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Abstract

In the present contribution, we construct a virtual element (VE) discretization for the problem of miscible displacement of
one incompressible fluid by another, described by a time-dependent coupled system of nonlinear partial differential equations.
Our work represents a first study to investigate the premises of virtual element methods (VEM) for complex fluid flow problems.
We combine the VEM discretization with a time stepping scheme and develop a complete theoretical analysis of the method
under the assumption of a regular solution. The scheme is then tested both on a regular and on a more realistic test case.

(© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

The virtual element method (VEM) was introduced in [1,2] (see also [3]) as a generalization of the finite element
method (FEM) that allows to use general polygonal and polyhedral meshes. Since its recent birth in 2013, VEM
enjoyed a rapid growth in the mathematics and engineering communities. Among the large number of papers in the
literature, we here cite only [4—16] as representatives, see also the references therein.

In the realm of diffusion problems, virtual elements have been developed for linear model diffusion—convection—
reaction equations in primal and mixed forms [1,3,17-21], see also [22,23]. It was soon recognized that the flexibility
of VEM in terms of meshing could lead to appealing advantages in the presence of complex geometries, such as for
discrete fracture network simulation [24-26] and, more in general, in the presence of fractures in porous 3D media
[27,28]. Nevertheless, although in other frameworks (such as solid mechanics) VEM have indeed proven themselves
also on tough nonlinear problems, to the best knowledge of the authors, virtual elements have never been developed
and tested for more complex diffusion models. Since VEM have indeed been hardly tested (with very promising
outcomes) on linear diffusion problems with complex geometries, as often encountered in geophysical flows,
developing a VEM also for more complex (and realistic) flow models becomes a key step towards a competitive
methodology for applications.
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In the present contribution, we consider the miscible displacement of one incompressible fluid by another in a
reservoir, described by a time-dependent coupled system of nonlinear partial differential equations, that is a basic
(but meaningful) model instrumental to applications such as oil recovery and environmental pollution [29-35]. One
must note that, on this and similar models, there already exists a large literature with many competitive schemes,
adopting for instance finite elements [31,36-38], discontinuous Galerkin methods [39-44], and finite volumes
[32,45,46] and also other more recent polytopal technologies [47—49]. The aim of the present paper is to make
a first study on the premises of VEM in this framework (by proposing a numerical scheme, giving a theoretical
backbone to it, and finally testing it numerically). Incompressible miscible displacements in porous media arising
from geophysical real-life problem may pose severe constraints to the creation of the computational grids, since their
geometry may give rise to distorted and badly shaped grid elements. We believe that the VEM is suited for such kind
of mesh complexity. Indeed, it can handle arbitrary shaped polygons, it is robust with respect to the mesh features
and to element distortion. Moreover the proposed VEM discretization produces conforming velocity/concentration
solutions, that is an important difference with respect to other competitive polytopal technologies, such as for
instance the discontinuous Galerkin methods.

From the mathematical viewpoint, the above model yields a nonlinear time-dependent coupled problem for
concentration, velocity and pressure, also with potential issues of stability (at the discrete level) due to possible
convection-dominated regimes. We propose a continuous (H' conforming) approximation for the concentration
variable, thus leading to nodal virtual elements [1,17], and an H(div) conforming approximation of the Darcy
velocity, thus leading to face virtual elements [18,50]. For the pressure, we adopt a standard piecewise discontinuous
polynomial space. Due to the presence of the non-linear coefficients coupling the two set of equations, we make
use of projection operators to approximate such terms and of stabilization factors that are suitably chosen. We
combine the VEM discretization in space with a simple discretization procedure in time, that is a backward Euler
approximation that is explicit in the coefficient terms. As a consequence, the system to be solved at each time step is
linear and decoupled, leading to a cheap procedure. Extending the proposed scheme to different time discretization
procedures would be, on the basis of the work presented here, quite trivial.

After proposing the method, we develop an error analysis under the assumption of a regular solution. Although
such regularity conditions are unrealistic in most cases of interest, we believe that the derived results are still critical
in order to give a theoretical backbone to the method. They serve the purpose of showing that the method indeed
delivers a solution with the potential to yield the correct approximation order whenever this is feasible (given the
approximability of the target solution by the discrete space). No time step size condition is needed in the analysis.
Finally, we test the proposed scheme in three different ways. We firstly consider a problem with known regular
solution inspired from [51], in order to validate the convergence properties of the method also in practice and to
test some other practical aspect such as the possibility of having different time step sizes for the two different
equations. In the second test, we show the potential of the “local refinement” that one can achieve with VEM, in
particular, we assess the robustness of the VEM technology in presence of meshes with many hanging nodes and
edges with different size. Then, we consider a more realistic test, taken from [52], in order to have a qualitative
comparison with the expected benchmark solution from the literature. In this third test, there is also the risk of
overshoots and undershoots in the discrete solution due to strong convection. We here deal with this aspect by
introducing in our scheme a modification borrowed from [53], that is recognized in [54] to be one of the best
choices in practice. From the present first theoretical and numerical studies, we believe the VEM is promising and
has the possibility to become, after further developments, a competitive scheme for complex flow problems.

The structure of the paper is the following: In Section 2, we introduce the continuous problem, in strong and
weak forms. In Section 3, we describe the proposed virtual element discretization, in space and time. In Section 4,
we develop the theoretical convergence analysis of the scheme. In Section 5, we show the numerical results. Finally,
in the Appendix, we briefly describe the extension of the method to the three-dimensional case.

2. Problem description

We consider the miscible displacement of one incompressible fluid by another in a porous medium. This problem
can be formulated in terms of a system of partial differential equations, where a parabolic diffusion—convection—
reaction type equation is nonlinearly coupled with an elliptic system, see also [30-33].

We need to introduce some notation and conventions to be adopted throughout the paper. We denote by N
and N the sets of all natural numbers without and including zero, respectively. Moreover, we employ the standard
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notation for Sobolev spaces, norms, and seminorms. More precisely, for a given bounded Lipschitz domain D C R?,
k € NU {oo}, and p € N, we define by W*?(D) the space of all L integrable functions over D whose weak
derivatives up to order k are again L” integrable. Sobolev spaces with fractional order can be defined for instance
via interpolation theory [55]. For p = 2, we write H*(D) := W*(D), and we use (-, ). p, | - lx.p» and || - [l, p, tO
denote the corresponding inner product, seminorm, and norm, respectively. The standard L? inner product over D
is written as (-, -)o,p With corresponding norm || - || ;. Further, Px(D) is the space of polynomials up to order k,
and [P(D)]? the corresponding vector valued space. Additionally, | - | is the standard Euclidean norm for scalars
and vectors. Finally, throughout the paper, n denotes a generic constant, possibly varying from one occurrence to
the other, but independent of the mesh size and, apart from Theorem 2, also independent of the variables.

2.1. Continuous problem

Let 2 C R? be a polygonal bounded, convex domain, describing a reservoir of unit thickness. Given a time
interval J := [0, T], for T > 0, we are interested in finding u = u(x, t), representing the Darcy velocity (volume
of fluid flowing cross a unit across-section per unit time), the pressure p = p(x, t) in the fluid mixture (that we
assume having zero mean value), and the concentration ¢ = c(x, t) of one of the fluids (amount of the fluid per
unit volume in the fluid mixture), with (x, 7) € 2 := {2 x J, such that

ac . —~
¢ 3 +u-Ve—div(Dm)Ve) =g (€ —¢)

divu=G M
u=—a(c)(Vp —y(c)),
where ¢ = ¢(x) is the porosity of the medium, g™ = g™ (x, ) and g~ = ¢~ (x, t) are the (non negative) injection
and production source terms, respectively, ¢ = ¢(x, t) is the concentration of the injected fluid, and
G=q"—q . 2)
Moreover, D(u) € R?>*? is the diffusion tensor given by
D(u) = ¢ [dnl + |u|(d E() + d,E*(w))], 3)

with matrices

uiu; uu’” L

E() = 3 = —, E-(u)=1—-E(u),
u] ij=1,2 |2

and molecular diffusion coefficient d,,, longitudinal dispersion coefficient d;, and transversal dispersion coefficient

d;. Further, y(c) in (1) describes the force density due to gravity (typically written as y(c) = yo(c)p with yp(c)

being the density of the fluid and p the gravitational acceleration vector), and a(c) = a(c, x) is the scalar valued

function given by

alc) i = —,
u(c)

where k = k(x) represents the permeability of the porous rock, and w(c) is the viscosity of the fluid mixture, which
can be modeled by

1

11(6) = 11(0) (1 n (MZ — 1) c>_4, in [0, 1],

with mobility ratio M = % Note that  can be set to u(0) for ¢ < 0, and to u(1) for ¢ > 1. We also highlight that,
in the literature, k is sometimes assumed to be a tensor. The following analysis can be straightforwardly generalized
to that case.

Assuming impermeability of 92, the system (1) is closed by requiring no-flow boundary conditions of the form

u-n=0 onadf)xJ
“4)

Dw)Ve-n=0 ondf2 x J,
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and initial condition
c(x,0) =co(x) in {2, )

where 0 < ¢o(x) < 1 is an initial concentration.
By use of the divergence theorem, the boundary conditions (4) directly imply the following compatibility
condition for ¢* and ¢:

/q+(x,t)dx=/ g (x,1)dx,
2 2

for every t € J.

We highlight that, in the forthcoming theoretical analysis, we will always assume sufficient regularity of the
exact solution and the involved functions, such as g™, g~, C, et cetera, as better motivated in the corresponding
section. Moreover, we will make use of the following assumptions.

First of all, we suppose that the functions a and ¢ are positive and uniformly bounded from below and above,
i.e. there exist positive constants a,, a*, ¢,, and ¢*, such that

a, < a(z,x) <a", ¢ < P(x) < ¢, (6)
for all x € {2 and z = z(¢). For the sake of readability, we define
AR)(x) =a Yz, x).

Additionally, we will make use of the following relation of the diffusion and dispersion coefficients, which was
observed in laboratory experiments:

0<d, <d <d,. @)

Finally, we recall that the source terms g+ and ¢~ are, as usual, assumed to be non-negative functions.
Existence of weak solutions to this model problem was shown in [56] for y(c) = 0. An extension of this result
to 3D spatial domains, including the presence of y(c) and various boundary conditions was discussed in [57].

