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Abstract

In this paper we establish a new existence result for the quasilinear elliptic problem
_ 1 _
—div(A(z, u)|VulP > Vu) + = Ay (z,w)|[Vul’ + V(@) |ul’*u = g(z,u) in RV,
p

with N > 2, p > 1 and V : RY — R suitable measurable positive function, which gen-
eralizes the modified Schrédinger equation. Here, we suppose that A : RY xR — R is a
C'—Caratheodory function such that Aq(z,t) = %} (z,t) and a given Carathéodory function
g:RY x R — R has a subcritical growth and satisfies the Ambrosetti-Rabinowitz condition.

Since the coefficient of the principal part depends also on the solution itself, we study the
interaction of two different norms in a suitable Banach space so to obtain a “good” variational
approach. Thus, by means of approximation arguments on bounded sets we can state the
existence of a nontrivial weak bounded solution.
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1 Introduction

In this paper we investigate the existence of weak bounded solutions for the quasilinear elliptic

problem

1
—div(A(z, w)|Vu[P~?Vu) + Z—)At(x,u)|Vu|p +V(@)|uP~?u = g(z,u) inRY,
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with N > 2, p > 1, where A : RY x R — R is a C'-Carathéodory function with partial derivative
Az, t) = %—‘?(:ﬂ, t), potential V : RV — R is a suitable measurable function and g : RNY x R — R
is a given Carathéodory function.

Special examples of problem (1.1) are related to the existence of solitary waves for the quasi-
linear Schrédinger equation

iz = —Az 4+ V(z)z — h(]2)?)z — AU(|2)*)'(|2]*)z  in RY, (1.2)

where V : RV — R is a given potential, [, h : R — R are real functions and the solution z = z(z, t)
is a complex function in RY x R. In fact, by using the ansatz z(z,t) = e"*Flu(z) in (1.2) with
FE € R, the unknown strictly positive real function u(z) is a solution of the corresponding elliptic
problem

—Au— A1) (w)u +V(z)u = Bu+ h(u?)u  in RY,

often referred as modified Schrodinger equation, which matches with (1.1), but taking p = 2, for
suitable choices of function I(s). And, again, the structure of the real term I(s) allows one to use
quasilinear equation (1.2) for describing several physical phenomena such as the self-channeling of
a high—power ultrashort laser, or also some problems which arise in plasma physics, fluid mechanics,
mechanics and in the condensed matter theory (see [33] and references therein or also [16] for some
model problems).

On the other hand, if A(x,t) is a constant, equation (1.1) turns into the p-Laplacian equation

—Apu+ V(@) |uP"2u = g(z,u)  in RN (1.3)

which has been widely investigated starting from the pioneer papers [8, 29]. Indeed, it is well
known that (1.3) has a variational structure but there is a lack of compactness as such a problem
is settled in the whole space RV and classical variational tools cannot work easily; thus, suitable
assumptions on potential V' (z) are required (see, e.g., [27] and references therein).

Clearly, the same difficulties still arise when we deal with the more general problem (1.1), but
the presence of a coefficient which depends on the solution itself makes the variational approach
more complicated. In fact, the “natural” functional associated to (1.1) is

J (u) :l/ A(x,u)|Vu|pd:1:+l/ V(:L')|u|pd:r—/ G(z,u)dz,
P JrwN P JrN RN

with G(z,t) = fotg(:v, s)ds, but, even if A(z,t) is a smooth strictly positive bounded function, if
Ay(z,t) # 0 functional J is well defined in W1?(RY) while it is Géateaux differentiable only along
directions in W1P(RY) N L>(RY).

Such a problem has been overcome in different ways, for example by introducing suitable def-
initions of critical point for non—differentiable functionals (see, e.g., [3, 17, 19]), and in the whole
Euclidean space RY some existence results have been proved by using nonsmooth techniques (see,
e.g., [4]), by means of constrained minimization arguments (see [23, 26, 28]), by introducing a suit-
able change of variable but only if A(xz,t) has a very special form, in particular it is independent of
x (see, e.g., [18, 25, 31] and also [32] and references therein) or by making use of an approximation
scheme via ¢—Laplacian regularization (see [22]). It is worth noting that the last mentioned tech-
nique turns out to be attractive also for studying the existence of multiple solutions of quasilinear
equations of general forms to which the idea of changing variables does not apply (see [24]) and we



think it should be interesting for possible future investigations to find out the right perturbation
which may allow us to apply such a regularization approach to our more general problem (1.1).

Along with the aforementioned ideas, such a problem has been addressed also with a different
approach which has been developed in [11, 12, 13]. More precisely, under some quite natural
conditions, we are able to prove that functional 7 is C! in the Banach space X = W1P(RY) N
L>(RYN) equipped with the intersection norm || - |x (see Proposition 3.10), then some abstract
results can be applied in this setting as long as a weaker “compactness” condition is provided (see
Definition 2.1).

Recently, if V(x) = 1 this approach has been used for proving the existence of radial bounded
solutions of (1.1) if A(x,t) is quite general but all the involved functions are radially symmetric
(see [15]) or they are 1-periodic with respect to x (see [14]).

Here, we get rid of both the symmetric and the periodic assumption and, as in the pioneer
paper [9] which deals with a linear Schrodinger equation with A(z,t) = 1 and p = 2 (see also
[30] for the nonlinear case), we assume that the potential V : RV — R is a Lebesgue measurable
function such that

1

ess inf V(x) >0 and lim ——dy = 0, 1.4
zeRN ( ) || =00, Bi(z) V(y) Y ( )

where Bj(x) denotes the unitary sphere of RV centered in z.

Such assumptions (1.4) have already been used in [5, 6] for investigating the quasilinear equation
(1.3) as they ensure a compactness embedding in suitable weighted Lebesgue spaces on R (see [9,
Theorem 3.1]). A similar compact embedding has been stated in [7, 8] under suitable conditions
on the level sets of V' (for a comparison with assumption (1.4) see [30]).

Anyway, in the more general setting of problem (1.1) this is not enough and also an approx-
imation argument is considered, i.e., for each k € N we introduce the approximating quasilinear
problem

—div(A(z,u)|VulP~2Vu) + %At(w,u)WuV’ =g(z,u) — V(x)|ulP"2u in By,
(1.5)
u=20 on OBy,

with By = {r € RV : |z| < k}, and the related functional Jp, on the “right” Banach space Xp,
(see definition (5.4), respectively (5.1)). Then, if “good” assumptions are satisfied (see Section
4) for all k € N a weak bounded solution wuy, of problem (1.5) exists and a nontrivial solution for
equation (1.1) is constructed as a suitable limit of sequence (ug)g.

Thus, the first step is solving the given equation in bounded domains by following the ideas
developed in [11, 12], then we pass to the limit in a “weak sense” so to find a weak bounded
solution of (1.1) which has to be nontrivial (a similar approach is used in [14]).

We note that, since our variational principle requires that X is contained in L>®(R™) (see
definition (3.11)), in some sense the “transition” through bounded domain is mandatory as every
“limit point” has to be a bounded function and the technical lemma, which allows it, holds only
on bounded domains (see Lemma 5.6).

