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Abstract. We study the Cauchy problem for the linear double dispersion
equation

utt −∆utt +∆2u−∆u−∆ut = 0, t ≥ 0, x ∈ Rn

and we derive long time decay estimates for the solution in Lp spaces
and in real Hardy spaces. We employ the obtained results to study the
equation with nonlinearity ∆f(u) and nonsmooth f .
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1. Introduction

In this paper, we study the Cauchy problem for the generalized double dis-
persion equation{

utt −∆utt +∆2u−∆u−∆ut = ∆f(u), t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x),
(1.1)

where f is a Lipschitz-continuous function verifying

|f(u)| ≤ C|u|1+σ, |f(u)− f(v)| ≤ C|u− v|(|u|σ + |v|σ), (1.2)

for some σ > 0 and C > 0. For instance, f(u) = |u|1+σ.
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The structure of the equation in (1.1) may be better understood by
writing it as a wave equation with a Bessel potential and a Laplace operator
applied to a damping term and a nonlinearity

utt −∆u = (1−∆)−1∆
(
ut + f(u)

)
.

As a consequence, problem (1.1) shares some properties of the Cauchy prob-
lem for the damped wave equation{

utt −∆u+ ut = f(u), t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x),
(1.3)

but the action of the operator (1 −∆)−1∆ to the damping term and to the
nonlinearity produces completely new effects. Problem (1.3) has been deeply
investigated in recent years, in particular, global small data solutions to (1.3)
exist if σ > 2/n (see [36], see also [19, 22]). On the other hand, problem (1.1)
shares some properties of the Cauchy problem for the strongly damped wave
equation with nonlinearity ∆f(u):{

utt −∆u−∆ut = ∆f(u), t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x).
(1.4)

The asymptotic profile of the solution to the corresponding linear model,
i.e. (1.4) with f = 0, has been recently investigated (see, in particular, [18]).
Partial results for the problem with power nonlinearity f(u) instead of ∆f(u)
in (1.4), have been obtained in [14].

In this paper, we exploit the special structure of (1.1) to study the
influence of assuming initial data u0, u1 in real Hardy spaces Hp(Rn) on the
existence of global small data solutions to (1.1) (the definition and some
properties of real Hardy spaces are collected in Section 6). In order to do
that, we derive Hq − Hp estimates, 0 < q ≤ p ≤ 2, for the solution to the
linear homogeneous problem{

utt −∆utt +∆2u−∆u−∆ut = 0, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x).
(1.5)

If p > 1, thenHp = Lp. On the other hand,H1 ↪→ L1, with a proper inclusion.
As a consequence, our estimates are also Lq−Lp estimates when 1 < q ≤ p ≤
2. In this paper, we use the notation Hp instead of the classical notation Hp

to avoid possible confusion with the Sobolev space W p,2.

Assuming initial data in real Hardy spacesHq, q ∈ (0, 1], or in Lq spaces,
q ∈ [1, 2], and in the energy space, one may easily derive the following long
time decay estimates for the solution and its derivatives, on L2 basis.

Theorem 1.1. Let n ≥ 1, q0, q1 ∈ (0, 2], and j ∈ N. Assume that u0 ∈
Hq0 ∩W j+1,2 and u1 ∈ Hq1 ∩W j,2. Then the solution u ∈ C([0,∞),W j+1,2)∩
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C1([0,∞),W j,2) to (1.5) verifies the decay estimate

∥∂kt ∂αx u(t, ·)∥L2 ≤C(1 + t)−
1
2

(
n
(

1
q0

− 1
2

)
+k+|α|

)
∥u0∥Hq0

+ C(1 + t)−
1
2

(
n
(

1
q1

− 1
2

)
−1+k+|α|

)
∥u1∥Hq1

+ Ce−ct
(
∥u0∥Wk+|α|,2 + ∥u1∥Wk+|α|−1,2

)
,

(1.6)

for any k ∈ N and α ∈ Nn, with 1 ≤ k + |α| ≤ j + 1 and t ≥ 0, for
some C, c > 0, independent of the initial data. Decay estimate (1.6) is also
valid for k = |α| = 0, provided that

n
( 1

q1
− 1

2

)
≥ 1.

Moreover, if qj = 1, we may replace H1 by L1 in (1.6), provided that n ≥ 3,
if q1 = 1 and k = |α| = 0.

In particular, setting k + |α| = 1, 2 in Theorem 1.1, we find that the
energy for (1.5) given by

E(t) = ∥ut(t, ·)∥2L2 + ∥∇ut(t, ·)∥2L2 + ∥∇u(t, ·)∥2L2 + ∥∆u(t, ·)∥2L2 ,

verifies the decay estimate

E(t) ≤ C(1 + t)
−min

{
n
(

1
q1

− 1
2

)
,n

(
1
q0

− 1
2

)
+1

}(
E(0) + ∥u0∥2Hq0 + ∥u1∥2Hq1

)
.

By using a Mikhlin-Hörmander type multiplier theorem, which provides Hp

boundedness of parameter-dependent operators, we are also able to estimate
the solution in real Hardy spaces Hp with p < 2 (we recall that Hp = Lp

for p > 1). However, in this case the oscillations coming from the wave part of
the equation produces two issues: a loss of regularity which is known from the
theory of damped wave equations when one works in Lp spaces with p ∈ [1, 2)
and in real Hardy spaces Hp with p ∈ (0, 1] (see [26]), and a loss of decay
rate, which is known from the theory of strongly damped wave equations.

The reason behind the fact that the oscillations produce both bad effects
related to two class of damped waves is that the profile of the solution to
the double dispersion equation contains oscillations both at low and high
frequencies. On the one hand, in classical damped wave equations as in (1.3)
with f = 0, oscillations only appear at high frequencies, so that they do
not influence the decay rate of the solution, but only its regularity (see,
in particular, [25, 29, 30]). On the other hand, in strongly damped wave
equations as {

utt −∆u−∆ut = 0, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x),
(1.7)

oscillations only appear at low frequencies, so that they do not influence the
regularity of the solution, but only its decay rate. This loss of regularity and
of decay is determined by the distance of Hp from L2, in particular, by the
quantity

θ = θ(n, p) = n

(
1

p
− 1

2

)
. (1.8)
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This phenomenon of a behavior related to a partial influence of oscillations at
low or high frequencies also appear in wave equations with so-called structural
damping (−∆)θut, θ ∈ [0, 1], as in{

utt −∆u+ (−∆)θut = 0, t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x).
(1.9)

or more general damped evolution equations, see [1, 2, 3, 4, 6, 8, 9, 11, 31]. A
classification of models with time-dependent coefficients for which oscillations
influence either the decay rate of the solution or its regularity is given in [10].

With respect to the study carried on in these works, the novelty of the
equation in (1.1) is that the oscillations influence the whole extended phase
space, not only its low frequency or high frequency region. At the opposite
of this scenario, we find the wave equation with double dissipation, for which
the influence of oscillations is neglected at both low and high frequencies,
see [7, 20], and the damped Klein-Gordon equation, for which the influence
of oscillations at low frequencies may be ignored [13].

We are now ready to state the analogous of Theorem 1.1, for solutions
in Lp or Hp spaces, in which the loss θ(n, p), both of regularity and decay
rate, due to the special structure of the oscillations for the equation in (1.1),
comes into play.

Theorem 1.2. Let n ≥ 1, p ∈ (0, 2], q0, q1 ∈ (0, p], k ∈ N and α ∈ Nn.