2.2. Weak formulation of the continuous problem

Here, we fix the basic notation and the functional setting.
To this purpose, given {2 as above, we first introduce the Sobolev space

H(div; 2) := {v € [L*(2))? : divv € L*(2)}.
Then, we define the velocity space V, the pressure space Q, and the concentration space Z by
V:i={ve Hiv; 2): v-n =0 on 942}
Q= Ly = {9 € L*(): (¢, Do.o = 0} ®)
Z = H' (),
respectively. These spaces are endowed, respectively, with the following norms:
lully = lul§ o+ Idival . lgliy =lgl5q. 2l =zl o = IVzl§.q + 215, o-

Note that divV = Q.
As usual in the framework of parabolic problems, we use the notation

u(r)(x) = u(x, 1), p()(x) == p(x, 1), c()(x) = c(x, 1). ©
For 0 < a < b, we further introduce

b

. 2 . .

ol 260 vy = </ oIy dx) » NvllLoeqp; vy = ess sup|lv(@)|v;
a tela,b]

analogously for p and c.
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Having this, the continuous problem reads as follows: find ¢ € L%0, T; Z)NC([0, T1; L*(2)), u € L*(0, T; V),
and p € L*(0, T; Q), such that

M (w z) + (1) - Ve(t), 20,0 + D@(@); c(t), 2) = (¢ @€ — o)@), z)o,Q

or
10
Ae(t); u(t), ) + B(v, p(t)) = (p(c(t)), v)o.c (10
B(u(t)a Q) = - (G(t)’ 51)0,{2
forallve V, g € Q, and z € Z, for almost all r € J and with initial condition ¢(0) = ¢y, where
M(e,z) = (dc,2)00- D(u; ¢, z) = (DW)Ve,Vz)y o, (11)

Alc; u, v) := (A(0)u, v)y B(v,q) :=—(divv,q)y g -

Note that ¢ € L*(0, T; Z) N C°([0, T; L*(£2)) implies % € L*(0, T; Z'), see e.g. [58, Thm. 11.1.1].

For the sake of readability, we suppressed () in (11). From now on, we will use the convention that by writing
u, we mean in fact u(¢); similarly for the other functions depending on space and time. In general it will be clear
from the context whether u represents u(¢) for a fixed ¢ € J, i.e. as a function of space only, or for varying x and
t, as a function of both space and time.

Moreover, we will use the following alternative form for the concentration equation:

M (% z) + O, c;2)+Dw;c,2) = (47 ¢ 2), (12)
where

Ou,c;z2) = %[(u Ve, 200+ (g +97) ¢, 200 — (u, cVz)o.g].
This version is obtained from the original one in (10) by rewriting the convective term as

1
(- Ve, 2.0 = 5[@- Ve, 0.0 = (G, 2000 — @, c V),

where we first integrated by parts, then employed the fact that V-u = G, together with the definition of G in (2), and
afterwards combined this term with (¢* ¢, 7)o, > from the right hand side of (10). This representation was inspired
by the theory of VEM for general elliptic problems [6] and helps to ensure that properties of the continuous bilinear
will be preserved after discretization.

In the rest of this section, we summarize some properties of the forms M(-, -), A(-, -, -) and D(; -, -), all defined
in (11), which will be needed later on.

To start with, for M(., -), it directly holds with the Cauchy—Schwarz inequality and (6)

M(c,2) < ¢*llcllo.ellzlo.e, Mz 2) = dullzlf o

forall ¢,z € Z.
Concerning A(:; -, -), again employing (6), for all ¢ € L>(£2) and u, v € [L*(£2)]?, we have

1
Alesu, v) < —llulo.llvlo.o-
*

Further, if ¢ € L2(2), u € [L>®(£2)]?> and v € [L2({2)]?, it holds true that
Ale; u, v) < Ao, 2 lullco, 2 10]lo, -
We also have the coercivity bound
Ao, 0) = ol
for all ¢ € L®°(£2) and v € [L?(£2)]?, from which, after defining the kernel
K={veV:Bqg)=0 VqeQ}, (13)

coercivity of A(c; -, -) on K in the norm || - ||y follows.
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Regarding D(-; -, -), the following continuity properties can be shown. Firstly, for all # € [L*®({2)]* and
¢,z € HY(£2), we have

D(u; ¢, 2) < ¢* [dn + Ul 2(de + d)] IVello 2l Vzllo 2 (14)

which follows directly from the Cauchy—Schwarz inequality, the definition of D(u) in (3), and the fact that
|[E(w)v|] < |v| and |EX(u)v| < |v| for all v € R2 Moreover, for all u € [L*(£2)]> and ¢,z € H'(£2) with
Ve € L*°(£2), we have the bound

D(u; ¢, z) = [D@llo,lIVelloo,2Vallo,e = np( + llullo, I Velloo, 2l Vzllo, o 15)

with matrix norm || D(u)||o o = <Zij=1 ||D,',j(u)||(2)’9> 2, and some positive constant np depending only on d,,,
dy, and d,. In addition, coercivity of D(u; -, -) for all u € [L>({2)]?, with respect to || - ||o., follows from
(D) pt, wo.2 = (@ d . Wo.2 + (@ [u| (de Ew) + d E*(w)) ., o2
> G d |13, + (@ lul(de — d)E@)R, o, + (¢ lueld; . w)o. (16)
> o (dn 101+ d Nl el )

for all u € [L%(2)]?, where we also employed (6) and (7).

3. The virtual element method

In this section, we derive a virtual element formulation for the model problem (10). To this purpose, we firstly
fix the concept of polygonal decompositions of 2 in Section 3.1, and then, we introduce a set of discrete spaces,
discrete bilinear forms, and projectors in Section 3.2. Having these ingredients, we state a semidiscrete formulation
which is continuous in time and discrete in space in Section 3.3. The fully discrete formulation is the subject of
Section 3.4.

3.1. Polygonal decompositions

Let 7, be a discretization of {2 into polygons K. We denote by &, the set of all edges of 7}, and, for a given
element K € T, by £ the set of edges belonging to K. Furthermore, ng is the number of edges of K, h is the
diameter of K, and & := maxgec7, hx. For a given edge e € &,, we write h, for its length. Having this, we make
the following assumptions on 7;: there exists po > 0 such that, for all # > 0 and for all K € 7,

(D1) K is star-shaped with respect to a ball of radius p > pohk;
(D2) h, > pohg for all e € EX.

Note that these two assumptions imply that the number of edges of each element is uniformly bounded. Additionally,
we will require quasi-uniformity:

(D3) for all 4 > 0 and for all K € 7y, it holds hg > p;h, for some positive uniform constant p;.
Given 7, we define, for all s > 0, the broken Sobolev spaces on 7}, as
H(Ty) = {v e L*(2) | v, € H(K) VK € Ty},

together with the corresponding broken seminorms and norms

2 . 2 2 . 2
Wiy =Y ik Wiz g =Y vl (17)

KeTy KeTy

Remark 3.1. Both assumptions (D1) and (D2) are standard in the virtual element literature. While condition (D1)
is quite critical in the following analysis, assumption (D2) could be possibly avoided by following steps similar
to [59-61], at the expense of making the proofs even more lengthy and technical. Finally, assumption (D3) (that
can be found also in many FEM papers on the same subject) is only needed to prove bound (62).
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3.2. Discrete spaces and projectors

Here, we introduce the local discrete VE spaces corresponding to V, Q and Z in (8), a set of local projectors
mapping from these VE spaces into spaces made of polynomials, and finally, the related global counterparts.

3.2.1. Local discrete spaces
Let K € 7, and let k € Ny be a given degree of accuracy. Then, the local velocity and pressure VE spaces are
defined by [18,62]
Vi(K) = {v e H(div; K)N H(rot; K) : v-n|, € Pi(e)Ve € Ex,
divv € P (K), rotv € P;_;(K)} (18)
On(K) = {g € LA(K) : q € Pu(K)).

These spaces are coupled with the preliminary local concentration space
Zi(K) = {z € H'(K) : 2, € C°QK), 7, € Prri(e) Ve € EX, Az e Pi(K)). (19)

Moreover, it is important to observe that [Py(K)]*> C V,(K) and Py, (K) C Z,(K ). Associated sets of local degrees
of freedom are given as follows:

dimV,(K)

e for V,(K), a set of degrees of freedom {dof;/”([()}j:1

is defined by

1
1. H/v-npkds Vpr € Pi(e) Ve e EX
e e
o
2. / @ivo) pedy  Vpi € By(K)/R 20)
T

1
3. _/v'prkfldx Vpr-1 € Pr1(K),
K| Jg

with x* = (x2, —x;)7, where we assume the coordinates to be centered at the barycenter of the element;
e for 0,(K), we consider {doij”(K)}?TlQh(K) with

1
m[ q prdx Vpr € Pu(K); 21
K

o for Z,(K), we take {dof;""}"% ) with

1. pointwise values at the vertices: z(v)

2. oneachedgeeef K the values of z at the k internal GauB-Lobatto points

| (22)
—/ Zqe-1dx  Vgr1 € Pr 1 (K).
K| Jx

In all three cases, unisolvency is provided. More precisely, for V;(K), this was proven in e.g. [62], for Q,(K) it
is immediate, and for ZL(K), see e.g. [1].

Notice that the discrete velocities and the discrete concentrations (cf. (18) and (19) respectively) are not known
in closed form but are defined implicitly as the solutions of suitable PDEs inside the polygon. We recall that on a
simple polygon K both systems of differential equations are well posed (assuming the compatibility of the boundary
and the divergence data). We also highlight that V,(K) endowed with (20) mimics the Raviart-Thomas element,
but in fact those two elements only coincide in the special case of triangles and k = 0. Analogously the lowest
order version of Z,(K ) coincides with the standard IP; (resp. Q;) on triangles (resp. quads).

Remark 3.2. We note that, for &k = 0, one obtains the lowest order local VE spaces. More precisely, in this
case, the velocity space V,(K) consists of all rotation-free vector fields with constant divergence and edgewise
constant normal traces, the pressure space Q,(K) only contains the constant functions, and the concentration space
Zy(K) is made of all harmonic functions that are linear on each edge. This motivates the choice of the present
polynomial degrees for the spaces. However, in general, it is also possible to choose a degree of accuracy k; for

7
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Vi (K) and Q;(K), and another strictly positive one k, for ZL(K ); see e.g. [31] for FEM. The following analysis
can be extended easily to such more general case just by keeping track of the different polynomial degrees.

Remark 3.3. In order to really have a set of degrees of freedom in the computer code, one clearly needs to choose
a basis for the polynomial test spaces appearing in (20) and (22). We here assume to take the classical choice, that
is any monomial basis {m, m,, ..., m¢} of the polynomial space satisfying ||m;| ~ ~ 1,71 = 1,2,..., ¢, where
the L*° norm has to be taken over the corresponding edge or bulk.