We note that our main theorem requires not only (1.4) but also V(z) bounded on bounded sets,
some hypotheses which describe suitable interaction properties between A(z,t) and its derivative
Ai(x,t) and that g(x,t) has a subcritical growth and satisfies an Ambrosetti-Rabinowitz type
condition and a suitable assumption while approaching the origin. Thus, in order to not weigh



this introduction down with too many details, we prefer to specify each hypothesis when required
and to state our main result at the beginning of Section 4 (see Theorem 4.4).

This paper is organized as follows.

In Section 2 we introduce the abstract framework stating the weak Cerami—Palais—Smale con-
dition and a generalized version of the classical Mountain Pass Theorem. In Section 3 we introduce
some preliminary assumptions on the functions A(z,t), G(z,¢) and on the potential V' (z), which
allow us to give a variational principle for problem (1.1). In Section 4 we provide some further
hypotheses on the involved functions, our main result is stated and some geometric properties are
pointed out. Then, in Section 5 we investigate the existence of weak bounded solutions of problem
(1.5) and, finally, in Section 6 we prove our main theorem.

2 Abstract setting

Throughout this section, we assume that:
e (X,|-llx) is a Banach space with dual (X', || - ||x);

e (W,| - |lw) is a Banach space such that X — W continuously, i.e. X C W and a constant
oo > 0 exists such that
I€llw < oo [l€llx  forall § € X;

e« J:DCW = Rand J € CHX,R) with X C D.

In order to avoid any ambiguity and simplify, when possible, the notation, from now on by X
we denote the space equipped with its given norm || - | x while, if the norm || - |y is involved, we
write it explicitly.

For simplicity, taking 8 € R, we say that a sequence (§,), C X is a Cerami—Palais—-Smale
sequence at level 3, briefly (CPS)g—sequence, if

n——+oo

lim J(€) =5 and  lim_[d7 (&) lx (1 + €llx) = 0.

Moreover, § is a Cerami-Palais-Smale level, briefly (CPS)-level, if there exists a (CPS)s — se-
quence.

As (CPS)p — sequences may exist which are unbounded in | - || x but converge with respect to
|- /lw, we have to weaken the classical Cerami—Palais—Smale condition in a suitable way according
to the ideas already developed in previous papers (see, e.g., [13]).

Definition 2.1. The functional J satisfies the weak Cerami—Palais—Smale condition at level
(8 € R), briefly (wCPS)g condition, if for every (CPS)g—sequence (&,)n, a point £ € X exists,
such that

(i) lirf l€n — &llw =0 (up to subsequences),
n——+oo

(i) J(§) = B, dJ(€) = 0.

If J satisfies the (wCPS)g condition at each level 8 € I, I real interval, we say that J satisfies the
(wCPS) condition in I.



Since Definition 2.1 allows one to prove a Deformation Lemma (see [13, Lemma 2.3]), thus the
following generalization of the Mountain Pass Theorem [2, Theorem 2.1] can be stated (for the
proof, see [13, Theorem 1.7] with remarks in [15, Theorem 2.2]).

Theorem 2.2 (Mountain Pass Theorem). Let J € CY(X,R) be such that J(0) = 0 and the
(wCPS) condition holds in R. Moreover, assume that two constants o, a* > 0 and a point e € X
exist such that

ve X, |lulw=0 = J(u)>a"

llellw > o and J(e) < a”.

Then, J has a critical point ux € X such that

J(ux) = inf sup J(v(s)) > a*
€L 5¢(0,1]

withT' = {~ € C(]0,1], X) : v(0) =0, v(1) =e}.

3 The variational principle

Let N = {1,2,...} be the set of the strictly positive integers and, taking any Q open subset of RY,
N > 2, we denote by:

e Br(x) ={y € RY : |y — x| < R} the open ball with center in € RY and radius R > 0;

|D| the usual N-dimensional Lebesgue measure of a measurable set D in RY;

/

(L"(€),]-|a,r) the classical Lebesgue space with norm |ulo, = (;, |u|rdl‘)1 Tif 1 <7 < oo

(L>=(9),] - |a,c0) the space of Lebesgue-measurable essentially bounded functions endowed
with norm |u|q,. = ess sup |ul;
Q

o WHP(Q) and I/VO1 P(Q) the classical Sobolev spaces both equipped with the standard norm
[ulle = (IVulg, + |ulg )7 if 1 <p < +o0.
Moreover, if V : RY — R is a measurable function such that

(V1) ess inf V(z) > 0,

zeRN

we denote by

o (LL(),]la,vr), if 1 <7 < 400, the weighted Lebesgue space with

L0(Q) = {u cL"(Q): /QV(a:)|u|’"dx < +oo}, lulvr = </Q V(x)|u|rda:>i; (3.1)



o W/"l/’p(Q) and Wol"/’(Q), if 1 < p < 400, the weighted Sobolev spaces
WP (Q) = {u e Whr(Q): / V(z)|u|Pdz < +oo} ,
Q

W&)’{}(Q) = {u € WOI’P(Q) : / V(x)|uPdz < +OO}
Q

endowed with the norm )
lullo,v = (IVulg,, + [uld v,)7- (3.2)

For simplicity, we put Bg = Bgr(0) for the open ball with center in the origin and radius R > 0
and, if Q@ = RY, we avoid to write the set in the norms, i.e., we put

e |-|, =] |g~, for the norm in L™(RY), for all 1 <r < 4o0;

e |-|v;, = ||z~ v, for the norm in Lf, (RY), for all 1 < r < +o0;
o |- =1 "|lg~ for the norm in WHP(RN) = WP (RN);

o |-[lv =1 "llg~,y for the norm in Wy (RYN) = Wyb(RV).

From now on, let V : RN — R be a measurable function which satisfies not only condition (V7)
but also

1
V. lim / — _dy = 0.
(V2) jalotoo gy ) V()

Remark 3.1. If potential V (z) satisfies assumption (V4), then the following continuous embed-
dings hold:
Ly (RY) — L"(RY) forall 1 <r < +oo, (3.3)

WEPRY) — WHPRN) forall 1 < p < +o0. (3.4)

From Remark 3.1 and Sobolev Embedding Theorems, we deduce the following result (for the
compact embeddings, see [9, Theorem 3.1]).

Theorem 3.2. Let V : RN — R be a Lebesque measurable function satisfying assumption (V).
Then, the following continuous embeddings hold:

o if p < N then

N
W‘l/’p(RN) — L"(RY)  forany p<r< N b ; (3.5)
—-Dp
o if p= N then
WEP(RYN) < L"(RY)  for any p <7 < +oo; (3.6)
e if p> N then
WyP(RY) = L'(RY)  for any p <1 < +oc. (3.7)



Furthermore, if assumption (V) also occurs, the compact embedding
WP (RY) < L'(RY)  for any p < r < p* (3.8)

holds, with
o= NN—_";) if p <N,
+o0o  ifp> N.

From Theorem 3.2 it follows that, for any r > p so that (3.5), respectively (3.6) or (3.7), holds
then a constant 7,- > 0 exists such that

luly < 7pllully  for all u € WP (RY). (3.9)

On the other hand, taking Q open bounded domain in RY and p < N, a classical embedding
theorem implies that a constant o, > 0, independent of 2 and depending only on p and N, exists
such that

lulgp < oullullq for all u € WyP(Q). (3.10)

From now on, we assume that potential V(z) is a measurable function which satisfies condition
(V1) and we set

X = WePRY)NL®RY) and  |ullx = [[ully + |u|ee for any u € X. (3.11)

In the following, we assume p < N (otherwise, embedding (3.7) implies that X = W‘l/’p (RM)
and all the arguments and proofs can be simplified).