Let θ(n, p) be as in (1.8). Assume that u0 ∈ Hq0 with (1−∆)
θ+k+|α|

2 u0 ∈ Hp,

and u1 ∈ Hq1 with (1−∆)
θ+k+|α|−1

2 u1 ∈ Hp. Moreover, assume that

n
( 1

q1
− 1

p

)
≥ 1,

if k = |α| = 0. Then the solution to (1.5) verifies the estimate

∥∂kt ∂αx u(t, ·)∥Hp ≤C(1 + t)−
1
2

(
n
(

1
q0

− 1
p

)
−θ+k+|α|

)
∥u0∥Hq0

+ C(1 + t)−
1
2

(
n
(

1
q1

− 1
p

)
−θ−1+k+|α|

)
∥u1∥Hq1

+ Ce−ct∥(1−∆)
θ+k+|α|

2 u0∥Hp

+ Ce−ct∥(1−∆)
θ+k+|α|−1

2 u1∥Hp ,

(1.10)

for any t ≥ 0 and for some C, c > 0, independent of the initial data.

Taking p = 2 in (1.10), we find estimate (1.6) in Theorem 1.1, except
for the special case of u0, u1 ∈ L1.

Remark 1.3. We don’t expect the optimality of estimates (1.10), in general.
The possible improvement of the decay estimates in Theorem 1.2 will be
object of future investigations.

The decay estimates provided in Theorem 1.1 are useful to study the
global existence of small data solutions to (1.1).

Assuming initial data in the (weak) energy space W 1,2 × L2, it is easy
to show that local (weak) energy solutions u ∈ C([0, T ),W 1,2)∩C1([0, T ), L2)
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to (1.1) exist in space dimension n = 1, 2, for any σ > 0, and in space
dimension n ≥ 3, for any σ ∈ (0, 2/(n − 2)]. The upper bound is due to the
embedding W 1,2 ↪→ L2(1+σ).

Assuming small initial data in a suitable space, global existence of small
data solutions to (1.1) have been proved in [23, Theorem 4.2] for smooth f ,
in particular, with f(u) = u2. Our aim is to prove global existence of small
data (weak) energy solutions for nonsmooth f , assuming σ > σ̄(n) in (1.2),
where σ̄ is the positive solution to

nσ2 + (n+ 2)σ − 2 = 0,

and σ ≤ 2/(n− 2) if n ≥ 3. Explicitly, we have

σ̄(n) =

√
(n+ 2)2 + 8n− (n+ 2)

2n
, (1.11)

so that
2

n+ 4
< σ̄(n) <

2

n+ 2
, σ̄(n) =

2

n+ 4
+O(n−3), as n→ ∞.

In particular, σ̄(n) < 1, for any n ∈ N, that is, we may deal with nonsmooth
nonlinearities in any space dimension n ≥ 1. We also notice that σ̄(n) is
smaller than Fujita exponent 2/n, the critical exponent for global small data
solutions to (1.3).

Theorem 1.4. Let n ≥ 1 and assume that σ > σ̄ in (1.2), where σ̄(n) is as
in (1.11). Moreover, let σ ≤ 2/(n − 2) if n ≥ 3. We fix m = 1 if σ ≥ 1
or m = 2/(1 + σ) otherwise, and we define

m∗ =
mn

n+m
, m∗∗ =

mn

n+ 2m
.

Then there exists ε > 0 such that for any initial data

(u0, u1) ∈ A, with ∥(u0, u1)∥A ≤ ε,

where
A = (Hm∗

∩W 1,2)× (Hm∗∗
∩ L2),

there exists a unique solution u ∈ C([0,∞),W 1,2) ∩ C1([0,∞), L2) to (1.1).
Moreover, the solution verifies the decay estimate

∥∂kt ∂αx u(t, ·)∥L2 ≤ C(1 + t)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥(u0, u1)∥A, (1.12)

for k + |α| = 0, 1, and for some C > 0, independent of the initial data.

Remark 1.5. Decay estimate (1.12) corresponds to take q0 = m∗ and q1 =
m∗∗ in Theorem 1.1. In particular, q1 < 1 in space dimension n ≤ 4, for
any σ > σ̄, that is, assuming initial data in real Hardy spaces may bring
real benefits to study (1.1). On the other hand, q0 > q1 > 1 in space dimen-
sion n ≥ 7, for any σ ≤ 2/(n − 2), that is, it is sufficient to assume small
initial data in Lp spaces.

In general, the best decay rate obtained for the solution to (1.3), with f
as in (1.2) and σ > 2/n, corresponds to take initial data in L1 and in the
energy space W 1,2 × L2 (unless special assumption are taken on f). The
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extra decay rate produced for the solution to (1.1) in low space dimension,
is due to the special structure of the equation (see later, the property of the
operator G♯ in (2.6)), which allows to derive benefit assuming initial data in
real Hardy spaces.

Indeed, linear estimates with initial data in real Hardy spaces for some
damped evolution equations (which generalize (1.3)) have been previously
considered in [12], but they could not be effectively applied to study nonlinear
problems, due to the lack of the special structure of the nonlinearity, as
in (1.1) (see Section 2).

1.1. Discussion about the critical exponent σ̄(n)

An alternative strategy to derive an existence result for the semilinear prob-
lem (1.1) for nonsmooth f (σ ∈ (0, 1)) could be the use of L1−L1+σ estimates,

instead of L
2

1+σ − L2 estimates, at low frequencies. This strategy has been
effectively employed in the study of semilinear damped wave equation (1.3)
by T. Narazaki [29]. However, the presence of oscillations imposes a upper
bound on the highest possible space dimension that can be considered, i.e.
n ≤ 5. This bound on the space dimension can be relaxed for wave equations
with effective, structural, damping, when θ ∈ (0, 1/2) in (1.9), with power
nonlinearity |u|p, as shown in [9, 11]. The upper bound disappears in the
special case θ = 1/2 (see [6]).

For problem (1.1) a similar upper bound would appear (whereas we can
deal with any space dimension n ≥ 1 in Theorem 1.4), due to the presence of
high frequencies oscillations. The bound is expected to be σ ≥ (n−2)/(n+2),
obtained by the solution to θ(n, 1 + σ) ≤ 1, which corresponds to the H1+σ-
boundedness of the solution operator G and of the operator G♯, as well (see
later, estimate (4.1) in Lemma 4.1). As one may easily checks, the critical
exponent σ̄ given by (1.11) is greater than (n − 2)/(n + 2) in any space
dimension n ≥ 4. As a consequence, this strategy may be effective to lower
the critical exponent σ̄ only in space dimension n ≤ 3.

However, the presence of oscillations in (1.1) also at low-frequencies,
caused a loss of decay rate in Theorems 1.2 and 2.2. This loss makes the decay

rate of L1−L1+σ estimates (1.10) worse than the decay rate of the L
2

1+σ −L2

estimates. Indeed,

n

(
1− 1

1 + σ

)
− θ(n, 1 + σ) = n

(
3

2
− 2

1 + σ

)
< n

(
2

1 + σ
− 1

2

)
.

For the above reasons, the estimates in Theorems 1.1 and 2.1 appear better
than the estimates in Theorems 1.2 and 2.2, to study the semilinear prob-
lem (1.1). As a consequence, we cannot improve our global existence result
(namely obtaining existence for some power σ ≤ σ̄(n)), only by relying on
the L1 − L1+σ estimates derived in Theorem 2.2, as one may do in the case
of classical damped waves.

It remains open the possibility that other strategies may bring an im-
provement on the exponent σ̄(n). In particular, the possible improvement of
the estimates in Theorems 1.2 and 2.2, and the use of the new estimates to
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lower the critical exponent in space dimension n = 1, 2, 3, will be object of
future investigations.

1.2. Initial data in weighted L1 spaces

The assumption of initial data in real Hardy spaces, allows us to produce
additional decay rate in Theorem 1.1, with respect to the assumption of data
in L1. This additional decay rate is essential to prove Theorem 1.4. However,
instead of assuming initial data in real Hardy spaces, it is possible to assume
initial data in weighted L1 spaces, namely, in

L1,γ = {u ∈ L1 : |x|γu ∈ L1},

and assume that they verify a suitable moment condition. In particular, if∫
Rn

u0(x) dx =

∫
Rn

u1(x) dx,

then the spaces Hq0 and Hq1 may be replaced by the space L1,γ in Theo-
rem 1.1, provided that

n

(
1

qj
− 1

)
≤ γ ≤ 1.