3.2.2. Local projections

For the construction of the method, we will need some tools to deal with VE functions due to the lack of their
explicit knowledge in closed form. These tools will be provided in the form of local operators mapping VE functions
onto polynomials. To this purpose, following [1,2], we introduce the subsequent projectors.

The projector l'I0 K. : [LA2(K))? — [Pu(K))? is defined as the L2 projector onto vector valued polynomials of degree
at most k in each component. Given f € [L*()]%,

ALY, pox = (f, Pox  Ypy € [P(K)P. (23)

It can be shown, see [17], that this operator is computable for functions in V,(K) only by knowing their values at
the degrees of freedom (20). Moreover, one has computability also for functions of the form Vz;, with z;, € Z,(K).
This can be seen by using integration by parts:

/(Hz’KVZh)'Pde 2/ Vzp - prds = _/ zp divp, ds +/ 2 Py - nds,
K K K = IK

€Pr_1(K)
for all p, € [Px(K)]?, where the right hand side is computable by means of (22).

The projector HkV_HK : H'(K) — Py 1(K) is given, for every 7 € H'(K), by
(Vﬂkg 2, Vpoxk = (Vz,Vpoxk  Vpiy1 € Pry1(K)

il
e Z
|3K|/ i e ~ 10K Ji

where the second identity is needed to fix the constants. Computability of this mapping for functions in Z,(K ) was
shown in [1,2].

3.2.3. Discrete space for concentrations

The space introduced in (19) was a preliminary space, useful to introduce the main idea of the construction.
Nevertheless, we will here make use of a more advanced space for the discrete concentration variable. Indeed, one
can use the operator Hk to pinpoint the local enhanced space

Zi(K)=1{z e H(K): z),, € C°(3K), z), € Prri(e)Ve € EX, Az € Py 1(K),
/ zprdx = / (1K 2) prdx Vpi € Pyt /Pri(K)),

where Py /Pr—1(K) is the space of polynomials in P4 (K) which are L*(K) orthogonal to Py _;(K). It can be
shown that the space Z,(K) has the same dimension and the same degrees of freedom (22) as Zh(K ), see [63,64].
The advantage of the space Z,(K), when compared to Zh(K ), is that also the L2 projector Hk K. LK) —
P+1(K) onto polynomials of degree at most k 4 1, defined analogously to (23), is computable [2]

Finally, we state the following approximation result for the three projectors above [17, Lemma 5.1]:

Lemma 3.1. Given K € Ty, let ¥ and ¥ be sufficiently smooth scalar and vector valued functions, respectively.
Then, it holds, for all k € Ny,

W — IOy lox < b Wl g, O<l<s<k+1
A H%K'ﬁ”“( = Ch;(_e Wi, 0=l=s=<k+1
I — IV ok < Wl g O<e<s<k+1 s> 1,

where ¢ > 0 only depends on the shape-regularity parameter py in assumption (DI), and k.

8
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3.2.4. Global discrete spaces and projectors
The global discrete spaces are defined via their local counterparts:

Vi={veV: v, €V (K)VK €T}
On=1{q€Q:q,ecnK)VK €Ty}
Zn=1{z€Z: z, € ZWK)VK € Tp}

with the obvious sets of global degrees of freedom.
In addition to the broken Sobolev norm (17), we introduce, for all u;, € V,

2 . 2 . 2 : 2
lanlly, = > lually k=D [luallg x + Il divunll§ ] -

KeTy KeTy

Moreover, we will denote by II§, 177, and II,,,
corresponding local ones in Sections 3.2.2 and 3.2.3.

The sets of global degrees of freedom {dofv" dlmv” , {do fQ" dlmQ” , and {dofz” }dlmz”
local counterparts given in (20), (21), and (22) respectlvely

the global projectors which are defined elementwise as the

are obtained by coupling the

3.3. Semidiscrete formulation

Our aim in this section is to find a semidiscrete formulation for (10) which is continuous in time and discrete
in space. To this purpose, we employ the same notation for the numerical approximants u;, p,, and cj, as in (9)
for u, p, and c, namely

wp(t)(x) =uy(x,1), Pr()(x) = pp(x, 1), () (x) == cp(x, 1),

where the dependence on (¢) will be again suppressed in the sequel.
A semidiscrete variational formulation for (10) can then be written in an abstract way as follows: for almost
every t € J, find u;, € Vy,, pp € Oy, and ¢, € Zy,, such that

ac ~
M, <a_zh Zh) + On(un, cn; zn) + Di(up: cpzn) = (g7 2),

Aen . v3) + B(op, i) = (p(ca). v 24

B(uy, q1) = — (G, qn)o. 0
for all v, € Vy,, qn € Oy, and z;, € Z,, and the initial condition
cn(0) = co.n = Inco

is satisfied, where I,c¢ is the VEM interpolant of ¢y in Z,, and where the involved forms and terms in (24) are
specified in the forthcoming lines.

Starting from the continuous problem (10), by simply replacing the continuous functions by their discrete
counterparts, most of the resulting terms cannot be computed any more, owing to the fact that VE functions are
not known explicitly in closed form. Thus, these terms need to be substituted by computable versions in the spirit
of the VEM philosophy. To this purpose, the following replacements were made:

e The term M ( = zh) in the concentration equation was replaced by

My (36”,@). S MK (36’1 z,,), 5)

KeTy
where the local contributions are given as
ME (ep. 2) = f ¢ (1K ¢ (1K 7)) dx
K (26)
+ k@K (= I en (1 = 1))

with § ;f/[(~, -) denoting a stabilization term with certain properties and a constant vjf/( (@), both described in
Section 3.3.1.
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e Next, the term O(uy, c;; z;,) Was substituted by
1 -
Onun, cn; zn) = §|:(uh -Vew zn+ (@ +q7) ens znn — (g e, VZh)h} (27)

where

- Verzi= 3 [ TRy TR (V) 1z 00

KeTy
(@ +a ) enzm= Y. / (@ +q7) I ey I 2 dx
KeTy K
@ien. Vo = Y / ) X uy, 125 e, - T % (V) dx.
KeTy K

The above (consistent) choice for @), ensures the coercivity of the bilinear form also at the discrete level.
e Moreover, the term D(uy; ¢y, z;,) Was replaced by

Dy (wns e, 2n) =) D (wns e, 2) (28)
KeTy

with local contributions

DX (un; chs 2n) = / DA ¥ ) T (Vey) - TIVK (V2,) dx
K 29)
+ @ S (U = 15 5en 0 = 152,

where Sg (-,-) is a stabilization term with certain properties and a constant vg (uy,), both described in
Section 3.3.1.

e Concerning (q7 ¢, z4), , this term was approximated by

0,82°

(a7 ¢ zn), = Z |:/ gteiltz, dx]
K

KeTy,

e Regarding the mixed problem, the term A(cy; up, v,) was substituted by

Ap(ens up, vy) = Z A (cps up, i) (30)
KeT,

with local forms
A,’f(ch; up,v,) = / A(Hkojrlfch)ﬂg’Kuh . Hg’th dx 31)
K
+ 8 (en) SE =TIy, (1 — T Fywy),
where, similarly as before, S fl(~, -) is a stabilization term and vf‘(ch) a constant, both described in Section 3.3.1.
e Finally, the term (y(cy), vi)o. o Was replaced by

). v =y [ / y IS e - 11y K, dx] :
K

KeTy,

At this point, we highlight that the bilinear form B(-, -) needs not to be substituted since it is computable for VE
functions due to the choice of degrees of freedom (20). Furthermore, the right hand side term (G, g;)¢ , remains
unchanged.

Remark 3.4. Note that we here use the convention that terms which are written in caligraphic letters, such as
M, Dy, and Ay, include a stabilization term, whereas those in non-caligraphic fashion and those of the form (-, -),
with subscript /2 do not. In general, the terms of the type (-, ), are approximations of the corresponding (possibly
weighted) L? scalar products (-, -)o, 2, obtained by introducing projections onto polynomials for all virtual functions,
but not for the data terms that are known exactly.

10
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3.3.1. Construction of the stabilizations

Here, we specify the assumptions on the stabilizations Sf,t(-, ) Zy X Zp, > R, Sg(-, ): Zy x Z, - R, and
Sﬁ(-, 9 Ve xVy— R, in (25), (28), and (30), respectively.

We require that these terms represent computable, symmetric, and positive definite bilinear forms that satisfy,
for all K € T, the following property: there exist positive constants Mg\/‘, MlM, Mg) , M ID, M(;“, MlA, which are
independent of & and K, such that

MMznl§ x < ShaGazn) < MMzallGx  Van € Zn Nker(ZL%)
MPNVzulG x < SE@nzn) < MTIVZallgx  Van € Zy Nker(IL5 1) (32)
M onllg ¢ < SKav) < M Ivallix  You € Vi Nker(M ).

Note that continuity follows immediately from the properties:

1 — oL ~
SK(ne 2n) < (SK(znaz))? (SK4Gn 2)) 2 < MM lzallo k12 llo.x

for all zj,,z, € Zp N ker(H,f)jr[f); analogously for the other forms. In practice, under mesh assumptions (D1)—(D2),
one can take the following scaled stabilizations corresponding to the degrees of freedom:

dimZ,(K)

SKienz) =K1Y dof" ;) dof ()
j=1

dimZ;,(K)
SKGen.zy =Y dof"(e;)dof"(z) (33)
j=1
dimV ,(K)
SR o) =1K| Y dof; " (uy) dof} " (vy).
j=1

Regarding the constants appearing in front of the stabilizations in (25), (28), and (30), respectively, we pick:
Vi) = 1%

where 11" : L2(K) — Py(K) and TIgX : [L2(K)]*> — [Po(K)]* are the L* projectors onto scalar and vector
valued constants, respectively. The values appearing in (34) are positive constants that are introduced in order to
take into account the material amplitudes in the stabilizations. Since the amplitudes of some material coefficients
depend on the solution (the problem is nonlinear), such values are taken in accordance, and turn out to depend on
the discrete solution.

. vE @) = vE (@) dn + dITIY K usD), v (cn) = 1AUT K (), (34)

3.3.2. Well-posedness of the semidiscrete problem
We firstly define the constants

- : K + K
% = min v V =max V.
M KeTy Mo M KeTy, M

Analogously, we introduce vp, v, v m and v;". Recalling (3) and (6), it is easy to check the following
(mesh-uniform) bounds for the above constants:

b SV SV <ot, (@) <vi<vi<a
@udy < V5 < VE =< ¢*(dm + (de + dt)”uh”oo,ﬂ)-

Then, similarly as for their continuous counterparts, the following continuity and coercivity properties for M(-, -)
Dy -+, +), and A, (+; -, -), defined in (25), (28), and (30), respectively, hold true.

