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Abstract

During the years several tensions were found between experimental results and Standard
Model (SM) predictions, in particular in the 
avour sector. Individually, these anomalies
are not large enough to disproof SM but all together they are telling us that a theory
beyond it is required. In particular, measurements of semileptonic B decays are pointing
out a violation of the lepton 
avour universality (LFU) of the SM, an accidental symmetry
broken only by the Yukawa interactions. Furthermore, two di�erent determinations of the
Cabibbo{Kobayashi{Maskawa (CKM) matrix elements jVubj and jVcbj from exclusive and
inclusive B decays are in tension between them. These issues related toB decays indicate
that these processes are an interesting subject to investigate for the presence of new physics
(NP) that can explain one or all of the anomalies.

The tool for such investigations is the E�ective Field Theory, which can avoid the knowl-
edge of the exact extension of the Standard Model. In the thesis we use such an approach
to assess the role of general constraints provided by the cancellation of gauge anomalies,
in the case the extension is an abelianU(1)0. We also investigate the constraints provided
on the coe�cients of generalized semileptonic Hamiltonian using measured quantities such
as a set of angular distribution functions. E�orts are devoted to investigate the role ofBc

in the search of new physics e�ects, and how quantities as thehadronic form factors can
be treated using general properties of QCD. The studies are extended to the semileptonic
and nonleptonicBc decays to positive parity hidden charm mesons, showing thatpredictions
can be obtained allowing, among other consequences, to assess the structure of a debated
state, as� c1(3872). Finally, an excursion on the hadron spectroscopy is represented by the
characterization of the Dalitz decays of positive parity mesons with open charm.
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Introduction

The search for understanding the fundamental laws of naturehas brought us to the con-
struction of the Standard Model (SM) of particles physics. Based on the gauge symmetry
SU(3)C � SU(2)L � U(1)Y in a quantum �eld theory framework, the model describes three
of the four fundamental interactions governing the dynamics of the basic constituents of
matter.

At the start of the '900, the fundamental concepts of quantummechanics and special
relativity were developed. The e�orts to unify these two successful theories produced, in the
second half of the 20th century, what we know as the SM, a relativistic quantum �eld theory
that describes the electroweak and the strong force, together with a mechanism to explain
the masses of the fundamental constituents. From its birth,the model has been successfully
tested through the years by more and more precise experiments. It successfully predicted
the existence of thec quark, con�rmed in 1974, and the existence of the weak charged and
neutral currents mediated by theW � and Z 0 bosons, discovered in 1983, as well as the
existence of thet quark, con�rmed in 1995. The discovery of the Higgs scalar, in2012,
has completed the detection of the particles predicted by the SM. The SM has been tested
with an unprecedented precision. The most noticeable example is the agreement of the SM
prediction for the electron magnetic dipole moment with theexperimental measurement: an
agreement of 1 part per 100 billion.

In spite of these successes, SM cannot be the ultimate theoryof nature. Several unsolved
questions remain. First, a complete theory of nature should describe also gravity, which is
not incorporated in the SM. Moreover, several astronomicalobservations can be explained
only if more matter than the observed one exists. This matteris called Dark Matter (DM).
If DM, as ordinary matter, has a particle explanation, it hasto be weakly interacting and
potentially massive, but no SM candidate can explain it. Another issue is the origin for
the neutrinos masses. We know since 2004 from KamLAND collaboration [ 1 ] that neutrino

avours oscillate, implying that their mass is di�erent from zero. SM does not account
for massive neutrinos. Another unsolved problem is related to CP asymmetry. A matter-
dominated universe, as our universe, is possible if an unbalance between matter and anti-
matter is present. Therefore, SM should have the right amount of CP violation to explain
this property. However, in the SM CP violation originates only in the quark sector from
the complex phase of the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and it is too small
to explain this feature of nature. The conclusion is that other sources of CP violation must
exist in nature.

Another issue concerns the stability of the scalar Higgs mass against radiative corrections,
which grows quadratically with the cut-o� without a protect ion mechanism at the energy
scale of the order of few TeV. Furthermore, it is desirable for the ultimate theory which
the SM aspired to be, to explain the number of generations andthe origin of the hierarchy
among the fermion masses.

There are also experimental evidences that disagree with SMpredictions, even though at
a statistical level not enough to declare a failure of the theory. Many of these discrepancies,

x
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usually referred to as anomalies, emerged in the 
avour sector, suggesting an improvement
in precision from both experiments and theory. In the heavy 
avour sector, anomalies have
been detected inB decays induced by the the charged currentb ! c`� transitions, comparing
the ` = e; � modes with the` = � mode, the so-calledR(D (� )) anomalies. These deviations,
if con�rmed, suggest the presence of new physics (NP) phenomena that violate lepton 
avour
universality (LFU). LFU is an accidental symmetry of the SM Lagrangian, broken only by
the fermion mass terms, where each fermion generation behaves identically when coupled
with the mediators of the interactions. Furthermore, tensions are found between inclusive
and exclusive determinations of thejVubj and jVcbj CKM matrix elements. All these anomalies
have to be analysed and in particular the uncertainties, both experimental and theoretical,
have to be reduced to con�rm the presence of NP phenomena at work.

The above issues hint towards the possibility that SM is not the ultimate theory of nature,
but it is an e�ective theory valid to some high energy scale, above which NP is required for
a complete description. Following these ideas, in this thesis we examine the possibility to
analyse new processes and observables that can help to investigate possible deviations with
respect to the SM.

The thesis is structured as follows.
In Chapter  1 SM is reviewed, and the discrepancies emerging in the 
avoursector

between experimental data and theoretical predictions arediscussed.
In Chapter  2 the main tools to approach SM anomalies from a bottom up approach

are presented. The key points of e�ective �eld theory (EFT) are underlined, together with
the main two EFT used in this thesis, the heavy quark e�ective theory (HQET) and the
Standard Model e�ective �eld theory (SMEFT).

Chapter  3 is focused on constraining� SMEFT coe�cients generated by the matching
procedure with an extension of the gauge group of the SM to aU0(1) group. Helpful relations
between the coe�cients can be established taking into account the anomaly cancellation
conditions due to the presence of theU0(1) new symmetry.

In Chapter  4 it is discussed how to probe NP using recent results on the angular analysis
of B ! D � (D� )` �� . NP parameters entering in the generalized e�ective Hamiltonian are
constrained. Several observables are then constructed to get information on the kind of NP
that could participate in the process.

In Chapter  5 the exclusive semileptonicBc ! J= (� c)` �� modes are analysed. In par-
ticular, the form factors relevant for these processes are evaluated in a 1

mQ
expansion up to

O(1=mQ) and at leading order in � s. Relations between the several form factors are then
presented, obtained using lattice QCD results as inputs.

Chapter  6 presents an application in the same framework to theBc ! � cJ (hc)` �� decay
and their radial excitations. The form factors are evaluated up to O(1=mQ) and at leading
order in � s in terms of universal functions, allowing us to relate di�erent channels. The
analysis for the 2P case permits a comparison with the measurement ofBc transition to
� c1(3872), allowing for a new tool for getting information on the nature of the still debated
X (3872) state.

In Chapter  7 the results of the previous analysis are applied to the nonleptonic Bc decays
to � cJ (hc)M , whereM is a light pseudoscalar or vector meson. Several ratios of branching
fractions are predicted. For the radial excitation case a direct comparison with measurement
of Bc transition to � c1(3872)M can give additional hints to the nature ofX (3872).

Chapter  8 is devoted to the study of the rare charm transition inBc decays, in particular
the c ! u
 transition. It is suppressed at tree level and therefore canget a signi�cant
enhancement from NP contributions. However, in the examined cases of decays toB and
B 0

1, long-distance contributions dominate over NP, with an additional hadronic suppression
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of the NP contribution observed in the latter channel.
In Chapter  9 the D (� )

sJ states are examined. The Dalitz decays of these states are
analysed. Heavy quark spin symmetry allow us to organize the involved mesons in spin
doublets and derive useful relations between observables.We show how the experimental
agreement of the presented observables is a con�rmation of the classi�cation of these states.

Then we conclude.



Chapter 1

The Standard Model

The Standard Model is a quantum �eld theory based on the gaugegroup

GSM = SU(3)C � SU(2)L � U(1)Y : (1.1)

It describes three of the four fundamental interactions, excluding gravity, between the funda-
mental constituents of matter. Therefore, it combines the strong, weak, and electromagnetic
interactions, the latter two being uni�ed into the electroweak interaction, as demonstrated
by the founders of the theory: Glashow [ 2 ], Weinberg [ 3 ], and Salam [ 4 ]. The fundamental
constituents of matter are spin-12 fermion �elds, classi�ed into three generations of quarks
and leptons. From the requirement of local invariance of thetheory under GSM , the weak,
electromagnetic and strong interactions are mediated by massless vector gauge bosons. The
framework is equipped with a mechanism, the Brout-Englert-Higgs (BEH) mechanism [ 5 {  9 ],
based on the spontaneous breaking of theSU(2)L � U(1)Y symmetry, that requires a scalar
�eld, the Higgs �eld. The mechanism allows us to give mass to the fermions except the
neutrinos (which in SM are assumed to be left-handed) and to three gauge bosons (theW �

and the Z 0).
The three generations of fermions di�er for their masses andfor their interaction with

the Higgs �eld, the Yukawa interaction terms in the SM Lagrangian. Hence, SM presents an
accidental symmetry broken only by the Yukawa terms, meaning that the interactions with
the gauge bosons are the same for corresponding fermions in each generation. A violation
of this symmetry would be an evidence of physics beyond the Standard Model.

1.1 The Standard Model Lagrangian

It is possible to divide the SM in di�erent sectors, each one corresponding to a di�erent term
in the Lagrangian density:

L SM = L gauge
SM + L Higgs

SM + L Yukawa
SM : (1.2)

We now describe each one of these sectors.

1.1.1 Gauge sector

The interactions of gauge vector bosons and fermions are described in the gauge sector. The
local symmetry GSM in (  1.1 ) implies 8 gauge �elds fromSU(3)C , the gluons, denoted as

1
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GA
� with A = f 1; : : : ; 8g, 3 gauge �elds fromSU(2)L , denoted asW I

� with I = f 1; 2; 3g and
one gauge �eld fromU(1)Y , denoted asB � . These are the mediators of the strong and the
electroweek (EW) forces.

The matter constituents are quarks and leptons in three generations. Quarks transform
as triplets of SU(3)C , leptons do not feel strong interaction and therefore are color singlets.
Right-handed and left-handed components of the matter �elds transform di�erently under
SU(2)L , left components are doublets, right components are singlets. We can organize the
fermions as

Qj
L � (3; 2)YQ ; Uj

R � (3; 1)YU ; D j
R � (3; 1)YD ; L j

L � (1; 2)YL ; E j
R � (1; 1)YE : (1.3)

QL , UR , DR stand for the left-handed quark doublet and the up and down right-handed
components, respectively.LL , ER are left-handed lepton doublet and the charged lepton
right-handed components. Neutrinoes are only left-handed in the SM. The numbers in
brackets stand for theSU(3)C and SU(2)L representations, respectively,Y is the U(1)Y

charge. j is a generations index,j = f 1; 2; 3g.
Having introduced the �elds in this sector, we express the Lagrangian densityL gauge

SM as

L gauge
SM =

3X

j =1

X

 = Q j
L ;:::;E j

R

� i =D �
1
4

GA
�� GA�� �

1
4

W I
�� W I�� �

1
4

B �� B �� ; (1.4)

whereA = f 1; : : : ; 8g and I = f 1; 2; 3g are colour and weak isospin indices.GA
�� , W I

�� and
B �� are the �elds strength tensors

GA
�� = @� GA

� � @� GA
� � gs f A B C GB

� GC
� ; (1.5)

W I
�� = @� W I

� � @� W I
� � g � I J K W J

� W K
� ; (1.6)

B �� = @� B � � @� B � : (1.7)

f A B C and � I J K are the structure constants ofSU(3)C and SU(2)L . The covariant derivative
D � acts on a generic fermion �eld as

D �  =
�

@� + i gs GA
� L̂A + i g W I

� T̂ I + i g0B � Ŷ
�

 : (1.8)

L̂A , T̂ I and Ŷ are the generators ofSU(3)C , SU(2)L and U(1)Y in the fundamental repre-
sentation respectively:

L̂A !
� A

2
; T̂ I !

� I

2
and Ŷ ! Y ; (1.9)

where� A are the Gell-Mann matrices,� I the Pauli matrices andY is the weak hypercharge
associated toU(1)Y symmetry. When applied to singlets under their group they give 0. gs,
g and g0 are gauge couplings, they quantify the strength of the interaction between fermions
and gauge bosons, as well as the gauge boson self interactions for GA

� and W I
� .

Although GA
� are physical gluon �elds, the gauge bosonsW I

� and B � do not correspond
to the physical mediators of the weak and electromagnetic force, which instead are a combi-
nation of them. To understand the mixing, let us consider theEW interactions of leptons.
The lepton �elds are collected as
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L j
L =

�
� L j

`L j

�
; E j

R = `R j ; (1.10)

and the interaction Lagrangian takes the form

L lep
INT = �

1
2

g �� L j 
 � (W 1
� � i W 2

� ) `L j �
1
2

g �̀
L j 
 � (W 1

� + i W 2
� ) � L j

�
1
2

�� L j 
 � (g W3
� + 2 g0B � YL ) � L j �

1
2

�̀
L j 
 � (2 g0B � YL � g W3

� ) `L j (1.11)

� g0YE
�̀
R j 
 � B � `R j :

The �rst line describes the transitions between leptons of di�erent charges, the charged-
current interaction mediated by charged bosons to ensure electric charge conservation. All
the other terms are transitions between leptons of the same charge, mediated by neutral
bosons. The physical gauge bosons mediating charged current interaction are a combinations
of W 1

� and W 2
� : denoting as the physical gauge bosonsW +

� and W �
� , we obtain them by

rotating

�
W +

�

W �
�

�
=

�
cos� � sin�
sin� cos�

� �
W 1

�

i W 2
�

�
=

�
cos� W 1

� � i sin� W 2
�

sin� W 1
� + i cos� W 2

�

�
: (1.12)

From the requirementW 1
� � i W 2

� = c� W �
� we get jc� j=

p
2, and therefore

W �
� =

W 1
� � i W 2

�p
2

: (1.13)

Analogously, the neutral current are mediated by combinations of W 3
� and B � . We de�ne

new neutral bosonsZ 0
� and A � as

�
Z 0

�

A �

�
=

�
cos~� � sin ~�
sin ~� cos~�

� �
W 3

�

B �

�
=

�
cos~� W 3

� � sin ~� B �

sin ~� W 3
� + cos ~� B �

�
: (1.14)

These new �elds are physical gauge boson �elds, in particular A � corresponds to the photon.
Since neutrinos do not interact electromagnetically, the neutrino neutral current in eq. ( 1.11 )
is proportional only to Z 0

� . Hence,c0Z 0
� = 1

2

�
g W3

� + 2 g0YL B �
�
, and using eq. ( 1.14 ) we

obtain

c2
0 =

g2 + 4 g02 Y 2
L

4
(1.15)

Z 0
� =

g W3
� + 2 g0YL B �

p
g2 + 4 g02 Y 2

L

: (1.16)

Comparing eq. ( 1.14 ) and Eqs. ( 1.16 ) we get

sin ~� = �
2g0YLp

g2 + 4 g02 Y 2
L

cos~� =
g

p
g2 + 4 g02 Y 2

L

: (1.17)
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Therefore, the photon �eld is

A � =
g B� � 2g0YL W 3

�p
g2 + 4 g02 Y 2

L

: (1.18)

From Eqs. ( 1.13 ),(  1.16 ) and (  1.18 ) we obtain

W 1
� =

W �
� + W +

�p
2

W 2
� =

W �
� � W +

�p
2i

W 3
� =

g Z0
� � 2g0YL A �

p
g2 + 4 g02 Y 2

L

B � =
2g0YL Z 0

� + g A�
p

g2 + 4 g02 Y 2
L

:

(1.19)

Eq. ( 1.11 ) assumes the form

L lep
INT = �

1

2
p

2
g (�� j ` j )V � A W +

� �
1

2
p

2
g

� �̀
j � j

�
V � A

W �
� �

1
4

� p
g2 + 4 g02 YL

�
(�� j � j )V � A Z 0

�

+
g2 � 4g02 YL (YE + YL )

4
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
V

Z 0
� �

g2 + 4 g02 YL (YE � YL )

4
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
A

Z 0
� (1.20)

�
g g0(YE + 2 YL )

2
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
V

A � �
g g0(YE � 2YL )

2
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
A

A � :

The notation has been used:

� �  
�

f S;P;V;A;T g
=

� � f 1; 
 5; 
 � ; 
 � 
 5; � � � g 
�

(1.21)

with � � � = i
2 [
 � ; 
 � ]. Since the electromagnetic term must have a vector-like structure, we

obtain the relation between the hypercharges

YE = 2 YL : (1.22)

The same requirement for quarks produces the relations

YU + YL � YQ = 0; (1.23)

YD � YL � YQ = 0: (1.24)

From (  1.22 ) we get:

L lep
INT = �

1

2
p

2
g (�� j ` j )V � A W +

� �
1

2
p

2
g

� �̀
j � j

�
V � A

W �
� �

1
4

� p
g2 + 4 g02 YL

�
(�� j � j )V � A Z 0

�

+
g2 � 12g02 Y 2

L

4
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
V

Z 0
� �

g2 + 4 g02 Y 2
L

4
p

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
A

Z 0
� (1.25)

�
2g g0YLp

g2 + 4 g02 Y 2
L

� �̀
j ` j

�
V

A � :

To conclude the short description of the gauge sector, it is important to notice that no
mass terms are present in Eq.( 1.4 ), neither for fermions nor for the gauge bosons. A mass
term would break the invariance of the Lagrangian underGSM . It is possible to introduce
a mechanism through which gauge bosons and fermions acquiremass without breaking the
gauge symmetry of the theory. This is explained in the next section, in which the Higgs
sector is described.
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1.1.2 Higgs sector

A generic mass term for fermions in the Lagrangian has the form

L mass = � m 
� L  R � m�

 
� R  L : (1.26)

Under a generic transformationU(x) 2 GSM the fermion �eld  transform as

 ! U(x)  ; (1.27)

where

U(x) = UC (x) UL (x) UY (x) = e� i L̂ A � A
C (x)e� i T̂ I � I

L (x)e� i Ŷ � Y (x)

=
�

1 � i L̂A � A
C (x) � i T̂ I � I

L (x) � i Ŷ �Y (x)
�

+ O (�) : (1.28)

UC;L;Y are elements ofSU(3)C , SU(2)L and U(1)Y , respectively. The expansion is done for
small � , and � is the product of the three angles. Since the groups areindependent, their
generators commute and the expansion is legitimate. Considering  to be a lepton, ( 1.26 )
transforms as

L mass ! L 0
mass = � m 

� L UL y UR  R � m�
 

� R UR y UL  L

= L mass � i m  
� L

h
T̂ I � I

L (x) + ( YL � YE ) � Y (x)
i

 R (1.29)

+ i m �
 

� R

h
T̂ I � I

L (x) + ( YL � YE ) � Y (x)
i

 L + O (�) :

Since the transformation depends on the angles� 's, the mass term introduced in this way
explicitly breaks GSM . Therefore, it is important to introduce a mechanism bringing mass
to fermions and gauge bosons without explicitly breaking it. The idea is to add a new �eld
with its potential, in such a way that the interaction with th e other �elds produce terms
looking like Eq. ( 1.26 ).

Let � be this new �eld, with interaction with a fermion �eld

L  ; � = � c 
� L �  R � c�

 
� R � y  L : (1.30)

From the requirement of Lorentz and gauge invariance of thisterm we can determine some
properties of � . From Lorentz invariance it should be a spin 0 �eld, a scalar.Since strong
interactions do not distinguish between left and right-handed components for the term in
Eq.( 1.30 ) to be invariant under SU(3)C the scalar �eld � must be a color singlet. From
SU(2)L invariance it must be a doublet. FromU(1)Y invariance, applying the same reasoning
as in Eq.( 1.29 ), we require

YL � Y� � YE = 0: (1.31)

Therefore, using Eq.( 1.22 ) we get
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Y� = � YL : (1.32)

Hence, we can represent� as

� =
�

� +

� 0

�
; � � (1; 2)Y�

: (1.33)

The way for the terms in Eq. ( 1.30 ) to become mass terms and not only interactions
with � , is through the mechanism of spontaneous symmetry breaking. This occurs when
the Lagrangian governing the dynamics of a system is invariant under a transformation,
while the ground state is not. An example is the ferromagnetism: it can be described
by the Ising model, a system of lattice spins interacting between neighbouring sites. Its
Hamiltonian H = �

P
i j Ji j Si � Sj is invariant under spin rotation. The ground state of the

system corresponds to all spins aligned toward the same direction, breaking the rotational
invariance. In this con�guration the system acquires a spontaneous magnetization, which
disappears increasing the temperature above a critical value, where the symmetry is restored.
The magnetization has the role of an order parameter, it vanishes in the symmetric phase
and it is di�erent from zero in the non-symmetric one.

When talking about SSB, we have to distinguish between globaland local transforma-
tions. In the �rst case we can apply the Goldstone's theorem,the second case is described by
the Higgs mechanism. The content of the Goldstone's theorem is as follows. Let us consider
a system composed byN scalar �elds � k , with k = 1; : : : ; N , described by the Lagrangian

L (� k ; @� � k) =
1
2

(@� � k) (@� � k) � V(� k); (1.34)

where the sum over the repeated indexes is implied. Let us suppose the Lagrangian to be
invariant under the global transformation of a continuous group G de�ned by n generators
T � . Taking U 2 G we have

U = exp ( � i � � T � ) : (1.35)

For in�nitesimal transformation the scalar �eld varies as

�� k = � i � � (T � )k l � l ; 8k 2 f 1; : : : ; Ng: (1.36)

The Lagrangian in ( 1.34 ) is invariant under the transformation of the groupGif the potential
V(� k) is also invariant under the same group transformations,

�V =
@V
@�k

�� k = � i
@V
@�k

(T � )k l � � � l = 0: (1.37)

Deriving again with respect to� m we get

@2V
@�k@�m

(T � )k l � l +
@V
@�k

(T � )k m = 0: (1.38)
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As for the Ising model, SSB happens if the ground state, the vacuum, is not symmetric
under the G group. Therefore, let us suppose that the minimum of the scalar potential is for
� = v 6= 0, where � = f � 1; : : : ; � N g and v = f v1; : : : ; vN g. Sincev is the minimum, we have

@V
@�k

�
�
�
�
� = v

= 0 8k 2 f 1; : : : ; Ng: (1.39)

Therefore, from Eq.( 1.38 ) we get

@2V
@�k@�m

�
�
�
�
� = v

(T � )k l vl = 0 8m 2 f 1; : : : ; Ng: (1.40)

Expanding the potential V(� ) around the minimum v

V(� ) = V(v) +
1
2

@2V
@�k@�m

�
�
�
�
� = v

(� k � vk) ( � m � vm ) + O(� 3); (1.41)

we identify in the second term the mass matrix

M 2
k m =

@2V
@�k@�m

�
�
�
�
� = v

: (1.42)

Therefore, Eq.( 1.40 ) becomes

M 2
k m T �

k l vl = 0 8m 2 f 1; : : : ; Ng: (1.43)

Since we are breaking the initial globalG symmetry, it means that T �
k l vl 6= 0 for k 2

f 1; : : : ; Ng. However, it could happen that the vacuumv is invariant under a residual
symmetry associated to a subgroupG0 of G. Setting n0 < n the number of generators of the
residual symmetry, we have:

T �
k l vl = 0 8k 2 f 1; : : : ; Ng and 8� 2 f 1; : : : ; n0g; (1.44)

T �
k l vl 6= 0 8k 2 f 1; : : : ; Ng and 8� 2 f n0+ 1; : : : ; ng: (1.45)

Hence, from ( 1.43 ) and (  1.45 ), the mass matrix hasn � n0 eigenvectors with zero eigenvalue.
Therefore, Goldstone's theorem tells us that when a system undergoes through a SSB from
a global symmetryG ! G 0, there are massless bosons, the Goldstone bosons, in the theory
with number equal to the number of broken generatorsn � n0.

The Higgs mechanism applies to gauge theories, when the broken symmetry is local. In
this scenario, in addition to the Goldstone bosons we have vector massless bosons. Through
gauge �xing, we can eliminate the massless Goldstone bosons, absorbed by the vector bosons
as longitudinal components. The process does not alter the number of degrees of freedom.

In the SM the Higgs Lagrangian is

L Higgs
SM = ( D � � )y (D � � ) � V (� ); (1.46)
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with � the Higgs scalar �eld and the potentialV(� ) is

V(� ) = � 2
�
� y�

�
+ �

�
� y�

� 2
: (1.47)

The covariant derivative applied to� gives

D � � =
�

@� + i g W I
� T̂ I + i g0B � Ŷ

�
�: (1.48)

For the theory to be stable the potential should have minima,and this can be achieved if
� > 0. Furthermore, to have degenerate minima as required for SSB, we need� 2 < 0, as in
Fig.  1.1 

|�� |

V
(�

�)

Figure 1.1: 3D (left panel) and 2D (right panel) representation of the Higgs potential in (  1.47 )
with � > 0 and � 2 < 0 for the case in which� is a single complex �eld with � 1 = < [� ] and � 2 = = [� ]
and j� j=

p
� 1 � 2

For classical �elds the lowest energy state corresponds to the constant �eld minimizing
the potential. Setting

�
p

2
=

p
� y � (1.49)

the potential becomes

V(� ) =
� 2

2
� 2 +

�
4

� 4: (1.50)

It has a minimum for

� =

r

�
� 2

�
= � 0: (1.51)

This sets the length of the� �eld but not its direction that can be chosen in theSU(2)L �
U(1)Y space. We select
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� 0 =
� 0p

2

�
0
1

�
: (1.52)

The choice of a direction in theSU(2)L � U(1)Y space breaks theSU(2)L � U(1)Y symmetry.
In fact, we can check that Eq.( 1.45 ) is satis�ed when the 4 generators of the symmetry are
applied to � 0. Furthermore, if Y� = 1

2 the combination of Q̂ = T̂3 + Ŷ applied to � 0

satis�ed Eq.(  1.44 ), hence a residualU(1)Q symmetry with generator Q̂ remains unbroken.
This process is required to give mass to only 3 generators ofSU(2)L � U(1)Y , W � and Z 0.
Imposing Y� = 1

2 we get

YL = �
1
2

and YE = � 1 (1.53)

from Eqs. ( 1.32 ) and (  1.22 ). The classical ground state de�ned in Eq.( 1.52 ) represents,
in a �rst approximation, the vacuum expectation value (VEV) of the quantum �eld �̂ (x).
Therefore, we can write

h�̂ i 0 = h0j �̂ j0i =
v

p
2

�
0
1

�
: (1.54)

The same conclusions as for the classical �eld apply also in this case. Hence, the VEV is not
symmetric underSU(2)L � U(1)Y , but it is symmetric under a residualU(1)Q with generator
Q̂. This is the symmetry group of electromagnetic interactions. The �̂ �eld is a doublet of
two complex components, therefore 4 independent terms. After SSB, we can employ the
unitary gauge �xing to get a real �eld with

� (x) =
1

p
2

�
0

v + h(x)

�
: (1.55)

The real h(x) �eld represents the excitations around the vacuum, it describes the physical
Higgs boson. Moreover, it is useful to introduce

~� (x) = i� 2� (x)� =
1

p
2

�
v + h(x)

0

�
: (1.56)

The mass terms of the vector bosons come from the interactionwith the � �eld in the
covariant derivatives

D � � (x) =
1

p
2

�
0

@� h(x)

�
+

i
2

�
g W3

� + 2 g0B � Y� g
�
W 1

� � i W 2
�

�

g
�
W 1

� + i W 2
�

�
� g W3

� + 2 g0B � Y�

� �
0

v + h(x)

�
:

(1.57)

Therefore, we have:

(D � � (x)) ( D � � (x)) =
1
2

(@� h(x))2 +
v2

8

�
g2

� �
W 1

�

� 2
+

�
W 2

�

� 2
�

+
�
g W3

� � 2g0B � Y�
� 2

�

+ cubic and quartic terms in gauge couplings andh. (1.58)
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The second term represents the masses of the vector bosons. In fact, after using Eqs. ( 1.19 )
we obtain

L gauge
mass =

1
4

v2 g2 W +
� W �

� +
v2 g2 g02 (YL + Y� )2

2 (g2 + 4 g02 Y 2
L )

A � A � +

�
v2 g g0 (YL + Y� ) (g2 � 4g02 YL Y� )

2 (g2 + 4 g02 Y 2
L )

A � Z 0� +
v2 (g2 � 4g02 YL Y� )2

8 (g2 + 4 g02 Y 2
L )

Z 0
� Z 0� :(1.59)

After employing the relation ( 1.32 ) between theYL and Y� hypercharges, the photon remains
massless. Therefore, we get

L gauge
mass =

1
4

v2 g2 W +
� W �

� +
v2

�
g2 + 4 g02 Y 2

�

�

8
Z 0

� Z 0� : (1.60)

Using Y� = 1
2 as in Eq. ( 1.53 ), we obtained the mass of theW � and Z 0 bosons as

m2
W =

v2 g2

4
; m2

Z =
v2 (g2 + g02)

4
: (1.61)

The mass of the Higgs boson comes from the potential in Eq. ( 1.47 ) after setting � 2 = � �v 2,

V (h(x)) = �
�v 4

4
+ h(x)2�v 2 + h(x)3�v +

h(x)4�
4

: (1.62)

The �rst term is the minimum of the potential, the quadratic t erm gives us the Higgs mass
m2

h = 2 �v 2, the last terms represent the self interactions of the Higgs �eld.