The proof relies on the pointwise estimate for the Fourier transform of a
function f ∈ L1,γ , with γ ∈ (0, 1], employed in [17]:

|f̂(ξ)| ≤ |ξ|γ ∥f∥L1,γ + |P |, P =

∫
Rn

f(x) dx.

Combining the previous estimate with Plancherel’s theorem, it is possible
to prove Theorem 1.1 assuming initial data in weighted spaces, verifying
the moment conditions. Analogous estimates may be derived for functions
in L1,γ , with γ > 1, which involve higher order moments. The corresponding
pointwise estimate for the Fourier transform of a function in real Hardy
space Hq, q ∈ (0, 1], is (see Chapter III, Corollary 7.21 in [16]):

|f̂(ξ)| ≲ |ξ|n(
1
q−1)∥f∥Hq .

In view of this alternative for initial data in Theorem 1.1, the smallness as-
sumption of initial data in real Hardy spaces in Theorem 1.4, may be replaced
by the assumption of small initial data in suitable weighted L1 spaces, verify-
ing the moment conditions. We address the interested reader to [4, 18, 20, 21],
and the reference therein, for a series of results in which the assumption of
initial data in weighted L1 spaces is used to derive linear estimates for dissi-
pative evolution equations and to determinate the asymptotic profile of the
solution.

However, the assumption of initial data in real Hardy spaces, and not
in weighted Lp spaces, has the advantage that it allows to derive Hp − Hq

estimates, relying on Fourier multiplier theorems (in particular, we will use
Theorems 6.3 and 6.4 in Section 6).
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1.3. Physical derivation of the problem

The main interest of this paper is in the study of new qualitative proper-
ties of problem (1.1) from a mathematical point of view. However, even if
problem (1.1) is interesting by itself from a theoretical mathematical point
of view, it is originated by a real world physical problem.

A presentation of the model is provided in [38]: in some problems of
nonlinear wave propagation in waveguides, in case of energy exchange be-
tween the surface of nonlinear elastic rod in material (e.g., the Murnaghan
material) and an external medium, the following double dispersion equation
(DDE)

utt −∆u =
1

4
(6∆u2 + a∆utt − b∆2u) (1.13)

and the general cubic DDE (CDDE)

utt −∆u =
1

4
(c∆u3 + 6∆u2 + a∆utt − b∆2u+ d∆ut) (1.14)

can be derived from Hamilton Principle. Here u(t, x) is proportional to strain
∂U
∂x , where U(t, x) is the longitudinal displacement, a > 0, b > 0, and d ̸= 0
are some constants depending on the Young modulus, the shear modulus µ,
density of waveguide ρ and the Poisson coefficient ν. Equations (1.13) and
(1.14) were studied in literature, the travelling wave solutions, depending
upon the phase variable z = x± ct were studied by Samsonov in [33, 34], the
strain solutions of equations (1.13) and (1.14) were observed in [24, 35].

Setting a = b = d = 4 for simplicity, equation (1.14) with c = 0 is a
special case of (1.1) with f(u) = 3u2/2, so that σ = 1 in (1.2).

The double dispersion equation has been well investigated in recent
times, in particular see [5, 32, 38, 39].

Notation

In this paper, we use the following.

Notation. We denote by F the Fourier transform with respect to the space
variable x,

Fφ(ξ) =

∫
Rn

φ(x)e−ixξ dx,

and we write φ̂(ξ) = Ff(ξ), and φ̂(t, ξ) = (Fφ(t, ·))(ξ).

Notation. In this paper differential operators are denoted by ∂αx = ∂α1
x1

· · · ∂αn
xn

,
where α = (α1, . . . , αn) ∈ Nn and |α| = α1 + · · ·+ αn is the length of α.
With the symbol ∆ we denote the Laplace operator as ∆ =

∑n
i=1 ∂

2
xi
. Frac-

tional powers s > 0 of −∆ and 1−∆ are intended as defined by their action

(−∆)sφ = F−1(|ξ|2sφ̂), (1−∆)sφ = F−1(⟨ξ⟩2sφ̂),

where

⟨ξ⟩ = (1 + |ξ|2) 1
2 .
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Similarly, we define the Riesz and Bessel potentials (see also Section 6) for s >
0:

Isφ = F−1(|ξ|−sφ̂), (1−∆)−sφ = F−1(⟨ξ⟩−2sφ̂).

By Wm,p, p ∈ [1,∞], we denote the usual Sobolev space of Lp functions with
derivatives up to the order m in Lp, recalling that Wm,p = (1 − ∆)−

m
2 Lp

if p > 1.

Notation. Let f, g : Ω → R be two functions. We use the notation f ≈ g
if there exist two constants C1, C2 > 0 such that C1g(y) ≤ f(y) ≤ C2g(y)
for all y ∈ Ω. If the inequality is one-sided, namely, if f(y) ≤ Cg(y) (resp.
f(y) ≥ Cg(y)) for all y ∈ Ω, then we write f ≲ g (resp. f ≳ g).

The definition of real Hardy spaces Hp and some of their properties are
collected in Section 6.

2. Fundamental solution and decay estimates

We consider the linear problem{
utt −∆utt +∆2u−∆u−∆ut = ∆f(t, x), t ≥ 0, x ∈ Rn,

u(0, x) = u0(x), ut(0, x) = u1(x),
(2.1)

which corresponds to (1.1), by replacing the nonlinearity f(u) with a inho-
mogeneous term f(t, x).

We introduce the t-dependent Fourier multiplier Ĝ(t, ξ) given by

Ĝ(t, ξ) = e−ηt sin(ωt)

ω
, (2.2)

η = η(ξ) =
|ξ|2

2⟨ξ⟩2
, (2.3)

ω = ω(ξ) = |ξ|

√
1− |ξ|2

4⟨ξ⟩4
, (2.4)

recalling that ⟨ξ⟩2 = 1 + |ξ|2. The solution to (2.1) may be written as

u(t, x) = (H(t, ·) ∗ u0)(x) + (G(t, ·) ∗ u1)(x)

+

∫ t

0

(
G♯(t− s, ·) ∗ f(s, ·)

)
(x) ds,

(2.5)

where the fundamental solution is G(t, x) = F−1Ĝ(t, ξ) and

G♯(t, x) = (1−∆)−1∆G(t, x), (2.6)

H(t, x) =
(
∂t − (1−∆)−1∆

)
G(t, x) = Gt(t, x)−G♯(t, x). (2.7)

Indeed,

Ĥ(t, ξ) = e−ηt

(
cos(ωt) + η

sin(ωt)

ω

)
= (∂t + 2η)

(
e−ηt sin(ωt)

ω

)
,
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and 2η = |ξ|2⟨ξ⟩−2. From the point of view of regularity, the kernels G(t, x)
andG♯(t, x) behave in the same way. In particular,G(t, x)∗(x) andG♯(t, x)∗(x)
are Lp-bounded operators if n|1/p−1/2| ≤ 1 when n ≥ 3. On the other hand,
G(t, x) has the following asymptotic expression (see Remark 4.3 in [37])

G(t, x) ∼ G(t, x) ∗(x) E(t, x), “in some sense”,

where G(t, x) and E(t, x) are the fundamental solution to the heat equation
and the wave equation:

(∂t −∆)G = 0, G(0, ·) = δ,

(∂tt −∆)E = 0, E(0, ·) = 0, Et(0, ·) = δ.