Lemma 3.2. For M,(-, ), it holds, for all c;, z;, € Zy,

Mi(en, zn) < max{g*, v MM enllo,2llzallo o

' 4 35)
Mi(zh, 1) = min{g,, v, Mz l3 -
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Concerning Dy (-; -, -), this form satisfies, for all u, € V;, and cy, z, € Zy,
Dy(un; cny 2n) < [¢* (dn + nllnllo.2(de + d) + vEMPlenls 73128117,

) Dy o (36)
Dy(up; zn, zn) = min{gudy, vpo My Yzaly 7, -
Regarding A, (; -, ), for all ¢, € Z;, and uy,, v, € V, it yields
1
Ap(cps up, vy) < max {_, V;MlA} llwenllo, 2 lvallo, e
Ay
] (37)
Ap(cn; vy, v) > min {;, vAMoA} v l15. -
Thus, Aj(cy; -, +) is coercive on the kernel
Kp={v,eVy,: Bop,qn) =0 Vq,€ 0y} CK (38)

with respect to || - |lv,, where K is given in (13).

Proof. The continuity bound in (35) follows directly by using
Miens z0) < Mi(en, en)? My(zn, 20)7 (39)
and then estimating
Miens en) < 9" ML enllg g + VMM = IR Denlls ¢
< max{@*, v M) (10 el + 10 = el « )
= max{¢", viM{"Yleallj ¢

where the Pythagorean theorem was applied in the last equality. For the coercivity bound, one can use (6), (32),
and the Pythagorean theorem.

Regarding the continuity estimate for Dy(-; -, -), by using a splitting of the form (39), together with an estimate
as in (14), one can deduce at the local level

D s cn, ) < 6" (do + 0T Xl 0(de + ) (T (Ven)l
+ (vpMP) IVU = I enls « (40)
< [ (dn + nITIY ¥ wpl e + d) + v MP | lenl? 7,

By application of a polynomial inverse estimate [65, Lemma 4.5.3], the continuity of the L? projector, and the
Holder inequality, we further estimate

0,K -1 0. K -1
ITL " tnlloo.x = nhy XL " upllo.x < nhy lunllox < nllenlloo k- (41)

After inserting (41) into (40), taking the splitting into account, and summing over all elements, the stated bound
follows. Concerning the coercivity bound for Dy, (-, -), one can proceed similarly as in (16) for the consistency part,
and employ (32) for the stabilization term, to obtain elementwise

D i 2, 20) = min{udons vEMP) [ IT V2413 + IV = 15208

We now note that the definitions of Hkv_f and Hg‘K easily yield
IV = I Oznllox = 10 = TRF)Vz,llo k. (42)

The estimate then follows with (42), the Pythagorean theorem and summation over all elements.
The estimates for A4, (-; -, -) are derived in a similar fashion as those for My(-, -), using (6). The coercivity on
K, follows from the fact

Ky={v,eV,:divv, =0} C K,
owing to the definition of V;(K) in (18). O
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Well-posedness of problem (24) can be shown by combining the results in [20] for parabolic problems with those
in [17,50] for mixed problems, using Lemma 3.2. More precisely, in the spirit of the two-step strategy applied in [31]
for FEM, one can first show that for any given ¢, (t) € L*°({2), t € J, the mixed problem

Ap(ens up, vy) + By, pr) = ((cp), vidn
B(up, qn) = — (G, qn)y o

admits a unique solution by applying the techniques in [17,50], and then, by using the Gronwall lemma and
Picard-Lindelof (see e.g. [66, Ch.1.10]), that c,(¢) is uniquely determined by the discrete concentration equation

ac -~
M, (B_th’ Zh) + On(un, cn: zn) + Diun; cnozn) = (¢4¢ z), »

see also [20]. We do not write here the details since we focus directly on the fully discrete case, see the next section.

3.4. Fully discrete formulation

Here, our goal is to formulate a fully discrete version of (24). To start with, we introduce a sequence of time steps
t, =nt,n=0,..., N, with time step size t. Next, we define u" = u(t,), p" = p(t,), c" = c(t,), G" = G(t,),
(g™ = q™(t,), and ¢" = C(¢t,) as the evaluations of the corresponding functions at time #,, n = 0, ..., N.
Moreover, we denote by U" ~ u,(t,), P" ~ pu(t,), and C" =~ c¢;(t,), the approximations of the semidiscrete
solutions at those times when using a time integrator method Z. The error generated by a fully discrete scheme
has two components: the error due to the VEM spatial discretization depending on the mesh size &, and the error
produced by the numerical scheme Z depending on the time step size t. Then we expect that for sufficiently regular
solution (u, p, c¢) one has

lu” —U"llo,0 + 1p" = P"llo,0 + Ic" — C"ll1,0 < Cy ! + Cot? (43)

where s is the order of the method Z, and C; and C, are two h and t independent constants. Since the novelty
of the present paper is the VEM discretization, we focus mainly on the spatial source of error. Among many time
discretization schemes, in order to detail the behavior of the method, we here make a computationally cheap choice
by choosing a backward Euler method that is explicit in the nonlinear terms. As a consequence, we obtain two
“smaller” linear systems at each time step, instead of a single larger nonlinear system (as one would obtain with a
fully coupled implicit backward Euler scheme). However, accordingly with (43), more advanced higher order time
integrator scheme can be adopted as well.
The fully discrete system consequently reads as follows:

e for n = 0: Given ¢y, € Z, solve

An(con; U, vi) + B(vy, P") = (y(co.n) vin

" " 44)
B(U ) ‘Zh) - - (G ) Qh)o,g
for all vy, € Vh and qn € Qh.
e forn =1,..., N: Solve first the concentration equation for C":

" — Cn71 n—1 n n—1 n +\nn
M, — )t OpU"™" C", zp) + DpU" 15 C" ) = (7)€" z1),, » (45)

for all z;, € Z;,, where C? := co.n- Then, solve the mixed problem for U" and P":
Ap(C™; U, vp) + By, P") = (p(C"), vy, 46)

B(Un7 Qh) = - (Gna qh)oﬂo 5
for all v, € V}, and g € Q.
Lemma 3.3. Given t > 0, provided that G", (gT)", P",C" € L*®(12), y(C") € [L> ()], and U™ € [L®(2)]%,
foralln =0, ..., N, the formulation (44)—(46) is uniquely solvable.

13
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Proof. Similarly as for the semidiscrete case, well-posedness of (44) and (46) follows by using the tools of [17,50].
Regarding (45), we firstly rewrite that equation as

M, (C",zp) + T [6,U" C", 24) + DU C7, 2]

n-sn n— (47)

=7 ((g")'T" zn), + M (C"", 2).
We observe that all of the terms are continuous with respect to the norm || - ||, 7; . More precisely, for M, (-, -) and
DU, continuity follows from Lemma 3.2 and the definition of the broken H I norm. Next, for the term

involving (¢*)", we simply apply the Cauchy—Schwarz inequality and the stability of the L? projector. Finally, for
the term with @), we estimate

1
OwU" " C" zp) = 3 [(U""-VC" z), +(gT+4)C" 2 — (U"'C", Vzy), ]
<010 Moo.2(IC™ 175, + 1€ l0.2) + 1gF + g lloo.21IC™ l0.2] N 2all1.75,-

where we also employed an inverse inequality as in (41). Thus, by the Lax—Milgram lemma, it only remains to
show that the left hand side of (47) is coercive with respect to || - ||1,7;. This is however a direct consequence of

1
OWU" " 2y, 20) = 5((qJr +q7)zns 2w = 0,
owing to the fact that g+ and ¢~ are non-negative, and the coercivity bounds (35) and (36). O

Note that both problems (45) and (46) represent linear systems of equations which are decoupled from each
other in the sense that, firstly, given ¢" and (¢*)", one can determine C” with knowledge of U"~! only, and then
one can use C" to compute U" and P". The quantity P” does in fact not influence the calculation of C" directly,
but rather takes the role of a Lagrange multiplier and derived variable. This decoupling, combined with the fact
that the systems to be solved at each time step are linear, makes the method quite cheap per iteration.

4. Error analysis for the fully discrete problem

The error analysis is performed in two steps: firstly, we estimate the discretization errors for the velocity and
pressure, ||[u” — U"|o.o and | p" — P"|o, 2, respectively, and then, in the second step, the concentration error
llc" — C"lo.2- In the following analysis, we assume all the needed regularity of the exact solution. Although such
high regularity will not often be available in practice, the purpose of the following analysis is to give a theoretical
backbone to the proposed scheme and to investigate its potential accuracy in the most favorable scenario.

4.1. An auxiliary result

The subsequent technical lemma will serve as an auxiliary result in the derivation of the error estimates and will
be used in several occasions.

Lemma 4.1. Let r,s,t € Ny. Denote by II° and H?, the elementwise defined L* projectors onto scalar and vector
valued polynomials of degree at most r and s, respectively. Given a scalar function o € H" (T,), 0 <m, <r +1,
let k(o) be a tensor valued piecewise Lipschitz continuous function with respect to o. Further, let & € L*(2),
and let x and ¥ be vector valued functions. We assume that k(o) € [L¥(D]**?, x € [H"(Tp) N L®(2)]%,
¥ e [L2(D))?, and k(o)x € [H™ (Ty)]% for some 0 <m; <s+1and 0 <m, <t + 1. Then,

k(@)X ¥)o. — (LI X, )00

< (A" (@)K g 7, + 2" X g 73, 16 (@ lo0,2 + B [0 |, 7, + 0 =T llo. )1 X oo, 2 ] 1 N0, 2

Proof. We firstly write

(@)X, ¥)o.2 — (TP X, TIY 0.0

= [(k(@)x, ¥)o.0 — (T’ x, TIY )0 0] + (kK (T00) — k(IT°G) I x, TIY ) -
14

(48)
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Then, for the first part on the right hand side of (48), we recall that TI? is an L? projection and derive, on each
element K € 7,

k(@)X ok — (kKIT* I K 5 TI 9o &
= [(k(@)x. ¥o.x — ALK (k(@)x), ¥)o.x]
+ AL X (@) ). ¥)o.x — AL 1e()TISE x), ¥)o k]
+ [T (e (OTIEE 3, Yo,k — AL (e (1K )TIK ), 9o k]
< [W" 1K) K gk B 1K g i 1@ loo.k + 2" 10 |y & ITEE X X N0k |19 N0,k -

where in the last step we used Lemma 3.1 and the fact that « is Lipschitz continuous with respect to o. The term
||1'[2*K X llo.x 1s estimated as in (41). Concerning the second part on the right hand side of (48), we have, for each
K € T,
0 0~ TT0 0 0 0~ 0 0
(Il o) — k(I o DIL x, XL Y )0,k < |k (U] o) — k(1L 0) o,k ITXg X lloo, x LT ¥ llo,x
<llo =Glloxllxllocx ¥ 0.k

where we used again the Lipschitz continuity of «, the continuity properties of the L? projectors, and the bound (41).
The assertion of the lemma follows after combining the estimates and summing over all elements. [J