1.1.3 Yukawa interactions and fermion masses

As shown in the previous section, the Higgs �eld is introduced to spontaneously break the
SM symmetry and provide the masses of the gauge bosons. Furthermore, since we need to
introduce in the Lagrangian all possible interactions thatare invariant under GSM , terms
like the ones in Eq.( 1.30 ) have to be considered. On the other hand, we have assigned the
quantum numbers of the Higgs �eld precisely to introduce these terms in the Lagrangian and
give mass to fermions. Such interactions with the Higgs �eld are the Yukawa interactions.

We distinguish the case of leptons and quarks,

L Yukawa
leptons = �

X

i;j

�E i
RY i;j

`

�
� y LL

� j
+ h.c. ; (1.63)

L Yukawa
quarks = �

X

i;j

�U i
RY i;j

qu

�
~� y QL

� j
�

X

i;j

�D i
RY i;j

qd

�
� y QL

� j
+ h.c. ; (1.64)

since no� R are considered in SM. The matricesYa with a = f `; qu; qdg are the Yukawa 3� 3
matrices.

Except in the particular case in which all are diagonal with degenerate eigenvalues, the
Yukawa interactions are the only terms in the SM Lagrangian breaking the 
avour symmetry.
In fact, the SM Lagrangian is invariant underU(3) transformations in the 
avour space of
the fermion �elds in (  1.3 ), with the exception of the Yukawa terms.
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Let us use the possibility to rede�ne the fermion �elds to obtain a canonical form for the
Yukawa matrices. Considering unitary transformationsU1,U2,U3,V1 and V2 2 U(3), under
the rede�nition

LL ! V1 LL ; QL ! V2 QL ; ER ! U1 ER ; UR ! U2 UR ; DR ! U3 DR (1.65)

all terms in the SM Lagrangian remain invariant, except the Yukawa matrices that transform
as

Y` ! Uy
1 Y` V1; Yqu ! Uy

2 Yqu V2; Yqd ! Uy
3 Yqd V2: (1.66)

Focusing on the lepton Yukawa matrix, we observe thatY` Y y
` is Hermitian and nonegative

and transform as

Y` Y y
` ! Uy

1 Y` Y y
` U1: (1.67)

U1 can be chosen in such a way that the new matrix is diagonal

Y` Y y
` =

0

@
y2

e 0 0
0 y2

� 0
0 0 y2

�

1

A : (1.68)

Without loosing any generality we can de�ne

Y` =

0

@
ye 0 0
0 y� 0
0 0 y�

1

A W1; (1.69)

wherey` � 0,8` 2 f e; �; � g, and W1 is aU(3) matrix. Using the transformation in Eq. ( 1.65 )
only for LL , the Yukawa matrix transform asY` ! Y` V1. Hence we can chooseV1 = W y so
that

Y` =

0

@
ye 0 0
0 y� 0
0 0 y�

1

A : (1.70)

The same procedure can be applied forYqu : we selectU2 to diagonalizeYqu Y y
qu

and write

Yqu =

0

@
yu 0 0
0 yc 0
0 0 yt

1

A V; (1.71)

whereyqu � 0,8qu 2 f u; c; tg, and V 2 U(3). SelectingV2 = V y after a suitable transforma-
tion of QL , we obtain the matrix

Yqu =

0

@
yu 0 0
0 yc 0
0 0 yt

1

A : (1.72)
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For what concernsYqd , we do not have the freedom to transformQL in such a way to
diagonalize it, since we have already set it for diagonalizing Yqu . Therefore, we can only
write

Yqd =

0

@
yd 0 0
0 ys 0
0 0 yb

1

A V y; (1.73)

whereyqd � 0,8qd 2 f d; s; bg. We can selectU3 = V so that Yqd is Hermitian,

Yqd = V

0

@
yd 0 0
0 ys 0
0 0 yb

1

A V y: (1.74)

Hence, we have utilized all the freedom in rede�ning the fermion �elds to diagonalize nearly
all of the Yukawa matrices, except for the one associated with the down quark which takes
the canonical form in Eq. ( 1.74 ). The matrix V is called the Cabibbo-Kobayashi-Maskawa
(CKM) mixing matrix. Writing the fermion �elds as

L j
L =

�
� L j

`L j

�
Qj

L =
�

uL j

d0
L j

�
; E j

R = `R j ; Uj
R = uR j ; D j

R = d0
R j ; (1.75)

and using the unitary gauge for the Higgs �eld, Eqs. ( 1.63 ) and (  1.64 ) become

L Yukawa
leptons = �

X

i;j

�̀
R i M i;j

` `L j

�
1 +

h
v

�
+ h.c. ; (1.76)

L Yukawa
quarks = �

X

i;j

h
�uR i M i;j

qu
uL j �

� �d0
R V

�
i

M i;j
qd

�
V y d0

L

�
j

i �
1 +

h
v

�
+ h.c. ; (1.77)

where

M f `;qu ;qd g =

0

@
mf e;u;dg 0 0

0 mf �;c;s g 0
0 0 mf �;t;b g

1

A =

0

@
yf e;u;dg 0 0

0 yf �;c;s g 0
0 0 yf �;t;b g

1

A v
p

2
: (1.78)

The �elds in Eq. (  1.75 ) are the ones appearing in the Lagrangian terms describing the
interactions with the gauge bosons. These terms are diagonal in the 
avour index. We said
that these �elds are in the interaction basis. Even the mass terms in Eqs. ( 1.76 ) and (  1.77 )
for charged leptons and up quarks are diagonal in the 
avour index. Hence, for these �elds
the interaction representation corresponds also to the mass one. Instead, for down-type
quarks, if the CKM matrix Vi j 6= � i j the interaction and the mass basis do not coincide. We
de�ne

di =
X �

V y
�

i j
d0

j ; (1.79)

so that the mass term becomes diagonal and the new �eldsdi correspond to particles of well
de�ned mass, in contrast to thed0

i �elds.
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Let us explore in more details the properties of the CKM matrix. For a general number
N of up and down quark 
avours theV matrix is a N � N complex unitary matrix, having
2N 2 components. The unitary requirement imposesN 2 conditions, reducing the independent
parameters toN 2. Among theseN 2 independent parameters we can distinguish between real
angles and imaginary phases. If the phases are set to zero, the CKM matrix reduces to a real
orthogonal matrix therefore with N (N � 1)

2 real parameters. Therefore, the number of phases of
the CKM is N (N +1)

2 . Furthermore, since only relative phases have physical meaning, we can
rede�ne the quark �elds to get rid of 2N � 1 phases. Hence, the total number of independent
angles and phases isN (N � 1)

2 and N 2 � 3N +2
2 . In the SM with three families of quarks the CKM

matrix has three angles and one phase. It can be written as

VCKM =

0

@
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

1

A : (1.80)

A suitable parametrization in terms of the angles and the phase is

VCKM =

0

@
c1 2 c1 3 s1 2 c1 3 s1 3 e� i �

� s1 2 c2 3 � c1 2 s2 3 s1 3 ei � c1 2 c2 3 � s1 2 s2 3 s1 3 ei � s2 3 c1 3

s1 2 c2 3 � c1 2 s2 3 s1 3 ei � � c1 2 c2 3 � s1 2 c2 3 s1 3 ei � c2 3 c1 3

1

A ; (1.81)

where ci j � cos� i j and si j � sin� i j with i; j = 1; 2; 3. The CKM matrix elements must
be determined experimentally. They show a hierarchical pattern, with the moduli of the
diagonal elements near the unity,jVu s j and jVc dj close to 0:22, jVc bj and jVt s j of O (10� 2)
and jVu bj and jVt d j of O (10� 3). Therefore, setting� � j Vu s j' 0:22, we can use the so called
Wolfenstein parametrization up toO (� 4) to write

VCKM '

0

@
1 � � 2

2 � A � 3 (� � i � )
� � 1 � � 2

2 A � 2

A � 3 (1 � � � i � ) � A � 2 1

1

A ; (1.82)

with the parametersA, � and � in the range [0; 1]. We can rede�ne the Wolfenstein param-
eters as

� � s1 2; A � 2 � s2 3; A � 3 (� � i � ) � s1 3 e� i � : (1.83)

This leads to a more precise parametrization of the CKM matrix in term of these parameters
up to O (� 5):

VCKM '

0

@
1 � � 2

2 � � 4

8 � A � 3 (� � i � )
� � + A 2 � 5

2 [1 � 2 (� + i � )] 1 � � 2

2 � � 4

8 (1 + 4 A2) A � 2

A � 3 (1 � �� � i �� ) � A � 2 + A 2 � 4

2 [1 � 2 (� + i � )] 1 � A 2 � 4

2

1

A

;(1.84)

where �� = �
�

1 � � 2

2

�
and �� = �

�
1 � � 2

2

�
.
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Relations between the CKM matrix elements derive from unitarity. In the SM the CKM
matrix is the only source of 
avour mixing, these relations should hold exactly and their
experimental veri�cation is fundamental for testing SM. The most scrutinized relation is

Vu d V �
u b + Vc d V �

c b + Vt d V �
t b = 0; (1.85)

where all terms are of the same order in� . It can be rewritten as

Vu d V �
u b

Vc d V �
c b

+
Vt d V �

t b

Vc d V �
c b

+ 1 = 0 ) [�� + i �� ] + [(1 � �� ) � i �� ] + 1 = 0 ; (1.86)

a triangle in the complex plane known as the unitarity triangle depicted in Fig  1.2 .

Figure 1.2: CKM unitarity triangle in the (� �; �� ) plane.

The sides and the angles of the triangle can be de�ned as

�Ru �

�
�
�
�
Vu d V �

u b

Vc d V �
c b

�
�
�
�
p

�� 2 + �� 2; �Rt �

�
�
�
�
Vt d V �

t b

Vc d V �
c b

�
�
�
� =

q
(1 � �� )2 + �� 2;

� � Arg
�
�

Vt d V �
t b

Vu d V �
u b

�
; � � Arg

�
�

Vc d V �
c b

Vt d V �
t b

�
; 
 � Arg

�
�

Vu d V �
u b

Vc d V �
c b

�
:

(1.87)

A phase transformation of the quark �elds does not change these quantities, the unitarity
triangle is only rotated by such rede�nitions. Therefore, sides and angles are observables.

A property of all unitarity triangles is that they have the same areajJCKM j=2. JCKM is
the Jarlskog invariant and it is a measurement ofCP violation. Its sign gives the direction
of the complex vectors around the triangles, and it is de�nedby

Im
�
Vi j Vk h V �

i h V �
k j

�
= JCKM

X

m;n

� ikm � jhn : (1.88)

1.1.4 Summary of the interactions

The Lagrangian governing the gauge sector is in Eq. ( 1.4 ). The �rst term describes the inter-
action fermions and gauge �elds, together with the fermionskinetic term. In this paragraph
we focus on this term. It is given by
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L KIN+INT
SM =

3X

j =1

X

 = Q j
L ;:::;E j

R

� i =D = L KIN
SM + L QCD

SM + L EW
SM (1.89)

where

L KIN
SM =

3X

j =1

X

 = Q j
L ;:::;E j

R

� i =@ ; (1.90)

L QCD
SM = �

gs

2

3X

j =1

h
�U j =GA � A U j + �D j =GA � A D j

i
; (1.91)

L EW
SM = �

3X

j =1

�
�Qj

L

� g
2

=W I � I + g0 =B YQ

�
Qj

L + g0YU
�U j

R =B U j
R + g0YD

�D j
R =B D j

R

+ �L j
L

� g
2

=W I � I + g0 =B YL

�
L j

L + g0YE
�E j

R =B E j
R

�
: (1.92)

In (  1.91 ) we used the notation =  R +  L with  = f U; Dg. Eq. ( 1.90 ) is the kinetic term
of the fermions, Eq. ( 1.91 ) describes their strong interactions, Eq. ( 1.92 ) the electroweak
interactions. This last term can be decomposed as

L EW
SM = L CC

SM + L NC
SM ; (1.93)

whereL CC
SM and L NC

SM describe charged and neutral current interactions. After rede�ning the
gauge �elds as in Eq. ( 1.19 ) we obtain

L CC
SM = �

g

2
p

2

�
J �

� W � + + J +
� W � �

�
; (1.94)

where

J �
� =

3X

j =1

h�
�uj d0

j

�
V � A

+ (�� j ` j )V � A

i
(1.95)

J +
� =

�
J �

�

� y
: (1.96)

Using Eq. ( 1.79 ) expressingJ �
� in the mass basis, we obtain

J �
� =

3X

j =1

"
3X

k=1

Vjk (�uj dk)V � A + (�� j ` j )V � A

#

: (1.97)

The neutral current interactions are mediated by theA and Z 0 bosons, we can split it as

L NC
SM = L A

SM + L Z 0

SM : (1.98)
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The interaction with the photon is given by

L A
SM = �

g g0

p
g2 + 4 g02 Y 2

L

J EM
� A � = � ~e JEM

� A � ; (1.99)

where ~e = g g0p
g2+4 g02 Y 2

L

and

J EM
� =

1
2

3X

j =1

�
(YQ + YU � YL ) (�uj uj )V + ( YQ + YD + YL )

� �d0
j d0

j

�
V

(1.100)

+ 2YE
� �̀

j ` j
�

V
� (YQ � YU � YL ) (�uj uj )A � (YQ � YD + YL )

� �d0
j d0

j

�
A

�
: (1.101)

The requirement for the electromagnetic interaction to have a vector-like structure produces
the relations in Eqs. ( 1.23 )-(  1.24 ), hence

J EM
� =

3X

j =1

h
YU (�uj uj )V + YD

� �d0
j d0

j

�
V

+ YE
� �̀

j ` j
�

V

i
: (1.102)

After SSB a U(1)Q symmetry with generatorQ̂ = T̂3 + Ŷ holds. In the case of theSU(2)L

singlets, the relation isQf U;D;E g = Yf U;D;E g. Therefore, Eq. ( 1.102 ) becomes

J EM
� =

X

f

Qf
�f 
 � f; (1.103)

with f = f uj ; d0
j ; ` j g.

The interaction with Z 0 is given by

L Z 0

SM = �
1
2

q
g2 + 4 g02 Y 2

L J 0
� Z 0� ; (1.104)

with the neutral current given by

J 0
� =

X

f

�f (vf � af 
 5) f; (1.105)

f = f uj ; d0
j ; � j ; ` j g and

vf = T3
f +

Qf

YL
sin2 ~� and af = T3

f : (1.106)

The transformation from the interaction to the mass basis does not change the terms in the
neutral current: due to the unitarity of the CKM matrix, the t erms �d0

j � d0
j are invariant

under the rede�nition in Eq. (  1.79 ), with � a generic Dirac matrix.
From the requirement that the photon remains massless, we obtain the values of the

hypercharges in Eq. ( 1.53 ). With these values we have
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cos~� ! cos� W =
g

p
g2 + g02

(1.107)

sin ~� ! sin� W = �
g0

p
g2 + g02

(1.108)

~e ! e =
g g0

p
g2 + g02

: (1.109)

� W is the Weinberg angle. All hypercharges of the other �elds cannot be predicted, but are
�xed to reproduce known properties of the particles and their interactions. Tab.  1.1 collects
their values together with the other quantum numbers.

� Lj `Lj `Rj uLj dLj uRj dRj h
Q 0 � 1 � 1 +2=3 � 1=3 +2=3 � 1=3 0
T3 +1=2 � 1=2 0 +1=2 � 1=2 0 0 � 1=2
Y � 1=2 � 1=2 � 1 +1=6 +1=6 +2=3 � 1=3 +1=2

Table 1.1: EW quantum numbers of fermions and Higgs.

1.2 The many problems of the SM

Despite the SM success in predicting the existence of various particles, including the Higgs
boson, and the features of their interactions, the SM falls short of being the ultimate theory
of nature.

Unresolved issues include the lack of a description for gravity, the existence of dark
matter, the origin of neutrino masses, the inability to explain the matter-dominated universe.
Additionally, the stability of the Higgs mass and the hierarchy among the fermion masses
raise further conceptual questions.

Moreover, several experimental results, particularly in the heavy 
avour sector, show
anomalies that suggest potential deviations from SM predictions and hint at new physics
(NP) phenomena. These issues imply that the SM might be an e�ective theory valid only
up to a certain energy scale, beyond which new physics is required.

If NP exists beyond SM, it is crucial to determine how to detectit. Typically, any NP
model predicts the existence of new particles and/or interactions, which could be identi�ed
by searching for new states through direct production at colliders. However, if the energy
required to produce such particles is not attainable, theirexistence can be inferred indirectly
by examining their contributions as virtual states in low-energy processes. This could lead to
modi�cations with respect to SM predictions and to discrepancies with experimental results.

1.3 Lepton Flavour Universality (LFU)

In the SM Lagrangian, except for their mass hierarchy, the three generations of quarks
and leptons are copies of themselves. In particular, the leptons interactions with the gauge
bosons is the same for each family. This Lepton Flavour Universality (LFU) is an accidental
symmetry of the SM Lagrangian: if violated, it directly suggests the presence of NP. Exper-
imentally measuring observables that could indicate a LFU violation is an important test of
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the SM. Phenomena seemingly to violate this property emerged during the years [ 10 ]. A list
of such deviations is presented in Fig. 1.3 .

� 6 � 5 � 4 � 3 � 2 � 1 0 1 2 3 4 5 6
Pull in �

B(B + ! K + � + � � ) [1:1; 6:0]
B(B + ! K + e+ e� ) [1:1; 6:0]

B(B + ! K + � �� )
B(B 0

s ! �� + � � ) [1:1; 6:0]
B(B 0

s ! � + � � )
B(B 0 ! � + � � )

P0
5(B

0 ! K � 0� + � � ) [2:5; 4:0]
P0

5(B
0 ! K � 0� + � � ) [4:0; 6:0]

RK [0:1; 1:1]
RK [1:1; 6:0]

RK 0
S

[1:1; 6:0]
RK � 0 [0:1; 1:1]
RK � 0 [1:1; 6:0]

RK � + [0:045; 6:0]
RpK [0:1; 6:0]

Muon g � 2 (WP)
Muon g � 2 (BMW)

R(D)
R(D � )

R(J= )
R(� +

c )
B(B + ! � + � )

patrick.koppenburg@cern.ch 2024-06-07

Figure 1.3: List of 
avour anomalies: the �rst eight relate to b ! s ` ` measurements, while the
remaining suggest potential LFU violation.

We discuss some of these deviations in the heavy 
avour sector. Although it is not covered
here, as it is unrelated to the heavy 
avour sector, it is worth mentioning the muong � 2
anomaly [ 11 ,  12 ], which is the most signi�cant in the list.

1.4 Heavy 
avour anomalies

Some of the deviations that in the recent years emerged in SM observables are related to
heavy hadron decays. In particular, we discuss the 
avour anomalies in tree-level semilep-
tonic decays of beauty hadrons.

1.4.1 R(D) and R(D � ) anomalies

LFU allows for precise predictions of the ratios of semileptonic decay rates from beauty
to charmed mesons, provided that the hadronic form factors of the b ! c transition are
accurately constrained. Measurements of

R
�
D (� )

�
=

B
�
B ! D (� ) � � �� �

�

B (B ! D (� ) ` � �� ` )
; with ` = e; �; (1.110)
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are under investigations since deviation with respect to the SM expectations have been
observed. These measurements are presented in Tab. 1.2 .

R(D) R(D � )
BaBar 0:440� 0:058 (stat) � 0:042 (sys) [ 13 ,  14 ] 0:332� (stat) � 0:018 (sys) [ 13 ,  14 ]
BELLE 0:375� 0:064 (stat) � 0:026 (sys) [ 15 ] 0:293� 0:038 (stat) � 0:015 (sys) [ 15 ]

0:270� 0:035 (stat)+0 :028
� 0:025 (sys) [ 16 ,  17 ]

0:307� 0:037 (stat) � 0:016 (sys) [ 18 ] 0:283� 0:018 (stat) � 0:014 (sys) [ 18 ]
BELLE II 0:262+0 :041

� 0:039 (stat) +0 :035
� 0:032 (syst) [ 19 ]

LCHb 0:441� 0:060 (stat) � 0:066 (sys) [ 20 ] 0:281� 0:018 (stat) � 0:024 (sys) [ 20 ]
0:267� 0:012 (stat) � 0:019 (sys) [ 21 ]

0:249� 0:043 (stat) � 0:047 (sys) [ 22 ] 0:402� 0:081 (stat) � 0:085 (sys) [ 22 ]

Table 1.2: R(D (� ) ) measurements.

The Heavy Flavour Averaging Group provides an average of the SM predictions [ 23 {  29 ] for
such observables

R(D)SM = 0:298(4); R(D � )SM = 0:254(5): (1.111)

If compared to the combined experimental results onR(D) and R(D � )

R(D)EXP = 0:342(26); R(D � )EXP = 0:287(12); (1.112)

a discrepancy of 1:6� and 2:5� respectively is found. Considering the correlation between
the two observable, the resulting deviation correspond to about 3:31� . In Fig.  1.4 the
combined measurements together with the SM prediction are presented.
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Figure 1.4: Combined representation of the experimental data onR(D (� ) ) presented in Tab. 1.2 

together with the SM prediction in Eq. (  1.111 ).

If con�rmed, this deviation would directly hint to LFU violat ion and the necessity of a NP
explanation.
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1.4.2 Exclusive and inclusive determinations of jVubj and jVcbj CKM
matrix elements

The matrix element jVcbj enters in the b ! c transition, but it cancels out in the R(D (� ))
observables. The CKM matrix elements are fundamental parameters of the SM that have
to be determined with the highest accuracy. Their determination can be done considering
inclusive or exclusive processes. Focusing onVub and Vcb, in both cases the individual deter-
mination from inclusive and exclusive decays produces di�erent results. An average of the
measurements from inclusive�B ! X c ` � �� ` decays [ 30 ] is

jVcbj incl = (42:2 � 0:5) � 10� 3: (1.113)

The exclusive determination exploit semileptonicB ! D (� ) decays, as well as Heavy-quark
symmetry [ 30 ], producing:

jVcbjexcl= (39:8 � 0:6) � 10� 3: (1.114)

A combined result brings to [ 30 ]:

jVcbj= (41:1 � 1:2) � 10� 3: (1.115)

Moving to jVubj, the determination from inclusive �B ! X u ` � �� ` decays provides [ 30 ]

jVubj incl =
�
4:13� 0:12+0 :13

� 0:14 � 0:18
�

� 10� 3: (1.116)

For the exclusive determination theB ! � ` � �� ` decay is employed. The extractedjVubj
sensibly depends on the hadronic form factors. Using a combination of lattice QCD results
together with additional input from light-cone QCD sum rules one has [ 30 ]

jVubjexcl= (3 :67� 0:09� 0:12) � 10� 3: (1.117)

The combined result is [ 30 ]

jVubj= (3 :82� 0:20) � 10� 3: (1.118)

In Fig.  1.5 a summary of such results is shown. The �t is obtained using asinput only the
exclusivejVubj and jVcbj measurements, with thejVub=Vcbj measurements from LHCb.

1.5 How to approach the problems

The described anomalies, in particular in the heavy 
avour sector, call for further inves-
tigation, both theoretically and experimentally. It is essential to explore new modes and
observables where similar anomalies might arise. Here, I present several analyses, aimed at
this goal. However, before describing these studies, I present in chapter  2 an overview of the
e�ective theories used in my investigations.
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Figure 1.5: Comparison between the inclusive and exclusive determination ofjVubj and jVcbj in the
jVubj�j Vcbj parameter space.



Chapter 2

E�ective Field Theory within the
Standard Model and beyond

An inherent aspect of the scienti�c method is the understanding that every constructed
model is an extrapolation based on experiments involving the phenomena of interest.

Classical mechanics e�ectively explains the majority of everyday phenomena, but it is
not suitable, for example, for describing behaviour at verysmall scales. When we gained
the ability to probe these regions, the limitations of classical mechanics became evident,
prompting the development of quantum mechanics. This does not mean that classical me-
chanics must be discarded; rather, it has a range of applicability that depends on the scale
of the system being examined. Moreover, classical mechanics can be derived from quantum
mechanics by adjusting its scale, which is governed byh, Planck constant. The same holds
in the opposite direction: classical mechanics is inadequate for describing the propagation of
light or physics at cosmological scales. This led to specialand general relativity, from which
the results of classical mechanics can be recovered in the limit where c, the speed of light,
approaches in�nity, or where the gravitational �eld is weak.

What becomes evident from these examples is that a theory is valid only within its
speci�c range of applicability, determined by a particularscale. While this may seem obvious,
constructing a theory at a known scale that can be systematically improved, without knowing
the general theory at higher scales, is not a straightforward task. The e�ective theories are
powerful tools for extracting insights from experiments, guiding us on where to search for
new phenomena.

In the case of quantum �eld theory, the e�ective �eld theories (EFT) will be introduced
in the next section.