As a consequence, in space dimension n ≥ 3, we have the asymptotic pro-
file [37]

∥∂kt ∂αxG(t, ·) ∗ φ∥L2 ∼ t−
n
4 − |α|+k−1

2

(
∥φ∥L1 + ∥φ∥Wk+|α|−1,2

)
, (2.8)

∥∂kt ∂αxG♯(t, ·) ∗ φ∥L2 ∼ t−
n
4 − 1+|α|+k

2

(
∥φ∥L1 + ∥φ∥Wk+|α|−1,2

)
, (2.9)

provided that we assume n ≥ 3 if k = |α| = 0 in the first one. As a conse-
quence,

∥∂kt ∂αxH(t, ·) ∗ φ∥L2 ∼ t−
n
4 − |α|+k

2

(
∥φ∥L1 + ∥φ∥Wk+|α|−1,2

)
, (2.10)

provided that ∫
Rn

φ(x) dx ̸= 0. (2.11)

On the other hand, estimates (2.8), (2.9) and (2.10) may be improved if φ
verifies the moment condition, i.e.∫

Rn

φ(x) dx = 0. (2.12)

Indeed, if one is interested in the asymptotic profile of ∥G(t, ·) ∗ φ∥L2 and
∥G♯(t, ·) ∗ φ∥L2 as t→ ∞, the oscillations coming from the wave part of the
fundamental solution have no influence, so that, by Plancherel theorem, one
may, in general, estimate | sin(ωt)|/ω by 1/ω ≈ |ξ|−1 in (2.2), obtaining

∥∂kt ∂αxG(t, ·) ∗ φ∥L2 ≲ ∥∂kt ∂αxG(t, ·) ∗ I1φ∥L2 , (2.13)

where I1 denotes the Riesz potential.

The presence of the Riesz potential leads to the loss of t−
1
2 in the profile

in (2.8), with respect to the corresponding profile of

∥∂kt ∂αxG(t, ·) ∗ φ∥L2 ∼ t−
n
4 − |α|+k

2 ∥φ∥L1 ,

valid under the assumption (2.11).
In [37], it has been proved global existence of small data solutions

to (1.1) with f = O(|u|1+σ), for any σ ≥ 1 in space dimension n ≥ 3.

By assuming u1 ∈ Ẇ−1,1, that is, I1u1 ∈ L1, global existence of small
data solutions has been proved in [23, Theorem 4.2] for f(u) ∼ um, with
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m ∈ N, m ≥ 2, in space dimension n ≥ 1. We emphasize that I1u1 ∈ L1

implies the moment condition (2.12) for u1, that is,∫
Rn

u1(x) dx = 0,

due to |ξ|−1û1(ξ) ∈ C by Riemann-Lebesgue theorem, so that û1(0) = 0.
Indeed, assuming the moment condition for u1 invalidates the asymptotic
profile given in (2.8) and it may improve the corresponding decay estimates
for the solution to (1.1).

In particular, moment condition (2.12) is a necessary condition for mea-
surable functions φ to be in real Hardy spaces Hp, with p ∈ (0, 1]. Real
Hardy spaces may be defined in several ways (see Section 6) and Hp = Lp,
for p ∈ (1,∞], whereas H1 ⊂ L1 with a proper inclusion. The Riesz potential
has the following mapping property in real Hardy spaces (see Theorem 6.5
in Section 6):

Is : Hp → Hp∗
,

1

p
=

1

p∗
+
s

n
,

for any s > 0 and p, p∗ ∈ (0,∞). In particular, as a consequence, Hp ↪→
Ẇ−s,1, for p = n/(n+ s), due to

∥φ∥Ẇ−s,1 = ∥Isφ∥L1 ≲ ∥Isφ∥H1 ≲ ∥φ∥Hp .

Having this in mind, in view of (2.13) it appears natural to study prob-
lem (1.1) with initial data in Hp.

In order to prove our results, we shall study the decay and mapping
properties of the operators G(t, x)∗(x) and G♯(t, x)∗(x), and their derivatives.

Theorem 2.1. Let n ≥ 1, q ∈ (0, 2], k ∈ N and α ∈ Nn. Assume that φ ∈
Hq ∩W k+|α|−1,2. Then we have the decay estimate

∥∂kt ∂αxG♯(t, ·) ∗ φ∥L2 ≲ (1 + t)−
1
2

(
n
(

1
q−

1
2

)
+1+k+|α|

)
∥φ∥Hq

+ e−ct∥φ∥Wk+|α|−1,2 ,
(2.14)

for any t ≥ 0 and for some c > 0. Moreover, if k + |α| ≥ 1, or

n
(1
q
− 1

2

)
≥ 1, (2.15)

then we have the decay estimate

∥∂kt ∂αxG(t, ·) ∗ φ∥L2 ≲ (1 + t)−
1
2

(
n
(

1
q−

1
2

)
−1+k+|α|

)
∥φ∥Hq

+ e−ct∥φ∥Wk+|α|−1,2 ,
(2.16)

for any t ≥ 0 and for some c > 0. If q = 1, we may replace H1 by L1 in (2.14)
and (2.16), provided that n ≥ 3 in (2.16) if k = |α| = 0.

We recall that Hq = Lq if q ∈ (1, 2].
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Theorem 2.2. Let n ≥ 1, p ∈ (0, 2), q ∈ (0, p], k ∈ N and α ∈ Nn. Let θ(n, p)

be as in (1.8). Assume that φ ∈ Hq with (1 −∆)
θ+k+|α|−1

2 φ ∈ Hp. Then we
have the estimate

∥∂kt ∂αxG♯(t, ·) ∗ φ∥Hp ≲ (1 + t)−
1
2

(
n
(

1
q−

1
p

)
−θ+1+k+|α|

)
∥φ∥Hq

+ e−ct∥(1−∆)
θ+k+|α|−1

2 φ∥Hp ,
(2.17)

for any t ≥ 0 and for some c > 0. Moreover, if k + |α| ≥ 1, or

n
(1
q
− 1

p

)
≥ 1, (2.18)

then we have the estimate

∥∂kt ∂αxG(t, ·) ∗ φ∥Hp ≲ (1 + t)−
1
2

(
n
(

1
q−

1
p

)
−θ−1+k+|α|

)
∥φ∥Hq

+ e−ct∥(1−∆)
θ+k+|α|−1

2 φ∥Hp ,
(2.19)

for any t ≥ 0 and for some c > 0.

We recall that Hp = Lp if p ∈ (1, 2], and Hq = Lq if q ∈ (1, 2]. Moreover,
we recall that H1 ↪→ L1 (that is, (2.19) is also valid replacing Hp by Lp

when p = 1).

In Theorem 2.2, the term θ(n, p) produces a loss of decay rate and of
regularity, which is due to the oscillations caused by the wave part of the fun-
damental solution. For the wave equation, it is known that the corresponding
loss is reduced to θ = (n− 1)(1/p− 1/2) (see [26]). The possibility to reduce
the loss of decay rate in (2.19) will be object of future investigations.

It is clear that, setting p = 2, Theorem 2.2 reduces to Theorem 2.1,
except for the fact that we cannot replace H1 by L1 in Theorem 2.2, in
general.

As a consequence of Theorems 2.1, 2.2 and (2.7), the proofs of The-
orems 1.1 and 1.2 follow. In Sections 3 and 4, we will prove Theorems 2.1
and 2.2.

3. Proof of Theorem 2.1

In order to prove Theorem 2.1, it is convenient to localize φ at low frequencies
and at high frequencies.

Proof of Theorem 2.1. We fix χ ∈ C∞
c , a (compactly supported) cut-off func-

tion, with χ = 1 in a neighborhood of the origin. For a given function φ, we
define

φ0 = F−1(χ φ̂), φ1 = 1− φ0.

We first prove that

∥∆j(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ1∥L2 ≲ e−ct∥φ∥Wk+|α|−1,2 , (3.1)
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for some c > 0 which depends on χ. By Plancherel theorem, we may estimate

∥∆j(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ1∥L2

≈ ∥(1− χ)(iξ)α|ξ|2j⟨ξ⟩−2j∂kt Ĝ(t, ·)φ̂∥L2

≤ ∥|1− χ|⟨ξ⟩1−k∂kt Ĝ(t, ·)∥L∞∥⟨ξ⟩|α|+k−1φ̂∥L2 .