Note that the above lemma can be easily transferred to the cases where o, (o), x, and Y are scalar, and to
vector valued o, x and scalar « (o), V.
In the special case of y = 1 and vector valued k, an adaptation of Lemma 4.1 gives

k(o) ¥)o.o — ((I178), I} Y)o. 0 < n[" k(0,75 + B |0 |, 7, + 0 =T llo.2] ¥ ll0.2- (49)
4.2. Error bounds: velocity and pressure

We consider the mixed problem
An(C"; U", vy) + B(vg, P") = (p(C"), vy
BW". q1) =~ (G".q)y ¢ -
where C" € Z; is the numerical solution of the concentration equation (45) forn = 1,..., N, and CcY = Co.h-
The goal is to derive an upper bound for ||u" — U"|o.; and || p" — P"|lo.c» With respect to |c" — C"||o.s,. For the

analysis, we basically follow the ideas of [17,50] with the major differences that, here, A,(C"; -, -) is not consistent
with respect to [Py (K )]? due to presence of C", and, additionally, the right hand side of (50) is inhomogeneous.

(50)

Theorem 1. Given C" € Z;, let (U", P") € V, x Qy, be the solution to (50). Let us assume that for the exact
solution (u", p", c") to (10) at time t,, it holds u" € [H*'(T,)1%, p" € H**\(T}), and " € H**'(T,). Furthermore,
we suppose that y(c) and A(c) are piecewise Lipschitz continuous functions with respect to ¢ € L*({2), and that
y(c"), A(c"u" € [H*Y (T2 Then, the following error estimates hold for all k € Ny:

10" —u"llo.e < 1C" = "llo,0 &7 ") + K 3@, ¢, y(c"), Alc"u")

IP" = p"llo.e < IC" = "llo.e &5 @)+ h* T @, ", y(c), A", p"),
where (- are positive constants independent of h and depending only on the specified functions.
Proof. The estimate for |[U" — u"||y , can be obtained as follows:

By using the second equality in (50), we have divU" = II?G" (use that divU" € Py(K) for every K € T),
where we recall that (Uk0)| k= H,?‘K . Define now the interpolant u’} € V), via the degrees of freedom (20):

dof! " (u") = dof "(u"), i=1,...,dimV,.
Then, it holds [17, Eq. (28)]

k+1
lu" —ufllo.o < nh* w1, 75 (S
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Moreover, one has divu] = HkOG". Thus, setting 8" := U" —u/, it holds that §" € K, C K, where K;, and KC were
defined in (38) and (13), respectively, therefore B(8",q) = 0 for all ¢ € Q and ||§"|ly,, = ||6"[lo,o. Owing to the
assumptions on a(-) in (6) together with (37), we have, further using (50) with v, = 8" € K, and (10),

al|8"15, o < An(C"; 8", 8") = A, (C™ U", 8" — Au(C"; uf, 8")
= (y(C"), 8" — Ap(C"; up, 8")
= [(@(C"), 8 — (¥ (), 8. 0] + Ap(C"; u" —u/f, §") (52)
+ [A(C”; u",8") — A(C"; u", 8")]
=T+ T+ T;.
The terms T,—T5 are bounded as follows:

o term Ty: We use Eq. (49) withk =y, 0o =c",0=C", ¢y =8, r=k+1,t =k, andm, =m, =k + 1,
and obtain

ITh] = 1), 8.0 — UL, C). T, 0
< [ AP sr 7, + 1 egn7) + e = Cllo.2 18" o, -
e term 7>: Owing to the continuity properties (37) of A;(-; -, -) and the interpolation error estimate (51), it holds
|Ta| = |AL(C"; w" —uf, )] < nllu” — ufllo.el8"lo.o < nh* w17, 18" l0.co-
e term 73: We have
T3] = |A(c"; u", 8") — Au(C"; u", §")]
< |(A(cu", 8,0 — (AULY,, CIRu" TR o, o
+ [ D0 vhem sk -y S, (1 — 1y F)sm
KeTj,
= T3A + T3B.
For the term T3A, we use Lemma 4.1 withk = A, o =c",o=C", x=u", ¥y =8",r=k+1,s=t=k,

and m, =m; =m; =k + 1, to get

T < n[h"“(|A(c”>u"|k+1,Th + " i1 7, 1A loo,2 + 1 i 73 18" 10, 2)

+ " - Cn”O,Q“un”oo.Q]||8n||0,(2~

On the other hand, the term T3B can be bounded with (32), (6), and Lemma 3.1:
T8 < nh | 7, 18" lo, -

After plugging the bounds obtained for T7-75 into (52), dividing by ||8" ||o.«2, using the triangle inequality in the
form

10" —u"llo.2 = 118" llo.2 + llu" — ufllo, 2

and employing (51), the convergence result follows.
The error estimate for the term ||P" — p"|lo. o> follows easily by combining the above ideas with the argument
in [50, Theorem 6.1] and is therefore not shown. [

4.3. Error bounds: concentration

For fixed u(t) € V and r € J, we define the projector P. : Z — Z,, (that to each ¢ € Z associates P.c € Z;,)
by
e n(u(t); Pec, zn) = Te(u(t); ¢, zp), (53)
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for all z;, € Z;,, where

I'en(u; e, zp) = Dp(u; c, z;) + Op(u; c, zp) + (¢, Zn)n

54
I'e(u; ¢, zp) == D(u; c, z) + O(u; ¢, zp) + (¢, 2o, 2> 6

with

(¢, znln = Z / C(Hko-.l—lfzh)dxc
K

KeTy

Lemma 4.2. The projector P, : Z — Z,, given in (53) is well-defined under the assumption that u, q%+, and q~
are bounded in L*({2) for all t € J.

Proof. By the Lax—Milgram lemma, we have to show that the left hand side of (53) defines a continuous and
coercive bilinear form and that the right hand side is a continuous functional with respect to || - ||, 7;. Continuity
of the latter one is obtained by combining (14) with

1
O; c, zn) + (¢, Zno.o = 3 [@-Ve, 2o+ (a7 +q7 +2)c, 2o — @e, Vg ol

1 -
=3 [lulloo, (el 7, + licllo,2) + g™ +q~ 4 2l 2llclo, 2] Izalh 7

By using (36) and performing similar computations as in the proof of Lemma 3.3, continuity of I ;, follows:

Len(use,zp) <n¢@,q™ g 0)lellzlIzalh, 7 (55)
where ¢ only depends on the specified functions. Regarding the coercivity of I ;, we first estimate

1
On(u; zn, zn) + (zn, 20 = Z ((E(Cﬁ +q97)+ 1) Hkoerth, H;?fth) > ||H1<0+1Zh||(2),52,
KeTy 0.

where we recall that (U,?H)‘ K= H,?;L]f for all K € 7Tj,. Then, combining this result with (36) yields

. 2 0,K 2 2 =12
Ten@s 22 = 0 ||l g, + WL 2l 0] 2 0120l 7, + 17018 0 ]

with z;, denoting the L?(£2) projection of z;, onto Py({2). Since z;, coincides with the average of z;,, one can use a
Poincaré—Friedrichs inequality, see e.g. [67], to deduce

2t 7, + 1705, = €, diam(2)|zall7 7, -
and consequently the coercivity of I, ;. [
Lemma 4.3. We assume that u € [H*'(T,) N LD ¢ € HFX(T,) N Whe(Ty), gt,q~ € L¥(),

(gt 4+ g7 ) € HFYTY), uc € [H*Y TP u - Ve € HPFY(T,), and Dw)Ve € [HY(T)? for all t € J.
Then, the following error bounds for ¢ — P.c, where P.c is defined in (53), hold for all k € Ny:

le — Peclhz, < B &1(c, u, g%, q~, D@)Ve, Ve, (gt +q7)e,u-Ve,uc),

56
llc — Pecllo.o < K2 &(c,u,q", q~, D@)Ve, Ve, (gt +q )e,u-Ve,uc), ©0)

where the constants &1, & > 0 only depend on the listed terms and are independent of h.

Proof. We focus on the error estimate in the broken H'! norm at a fixed time ¢ € J. Firstly, we state the following
result. Given ¢ € H*2(T,), there exists an interpolant ¢; € Z, such that the following bounds hold true (see for
instance [59,60,68]):

k+2 k1
e —crllo.e < nh llclaT. e —crllig < nh el - (57
17
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After denoting v := P.c —c;, one obtains with the coercivity of I ;, see the proof of Lemma 4.2, and the definition
of P.c in (53),
MIWIT 7, < Ten(u, v,v) = Tep(u, Pec, v) = Tep(@, ¢r, v)
=[Le(u,c,v) = epu, c, VI + Lep(u, ¢ —cp, v) (58)
=S+ 95,
for a constant M > 0. By employing the definitions of I, and I in (54), the term S is split as follows:
S1 = [D(u; ¢, v) = Dy(u; ¢, V)] + [O; ¢, v) — Opu; ¢, V)] + [(c, v)o,2 — (¢, V)il
= S+ SE + s
For Sf‘, we have
St = (D@)Ve, V), — (DIL) IR(Ve), IR(V))o, o]
+ Y vE@SEU — I e, (I — 117 v)
KeTj,

<" ID@)Veliyr 7 + Vel 7, ID@lloc.2 + 1) + [y 7 1Vellso. 2] V] 75 -

where in the inequality we applied Lemma 4.1 to estimate the first part on the right hand side of S;', and made
use of the continuity properties (32) of S& (-, -), the trivial continuity property of sz{( in the H' seminorm and its
approximation properties (stated in Lemma 3.1) to estimate the stabilization term.