2.1 E�ective Field Theories

An EFT is a quantum �eld theory in its own right, complete with a regularization and renor-
malization procedure necessary for producing �nite matrixelements. Often, an EFT serves
as the low-energy approximation of a more fundamental theory, which may itself also be an
EFT, commonly referred to as the full theory. EFTs enable the calculation of experimentally
measurable quantities, but with a de�ned, �nite error. Formally, an EFT features a small ex-
pansion parameter, denoted by� and known as the power counting parameter. Calculations
are typically performed to a certain ordern in � , resulting in an error of ordern+1. The order
of a given diagram in terms of� is determined using the power counting formula of the EFT.
This is the key aspect of EFTs: the possibility to construct a systematic expansion, with a

22
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well-de�ned procedure to compute higher order correctionsin � , making the theoretical error
as small as desired, by choosingn su�ciently large. In practice this is extremely di�cult due
to the hard computations needed for evaluating higher orderdiagrams, but they are possible
in principle. This di�ers signi�cantly from modelling appr oaches, such as the non-relativistic
quark model, which o�ers a reasonably accurate descriptionof hadron properties at roughly
the 25% level. However, the quark model is not part of a systematic expansion, and there is
no method to progressively re�ne its predictions. The EFT Lagrangian computed at order
� n depends on a �nite number of Lagrangian parametersNn , which generally increases with
n. Using a number of experimentally measured quantities greater than or equal toNn , we
can get parameters-free predictions on other observables.

A classical example of EFT is the Fermi theory describing weakprocess at the scale
� << M W . To get the main features of EFT let us consider the muon decay

� � ! e� �� e �� � : (2.1)

The corresponding diagram in the SM is in Fig. 2.1 .

Figure 2.1: Feynman diagram representation of the muon decay in the SM.

Th amplitude for this process is obtained from Eq. ( 1.94 )

A =
�

�
g

2
p

2

� 2

[�� � 
 � (1 � 
 5) � ]
i

k2 � M 2
W

�
� g�� +

k� k�

M 2
W

�
[�e 
 � (1 � 
 5) � e] : (2.2)

Since
p

k2 � m� � MW , we can expand the amplitude in powers ofk2=M 2
W . This allows

us to express the amplitude as a series, starting with the leading-order term and including
higher-order corrections. At leading order we get

A = i
1

M 2
W

�
�

g

2
p

2

� 2

[�� � 
 � (1 � 
 5) � ] [�e 
 � (1 � 
 5) � e] + O
�

k2

M 2
W

�
: (2.3)

This expansion simpli�es the calculation by focusing on thedominant contributions at low
energies relative to the scale set byMW . De�ning the leading contribution in Eq. (  2.3 ) as
A ef f , we could have derived this amplitude starting from a point-like interaction, Fig.  2.2 

described by the Lagrangian

L ef f = �
g2

8M 2
W

[�� � 
 � (1 � 
 5) � ] [�e 
 � (1 � 
 5) � e] (2.4)

The Fermi Lagrangian consists of a current-current interaction term and a coe�cient to be
measured:
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Figure 2.2: Feynman diagram representation of the muon decay as point-like interaction.

L F ermi = �
GFp

2
[�� � 
 � (1 � 
 5) � ] [�e 
 � (1 � 
 5) � e] : (2.5)

This Lagrangian has the same structure as the EFT one, and was obtained before the
discovery of theW bosons.GF is the Fermi constant and contains information on what was
the new physics at the time. Comparing Eqs. ( 2.4 )-(  2.5 ), and using Eq. ( 1.61 ) we get

GFp
2

=
g2

8M 2
W

=
1

2v2
: (2.6)

The procedure that allow us to determine the couplings in thee�ective theory in terms of
the quantities of the full theory is called matching, as we shell see in more details in the
next section. Therefore, Fermi theory is an e�ective low-energy approximation of the SM.
Furthermore, without knowledge of the full theory we can measure GF from muon decay
and predict other phenomena like muon capture or tau decays.

In this example we have shown how, even if the full theory is unknown, we can make
predictions and obtain information about the UV completion.In fact, from Eq. (  2.5 ), since
the total cross-section increases linearly with the squareof the energy,� � G2

F E 2, it leads to
a violation of unitarity at high energies. This means that wecan get information about the
scale of NP by checking when unitarity is lost. After normalizing the cross-section with the
energy square of the process so that it results dimensionless, settingGF � 1:166� 10� 5 GeV
we obtain E . 300 GeV, the order of magnitude of the VEV.

The idea is to apply the same strategy to the SM and consider itas the low-energy limit
of a more fundamental theory, introducing new operators constructed with the SM �elds
and weighted by powers of 1=�, with � the NP scale.

2.2 Standard Model as an e�ective �eld theory and the
SMEFT

The EFT constructed using the SM �elds and invariant under theSM gauge group is called
SMEFT. The SMEFT Lagrangian density is an extension to higher dimension operators of
the SM one
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L SMEFT (�) = L (4)
SM +

1X

n=1

1
� n

X

k

C(4+ n)
k (�) O(4+ n)

k (�) ; (2.7)

where O(4+ n)
k are operators of dimension (4 +n). They are obtained including all possible

structures build out of SM �elds satisfying Lorentz andGSM invariance. This framework
allows us to explore how the gauge, fermion, and scalar �eldsof the SM behave at higher
energy scales by examining interactions among them not predicted by the SM. The dimen-
sionless coe�cientsC(4+ n)

k are called Wilson coe�cients, and arise from integrating outthe
heavy NP �elds at higher scales. Therefore, they contain information on NP.

If the UV theory is known, we can match the full theory Lagrangian L NP , describing NP
at the scale �, with the SMEFT Lagrangian to obtain the Wilson coe�cients at the same
scale:

L NP
match ��! L SMEFT (�) : (2.8)

Using the Renormalization Group Equation (RGE) we can obtainthe Wilson coe�cients
and the dimension-(4 +n) operators at lower scale� << �:

L SMEFT (�) RGE �! L SMEFT (� ): (2.9)

We can choose to set the scale� = � W , the W mass. Here, we can match theL SMEFT (� W )
to another EFT, which is obtain integrating out the heavy SM �elds at that scale from the
SMEFT Lagrangian. This EFT is called the LEFT (Low-Energy EFT) and it is an extension
of the Fermi theory with new possible interactions:

L SMEFT (� W ) match ��! H e� (� W ): (2.10)

Since our primary focus is on studying anomalies in the heavy
avour sector, the most
relevant observables arise from heavy meson decays. Therefore, we need to running from the
� W scale to� b, the mass of theb:

H e� (� W ) RGE �! H e� (� b): (2.11)

A schematization of the procedure is presented in Fig. 2.3 . In this top-down approach, where
the NP Lagrangian is known, the EFT framework mainly simpli�escomputations and helps
to derive observables to be compared to experimental data. When the NP is unknown, we
follow a similar procedure, but the e�ective Hamiltonian at� b and the observables depend on
undetermined Wilson coe�cients. In this case, experiments guide the process by constraining
these coe�cients, o�ering insights into the underlying fundamental theory.

The number of operators in the SMEFT lagrangian increases drastically with the dimen-
sion [ 31 ]. The number of operators needed at each dimension is shown in Fig.  2.4 .
In the following we will present the most scrutinized operators of the SMEFT: the dimension
5 and 6 operators. They are classi�ed in [ 32 ], and here we will adopt their notation, which
can be recovered fromChapter  1 with the following substitutions:
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�

� b

� W

� L NP

H e� (� b)

L SMEFT (� W )

L SMEFT (�)match

RGE

H e� (� W )match

RGE

Figure 2.3: Matching and Running Scheme: The NP Lagrangian is matched to the SMEFT
Lagrangian at the NP scale �. The renormalization group evolution of the SMEFT is t hen used
to derive the SMEFT Lagrangian at the scale mW . At this point, it is matched to the LEFT
Lagrangian, and after applying the renormalization group equations of the LEFT, the e�ective
Hamiltonian at the scale � b is obtained.

Figure 2.4: The growth in the number of independent operators in the SMEFT up to mass
dimension 15 is depicted. The lower solid line represents the case of a single fermion generation,
while the upper solid line corresponds to three generations. Dashedlines are included to highlight
the increase in the number of operators with even and odd mass dimensions in both scenarios.
Figure taken from [ 31 ].

QL ! q; UR ! u; DR ! d;

LL ! `; E R ! e; � ! ':
(2.12)

Furthermore, a general gauge �eld strength tensor will be denoted asX �� = f GA
�� ; W I

�� ; B �� g,
its dual tensor is de�ned as ~X �� = 1

2 " ���� X �� , with "0123 = +1.
Starting from the dimension-5 operator, it takes the form (�LL )( ' 2), where �L and L

represent lepton �elds and' represents the Higgs �eld. From Fig.  2.4 there are only 12
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operators of dimension-5, two kinds for each combination oflepton generation pair [ 33 ]:

Q(5)
�� = " jk "mn ' j ' m

�
`k

p

� T
Ĉ `n

r ; Q(5)0
�� = " jm " kn ' j ' m

�
`k

p

� T
Ĉ `n

r ; (2.13)

with Ĉ the charge conjugation matrix. In the unitary gauge, only the Q(5)
�� survives. This

operator is called Weinberg operator and generates the neutrino masses and mixing, violating
the leptonic numberL.

The dimension-6 operators are reported in Tabs. 2.1 - 2.2 . They are organized by their
�elds content, and for each sector all the possible SM invariant combinations are presented,
associated with a unique name. The operators containing a fermion are labelled with a latin
subscripts for each fermion involved, denoting the three possible generations. Dirac, color,
and isospin indices are contracted within the brackets unless it is necessary to specify them.

The Hermitian covariant derivatives involving scalar �eldsare de�ned as

' yi
$
D � ' = i ' y

�
D � �

 
D �

�
' ; and ' yi

$
D I

� ' = i ' y
�

�̂ I D � �
 
D � �̂ I

�
' ; (2.14)

with ' y
 
D � ' = ( D � ' )y ' .

All operators that do not involve fermion �elds are Hermitian. Operators with two or four
fermion �elds require evaluation of their Hermitian conjugates, unless they are composed of
contractions of fermion �eld pairs with the same quantum numbers, in which case only a
transposition of the generation indices is necessary.

The operators in the Tabs.  2.1 - 2.2 are a complete set of linearly independent dimension-
6 operators, invariant under the SM gauge group and built outof SM �elds. All other
combinations are expressed through the ones already de�ned, or by applying the equation of
motion to them. In our analyses we extended SM with operatorsup to dimension-6. Their
Wilson coe�cients will enter in several observables and we will use experimental data to
constrain them.

2.3 An e�ective theory for heavy hadrons

As mentioned in the previous section, we focused on observables obtained from the analysis of
heavy meson decays. Therefore, we are dealing with hadrons,whose structure is held together
by strong interactions, described by the QCD Lagrangian term in Eq. (  1.4 ), associated with
the SU(3)C group. There are several e�ective theories for strong interactions depending on
the energy scale and phenomenological applications. One notable example is chiral e�ective
theory, which describes the interactions between low-energy pions and nucleons, as well as
pion self-interactions, by exploiting theSU(2)L � SU(2)R symmetry of the QCD Lagrangian
in the limit mu = md = 0. In this thesis, we discuss another e�ective theory derived from
QCD, the Heavy Quark E�ective Theory (HQET). This framework is particularly useful for
studying processes involving hadrons that contain a singleheavy quark (mQ � � QCD ).

2.3.1 The HQET Lagrangian and its symmetries

A peculiar feature of non-abelian theories like QCD is asymptotic freedom: larger the mo-
mentum transfer (small distances) in the process weaker thee�ective coupling. On the other
end, at large distances the coupling constant becomes largeand nonperturbative phenom-
ena, such as the con�nement of quarks and gluons take place. Knowing that the typical
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Table 2.1: Dimension-six operators other than the four-fermion ones.

radius of a hadron isRhad � 1 fm, the energy scale that separates the region of large and
small coupling is � QCD � 1=Rhad � 200 MeV. Therefore, the quarks with mass greater than
this scale are de�ned as heavy quarks (c, b and t quarks), the others are light quarks (u,
d and s quarks). Hence, there is a separation of scales in hadrons comprising at least a
heavy quark. The typical momentum exchanged by the soft gluons between the heavy and
the light components in these systems is of order �QCD , not enough to resolve the heavy
d.o.f.. In fact the Compton length of a heavy quark is� Q � 1=mQ << 1=� QCD � Rhad.
The light components, light quarks, antiquarks and gluons called the \brown muck", see
the heavy components just as a color source. The \brown muck"is blind to the 
avour (if
only a heavy quark is present) and spin orientation of the heavy quarks. They interact only
with the quark color �eld, which extends over large distances due to con�nement. In the
heavy quark rest frame, only the color electric �eld is signi�cant, as relativistic e�ects like
color magnetism disappear whenmQ ! 1 . Because the heavy quark spin interacts solely
through these relativistic e�ects, it decouples. The irrelevance of the heavy quark mass
becomes clear: asmQ ! 1 , the heavy quark and the hadron containing it share the same
velocity. In the hadron rest frame, the heavy quark is also atrest. The wave function of the
surrounding \brown muck" is derived from the solution of QCD�eld equations, with a static
color triplet source at the heavy quark location as the boundary condition. This boundary
condition, and the corresponding solution for the light degrees of freedom, are independent
of mQ. Therefore, if we consider a hadron consisting of a single heavy quark Q(v; s) with
spin s and velocity v, the con�guration of the light degrees of freedom do not change if this
quark is replaced with another heavy quarkQ0(v; s0) with di�erent 
avour and spin, but
with the same velocity. Hence, forN f heavy quark 
avours there is aSU(2N f ) spin-
avour
symmetry group. We can use this symmetry to relate properties of hadrons that di�er by
the 
avour and the relative spin orientation of the heavy andlight d.o.f.. For instance, we
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s )T Cet
�
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p� �� er )" jk (�qk
s � �� ut )

Table 2.2: Four-fermion operators.

can correlate several form factors describing the hadronicmatrix elements involved in heavy
hadron decays as done in several analyses in this thesis.

To quantitatively show these properties of heavy hadrons let us consider a heavy quark
Q interacting with the light constituents. They exchange momenta much smaller than the
heavy quark massmQ. Therefore, the heavy quark move almost at the same velocityv as
the hadron. Hence,Q is almost on-shell and its momentum is

P �
Q = mQ v� + k� : (2.15)

v� is the four-velocity of the hadron and satisfyingv2 = 1. k� is called residual momentum
and it is of order � QCD . In the limit of mQ ! 1 the Feynman rules of QCD simplify. The
propagator becomes

i
=PQ � mQ

=
i

v � k
=v + 1

2
+ O(

k
mQ

) �
i

v � k
P+ : (2.16)

P+ is the positive velocity projector

P� =
1 � =v

2
; (2.17)

with P2
� = P� and P� P� = 0. SinceP+ 
 � P+ = P+ v� P+ , at leading order in 1=mQ we can

simplify the coupling of a heavy quark to gluons replacing the interacting vertex as follow
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i gs L̂A 
 � ! i gs L̂A v� ; (2.18)

gs is the strong coupling and̂LA is de�ned in Eq. ( 1.9 ). The Feynman rules for the propagator
Eq. ( 2.16 ) and the heavy quark-gluon vertex Eq. ( 2.18 ) are depicted in Fig.  2.5 .

i j = i
v�k

=v+1
2 � ji

v; k

� �
i j

A

v; k

�
= i gs

�
L̂A

�

ji
v�

Figure 2.5: Feynman rules for HQET.

Strong interactions between the heavy quark and the light components are mediated by soft
gluons. They change the residual momentumk by an amount of order � k � � QCD , hence
the corresponding changes in the heavy quark velocity vanish as � QCD =mQ ! 0. This means
that, in this limit, strong interactions conserve the heavyquark velocity leaving it almost
on-shell. Due to this consideration, after using the projectors to split the Q �eld into a
\upper" and \lower" component, we can introducing the largeand small components �elds
hv and Hv:

hv(x) = ei m q v�xP+ Q(x); (2.19)

Hv(x) = ei m q v�xP� Q(x): (2.20)

With such de�nitions Q is recovered

Q(x) = e� i m q v�x [hv(x) + Hv(x)] : (2.21)

Furthermore the relations =v hv = hv and =vHv = � Hv are satis�ed. In the heavy quark
rest frame, hv and Hv correspond to the upper and lower components of the heavy quark
spinor. hv annihilates a heavy quark with velocityv, while Hv creates a heavy antiquark
with velocity v. For a hadron with an heavy antiquark we change the sign of thevelocity

h�
v (x) = e� i m q v�xP+ Q(x); (2.22)

H �
v (x) = e� i m q v�xP� Q(x); (2.23)

so that
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Q(x) = ei m q v�x
�
h�

v (x) + H �
v (x)

�
: (2.24)

The QCD Lagrangian density for the heavy quarkQ

L QCD = �Q (i =D � mQ) Q; (2.25)

can be rewritten as

L QCD = �hv (i v � D) hv + �hv i =D ? Hv + �Hv i =D ? hv � �Hv (i v � D + 2 mQ) Hv; (2.26)

once the rede�nition ofQ in terms of large and small components Eq. ( 2.21 ) and the following
relations P� i =D = i =D P � � i v � D are employed. =D ? is the perpendicular derivative de�ned
as =D ? = =D � (v � D) =v, satisfying the conditionsv � D? = 0, therefore in the heavy quark
rest frame we getD �

? = (0 ; D ).
To obtain the HQET Lagrangian we can follow two procedures:

ˆ From the generating functional of the QCD Green functions expressed through the
�elds hv and Hv, we integrate out the small components, obtaining an actionthat can
be expanded in powers of 1=mQ, from which the HQET Lagrangian can be recovered
at leading order [ 34 ].

ˆ From Eq. ( 2.26 ) derive the equations of motion (EOM) forhv and Hv. Substitute
Hv in Eq. (  2.26 ) with its solution from the EOM and expand in term of 1=mQ. The
HQET Lagrangian is the LO of this expansion.

The di�erence between the two methods is that in the �rst one,quantum e�ects arise from
the integration of the small component, which are reabsorbedin the normalization of the
generating functional. We will follow the classical method. From Eq. ( 2.26 ) the equations
of motion are

(i v � D) hv + i =D ? Hv = 0 ; (2.27)

i =D ? hv � (i v � D + 2 mQ) Hv = 0 : (2.28)

Solving Eq. ( 2.28 ) for Hv we get

Hv =
1

(i v � D + 2 mQ � i � )
i =D ? hv; (2.29)

hence, the small componentHv is of O(1=mQ) with respect to hv. Inserting this solution in
Eq. ( 2.26 ) we obtain

L QCD = �hv (i v � D) hv + �hv i =D ?
1

(i v � D + 2 mQ � i � )
i =D ? hv: (2.30)

From the de�nition of hv in Eq. (  2.19 ) the x-dependence of the e�ective heavy quark �eld
is weak. Therefore, the derivatives acting onhv produce powers ofjkj<< m Q, allowing for
an expansion ini D=m Q:
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L QCD = �hv (i v � D) hv +
1

2mQ

�hv

 

i =D ?

X

n=0

�
�

i v � D
2mQ

� n

i =D ?

!

hv: (2.31)

Keeping explicitly only the �rst order term in 1=mQ we get

L QCD = �hv (i v � D) hv +
1

2mQ

�hv i =D ? i =D ? hv + O

 
1

m2
Q

!

: (2.32)

Using the identity

i =D ? i =D ? = ( iD ? )2 +
gs

2
G�� � �� ; (2.33)

where the commutator

[i D � ; i D � ] = i gs G�� (2.34)

is employed, Eq. ( 2.35 ) becomes

L QCD = �hv (i v � D) hv + �hv
(i D ? )2

2mQ
hv + �hv

gs G�� � ��

4mQ
hv + O

 
1

m2
Q

!

: (2.35)

Therefore atO(1=mQ) two operators emerge

Okin � �hv
(i D ? )2

2mQ
hv = � �hv

(i D )2

2mQ
hv; (2.36)

Oc.m. � �hv
gs G�� � ��

4mQ
hv = � �hv

gs S � B c

mQ
hv; (2.37)

where

Si =
1
2

�
� i 0
0 � i

�
=

1
2


 5 
 0 
 i ; B i
c = �

1
2

" ijk Gjk ; (2.38)

with � i the Pauli matrices and
 0,
 i and 
 5 the Dirac matrices


 0 =
�

1 0
0 � 1

�
; 
 i =

�
0 � i

� � i 0

�
; 
 5 =

�
0 1
1 0

�
: (2.39)

S is the Spin operator andB c the chromomagnetic �eld. The last equivalences in Eqs.
(  2.36 )-(  2.37 ) hold in the rest frame of the heavy quark. These expression allow for a better
identi�cation of the operators. Okin is the gauge covariant extension of the kinetic energy
coming from the o�-shell residual motion of the heavy quark.The second operatorOc.m.,
is the nonabelian analog of the Pauli term, which describes the interaction of the heavy
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quark spin with the gluon �eld. From the expansion is clear that spin interaction e�ects
are suppressed by 1=mQ, as well as the quark 
avour. These symmetries are exact for the
HQET Lagrangian density, de�ned as the �rst term in Eq. ( 2.35 ):

L HQET = �hv (i v � D) hv: (2.40)

In fact, it can be shown that Eq. ( 2.40 ) is invariant under SU(2) group generated by the
spin operatorS. Si satisfy the commutation relation ofSU(2) and commute with =v:

[Si ; Sj ] = i " ijk Sk ; [=v; Si ] = 0: (2.41)

Therefore, under in�nitesimal transformation ofSU(2) the �led hv transform as

h0
v = (1 + i � � S) hv; (2.42)

with � i an in�nitesimal angles. Eq. ( 2.40 ) varies as follow

� L HQET = �hv [i v � D; i � � S] hv = 0: (2.43)

Furthermore, due to Eq. ( 2.41 ) the on-shell condition=v hv = hv is preserved:

=v (1 + i � � S) hv = (1 + i � � S) =v hv = (1 + i � � S) hv: (2.44)

In the HQET Lagrangian the mass of the heavy quark does not appear. Extending the
Lagrangian to the case ofN f heavy quarks moving at the same velocity we get

L HQET =
N fX

k=1

�hk
v (i v � D) hk

v ; (2.45)

which is invariant under rotation in the 
avour space. By combining this with the spin
symmetry, we have quantitatively demonstrated what was qualitatively presented at the
beginning of this section, showing that the symmetry group of a system composed of a
heavy quark isSU(2 N f ). An extension of this Lagrangian that incorporates quarks with
di�erent velocities is presented in [ 35 ].

2.3.2 Heavy hadron �elds in HQET

We have seen that hadronic systems containing a single heavyquark (where m � � QCD )
exhibit additional symmetries that are absent in the full QCD Lagrangian. Such a system
is best understood as a point-like color source (the heavy quark) that propagates freely,
surrounded by a "brown muck" of strongly interacting particles [ 36 ,  37 ]. This brown muck
carries the necessary quantum numbers such as color, 
avour, baryon number, energy, an-
gular momentum, and parity to form the observed physical state.

The signi�cant properties of the system primarily arise from this brown muck and its
con�ning interaction with the color source. Since an in�nitely heavy quark does not expe-
rience recoil from the emission or absorption of soft gluons(with energies of order �QCD ),



2.3. An e�ective theory for heavy hadrons 34

and because its magnetic interactions diminish as 1=m, the quark mass (or 
avour) and spin
have no impact on the state of the light degrees of freedom.

This simpli�es the description of transitions involving a hadron with a heavy quark of
velocity v, which decays into another hadron with a heavy quark of a di�erent 
avour. From
the heavy quark perspective, the decay is nearly a free process, with perturbative QCD
corrections being the only factor of note, while the light constituents play no role in the
transition. For the brown muck, however, the only thing thatchanges is the recoil velocity
of the color source, requiring it to reassemble itself accordingly. This reassembly process,
driven by nonperturbative strong interactions, may resultin a multi-body �nal state, but
the only in
uence of the heavy quarks is through the new recoil velocity.

The decay of the heavy quark through some current can be evaluated in perturbation
theory. Instead, the transition of the brown muck to a boosted state involves low energy
strong interactions and must be parametrized. The main point is that the result is inde-
pendent of the mass and spin of the initial and �nal heavy quarks. Therefore, the matrix
element of a heavy quark current between hadronic states canbe factorized into heavy and
light matrix elements

hH 0(v0)j J jH (v)i = hQ0(v0); �
1
2

j J jQ(v); �
1
2

i � h  0
light (v0; j 0; m0

j 0)j light (v; j; m j )i ; (2.46)

with J = �Q0� Q and � a generic Dirac matrix. It should be noted that the velocity of
the outgoing light subsystem is the same as the �nal heavy quark, meaning that the light
matrix element depends on the change in the heavy quark velocity v0� � v� , but not on the
Lorentz structure of the current inducing the transition. Possible corrections due to hard
gluon emission can modify this description. They will be neglected in this context.