If χ = 1 for any |ξ| ≤ δ, then, recalling the definition of Ĝ in (2.2), it is
sufficient to notice that

sup
|ξ|≥δ

⟨ξ⟩1−k|∂kt Ĝ(t, ·)| ≲ sup
|ξ|≥δ

⟨ξ⟩1−k 1

ω
(η + ω)ke−ηt ≲ e−ct,

with c = δ/(2⟨δ⟩) > 0, for k ≥ 0, where we used η ≈ 1 and ω ≈ |ξ|.
In order to complete the proof of Theorem 2.1, it is sufficient to estimate

∥(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ0∥L2 ≲ t−

1
2

(
n
(

1
q−

1
2

)
−1+k+|α|

)
∥φ∥Hq ,

for j = 0, 1, provided that n(1/q− 1/2) ≥ 2 if k = |α| = 0. Let ε > 0 be such
that χ is compactly supported in B = {|ξ| ≤ ε}. For any |ξ| ≤ ε, we may
estimate

|ξ|2

2(1 + ε)2
≤ η ≤ |ξ|2

2
,

whereas ω ≈ |ξ|. In particular, η + ω ≈ |ξ|, as well. Therefore, in B we may
estimate

|χ⟨ξ⟩−2j |ξ||α|∂kt Ĝ(t, ·)| ≲ |χ| (η + ω)k

ω
e−ηt ≲ |ξ||α|+k−1 e−c|ξ|2t,

with c = 1/(2(1 + ε)2).
If we define

β = n

(
1

q
− 1

2

)
, (3.2)

then, by Plancherel theorem and Riesz potential mapping properties (Theo-
rem 6.5 in Section 6), we get

∥|ξ|−βφ̂∥L2 ≈ ∥Iβφ∥L2 ≲ ∥φ∥Hq .

Therefore, we may estimate

∥(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ0∥L2 ≲ sup

|ξ|≤ε

|ξ||α|+k−1+β e−c|ξ|2t ∥|ξ|−βφ̂∥L2

≲ (1 + t)−
|α|+k−1+β

2 ∥φ∥Hq ,

provided that |α|+ k − 1 + β ≥ 0, that is, k + |α| ≥ 1 or β ≥ 1.
To replace ∥φ∥H1 by ∥φ∥L1 we shall modify the proof, due to the fact

that the Riesz potential I2/n does not map L1 into L2. By Plancherel theorem,
Hölder inequality, and Riemann-Lebesgue theorem (∥φ̂∥L∞ ≤ ∥φ∥L1), we
may estimate

∥(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ0∥L2 ≲ ∥|χ||ξ||α|+k−1 e−c|ξ|2t∥L2 ∥φ∥L1 .
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The function |χ||ξ||α|+k−1 e−c|ξ|2t is in L2 for any t ≥ 0, provided that |α|+
k ≥ 1 or n ≥ 3. Then we immediately get

∥|χ||ξ||α|+k−1 e−c|ξ|2t∥L2 ≲ (1 + t)−
n
4 − |α|+k−1

2 .

This concludes the proof. □

4. Proof of Theorem 2.2

We will separately prove Theorem 2.2 at low and high frequencies. We fix χ ∈
C∞
c a (compactly supported) cut-off function, with χ = 1 in a neighborhood

of the origin, as in the proof of Theorem 2.1. For a given function φ, we define

φ0 = F−1(χ φ̂), φ1 = 1− φ0.

Then we will prove the following two results which, together, lead to the
statement in Theorem 2.2.

Lemma 4.1. Let n ≥ 1, p ∈ (0, 2), k ∈ N, α ∈ Nn, and θ as in (1.8). Assume

that (1−∆)
θ+k+|α|−1

2 φ ∈ Hp. Then we have the estimate

∥∆j(1−∆)−j∂kt ∂
α
xG(t, ·) ∗ φ1∥Hp ≲ e−ct∥(1−∆)

θ+k+|α|−1
2 φ∥Hp , (4.1)

for any t ≥ 0 and for some c > 0, with j = 0, 1.

Lemma 4.2. Let n ≥ 1, p ∈ (0, 2), q ∈ (0, p], k ∈ N and α ∈ Nn. Assume
that φ ∈ Hq. Moreover, assume that k + |α| ≥ 1, or that (2.18) holds. Then
we have the estimate

∥(1−∆)−j∂kt ∂
α
xG(t, ·)∗φ0∥Hp ≲ (1+ t)−

1
2

(
n
(

1
q−

1
p

)
−θ−1+k+|α|

)
∥φ∥Hq . (4.2)

for any t ≥ 0 and for some c > 0, with j = 0, 1 and θ as in (1.8).

In order to prove Hp estimates with p ∈ (0, 2), the derivatives of Ĝ(t, ξ)
come into play. We notice that we may estimate

|∂γξ η(ξ)| ≲ |ξ|2−|γ|⟨ξ⟩−2, (4.3)

|∂γξ ω(ξ)| ≲ |ξ|1−|γ|. (4.4)

To prove Lemma 4.1, we rely on Theorem 6.3 in Section 6.

Proof of Lemma 4.1. We consider the Fourier multiplier (see Definition 6.2)

m(t, ξ) = (1− χ)|ξ|2j⟨ξ⟩−2j−θ−k−|α|+1(iξ)α∂kt Ĝ(t, ξ),

and we prove that the operator Tm is Hp-bounded, with

∥m(t, ·)∥M(Hp) ≲ e−ct, (4.5)

for some c > 0. Due to the fact that |ξ| ≥ ε, for some ε > 0 (since 1 − χ
vanishes in a neighborhood of the origin), it holds ⟨ξ⟩ ≈ |ξ|. Taking into
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account of (4.3) and (4.4), together with

∂ξje
−ηt = te−ηt∂ξjη,

∂ξj sin(ωt) = t cos(ωt)∂ξjω,

∂ξj cos(ωt) = −t sin(ωt)∂ξjω,
we may estimate

|∂γξ ∂
k
t Ĝ(t, ξ)| ≲ |ξ|k−|γ|−1(1 + t+ t|ξ|)|γ|e−

|ξ|2

2⟨ξ⟩2
t

≲ |ξ|k−1(1 + t)|γ|e
− ε2

2(1+ε2)
t
.

In the last estimate, we used that |ξ| ≥ ε to control |ξ|−1(1+ t+ t|ξ|) ≲ 1+ t.
Therefore,

|∂γξm(t, ξ)| ≲ |ξ|−θ(1 + t)|γ|e
− ε2

2(1+ε2)
t
.

By applying Theorem 6.3 in Section 6, with a = 1 and A = 1 + t, we obtain

∥m(t, ·)∥M(Hp) ≲ (1 + t)θ e
− ε2

2(1+ε2)
t
.

Therefore, it is sufficient to take c < ε2/(2(1 + ε2)) to obtain (4.5) and
conclude the proof. □

To prove Lemma 4.2, we rely on Theorem 6.4 in Section 6.

Proof of Lemma 4.2. We define

β = n

(
1

q
− 1

p

)
,

(setting p = 2 we find the definition in (3.2)), we consider the Fourier multi-
plier (see Definition 6.2)

m(t, ξ) = χ|ξ|β⟨ξ⟩−2j(iξ)α∂kt Ĝ(t, ξ),

and we prove that the operator Tm is Hp-bounded, with

∥m(t, ·)∥M(Hp) ≲ (1 + t)−
1
2

(
n
(

1
q−

1
p

)
−θ−1+k+|α|

)
. (4.6)

By Theorem 6.5 in Section 6, we have that

∥Iβφ∥Hp ≤ ∥φ∥Hq ,

so the proof of Lemma 4.2 follows from (4.6).
Due to the fact that |ξ| ≤ δ for some δ > 0 (since χ is compactly

supported), it holds ⟨ξ⟩ ≈ 1. Thanks to (4.3) and (4.4), we may estimate

|∂γξ ∂
k
t Ĝ(t, ξ)| ≲ |ξ|k−|γ|−1(1 + t|ξ|2 + t|ξ|)|γ|e−

|ξ|2

2⟨ξ⟩2
t

≲ |ξ|k−|γ|−1(1 + (t|ξ|)|γ|)e−
|ξ|2

2(1+δ2)
t

In the last estimate, we used that |ξ| ≤ δ to control 1+ t|ξ|2 + t|ξ| ≲ 1+ t|ξ|.
Therefore,

|∂γξm(t, ξ)| ≲ |ξ|k+|α|+β−|γ|−1(1 + (t|ξ|)|γ|)e−
|ξ|2

2(1+δ2)
t
.