Lemma 3.3. Taking p <r < 400, we have that

X = LL(RYY  with |ulv, <|ullx forallue X. (3.12)
Proof. Taking any u € X, definitions (3.2) and (3.11) imply that

/' V() ul"de < ul= / V) uPde < [u"=P[[ull?, < Jully
RN RN
which gives the proof. O
Remark 3.4. From (3.3), definition (3.11) and Lemma 3.3 it follows that
X — L"(RY)  for any p < r < +o0.
Lemma 3.5. If (up)n C X, u € X and M > 0 are such that
|, —ully =0  asn — +oo (3.13)

and
[tnloo < M foralln €N, (3.14)

then u, — u strongly in L}, (RY) for any p <r < +oo.



Proof. From (3.14) we have that
/ V(@) [t — ul"d < fuy — uf2? / V(@) [tn — ulPdz < (M + [uloo) P lun — ul,
RN RN

which, together with (V1), (3.1) and (3.13), implies the desired result. O
We proceed recalling the following definition.

Definition 3.6. A function h: RY x R — R is a C¥~Carathéodory function, k € NU {0}, if
e h(-,t):x € RN v h(z,t) € R is measurable for all t € R,
e h(z,):t€Rw h(z,t) € Ris CF for ae. v € RV,

Let A: (z,t) € RV x R~ A(z,t) € R be a given function such that the following conditions
hold:

(ho) A(z,t) is a C'~Carathéodory function with A (z,t) = 2 A(z,t);
(h1) for any p > 0 we have that

sup |A(-,t)] € LOO(]RN)7 sup |A:(-, )| € LOO(]RN).
[tI<p |t|<p

Furthermore, we assume that g : RN x R — R exists such that:
(90) g(x,t) is a C°~Carathéodory function;
(g1) a1,a2 > 0 and ¢ > p exist such that

lg(z,t)] < ar|t|P™! +aglt|? ! ae. in RN, for all t € R.

Remark 3.7. Assumptions (go) and (g1) imply that
¢
G: (z,t) RN xR — / g(z,s)ds € R (3.15)
0

is a well defined C'-Carathéodory function and
G(z,8)] < L¢P + 22|49 ae. nRY, for all € R. (3.16)
p q

In particular, (g1) and (3.15) imply that
G(r,0) = g(2,0) =0 for a.e. z € RV, (3.17)

Taking any u € X, from assumption (h;) and definition (3.11) it follows that A(-,u)|Vu(:)|P €
LY(RY), while hypotheses (go), (91) and Remark 3.4 provide that G(-,u) € L'(RY). Then, as-
sumption (V1) implies that functional

L p 1 x)|ulPdr — x,u)dx
J(u)z;)/RNA(m,u)Wm dac—i—p/]RNV( Yul|Pd /RNG( ,u)d (3.18)



is well defined for all w € X. Moreover, taking any u, v € X, the same assumptions imply that
Ay (-, u)v|Vu()|P € LYRY) and g(-,u)v € L*(RY), then the Gateaux differential of functional J
in u along the direction v is well defined and is given by

1
(dT (u),v) = / Az, u)|Vu|P~2Vu - Voda + —/ Ay(z,u)v|VulPd
RN P Jry
(3.19)
+ / V(@) |u|P?uvds — / g(z,u)vdz.
JRN JRN
As useful in the following, we recall same classical inequalities (for the proof, see, e.g., [20]).
Lemma 3.8. A constant Cy > 0 exists such that for any &,n € RN, N > 1, it results
17726 = [nI"n| < Col¢ —nl (1] + )"~ ifr>2, (3.20)
€172 = nl""*n| < Colé —n|"* ifl<r<2. (3.21)
By reasoning as in [15, Lemma 3.4], from Lemma 3.8 we deduce the following result.

Lemma 3.9. Taking p > 1, a constant C1 = C1(p) > 0 exists such that for any open domain
Q C RY it results

L 19w = 19alldz < w2l (ol + 12167) o,z € w3,
Q

Now, we are ready to state a “good” variational principle.

Proposition 3.10. Let p > 1 and suppose that hypotheses (V1), (ho)—(h1) and (go)—(g1) hold. If
(tn)n C X and u € X are such that

U, = u  ae inRY (3.22)
and (3.13), (3.14) hold for a constant M > 0, then
J(un) = J(w)  and ||dT (un) —dT (uw)||x» =0 asn — +oo.
Hence, J is a Ct functional in X with Fréchet differential defined as in (3.19).

Proof. For the sake of convenience, we set J = J1 + J2 — J3, where

1
j1:u€Xl—>j1(u)=5/

A(z,u)|VulPdz € R,
RN

Jr:u€e X = Ja(u) = %/ V(z)|ulPdz € R,
RN

Js:ue X — J3(u) = G(z,u)dr € R,
JrN

with related Gateaux differentials
1
(dJr (u),v) = Az, u)|Vu|P~*Vu - Vo do + - / Az, u)v|VulPde,
RN P Jry

(dTa(u),v) = /RN V(2)|u|P~2uw da,

(dT5(u),v) = /RN g(z,u)v dx,



for any u, v € X.
Now, let (un)n C X, u € X and M > 0 be such that (3.13), (3.14) and (3.22) hold.
Firstly, we note that (3.4) and (3.13) imply |lu, — u|| — 0, then from the proof of [15, Proposition
3.6] it follows that
Ji(up) = J1(u)  and  ||dJi(u,) — dJr(uw)]|x — 0,
Ts(upn) = J3(u) and  ||dT3(un) — dTs(uw)||x» — 0.

Moreover, from definitions (3.1) and (3.2), limit (3.13) implies also that
1
|T2(un) — Ja(u)| = z-jllunl’&,p —[uly,,| 0 asn— +oo.

At last, taking v € X such that ||v]|x =1, so
vloo <1, |ulvp <1, (3.23)

from (V1) and by definition we have that

[(dTa(un) = dTa(u),v)| < /RN V(@)l[tnl”*un = ul?~?ullv|dz. (3.24)

Thus, if 1 < p <2, from (3.21), Holder inequality with V' (z) = V%(CL‘)VPT_I (z) and (3.23) we have
that
/ V(@) |un P~ 2wy — JulP~ul|v|dz < Co/ V() |uy — ulP~t|v|de
RN RN (3.25)
< Colun — u|1\3/,_p1|v|V,p < Colun — u|€',_p1'

On the other hand, if p > 2, again from Holder inequality with V' (z) = Ve (ZE)Vijl (z), and (3.20),
(3.23) and direct computations we have that

p—1

-
/ v<x>|un|PQun—|u|ﬂu||v|dxs(/ v<x>||unlp2un—ulp2u|vflda:) [olvip
RN RN

p=1

< Cy (/ V(w)lun—UIP’*(IunlJrlul)p(”p_f)dw) "
]RN

(3.26)

where once again from Holder inequality but with V(z) = Vi (:L’)V;%? (z) it results