Since hadronic states are linear combination of two heavy quark spin states

jQ(v); �
1
2

i ; jQ(v); +
1
2

i ; (2.47)

and 2j + 1 light spin states

j light (v; j; � j )i ; : : : ; j light (v; j; + j )i ; (2.48)

as to form eigenstates of total angular momentum, Eq. ( 2.46 ) can be used to obtain relations
between hadronic decays keeping track of the suitable Clebsch-Gordan coe�cients. The
procedure in this case is quite tedious. The same results canbe achieved by using the
transformation properties of heavy hadrons under heavy quark spin operators, which are
well-de�ned and independent of the heavy quark mass in the heavy quark limit. The key
idea is to construct heavy current matrix elements between physical states in such a way
that the invariance of h 0

light (v0; j 0; m0
j 0)j light (v; j; m j )i under spatial rotations of the heavy

quark is explicit. This approach naturally leads to the formfactor relations.
The formalism will be presented here following the procedure outlined in [ 36 ]. Accord-

ingly, we will begin with the case of heavy baryons and then proceed to the case of heavy
mesons. The heavy componentuh of a heavy baryonH moving at velocity v satisfy the
on-shell condition

=v uh = uh; (2.49)



2.3. An e�ective theory for heavy hadrons 35

or

=v vh = � vh (2.50)

in the case of heavy antiquark. The light constituent is an object of integral spin j , repre-
sented by a totally symmetric tensor of the formA � 1 :::� j , satisfying the following conditions
of transversality and tracelessness:

v� 1 A � 1 :::� j = 0; A � � 3 :::� j
� = 0: (2.51)

The heavy baryon with total spin J = j + 1
2 , with j integer spin, is represented as

B � 1 :::� j = A � 1 :::� j uh (2.52)

Under Lorentz transformation � it transforms as

B � 1 :::� j ! � � 1
� 1

: : : � � j
� j

D(�) B � 1 :::� j ; (2.53)

and under heavy quark spin rotations as

B � 1 :::� j ! D( ~�) B � 1 :::� j : (2.54)

HereD(�) = ei � �� S��
is the spinor representation, and~� acts only on the spatial components

of the heavy quark spinor. Forj > 0, B � 1 :::� j is a linear combination of an object with spin
j + 1

2 and one with spinj � 1
2 :

B � 1 :::� j = B � 1 :::� j

j � 1
2

+ B � 1 :::� j

j + 1
2

: (2.55)

These states di�er only in the orientation of the heavy quarkspin to the spin of the brown
muck, and therefore, they are degenerate in the heavy quark limit, as the chromomagnetic
interaction vanishes asm ! 1 . Using the tensor representation of the brown muck we can
parametrize the light matrix element as

h 0
light (v0; j 0; m0

j 0)j light (v; j; m j )ia b
= ( A0� 1 :::� j 0)� A � 1 :::� j � ab

� 1 :::� j 0;� 1 :::� j
: (2.56)

a and b represent the quantum numbers associated with the light states (such as mass and

avour), the quantity � ab

� 1 :::� j 0;� 1 :::� j
is a function of the Lorentz invariant v � v0. This function

represents the amplitude of the transition of the light degree of freedom with given spin
quantum numbers and moving at velocityv� to a state with a possible di�erent spin and
velocity v0� . Assuming j 0 > j , without loss of generality and using Eq. ( 2.51 ), � can be
written as

� � 1 :::� j 0;� 1 :::� j = ( � 1)j w� j +1 : : : w� j 0 [ C(j 0;j )
0 (v � v0) g� 1 � 1 : : : g� j � j

+ C(j 0;j )
1 (v � v0) w� 1 w� 1 g� 2 � 2 : : : g� j � j

+ � � � + C(j 0;j )
j (v � v0) w� 1 w� 1 : : : w� j w� j ]; (2.57)
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with w� = v0� � v� . Due to the transversality of A0 and A the factors w� i w� i reduce to
the less apparently symmetric formv0

� i
v� i . The factor (� 1)j is inserted because the indices

on the space-like tensorsA0 and A should be contracted with� g� i � i . Therefore, using Eq.
(  2.56 ) the matrix element in Eq. ( 2.46 ) can be written as

hH 0(v0)j J jH (v)i = �
p

4m m0[�uh � uh]ab (A0� 1 :::� j 0)� A � 1 :::� j � ab
� 1 :::� j 0;� 1 :::� j

: (2.58)

The �
p

4m m0 term comes from the non-relativistic normalization of the hadron states
[ 38 ,  39 ]. Using Eq. ( 2.52 ) and the decomposition Eq. ( 2.55 ) to have physical hadron states,
we obtain

hH 0(v0)j J jH (v)i = �
p

4m m0Tr
h

�B 0� 1 :::� j 0 � B � 1 :::� j � � 1 :::� j 0;� 1 :::� j

i
: (2.59)

This is called trace formalism, and it makes evident that four classes of decays are now
described by the same set of form factors. As an example, let usconsider the baryons �h
and � �

h. The brown muck has spinj = 1, and the transitions

� h ! � h0; � h ! � �
h0; � �

h ! � h0; � �
h ! � �

h0; (2.60)

are all described by the same two functions from Eq. ( 2.57 ): C1;1
0 (v � v0) and C1;1

1 (v � v0).
Let us move to heavy mesons and consider two di�erent cases oforbital angular mo-

mentum ` = 0 and ` = 1. For ` = 0, the representation of the heavy component is again
uh satisfying Eq. ( 2.49 ), while the light components havej = 1

2 and transforms under the
Lorentz group simply as an antiquark �v` satisfying

�v` =v = � �v` ; (2.61)

where the subscript̀ denotes \light" as in light components. The hadron is represented as

uh �v` ; (2.62)

a linear combination of objects with total angular momentumj � 1
2 = (0 ; 1). This can be

better understood in the rest frame, in which the spin operator take the form in Eq. ( 2.38 ).
In the rest frame, the spinor basis is

u(1)
h =

0

B
B
@

1
0
0
0

1

C
C
A ; u(2)

h =

0

B
B
@

0
1
0
0

1

C
C
A ; v(1)

` =

0

B
B
@

0
0
1
0

1

C
C
A ; v(2)

` =

0

B
B
@

0
0
0
1

1

C
C
A : (2.63)

Then, usingS (uh �v` ) = ( S uh) �v` � uh (�v` S), we �nd

S
h
u(1)

h �v(1)
` + u(2)

h �v(2)
`

i
= 0; (2.64)

S3
h
u(1)

h �v(1)
` � u(2)

h �v(2)
`

i
= 0; (2.65)

S3
h
u(1)

h �v(2)
`

i
= u(1)

h �v(2)
` ; (2.66)

S3
h
u(2)

h �v(1)
`

i
= � u(2)

h �v(1)
` : (2.67)
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The �rst combination is invariant under spin rotations and represent meson with total an-
gular momentum J = 0, the other combinations are components of a meson withJ = 1.
After normalizing and using Eq. ( 2.63 ) we obtain the following states of de�ned spin

1
p

2

�
u(1)

h �v(1)
` + u(2)

h �v(2)
`

�
=

1
p

2

�
0 � I
0 0

�
; (2.68)

1
p

2

�
u(1)

h �v(1)
` � u(2)

h �v(2)
`

�
=

1
p

2

�
0 � 3

0 0

�
; (2.69)

u(1)
h �v(2)

` =
1
2

�
0 � 1 + i � 2

0 0

�
; (2.70)

u(2)
h �v(1)

` =
1
2

�
0 � 1 � i � 2

0 0

�
; (2.71)

with � i = � � i . This leads us to the covariant identi�cation of pseudoscalar (P) and vector
meson (V) states:

P = �
1

p
2

P+ 
 5; V(" � ) =
1

p
2

P+ ="; (2.72)

where" � is the polarization of the vector meson satisfying" � v = 0. Under the Lorentz group
the states transform as

P ! D(�) P Dy(�) ; (2.73)

V(" � ) ! D(�) V(� �
� " � ) D y(�) : (2.74)

Under spatial rotation of the heavy quark they transform as

P ! D( ~�) P; (2.75)

V(" � ) ! D( ~�) V(" � ): (2.76)

As for the case of the baryon Eq. ( 2.55 ), the meson is described by a linear combination of
states di�ering only by the spin orientation of the heavy quark

H Q�q = P + V = P+

h
P̂ 
 5 + V̂ � 
 �

i
; (2.77)

with P̂ = � 1p
2
1 and V̂ � = 1p

2
" � the pseudoscalar and vector meson �elds.

For a meson comprises of a heavy antiquark and a light quark the pseudoscalar and vector
meson states in the Lorentz covariant structure are identi�ed as

P = �
1

p
2


 5 P� ; V(" � ) =
1

p
2

=" P � ; (2.78)

and the doublet becomes
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H
�Qq =

h
P̂ 
 5 + V̂ � 
 �

i
P� : (2.79)

Combining the two, we get the case of a meson comprising two heavy quarks

P = � P+
1

p
2


 5 P� ; V(" � ) =
1

p
2

P+ =" P � ; (2.80)

H Q �Q = P+

h
P̂ 
 5 + V̂ � 
 �

i
P� : (2.81)

For the case of orbital angular momentum̀ = 1, the light degrees of freedom havej = 1
2

or j = 3
2 . In the �rst case, j = 1

2 , the brown muck is a combination of a vector (A � ) and a
spinor (v` ) and can be represented as

R�
` =

1
3

(
 � � v� ) 
 � A � v` (2.82)

�
1

p
3

(
 � � v� ) 
 5 ~v` (2.83)

the meson is represented by linear combinationuh �~v` of objects with total angular momentum
j � 1

2 = (0 ; 1), like the previous case. Decomposing this representation as before we get two
states

1
p

2
P+

1
p

3
(
 � � v� ) ; and

1
p

2
P+ 
 5 ="

1
p

3
(
 � � v� ) : (2.84)

Eliminating the spurious index by contracting with 1p
3

 � we get a scalarS and an axial state

B(" � )

S =
1

p
2

P+ ; B 0(" � ) =
1

p
2

P+ 
 5=": (2.85)

Due to heavy quark spin symmetry we can recollect these states into the doublet

SQ�q = P+

h
B̂ 0� 
 5 
 � + Ŝ

i
; (2.86)

with Ŝ and B̂ 0� the meson �elds.
For j = 3

2 , the brown muck is represented by the spin-3
2 Rarita-Schwinger vector-spinor

R�
` =

�
� �

� �
1
3

(
 � � v� ) 
 �

�
A � v` : (2.87)

The meson is described byuh
�R�

` , and using the decomposition in Eq ( 2.72 ) for the uh �v`

part we get a spin-1 and a spin-2 object

B(" � ) =

r
3
4

P+ 
 5 " �

�
� �

� �
1
3


 � (
 � � v� )
�

; and T � (� �� ) =
1

p
2

P+ � �� 
 � : (2.88)
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" � and � �� are the polarization vector and tensor of the spin-1 and spin-2 object, and are
derived by combiningA � in Eq. (  2.87 ) with either spin-0 object (P) or spin-1 object (V) in
Eq. ( 2.72 ). Again due to heavy quark spin symmetry we collect these states in the following
doublet

T � Q �q = P+

(

T̂ �� 
 � + B̂ �

r
3
2


 5

�
� �

� �
1
3


 � (
 � � v� )
� )

: (2.89)

The matrix element in Eq. ( 2.46 ), as in Eq. ( 2.59 ), assumes the expression

hH 0(v0)j J jH (v)i = �
p

4m m0Tr
h

�M 0� 1 :::� j 0 � M � 1 :::� j � � 1 :::� j 0;� 1 :::� j

i
; (2.90)

here, M (0) represents a generalization of the doublets in Eqs. ( 2.77 ), (  2.86 ), and ( 2.89 ), or
their extensions to cases involving heavy antiquarks, light quarks, or both heavy quarks, for
arbitrary half-integer j . Eq. ( 2.57 ) can be extended to the case of� for the mesons

� � 1 :::� j 0;� 1 :::� j = ( � 1)j w� j +1 : : : w� j 0 [ C(j 0;j )
0 (v � v0) g� 1 � 1 : : : g� j � j

+ C(j 0;j )
1 (v � v0) w� 1 w� 1 g� 2 � 2 : : : g� j � j

+ � � � + C(j 0;j )
j (v � v0) w� 1 w� 1 : : : w� j w� j ]: (2.91)

As for the case of heavy baryons, due to the classi�cation in doublets, the transition between
heavy mesons, asBh (J = 0) and B �

h (J = 1),

Bh ! Bh0; Bh ! B �
h0; B �

h ! Bh0; B �
h ! B �

h0; (2.92)

are described by the same single form factor� = C
( 1

2 ; 1
2 )

0 (v � v0), called Isgur-Wise function
[ 38 ,  39 ].

So far we have treated hadrons comprising a single heavy quark. In the thesis, also the
case ofBc meson will be considered, i.e. a hadron with heavy quark and antiquark. We shall
treat such a case in the approximation of soft-gluon exchange, which will allow to obtain
relations among weak form factors at the zero-recoil point.The formalism will be adapted,
and the power counting will be that of nonrelativistic QCD, which only keeps the heavy
quark spin symmetry. We shall come to this issue in one of the following chapters.

2.4 Conclusion

In these �rst chapters we have described the main propertiesof the Standard Model, shown
several issues related to it and in particular the anomaliesemerged in heavy hadron decays
in recent years. Methods and tools to search for new physics and to approach the study of
these anomalies were also presented, based on the concept ofe�ective �eld theories. In the
next chapters several analyses aimed to search for Physics beyond the Standard Model will
be presented.



Chapter 3

Searching for NP: � SMEFT and the
U(1)0 extension

3.1 Introduction

In the search for physics BSM, two approaches can be followed. The �rst one consists in
formulating a speci�c NP model and deriving predictions to becontrasted with experiment
for a validation or a discrimination of di�erent scenarios.The second approach consists in
extending the SM at the electroweak (EW) scale in the most general way compatible with
the SM gauge symmetry, investigating the constraints imposed by the experiments on the
resulting generalization.

A remarkable example of the second approach is the SMEFT [ 32 ,  40 {  42 ] that we have
described in the previous chapter and widely used in the quest for BSM physics. Here we
stress some features of SMEFT relevant for the analysis described in this chapter that is based
on [ 43 ]. An important point is that SM accidental symmetries are allowed to be violated
in the SMEFT Lagrangian: for example, baryon and lepton number violating operators can
be included, namely odd-dimension operators violatingB and/or L conservation [ 44 ]. A
few assumptions concern the UV theory. It should contain onlyparticles with spin J � 1;
new vector �elds could be either gauge �elds (massless before SSB in the UV theory) or
massive Proca �elds; new fermions can be introduced provided that they are vector-like with
respect to the SM gauge group, to maintain the SM free of gaugeanomalies. Even though
in the construction of the SMEFT operators the latter requirement is taken into account, in
more general frameworks it can be relaxed, provided that together with new fermions (not
necessarily vector-like), other contributions are added that maintain the SM gauge group
anomaly free [ 45 ].

One can use the construction in two ways. Choosing the UV completion, the Wilson
coe�cients of the SMEFT operators can be determined through matching and running
procedure [ 46 {  48 ]. On the other hand, without assumptions on the UV completion, the
coe�cients are treated as parameters. These two steps are complementary to each other.
Having gained model independent information on the coe�cients in the e�ective theory, it is
possible to contrast them with the features required in a speci�c scenario in order to validate
or discard it.

The phenomenological evidence that neutrinos have nonvanishing mass induces to con-
sider the� SMEFT extension of SMEFT, which comprises three right-handedsterile neutrino
�elds in the sub-TeV mass range [ 49 {  56 ]. The inclusion does not invalidate the requirement
that the SM gauge group is free of gauge anomalies. In the extension, L (5) consists of three
operators, while only the Weinberg operator appears at thisorder in the absence of� R [ 57 ].

40
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The choice of thed = 6 operators is not unique, and di�erent baseshave been proposed,
i.e. complete sets of independent, non redundant operators. 1  A popular basis is the Warsaw
one [ 32 ]. In each basis the operators are collected in classes according to their �eld content.

In this chapter, based on [ 43 ], we focus on the UV completion represented by the simplest
extension of the SM gauge group comprising a new U(1)0 gauge group, featured by the
gauge couplinggZ [ 58 {  61 ]. Z 0 is the corresponding gauge �eld, and thez-hypercharge is
the quantum number associated to the new symmetry. Many NP models introduce such
a mediator with speci�c z-hypercharge assignments. Experimental searches forZ 0 rely on
the assumptions for the hypercharges, and produce exclusion plots in the plane of theZ 0

production cross section versusMZ 0.  

2
 The NP scale can be identi�ed withMZ 0 acquired

after spontaneous breaking of the new symmetry. We do not need to specify how such SSB
occurs, we only assume that it happens at a much higher scale than the SM Higgs vacuum
expectation value. We neglect the mixing with other neutralgauge bosons. 

3
 

In the chosen extension we work out the coe�cients of the� SMEFT operators of di-
mension up tod = 6, aiming at the relations among them. 

4
 While the gauge structure of

the theory already imposes nontrivial relations among various coe�cients, further relations
can be established requiring that the extended gauge group is anomaly free. We obtain
results holding for a generic U(1)0 extension. We also consider speci�c cases: universalZ 0

couplings to the three generations or only to the third generation; Z 0 only coupled to left- or
right-handed fermions; lepto- or hadrophobicZ 0; the z-hypercharge assignment of the ABCD
model [ 63 ]. In all cases, we �nd that the number of independent coe�cients is reduced and
remarkable correlations can be established among them, which are peculiar of each extension.
The experimental test of such correlations would shed lighton the particular completion,
providing the widest information using measurements.

The plan of the chapter is as follows. After Sec. 3.2 with the notations, in Sec. 3.3 we list
the � SMEFT operators generated at the EW scale when the UV theory contains the new
gauge bosonZ 0. The impact of the new gauge boson on the SMEFT Lagrangian density is
considered in Sec. 3.4 , with the list of the operators obtained when theZ 0 �eld is integrated
out, the expressions of their Wilson coe�cients and the relations due to the gauge structure
of the extension. In Sec. 3.5 we consider the relations that the fermionz-hypercharges
must satisfy to ful�l the requirement of gauge anomaly cancellation in the SM gauge group
extension, and how such relations can be translated into analogous ones among the SMEFT
coe�cients. We than discuss the results for the selectedz-hypercharge assignments. The
last section comprises the conclusions.

3.2 Notations, Z 0couplings to fermions and to the Higgs
�eld

The most general renormalizable UV Lagrangian terms involving the gauge bosonZ 0 of a
new U(1)0 group can be written as

L Z 0
= L Z 0

free + L Z 0

int ;fermions + L Z 0

' : (3.1)

1Sources of redundancies are, e.g., operators obtained one from the other after integration by parts and
discarding a total derivative; operators that can be discarded using equations of motion; equivalent operators
upon Fierz transformations (in the case of four-fermion operators).

2See, e.g., the review: B.A. Dobrescu and S. Willocq, "Z 0-boson searches", in [ 30 ].
3Mixing at tree-level vanishes in models where the SM Higgs is assumed to be singlet under U(1)0.
4In the same framework, relations among the coe�cients ofd = 6 and d = 8 operators have been worked

out in [  62 ].
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The �rst term in (  3.1 ) reads

L Z 0

free = �
1
4

Z 0
�� Z 0�� +

1
2

M 2
Z 0Z 0

� Z 0� : (3.2)

Z 0
� is the gauge boson �eld andZ 0

�� = @� Z 0
� � @� Z 0

� is the �eld strength tensor.
The second term in ( 3.1 ) describes theZ 0 coupling to fermions. We denote byqi

L and
` i

L the SU(2)L left-handed quark and lepton doublets, respectively, withgeneration index
i = f 1; 2; 3g. ui

R ; di
R ; � i

R ; ei
R are right-handed singlets.

Before the electroweak SSB theZ 0 couplings to fermions are 
avour conserving, hence
for a generic fermion we can write

L Z 0

int ;fermions =
X

 

L Z 0

int (3.3)

where the sum extends over all the fermions generically denoted by  and

L Z 0

int = gZ z 
� 
 �  Z 0

� : (3.4)

Z 0
� is the gauge boson �eld,gZ the U(1)0 gauge coupling, andz the z-hypercharge of the

fermion  , i.e. the fermion quantum number related to the new symmetrygroup. In SM the
fermions are chiral, hence it is useful to write ( 3.4 ) in terms of the left- and right-handed
fermion �elds  L (R) :

L Z 0

int =
�
(�  

L ) ij � i
L 
 �  j

L + (�  
R) ij � i

R 
 �  j
R

�
Z 0

� ; (3.5)

with
(�  

L;R ) ij = gZ z L;R � ij : (3.6)

The Z 0coupling to the SM Higgs �eld' is described byL Z 0

' . We write the covariant derivative
acting on the SM Higgs �eld as �D � = D � + i gZ zH Z 0

� . D � contains only the SM gauge �elds
and zH is the Higgsz-hypercharge. Therefore, we have

( �D � ' )y( �D � ' ) = ( D � ' )y(D � ' ) + gH
�
' y i

$
D � '

�
Z 0� + g2

H Z 0
� Z 0� (' y' ) ; (3.7)

where' y i
$
D � ' = ' y (i D � ' ) � (i D � ' y) ' and we have de�ned

gH = gZ zH : (3.8)

The last term in (  3.7 ) can be neglected in the present study since we are interested in d = 6
operators arising at the EW scale whenZ 0 is integrated out. The last term in ( 3.7 ) produces
a d = 8 operator, its coe�cient would be inversely proportional to M 4

Z 0. Therefore, in ( 3.1 )
we only include

L Z 0

' = gH
�
' y i

$
D � '

�
Z 0� : (3.9)

3.3 � SMEFT operators generated in the U (1)0 exten-
sion of SM

In the Warsaw basis the operators are collected in classes according to their �eld content.
The scalar �eld is denoted by' , with ~' de�ned as ~' j = � jk (' k)� (j; k are SU(2)L indices).
The gauge �eld strengths are indicated byX , ~X being their duals. Fermions are denoted by
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 . Among the various terms in the SMEFT Lagrangian in Eq. ( 2.7 ) up to dimension 6, we
focus onL (6)

Z 0 , the set of operators generated at the EW scale when the SM group is extended
including U(1)0 and the gauge bosonZ 0 is integrated out. L (6)

Z 0 consists of the terms 

5
 

L (6)
Z 0 = C`` O`` + C(1)

qq O(1)
qq + Cee Oee + Cuu Ouu + Cdd Odd + C(6)

�� O(6)
��

+ C(1)
`q O(1)

`q + C(1)
ud O(1)

ud + Ceu Oeu + Ced Oed + C`e O`e + C`u O`u + C`d O`d + CqeOqe +

+ C(1)
qu O(1)

qu + C(1)
qd O(1)

qd + C�e O�e + C�u O�u + C�d O�d + C`� O`� + Cq� Oq� (3.10)

+ C' 2 O' 2 + C'D O'D + Ce' Oe' + Cu' Ou' + Cd' Od' + C�' O�'

+ C(1)
'` O(1)

'` + C'e O'e + C(1)
'q O(1)

'q + C'u O'u + C'd O'd + C'� O'� + h.c. :

The various operators can be classi�ed in the following classes de�ned in [ 32 ,  52 ]:

ˆ four-fermion operatorsO 1  2 (denoted asO  if  1 =  2) with structure ( �LL )( �LL ):
�
O``

�
ijkp

=
� �̀ i

L 
 � ` j
L

� � �̀k
L 
 � `p

L

�

�
O(1)

qq

�
ijkp

=
�
�qi
L 
 � qj

L

� �
�qk
L 
 � qp

L

�
(3.11)

�
O(1)

`q

�
ijkp

=
� �̀ i

L 
 � ` j
L

� �
�qk
L 
 � qp

L

�
;

ˆ four-fermion operatorsO 1  2 with structure ( �RR)( �RR):
�
Oee

�
ijkp

=
�
�ei

R 
 � ej
R

� �
�ek

R 
 � ep
R

�

�
Ouu

�
ijkp

=
�
�ui

R 
 � uj
R

� �
�uk

R 
 � up
R

�

�
Odd

�
ijkp

=
� �di

R 
 � dj
R

� � �dk
R 
 � dp

R

�

�
O(1)

ud

�
ijkp

=
�
�ui

R 
 � uj
R

� � �dk
R 
 � dp

R

�

�
Oeu

�
ijkp

=
�
�ei

R 
 � ej
R

� �
�uk

R 
 � up
R

�

�
Oed

�
ijkp

=
�
�ei

R 
 � ej
R

� � �dk
R 
 � dp

R

�
(3.12)

�
O(6)

��

�
ijkp

=
�
�� i

R 
 � � j
R

� �
�� k

R 
 � � p
R

�

�
O�e

�
ijkp

=
�
�� i

R 
 � � j
R

� �
�ek

R 
 � ep
R

�

�
O�u

�
ijkp

=
�
�� i

R 
 � � j
R

� �
�uk

R 
 � up
R

�

�
O�d

�
ijkp

=
�
�� i

R 
 � � j
R

� � �dk
R 
 � dp

R

�
;

5While in Eq. (  2.7 ) the Wilson coe�cients are dimensionless, in ( 3.10 ) it is convenient to include the mass
dimension in the de�nition of the coe�cients. The operator O(6)

�� is denoted by a superscript to distinguish
it from the d = 5 Weinberg operator O�� .
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ˆ four-fermion operatorsO 1  2 with structure ( �LL )( �RR):
�
O`e

�
ijkp

=
� �̀ i

L 
 � ` j
L

� �
�ek

R 
 � ep
R

�

�
Oqe

�
ijkp

=
�
�qi
L 
 � qj

L

� �
�ek

R 
 � ep
R

�

�
O`u

�
ijkp

=
� �̀ i

L 
 � ` j
L

� �
�uk

R 
 � up
R

�

�
O`d

�
ijkp

=
� �̀ i

L 
 � ` j
L

� � �dk
R 
 � dp

R)
�
O(1)

qu

�
ijkp

=
�
�qi
L 
 � qj

L

� �
�uk

R 
 � up
R) (3.13)

�
O(1)

qd

�
ijkp

=
�
�qi
L 
 � qj

L

� � �dk
R 
 � dp

R)
�
O`�

�
ijkp

=
� �̀ i

L 
 � ` j
L

� �
�� k

R 
 � � p
R

�

�
Oq�

�
ijkp

=
�
�qi
L 
 � qj

L

� �
�� k

R 
 � � p
R

�
;

ˆ operatorsO'@ involving the Higgs �eld ' , classi�ed as' 4D 2 in the Warsaw basis:

O' � =
�
' y '

�
�

�
' y '

�

O'D =
�
' y D � '

� �
(D � ' )y '

�
; (3.14)

ˆ operatorsO ' involving the Higgs �eld ' and the fermion �elds, classi�ed as 2' 3:
�
Oe'

�
ij

=
�
' y '

� � �̀ i
L ' e j

R

�

�
Ou'

�
ij

=
�
' y '

� �
�qi
L ~' u j

R

�

�
Od'

�
ij

=
�
' y '

� �
�qi
L ' d j

R

�
(3.15)

�
O�'

�
ij

=
�
' y '

� � �̀ i
L ~' � j

R

�
;

ˆ operatorsO' comprising the Higgs �eld' and the fermion �elds, classi�ed as 2' 2D:

�
O(1)

'`

�
ij

=
�
' y i

$
D � '

� � �̀ i
L 
 � ` j

L

�

�
O'e

�
ij

=
�
' y i

$
D � '

� �
�ei

R 
 � ej
R

�

�
O(1)

'q

�
ij

=
�
' y i

$
D � '

� �
�qi
L 
 � qj

L

�

�
O'u

�
ij

=
�
' y i

$
D � '

� �
�ui

R 
 � uj
R

�
(3.16)

�
O'd

�
ij

=
�
' y i

$
D � '

� � �di
R 
 � dj

R

�

�
O'�

�
ij

=
�
' y i

$
D � '

� �
�� i

R 
 � � j
R

�
:

i; j; k; p are generation indices.
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3.4 Relations among the Wilson coe�cients

The coe�cients of the operators in Sec. 3.3 can be expressed in terms of the couplings in
Eq. ( 3.5 ) [  64 ]. For four-fermion operators they read:

�
C``

�
ijkp

= �
(� `

L ) ij (� `
L )kp

2M 2
Z 0

(3.17)

�
C(1)

qq

�
ijkp

= �
(� q

L ) ij (� q
L )kp

2M 2
Z 0

(3.18)

�
Cee

�
ijkp

= �
(� e

R) ij (� e
R)kp

2M 2
Z 0

(3.19)

�
Cuu

�
ijkp

= �
(� u

R) ij (� u
R)kp

2M 2
Z 0

(3.20)

�
Cdd

�
ijkp

= �
(� d

R) ij (� d
R)kp

2M 2
Z 0

(3.21)

�
C(6)

��

�
ijkp

= �
(� �

R) ij (� �
R)kp

2M 2
Z 0

(3.22)
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�
C(1)

`q

�
ijkp

= �
(� `

L ) ij (� q
L )kp

M 2
Z 0

(3.23)

�
C(1)

ud

�
ijkp

= �
(� u

R) ij (� d
R)kp

M 2
Z 0

(3.24)

�
Ceu

�
ijkp

= �
(� e

R) ij (� u
R)kp

M 2
Z 0

(3.25)

�
Ced

�
ijkp

= �
(� e

R) ij (� d
R)kp

M 2
Z 0

(3.26)

�
C`e

�
ijkp

= �
(� `

L ) ij (� e
R)kp

M 2
Z 0

(3.27)

�
C`u

�
ijkp

= �
(� `

L ) ij (� u
R)kp

M 2
Z 0

(3.28)

�
C`d

�
ijkp

= �
(� `

L ) ij (� d
R)kp

M 2
Z 0

(3.29)

�
Cqe

�
ijkp

= �
(� q

L ) ij (� e
R)kp

M 2
Z 0

(3.30)

�
C(1)

qu

�
ijkp

= �
(� q

L ) ij (� u
R)kp

M 2
Z 0

(3.31)

�
C(1)

qd

�
ijkp

= �
(� q

L ) ij (� d
R)kp

M 2
Z 0

(3.32)

�
C�e

�
ijkp

= �
(� �

R) ij (� e
R)kp

M 2
Z 0

(3.33)

�
C�u

�
ijkp

= �
(� �

R) ij (� u
R)kp

M 2
Z 0

(3.34)

�
C�d

�
ijkp

= �
(� �

R) ij (� d
R)kp

M 2
Z 0

(3.35)

�
C`�

�
ijkp

= �
(� `

L ) ij (� �
R)kp

M 2
Z 0

(3.36)

�
Cq�

�
ijkp

= �
(� q

L ) ij (� �
R)kp

M 2
Z 0

: (3.37)

The coe�cients of the operatorsO' � and O'D are given by

C' � = �
g2

H

2M 2
Z 0

(3.38)

C'D = �
2g2

H

M 2
Z 0

; (3.39)

so that

C'D = 4 C' � (3.40)
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and C'D < 0. The couplings to fermions enter in the coe�cients ofOe' , Ou' and Od' .
However, when the UV completion consists only of the newU(1)0 group, as considered in
the present study, such coe�cients vanish.