16 M. D’Abbicco and A. De Luca

Due to k + |α|+ β − 1 ≥ 0 and |ξ| ≤ δ, we may estimate

|ξ|k+|α|+β−1e
− |ξ|2

2(1+δ2)
t
≲ (1 + t)−

k+|α|+β−1
2 ,

|ξ|k+|α|+β−1(t|ξ|)|γ|e−
|ξ|2

2(1+δ2)
t
≲ (1 + t)−

k+|α|+β−1
2 t

|γ|
2 .

Estimating 1 + t
|γ|
2 ≲ (1 + t)

|γ|
2 , we obtain

|∂γξm(t, ξ)| ≲ (1 + t)−
k+|α|+β−1

2 (
√
1 + t |ξ|−1)|γ|.

By applying Theorem 6.4 in Section 6, with a = 0 and A =
√
1 + t, we obtain

∥m(t, ·)∥M(Hp) ≲ (1 + t)−
k+|α|+β+θ−1

2 ,

that is, we obtain (4.6) and this concludes the proof. □

5. Proof of Theorem 1.4

Thanks to Theorems 1.1 and 2.1, we may prove Theorem 1.4.

Proof of Theorem 1.4. We define the solution space

X = C
(
[0,∞),W 1,2

)
∩ C1

(
[0,∞), L2

)
(5.1)

equipped with norm given by

∥u∥X = sup
t∈[0,∞)

(1 + t)
n
2 (

1
m− 1

2 )+
1
2

{
∥u(t, ·)∥L2 + (1 + t)

1
2 ∥(ut,∇u)(t, ·)∥L2

}
.

Then a function u ∈ X is a solution to (1.1) if, and only if, it verifies in X
the integral equality

u(t, x) = ψ(t, x) + Fu(t, x). (5.2)

where ψ is the solution to the linear problem (1.5), that is,

ψ(t, x) = H(t, x) ∗(x) u0(x) +G(t, x) ∗(x) u1(x),

and F : u 7→ Fu is the integral operator defined by

Fu(t, x) =

∫ t

0

G♯(t− s, x) ∗(x) f(u(s, x)) dx.

Thanks to Theorem 1.1, the function ψ verifies the estimate

∥ψ∥X ≤ C ∥(u0, u1)∥A.

Indeed, setting q0 = m∗ and q1 = m∗∗, we obtain

∥∂kt ∂αxψ(t, ·)∥L2 ≤ C (1 + t)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥(u0, u1)∥A,

for k + |α| = 0, 1. We now want to prove the estimates

∥Fu∥X ≤ C∥u∥1+σ
X , (5.3)

∥Fu− Fv∥X ≤ C∥u− v∥X
(
∥u∥σX + ∥v∥σX

)
. (5.4)
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By standard arguments, from (5.3) it follows that F +ψ : u 7→ ψ+Fu maps
balls of X into balls of X, for small data in A, and that estimates (5.3)-(5.4)
lead to the existence of a unique solution u ∈ X to (5.2). Moreover,

∥u∥X ≤ C ∥(u0, u1)∥A,

that is, the solution to (1.1) verifies estimate (1.12). We simultaneously gain
a local and a global existence result. Therefore, we prove (5.3) and (5.4).

We preliminary notice that a function u ∈ X verifies the following decay
estimates:

∥∂kt ∂αx u(t, ·)∥L2 ≤ C(1 + t)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥u∥X , (5.5)

for k+ |α| = 0, 1. As a consequence of (5.5) and Gagliardo-Nirenberg inequal-
ity, a function u ∈ X also verifies the estimates

∥u(t, ·)∥Lr ≤ C(1 + t)−
n
2 (

1
m− 1

r )−
1
2 ∥u∥X , (5.6)

for any r ∈ [2,∞) if n = 1, 2, and for any r ∈ [2, 2n/(n− 2)] if n ≥ 3.

We now plan to estimate

∥∂kt ∂αxFu(t, ·)∥L2 ≤
∫ t

0

∥G♯(t− s, ·) ∗ f(u(s, ·))∥L2ds.

We split the integral into [0, t/2] and [t/2, t]. In [0, t/2], we set q = m in
estimate (2.14) in Theorem 2.1, and in [t/2, t], we set q = 2 in estimate (2.14)
in Theorem 2.1. Therefore, we get

∥∂kt ∂αxFu(t, ·)∥L2

≲
∫ t/2

0

(1 + t− s)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2
(
∥f(u(s, ·))∥Lm + ∥f(u(s, ·))∥L2

)
ds

+

∫ t

t/2

(1 + t− s)−
1+k+|α|

2 ∥f(u(s, ·))∥L2 ds.

Due to the fact that u ∈ X, thanks to (5.6), we may estimate

∥f(u(s, ·))∥Lm ≤ ∥u(s, ·)∥1+σ
Lm(1+σ)

≤ C∥u∥1+σ
X (1 + s)−

n
2mσ− 1+σ

2 , (5.7)

∥f(u(s, ·))∥L2 ≤ ∥u(s, ·)∥1+σ
L2(1+σ)

≤ C∥u∥1+σ
X (1 + s)−

n
2 (

1+σ
m − 1

2 )−
1+σ
2

= C∥u∥1+σ
X (1 + s)−

n
2mσ− 1+σ

2 −n
2 (

1
m− 1

2 ). (5.8)

We used that m(1 + σ) ≥ 2 and that 2(1 + σ) ≤ 2n/(n − 2), that is, σ ≤
2/(n−2), in space dimension n ≥ 3, to apply Gagliardo-Nirenberg inequality.

We now claim that

κ =
n

2m
σ +

1 + σ

2
> 1. (5.9)
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If σ ≥ 1, so that m = 1, (5.9) trivially holds. Now let σ < 1, so that m =
2/(1 + σ). Then

n

2m
σ +

1 + σ

2
=
n

4
σ(1 + σ) +

1 + σ

2
=
n

4
σ2 +

n+ 2

4
σ +

1

2
,

so that (5.9) holds if, and only if, σ > σ̄, where σ̄ is as in (1.11).

Therefore, using that 1 + t− s ≈ 1 + t for s ∈ [0, t/2] and 1 + s ≈ 1 + t
for s ∈ [t/2, t], thanks to (5.7),(5.8), (5.9), we derive

∥∂kt ∂αxFu(t, ·)∥L2 ≲ ∥u∥1+σ
X (1 + t)−

n
2 (

1
m− 1

2 )−
1+k+|α|

2

∫ t/2

0

(1 + s)−κ ds

+ ∥u∥1+σ
X (1 + s)−κ−n

2 (
1
m− 1

2 )
∫ t

t/2

(1 + t− s)−
1+k+|α|

2 ds

≲ (1 + t)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥u∥1+σ
X ,

that is, we proved (5.3). By (1.2) and Hölder inequality, due to the fact
that u ∈ X, thanks to (5.6), we may estimate

∥f(u(s, ·))− f(v(s, ·))∥Lm

≤ ∥(u− v)(|u|σ + |v|σ)(s, ·)∥Lm

≤ ∥(u− v)(s, ·)∥Lm(1+σ)∥(|u|σ + |v|σ)(s, ·)∥
L

m(1+ 1
σ )

≤ C∥(u− v)(s, ·)∥Lm(1+σ)

(
∥u(s, ·)∥σLm(1+σ) + ∥v(s, ·)∥σLm(1+σ)

)
≤ C∥u− v∥X

(
∥u∥σX + ∥v∥σX

)
(1 + s)−

n
2mσ− 1+σ

2 ,

and, similarly,

∥f(u(s, ·))− f(v(s, ·))∥L2

≤ C(1 + s)−
n
4 ∥u− v∥X

(
∥u∥σX + ∥v∥σX

)
(1 + s)−

n
2mσ− 1+σ

2 −n
2 (

1
m− 1

2 ).