Next, for SIB, we compute

1
2

SE { [(w- Ve, v)o.0 — @u - TIY(Ve), 112, 1v)0.0]
+[WaT +q)e voo — (qF + g T, e, T2, v)o. 0]

—[@e, Vv, o — @R 112, ¢, T (V)00 | }

IA

n b |u - Vel g, + UVelgr7, + el sl + Il 17 + 47 o2
+ 1@+ g7)cligr 7, + el + @l 7, (el + 1 Velloo. )] V17

where in the last inequality we used Lemma 4.1 with k = id and 0 = u for the first and third terms inside the
curly bracket, and k = g* + ¢~ and o = 1 for the second one.
Finally, for SIC, it holds with the definition of the L? projector and Lemma 3.1

S = (U — I e, vo.e < nh el 7 vl

On the other hand, for S,, we use the continuity of I, ; in (55), together with the interpolation error estimate (57),
to derive

. n e . —\ 7, k+1
Len(usc—cp,v) <0, g™ g )le —erlligIvihg <né@, gt g R el vl 7,-

The error bound in the broken H' norm follows by plugging first the estimates for S4, SE, and Slc into S;, then
those obtained for §; and S, into (58), using the definition of the H' norm, dividing by lvll1,7;,,» and using the
triangle inequality in the form

e = Pecli, < e —crllig + Vi,

together with the approximation properties (57) of the interpolant c;.
The L? error bound can be derived by combining the above arguments with a standard duality argument as
in [20], also recalling the convexity of (2; it is omitted here. [

By differentiation of (53) in time and use of similar techniques as in the proof of Lemma 4.3, an analogous
result can be obtained for %(c — P.c), summarized in the following corollary.

18
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Corollary 1. Provided that the continuous data and solution are sufficiently regular in space and time, it holds

k+1
S h Sl,l9
LTy

where the constants & ;, &y > 0 are independent of h.

k+2
§h+ é,-:O,ty

d
—(c—"P.0)
ot 0.2

0
5(0 — Peo)

Moreover, we will later on need the two subsequent bounds.

Lemma 4.4. Under sufficient smoothness of the continuous data and solution, it holds

1
e Pt — P! 1 | 8%¢ | In :
o ne ) o] ([s)
or T 0,2 05° |\l L2,y L2002 ol
where &y, can be found in Corollary 1.
Proof. We estimate
dc  P.c" — P! e " — ! Pt — Pt o — el
ot T 0o | ot T 0.2 T T 0.0
= ()+UI).

The term (/) can be estimated exactly as for standard finite elements, see for instance [69]:
1

In 1 n 2 2
< / ds <72 / ds| ,
0,82 In—1 0,42 In—1 0,02

where we also applied the Holder inequality in the last step. Concerning (/ ), this term can be bounded as follows,
using Corollary 1:

dc" ot — cn—l

ot T

32
—C(S)

ds2

2
E(S)

952

=]

'pc no__ pc n—1 n __ .n—l1 1 th 9
(II = ' ¢ ¢ ¢ ¢ = - / —(P.c —c)(s)ds
T T 0.0 T ||y, 95 0.0
1 1
-1 "] e ? ’ s [ 7 2 ’
<t 2 —(P.c —c)(s) ds|] <t72h &,ds] .
th—1 8S 0,02 th—1 '

The statement of the lemma follows. [

Lemma 4.5. Provided that the continuous data and solution are sufficiently regular in space and time, it holds

—1 —1 —1 —1 1 —1
lu" —U" oo <t + 1 =" Moo glt + A g

Lo(t,_,tn; L2(£2))

ot
where ¢ 1”71 and {2”71 are the constants from Theorem 1.

Proof. By using the triangle inequality, one obtains
lu" —U" oo < [u" —u""] o+ u"~" = U" o0

The first term on the right hand side is estimated by

i Ju(s ou
lu" —u" oo = / O] <o |2
f_, O 0.0 at

L®(ty_1,tn; L2(82))
and the second one term is bounded with Theorem 1. O
Now, we have all the ingredients to bound ||c" — C"||o, -

19
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Theorem 2. Let the mesh assumptions (D1)—(D3) be satisfied. Then, provided that the continuous data and

solutions are sufficiently regular, it yields

" = C™llo.2 < n[llcon — llo,o + 2 o1 + 1 02],

. .. o~ ou 32 52
where the regularity terms @1, ¢» and the positive constant n now depend on u, ¢, g%, q~, C, %—’f‘, ‘;TZ’, ‘;—; and %

(and products of these functions).

Proof. We divide the proof intro three steps.

Step 1: writing the basic discrete evolution equation for the error. To start with, we write
C"—c"=(C" =P+ (Pc" — ") = 0" + p".

Eq. (56) gives a bound on p”". In order to deal with ¥#", we use the continuous concentration equation (12) with
= 9", the fully discretized version (45) with z; = ", and the definition of the projector P.c" in (53) with
n = 9"

O — l?n—l
M, (— 19”) + DU 9", 9"
T

n o__ n—1
[ (), e ()]
0.2 T (59)

+ [On@"; Pec™, 9") — O,U"; C", 9™M)] + [Dy (u"; Pec™, 9") — Dy, (U5 Pec”, 9")]
+[(Pec”, 9" — (. 9"o.e] + [((gT)'C". 9" — (g)'E", 9")o.]
=R +R,+ R3+ Ry + Rs.

Owing to the coercivity properties in (36), the second term on the left hand side of (59) can be estimated by

DU 9", 9" = D [9"[}

(60)
with some constant D, > 0 independent of & and U n=l

Step 2: bounding the error terms R;—Rs. The terms R;—Rs on the right hand side of (59) are estimated as follows:

e term R;: Using the definition of M,(-, -) in (25) together with (32) yields

dc" . n o__ . n—1
RI_M< ¢ ) _Mh(w,@
at’ 0.0 T

" Pec™ — Pec™™! .
=L (o5 ), - (ma (om (F=2)) o)
t 0,0 T 0,0

Pc n __ Pc n—1
5 oot (a- (BT - )|

KeTy

ac" P.c" — P!
B
P.c — P!
- (PPN

= R + RE1IY"o.c-

0,0

}Ilﬁ"llo,g

0,82

20
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The term RlA is estimated by using the continuity of the L? projector, the assumption (6) on ¢, and the
approximation properties in Lemma 3.1:

a N/ 8 n 8 n
(I — 12 (¢ L) + H m, (¢ ©_pm, (—))
TN ot ot

A" Pt — P!
[ (o (25 )

T
ac”
S nl:hk+2 <‘¢W

+ ‘
k+2.T;

Next, we estimate R with similar tools as for R{":

R} <

0,0

0,Q:|

0,2
" P — P!
ot T

n

k42,7, ’ ot

RE <

chn —P-C”_l acn
I — I71° Lee tem
( k‘H)( T Bt)

ac”
+ ”(1—170 )—
0.0 k+1 ot

0,02
n n—1 n n
< “Pcc _Pcc _ ac +nhk+2 8i .
T ot 0.2 Jt 42,7,
Thus, we deduce with Lemma 4.4
3
dc" 9 th
R < n|:hk+2 ‘gbi < 4 2pk? / g2, ds
31‘ k+2a77l at k+2s771 1
1 || 93¢
oo :|||?9n||0,9 61)
%\l L2,y L2020

= |:hk+2R{"1 F TR T%R;’j} 19" llo. 2.

with the obvious definitions for the regularity terms R'f"l, R'f’z, and R;"3.

e term R,: By the definition of ©(-; -, -) in (27), the identity " = C" — P.c", and the fact that (¢™)" and (g~)"
are non-negative, it holds

On"; Pec", 9" — (U C", 9")

1
[ - VP, 9), — (U5 0, ] = 2 (@ +a 0",

[P, V9"), — (U™, 97), ]

=<

N =] = | —

[(@" VP, 9"), — (U -vC", 9"), — (" Pc”, V"), + (U C", V"), ].
The above equation, after adding zero in the form
0= (U"'. - vo", 9", — U Vvo", "),
=" -VC" 9", — (U VP 9 — (U VO, CMYy 4+ (U VO, Pec™y
to the right hand side, can be equivalently expressed as
On(@"; Pec”, 0" — O,(U"'; C*, ")
< % [(@" = U"") VP, 9"), — (" — U "YP", V9"), | = R + R}

For Rg‘, we estimate

R} =< (@" = U"HVPL", 9"), < <lu" = U" oo ITRVPc" 0.2 119" llo. -

21
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We now use an inverse estimate [65, Lemma 4.5.3], the continuity of Hg’K, a triangle inequality, the assumption
that 7, is quasi-regular, and Lemma 4.3, to deduce, for every K € Ty,

T VP ook < g ITRE VP ok < nhi IVPecllo.x
< nhy' (IVPc” = V' llox + Ve llo.x) (62)
<7 (A IVPL" =V lo7, + IVE oo k) < 11
Recalling Lemma 4.5, the definitions of 9" ! and p"’l, and Lemma 4.3, we get
lu" —U" o,
1198 /0tll ooy, ayiz2cy + 10" o + 10" llo,)gf =+ A g (63)
< T l18u/0tll ooy, | pir2coy + " oo + B2E D 4 R

thus implying

IA

A

R < n[hk“R;" + TRy 4 9! ||0,9R;’3} 19" lo. 2>

with the obvious definitions for the regularity terms R;"l, R;’z, and Rg’3.
The term R can be bounded analogously to Ry, giving

1
RE = 5 (U = u"yPc”, V"), <nllu" —U" o.el9"], 7.
Using again the bound (63), one obtains
R? < r/[hk“R;’l + TRy + ||19"1||0,QR;’3}|19"|W.