1 p—2

_p_ p(p—2) P P
( [ V@l =l ] + da:) < fun — vy ( [ v@(iu)+ |u|>de)
RN RN

Hence, from (3.26), direct computations imply that

— — * -2 -2
/RN V(@) |un|P ™ = JulPul[olde < Cglun — ulvp(Junly, + [ulf,,)) (3.27)

for a suitable constant C§ > 0.
Thus, summing up, from (3.24) and (3.25), respectively (3.27), it follows that
[(dT2(un) — dJ2(u),v)| — 0  uniformly with respect to v € X, ||v]|x =1,

and the desired result holds. Od

10



4 The main theorem and some first properties

From now on, besides hypotheses (V1), (ho)—(h1), (90)—(g1), which imply that J as in (3.18) is a
C! functional on X as in (3.11) (see Proposition 3.10), we consider also assumption (V3) and the
following conditions on functions A(z,t), g(z,t) and V(x):

(ha) a constant oy > 0 exists such that

A(z,t) >y ae inRY, forall t € R;

(h3) some constants pu > p and ;3 > 0 exist so that

(1t —p)A(z,t) — Ag(z, t)t > aq A(z,t)  ae. in RN, for all t € R;

(h4) a constant ae > 0 exists such that

pA(z,t) + Ay(z, )t > agA(z,t)  ae. in RY for all t € R;

(g2) we have that

t

; g(z,1) —a < a_g uniformly a.e. in RY,
t—0 |t‘p_2t Tp

where g is as in assumption (hg) and 7, is as in (3.9) with r = p;
(93) having p as in hypothesis (hs), then
0 < puG(z,t) < g(x,t)t ae. in RY, for all t € R\ {0};

(V3) for any ¢ > 0, a constant C, > 0 exists such that

ess sup V(z) < C,.
lz|<e

Remark 4.1. If (hs) holds, then, without loss of generality, we can assume oy < 1. Moreover,
taking t = 0 in (h3), we have also u —p > a;.

Remark 4.2. By means of (3.15), assumptions (go) and (g2) imply that the existence of

G(z,t) _a

im uniformly a.e. in RY
t—0 ‘t|p

is provided, too. In particular, from hypotheses (g1)—(g2) and direct computations it follows that
for any € > 0 a constant c. > 0 exists so that not only

lg(z,t)| < (@+ )|t~ + c|t|]9™!  ae. in RN, forall t € R,

but also _
a—+ e

G(z,1)| < 1P + %mq ae. in R, for all t € R, (4.1)

if assumption (go) holds, too.

11



Remark 4.3. We note that (3.15), assumptions (go)—(g1), (g3) and straightforward computations
imply that for any e > 0 a function 7. € L=(R") exists so that n. > 0 for a.e. z € RV and

G(z,t) > ne(x)[t|*  for a.e. x € RN if [t > e. (4.2)
Hence, from (3.16) and (4.2) it follows that

p<p<gq (4.3)
Now, we are ready to state our main result.

Theorem 4.4. Under assumptions (V1)—(Vs), (ho)—(ha) and (go)—(g3), with the growth exponent
q in (g1) such that

q<p" (4.4)

then problem (1.1) admits at least one weak nontrivial bounded solution.
Remark 4.5. In our set of hypotheses, summing up (4.3) and (4.4) we have that
I<p<pu<qg<p,
with p as in (hs) and (gs).
As useful in the following, firstly we give a convergence result.

Proposition 4.6. Suppose that hypotheses (V1)—(Vz2), (ho)—-(hs), (g0)—(g1) and (g3) hold. Thus,
taking any B € R, we have that any (CPS)g-sequence (up), C X is bounded in WP (RN).
Furthermore, u € W‘l/’p(RN) exists such that, up to subsequences, as n — +oo the following limits
hold:

U, — u weakly in WP (RY), (4.5)

Uy, — u strongly in L"(RN) for each r € [p,p*|,

Up —> U A.€. 1IN RY.
Proof. Taking 8 € R, let (uy), C X be a (CPS)sz—sequence of 7, i.e.,

J(un) — B and  ||[dT (un)|lx (1 + |lunllx) — 0 as n — +00. (4.8)

Thus, from (3.18), (3.19), (4.8), assumptions (h2)—(h3), (g93) and also (3.2), direct computations
give

wB+en =pJ (uy) — (AT (un), tun)

> / Vun [Pz + L2 / V(@) un Pz > exlun |},
P Jrwy P Jry

for a suitable constant ¢; > 0. So, (), is bounded in W,”(RY) and (4.5)-(4.7) follows from
(3.8). O

Now, we prove that the geometrical assumptions needed to apply Theorem 2.2 hold. To this
aim, we start giving the following lemma.
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Lemma 4.7. Under assumptions (hy) and (ha)—(h3), we have that
Az, st) < sHPTA(x,t)  ace. inRY, forallt €R and s > 1. (4.9)
Proof. Taking t € R, for a.e. * € RY and for all s > 0, assumptions (ko) and (h3) imply that

p—p—a1 A(

d
— = <
dSA(x, st) = Ay(z, st)t < .

x, st).
Hence, from hypothesis (h2) we obtain that

HA@st) _ p-p-a
Az, st)  — s ’

where Remark 4.1 ensures that u —p—a; > 0. Thus, if s > 1 by integrating we obtain the desired
result. O

Proposition 4.8. Under assumptions (V1), (ho)—(h2), (g90)—(g2), if p < g < p* then two positive
constants o, a* > 0 exist so that

veX, lulv=0 = Ju)>a". (4.10)

Proof. Let u € X and, from (g2), take ¢ > 0 such that @+ ¢ < %, ie.,
ag — (@ +e)r) >0. (4.11)
Then, from (hs2) with ap < 1 (see Remark 4.1), (4.1) and (3.9), definitions (3.2) and (3.18) imply

that
T(w) >0 </ |Vu|pd3:+/ V(:c)|u|pd:c> - a+€/|u|f’dx—%/ lu|4da
D \Jrv RN P Jr HoJry

1 Ce
= (ag — (@ +&)m2)|ullf, — =72||u||¥.
P ( )p)” HV U qH |V

Y

Then, (4.11) and p < ¢ allow us to find two positive constants ¢ and a* so that (4.10) holds. O

Proposition 4.9. Assume that (V1), (ho), (h2)—(hs), (g0)—(g1) and (g3) hold. Then, fizing a €
X \ {0}, it follows that
J(st) - —c0  as s — +oo.

Proof. Since 4 # 0, there exists € > 0 such that
Q% >0 with QY = {z ¢ RV : |a(z)| > &}.

From (3.18), (4.9), inequality (4.2) and direct computations, for any s > 1 we have that

Yy D
J(si) = S—/ A(z,sa)wav’dxﬁ—/ V(m)|ﬁ|pdx—/ Gla, sii)d
P Jrw~ P JrwN JRN
gh—a1 sP
< / A(a:7a)|Vﬂ|pda:+—/ V(a:)|ﬁ|pda:—s“/ i (2)|a] dz.
p RN P Jrw~ Qz

Thus, being [, n1(x)|@[*dz > 0, inequality (4.3), together with assumption a; > 0, gives the
desired result. O
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5 An existence result on bounded domains
From now on, let © denote an open bounded domain in RY. Thus, we define
Xo =Wy b ()N L=(Q) (5.1)
endowed with the norm
llullx, = llullo,v + |u|a.o for any u € Xq (5.2)

and with dual space X{,.
Actually, since any function u € Xq can be trivially extended to a function @ € X just assuming
@(z) =0 for all z € RV \ Q, then

lall = llulle,  llallv = llulla,v, lile = luloe, lullx = llullxq- (5.3)

Remark 5.1. As Q is a bounded domain, not only ||u|lq and |Vul|q,, are equivalent norms but
also, if assumption (V3) holds, a constant cq > 1 exists such that

[l

fly:/Q|Vu|pd;r+/QV(;r)|u|pd;r§/Q|Vu|pd;r+cQ/Q|u|pdm§CQ||uH§’Z,

which, together with (3.4) and (5.3), implies that the norms || - ||o,v and || - ||q are equivalent, too.