Following the proof for ∥∂kt ∂αxFu(t, ·)∥L2 , we are then able to obtain

|∂kt ∂αx (Fu− Fv)(t, ·)∥L2

≲
∫ t/2

0

(1 + t− s)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥f(u(s, ·))− f(v(s, ·))∥Lm∩L2 ds

+

∫ t

t/2

(1 + t− s)−
1+k+|α|

2 ∥f(u(s, ·))− f(v(s, ·))∥L2 ds

≲ (1 + t)−
n
2 (

1
m− 1

2 )−
1+k+|α|

2 ∥u− v∥X
(
∥u∥σX + ∥v∥σX

)
.

This proves (5.4), and so we concluded the proof. □
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6. Some known results about Fourier multipliers in real Hardy
spaces

We recall how the Hardy spaces Hp(Rn) are presented by Fefferman and
Stein [15]. We use the notation Hp instead of the classical notation Hp to
avoid possible confusion with the Sobolev space W p,2.

Fix, once for all, a radial nonnegative function ϕ ∈ C∞
c (Rn) supported

in the unit ball with integral equal to 1. For u ∈ S ′(Rn) we define themaximal
function Mϕu by

Mϕu(x) = sup
0<t<∞

|(u ∗ ϕt)(x)|,

where ϕt(x) = t−nϕ(x/t).

Definition 6.1. Let 0 < p < ∞. A tempered distribution u ∈ S ′(Rn) belongs
to Hp(Rn) if and only if Mϕu ∈ Lp(Rn), i.e.,

∥u∥Hp = ∥Mϕu∥Lp <∞.

For p = ∞, we set H∞(Rn) = L∞(Rn).

The spaces Hp(Rn) are independent of the choice of ϕ ∈ C∞
c (Rn) with∫

Rn ϕ(x) dx ̸= 0. For p = 1, ∥u∥H1 is a norm and H1(Rn) is a normed space

densely contained in L1(Rn). For p > 1, ∥u∥Hp is a norm equivalent to the
usual Lp norm and we denote Hp(Rn) = Lp(Rn), by abusing notation. For
0 < p ≤ 1, the space Hp(Rn) is a complete metric space with the distance

d(u, v) = ∥u− v∥pHp , u, v ∈ Hp(Rn).

Although Hp(Rn) is not locally convex for 0 < p < 1 and ∥u∥Hp is not truly
a norm, we will still refer to ∥u∥Hp as the “norm” of u, as it is customary.

The property f ∈ Hp can be characterized by appropriate singular inte-
grals in a way that has some analogy with the earlier maximal characteriza-
tion [28, Theorem C]: a function f ∈ L2 belongs to Hp when p ∈ (0, 1], if and
only if f ∈ Lp and Rαf ∈ Lp, for |α| ≤ k, where k = 1 + [(n− 1)(1/p− 1)],
and Rαf denotes the Riesz transform of f , defined via the Fourier transform
by

R̂αf(ξ) = (iξ|ξ|−1)αf̂(ξ).

Moreover,

∥f∥Hp ≈
∑
|α|≤k

∥Rαf∥Lp .

A number similar to k also fixes the order of moment conditions which func-
tions in Hardy spaces shall verify. Indeed,∫

Rn

xαf(x) dx = 0, ∀ |α| ≤ [n(1/p− 1)]

for any function f ∈ Hp ∩ C∞
c .

In this paper, we use a variant of the celebrated Mikhlin-Hörmander
multiplier theorem for Hardy spaces (see [27]) to obtain the boundedness of
operators acting on Hp(Rn), in Theorem 2.2.



20 M. D’Abbicco and A. De Luca

Definition 6.2. Let m be a bounded function on Rn and consider the operator
Tm defined by

Tmf = F−1
(
m(ξ)f̂(ξ)

)
. (6.1)

We say that m is a Fourier multiplier for Hp if Tmf ∈ Hp for all f ∈ Hp and

∥Tmf∥Hp ≤ C∥f∥Hp ; (6.2)

in other words, if Tm can be extended to a bounded operator from Hp to Hp.
In this context, M(Hp) denotes the set of all the Fourier multipliers for Hp.
The norm ∥m∥M(Hp) is defined to be the operator norm of Tm in Hp, i.e.

∥m∥M(Hp) = sup
f∈Hp,f ̸=0

∥Tmf∥Hp

∥f∥Hp

. (6.3)

Theorem 6.3. Let p ∈ (0, 2), and θ = θ(n, p) = n(1/p − 1/2), as in (1.8).
Assume that m ∈ Ck(Rn), with m(ξ) = 0 in a neighborhood of the origin,
and k = max{[θ], [n2 ]}+ 1. If

|∂γξm(ξ)| ≤ |ξ|−aθ(A|ξ|a−1)|γ|, |γ| ≤ k,

for some constant a ≥ 0 and A ≥ 1, then m ∈ M(Hp(Rn)) and

∥m∥M(Hp(Rn)) ≤ CAθ,

where C > 0 is a constant independent of A.

Theorem 6.4. Let p ∈ (0, 2), and θ = θ(n, p) = n(1/p − 1/2), as in (1.8).
Assume that m ∈ Ck(Rn \ {0}), with m(ξ) = 0 for |ξ| ≥ 1, and k =
max{[θ], [n2 ]}+ 1. If

|∂γξm(ξ)| ≤ |ξ|aθ(A|ξ|−a−1)|γ|, |γ| ≤ k,

for some constant a ≥ 0 and A ≥ 1, then m ∈ M(Hp(Rn)) and

∥m∥M(Hp(Rn)) ≤ CAθ,

where C is a constant independent of A.

Let Ir be the Riesz potential with order r > 0, defined by means of

Irf = F−1(|ξ|−rf̂(ξ)). If r ∈ (0, n), the Riesz potential may be represented
for sufficiently smooth f by

Irf(x) = cn,r

∫
Rn

f(y)

|x− y|n−r
dy,

for suitable cn,r. Real Hardy spaces have the property that the Hardy-Littlewood-
Sobolev theorem for Riesz potential, valid in Lp spaces, with p > 1, extend
to Hp, with p ∈ (0,∞), see [28, Theorem F].

Theorem 6.5. Consider r > 0 and 0 < q < n/r. Then, there exists C =
C(r, q) > 0 such that

∥Irf∥Hp(Rn) ≤ C∥f∥Hq(Rn),
1

q
=

1

p
+
r

n
.



The double dispersion equation in real Hardy spaces 21

Acknowledgment

The results for the linear problem in this paper are essentially contained in
the master thesis of the second author, who has been a student at University
of Bari.

References

[1] R.C. Charão, C.R. da Luz, Asymptotic properties for a semilinear plate equation
in unbounded domains, J. Hyperbolic Differ. Equ. 6 (2009) 269–294.

[2] R.C. Charão, C.R. da Luz, R. Ikehata, New decay rates for a problem of plate
dynamics with fractional damping, J. Hyperbolic Differ. Equ. 10, 3 (2013), 563–
575, http://dx.doi.org/10.1142/S0219891613500203.

[3] R.C. Charão, C.R. da Luz, R. Ikehata, Sharp Decay Rates for Wave
Equations with a Fractional Damping via New Method in the Fourier
Space, Journal of Math. Anal. and Appl., 408 (2013), 1, 247–255,
http://dx.doi.org/10.1016/j.jmaa.2013.06.016.