Thus,

R, < n[h"“R;“ + TRy + ||z9"—‘||o,QR;'3} (19" llo,2 + 19", 7. ) -

e term Rj3: We use the definition of Dy(-; -, -) in (28), a standard Holder inequality in the spirit of (15), the
estimate (62), the scaling properties of the stabilization in (32), the Lipschitz continuity of D(; -, -), and vg
in (34), to deduce

Ry =Dy (u"; Pec", ") — Dy, (U5 Pec”, 0")
= (DALu") — DATYU" "N IIY(VP.") - TI(VI™))o, 0
+ Y wl@ =@ s (4 - BT P, - 159"
KeT,
< nlu" —U" o, 7,

Hence, with (63) we have
R; < n[hk“RZ’l + TRy + [ ||o,gR§'3}|z9"|l,T,,

e term R4: The use of Lemma 4.3 yields
Ry = —[(c", 00,2 — (Pec”, 9" )] = —[((I — I, )", 9")o.0 + (I (" — Pec™), 9")o,2]
< 021 a7 + & T 19" o, = n A 2R 9" o,

with the obvious definition of R’
e term Rs: The approximation properties in Lemma 3.1 yield

Rs = — (U = I, )M, 0")g o < NG E g, 7 19" o, = n 2R 0.2

with the obvious definition of RY"'.
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Step 3: deriving the error estimate at each generic nth time step. We now insert (60) and the bounds on R—Rs
into (59). Afterwards, we observe that all regularity terms {R’;'} above only depend on the continuous solution and
can be assumed to be bounded uniformly in 4. We only keep track of the terms R'f’z and R;"3. This yields

1 n n— n n2
;Mh(ﬁ = 0" 9") + Dy [9"[]

< 19" o, 19" 0.0 @} + 19" lo. 019" 11 7 0% + 19" llo.0e + 19”1, 7. (64)
= 19"llo. [} + 19" o2 @} ] + 19”11 7, [@h + 19" 0.0 h],

with the positive scalars
o' <m, i=12 of<n (r 4R g2 R 4 r%R’l”) .o <n(T+ ). (65)

Next, we introduce, for all w;, € Z;,, the discrete norm
lwillg.5 = M (wh, wp). (66)
Owing to Lemma 3.2, there exist positive constants ¢, and c*, such that, for all w;, € Zj, it holds
cellwallo.n < llwnllo.2 < c*llwnllon- (67)
Reshaping (64), and employing (66) and (67), then gives
1913, + T D [2"[; .
< M@~ 0" + Tl10" llon [¢* @ + 19" Hlon (2@ ] + 210" 7 [ + 119" flon ¢* )] (68)
=TT +T+7T.
The terms 77 and 75> are bounded as follows:
Ty + Ty < 10" llon [(1+ 79" o + Tc*wl]

1 ny2 n—1 * n 2 (69)
= 5 (197135 + [+ el oy + e ei]’)
where we used (39) and (66) in the first step. The term 73 is bounded as follows:
n2 T n n—1 x n7?
T3 < D"} 7 + —— [@f + 19" o c* e} ]
. : (70
= TDUB" g + S [@D7 + 19" G A]

Next, we plug (69) and (70) into (68), cancel the terms tD*lﬁ”liTh , and manipulate the resulting inequality, to
obtain

_ 2 _ 2
19" 154 < [(L 4+ I Hlow + Te* ]+t [(@D* + 19" 15.4]-
Moreover, we estimate
2
[(L+ 9" on + Tc*oh]
1 1
=+ )’ 19" G, + 202110 ot 2 (1 + Tl + TH () ()
<[a@+*+ ] 19" "G, + [t + ) + 1] () (@h)?
<A+ [9"7IG, + Tn(@h)’.
Hence,
19" 15,5 < (LTI G, + 70 [(@D + (@?].
Defining
Y= (@) + (@)
and solving the recursion then leads to
n n
19" 15, < (LT 19015, + 70 Y y? < oI5, +7n ) v/,

j=1 j=1
23
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where we recall that n < T/t with T the final time instant. With (67) the estimate in the L? norm is a direct
consequence:

19" 15,0 < nl19°l5 0+ 0 > ¥/, (71)
j=1

The initial term [|9°|3 (, is estimated by
2
19°ll0.2 = llco.s — Pec®llo.@ < llcon — ’llo.2 + 1” = Pec®llo.2 < llcos — ’llo.c + 1 &, (72)
where we applied Lemma 4.3. Moreover, using (65), the fact that Z?Zl T < T, and the definitions of R{ 2 and R{ 3
in (61), after some simple manipulations, we obtain

n

mY v <n| DT+ )
j=1 j=1 j=1

n

S n Z f(f + hk+l)2 _|_ (hk+2)2 Z(R{,Z)Z + _L,Z Z(R{,3)2

| j=1 j=1 j=1 (73)
< | @+H WP YR + 70 ) (R]Y
L j=1 j=1
in wnll92c |
<n|(x+nr + (hk+2)2/ g2, ds + r2/ — () ds |.
i o o 195> oo

The assertion of the theorem follows by combining (71) with (73) and (72). U

5. Numerical experiments

In this section, we demonstrate the performance of the method on the basis of numerical experiments, focusing
on the lowest order case k = 0 which is expected to be the preferable one for practical application. To this purpose,
we firstly consider an ideal test case (Example 1), then we explore the potential of VEM for locally refined meshes
(Example 2), and finally we discuss a more realistic test case (Example 3). The aim of the first test is to validate
(also numerically) the convergence of the method on a problem with regular known solution, the goal of the second
test is to assess the VEM technology for meshes with many hanging nodes and edges with different size, and the
idea behind the third test is to check the method’s performance on a well-known benchmark that mimics a more
realistic situation.

Example 1. Here, we study a generalized version of (1), given by

" % +u-Ve—div(D@)Ve) = f

divu=g (74)

u=—a(c)(Vp —y()),
endowed with the boundary and initial conditions in (4) and (5), respectively. We fix £2 = (0, 1)? and pick the same

choice of parameters as in [51], namely T = 0.01, ¢ = 1, D(u) = |u| +0.02, d,, = 0.02,dy =d;, = 1, ¢ = 0,
y(c) =0, and a(c) = (c +2)~', where f and g are taken in accordance with the analytical solutions

cx,y, 1) =1 [x*(x — 1) + y (v — 1)?]

o fx(x—=DC2x—1)
ux,y.1) =2t (y(y D@2y - 1))

( ) L2 2+17t4+2t2

X, y, 1) = —=c"—2c+ —— —1°.

Py 2 6300 ' 15

Plots of the exact solution at the final time 7 are shown in Figs. 1 and 2.

(75)
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Fig. 1. Example 1. Exact concentration ¢ (left) and pressure p (right) of Example I, given by (75), at the final time 7 = 0.01.
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Fig. 2. Example 1. Exact vector field u given by (75), at the final time 7 = 0.01.

We employ a sequence of regular Cartesian meshes and Voronoi meshes, as portrayed in Fig. 3. In addition to the
current version, we also test the method when replacing the stabilization terms in (26), (29), and (31) by alternative
ones:

v (@)SK, ((I—H,?:f)ch,(z—ﬂ,?;’bzh) w K (a1 i - ka)
v @ S (1= 1550 (0 = 105H)  ~ SE (w0 = 15D, (4 = 1:5H2)
V(e SE (1 =T s, (1 =T %y0,) - SK (00 (1 = TS, (1 = TS0,

The alternative (diagonal) stabilizations are given by

_ dimZy,(K)

SKienz) =K Y dMdof;" ;) dof "M (z,)
j=1

_ dimZ;,(K)

SKena =Y dPdof(cy) dof " (zy) (76)

j=1

» dimV j,(K)

SK G, v) =K Y ditdof} ") dof} " (vy),
j=1
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Fig. 3. Example 1. Meshes: regular 8 x 8 Cartesian mesh (left); Voronoi mesh with 64 elements (right).

with
1
dM = max{ — f ¢ (1L o ) dx, avﬁ«p)}
K| Jk
2
dP = max / DALY uy) I X (V)| dx, av’,;(u,,)} (77)
K
1 2
df* = max Tl f AL e) 1T 95| dx, ovﬁ(ch)} ,
K
where {(p]’.( }Si:mlzh(m and {lﬁf }f:mlvh(m denote the local canonical basis functions for Z,(K) and V,(K), and o > 0

is a safety parameter. In the forthcoming experiments, we set 0 = le—3. We highlight that these stabilizations
are in fact modifications of the so-called D-recipe, which was introduced in [3] and has already been successfully
applied in some variants to other model problems, such as the Helmholtz problem [14]. The first entry inside the
max is simply the “diagonal part” of the consistency term of the local approximate forms in (26), (29), and (31),
respectively, whereas the second terms correspond to the original stabilizations associated to the degrees of freedom
in (33) multiplied by o, which acts as a positivity safeguard. Importantly, it is easy to check that the error analysis
can be easily extended to the new choice of stabilizations.
Due to the virtuality of the basis functions, we measure the following relative L? errors:

lc = 12C"lo.o  llu—TRU" oo llp— )P [lo.0
10" N0, lpllo, o

where C", U", and P" are the numerical solutions at the final time 7.

The relative L? discretization errors for the concentration are plotted in Fig. 4 in terms of the mesh size 4 for both
families of meshes and both variants of stabilizations. In order to better underline the expected linear convergence
of the method both in 4 and t (see Theorem 2, recalling that k = 0), the time step 7 is chosen proportional to 4.
In other words, starting with the coarsest mesh and v = T/5, each subsequent case is obtained by dividing both A
(adopting a finer mesh) and 7 by a factor of 2. Analogous plots are shown for the velocity and pressure variable
errors in Figs. 5 and 6. In all cases, the linear convergence rates are in accordance with Theorems | and 2. For the
pressure discretization error, since the initial meshes are very coarse, we observe some pre-asymptotic regime when
employing the original stabilizations in (33). This effect, however, is not present for the alternative stabilizations
in (76). Both variants lead to similar results for the concentration and velocity errors.

Since the concentration often evolves more rapidly than the velocity and pressure, it could be worth to consider
a cheaper variant of the discrete scheme (44)—(46) where the discrete velocity—pressure pair is updated only every
R time step (with R € N). This leads to a smaller number of linear system resolutions (possibly with a small
reduction in accuracy) since only system (45) is solved at every time step, while (46) is solved only every R step.
In order to test this, we tried to run the same test above and compare the original version with the cheaper version

llcllo.2
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Fig. 4. Example 1. Relative L2 errors for the concentration at the final time T on regular Cartesian meshes (left) and Voronoi meshes
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Fig. 6. Example 1. Relative L? errors for the pressure at the final time 7 on regular Cartesian meshes (left) and Voronoi meshes (right).
The original stabilization (33) and the D-recipe stabilization (76) are employed.
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with R = 5. The difference in error was only at the fourth meaningful digit; we do not plot the graphs since these
would completely overlap the ones of the original method.

Example 2. The aim of the present test is to exploit the VEM capability of using locally refined meshes. We
consider the generalized equation (74) with the same problem parameters of Example 1. The boundary conditions
and the functions f and g are taken in accordance with the analytical solutions

C(.x y t) — t2 I:l _ 6—100(x2+y2):|

2,2
o 100674y ))

u(x, y, 1) = 200¢° <)’e—100(x2+yz) (78)

1
px,y, 1) = —ECZ —2¢c 4+ mt* + mt?,

where the constants 7y, 1, are such that p(-, 1) € L%(Q) for all t € (0, T).

Note that the analytical solutions are such that they present a corner layer centered in (0, 0) for all t € (0, 7).
The idea is to exploit this feature of the analytical solutions and the possibility of the VEM technology of using
locally refined meshes.