From (3.17) and (3.18) it follows that the restriction of the functional J to Xq, namely

Ja = j‘Xu?
is such that
1 1
Ja(u) = —/ Az, u)|VulPdz + —/ V(z)|uPdz — / G(z,u)dz, ue Xq. (5.4)
pJa bJa Q
We note that, setting
glz,t) = g(z,t) = V(x)|t|P~%t  forae. z € RN, allt € R, (5.5)

from (go) we have that § is a C°~Caratheodory function such that
t
G(x,t) = / g(z,8)ds = G(z,t) — })V(l’)ﬁlp for a.e. z € RN, allt € R. (5.6)
0

Then, by means of assumptions (g1), (V1) and (V3), we have that
15(x, )] < (a1 + |[V]geo)[t]PF +azt|? ! for ae. 2 € RY, allteR, (5.7)

and from (5.4) and (5.6) we have that

Jao(u) = l/ A(:I:,U)|Vu|pd:1:—/ G(x,u)dzr, ue€ Xq. (5.8)
pJa Q
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Hence, arguing as in [12, Proposition 3.1], it follows that Jq : Xo — R is a C! functional such
that, for any u, v € Xq, its Fréchet differential in u along the direction v is given by

1
(dTa(u),v) = / Az, u)|Vul|P2Vu - Vuds + —/ Ai(z, u)v|VulPdx
Q b Ja
(5.9)
+/ V(@) |u|P?uvdy — / g(z,u)vdx.
Q )

In order to apply Theorem 2.2 to functional Jq as in (5.4), we start proving that it satisfies

the (wCPS) condition in R (see Definition 2.1).

Proposition 5.2. Suppose that hypotheses (V1), (V3), (ho)—(h4), (90)—(g1) and (g3) hold. Then,
if also (4.4) is verified, functional Jq satisfies the (wCPS) condition in R.

Proof. Firstly, we note that from Remark 5.1 the norm in (5.2) can be replaced with the equivalent
one, still denoted by || - || x,, given by

llullxe = [Vulap + |ulg,ee  for any u € Xq.
Then, being p > p, from (g3), (5.5)—(5.6) and direct computations we obtain that
,u@(a:,t) < gz, t)t  forae xRN, allteR.

Thus, from conditions (hg)—(h4) and (5.7), together with (4.4), we have that [12, Proposition 4.6]
applies to functional Jqn written as in (5.8). O

Remark 5.3. In order to apply [12, Proposition 4.6] to functional Jg in Xq condition é(az,t) >0
for a.e. z € Qif |t| > R, for a suitable R > 0, is not necessary (such an assumption is required in
[12] for proving one of the geometric conditions of the Mountain Pass Theorem).

For simplicity, let us assume that 0 € Q so £* > 0 exists such that B.- C Q.

Remark 5.4. Assume that the hypotheses of Propositions 4.8 and 4.9 are satisfied and fix @ €
X \ {0} with supp @ C Be~. Then, % € Xq and, from Proposition 4.9, 5 > 0 exists so that

[

v >0 and Jou")<a” (5.10)

with «4* = 54 and p, o* as in Proposition 4.8.
Clearly, we have that suppu* C B.«, so u* € Xq, and if we consider the segment joining 0 to u*,
namely

Y s e [0,1] = sut € X, (5.11)

we obtain that not only v*([0, 1]) C X but also suppy*(s) C B for all s € [0,1].

Proposition 5.5. Under the assumptions in Theorem 4.4, functional Jo has at least a critical
point uq € Xq such that

a" < Ja(ug) < sup J(su*), (5.12)
s€[0,1]

with a* as in Proposition 4.8 and u* as in Remark 5.4.
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Proof. From (3.17) we have that Jo(0) = 0. Moreover, from (5.3), (5.4) and Proposition 4.8 we
have that
u€ Xq, Jullov=o0 = Ja(u) > a™.
Then, taking u* € Xq as in Remark 5.4, from (5.10) and Proposition 5.2 we have that Theorem
2.2 applies to Jq in the Banach space Xq and a critical point ug € X exists such that
Ja(ug) = inf sup Ja(y(s)) > a*

v€lq s€0,1]
with I'g = {y € C([0, 1], Xq) : v(0) =0, v(1) = u*}.
On the other hand, also the second inequality in (5.12) is true as, from Remark 5.4, segment v* in
(5.11) is such that v* € T'q. O

At last, let us point out that, in the following, we need to prove a uniform boundedness for a
sequence which is bounded in WO1 (). Clearly, since © is a bounded subset of RY | if p > N from
the Sobolev Embedding Theorem such a boundedness is trivially satisfied but, on the contrary, if
p < N the following sufficient conditions are required.

Lemma 5.6. Let Q be an open bounded domain in RN and consider p, q so that 1 < p < N and
p < q<p* (if N =p we just require that p* is any number larger than q) and take u € Wol’p(Q).
If a* > 0 and mo € N exist such that

/ VulPds < a* <mq o | +/ |u|qd;r> for all m > mo, (5.13)
+ +

m m

with QO = {x € Q: u(z) > m}, then ess supu is bounded from above by a positive constant which
Q

can be chosen so that it depends only on |Qf |, N, p, q, a*, mo, |Jullq, or better by a positive
constant which can be chosen so that it depends only on N, p, q, a*, mo and af for any ay > 0
such that

max{|Q, |, [ulle} < a.

Vice versa, if inequality

/7 |[VulPdz < a* (mq Q] —|—/7 |u|qdw> for all m > my,

holds, with Q,, = {x € Q: wu(z) < —m}, then ess sup(—u) is bounded from above by a positive
Q

constant which can be chosen so that it depends only on N, p, q, a*, mg and any constant which
is greater than both |Q | and |lul|q.

mo

Proof. The proof is essentially as in [21, Theorem II.5.1] but, in order to point out some uniform
estimates on the L*-norms of a sequence which is bounded in WO1 P(Q), here we prefer to give
some more details.