The coe�cients of O(1)
'` , O'e , O(1)

'q , O'u and O'd are given by

�
C(1)

'`

�
ij

= �
(� `

L ) ij Re(gH )
M 2

Z 0

(3.41)

�
C'e

�
ij

= �
(� e

R) ij Re(gH )
M 2

Z 0

(3.42)

�
C(1)

'q

�
ij

= �
(� q

L ) ij Re(gH )
M 2

Z 0

(3.43)

�
C'u

�
ij

= �
(� u

R) ij Re(gH )
M 2

Z 0

(3.44)

�
C'd

�
ij

= �
(� d

R) ij Re(gH )
M 2

Z 0

(3.45)

�
C'�

�
ij

= �
(� �

R) ij Re(gH )
M 2

Z 0

: (3.46)

For N generations, the coe�cients in Eqs. ( 3.17 )-(  3.37 ) are generally complex matrices in
a N 4 dimensional space. However, the coe�cients in ( 3.17 )-(  3.22 ) correspond to Hermitian
operators, hence they are real and haveN 4 components. In principle, the coe�cients in
Eqs. ( 3.41 )-(  3.46 ) involve 2N 2 independent parameters. This parameter counting changes
for the UV completion obtained extending the SM gauge group with the new U(1)0. We derive
relations among the coe�cients before SSB, with unrotated fermion �elds and diagonalZ 0

couplings to fermions. Moreover, in this case all coe�cientsare real, since they are expressed
in terms of the (real) z-hypercharges and ofgH which is real as from ( 3.8 ).

Relations exist among the remaining coe�cients. We denote by C  a generic coe�cient
among those in Eqs. ( 3.17 )-(  3.22 ), and by C 1  2 a coe�cient among those in Eqs. ( 3.23 )-
(  3.37 ). The coe�cients in Eqs. (  3.41 )-(  3.46 ) are generically denoted asC' (in all cases
 = `; q; �; e; u; d). We have:

�
C 1  2

�
ijkp

= � 2
q �

C 1  1

�
ijij

�
C 2  2

�
kpkp

(3.47)

�
C  

�
ijkp

=

�
C' 

�
ij

�
C' 

�
kp

C'D
(3.48)

�
C 1  2

�
ijkp

= 2

�
C' 1

�
ij

�
C' 2

�
kp

C'D
: (3.49)

Considering Eq. ( 3.6 ), only the componentsCiikk are nonvanishing among the coe�cients in
(  3.17 )-(  3.37 ). Moreover, the coe�cients in (  3.17 )-(  3.22 ) are symmetric under the exchange
ii $ kk, so they comprise only six independent components. It is convenient to use the
notation i = ii ; k = kk. As for the coe�cients [C' ]ij in Eqs. ( 3.41 )-(  3.46 ), they are
nonvanishing only fori = j . We denote them as [C' ]i . 

6
 

6To avoid confusion, when pedices refer to pairs of indices or to a single index we write i = 1 ; 2; 3 and
i = 1 ; 2; 3, respectively.



3.5. Constraints from gauge anomaly cancellation 48

Summarizing, the following structures of coe�cients are realized:

C' =
� �

C' 
�

1

�
C' 

�
2

�
C' 

�
3

�
(3.50)

C  =
1

C'D

0

B
B
B
B
B
B
@

� �
C' 

�
1

� 2 �
C' 

�
1

�
C' 

�
2

�
C' 

�
1

�
C' 

�
3

�
C' 

�
2

�
C' 

�
1

� �
C' 

�
2

� 2 �
C' 

�
2

�
C' 

�
3

�
C' 

�
3

�
C' 

�
1

�
C' 

�
3

�
C' 

�
2

� �
C' 

�
3

� 2

1

C
C
C
C
C
C
A

(3.51)

C 1  2 =
2

C'D

0

B
B
B
@

�
C' 1

�
1

�
C' 2

�
1

�
C' 1

�
1

�
C' 2

�
2

�
C' 1

�
1

�
C' 2

�
3

�
C' 1

�
2

�
C' 2

�
1

�
C' 1

�
2

�
C' 2

�
2

�
C' 1

�
2

�
C' 2

�
3

�
C' 1

�
3

�
C' 2

�
1

�
C' 1

�
3

�
C' 2

�
2

�
C' 1

�
3

�
C' 2

�
3

1

C
C
C
A

: (3.52)

The number of independent coe�cients in the dimension-six Lagrangian density ( 3.10 ) is
reduced to 19. They can be the 18 coe�cients

�
C  

�
i i

for i = 1; 2; 3 and the six  =

`; q; �; e; u; d, and C'D ; alternatively, they can be the 18 coe�cients
�
C' 

�
i

and C'D . In
the next Section we describe the constraints for such coe�cients obtained requiring that the
extended gauge group is free of gauge anomalies.

3.5 Constraints from gauge anomaly cancellation

The issue of gauge anomaly cancellation in presence of a new U(1)0 symmetry has been
considered in many studies [ 63 ,  65 {  71 ]. In case of a newZ 0 gauge boson, six gauge anomalies
are generated. They can be expressed introducing the quantities z(n)

 de�ned in terms of the
sums

z(n)
 =

3X

i =1

zn
 i

; (3.53)

with  i a fermion in thei generation [ 65 ]. The [SU(3)C ]2 U(1)0, [SU(2)L ]2 U(1)0and [U(1)Y ]2 U(1)0

anomaly cancellation conditions involve the linear combinations of hypercharges in ( 3.53 ),
and read:

A33z = 2 z(1)
q � z(1)

u � z(1)
d = 0 (3.54)

A22z = 3 z(1)
q + z(1)

` = 0 (3.55)

A11z =
1
6

z(1)
q �

4
3

z(1)
u �

1
3

z(1)
d +

1
2

z(1)
` � z(1)

e = 0: (3.56)

The triangular graph involving two gravitons andZ 0 also produces a relation linear in the
z-hypercharges:

AGGz = 3 [2 z(1)
q � z(1)

u � z(1)
d ] + 2 z(1)

` � z(1)
e � z(1)

� = 0 (3.57)

which can be simpli�ed using Eq. ( 3.54 ):

AGGz = 2 z(1)
` � z(1)

e � z(1)
� = 0 : (3.58)
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The U(1)Y [U(1)0]2 anomaly cancellation condition involves the quadratic sums in ( 3.53 ):

A1zz = [ z(2)
q � 2z(2)

u + z(2)
d ] � [z(2)

` � z(2)
e ] = 0 : (3.59)

The [U(1)0]3 anomaly cancellation condition involves the cubic sums in ( 3.53 ):

Azzz = 3 [2 z(3)
q � z(3)

u � z(3)
d ] + [2 z(3)

` � z(3)
� � z(3)

e ] = 0 : (3.60)

The previous equations provide constraints to the coe�cients in (  3.10 ). We de�ne

~C(n)
' =

3X

i =1

� �
C' 

�
i

� n
; (3.61)

denoting for simplicity ~C(1)
' = ~C' . Using Eqs. ( 3.41 )-(  3.46 ) we have

z i = �
M 2

Z 0

gZ

1
Re(gH )

�
C' 

�
i

; (3.62)

and Eq. ( 3.53 ) becomes

z(n)
 =

�
�

M 2
Z 0

gZ

1
Re(gH )

� n
~C(n)

' : (3.63)

With such de�nitions, the equations of the gauge anomaly cancellation conditions read:

A33z ! 2 ~C'q � ~C'u � ~C'd = 0 (3.64)

A22z ! 3 ~C'q + ~C'` = 0 (3.65)

A11z ! ~C'q � 8 ~C'u � 2 ~C'd + 3 ~C'` � 6 ~C'e = 0 (3.66)

AGGz ! 2 ~C'` � ~C'e � ~C'� = 0 : (3.67)

They produce the relations:

~C'q =
~C'u + ~C'd

2
(3.68)

~C'` = � 3 ~C'q = � 3
~C'u + ~C'd

2
(3.69)

~C'e = � 2 ~C'u � ~C'd (3.70)

~C'� = � ~C'u � 2 ~C'd : (3.71)

We also have

A1zz ! ~C(2)
'q � 2 ~C(2)

'u + ~C(2)
'd � ~C(2)

'` + ~C(2)
'e = 0 (3.72)

Azzz ! 3 [2 ~C(3)
'q � ~C(3)

'u � ~C(3)
'd ] + [2 ~C(3)

'` � ~C(3)
'� � ~C(3)

'e ] = 0 : (3.73)

Examples on how the equations representing the anomaly cancellation conditions (ACE)
can be exploited are discussed below, considering models with speci�c z-hypercharge assign-
ments.
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3.6 Applications to models with speci�c z-hypercharge
assignments

The anomaly cancellation equations involve 18 parameters:
�
C' 

�
i
for  = qi ; ` i ; ui ; di ; � i ; ei ;

and i = 1; 2; 3. Taking into account the constraints from the 6 ACE, there are 12 indepen-
dent parameters. With other assumptions, further constraints can be imposed, as discussed
below for selected cases.

A. Z 0 only coupled to the third generation, and Z 0 universally coupled to the
three generations

If Z 0 only couples to one of the generations, e.g. the third one, wehave z 3 = z and
z 1 = z 2 = 0. The number of parameters involved in the ACE is 6, denoted�C' :

�
C' 

�
3

= �C' ;
�
C' 

�
1

=
�
C' 

�
2

= 0 : (3.74)

It follows that

~C(n)
' =

� �C' 
� n

: (3.75)

Before discussing the ACE, let us consider the scenario in which Z 0 universally couples
to the three generations:z 1 = z 2 = z 3 = z , as in models where thez-hypercharge is a
linear combination of the SM hyperchargeY and of B � n L , with B and L the baryon and
total lepton number and n an integer number [ 65 ,  72 ,  73 ]. 

7
 The 6 parameters involved in the

ACE are denoted again by�C' :
�
C' 

�
1

=
�
C' 

�
2

=
�
C' 

�
3

= �C' ; (3.76)

and the relation holds:

~C(n)
' = 3

� �C' 
� n

: (3.77)

The factor 3 factorises in the ACE, hence the two cases are identical from the viewpoint of
solving the equations and can be discussed together.

Since Eqs. ( 3.72 )-(  3.73 ) are automatically satis�ed, they do not represent additional
constraints, hence there are two independent coe�cients. One can express all coe�cients in
terms of �C'd and �C'e :

�C'q =
�C'd � �C'e

4

�C'u = �
�C'd + �C'e

2

�C'` = �
3

� �C'd � �C'e
�

4
(3.78)

�C'� =
� 3 �C'd + �C'e

2
:

Correlations among the four coe�cients depending on the twoindependent ones are obtained,
as shown in Fig. 3.1 varying �C'd and �C'e .

7Replacing L with a family lepton number or a combination of L e; L � ; L � di�erent from L does not
belong to the generation independent category [ 72 ,  74 ].
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Figure 3.1: Z 0 only coupled to the third fermion generation: Correlations among nonvanishing
coe�cients, varying �C'd and �C'e in the range [� 1; 1].



3.6. Applications to models with speci�cz-hypercharge assignments 52

Figure 3.2: Z 0 only coupled to the third generation: Correlation among nonvanishing coe�cients,
varying �Cdd and �Cee in the range [� 1; 0]. The green points refer to same-sign�Cdd and �Cee, the
orange points to the case of opposite signs.
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In this speci�c scenario, information can also be obtained on [C  ]3 3. Indeed, Eqs. ( 3.17 )-
(  3.21 ) imply

z i = �
�

2
M 2

Z 0

g2
Z

� 1=2 �
�

�
C  

�
i i

� 1=2
: (3.79)

As done forC' we de�ne [C  ]3 3 = �C  : The ACE can be used to relate the nonvanishing
z-hypercharges:

zq3 =
1
4

�
zd3 � ze3

�

zu3 = �
1
2

�
zd3 + ze3

�

z`3 = �
3
4

�
zd3 � ze3

�
(3.80)

z� 3 =
1
2

�
ze3 � 3zd3

�
:

Two di�erent cases can be analyzed, depending whetherzd3 and ze3 have same or opposite
signs:

ˆ zd3 > 0; ze3 > 0 and zd3 < 0; ze3 < 0: we have

�Cqq = �

 p
� �Cdd �

p
� �Cee

4

! 2

�Cuu = �

 p
� �Cdd +

p
� �Cee

2

! 2

�C`` = �
9
16

� p
� �Cdd �

p
� �Cee

� 2
(3.81)

�C�� = �

 p
� �Cee � 3

p
� �Cdd

2

! 2

;

ˆ zd3 < 0, ze3 > 0, and zd3 > 0, ze3 < 0: we have

�Cqq = �

 p
� �Cdd +

p
� �Cee

4

! 2

�Cuu = �

 p
� �Cdd �

p
� �Cee

2

! 2

�C`` = �
9
16

� p
� �Cdd +

p
� �Cee

� 2
(3.82)

�C�� = �

 p
� �Cee + 3

p
� �Cdd

2

! 2

:

Correlations among the four coe�cients are obtained varying �Cdd and �Cee, as shown in
Fig.  3.2 .
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B. Z 0 only coupled to left-handed fermions

The possibility that Z 0 only couples to fermions of a given chirality has been considered, e.g.,
in [  75 ]. If Z 0 only couples to left-handed fermions the nonvanishing coe�cients are

�
C' 

�
i
for

 = f qi ; ` i g, hence 6 parameters. The number of constraints is reduced to4 since Eqs. ( 3.65 )
and ( 3.66 ) are redundant. The linear equations ( 3.64 ) and (  3.67 ) provide the relations

~C'q = ~C'` = 0 : (3.83)

The quadratic and cubic ACE provide further relations, hence the number of independent
coe�cients is 2. Varying [C'` ]3 and [C'q ]3, correlations are obtained among the remaining
coe�cients. They are shown in Fig.  3.3 .

Also in this case the ACE can be exploited to derive correlations among [C  ], choosing
[C`` ]3 3 ; [Cqq]3 3 as independent coe�cients, for same-sign or opposite-signz`3 and zq3 . The
correlations between the remaining coe�cients [C`` ]3 3 and [Cqq]3 3 are shown in Fig.  3.4 .

C. Z 0 only coupled to right-handed fermions

If Z 0 only couples to right-handed fermions, the nonvanishing coe�cients are
�
C' 

�
i

for
 = f ui ; di ; ei ; � i g, hence 12 parameters. The number of constraints is reduced to 5 since
Eq. ( 3.65 ) is automatically satis�ed. Eqs. ( 3.64 ), (  3.66 ) and (  3.67 ) provide the relations

~C'u = � ~C'd = � ~C'e = ~C'� : (3.84)

The quadratic and cubic ACE give further relations, so that the number of independent
coe�cients is 7.

D. Leptophobic Z 0

If Z 0 only couples to quarks, the nonvanishing coe�cients are
�
C' 

�
i

for  = f qi ; ui ; di g,
therefore 9 parameters. The number of constraints is 5, since Eq. ( 3.67 ) is automatically
veri�ed. The other linear equations provide the relations

~C'q = ~C'u = ~C'd = 0 ; (3.85)

while the quadratic and cubic ACE read

~C(2)
'q � 2 ~C(2)

'u + ~C(2)
'd = 0 (3.86)

2 ~C(3)
'q � ~C(3)

'u � ~C(3)
'd = 0 : (3.87)

Consequently, there are 4 independent coe�cients.

E. Hadrophobic Z 0

The situation is specular to the leptophobicZ 0. The expressions of the ACE are

~C'` = ~C'� = ~C'e = 0

� ~C(2)
'` + ~C(2)

'e = 0 (3.88)

2 ~C(3)
'` � ~C(3)

'� � ~C(3)
'e = 0 :

The number of independent coe�cients is 4.
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For such models the experimental bounds are weaker than in previous cases, and allow a
relatively light Z 0. Moreover,Z 0 can contribute to lepton-
avour violating decays and to the
lepton anomalous magnetic moments [ 76 {  83 ], an issue of great interest at present [ 84 ,  85 ].
Models gaugingLa � Lb (a; bbeing the lepton 
avours) belong to this class, namely models
gaugingL � � L � [ 86 {  91 ].

As an example of a hadrophobic model, we can also consider theZ 0 only coupled to right-
handed neutrinos, a scenario belonging to the class ofneutrinophilic NP models [ 92 {  94 ]. As
for the ACE, setting all z-hypercharges to 0 but for right-handed neutrinos, we have that
Eq. ( 3.88 ) is satis�ed only if at least one of the three right-handed neutrinos is sterile under
U(1)0. Choosingz� 3 = 0, the ACE imply [ C'� ]3 = 0 and [C'� ]1 = � [C'� ]2.

F. ABCD model [  63  ]

A model with a heavy gauge bosonZ 0 with 
avour nonuniversal quark and lepton couplings
has been considered in [ 63 ]. The assignment of thez-hypercharge to a generic fermion
 i = f qi ; ui ; di ; ` i ; � i ; ei g (i a generation index) is

z i = y + � i : (3.89)

y denote the generation universal SM hypercharges,� i are parameters generation depen-
dent, but universal within a given generation. This construction produces quark-lepton
correlations. As shown in [ 63 ], all ACE are satis�ed provided

3X

i =1

� i = 0 : (3.90)

The assignment implies the relation

~C' = 3
�

�
g2

Z C'D

2M 2
Z 0

� 1=2

y : (3.91)

For right-handed neutrinos one has~C'� = 0 since y� = 0. Nontrivial relations among the
SMEFT coe�cients are predicted:

� 6
~C'q

~C'e
= �

3
2

~C'u

~C'e
= 3

~C'd

~C'e
= 2

~C'`

~C'e
: (3.92)

3.7 Summary

The possibility of gaining information on possible extensions of the SM, in a bottom-up ap-
proach, is largely based on the SM e�ective �eld theory framework. It is important to obtain
the widest information from the phenomenological analysisof the coe�cients of the operators
in the e�ective �eld theory Lagrangian. We have discussed the set of constraints and relations
among the coe�cients of thed = 6 operators if the SM extension includes a non-anomalous
U(1)0. In particular, we have investigated how the anomaly cancellation equations, involving
the z-hypercharges, can be translated into constraints for the� SMEFT Wilson coe�cients.
Such constraints become more stringent if particular features are assumed for theZ 0 cou-
plings to fermions. We have discussed examples on how the constraints can be exploited,
and which correlations among the coe�cients emerge. Correlations among di�erent coe�-
cients imply relations among di�erent physical processes,which can be searched and tested
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in experiment. Such processes could also involve neutrinos, which motivates our choice of
considering the� SMEFT formulation. The correlations could also be included inglobal �t
analyses using the data already available, or that will be collected in the near future. This
provides us with a way for accessing the long-sighted extension of the Standard Model.



3.7. Summary 57

Figure 3.3: Z 0 only coupled to left-handed fermions: Correlation among nonvanishing coe�cients,
varying [C'` ]3 and [C'q ]3 in the range [� 1; 1].
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Figure 3.4: Z 0 coupled only to left-handed fermions: Correlations among coe�cients, varying
[C`` ]3 3 and [Cqq]3 3 in the range [� 1; 0]. The color code is the same as in Fig. 3.2 .



Chapter 4

Searching for NP: B ! D � ` � ` angular
analysis

4.1 Introduction and framework

In the previous chapter we have shown� SMEFT approach to search for hints of new physics.
We now move to lower scales, theb mass scale, for which we employ the LEFT e�ective �eld
theory previously introduced. At this scale we can probe signals of physics beyond the SM,
through the anomalies emerged in the 
avour sector [ 95 ,  96 ]. In particular, in addition to
processes suppressed at tree-level in SM, which are highly sensitive to virtual contribution
of heavy quanta [ 97 ], we have mentioned charged current processes that are under scrutiny

after the emergence of the anomalies in the ratiosR(D (� )) =
B(B ! D (� ) � � � )
B(B ! D (� )` � ` )

(` = e; � ) in

BaBar Collaboration [ 98 ] and subsequent analyses [ 14 {  16 ,  18 ,  99 {  101 ] (see [ 10 ,  95 ] for averages
and review). The possibility of relating such anomalies to the tensions for the di�erent
determinations ofjVcbj makes the investigation of such processes even more intriguing [ 102 ].

The angular coe�cient functions in the fully di�erential �B (p) ! D (� )(p0; � )(D� )`(k1)�� ` (k2)
decay distribution are suitable observables to look for thee�ects of new physics (NP)
[ 103 {  107 ]. The Belle Collaboration has recently reported the measurement of the complete

set of such functions in four bins of the hadronic recoil parameter w =
m2

B + m2
D � � q2

2mB mD �
,

with q = p � p0 [ 108 ]. This chapter is based on the work in [ 109 ], where the role of NP
in this process is considered using theoretical expressions that can be applied also to other
modes [ 110 ,  111 ]. We make use of the Standard Model E�ective Field Theory (SMEFT) as a
model-independent framework to analyze NP contributions tobeauty hadron decays [ 32 ,  40 ].
In the SMEFT framework semileptonic decays can be described by generalized Hamiltonian
that extends the SM one with new operators. AtO(1=� 2), where Lambda is the new physics
scale, these are dimension-six operators. Among these, those relevant for the present study
are four fermion operators.

To describe the modes�B ! V `� �� ` , with V a meson comprising an up-type quarkU, we
consider the generalized e�ective Hamiltonian

H b! U`�
e� =

GFp
2

VUb �
n

(1 + � `
V )

� �U
 � (1 � 
 5)b
� � �̀
 � (1 � 
 5)� `

�

+ � `
R

� �U
 � (1 + 
 5)b
� � �̀
 � (1 � 
 5)� `

�
+ � `

S

� �Ub
� � �̀ (1 � 
 5)� `

�
(4.1)

+ � `
P

� �U
 5b
� � �̀ (1 � 
 5)� `

�
+ � `

T

� �U� �� (1 � 
 5)b
� � �̀� �� (1 � 
 5)� `

� o
+ h:c: ;

59
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GF is the Fermi constant andVUb an element of the Cabibbo-Kobayashi-Maskawa (CKM)
mixing matrix. OSM = 4( �UL 
 � bL )

� �̀
L 
 � � `L

�
is the SM operator. The Hamiltonian Eq. ( 4.1 )

also comprises the operatorOR = 4(�cR 
 � bR)
� �̀

L 
 � � `L
�
, the scalarOS = (�cb)

� �̀ (1 � 
 5)� `
�
,

pseudoscalarOP = (�c
 5b)
� �̀ (1 � 
 5)� `

�
and tensor OT = (�c� �� (1 � 
 5)b)

� �̀� �� (1 � 
 5)� `
�

operators. The Wilson coe�cients � `
V;R;S;P;T are complex and lepton-
avour dependent, in

general. Eq. ( 4.1 ) reduces to the SM for� `
i = 0.  

1
 The Hamiltonian Eq. ( 4.1 ) has been

considered in connection with the anomalies inB ! D (� ) � � � vs B ! D (� )`� ` decays, obtain-
ing information on the various operators and bounding the parameter space of the Wilson
coe�cients [  102 ,  103 ,  105 ,  114 {  118 ]. Exclusive B semileptonic modes induced by theb ! u
transition and inclusive b� baryon modes have been studied analogously [ 110 ,  119 ]. The
scalar operator does not contribute ifV is a vector meson, asD � in the present case.

Figure 4.1: Kinematics of �B ! D � (D� )` � �� ` .

We choose the kinematics indicated in Fig. 4.1 : � V is the angle between theD meson
and the direction opposite to the �B in the D � rest frame; � ` the angle between the charged
lepton and the �B in the virtual W rest frame and� the angle between the decay planes
identi�ed by the directions of the lepton pair on one hand andthe (D; � ) pair on the other
in the �B rest frame. Using such variables the fully di�erential decaywidth reads:

d4�( �B ! V(P1P2)` � �� ` )
dq2 dcos� d� d cos� V

= Cj~pV j
�

1 �
m2

`

q2

� 2

�
n

I 1s sin2 � V + I 1c cos2 � V

+
�
I 2s sin2 � V + I 2c cos2 � V

�
cos 2� + I 3 sin2 � V sin2 � cos 2�

+ I 4 sin 2� V sin 2� cos� + I 5 sin 2� V sin� cos� (4.2)

+
�
I 6s sin2 � V + I 6c cos2 � V

�
cos� + I 7 sin 2� V sin� sin�

+ I 8 sin 2� V sin 2� sin� + I 9 sin2 � V sin2 � sin 2�
o

;

1The operator OR is included in the set of dimension 6 operators with left-handed neutrinos. In the
Standard Model E�ective Field Theory the only dimension-6 operator with right-handed quark current is
nonlinear in the Higgs �eld [  40 ,  112 ,  113 ].
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with C =
3G2

F jVUbj2B(V ! P1P2)
128(2� )4m2

B
and ~pV the three-momentum of theV meson (hereD � ) in

the B meson rest-frame. The angular coe�cient functionsI i in (  4.2 ) depend on the couplings
� `

V;R;P;T , on q2 (or w) and on the hadronic form factors:

I i = j1 + � V j2 I SM
i + j� R j2I NP;R

i + j� P j2I NP;P
i + j� T j2I NP;T

i + 2 Re [� R(1 + � �
V )] I INT;R

i

+ 2 Re [� P (1 + � �
V )] I INT;P

i + 2 Re [� T (1 + � �
V )] I INT;T

i + 2 Re [� R � �
T ] I INT;RT

i (4.3)

+ 2 Re [� P � �
T ] I INT;P T

i + 2 Re [� P � �
R ] I INT;P R

i

for i = 1; : : : 6,

I 7 = 2 Im [ � R(1 + � �
V )] I INT;R

7 + 2 Im [ � P (1 + � �
V )] I INT;P

7 + 2 Im [ � T (1 + � �
V )] I INT;T

7

+ 2 Im [ � R � �
T ] I INT;RT

7 + 2 Im [ � P � �
T ] I INT;P T

7 + 2 Im [ � P � �
R ] I INT;P R

7 ;
(4.4)

and for i = 8; 9
I i = 2 Im [ � R(1 + � �

V )] I INT;R
i : (4.5)

In SM such functions are expressed in terms of helicity amplitudes:

H0 =
1

2mV (mB + mV )
p

q2

�
(mB + mV )2(m2

B � m2
V � q2)A1(q2) � � (m2

B ; m2
V ; q2)A2(q2)

�

H � =
(mB + mV )2A1(q2) �

p
� (m2

B ; m2
V ; q2)V(q2)

mB + mV
(4.6)

H t = �

p
� (m2

B ; m2
V ; q2)

p
q2

A0(q2);

with the form factors de�ned in the appendix  A.1 . For NP operators the amplitudes are also
introduced:

H NP
� =

1
p

q2

n
q2(T1(q2) � T2(q2)) +

�
m2

B � m2
V �

q
� (m2

B ; m2
V ; q2)

�
(T1(q2) + T2(q2))

o

H NP
L = 4

n � (m2
B ; m2

V ; q2)
mV (mB + mV )2

T0(q2) + 2
m2

B + m2
V � q2

mV
T1(q2) + 4 mV T2(q2)

o
:

(4.7)
The form factors Ti are also de�ned in appendix A.1 . The expressions of all coe�cient
functions I i are in the appendix  A.2 .

