, ) * () f(u(s,r))dr.

0
Thanks to Theorem 1.1, the function ¢ verifies the estimate

[¥llx < i (uo; wr) | a-

Indeed, setting go = m* and ¢ = m™*, we obtain

1)_ 1tk+|af
2

loF ot Yz < € (14173

for k + |a| =0, 1. We now want to prove the estimates
1Fullx < Cllull ¥, (5:3)
1w = Follx < Cllu—vlx (lull% + [[v]%) - (5:4)

[0, ur) | 4;
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By standard arguments, from (5.3) it follows that F 4+ : u +— ¢ + Fu maps
balls of X into balls of X, for small data in A, and that estimates (5.3)-(5.4)
lead to the existence of a unique solution u € X to (5.2). Moreover,

lullx < Cl(uo, ur)]la,

that is, the solution to (1.1) verifies estimate (1.12). We simultaneously gain
a local and a global existence result. Therefore, we prove (5.3) and (5.4).

We preliminary notice that a function u € X verifies the following decay
estimates:

n lo]
[0F0u(t, Ve < €1+ 072D . (5.5)

for k+|a| = 0,1. As a consequence of (5.5) and Gagliardo-Nirenberg inequal-
ity, a function u € X also verifies the estimates

1

Jutt, Yer < C+8)7F ) jul x, (5.6)
for any r € [2,00) if n = 1,2, and for any r € [2,2n/(n —2)] if n > 3.

We now plan to estimate

¢
107 0% Fu(t, )| 2 S/ IGH(t = 5,-) * f(uls, )| 2ds.
0
We split the integral into [0,¢/2] and [¢t/2,t]. In [0,%/2], we set ¢ = m in

estimate (2.14) in Theorem 2.1, and in [t/2, ], we set ¢ = 2 in estimate (2.14)
in Theorem 2.1. Therefore, we get

107 0% Fu(t, )| 2

t/2
YR TSI
5/0 (L+t-s) (1 (u(s, )

L+ | f(u(s, )| p2) ds

t 1+k+|a
*/ (L4t—s)" 2 | f(uls,-))l|2 ds.
t/2

Due to the fact that u € X, thanks to (5.6), we may estimate

[1f (u(s, )l

o < Juls, )R

140

< Cllullx (1 +s) 72w, (5.7)
1f (uls, Dz < fuls, 3

< Cllull7(145)%

= Ollul) i (1 +5)" 7w 3 (5 3), (5.8)

We used that m(1 + o) > 2 and that 2(1 + o) < 2n/(n — 2), that is, 0 <
2/(n—2), in space dimension n > 3, to apply Gagliardo-Nirenberg inequality.
We now claim that

n +1+J
k=—
om’ T T2

> 1. (5.9)
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If o > 1, so that m = 1, (5.9) trivially holds. Now let o < 1, so that m =
2/(1+ o). Then

n 140 n 140 n 4 n+2 1
= — 1 = — —
o(l+o0)+ 5 0Tty

om’ T 2

so that (5.9) holds if, and only if, o > &, where 7 is as in (1.11).

Therefore, using that 1+t —s~ 1+t for s € [0,t/2] and 1+ s~ 1+t
for s € [t/2,t], thanks to (5.7),(5.8), (5.9), we derive

t/2
n({l1l _1 al

J0£02 Futt, oo 5 Jull (1478 G5 [T g7,

0

t
)/ (I+t—s)" S s
t/2

ull 577

Nl=

+ ull (4 5) 36

1+k+\a|

<1+ 3GE-3)-

that is, we proved (5.3). By (1.2) and Holder inequality, due to the fact
that v € X, thanks to (5.6), we may estimate

1 (uls, )~ Fo(s, )er
< Il(u = ) (Jul” + [o1)(5, )
< = 0) (s, Mmoo [0l + 1017, o)
< Ot = )5, M gomereor (05, MG wcrsor + 1005 MG v

+cr

< Cllu = vllx (lull% + [vlI%) (1 + 5)~ 2 ;

and, similarly,

1 Culs, ) = f(olss )2
<C+5) T llu—vlx (Jul% + [o%) (1 + )" #0553,

Following the proof for ||0F0% Fu(t,-)||z2, we are then able to obtain
0505 (Fu — Fu)(t, )| 2

t/2 1 _1\_ 1tkt|e
S [t 8D (s, ) - £(0(s ) e ds
0

*/t (Lt—s) 7 [|fuls, ) = (s, )| 2 ds

_ ltkt|ol
= flu=vllx(ull% + 01%)-

This proves (5.4), and so we concluded the proof. O
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6. Some known results about Fourier multipliers in real Hardy
spaces

We recall how the Hardy spaces HP(R™) are presented by Fefferman and
Stein [15]. We use the notation H? instead of the classical notation H? to
avoid possible confusion with the Sobolev space WP:2,

Fix, once for all, a radial nonnegative function ¢ € C2°(R™) supported
in the unit ball with integral equal to 1. For u € §'(R™) we define the mazimal
function Myu by

Myu(w) = sup |(u+¢)()],
where ¢, (z) =t "¢(z/1).