Firstly, taking any m € N we note that direct computations, the Holder inequality and (3.10)

imply that
/ (u—m)ide < |15 (/ (u—m)p*d:c)p
Qb Qb

a|t |t F P !
S 0*|Qm| P gﬁ’ |VU| d.’l’ I’

16
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with o, > 0 as in (3.10), since max{u—m, 0} € Wy**(€2). Thus, from (5.14) and direct computations
it follows that

/ lu|dx < 297! <mq|Q;§L|+/ (u—m)qda:)
Q Q

m m

<20t <mq|Q:§L| + ol (/ |Vu|pdw> )
QF

m

< 217! (mq Qf |+ 0| |1 oF u||?2_p/ |Vu|pdx>.
of
Now, if m > myg, from one hand (3.10) gives
mP Q| < / lulP de < / lulP"dx < L, (5.15)
Qb Q
with )
Ly = o.|ullq, (5.16)

while, from the other hand, (5.13) and (5.15), (5.16) imply that
/ VulPde < a*(1+ 29 Ym0 |
Jk

a_

+ 207 g g | [P

u||§1{p/+ |VulPdx

m

& (5.17)
SR A RS s e M ol L 2T
* q—1 q10+ q—1, % p* ||u||€2 - p
< a*(1+27)meQf |+ 29 at ol —— |VulPda.
mP —4 ot
Hence, taking m; € N such that
1
x> max {mo. (21002l ) (5.18)
from (5.15), (5.17) and direct computations it follows that
. I qpf*z:
/ |VulPde < aim?|Qt| < afm? |QF] (—+> for all m > my,
af jexd

with af = 2a*(1 +2971), that is,

" a-p _ P
/ |VulPde < aiL» mP |QF [P %1 for all m > my,
+

m

where ¢ = £ — 2= > 0 as ¢ < p*. Then, by using the same arguments required by estimate (5.14)
but with ¢ replaced by 1, for all m > m; this last inequality implies that

9—p

1
P £
/Q+ (u—m)dx < 0*|Q;|1_r%* </sz+ |Vu|pdx) <asLv m ||
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with a§ = U*(ai‘)%. Thus, reasoning as in the proof of [21, Lemma II1.5.1] but with our setting,
from direct computations we have that

ess supu < 2°¢ ml—l—ang%/ |u|dx (5.19)
Q b,

with a3 = (a3)'*+%. So, since from (5.18) and Hélder inequality we have that

1

P
/ Julda < / ulde < Q|7 / lulPdz | < 195,77 [luflq,
Qi Qi Qi

mo mo

from (5.16) estimate (5.19) becomes

_1 14422
O Il ). (5.20)

P a—p
esssupu < 2°¢ (ml +azo.c |,

Q

At last, if we take af > max{|ullq, |2}, |}, estimate (5.20) implies

mo

ess supu < 2° (m’{ + ago*% (ag)** q;p_%)
Q

with m7j defined as in (5.18) but replacing |lul|q with af.

Finally, the proof of the second statement of this lemma follows from the first part but applied to
function —u. a

6 Proof of the main theorem

Now, we are ready to prove our main result. To this aim, we follow an approach which is similar
to that one in [14] but, since our problem has a different setting and requires to rehash the proofs,
for completeness here we provide all the details.

Throughout this section, we suppose that the assumptions in Theorem 4.4 are satisfied and for
each k € N we consider as bounded set the open ball By, its related Banach space Xp, as in (5.1)
and the functional

Ji:u € Xp, = Jp(u) =T, (u) €ER

with Jp, (u) defined as in (5.4).

Remark 6.1. For the sake of convenience, if u € Xp, we always consider its trivial extension as
0 in RY \ By. Then, if we still denote such an extension by u, we have that « € X, too. Moreover,
from (3.17), definitions (3.18) and (5.4), respectively (3.19) and (5.9), imply that Jp(u) = J(u),

respectively
(dTx(u),v) = (dT (u),v) forallve Xp,.

Remark 6.2. If in Remark 5.4 we take ¢* < 1, then u* € Xp, and segment v* in (5.11) is such
that supp~y*(s) C B; for all s € [0,1]. Hence, for all £ € N we have that v* € I'p, , with

I'p, = {ﬁ/ € C([()? 1]7XBk) : '7(0) =0, 7(1) = u*}
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Moreover, for the continuity of J o~*: s € [0,1] = J(su*) € R, a** € R exists, independent of k,
such that

o™ = max J(su").
s€[0,1]

Since for all £k € N Proposition 5.5 applies to Ji in Xp,, from Remarks 6.1 and 6.2, a sequence
(ug)r C X exists such that for every k& € N it results:

(i) wur € Xp, with up =0 in RV \ By,
(i) o < J(ug) < o™,
(79t) (dJ (ug),v) =0 for allv € Xp,,

with a* as in Proposition 4.8 and o** as in Remark 6.2.

The proof of Theorem 4.4 requires different steps.

Firstly, we prove that sequence (ug)y is bounded in X. If p > N, from the Sobolev Embedding
Theorem it is enough to verify that (||ux||)x is bounded while, if p < N, such a boundedness is not
enough and Lemma 5.6 needs.

From now on, we denote any strictly positive constant independent of k by d;.

Proposition 6.3. A constant My > 0 exists such that
lurllx < My for all k € N. (6.1)
Moreover, for every r > p we have also that
luglv,y < Moy for all k € N. (6.2)
Proof. From conditions (¢) and (#i¢) we infer that
(dJ (ug),ux) =0 for all k € N, (6.3)

then, taking p as in assumption (hs), from (6.3), definitions (3.18), (3.19), assumptions (hg)—(hs),
(V1), (g3), (3.2) and direct computations we have that

pJ (ur) = pJ (ur) — (T (uk), uk)
(671051

> / Vg [Pdz + (ﬁ—1>/ V(@) |uplPdz > diflugll?
D RN p RN

for a suitable constant d; > 0. Whence, condition (#i) implies that

|lug|lv <d2 forall ke N (6.4)

1

with dy = (157,

Now, in order to obtain estimate (6.1) if p < N, from definition (3.11) we need to prove that
(ug)k is a bounded sequence in LOO(RN ), too. To this aim, we note that for a fixed £ € N either
[ukloo < 1or |ug|e > 1.

If |ugloo > 1, then

esssupug > 1 and/or ess sup(—ux) > 1.
RN RN
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Assume that ess supug > 1 and consider the set
RN

B,‘;l ={z e RV : u(x) > 1}.

From condition () we have that
B;:l C By,

moreover, B, is an open bounded domain such that not only |B;";| > 0 but also, by means of
(3.4), it is

1B < /+ lug [Pdx < /N Jug [Pda < |Jug||? < dslug|},
' R
k1

for a suitable d3 > 0. Hence, estimate (6.4) gives
1By <ds (6.5)
with dy = dbds.

In order to prove that Lemma 5.6 applies, for any m € N we consider the new function R}, : R — R

defined as
0 ift<m
+ _ —
tHRmt_{ t—m ift>m
Since taking ¢ = 0 in (hy) we obtain ay < p, for any m > 1, we have that R} uy € X) and from
condition (4¢), definition (5.9) and hypotheses (V1), (h2), (h4) and direct computations it follows

that

' 1
0 = (dJ (ug), B} ug) :/ (1 — ﬂ) <A(.7;,uk) + —At(:l:,’u,k)uk> |Vug |[Pda
B, Uk p
m m "
+ — Az, ug)|Vug|Pdx + 1—— ) V(x)lugPdz — g(x,ug) R updx
B;tm Uk ;m Uk RN
> Qo2 / |Vug|Pdx — / g(z,u) R updz,
p Kom RN
ie.,
Qg / |Vug|Pdx < / g(z,up) R} upda, (6.6)
P JBf,, RY
with B]:“’m = {z € RN :uy(z) > m}. Clearly, it is B]:“’m C kal so from (6.5) we have that
B, < da. (6.7)

Since (g3) implies g(x,t) > 0 if t > 0 for a.e. x € RV, then g(z,ux(x)) > 0 for a.e. x € B ; so,

k,m>

from (g1), (4.3) and the Young inequality with conjugate exponents % > 1 and q—E;, it follows that