4.2 Constraints on NP couplings from Belle measure-
ment

The comparison of the Belle measurement [ 108 ] to the theoretical expressions in the previous
section allows us to constrain the couplings in the generalized Hamiltonian ( 4.1 ). Before
presenting the analysis, we point out that i) the coe�cient functions de�ned in the previous
section are related to the coe�cient functions in [ 108 ], denoted asJi , through jI i j = jJi =Fj,

with F =
3j~pD � j
210m5

B
; ii) the angle � ` in [  108 ] corresponds to� ` ! � � � in our notation, therefore
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Figure 4.2: NP couplings � �
V ; � �

R ; � �
P ; � �

T obtained from the Belle measurement of the angular
coe�cient functions of �B ! D � (D� )� � �� � . The light region corresponds to requiring that the
theoretical results agree with the experimental data at 2.5� . The dark region corresponds to the
values obtained minimizing the reduced� 2.

we haveI i = � Ji =F for i = 4; 6s; 6c; 8, and I i = Ji =F for all the other coe�cients; iii) the
Belle Collaboration provides the angular coe�cient functions in four bins � w(a) of w, de�ning
�J a
i =

R
� w( a ) Ji (w)dw and Ĵi = Ji =N , where N = 8

9 �
P 4

a=1

�
3 �J a

1c + 6 �J a
1s � �J a

2c � 2 �J a
2s

�
. The

factor N corresponds, modulo a constant, to the integrated width.
To get information on the e�ective couplings we proceed as follows. From Fig. 1 of [ 108 ] we

obtain the values of the coe�cientsĴi in the four bins � w(1) = [1; 1:15], � w(2) = [1:15; 1:25],
� w(3) = [1:25; 1:35], � w(4) = [1:35; 1:5] (for such an information the Collaboration has not
provided in [ 108 ] the table of numerical results and the error covariance matrix). Next, we
consider the products (̂J a

i )exp
int = Ĵi � (� w)a. Using the results in appendix A.2 and �xing

the parameter N = 0:146 to reproduce the measured branching ratio quoted in [ 30 ], we
calculate the expressions of the integrals of the coe�cientfunctions in each bin ofw, (Ĵ a

i )th
int .

The w dependence of the hadronic form factors is needed to performthe integrals: we use
the CLN parametrization [ 120 ] with the parameters obtained in [ 121 ]. The details on the
reconstruction of the form factors and on the choice of the parameters can be found in [ 103 ].

We require that (Ĵ a
i )th

int 2 [(Ĵ a
i )exp

int � k � a
i ; (Ĵ a

i )exp
int + k � a

i ], with k a number of standard
deviations to be �xed; � a

i is the error of the Belle result for eachĴ a
i multiplied by the

corresponding bin width. We have a total of 48 constraints, i.e. the integrals over 4 bins
for 12 angular coe�cients. Since the data refer to the muon channel, we determine the
set (� �

V ; � �
R ; � �

P ; � �
T ) (set 1) that can simultaneously satisfy all constraints, within the inital

rangesj� �
i j � 0:5 for i = V; R; P ; T. We �nd that the smallest value of k for which all

constraints are ful�lled is k = 2:5. For this set of parameters we compute the function

� 2
red =

1
Ndof

X

i; a

�
(Ĵ a

i )th
int � (Ĵ a

i )exp
int

� 2
=(� a

i )2, with Ndof = 40, i = 1s; :::9 and a = 1; :::4. The

values of this function lie in the range [1:8; 2:6] and we select those points that satisfy� 2
red �

1:875 (set 2). This choice is sensible since the probability to�nd � 2
red > 1:875 in the case of 40
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degrees of freedom is 0:07%. For comparison, the SM case (i.e.� V = � R = � P = � T = 0 and
Ndof = 48) corresponds to� 2

red = 2. The results are in Fig.  4.2 : the light region corresponds
to the parameters in set 1, while the dark region to the parameters in set 2. The agreement
with data can be appreciated from Fig. 4.3 which includes the Belle points together with
the angular coe�cient functions obtained using the determined � couplings. The remarkable
result is that, while the SM point with all new couplings equal to zero is allowed, it does
not belong to the region of minimum� 2, and there is the possibility of values di�erent from
zero in � �

T . This observation will be strengthened when the table of measurements and the
error covariance matrix will be available.

Other observables are sensitive to the e�ects of the new operators in ( 4.1 ). In particular,
an interesting observable is the ratio

R21s(w) =
Ĵ2s(w)

Ĵ1s(w)
: (4.8)

Figure 4.3: Angular coe�cient functions in Eq. (  4.2 ) for �B ! D � (D� )� � �� � . The shaded regions
correspond to the results obtained using the determined� couplings, the points are the Belle
measurements [ 108 ].

Indeed, as obtained using the expressions in appendix A.2 , the angular coe�cient func-
tions I 1s; 2s, henceĴ1s; 2s, do not depend on� P . For vanishing � T their ratio would be inde-
pendent of the form factors and insensitive to� V ; � R . Therefore, the ratio ( 4.8 ) might signal
that the coe�cient of the tensor operator is non zero. This isdisplayed in Fig.  4.4 which
shows that for non-vanishing� T the ratio can have a zero forw0 in the range [1:44; 1:5] in
the muon channel.
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Figure 4.4: Ratio R21s in Eq. (  4.8 ) for � �
T = 0 (dashed line) and varying � �

T in the range displayed
in Fig.  4.2 (shaded region).

Figure 4.5: j� �
T j as a function of the position of the zero of the ratio Ĵ2s (blue curve) and Ĵ2c

(magenta curve) for � �
V = � �

R = 0.

The structure of the angular coe�cients provides insights on the possibility that � T is
the only non vanishing new coupling. In particular, for� V = � R = 0 one �nds that both
Ĵ2s and Ĵ2c might have a zero. This is depicted in Fig. 4.5 . This �gure shows that if
j� T j < 0:25 Ĵ2s should have a zero whileĴ2c should not, and viceversa. They cannot have
a zero simultaneously. Although the Belle data are not precise enough to draw de�nite
conclusions, they seem to exclude the presence of a zero inĴ2c and are compatible with the
presence of a zero of̂J2s in the last bin of w. Other angular coe�cient functions provide us
with further information. If the only non-vanishing NP coupling is � T , Ĵ6c would display a
zero at a value given by the relation

p
q2H NP

L (q2)Re[� T ] � 4m`H0(q2) = 0 : (4.9)

The position w0 of the zero ofĴ6c would �x Re[ � T ]. This is shown in Fig.  4.6 , where the
continuous curve corresponds to the relation ( 4.9 ), while the gray band is the range ofw
where the zero ofĴ6c should be found according to the Belle measurement. This corresponds
to small values of Re[� �

T ], consistent with the results forĴ2s and Ĵ2c.
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Figure 4.6: Re[� �
T ] as a function of the position of the zero ofĴ6c for � �

V = � �
R = � �

P = 0, obtained
from Eq. (  4.9 ).

4.3 Results

The measurement of the full set of angular coe�cient functions in �B ! D � (D� )� �� � con-
strains the set of NP coe�cients in the generalized low energyHamiltonian. In particular,
the possibility that some NP coe�cients are di�erent from zero emerges as a �rst evidence
on the basis of the information available in [ 108 ]. It will be possible to corroborate this
indication using the experimental table of measurements together with the covariance error
matrix.



Chapter 5

Bc ! J=	 ( � c) ` � ` and the 
avour
anomalies

5.1 Relevance of Bc decays

In Ch.  1 we have described a number of discrepancies observed in the comparison between
theoretical predictions and experiments in the 
avour sector, the so called 
avour anomalies.
Some of them appear in charged current processes, for example the ratio R(D (� )) discussed
in Sec.  1.4.1 . Related deviations should be found inBs, Bc and b-baryon decay modes,
both exclusive and inclusive [ 102 ,  119 ]. All these processes are a�ected by hadronic uncer-
tainties in di�erent ways, therefore it is necessary to analyze each mode separately. Indeed,
the hadronic uncertainty impacting the description of several weak processes represents a
signi�cant limitation for the predictions of the SM. This th eoretical error must be reduced
or at least controlled, especially considering the ongoingand planned high-precision mea-
surements. Additionally, error assessment is a crucial preliminary step before interpreting
deviations of experimental results from SM expectations. At a time when the search for
phenomena beyond the Standard Model (BSM) through direct production of new particles
at colliders has not produced compelling evidence, the focus shifts to precision analysis of
virtual e�ects distorting SM predictions and improved measurements of fundamental param-
eters.

This chapter is based on [ 122 ] which is devoted to the study of exclusive semileptonic
b ! c`� decays of theBc meson, in particular Bc ! J= ` �� ` and Bc ! � c` �� ` which are
under experimental scrutiny [ 123 ]. The BSM e�ects on this process can be analyzed using
the low-energy Hamiltonian generalizing the Standard Modelone including the full set of
dimension-6 operators, that has been introduced in the previous chapter and already used
for other modes [ 102 ,  103 ,  105 ,  114 {  118 ,  124 ]. The hadronic uncertainty is introduced by the
matrix elements of the various operators in the e�ective Hamiltonian, parametrized in terms
of form factors. This particular processes involve mesons each one comprising of two heavy
quarks, strengthening the interest inBc, a meson with quarkonium structure and only weak
decays.

The form factors for the Bc ! J= matrix elements of SM operators have been com-
puted in the full kinematical range of dilepton invariant mass q2 by lattice nonrelativis-
tic QCD, by the HPQCD Collaboration [ 125 ]. Other QCD-based computations are based
on QCD sum rules in the lowq2 range [ 126 ,  127 ]. In the same kinematical range, using
standard NRQCD methods thehJ= j�c� i bjBci matrix elements are expressed in the form
hJ= j�c� i bjBci '  B c (0) J= (0)Ti , where  B c (0);  J= (0) are the meson wave functions at
the origin, while Ti are the hard-scattering kernels, that can be computed perturbatively and

66
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describes spectator interaction corrections and vertex corrections to factorization [ 128 {  132 ].
Perturbative QCD calculations use an analogous principle [ 133 {  136 ]. Light-Cone sum rules
have been applied for allq2 [ 137 ]. Di�erent theoretical uncertainties a�ect the several ap-
proaches discussed. One of the advantages of model independent computations using e�ective
�eld theory (EFT) is the possibility to systematically quant ify and improve the uncertainty.
This is not an easy task for the determinations based on quarkmodels. In fact, beyond
the variation of the input parameters, the uncertainty attached to the model can hardly be
quanti�ed [  138 ,  139 ].

The semileptonicBc form factors can be expressed through universal functions in speci�c
kinematical regions, based on the heavy quark spin symmetryapplicable to large heavy
quark masses [ 140 ]. This approach has inspired numerous phenomenological studies ofBc

decays [ 111 ,  141 ,  142 ]. These relations to the universal functions were initially provided
at the leading order in the heavy quark mass expansion. Here, we extend the analysis
to the next-to-leading order, establishing relations among the form factors and a set of
universal functions derived from heavy quark spin symmetryand the power counting rules
of nonrelativistic QCD (NRQCD). This systematic expansion serves two purposes: it allows
for testing form factors obtained by di�erent methods, providing a quantitative assessment
of their theoretical uncertainty, and it o�ers insights into form factors that have yet to be
computed, which are crucial for analyses based on the generalized low-energy Hamiltonian.
For this, available lattice QCD results can be used as input data.

We will use the power counting of NRQCD, the e�ective QCD theory relevant for mesons
consisting of two heavy quarks [ 143 ,  144 ]. A classi�cation of NRQCD operators can be found
in [  145 ]. Using this e�ective theory and the potential-NRQCD (pNRQCD) e�ective theory
formulated at a lower scale, key QCD parameters such as the beauty and charm quark masses
and the coupling constant� s have been precisely determined [ 146 ]. Precise determinations
of the Bc mass [ 147 ,  148 ] and lifetime have also been achieved [ 149 ,  150 ]. Here, we concentrate
on semileptonic form factors based on a systematic expansion.

The chapter is organized as follows. In Section 5.2 , we introduce theb ! c`� generalized
low-energy Hamiltonian in terms ofD = 6 operators. In Section 5.3 , we outline the formalism
of the NRQCD expansion. In Section 5.4 , we de�ne the universal functions. Finally, in
Section  5.5 , we present a set of numerical results.

5.2 Generalized b ! c semileptonic e�ective Hamilto-
nian and Bc ! J= ; � c form factors

The low-energy Hamiltonian comprising the full set ofD = 6 semileptonic b ! c operators
with left-handed neutrinos is recovered from Eq. ( 4.1 ), selectingU = c as the up-type quark:

H b! c` ��
e� =

GFp
2

Vcb

h
(1 + � `

V ) (�c
 � (1 � 
 5)b)
� �̀
 � (1 � 
 5)� `

�
+ � `

R (�c
 � (1 + 
 5)b)
� �̀
 � (1 � 
 5)� `

�

+ � `
S (�cb)

� �̀ (1 � 
 5)� `
�

+ � `
P (�c
 5b)

� �̀ (1 � 
 5)� `
�

+ � `
T (�c� �� (1 � 
 5)b)

� �̀� �� (1 � 
 5)� `
� i

:

(5.1)

The Bc and J= ; � c matrix elements of the operators in Eq. ( 5.1 ) require hadronic form
factors, for which di�erent parametrizations can be used. The Bc ! � c matrix elements of
the vector �Q0
 � Q, scalar �Q0Q, tensor �Q0� �� Q and �Q0� �� 
 5Q currents can be written in terms
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of form factors f i as

hP(p0)j �Q0
 � QjBc(p)i = f B c ! P
+ (q2)

�
p� + p0

� �
m2

B c
� m2

P

q2
q�

�
+ f B c ! P

0 (q2)
m2

B c
� m2

P

q2
q� ;

hP(p0)j �Q0QjBc(p)i = f B c ! P
S (q2) ;

hP(p0)j �Q0� �� QjBc(p)i = � i
2f B c ! P

T (q2)
mB c + mP

�
p� p0

� � p� p0
�

�
; (5.2)

hP(p0)j �Q0� �� 
 5QjBc(p)i = �
2f B c ! P

T (q2)
mB c + mP

� ���� p� p0� ;

where P = � c, q = p � p0 is the momentum transfer to the lepton pair, and the condition
f B c ! P

+ (0) = f B c ! P
0 (0) holds. We use� 0123 = +1 and the relation � �� 
 5 = i

2 � ���� � �� . f B c ! P
S

is related to f B c ! P
0 : f B c ! P

S (q2) =
m2

B c
� m2

P

mQ � mQ0
f B c ! P

0 (q2) with quark massesmQ and mQ0.

The Bc ! J= matrix elements can be parametrized as

hV(p0; � )j �Q0
 � QjBc(p)i = �
2V B c ! V (q2)
mB c + mV

i� ���� � � � p� p0� ;

hV(p0; � )j �Q0
 � 
 5QjBc(p)i = ( mB c + mV )
�

� �
� �

(� � � q)
q2

q�

�
AB c ! V

1 (q2)

�
(� � � q)

mB c + mV

�
(p + p0)� �

m2
B c

� m2
V

q2
q�

�
AB c ! V

2 (q2)

+ ( � � � q)
2mV

q2
q� AB c ! V

0 (q2);

hV(p0; � )j �Q0
 5QjBc(p)i = �
2mV

mQ + mQ0
(� � � q)AB c ! V

0 (q2); (5.3)

hV(p0; � )j �Q0� �� QjBc(p)i = TB c ! V
0 (q2)

� � � q
(mB c + mV )2

� ���� p� p0�

+ TB c ! V
1 (q2)� ���� p� � � � + TB c ! V

2 (q2)� ���� p0� � � � ;

hV(p0; � )j �Q0� �� 
 5QjBc(p)i = i T B c ! V
0 (q2)

� � � q
(mB c + mV )2

(p� p0
� � p� p0

� )

+ i T B c ! V
1 (q2)(p� � �

� � � �
� p� ) + i T B c ! V

2 (q2)(p0
� � �

� � � �
� p0

� );

with V = J= and � the J= polarization vector. The following condition holds:

AB c ! V
0 (0) =

mB c + mV

2mV
AB c ! V

1 (0) �
mB c � mV

2mV
AB c ! V

2 (0): (5.4)

The results forV and A1;2;0 computed in [ 125 ] will be exploited in our numerical analysis.
In our study it is convenient to use a di�erent basis of form factors de�ned in Appendix
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 B.1 . For Bc ! � c the relations between the two basis are:

m2
B c

� m2
P

q2

�
f 0(q2) � f + (q2)

�
=

1
2
p

mB c mP

�
(mB c + mP )h� (w) � (mB c � mP )h+ (w)

�

f + (q2) =
1

2
p

mB c mP

�
(mB c + mP )h+ (w) � (mB c � mP )h� (w)

�

f T (q2) = �
mB c + mP
p

mB c mP
hT (w) ; (5.5)

wherev =
p

mB c

, v0 =
p0

mP
and w = v � v0, henceq2 = m2

B c
+ m2

P � 2mB c mP w. For Bc ! J= 

the relations are:

V(q2) =
mB c + mV

2
p

mB mV
hV (w)

A1(q2) =
p

mB c mV
w + 1

mB c + mV
hA 1 (w)

A2(q2) =
mB c + mV

2
p

mB c mV

�
hA 3 (w) +

mV

mB
hA 2 (w)

�

A0(q2) =
1

2
p

mB c mV

�
mB c (w + 1) hA 1 (w) � (mB c � mV w)hA 2 (w) � (mB c w � mV )hA 3 (w)

�

T0(q2) = �
(mB c + mV )2

mB c

p
mB c mV

hT3 (w) (5.6)

T1(q2) =
mV

p
mB c mV

�
hT1 (w) + hT2 (w)

�

T2(q2) =
mB cp

mB c mV

�
hT1 (w) � hT2 (w)

�
;

with q2 = m2
B c

+ m2
V � 2mB c mV w. The form factorshi can be related to a set of universal

functions in a kinematical range close tow = 1. For hadrons comprising a single heavy
quark, this has been done in [ 151 {  153 ]. The modi�cations for the heavy quarkonium are
discussed in the next sections.

5.3 Expansion of the heavy quark �eld and the QCD
Lagrangian

To construct the heavy quark expansion, the heavy quark QCD �eld Q(x) with mass mQ is
written factorizing a fast oscillation mass term:

Q(x) = e� i m Q v�x  (x) = e� i m Q v�x
�

 + (x) +  � (x)
�

(5.7)

with  � = P�  (x) and P� =
1 � =v

2
.  + is the positive energy component of the �eld (we use

the notation adopted in [ 149 ]). v is identi�ed with the heavy meson (quarkonium) 4-velocity
with v2 = 1. The equation of motion allows us to relate � to  + ,

 � (x) =
1

2mQ + iv � D
i =D ?  + (x) (5.8)
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where D? � = D � � (v � D)v� . In the rest frame v = (1 ; 0; 0; 0) we havev � D = D t and
D? � = (0 ; D i ).

Using ( 5.7 ) and (  5.8 ) Q(x) can be expressed in terms of + (x),

Q(x) = e� i m Q v�x
�

1 +
1

2mQ + iv � D
i =D ?

�
 + (x); (5.9)

a nonlocal expression which can be expanded:

Q(x) = e� i m Q v�x

�
1 +

i =D ?

2mQ
+

(� iv � D)
2mQ

i =D ?

2mQ
+ : : :

�
 + (x): (5.10)

The power counting of the various operators is set within NRQCD: D t � ~v2, D? � ~v
and  + � ~v3=2, where ~v = j~~vj � 1 is the relative heavy quark 3-velocity in the hadron
rest frame [ 144 ]. Therefore, the second term in Eq. ( 5.10 ) is O(~v � ~v3=2), the third one is
O(~v3 � ~v3=2). From now on, the power ~v3=2 for each quark �eld will be omitted in the power
counting of the operators.

The QCD Lagrangian expressed in terms of +

L QCD = � + (x)
�

iv � D + i =D ?
1

2mQ + iv � D
i =D ?

�
 + (x) (5.11)

can be expanded:

L QCD = � + (x)
�

iv � D +
(iD ? )2

2mQ
+

g
4mQ

� � G? +
i =D ?

2mQ

(� iv � D)
2mQ

(i =D ? ) + : : :
�

 + (x)

= L 0 + L 1 + : : : : (5.12)

In this expressionG? �� is G? �� = ( g�� � v� v� )(g�� � v� v� )G�� . In the rest frameG? �� = Gij

for � = i = 1; 2; 3 and � = j = 1; 2; 3, while the other components vanish. The power
counting of the chromoelectric �eld componentsE i = G0i and of the chromomagnetic ones

B i =
1
2

� ijk Gjk is ~v3 and ~v4, respectively [ 143 ].

The �rst and second term in Eq. ( 5.12 ) are O(~v2) and provide the leading order La-
grangian

L 0 = � + (x)
�

iv � D +
(iD ? )2

2mQ

�
 + (x) (5.13)

giving the equation of motion for + (x)
�

iv � D +
(iD ? )2

2mQ

�
 + (x) = 0 : (5.14)

The third and fourth term in Eq. (  5.12 ) are O(~v4) and give the NLO Lagrangian

L 1 = L 1;1 + L 1;2

where

L 1;1 = � + (x)
g� � G?

4mQ
 + (x)

L 1;2 = � + (x)
i =D ?

2mQ

(� iv � D)
2mQ

(i =D ? ) + (x): (5.15)
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Using the equation of motion together with [i =D ? ; iv � D] = ig
 � v� G�� and =D ? =D ? = D 2
? �

1
2g� � G? , L 1;2 can be expressed in the form

L 1;2 = �
1

4m2
Q

 

� + (x)
�

�
(iD ? )4

2mQ

�
 + (x) + � + (x)

g
2

� � G?

�
�

(iD ? )2

2mQ

�
 (x)

+ igv� � + (x)iD �
? G��  + (x) + gv� � + (x)iD ? � � � � G��  + (x)

!

(5.16)

= L (1)
1;2 + L (2)

1;2 + L (3)
1;2 + L (4)

1;2:

L (2)
1;2 is of higher order in the ~v expansion.L 1 can be arranged in the form

L 1 = L A
1 + L B

1 (5.17)

with

L A
1 = L 1;1 + L (4)

1;2 =
1

4mQ

� + (x)A � � � � �  + (x) (5.18)

L B
1 = L (1)

1;2 + L (3)
1;2 =

1
4m2

Q

� + (x)B + (x); (5.19)

where in ( 5.18 ) we have factorized the leading 1=mQ power. To deal with the antiquark, the
QCD �eld Q(x) is written as

Q(x) = ei m Q v�xX (x) = ei m Q v�x
�

X + (x) + X � (x)
�

= ei m Q v�x
�

1 +
1

2mQ � iv � D
i =D ?

�
X � (x);

(5.20)
with X � containing the negative energy component. The QCD Lagrangian written in terms
of X �

L QCD = �X � (x)
�

� iv � D + i =D ?
1

2mQ � iv � D
i =D ?

�
X � (x) (5.21)

is expanded as

L QCD = �X � (x)
�

� iv � D +
(iD ? )2

2mQ
+ : : :

�
X � (x): (5.22)

The above expressions de�ne the e�ective theory in which to work out the meson form
factors.

5.4 Meson form factors in the e�ective theory

To obtain the meson form factors in the e�ective theory, we expand the weak current involv-
ing two heavy quarks �Q0� Q, with � a generic Dirac matrix:

�Q0(x)� Q(x) = � 0
+ (x)

�
1 �

i
 �
=D 0

?

2mQ0
�

1
4m2

Q0

(i
 �
=D 0

? )( iv 0 �
 �
D

0
) + : : :

�

�
�

1 +
i
�!
=D ?

2mQ
+

1
4m2

Q
(� iv �

�!
D )i

�!
=D ? + : : :

�
 + (x) (5.23)
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whereD 0
? � = D � � (v0� D)v0

� . Keeping terms up toO(1=m2
Q), the current can be written as

�Q0(x)� Q(x) = J0 +
� J1;0

2mQ
+

J0;1

2mQ0

�
+

�
�

J2;0

4m2
Q

�
J0;2

4m2
Q0

+
J1;1

4mQmQ0

�
; (5.24)

with Ji terms

J0 = � 0
+ �  +

J1;0 = � 0
+ � i

�!
=D ?  +

J0;1 = � 0
+

�
� i

 �
=D 0

?

�
�  +

J2;0 = � 0
+ �

�
iv �

�!
D

�
i
�!
=D ?  + (5.25)

J0;2 = � 0
+ i

 �
=D 0

?

�
iv 0 �

 �
D

�
�  +

J1;1 = � 0
+

�
� i

 �
=D 0

?

�
�

�
i
�!
=D ?

�
 + :

Considering the power counting in ~v, Eq. ( 5.24 ) comprises terms up toO(~v3). The O(1=m3
Q)

terms involving three derivatives have not been included in(  5.24 ), even though they can be
of the same order in ~v of some terms appearing in the (nonlocal) corrections discussed in the
following: we assume that they provide numerically suppressed e�ects.

We have neglected the perturbative� s corrections. Considering such corrections the
short distance expansion of the current in ( 5.24 ) would contain more operators and a set of
matching coe�cients would appear:

�Q0(x)� Q(x) =
X

i

Ci (�; w )(J0) i +
X

j

�
B j (�; w )

2mb
(J1;0) j +

B 0
j (�; w )

2mc
(J0;1) j

�
+ ::: : (5.26)

The various structures in Eq. ( 5.24 ) can be identi�ed with the �rst terms in each of the
sums in ( 5.26 ). The coe�cients Ci and B (0)

j are perturbatively expanded in� s. Only the
coe�cients of the operators in ( 5.24 ) contribute at leading order in � s, the others start at
O(� s). At leading order in the inverse HQ mass expansion and atO(� s) one �nds for the
various currents:

�Q0Q = � 0
+

�
1 +

� s

�
CS

�
 + + :::

�Q0
 5Q = � 0
+

�
1 +

� s

�
CP

�

 5 + + :::

�Q0
 � Q = � 0
+

��
1 +

� s

�
CV1

�

 � +

� s

�
CV2 v� +

� s

�
CV3 v0

�

�
 + + ::: (5.27)

�Q0
 � 
 5Q = � 0
+

��
1 +

� s

�
CA 1

�

 � +

� s

�
CA 2 v� +

� s

�
CA 3 v0

�

�

 5 + + :::

�Q0� �� Q = � 0
+

��
1 +

� s

�
CT1

�
� �� +

� s

�
CT2 i (v� 
 � � v� 
 � ) +

� s

�
CT3 i (v0� 
 � � v0� 
 � )

�
 + + :::

The coe�cients Ci have been computed in [ 154 {  156 ], the results forB (0)
j for the vector and

axial vector currents are in [ 157 ]. In Sec.  5.5 we comment on the accuracy of using ( 5.24 )
instead of ( 5.26 ).
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The Bc and J= ; � c matrix elements of the various terms in the expansion ( 5.24 ) can be
expressed using the trace formalism [ 36 ]. In this formalism, the lowest-lying S-wave�bcand
�cc bound states are described by 4� 4 matrices [ 140 ]

H c�b(v) =
1 + =v

2
[B � �

c 
 � � Bc
 5]
1 � =v

2
(5.28)

H c�c(v0) =
1+ 6v0

2
[	 � � 
 � � � c
 5]

1� 6v0

2
(5.29)

satisfying the relations=vH (v) = H (v) = � H (v)=v and H (v0)=v0 = H (v0) = � =v0H (v0). B � �
c ; Bc

and 	 � � ; � c annihilate vector and pseudoscalar�bc and �cc mesons of velocityv and v0, re-
spectively. They are normalized to

p
mM with M one of the mesons in the spin doublet.