We consider the family of locally refined meshes defined starting by a 4 x 4 uniform Cartesian mesh on [0, 1]?,
where the lower left square (corresponding to [0.25, 0.2571%) is refined into 4 x 4, 8 x 8, 16 x 16, and 32 x 32
uniform Cartesian meshes (see Fig. 7 for a sample of the adopted meshes).

In Fig. 7, we exhibit the relative L? errors (against the total number of degrees of freedom) obtained with the
locally refined meshes and time step t chosen proportionally to the diameter of the refined squares. In order to
assess the performance of the VEM technology on locally refined meshes, we also plot the results obtained with
the family of 4 x 4, 8 x 8, 16 x 16, and 32 x 32 uniform Cartesian meshes on the whole domain [0, 1. In this
test, we use the diagonal stabilization (cf. (76)).

Notice that, excluding the concentrations where the errors appear to be dominated by the time discretization,
for the velocity and the pressure, we obtain better results with the locally refined meshes. Although, due to the
nature of the exact solution, these results are in accordance with the expectations, this test also serves the purpose
of showing the robustness of the proposed VEM scheme with respect to elements with many hanging nodes (the
last local refined mesh has 31 hanging nodes) which does not seem to deteriorate the accuracy of the scheme.
Therefore, this kind of efficient refinement is indeed a viable choice for the proposed technology. Another classical
situation in which flexible meshing would be useful is in the presence of jumping material data in accordance with
complicated patterns/inclusions.

Example 3. Next, we investigate the behavior of the method for Test 1 and Test 2 in [32,52].

The problem is given in the form (1) with boundary conditions (4) and initial condition (5) over the spatial domain
2 = (0, 1000)> ft>. Moreover, T = 3600 days and 7 = 36 days. At the upper right corner, i.e. at [1000, 1000],
fluid with concentration ¢ = 1.0 is injected with rate ¢g* = 30 ft?/day, whereas at the lower left corner, i.e. at
[0, 0], material is absorbed with rate ¢~ = 30 ftz/day. Both wells are henceforth treated as Dirac masses, which
is admissible at the discrete level since the discrete functions are piecewise regular (which can be interpreted as
an approximation of the Dirac delta by a localized function with support within the corner element and unitary
integral). Furthermore, the following choices for the parameters are picked: ¢ = 0.1, d; = 50, d;, = 5, ¢y = 0,
y(c) =0, and a(c) = 80(1 + (M% — 1)c)*, where

Test A:d, =10, M =1; Test B:d,, =0, M =41.

Whereas a(c) is constant for Test A, it changes rapidly across the fluid interface for Test B (which is in fact
not covered by the theoretical analysis since d,, = 0, but is interesting to study numerically) resulting in a much
faster propagation of the fluid concentration front along the diagonal direction (d; > d;). This effect is known as
macroscopic fingering phenomenon [70].

For this example, we used a regular 25 x 25 Cartesian mesh and we employed the more sophisticated stabilization
in (76). Since Test B is highly convection-dominated, pure application of our method leads to local disturbances
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Fig. 7. Example 2. Sample of the adopted refined meshes (upper left). Relative L? errors for the concentration (upper right), relative L2
errors for the velocity field (lower left) and relative L2 errors for the pressure (lower right) at the final time 7 on regular Cartesian meshes
and on corner refined meshes.

in the form of overshoots and undershoots of the numerical solution for the concentration, typical in the context
of convection-dominated problem. To this purpose, for this test case, we employ the flux-corrected transport (FCT)
algorithm with linearization [53,71]. The FCT scheme with linearization for convection-dominated flow problems
operates in two steps: (1) advance the solution in time by a low-order overly diffusive scheme to suppress spurious
oscillations, (2) correct the solution using (linear) antidiffusive fluxes. In that way the computed solution does not
show spurious oscillations and layers are not smeared.

Due to the fact that no analytical solutions are available for Test A and Test B, we plot the numerical solutions
(and the corresponding contour plots) for the concentration after 3 and 10 years. These times correspond to n = 30
and n = 100, respectively. For visualization of the results, since the numerical solution is virtual, but the nodal
values are known, we simply add, inside each square, the barycenter with associated mean value of the nodal values,
then create a triangulation based upon these points, and finally interpolate the function values linearly inside each
triangle. In Figs. 8 and 9, the results for Test A are portrayed, and in Figs. 10 and 11, those for Test B. The results
are similar to those obtained in [32,52].

6. Conclusions

We presented a virtual element method for the miscible displacement of one incompressible fluid by another
in a reservoir, following a meaningful model instrumental to applications such as oil recovery and environmental
pollution. We combined our VEM discretization in space with a cheap but effective discretization scheme in time.
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Fig. 8. Example 3. Numerical solution for the concentration (left) and contour plot (right) after 3 years in Test A.
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Fig. 9. Example 3. Numerical solution for the concentration (left) and contour plot (right) after 10 years in Test A.

0 o 0 200 400 600 800

Fig. 10. Example 3. Numerical solution for the concentration (left) and contour plot (right) after 3 years in Test B.

After proposing the method, we developed an error analysis under the assumption of a regular solution, yielding a
theoretical backbone to the scheme. No time step size condition was needed in the analysis.

We firstly tested the proposed method on an academic example, thus validating also numerically the convergence
properties of the scheme and assessing some additional practical aspects (such as the possibility of using locally
refined meshes that exploit the VEM flexibility). Afterwards, we considered a more realistic test case in order to
have a qualitative comparison with the expected benchmark solution from the literature, in which we also introduced
a modification in the method in order to deal with issues related to the convective nature of the problem. Although
all the above developments are focused on the 2D case, we included an Appendix describing the extension to 3D
problems.
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Fig. 11. Example 3. Numerical solution for the concentration (left) and contour plot (right) after 10 years in Test B.

From the presented theoretical and numerical studies, we believe that the VEM is promising and has the
possibility to become, after further developments, a competitive scheme for complex flow problems. The added
value, with respect to many competitors, is the possibility to easily handle arbitrarily shaped polytopal grids, which
could be a critical point in geophysical real-life flow problems (that are well known to pose severe constraints to
the creation of the computational meshes and easily give rise to distorted and badly shaped grid elements). The
next step in the development of our VEM methodology will be to tackle more complex problems in two and three
space dimensions, where we can really test the advantages of the proposed formulation. This includes, for instance,
to solve problems with complex material data, as it happens in reservoir/basin simulation, and discrete fracture
networks coupled with a diffusive matrix. Testing these cases, in collaboration with experts in the field, will be the
scope of future communications.
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Appendix. The three-dimensional case

The aim of this section is to present a brief discussion about the extension of the proposed method to the
three-dimensional case, taking advantage of the ideas developed for the two-dimensional case combined with the
construction in [3,62].

From now on, we will denote with P a general polyhedron having £y vertices V, £, edges e and £/ faces f.
Moreover, for each polyhedron P and each face f of P, we denote with nlfp the unit outward normal vector to f,
and with hp, |P|, and | f| the diameter of P, the volume of P, and the area of f, respectively.

Let 7, be a discretization of (2 into polyhedra P with & := maxpe7;, hp. For a given element P € 7, F P and
EP denote the sets of faces and edges belonging to P.

On each polyhedron P € 7, the local velocity and pressure VE spaces are defined by

V,u(P) = {v € H(div; P) N H(curl; P) : v -n],;‘f e Pu(f)Yf € 3P,
divv € P (P), curl v € R;_(P)}

Ow(P) = {g € L*(P) : q € Pi(P)},
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where R;_(P) := curl ([IP’k(P)])3. The local concentration space is defined (recursively) as

Z,°(P) = {z € H'(P): z),, € C°P), 2, € Zy(fIVf € F', Az € Piya(P),
/ zpidx = / (L7 2) prdx ¥y € Prgt /Prci(P)}.
P P

We here summarize the main properties of the 3D spaces V,(P), Q;(P) and ZZD(P) (we refer [3,62] for a
deeper analysis).

e Dimensions. The dimensions of the 3D spaces V,(P), Qn(P) and Zf’lD(P) are

(k+ Dk +2)  k(k+2)(k+3)
2 + 2

(k + D(k + 2)(k + 3)

6

dimV,(P) = £,

dimQ;(P) =

k(k +1) n k(k + 1)k +2)

dimZ;°(P) = Ly + Lk + £ 5 S

e Degrees of freedom (DoFs). The following linear operators constitute a set of DoFs:

— for V,(P), a set of degrees of freedom {dof;./”(P)}j!i;an"(P) is defined by

1. %/wn{,pkdf Vpr e Pu(f) VfeFt
f

hp

Ul / divo) prdr  Vp € Pu(P)/R (79)
2/,

1
3. —/ v-(X A pp_y)dx Vpi_, € [Py (PP,
[Pl Jx

with x := (x|, x5, x3)7, where we assume the coordinates to be centered at the barycenter of the element;

— for Qj(P), we consider {dof?"" )% ") with

1
m/ q prdx Vpr € Pr(P); (80)
P

3D(P) dimZ;P(P)

— for Z;P(P), we take {doff” } with

j=1

1. pointwise values at the vertices: z(v)
2. on each edge e € £, the values of z at the k internal GauB—Lobatto points

1
3. m/ZCkaldf Vai-1 € Peoi(f) VfeFr? @81)
f
1
4. —/ Zqr—1 dx Vi1 € P (P).
[Pl Jp

e Projections. The DoFs allow us to exactly compute the polynomial projections

I ZP(P) > Boi(P), TN ZP(P) — By (P),
72 Vy(P) — [Pu(PIT " VZP(P) — [Pu(P)T .

Once the above spaces with associated DoFs have been selected, the method design in the 3D setting follows
the lines of Sections 3.3 and 3.4 verbatim. In particular, the forms M, 6, D), and A, in (24) follow the same
constructions dictated in (26), (27), (29), and (31), respectively, where, in accordance with Remark 3.3, in order to
get the 3D counterpart of the stability estimates (32), we take the following scaled stabilizations corresponding to
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the degrees of freedom:

dimZ;P(P) . D
(P) (P)
Sz =P Y dof," (epydof; @)
j=1
dimZ;P(P)
P szD(m fz,3D<P)
Sph(cnzn) =hp Y dof;" (cp)dof ;" (z))
j=1
dimV,(P)
Shn o) =[P Y dof}" " (ay) dof} " (wy).
j=1

Extending the theoretical results of the present paper to the 3D setting would not be particularly complicated.
Essentially, the same path can be followed, combined with the approximation estimates (and the de Rham complex
properties) of the above 3D virtual spaces, described in [62]. Delving into the details of such proofs is beyond the
scope of the present paper.
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