/ g(z,up) R updz < / g(x, u)updr < / (a1u} + agu})dz
RN + +

k,m k,m

< / (u aj~” P uZ) dx +a2/ uide
B, q q B}

k,

q—p = + p q
=—aqa{ "|B + | =+ dx.
q ay I k,ml <q a’2>/+ U aT

k,m
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Hence, from (6.6) we obtain that

/ |Vug|Pdz < a* | |B},, | +/ uldz | forallm >1,
B ' B .

k,

with a* > 0 independent of m and k. Then, Lemma 5.6 with Q = By, applies and ds > 1 exists
such that

ess sup ur < ds
By

where, from Lemma 5.6, (3.4), (6.4) and (6.7) imply that constant ds can be choosen independent
of k € N.
Similar arguments apply if ess sup(—uy) > 1, then, summing up, dg > 1 exists such that

]RN

|uk]oo < dg for all £ € N.
So, (6.1) holds and from estimate (3.12) also (6.2) is satisfied. |

From estimate (6.1) and (3.8) it follows that us € W‘l/’p(RN) exists such that

Up — Uso  weakly in WP (RN, (6.8)
Up — Use  strongly in L"(RY) for any p < r < p*,
Up — Uso a.e. in RV, (6.10)

Proposition 6.4. u, € L¥(RY); hence, us € X.
Proof. Taking

A={z eRY: lim uk(z) = uso(z)},

k—4o0

for all © € A an integer v, ;1 € N exists such that

lug(z) —uso(z) <1 forall k> vy,
then from (6.1) we have that

oo ()] < [t (&) — t, (©)] + i, ()] < 1+ Mo,

On the other hand, from (6.10) it follows that RV \ A| = 0, which completes the proof. O

Remark 6.5. Let R > 1 be fixed. Actually, since Bp is a bounded domain, from Remark 5.1 and
(6.9) it follows that
Uk — U strongly in LY, (Bg). (6.11)

Corollary 6.6. For all 1 <r < 400 we have that
Up = Uoo  Strongly in LY,(Br) for all R > 1. (6.12)

Proof. Taking 1 < r < p, the boundedness of Bg gives LP(Br) — L"(Bg) which, together with
(3.1), assumption (V3) and (6.9), ensures that (6.12) holds.

On the other hand, if we take r > p, then Propositions 6.3 and 6.4, together with (6.11), allow us
to apply Lemma 3.5, so (6.12) holds, too. O
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Proposition 6.7. We have that
Up — Uso  Strongly in W‘l/’p(BR) for all R > 1. (6.13)

Proof. For simplicity, throughout this proof we denote any infinitesimal sequence by (ex ).
Fixing any R > 1, from (6.11) it is enough to prove that

|[Vup — Viueo|Brp = 0 as k — +oc. (6.14)

To this aim, following an idea introduced in [10], let us consider the real map ¥ (t) = te”tZ, where
n > (2/%)2 will be fixed once 1, B2 > 0 are chosen in a suitable way later on. By definition, we
have that

B ()~ Baly(0)] > 5 foralt e R (6.15)
Defining v, = ug — oo, limit (6.8) implies that
v, — Oweakly in WP (RN), (6.16)
while from (6.9), respectively (6.10), it follows that
vy, — 0 strongly in LP(RY), (6.17)

respectively
v — 0 a.e. in RV, (6.18)

Moreover, from Proposition 6.4 and (6.1) we obtain that
v, €X and  |vpleo < My for all k €N, (6.19)
with My = Moy + |teo|oo. Now, let xg € C°(RY) be a cut—off function such that

1 if|z| <R

V() — : vl e RN
xr(z) = { 0 if|s|>R+1 with 0 < xg(z) <1 forall z € RY, (6.20)

and
|Vxr(z) <2 forall z € RV, (6.21)

Thus, for every k € N we consider the new function
wry:r € RY s wr k() = xr(2)Y(vk(2)) €R.
We note that (6.19) gives
[Y(ve)| < 0(Mo), 0<v'(vp) <Y (My)  ae. in RV, (6.22)

while (6.18) implies
Ylog) =0, () =1  ae. in RV, (6.23)

Then, from (6.20) and (6.22) we have that suppwpg,  C supp xg C Br+1 and also

lwr.k| < (M) a.e. in RV, (6.24)
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Moreover (6.23) implies that
wrk — 0 a.e. in RV, (6.25)

while from
Vwg gk = %(vk)Vxr + XrY (k) Vg a.e. in RV (6.26)

and (6.19)-(6.22) it follows that wr € Xp,.,. Hence, for all k > R + 1 we have that
wrk € Xp,

so (i#), (3.19) and (6.26) imply that

0 = <dk7(u;g),w3,k) = / w(vk)A(:c,uk)Wuk\pJVuk - Vxrdz

Bri1
1
+ / XRw’(z,wk)A(x,uk)|vuk|P—2Vuk -Vopdr + - / At(%uk)wR,k\V’qudI (6.27)
J Br+1 JBria
"‘/ V($)|Uk|p_2uka,kdx—/ g9(z, up)wp pdz.
Br+1 Bri1

We note that (go)—(g1) together with (6.1), (6.10), (6.24), (6.25) and Dominated Convergence
Theorem on the bounded set Bry1 imply that

/ g9(z,up)wr gdz — 0. (6.28)
Bry1
Moreover, from assumption (hq), (6.1), (6.21) and Holder inequality we have that

/ [0 (vi) Az, u) [V [PV, - Vxglde < dl/ |9 (o) || Vug [P~ de
Bri1 B

R+1

i (6.29)

< dallul,, (/ |1/)(Uk)|pdﬂ€> ;
Bri1

now, from (6.22), (6.23) and the boundedness of the set Br1, by means of Dominated Convergence
Theorem, we obtain

/ |¢h(vg)[Pdz — 0. (6.30)
Bri1

Hence, estimate (6.1), together with (6.29) and (6.30), guarantees that
/ V(o) Az, ug) |[Vur|P 2 Vuy, - Vyrdz — 0. (6.31)
Br+t1

Furthermore, from (V3), (6.20), Holder inequality, (6.1) and (6.30) it follows that

/ V(@) ug [P 2upwr pdo| < C’R+1/ g [P~ b (v, ) |da
Bri1 R+1

(6.32)

P

< CR+l|uk|%;i])p (/ |w(vk)|pdx> — 0.
Bry1
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On the other hand, (6.1), (6.20), assumptions (h;)—(he) and direct computations ensure the exis-
tence of a constant ds > 0, independent of k, such that

&
(&%)
d
=2 XRrA(x, up) [ (vp) || Vur|P~2Vuy, - Vopdz
(67)) Bri1
d
42 XrA(z, ug) | (v || Vug P2 Vg - Vusoda.
&0 JBry1

IN

XRA(z, u )|t (vr) || Vug |Pdx

Bry1

/ XAz, ) (vg) Vg Pdz
Br+1

We note that hypothesis (h1), (6.1), (6.20) and Holder inequality give

| A un)le o)Vl Vi, Vusds
Bgri1

1 p—1

<dj / [t (vg)|P |V ttoo |Pda: / |Vug |Pdx (6.33)
Brt1 Br+t1

gd4/ (o) P VuselPdz | — 0
Br1

as (6.22), (6.23) and, again, Dominated Convergence Theorem imply that

/ [t (vi)|P |V ttoo [Pdz — 0.
Br+t1
Then, from estimate (6.27) and (6.28), (6.31)—(6.33), we obtain that
Ep > / XRA(.T, uk)hk|Vuk|p*2Vuk -Vurdr (634)
Brya
if we set
Y d2 N
hi(x) =¥ (vg(z)) — E|w(vk(;r))| for a.e. z € RY.