The trace formalism has been used to write the e�ective Lagrangians governing strong and
radiative heavy quarkonium transitions in the soft-exchange approximation [ 158 {  160 ].

The x-dependence of the matrix elementM 0(x) = hM 0(v0)j � 0
+ (x)�  + (x)jM (v)i can be

obtained exploiting the dependence in the e�ective theory [ 161 ,  162 ]:

jM (x)i = e� i ~� v�x jM (0)i (5.30)

where, for aQ �Q0 meson,
~� = mM � mQ � m �Q0: (5.31)

Eq. ( 5.31 ) means that for the heavy quarkonium under scrutiny the heavy quark binding is
generated by nonperturbative e�ects.Bc and J= ; � c are not considered as purely Coulombic
states. The small binding energy scale~� can display a residual heavy quark mass dependence.
From (  5.30 ) and (  5.31 ) we have

M 0(x) = e� i� �xM 0(0) (5.32)

with � = ~� v � ~� 0v0. For Bc ! J= (� c), the binding energies~� (0) are given by ~� = mB c �
mb � mc and ~� 0 = mJ= (� c ) � 2mc.

Using the trace formalism, we de�ne

hM 0(v0)j � 0
+ �( iv �

�!
D ) + jM (v)i = � � K (w)Tr

� �H 0(v0)� H (v)
�

(5.33)

hM 0(v0)j � 0
+ (� iv 0 �

 �
D )�  + jM (v)i = � � 0

K (w)Tr
� �H 0(v0)� H (v)

�
(5.34)

with w = v � v0. The same formalism allows us to parametrize the matrix elements of the
various terms in ( 5.24 ). The matrix element of J0 is written as

hM 0(v0)jJ0jM (v)i = � �( w)Tr
� �H 0(v0)� H (v)

�
(5.35)

and involves the form factor �( w) obtained in [ 140 ]. The 1=mQ;Q 0 terms involve the functions
� � and �� � ,

hM 0(v0)j � 0
+ � � iD �  + M (v)i = � Tr

�
� � (v; v0) �H 0(v0)� � H (v)

�
(5.36)

hM 0(v0)j � 0
+ (� i

 �
D � )� �  + jM (v)i = � Tr

� �� � (v; v0) �H 0(v0)� � H (v)
�

; (5.37)

which are expressed in general as

� � (v; v0) = � + (w)(v + v0)� + � � (w)(v � v0)� � � 3(w)
 � (5.38)

�� � (v; v0) = �� + (w)(v + v0)� + �� � (w)(v0 � v)� � �� 3(w)
 � : (5.39)
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Exploiting the relation

i@� ( � 0
+ �  + ) = � 0

+ (i
 �
D � )�  + + � 0

+ �( i
�!
D � ) + (5.40)

and using ( 5.32 ), the functions in ( 5.38 )-(  5.39 ) can be connected to � in (  5.35 ):

( ~� � ~� 0w)� = (� + � �� + )(1 + w) + (� � + �� � )(1 � w) + (� 3 � �� 3) (5.41)

( ~� w � ~� 0)� = (� + � �� + )(1 + w) + (� � + �� � )(w � 1) + (� 3 � �� 3) : (5.42)

� i satisfy the equations

� + (1 + w) + � � (1 � w) + � 3 = � K (5.43)

�� + (1 + w) + �� � (1 � w) + �� 3 = � 0
K (5.44)

� 3 = �� 3 (5.45)

obtained using Eqs. ( 5.14 ) and (  5.32 ), with solutions

� + (w) = �
� 3(w)
(1 + w)

+
�( w)

2(1 + w)

�
~� w � ~� 0

�
+

� K (w) + � 0
K (w)

2(1 + w)
(5.46)

�� + (w) = �
� 3(w)
(1 + w)

+
�( w)

2(1 + w)

�
~� 0w � ~�

�
+

� K (w) + � 0
K (w)

2(1 + w)
(5.47)

� � (w) =
�( w)

2(w � 1)

�
~� w � ~� 0

�
�

� K (w) � � 0
K (w)

2(w � 1)
(5.48)

�� � (w) =
�( w)

2(w � 1)

�
~� 0w � ~�

�
+

� K (w) � � 0
K (w)

2(w � 1)
: (5.49)

The functions � � and �� � are �nite at w = 1 if � K (w) and � 0
K (w) are related by the condition

� K (w) � � 0
K (w) =

�
~� � ~� 0

�
�( w) : (5.50)

Solving Eqs. ( 5.41 )-(  5.44 ) after an expansion of the universal functions close tow = 1 we
�nd that Eq. (  5.50 ) holds for w = 1. There is an interesting analogy to the case of heavy-
light mesons, where� K (w) = � 0

K (w) and � K (1) is proportional to the heavy quark kinetic
energy [ 152 ]. If the relation holds for all values ofw, the heavy-light case is recovered for
~� = ~� 0. The condition ( 5.50 ) allows us to obtain:

� + (w) = �
� 3(w)
(w + 1)

+ �( w)
~�
2

(w � 1)
(1 + w)

+
� K (w)
w + 1

(5.51)

�� + (w) = �
� 3(w)
(w + 1)

+ �( w)
~� 0

2
(w � 1)
(1 + w)

+
� 0

K (w)
w + 1

(5.52)

� � (w) =
�( w)

2
~� (5.53)

�� � (w) =
�( w)

2
~� 0 : (5.54)
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The matrix elements of the operators with 1=mQ;Q 0 in (  5.24 ) are expressed in terms of �i :

1
2mQ

hM 0(v0)jJ1;0jM (v)i = �
1

2mQ

�
� Tr

� �H 0(v0)� H (v)
�

�
� 3(w)
1 + w

+
w

1 + w
(� K (w) � �( w) ~�)

�

+ Tr
� �H 0(v0)� =v0H (v)

�
�

�
� 3(w)
1 + w

+
1

1 + w
(� K (w) � �( w) ~�)

�

�
�

 � �H 0(v0)� 
 � H (v)

�
� 3(w)

�
(5.55)

1
2mQ0

hM 0(v0)jJ0;1jM (v)i = �
1

2mQ0

�
� Tr

� �H 0(v0)� H (v)
�

�
� 3(w)
1 + w

+
w

1 + w
(� K (w) � �( w) ~�)

�

+ Tr
� �H 0(v0)=v� H (v)

�
�

�
� 3(w)
1 + w

+
1

1 + w
(� K (w) � �( w) ~�)

�

�
�

 � �H 0(v0)
 � � H (v)

�
� 3(w)

�
: (5.56)

To consider the 1=m2
Q terms we de�ne

hM 0(v0)j � 0
+ (� i

 �
D � )� �� (i

�!
D � ) + jM (v)i = � Tr

�
 �� (v; v0) �H 0(v0)� �� H (v)

�
: (5.57)

The function  �� (v; v0) is written in terms of its symmetric  S and antisymmetric  A parts

 �� =
1
2

[ S
�� +  A

�� ] (5.58)

which can be parametrized as

 S
�� =  S

1 (w)g�� +  S
2 (w)(v + v0)� (v + v0)� +  S

3 (w)(v � v0)� (v � v0)�

+  S
4 (w)

�
(v + v0)� 
 � + ( v + v0)� 
 �

�
+  S

5 (w)
�
(v � v0)� 
 � + ( v � v0)� 
 �

�

+  S
6 (w)

�
(v + v0)� (v � v0)� + ( v + v0)� (v � v0)�

�
(5.59)

 A
�� =  A

1 (w)[v� v0
� � v� v0

� ] +  A
2 (w)

�
(v � v0)� 
 � � (v � v0)� 
 �

�

+  A
3 (w)i� �� +  A

4 (w)
�
(v + v0)� 
 � � (v + v0)� 
 �

�
: (5.60)

The hadronic matrix element ofJ1;1 in (  5.24 ) can be expressed in terms of �� . For J2;0 and
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J0;2 integration by parts is also needed. We obtain:

hM 0(v0)jJ2;0jM (v)i = � ( ~� � w~� 0)

(

� +

�
Tr

� �H 0(v0)� H (v)
�

+ Tr
� �H 0(v0)� =v0H (v)

� �

+ � �

�
Tr

� �H 0(v0)� H (v)
�

� Tr
� �H 0(v0)� =v0H (v)

� �

� � 3Tr
� �H 0(v0)� 
 � H (v)
 �

�
� � K Tr

� �H 0(v0)� H (v)
�

)

�
1
2

�
(1 + w) S

2 � (1 � w) S
3 � 2w S

6 +  A
1 � ( S

4 �  S
5 +  A

2 �  A
4 )

�

�
�

� wTr
� �H 0(v0)� H (v)

�
+ Tr

� �H 0(v0)� =v0H (v)
� �

(5.61)

�
1
2

�
(1 + w)( S

4 +  A
4 ) + (1 � w)( S

5 +  A
2 ) +  A

3

�

�
�

Tr
� �H 0(v0)� H (v)

�
+ Tr

� �H 0(v0)� 
 � H (v)
 �
� �

;

hM 0(v0)jJ0;2jM (v)i = ( ~� w � ~� 0)

(

�� +

�
Tr

� �H 0(v0)� H (v)
�

+ Tr
� �H 0(v0)=v� H (v)

� �

+ �� �

�
Tr

� �H 0(v0)� H (v)
�

� Tr
� �H 0(v0)=v� H (v)

� �

� �� 3Tr
�

 �

�H 0(v0)
 � � H (v)
�

� � 0
K Tr

� �H 0(v0)� H (v)
�

)

�
1
2

�
(1 + w) S

2 � (1 � w) S
3 + 2w S

6 +  A
1 �  S

4 �  S
5 �  A

2 �  A
4

�

�
�

� wTr
� �H 0(v0)� H (v)

�
+ Tr

� �H 0(v0)=v� H (v)
� �

(5.62)

�
1
2

�
(1 + w)( S

4 �  A
4 ) � (1 � w)( S

5 �  A
2 ) +  A

3

�

�
�

Tr
� �H 0(v0)� H (v)

�
+ Tr

�

 �

�H 0(v0)
 � � H (v)
� �

;
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hM 0(v0)jJ1;1jM (v)i = �
1
2

( S
1 �  A

3 )
�

wTr
� �H 0(v0)� H (v)

�
� Tr

� �H 0(v0)=v� H (v)
�

� Tr
� �H 0(v0)� =v0H (v)

�
+ Tr

� �H 0(v0)
 � � 
 � H (v)
� �

�
1
2

( S
2 �  S

3 +  A
1 )

�
w2Tr

� �H 0(v0)� H (v)
�

� w
�
Tr

� �H 0(v0)=v� H (v)
�

+ Tr
� �H 0(v0)� =v0H (v)

� �
+ Tr

� �H 0(v0)=v� =v0H (v)
� �

�
1
2

( S
4 +  A

2 +  S
5 +  A

4 )
�

Tr
� �H 0(v0)(=v � w)� H (v)

�

+ Tr
� �H 0(v0)(=v � w)� 
 � H (v)
 �

� �
(5.63)

�
1
2

( S
4 +  A

2 �  S
5 �  A

4 )
�

Tr
� �H 0(v0)�( =v0 � w)H (v)

�

+ Tr
�

 � �H 0(v0)
 � �( =v0 � w)H (v)

� �

�
1
2

 A
3

�
Tr

� �H 0(v0)� H (v)
�

+ Tr
�

 � �H 0(v0)
 � � 
 � H (v)
 �

�

+ Tr
�

 �

�H 0(v0)
 � � H (v)
�

+ Tr
� �H 0(v0)� 
 � H (v)
 �

� �
:

Using Eqs. ( 5.14 ), (  5.33 ) and (  5.34 ) two relations follow:

2mQ � K = ~� 0( ~�� � � K )(w � 1)

�
1
2

�
3 S

1 + (1 � w2)(  S
2 +  S

3 � 2 S
6 ) + 2( w � 1)( S

4 �  S
5 )

�
(5.64)

2mQ0� 0
K = ~�( ~� 0� � � 0

K )(w � 1)

�
1
2

�
3 S

1 + (1 � w2)(  S
2 +  S

3 + 2 S
6 ) + 2( w � 1)( S

4 +  S
5 )

�
: (5.65)

In addition to the corrections obtained by the expansion of the weak currents, we must
consider the corrections to the states. Using Eqs. ( 5.18 ),(  5.19 ), they can be written as

hM 0(v0)ji
Z

d4x T [J0(0)L 1(x)]jM (v)i = �
1

2m2
Q

� 1(w)Tr
� �H 0(v0)� H (v)

�

�
1

4mQ
Tr

�
� 2�� (w) �H 0(v0)� P+

�
�

i
2

�
� �� H (v)

�
(5.66)

= M 3 + M 4

and, considering the term analogous toL 1 for the antiquark in Eq.(  5.22 ),

hM 0(v0)ji
Z

d4x T [J0(0)L 0
1(x)]jM (v)i = �

1
2m2

Q0

�� 1(w)Tr
� �H 0(v0)� H (v)

�

�
1

4mQ0
Tr

�
�� 2�� (w) �H 0(v0)

�
�

i
2

�
� �� P0

+ � H (v)
�
(5.67)

= M 3 + M 4 :
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We deal with such corrections parametrizing the functions� i , �� i as

� 2�� = � A
2 i� �� + � B

2 (v� 
 � � v� 
 � ) + � C
2 (v0

� 
 � � v0
� 
 � ) (5.68)

�� 2�� = �� A
2 i� �� + �� B

2 (v� 
 � � v� 
 � ) + �� C
2 (v0

� 
 � � v0
� 
 � ): (5.69)

Using =vH (v) = H (v) and �H 0(v0)=v0 = �H 0(v0) one sees that� B
2 and �� C

2 do not contribute to
the matrix elements. Hence,M 4 and M 4 are given by:

M 4 = �
1

4mQ
� A

2 (w) dM Tr
� �H 0(v0)� H (v)

�

�
1

4mQ
� C

2 (w)
h
Tr

� �H 0(v0)� H (v)
�

+ Tr
�

 � �H 0(v0)� P+ =v0
 � H (v)

� i
(5.70)

M 4 = �
1

4mQ0
�� A

2 (w) d0
M Tr

� �H 0(v0)� H (v)
�

+
1

4mQ0
�� B

2 (w)
h
Tr

� �H 0(v0)� H (v)
�

+ Tr
�

 � �H 0(v0)
 � =vP0

+ � H (v)
� i

; (5.71)

with M = P; V and d(0)
P = 3; d(0)

V = � 1.
The above relations can be used to write the various form factors in terms of universal

functions. The resulting expressions are collected in Appendix  B.2 .

5.5 Numerical results

We present a numerical analysis based on the relations in App. B.2 . Since the number of
universal functions increases including the various terms, we shall limit the study neglecting
O(1=m2) terms (with m generically mb; mc). This already produces interesting relations.
For example, the combinations

F1(w) =
� K (w) � �( w) ~�

2
+ � 3(w) (5.72)

F2(w) =
� K (w) � �( w) ~�

2
� � 3(w) (5.73)

K (w) = 3 � A
2 (w) + 2( w � 1)� C

2 (w) (5.74)

�K (w) = 3�� A
2 (w) � 2(w � 1) �� B

2 (w) (5.75)

allow us to simplify the expressions for the form factors andto establish relations among
them. For the Bc ! � c form factors we �nd:

h+ (w) = �( w) +
1

4mb
K (w) +

1
4mc

�K (w)

h� (w) =
�

�
1

mb
+

1
mc

�
F1(w)

hT (w) = �( w) �
�

1
mb

+
1

mc

�
F1(w) +

1
4mb

K (w) +
1

4mc

�K (w) (5.76)

hS(w) = �( w) �
�

1
mb

+
1

mc

�
w � 1
w + 1

F1(w) +
1

4mb
K (w) +

1
4mc

�K (w) :
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For Bc ! J= form factors we obtain:

hV (w) = �( w) +
1

4mb
[� 4F1(w) + K (w)] �

1
4mc

�
�� A

2 (w) + 2( F1(w) + F2(w))
�

hA 1 (w) = �( w) �
1

mb

w � 1
w + 1

F1(w) �
1

2mc

w � 1
w + 1

(F1(w) + F2(w)) +
1

4mb
K (w) �

1
4mc

�� A
2 (w)

hA 2 (w) =
1

mc

�
1

2(1 + w)
(F1(w) + 3 F2(w)) +

1
2

�� B
2 (w)

�

hA 3 (w) = �( w) �
1

mb
F1(w) +

1
4mb

K (w) �
1

2mc(1 + w)

�
wF1(w) + ( w � 2)F2(w)

�

�
1

4mc

�
�� A

2 (w) + 2 �� B
2 (w)

�

hT1 (w) = �( w) +
1

4mb
K (w) �

1
4mc

�� A
2 (w) (5.77)

hT2 (w) = �
1

mb
F1(w) +

1
2mc

(F1(w) + F2(w))

hT3 (w) = �
1

2mc

�
�� B

2 (w) �
1

1 + w
(F1(w) + 3 F2(w))

�

hP (w) = �( w) +
1

4mb
[� 4F1(w) + K (w)] �

1
4mc

�
4F2(w) + �K (w)� 2 �� A

2 (w)
�

:

The lattice results for V(q2) and A1;2;0(q2) [  125 ] are translated into hV (w) and hA 1;2;3 (w) in
Fig.  5.1 . Keeping the leading term in the heavy quark mass expansion leads tohV = hA 1 =
hA 3 = � and hA 2 = 0, relations badly violated by the results obtained by lattice QCD, as
shown in Fig.  5.1 . Therefore, subleading terms must be considered. In this respect, the same
lattice QCD results can be used to predict other form factors, exploiting Eqs. ( 5.76 ) and
(  5.77 ). A number of universal functions can be determined. In particular, we �nd:

� K (w) � �( w) ~�
2

=
mc

2(mb + 3mc)
(1 + w)

�
mbhA 1 (w)

+ mc (hA 2 (w) + hA 3 (w)) � (mb + mc)hV (w)
�

(5.78)

� 3(w) = �
mc

2(mb + 3mc)
(1 + w)

�
� 2mbhA 1 (w)

+ ( mb + mc) (hA 2 (w) + hA 3 (w)) + ( mb � mc)hV (w)
�

(5.79)

�� 2
B (w) = mc (hA 2 (w) � hA 3 (w) + hV (w)) : (5.80)

Such functions are displayed in Fig. 5.2 . In the �gure the relations are applied to the full
kinematical range, a useful extrapolation for comparing with other calculations. This allows
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Figure 5.1: Bc ! J= form factors hV ; hA 1 ; hA 2 and hA 3 obtained using the lattice QCD results
for V; A1; A2; A0.

Figure 5.2: Functions in Eqs. ( 5.78 ), (  5.79 ) and (  5.80 ) extrapolated to the full kinematical range.

us to derive other form factors near the zero recoil point. For Bc ! J= the relations hold:

hT1 (w) =
1
2

�
(1 + w)hA 1 (w) � (w � 1)hV (w)

�
(5.81)

hT2 (w) =
1 + w

2(mb + 3mc)

�
(mb � 3mc)hA 1 (w) + 2 mc(hA 2 (w) + hA 3 (w))

� (mb � mc)hV (w)
�

(5.82)
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Figure 5.3: Tensor Bc ! J= form factors obtained applying Eqs. ( 5.81 ), (  5.82 ), (  5.83 ) and (  5.84 )
in the full kinematical range and using lattice QCD results for V and A1;2;0.

hT3 (w) = hA 3 (w) � hV (w) (5.83)

hP (w) =
1

mb + 3mc

�
(1 + w) (mbhA 1 (w) + 2 mchV (w))

+ ( � mb + ( w � 2)mc) hA 2 (w) � (w mb + (2 w � 1)mc) hA 3 (w)
�

: (5.84)

These functions are depicted in Fig. 5.3 extrapolated to the full kinematical range. For
Bc ! � c, h� (w) and two form factor di�erences can be derived:

h� (w) =
mb � mc

2(mb + 3mc)
(1 + w)

�
3hA 1 (w) � hA 2 (w) � hA 3 (w) � 2hV (w)

�
(5.85)

hT (w) � h+ (w) = �
mb + mc

2(mb + 3mc)
(1 + w)

�
3hA 1 (w) � hA 2 (w) � hA 3 (w) � 2hV (w)

�
(5.86)

hT (w) � hS(w) = �
mb + mc

(mb + 3mc)

�
3hA 1 (w) � hA 2 (w) � hA 3 (w) � 2hV (w)

�
: (5.87)

Their extrapolations are displayed in Fig. 5.4 . The value of the universal functions atw = 1
is not predicted, however from Eqs. ( 5.81 ) and (  5.76 ) the relations hT1 (w = 1) = hA 1 (w = 1)
and hS(w = 1) = h+ (w = 1) are obtained, respectively. It is interesting to observe that
if we consider the limit mb ! 1 keeping the 1=mc terms, some results remain una�ected.
This is the case of Eqs. ( 5.81 ) and (  5.83 ), and of the relationshT1 (w = 1) = hA 1 (w = 1) and
hS(w = 1) = h+ (w = 1). In the � c case, the relations ( 5.85 )-(  5.87 ) are rescaled replacing
mb � mc

mb + 3mc
! 1.

The relations among the various form factors are modi�ed using the expansion ( 5.27 ).
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Figure 5.4: Bc ! � c form factors in Eqs. ( 5.85 ), (  5.86 ) and (  5.87 ) extended to the full kinematical
range, obtained using lattice QCD results forV and A1;2;0.

In particular, the right-hand sides of Eqs. ( 5.81 )-(  5.87 ) acquire the extra terms:

�h T1 (w) = �
1
2

� s

�

�
2CT1 + ( w � 1)

�
CT2 � CT3 + CV1

�
� (w + 1) CA 1

�
�( w)

�h T2 (w) = �
1 + w

2
� s

�

��
CT2 + CT3

�
+

mb � mc

mb + 3mc

�
CV1 � CA 1

�
�

2mc

(mb + 3mc)

�
CA 2 + CA 3

��
�( w)

�h T3 (w) = �
� s

�

�
CT2 + CV1 � CA 1 � CA 3

�
�( w)

�h P (w) = �
� s

�

�
CP �

2mc

(mb + 3mc)
(1 + w)CV1 �

mb � (2w � 1)mc

(mb + 3mc)
CA 1

+
mb � (w � 2)mc

mb + 3mc
CA 2 +

w mb + (2 w � 1)mc

(mb + 3mc)
CA 3

�
�( w)

�h � (w) = �
1 + w

2
� s

�

� mb � mc

(mb + 3mc)

�
2CV1 � 2CA 1 + CA 2 + CA 3

�
+ CV2 � CV3

�
�( w)

�h T + (w) = �
1
2

� s

�

�
2CT1 � 2CT2 + 2CT3 �

2[mb(w + 2) + mc(w + 4)]
mb + 3mc

CV1

� (1 + w)
�
CV2 + CV3

�
+

mb + mc

mb + 3mc
(1 + w)

�
2CA 1 � CA 2 � CA 3

��
�( w)

�h T S(w) = �
� s

�

�
CT1 � CT2 + CT3 � CS +

mb + mc

mb + 3mc

�
� 2CV1 + 2CA 1 � CA 2 � CA 3

��
�( w) :

To assess the size of the new contributions we choosew = 1 and �(1) ' 1 [ 141 ]. Setting
� =

p
mc mb and � s(� ) = 0 :27, we �nd �h T1 (1) ' � 0:065, �h T2 (1) ' � 0:02, �h T3 (1) �

O(10� 4), �h P (1) ' 0:025,�h � (1) ' � 0:04, �h T + (1) ' � 0:01, �h T S(1) ' � 0:09. Such results
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compared to the values of the form factors atw = 1 in Figs.  5.3 ,  5.4 show that the impact
of the matching coe�cients is small.

The di�erence of our approach with other calculations basedon NRQCD must be noticed.
We have used the heavy quark expansion and the NRQCD power counting to relate the
various form factors close to the zero recoil point and exploited lattice QCD to determine,
e.g., the tensor form factors. A systematic control of the error can be achieved by the
expansion. Then the results are extrapolated to smallq2. Di�erent analyses are carried out
at q2 ' 0, where a perturbative approach to the form factor calculation can be attempted,
and extrapolated to higher values ofq2 after a normalization to the lattice QCD results [ 132 ].
Numerically, the results match for the form factorsT1 and T2 in the basis ( 5.3 ), while T0 is
a�ected by a larger uncertainty.

A �nal remark is in order about the extrapolation from the kinematical range close to
the zero-recoil pointw � 1 to the full kinematical range. There are methods to constrain
the extrapolation, starting from the form factors evaluated in few points and using unitarity
constraints and the dispersion matrix [ 120 ,  163 {  169 ]. The application of such methods to the
form factors discussed here is deferred to a dedicated analysis. Their availability strengthens
the signi�cance of our study, allowing us to foresee the control of the hadronic uncertainties
not only near the zero-recoil point but in the full kinematical range.

5.6 Final remarks

Using the heavy quark expansion, the heavy quark spin symmetry and NRQCD power count-
ing we have expressed the form factors parametrizing the matrix elementshJ= (� c)j�c� i bjBci
in terms of universal functions near the zero-recoil point.This can be done for the various
operators in the generalized low-energy Hamiltonian Eq. ( 5.1 ), establishing relations among
form factors in a kinematical range around the zero-recoil point. Lattice QCD results for
the matrix element of the Standard Model operator betweenBc and J= allow us to predict
the pseudoscalar and tensor form factors.Bc ! � c form factors are also related to the pre-
vious ones, obtainingh� and the di�erences between the remaining form factors. We have
also presented the results of the extrapolation to the full kinematical range. The relations
worked out in our study can be checked if further informationfrom lattice QCD is available.
The e�ort is to e�ciently control the hadronic uncertaintie s a�ecting the predictions for
semileptonicBc ! J= ; � c decays in the Standard Model and beyond.



Chapter 6

Bc ! � cJ (hc) ` � ` decays

6.1 Bc ! � cJ (hc) ` � ` and the X (3872)puzzle

We have already seen that semileptonic decays of heavy hadrons, in particular those induced
by the b ! c`�� ` transition at the quark level, are especially interesting.They can be used
to precisely measure fundamental parameters of the Standard Model (SM), in this case the
element jVcbj of the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix. Theanalyses of
processes involving di�erent hadrons, modes and �nal states (exclusive/inclusive) should
provide compatible results: such a compatibility has not been achieved, yet, considering the
debated jVcbj determinations from inclusive and exclusiveB decays [ 10 ] which fuel discus-
sions on possible explanations of the tension within the SM [ 170 ] or beyond [ 102 ]. Other
processes, e.g.Bc to charmonium, give access to such a fundamental parameter which has
tight correlations with 
avour observables [ 171 ].