[4] R.C. Charão, J.L. Horbach, R. Ikehata, Optimal decay rates and asymptotic
profile for the plate equation with structural damping, J. Math. Anal. Appl. 440
(2016), 529–560.

[5] G. Chen, Y. Wang, S. Wang, Initial boundary value problem of the generalized
cubic double dispersion equation, J. Math. Anal. Appl. 299 (2004) 563–577.

[6] M. D’Abbicco, A benefit from the L1 smallness of initial data for
the semilinear wave equation with structural damping, in Current Trends
in Analysis and its Applications, 2015, 209–216. Proceedings of the
9th ISAAC Congress, Krakow. Eds V. Mityushev and M. Ruzhansky,
http://www.springer.com/br/book/9783319125763.

[7] M. D’Abbicco, L1 −L1 estimates for a doubly dissipative semilinear wave equa-
tion, Nonlinear Differential Equations and Applications NoDEA 24 (2017), 1–23,
http://dx.doi.org/10.1007/s00030-016-0428-4

[8] M. D’Abbicco, M.R. Ebert, Diffusion phenomena for the wave equation with
structural damping in the Lp − Lq framework, J. Differential Equations, 256
(2014), 2307–2336, http://dx.doi.org/10.1016/j.jde.2014.01.002.

[9] M. D’Abbicco, M.R. Ebert, An application of Lp − Lq decay estimates to the
semilinear wave equation with parabolic-like structural damping, Nonlinear Anal-
ysis 99 (2014), 16–34, http://dx.doi.org/10.1016/j.na.2013.12.021.

[10] M. D’Abbicco, M.R. Ebert, A classification of structural dissipations
for evolution operators, Math. Meth. Appl. Sci. 39 (2016), 2558-2582,
http://dx.doi.org/10.1002/mma.3713.

[11] M. D’Abbicco and M. R. Ebert, A new phenomenon in the critical exponent
for structurally damped semi-linear evolution equations. Nonlinear Analysis 149
(2017), 1–40.

[12] M. D’Abbicco, M. R. Ebert, T. Picon, Long time decay estimates in real Hardy
spaces for evolution equations with structural dissipation, J. Pseudo-Differ. Oper.
Appl. 7 (2016), 261–293, http://dx.doi.org/10.1007/s11868-015-0141-9.



22 M. D’Abbicco and A. De Luca

[13] M. D’Abbicco and R.Ikehata, Asymptotic profile of solutions for
strongly damped Klein-Gordon equations, Math. Meth. Appl. Sci. (2019),
https://doi.org/10.1002/mma.5508

[14] M. D’Abbicco, M. Reissig, Semilinear structural damped waves, Math. Methods
in Appl. Sc., 37 (2014), 1570–1592.

[15] C. Fefferman and E. Stein, Hp spaces of several variables, Acta Math. 129
(1972) 137–193.

[16] Garcia-Cuerva, J., Rubio De Francia, J.L.: Weighted Norm Inequalities and
Related Topics. Elsevier Science Publishers, Amsterdam (1985).

[17] Ikehata, R.: New decay estimates for linear damped wave equations and its
application to nonlinear problem. Math. Meth. Appl. Sci. 27, 865–889 (2004).
doi:10.1002/mma.476

[18] R. Ikehata, Asymptotic Profiles for Wave Equations with
Strong Damping, J. Differential Equations 257 (2014), 2159–2177,
http://dx.doi.org/10.1016/j.jde.2014.05.031

[19] R. Ikehata, M. Ohta, Critical exponents for semilinear dissipative wave equa-
tions in RN , J. Math. Anal. Appl. 269 (2002), 87–97.

[20] R. Ikehata, A. Sawada, Asymptotic profile of solutions for wave equations with
frictional and viscoelastic damping terms, Asymptot. Anal. 98, 59–77 (2016),
doi: 10.3233/ASY-161361.

[21] R. Ikehata, S. Iyota, Asymptotic profile of solutions for some wave equations
with very strong structural damping, Math. Methods Appl. Sci. 41 (2018), no.
13, 5074–5090.

[22] R. Ikehata, K. Tanizawa, Global existence of solutions for semilinear damped
wave equations in RN with noncompactly supported initial data, Nonlinear Anal-
ysis 61 (2005), 1189–1208.

[23] S. Kawashima, Y. Wang, Global existence and asymptotic behavior of solutions
to the generalized cubic double dispersion equation, Analysis and Applications
13 (2015), 233–254.

[24] G. A. Mangin, Physical and mathematical models of nonlinear waves in solids,
A. Jeffrey, J. Engelbrecht (Eds.), NonlinearWaves in Solids, Elsevier, 1994.

[25] A. Matsumura, On the asymptotic behavior of solutions of semi-linear wave
equations, Publ. RIMS. 12 (1976), 169–189.

[26] A. Miyachi, On some estimates for the wave equation in Lp and Hp, J. Fac.
Sci. Univ. Tokyo Sect. IA Math. 27 (1980), 331–354.

[27] A. Miyachi, On some Fourier multipliers for Hp, J. Fac. Sci. Univ. Tokyo Sect.
IA Math. 27 (1980), 157–179.

[28] A. Miyachi, On some singular Fourier multipliers, J. Fac. Sci. Univ. Tokyo
Sect. IA Math. 28 (1981), 267–315.

[29] T. Narazaki, Lp − Lq estimates for damped wave equations and their applica-
tions to semilinear problem, J. Math. Soc. Japan 56 (2004), 586–626.

[30] K. Nishihara, Lp −Lq estimates for solutions to the damped wave equations in
3-dimensional space and their applications, Math. Z. 244 (2003), 631–649.

[31] Pham Trieu Duong, M. Kainane and M. Reissig, Global existence for semi-
linear structurally damped σ-evolution models, J. Math. Anal. Appl. 431 (2015),
569–596, doi:10.1016/j.jmaa.2015.06.001.



The double dispersion equation in real Hardy spaces 23

[32] N. Polat, A. Ertas, Existence and blow-up of solution of Cauchy problem for
the generalized damped multidimensional Boussinesq equation, J. Math. Anal.
Appl. 349 (2009) 10–20.

[33] A. M. Samsonov, On existence of longitudinal strain solitons in a nonlinearly
elastic rod, Sov. Phys.-Dokl. 4 (1988) 298–300.

[34] A. M. Samsonov, On some exact travelling wave solutions for nonlinear hy-
perbolic equation, D. Fusco, A. Jeffrey (Eds.), Nonlinear waves and Dissipative
Effects, Pitmann Research Notes in Mathematics Series, vol. 227, Longman Sci-
entific & Technical; Longman, 1993, pp. 123-132.

[35] A. M. Samsonov, E.V. Sokurinskaya, On the excitation of a longitudinal de-
formation soliton in a nonlinear elastic rod, Sov. Phys. Tech. Phys. 33 (1988)
989–991.

[36] G. Todorova, B. Yordanov, Critical Exponent for a Nonlinear Wave Equation
with Damping, Journal of Differential Equations 174 (2001), 464–489.

[37] Y. Wang, S. Chen, Asymptotic profile of solutions to the double dispersion
equation, Nonlinear Anal. 134 (2016) 236–254.

[38] S. Wang, G. Chen, Cauchy problem of the generalized double dispersion equa-
tion, Nonlinear Anal. 64 (2006) 159–173.

[39] R. Xu, Y. Liu, T. Yu, Global existence of solution for Cauchy problem of multi-
dimensional generalized double dispersion equations, Nonlinear Anal. 71 (2009)
4977–4983.

Marcello D’Abbicco
Department of Mathematics
University of Bari
Via E. Orabona 4 - 70125
BARI - ITALY
e-mail: marcello.dabbicco@uniba.it

Alessandra De Luca
Department of Mathematics
University of Bari
Via E. Orabona 4 - 70125
BARI - ITALY