Now, back to (6.15) and taking £, = 1,82 = 1)‘172‘[)7 from (6.22), (6.23) and direct computations not
only we have that

hp(z) =1 ae inRY and |hg(2)| < o' (Mo) + ds|¢p(Mp)|  a.e. in RY, (6.35)

but also

hi(x) > a.e. in RV, (6.36)

N —
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At last, back to (6.34), direct computations give

g > / XRA(m,uk)hk|Vuk|p_2Vuk - Vordx
J BRrt1

/ XRA(T, oo )| Voo |P™ 2 Ve - Vupda

Bt (6.37)

+/ Xr(hiA(x,ug) — A(x7uoo))|Vuoo|p_2Vuoo - Vupdx
Bri1

+/ YRA(2, up) P (|Vug P72 Vug — |Vt |P7? Vo) - Vurde,
Bri1
where from (6.16) it follows that

/ XRA(Z, U0 )|Vt P2 Viteo - Vogdz — 0.
Bry1
Now, from Holder inequality, we have that

/ Xr|(heA(z, ur) — A2, Us0)) | Vit P2 Vg, - Vug|dz
Bgri1
p=1 (6.38)

P

< (/ |hi Az, ug) — A(x,uoo)|rfl|Vuoo|pdx> okl Brey — O,
Br+1

since assumption (hg), (6.10), (6.20) and (6.35) imply that
hieA(z,up) — AT, us) — 0 ace. in RN,
while (6.1), (6.35), Proposition 6.4 and (hy) give
| Az, ur) — AT, oo ) |77 [Vioo|P < dg|Vuoo|?  ace. in RY,

Hence, Dominated Convergence Theorem applies which, together with (6.17), guarantees that the
limit in (6.38) holds.

Moreover, using the previous estimates in (6.37), from (6.20), (6.36), hypothesis (h2) and the
strong convexity of the power function with exponent p > 1, we have that

g > ol (|VurP™2Vug — |V [P * V) - Vurdz > 0,
Bry1

which implies that
/ (|Vug|P?Vug — |V [P 2 Vo) - Vogdr — 0;
Bry1

hence, (6.14) follows from (6.8). O
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Proposition 6.8. We have that
(dT (uso), ) =0 for all o € CX(RY) (6.39)
with C(RN) = {p € C®°(RY) : suppp CC RN}, Hence, dJ (uso) = 0 in X.

Proof. Taking ¢ € C°(), a radius R > 1 exists such that suppe C Bg. Thus, for all k > R we
have that ¢ € X}, so (i) applies and (dJ (ug), p) = 0. Furthermore, direct computations give

0 < [{dT (uce), )| = {dT (ur), ) — (dT (uco), ¥)|
< / Az, ) || Vauk P2V, — [V P2V |[Viplda
Br

+ / Az, k) — A2, 100) ||Vt [P~} [Vigda
Bgr

- 6.40
4 [Pl / Ay, )| [Vitg [P — | Vitoo P dec (6.40)
P JBgr

+ %/ | A (2, ur) — Ar(2, Uoo)|| Voo [P da
p Br

+ |¢|Oo/ V(@) | Jun [P ur — [too [P toe |da + |90|oo/ lg(2,ur) — g(2, use) | da.
Br B

R

We note that the boundedness of B together with (go)—(g1), (6.1), (6.10) and Proposition 6.4
allow us to apply the Dominated Convergence Theorem and

/ |9(33»Uk)—9(1’,uoo)|dazéo.
Bgr

Moreover, by using some arguments similar to those ones in the proof of Proposition 3.10 we have
that assumption (V3) and (6.9) imply that

/ V(x)‘|uk|p_2ukf |uoo|p_2uooyda7 — 0.

R

On the other hand, by means of (h;), Holder inequality and direct computations, we obtain

/ | A, ur)|| [ Vg2V, — \Vuoo|p_2VuOO“V<p|dx
Br

- (6.41)
<d (/ ||V [PV, — |Vuoo|p_2uoo‘”]d3:> ,
Br

for a suitable constant d; = d1(]¢|eo) > 0. Now, if p > 2, then Lemma 3.8, again Holder inequality
with conjugate exponents p — 1 and ;%, (6.1) and direct computations imply that

p—1

</ |V ug [P~V — |vuOO|P—2uoo\f—1dx> < dour — oo Bp- (6.42)
B

R
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Conversely, if 1 < p < 2 again Lemma 3.8 applies so that

p—1

P P —
(/ ‘|Vuk|p_2Vuk - |Vuoo|p_2uoop‘ldx) < ug — uoo||%R1.
Br

Thus, from (6.41)—(6.43) and (6.13) it follows that

Br

Furthermore, from assumption (hq), (6.1), (6.13) and Lemma 3.9 we have that
[ 1da ) [V = [Fuclldz = o
Br
while, from Dominated Convergence Theorem it results
/ | At (x, ur) — Ae(2, Uoo) || Voo |Pdz — 0
Br
as (ho) and (6.13) imply that
|As(z,ur) — Ay (2, %00)||[VUoo|P = 0 ace. in RY

and (hy), (6.1) give
|As(z,ur) — Ap(2,U00) || Voo [P < d3|Vus [P € L' (Bgr).

/ |A(z, w)|||[VurP "2 Vg, — Vo[ Vu [|Veldz — 0.

(6.43)

(6.44)

So, summing up, (6.40) guarantees that (6.39) holds and the proof follows from the density of

C(RN) in X.

a

Proof of Theorem 4.4. From Proposition 6.8 we have that the statement of Theorem 4.4 is true if

We Prove Uy % 0.

Arguing by contradiction, assume that u., = 0. Hence, from assumption (g;) with ¢ < p* and
guing by ) ) p g q<p

(6.9) we have that
/ g(x,ur)updzr — 0,
RN

which, together with assumption (gs3), ensures that

G, ug)dx — 0.
JrRN

Furthermore, from (3.19), (ii%), (h4) and also (he) it results

—I—/ V(x)|uk|pdx—/ g(x, uk)ugdx
RN RN

/ |Vuk\pd:c+/ V(x)|uk|pdz—/ g(x, uk)ugde,
RN RN

p RN

(6] 7}

v
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0 = (dJT(ug),uk) :/ A(IIJ,’ILk)|V’lLk|pd."L‘+—/ A (z,up)ug| Vug|Pdx
RN P Jry

(6.45)

(6.46)



which implies that
luglly =0 as k — 400 (6.47)

by means of (3.2) and (6.45). Hence, from (3.18), (hi), (6.1), (6.46) and (6.47) we infer
Fux) < diflunlly - | Glawdz 0
RN

in contradiction with estimate (). a

Remark 6.9. Unlike the results in [5, 6, 30] and other similar works, here managing our problem
directly on RY seems quite hard. In fact, the choice of the working space in (3.11) requires that
the (wCPS) condition holds if u € L>(RY) too, but we have no knowledge of a result similar to
Lemma 5.6 but settled in the whole Euclidean space RV,
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