Definition 6.1. Let 0 < p < co. A tempered distribution v € S’'(R™) belongs
to HP(R™) if and only if Myu € LP(R™), i.e.,

lul|lnr = | Mpu|Lr < oco.
For p = oo, we set H®(R"™) = L>(R").

The spaces HP(R™) are independent of the choice of ¢ € C°(R™) with
Jgn @(x) dz #0. For p =1, |lul|32 is a norm and H'(R") is a normed space
densely contained in L'(R™). For p > 1, |jul/#» is a norm equivalent to the
usual LP norm and we denote HP(R™) = LP(R™), by abusing notation. For
0 < p <1, the space HP(R™) is a complete metric space with the distance

d(u,v) = [Ju— |50, u,v € HP(R™).

Although HP(R™) is not locally convex for 0 < p < 1 and ||u||» is not truly
a norm, we will still refer to ||ul/» as the “norm” of u, as it is customary.
The property f € HP can be characterized by appropriate singular inte-

grals in a way that has some analogy with the earlier maximal characteriza-
tion [28, Theorem C]: a function f € L? belongs to HP when p € (0, 1], if and
only if f € L? and R, f € L?, for |a| < k, where k =1+ [(n —1)(1/p — 1)],
and R, f denotes the Riesz transform of f, defined via the Fourier transform
by

Ro f(€) = (i€]E|H) f (&)
Moreover,

Ifll2r = Y N Rafllzo-

lee| <k

A number similar to k also fixes the order of moment conditions which func-
tions in Hardy spaces shall verify. Indeed,

/ z®f(z)dx = 0, Vel < [n(l/p—1)]

for any function f € HP NC°.

In this paper, we use a variant of the celebrated Mikhlin-Hérmander
multiplier theorem for Hardy spaces (see [27]) to obtain the boundedness of
operators acting on H?(R™), in Theorem 2.2.
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Definition 6.2. Let m be a bounded function on R™ and consider the operator
T,, defined by

Tnf = 771 (M9 (). (6.1)
We say that m is a Fourier multiplier for H? if T, f € HP for all f € HP and
[T flle < Clf |90 (6.2)

in other words, if T},, can be extended to a bounded operator from HP to HP.
In this context, M(HP) denotes the set of all the Fourier multipliers for H?.
The norm ||m|| pq(3») is defined to be the operator norm of 7;,, in H?, i.e.

Tmf HP
M| am(pey =  sup 7” I . (6.3)
senr, 20 | fllap

Theorem 6.3. Let p € (0,2), and 8 = 0(n,p) = n(l/p —1/2), as in (1.8).
Assume that m € CF(R™), with m(€) = 0 in a neighborhood of the origin,
and k = max{[0], [5]} + 1. If

7m(©)] < €17 (Al¢|* )P, 7] < &,
for some constant a > 0 and A > 1, then m € M(HP(R™)) and
[l pmae ny) < CA?,
where C' > 0 is a constant independent of A.

Theorem 6.4. Let p € (0,2), and § = 6(n,p) = n(1/p — 1/2), as in (1.8).
Assume that m € CF(R™ \ {0}), with m(¢) = 0 for |£] > 1, and k =
max{[6], (2]} + 1. If

[0gm(€)] < [¢]* (Alg|=* P ] < &,
for some constant a > 0 and A > 1, then m € M(HP(R™)) and
Il amar gny) < CA?,
where C is a constant independent of A.

Let I be the Riesz potential with order > 0, defined by means of
I.f = Z7 Y77 F()). If r € (0,n), the Riesz potential may be represented
for sufficiently smooth f by

L«f(d?) = Cn,r /Rn m_{g}% d%

for suitable ¢, . Real Hardy spaces have the property that the Hardy-Littlewood-
Sobolev theorem for Riesz potential, valid in LP spaces, with p > 1, extend
to HP, with p € (0,00), see [28, Theorem F].

Theorem 6.5. Consider r > 0 and 0 < g < n/r. Then, there exists C =
C(r,q) > 0 such that

1 1 r
I L fllar ey < Cllfllany, == -+ —.
q p n
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