As mentioned in the previous chapter another important interest relies on the possibility
of testing fundamental features of the Standard Model, namely Lepton Flavour Universality
(LFU). Related LFU violating e�ects should be observed in processes involving di�erent
hadrons: the �rst measurements are available forBc ! J= ` �� ` [ 172 ] considered in the
previous chapter, otherBc modes can be considered for such investigations.

In addition to the above motivations concerning the structure of the theory of electroweak
interaction and of its extensions, there is interest related to strong interaction e�ects. For
decays involving hadrons comprising a single heavy quarkQ, a double expansion in QCD
in powers of 1=mQ and of � s provides a powerful method to classify the hadronic matrix
elements, both in the exclusive and inclusive transitions.This is the basis for an e�cient
control of the theoretical uncertainty in the above mentioned measurements. For mesons
comprising two heavy quarks such asBc, we can refer to the study in Ch. 5 , where relations
can be established among the form factors, with a reduction of the hadronic uncertainties
a�ecting the description of the semileptonic channels. It is worth considering such an analysis
also for the form factors governing theBc transitions to the P-wave charmonia involving a
spin 4-plet in the �nal states, for which little information is available at present. 

1
 This

chapter is devoted to such a study presented in [ 173 ].
Furthermore, semileptonic decays provide us with a probe onthe structure of the hadrons

involved in the transitions. This is important, for example, if one considers the meson
� c1(3872) (usually denoted asX (3872)). After the observation by the Belle Collaboration
[ 174 ] and the con�rmation and measurements by other collaborations [ 175 {  183 ], such a me-
son, whose quantum numbers areJ P C = 1++ [ 184 ,  185 ], is under intense scrutiny due to fea-

1The peculiar role of Bc, a weakly decaying meson comprising only heavy quarks, has been recently
discussed in [ 111 ,  142 ].
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tures hinting a non conventional charmonium structure. Puzzling properties are the closeness
of the mass ofX (3872) to the D � 0 �D 0 threshold and the large decay rate toJ= �� (J= � )
compared toJ= ��� (J= ! ) [  186 ], which can be explained invoking a multiquark structure
of X (3872), compact or molecular (see the discussions in Refs. [ 187 ,  188 ] and in references
therein). On the other hand, the large �(X (3872) ! 
  (2S))=�( X (3872) ! 
 J= ) ra-
tio [  189 ] and data on the production in

 � interactions [ 190 ] support the identi�cation of
� c1(3872) with the state � c1(2P) sitting on the D � 0 �D 0 threshold [ 191 ,  192 ]. Experimental
tests have been proposed to help decipher the structure of the meson [ 193 ], in the vast
literature on the subject.

SemileptonicBc decays to� c1(3872) can provide us with information on the nature of this
state. Inspired by our analysis in Ch.  5 , the study of Bc transitions to the 2P charmonia
can be carried out. In a selected kinematical range theBc and the P-wave charmonium
matrix elements can be expressed as an expansion in the heavyquark relative three-velocity
in the heavy hadrons, together with an expansion in the inverse heavy quark mass. In this
range theBc to the P-wave charmonia form factors (for lowest lying or radial excitations) are
related. The violation or con�rmation of such relations inBc ! � c1(3872)̀ �� with respect
to the decays to the other 2P charmonia would support the interpretation ofX (3872) as an
exotic or a conventional state. 

2
 

Here we focus on theBc to the P-wave charmonia form factors, and compute their ex-
pressions in terms of universal functions at NLO. We classifythe universal functions and
work out a set of relations useful both to test calculations based on nonperturbative methods
and in phenomenological analyses. In Sec. 6.2 we parametrize theBc ! � c0;1;2 and Bc ! hc

matrix elements of the quark currents appearing in a generalized low-energy Hamiltonian
governing theb ! c`�� ` transition, providing the de�nition of the set of form factors consid-
ered in our study. For the sake of completeness, in Appendix C.1 we also report another
parameterization often employed in the literature, with straightforward relations between
the two. We give the decay distributions of the fourBc ! � c0;1;2(hc)` �� ` modes, which can
also be used forBc decays to the 2P charmonium resonances. In Sec. 6.3 we apply again the
heavy quark expansion and introduce the (� c0;1;2; hc) spin 4-plet and the trace formalism to
express the relevant hadronic matrix elements. In Sec. 6.4 we write the form factors in terms
of universal functions, with the resulting formulae collected in Appendix  C.2 . In Sec.  6.5 we
present relations among several form factors for single modes and for pairs of modes, other
relations being collected in Appendix C.3 . Applications to phenomenology are discussed in
Sec.  6.6 , for the lowest lying 1P charmonia and for the 2P excitations in connection with
the � c1(3872) issue. Then we conclude.

6.2 Bc ! � c0;1;2 and Bc ! hc form factors

The semileptonicBc decays to the charmonium states, including the positive parity � c0;1;2

and hc, are governed by the low energy Hamiltonian introduced in ( 5.1 ).
Following the previous analysis we parametrize theBc ! � ci (i = 0; 1; 2) and Bc ! hc

matrix elements of the quark currents in Eq. ( 5.1 ) in terms of form factors as written in
Appendix  C.1 [ 196 {  199 ]. We denote byp and p0 the four momenta of the initial and �nal
meson,� (� ) the polarization vector (tensor) of the spin 1 (spin 2) charmonium, q = p � p0

the lepton pair momentum. For theP-wave channel an opposite prescription with respect to

2The comparison betweenBc semileptonic and nonleptonic Bc ! X (3872)� (a1) decays, �xing the
X (3872) polarization, has been proposed as a way to investigate the structureof this meson [ 194 ]. Semilep-
tonic Bc decays toX (3872) have been considered in [ 195 ].
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the previous analysis is used for the� 0123. Therefore,� 0123 = � 1, hence� �� 
 5 = � i
2" ���� � �� .

In our analysis it is more convenient to use a parametrization of the matrix elements in
terms of the four-velocities ofBc and of the charmonium stateC = � c0;1;2; hc: v = p=mB c

and v0 = p0=mC , with w = v � v0. They are de�ned as follows.

Bc ! � c0:

h� c0(v0)j�c
 � 
 5bjBc(v)i =
p

m� c0 mB c

�
g+ (w)(v + v0)� + g� (w)(v � v0)�

�

h� c0(v0)j�c
 5bjBc(v)i =
p

m� c0 mB c gP (w) (6.1)

h� c0(v0)j�c� �� bjBc(v)i =
p

m� c0 mB c gT (w) � ���� v� v0�

Bc ! � c1:

h� c1(v0; � )j�c
 � bjBc(v)i = i
p

m� c1 mB c

h
gV1 (w)� �

�

+ ( � � � v)[gV2 (w)(v + v0)� + gV3 (w)(v � v0)� ]
i

h� c1(v0; � )j�c
 � 
 5bjBc(v)i =
p

m� c1 mB c gA (w) � ���� � � � v� v0�

h� c1(v0; � )j�cbjBc(v)i = i
p

m� c1 mB c gS(w) (� � � v) (6.2)

h� c1(v0; � )j�c� �� bjBc(v)i =
p

m� c1 mB c

h
gT1 (w)

�
� �

� (v + v0)� � � �
� (v + v0)�

�

+ gT2 (w)
�
� �

� (v � v0)� � � �
� (v � v0)�

�

+ gT3 (w)(� � � v)(v� v0
� � v� v0

� )
i

Bc ! � c2:

h� c2(v0; � )j�c
 � bjBc(v)i =
p

m� c2 mB c i k V (w) � ���� � � �� v� v� v0�

h� c2(v0; � )j�c
 � 
 5bjBc(v)i =
p

m� c2 mB c

�
kA 1 (w) � �

�� v� + � �
�� v� v�

�
kA 2 (w)v� + kA 3 (w)v0

�

� �

h� c2(v0; � )j�c
 5bjBc(v)i =
p

m� c2 mB c kP (w) � �
�� v� v� (6.3)

h� c2(v0; � )j�c� �� 
 5bjBc(v)i = i
p

m� c2 mB c

�
kT1 (w)( � � �

� v� v� � � � �
� v� v� ) +

+ kT2 (w)( � � �
� v� v0

� � � � �
� v� v0

� ) + kT3 (w)� �
�� v� v� (v� v0

� � v� v0
� )

�

Bc ! hc:

hhc(v0; � )j�c
 � bjBc(v)i =
p

mhc mB c

h
f V1 (w)� �

�

+ ( � � � v)
�
f V2 (w)(v + v0)� + f V3 (w)(v � v0)�

� i

hhc(v0; � )j�c
 � 
 5bjBc(v)i = i
p

mhc mB c f A (w) � ���� � � � v� v0�

hhc(v0; � )j�cbjBc(v)i =
p

mhc mB c (� � � v)f S(w) (6.4)

hhc(v0; � )j�c� �� bjBc(v)i = i
p

mhc mB c

h
f T1 (w)

�
� �

� (v + v0)� � � �
� (v + v0)�

�

+ f T2 (w)
�
� �

� (v � v0)� � � �
� (v � v0)�

�

+ f T 3(w) (� � � v)
�
v� v0

� � v� v0
�

� i
:
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The decay distributions governed by the Hamiltonian ( 5.1 ) can be written in the form:

d�( Bc ! C` �� )
dw

= ~�
n

j1 + � V j2
d�
dw

SM

+ j� R j2
d�
dw

R

+ j� X j2
d�
dw

X

+ j� T j2
d�
dw

T

+ 2 Re [� R(1 + � �
V )]

d�
dw

SMR

+ 2 Re [� X (1 + � �
V )]

d�
dw

SMX

+ 2 Re [� T (1 + � �
V )]

d�
dw

SMT

+ 2 Re [� R � �
T ]

d�
dw

RT

(6.5)

+ 2 Re [� X � �
R ]

d�
dw

XR

+ 2 Re [� X � �
T ]

d�
dw

XT o
;

with X = P in case of� c0; � c2, and X = S in case of� c1; hc. In Eq. (  6.5 ) we de�ne

~� =
G2

F jVcbj2m5
B c

r 3

48� 3

p
w2 � 1

�
1 �

m̂2
`

1 + r 2 � 2rw

� 2

(6.6)

with r = mC=mB c (C = � c0;c1;c2; hc) and m̂` = m`=mB c . For the four decay modes the
expressions of the functions in ( 6.5 ) in terms of the form factors in ( 6.1 )-(  6.4 ) are as follows.

ˆ C = � c0:

d�
dw

SM

=
d�
dw

R

= �
d�
dw

SMR

= [ g+ (w)]2 (w + 1)
h
(w � 1)(1 + r )2 +

m̂2
`

1 + r 2 � 2rw

�
(2w + 1)(1 + r 2) � 2r (w + 2)

�i

+ [ g� (w)]2 (w � 1)
h
(w + 1)(1 � r )2 +

m̂2
`

1 + r 2 � 2rw

�
(2w � 1)(1 + r 2) + 2 r (w � 2)

�i

� 2g+ (w)g� (w) (w2 � 1)(1 � r 2)
�

1 +
2m̂2

`

1 + r 2 � 2rw

�
(6.7)

d�
dw

P

=
3
2

[gP (w)]2(1 + r 2 � 2rw) (6.8)

d�
dw

T

= 8[gT (w)]2
�
1 + r 2 � 2rw + 2m̂2

`

�
(w2 � 1) (6.9)

d�
dw

SMP

= �
d�
dw

P R

=
3
2

gP (w)m̂`

h
(w � 1)(1 + r )g� (w) � (w + 1)(1 � r )g+ (w)

i

(6.10)

d�
dw

SMT

= �
d�
dw

RT

= � 6gT (w) m̂` (w2 � 1)
h
(1 + r )g+ (w) � (1 � r )g� (w)

i
: (6.11)
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ˆ C = � c1:

d�
dw

SM

=
d�
dw

R

= [ gV1 (w)]2
h
3(w � r )2 � 2(w2 � 1) +

m̂2
`

2(1 + r 2 � 2rw)

�
3(w � r )2 + w2 � 1

�i

+[ gV2 (w)]2 (w2 � 1)(w + 1)
h
(1 + r )2(w � 1) +

m̂2
`

1 + r 2 � 2rw

�
(2w + 1)(1 + r 2) � 2r (w + 2)

�i

+[ gV3 (w)]2 (w2 � 1)(w � 1)
h
(1 � r )2(w + 1) +

m̂2
`

1 + r 2 � 2rw

�
(2w � 1)(1 + r 2) + 2 r (w � 2)

�i

+[ gA (w)]2 (w2 � 1)
�

2(1 + r 2 � 2rw) + m̂2
`

�
(6.12)

+ gV1 (w) gV2 (w) (w2 � 1)
h
2(1 + r )(w � r ) �

m̂2
`

1 + r 2 � 2rw

�
� 3 + r 2 � 4w + 2r (w + 2)

�i

� gV1 (w) gV3 (w) (w2 � 1)
h
2(1 � r )(w � r ) +

m̂2
`

1 + r 2 � 2rw

�
� 3 + r 2 + 4w + 2r (w � 2)

�i

� 2gV2 (w) gV3 (w) (w2 � 1)2(1 � r 2)
�

1 +
2m̂2

`

1 + r 2 � 2rw

�

d�
dw

SMR

=
d�
dw

SM

� 2[gA (w)]2 (w2 � 1)
�

2(1 + r 2 � 2rw) + m̂2
`

�
(6.13)

d�
dw

S

=
3
2

[gS(w)]2(1 + r 2 � 2rw)(w2 � 1) (6.14)

d�
dw

T

= 8
�

1 +
2m̂2

`

1 + r 2 � 2rw

�

�
n

[gT1 (w)]2 (w + 1)
h
(5w + 1)(1 + r 2) � 2r (w2 + w + 4)

i

+ [ gT2 (w)]2 (w � 1)
h
(5w � 1)(1 + r 2) � 2r (w2 � w + 4)

i

+ [ gT3 (w)]2 (w2 � 1)2(1 + r 2 � 2rw) (6.15)

+ 2 gT1 (w) gT2 (w) (w2 � 1)(5r 2 � 2rw � 3)

� 2gT1 (w) gT3 (w) (w2 � 1)(w + 1)(1 + r 2 � 2rw)

� 2gT2 (w) gT3 (w) (w2 � 1)(w � 1)(1 + r 2 � 2rw)
o

d�
dw

SMS

=
d�
dw

SR

=
3
2

gS(w)m̂` (w2 � 1)

�
h
gV1 (w) + ( w + 1)(1 � r )gV2 (w) � (w � 1)(1 + r )gV3 (w)

i

(6.16)
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d�
dw

SMT

=

6m̂`

n
� gT1 (w)(w + 1)

h
(2 � 3r + w) gV1 (w) + ( w2 � 1)

�
(1 + r )gV2 (w) � (1 � r )gV3 (w)

� i

� gT2 (w)(w � 1)
h
(� 2 � 3r + w) gV1 (w) + ( w2 � 1)

�
(1 + r )gV2 (w) � (1 � r )gV3 (w)

� i

+ gT3 (w)(w2 � 1)
h
(w � r ) gV1 (w) + ( w2 � 1)

�
(1 + r )gV2 (w) � (1 � r )gV3 (w)

� i
(6.17)

+2( w2 � 1)gA (w)
h
(1 + r )gT1 (w) � (1 � r )gT2 (w)

io

d�
dw

RT

=
d�
dw

SMT

� 24m̂` (w2 � 1)gA (w)
h
(1 + r )gT1 (w) � (1 � r )gT2 (w)

i
: (6.18)

ˆ C = � c2:

d�
dw

SM

=
d�
dw

R

=
w2 � 1

6

n
[kV (w)]2 3

�
2 +

m̂2
`

1 + r 2 � 2rw

�
(w2 � 1)(1 + r 2 � 2rw)

+ [ kA 1 (w)]2
h
2(3 + 5r 2 � 10rw + 2w2) +

m̂2
`

1 + r 2 � 2rw
(� 3 + 5r 2 � 10rw + 8w2)

i

+ [ kA 2 (w)]22(w2 � 1)
h
2r 2(w2 � 1) +

m̂2
`

1 + r 2 � 2rw

�
3 � 6rw + r 2(4w2 � 1)

�i

+ [ kA 3 (w)]22(w2 � 1)
h
2(w2 � 1) +

m̂2
`

1 + r 2 � 2rw

�
� 1 + 3r 2 � 6rw + 4w2)

�i

+ 4( w2 � 1)
h
kA 1 (w) kA 2 (w)

�
2r (w � r ) +

m̂2
`

1 + r 2 � 2rw
(3 � r 2 � 2rw)

�
(6.19)

� kA 2 (w) kA 3 (w)
�

� 2r (w2 � 1) +
m̂2

`

1 + r 2 � 2rw

�
2r (w2 + 2) � 3w(1 + r 2)

�

+ 2kA 1 (w) kA 3 (w)
�

1 +
2m̂2

`

1 + r 2 � 2rw

�
(w � r )

io

d�
dw

SMR

= �
d�
dw

SM

+ [ kV (w)]2
�

2(1 + r 2 � 2rw) + m̂2
`

�
(w2 � 1)2 (6.20)

d�
dw

P

= [ kP (w)]2 (w2 � 1)2(1 + r 2 � 2rw) (6.21)

d�
dw

T

=
8
3

�
1 +

2m̂2
`

1 + r 2 � 2rw

�
(w2 � 1)

n
[kT1 (w)]2

h
(3 + 2w2)(1 � 2rw) + r 2(8w2 � 3)

i

+ [ kT2 (w)]2 (� 1 + 5r 2 � 10rw + 6w2) + [ kT3 (w)]2 2(w2 � 1)2(1 + r 2 � 2rw)

� 2kT1 (w) kT2 (w)
�
6r � 5w(1 + r 2) + 4 rw 2

�
(6.22)

� 4(w2 � 1)(1 + r 2 � 2rw)kT3 (w)
�
w kT1 (w) + kT2 (w)

� o
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d�
dw

SMP

= �
d�
dw

P R

= � kP (w) m̂` (w2 � 1)2
h
kA 1 (w) + (1 � rw)kA 2 (w) + ( w � r )kA 3 (w)

i

(6.23)

d�
dw

SMT

= 2m̂` (w2 � 1)

�
n

kT1 (w)
h
(3 � 5rw + 2w2) kA 1 (w) + ( w2 � 1)

�
2rw kA 2 (w) + 2 w kA 3 (w) + 3 rk V (w)

�i

+ kT2 (w)
h
5(w � r ) kA 1 (w) + ( w2 � 1)

�
2r k A 2 (w) + 2 kA 3 (w) + 3 kV (w)

�i
(6.24)

� 2kT3 (w) (w2 � 1)
h
(w � r )kA 1 (w) + ( w2 � 1)

�
r k A 2 (w) + kA 3 (w)

�io

d�
dw

RT

= �
d�
dw

SMT

+ 12m̂` (w2 � 1)2kV (w)
h
r k T1 (w) + kT2 (w)

i
: (6.25)

ˆ C = hc:

Looking at the matrix elements for� c1 and hc in (  6.2 ) and (  6.4 ), the distributions for
hc are obtained from those of� c1 replacing

gVi gVj ! f Vi f Vj ; g2
A ! f 2

A ; g2
S ! f 2

S; gTi gTj ! f Ti f Tj ;

gSgVi ! f Sf Vi ; gVi gTj ! � f Vi f Tj ; gA gTi ! f A f Ti ; (6.26)

with i; j = 1; 2; 3.

The above expressions also hold forBc decays to the 2P (and higher) charmonium resonances.
They are the subject of our analysis together with the form factors in Eqs. ( 6.1 )-(  6.4 ).

6.3 Form factors in the e�ective theory

As discussed in [ 122 ], we aim at expressing the form factors in the e�ective theory of QCD
resulting by an expansion in the inverse heavy quark mass. Therefore, all the formalism
introduced in Sec. 5.3 - 5.4 , where a consistent expansion in term of the heavy quark massand
the relative heavy quark 3-velocity in the hadron rest frameform the heavy quark �eld and
the current still hold.

The only di�erence is in the application of the trace formalism for expressing the hadronic
matrix elements of the operators in Eq. ( 5.24 ). In fact, we have seen that for states comprising
a heavy quark and a heavy antiquark, spin symmetry is expected to hold in the preasymptotic
mass range which includes beauty and charm, outside the QCD Coulombic regime [ 140 ,  159 ].
Hence, the two states (Bc; B �

c ) are organized in a negative parity spin doublet as before,
while the four states (� c0;1;2; hc) are described by a positive parity spin 4-plet. They are
described by 4� 4 matrices, for the spin doublet we use Eq. ( 5.28 ), for the spin 4-plet [ 158 ]

M 0� (v0) = P+ (v0)
�
� ��

c2 
 � +
1

p
2

� c1;
 � ���
 v0
� 
 � +

1
p

3
� c0 (
 � � v0� ) + h�

c 
 5

�
P� (v0) (6.27)
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with the condition
v0

� M 0� = 0 : (6.28)

The normalization is
p

mM , with M a meson in the spin multiplet. Radial excitations belong
to multiplets analogous to ( 5.28 ) and (  6.27 ). The trace formalism has been used to obtain
the e�ective Lagrangians governing strong and radiative heavy quarkonium transitions in
the soft-exchange approximation [ 158 {  160 ]. We apply it to express the various form factors
in terms of (universal) functions independent of the particular decay mode.

6.4 Form factors in terms of universal functions

Applying the trace formalism, the matrix elements of the leading order term of the expansion
of the quark current ( 5.24 ) are written as

hM 0(v0)jJ0jM (v)i = � �( w) v� Tr
�
M

0�
� H

�
(6.29)

involving the single universal function �(w).
At 1=mQ the relevant matrix elements are parametrized as

hM 0(v0)j � 0
+ � i

�!
D �  + jM (v)i = � Tr

�
� (b)

�� M
0�

� H
�

; (6.30a)

hM 0(v0)j � 0
+ (� i

 �
D � ) �  + jM (v)i = � Tr

�
� (c)

�� M
0�

� H
�

: (6.30b)

The general expression of the functions �(Q)
�� is

� (Q)
�� = � (Q)

1 g�� + � (Q)
2 v� v� + � (Q)

3 v� v0
� + � (Q)

4 v� 
 � + � (Q)
5 
 � v� + � (Q)

6 
 � v0
� + � (Q)

7 i � �� :
(6.31)

The terms proportional to v0� vanish due to ( 6.28 ). � (Q)
i (w) ( i = 1; : : : 7) are the universal

functions at this order. Upon integration by parts, relations can be worked out. Using

i @� ( � 0
+ �  + ) = � 0

+ i
 �
D � �  + + � 0

+ � i
�!
D �  + ; (6.32)

we obtain:

�
� ~� v� � ~� 0v0

�

�
� v� Tr

�
M

0�
� H

�
= Tr

�
� (c)

�� M
0�

� H
�

� Tr
�
� (b)

�� M
0�

� H
�

: (6.33)

For the Q �Q0 mesons in the initial and �nal state the parameters~�, ~� 0 are given by Eq. ( 5.31 )
and analogously for~� 0. The relations follow:

� (b)
i (w) � � (c)

i (w) = 0 i = 1; 4; 5; 6; 7 ; (6.34a)

� (b)
2 (w) � � (c)

2 (w) = ~� � ; (6.34b)

� (b)
3 (w) � � (c)

3 (w) = � ~� 0�( w) : (6.34c)

The same procedure allows us to parametrize the matrix elements relevant for the 1=m2
Q

terms in ( 5.24 ):

hM 0(v0)j � 0
+ � i

�!
D � i

�!
D �  + jM (v)i = � Tr

�

 (b)

��� M
0�

� H
�

(6.35a)

hM 0(v0)j � 0
+ i

 �
D � i

 �
D � �  + jM (v)i = � Tr

�

 (c)

��� M
0�

� H
�

: (6.35b)
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 (Q)
��� have the general expression


 (Q)
��� = 
 (Q)

1 g�� v� + 
 (Q)
2 g�� v� + 
 (Q)

3 g�� v� + 
 (Q)
4 g�� v0

� + 
 (Q)
5 g�� v0

� + 
 (Q)
6 g�� 
 �

+ 
 (Q)
7 g�� 
 � + 
 (Q)

8 g�� 
 � + 
 (Q)
9 v� v� v� + 
 (Q)

10 v� v� v0
� + 
 (Q)

11 v� v0
� v�

+ 
 (Q)
12 v� v0

� v0
� + 
 (Q)

13 v� v� 
 � + 
 (Q)
14 v� 
 � v� + 
 (Q)

15 
 � v� v� + 
 (Q)
16 v� v0

� 
 � (6.36)

+ 
 (Q)
17 
 � v� v0

� + 
 (Q)
18 v� 
 � v0

� + 
 (Q)
19 
 � v0

� v� + 
 (Q)
20 
 � v0

� v0
� + 
 (Q)

21 i � �� v�

+ 
 (Q)
22 i � �� v� + 
 (Q)

23 i � �� v� + 
 (Q)
24 i � �� v0

� + 
 (Q)
25 i � �� v0

� :

The terms proportional to v0� vanish. The matrix element with two derivatives, one acting
on  + , the other one on � 0

+ , can be parametrized integrating by parts either Eq. ( 6.35a ),

hM 0(v0)j � 0
+ (� i

 �
D � ) � i

�!
D �  + jM (v)i =

� ~� v� � ~� 0v0
�

�
Tr

�
� (b)

�� M
0�

� H
�

� Tr
�

 (b)

��� M
0�

� H
�
;

(6.37)

or Eq. ( 6.35b ),

hM 0(v0)j � 0
+ (� i

 �
D � ) � i

�!
D �  + jM (v)i = �

� ~� v� � ~� 0v0
�

�
Tr

�
� (c)

�� M
0�

� H
�

� Tr
�

 (c)

��� M
0�

� H
�
:

(6.38)

This gives

 (b)

��� � 
 (c)
��� =

� ~� v� � ~� 0v0
�

�
� (b)

�� +
� ~� v� � ~� 0v0

�

�
� (c)

�� : (6.39)

To express the form factors in the e�ective theory we have also to take into account the
corrections from the expansion of the states. They can be parametrized as

hM 0(v0)ji
Z

d4x T [J0(0); L 1(x)] jM (v)i =

�
1

4mb

�
�

i
2

�
Tr

�
� (b)

2��� M
0�

� P+ � �� H
�

| {z }
G( b)

�
1

2m2
b

Tr
�
� (b)

1� M
0�

� H
�

| {z }
K ( b)

; (6.40)

hM 0(v0)ji
Z

d4x T [J0(0); L 0
1(x)] jM (v)i =

�
1

4mc

�
�

i
2

�
Tr

�
� (c)

2��� M
0�

� �� P0
+ � H

�

| {z }
G( c)

�
1

2m2
c

Tr
�
� (c)

1� M
0�

� H
�

| {z }
K ( c)

; (6.41)

whereL 1; L 0
1 are given in ( 5.17 ) with mQ ! mb; mc, respectively. The functions � (Q) have

the general expression

� (Q)
1� = � (Q)

1A v� + � (Q)
1B 
 � ; (6.42)

� (Q)
2��� = � (Q)

2A (g�� v� � g�� v� ) + � (Q)
2B (g�� v0

� � g�� v0
� ) + � (Q)

2C (g�� 
 � � g�� 
 � )

+ � (Q)
2D v� (v� v0

� � v0
� v� ) + � (Q)

2E v� (v� 
 � � 
 � v� ) + � (Q)
2F v� (v0

� 
 � � 
 � v0
� ) (6.43)

+ � (Q)
2G 
 � (v� v0

� � v0
� v� ) + � (Q)

2H i (� �� v� � � �� v� ) + � (Q)
2I i (� �� v0

� � � �� v0
� )

+ � (Q)
2J i v � � �� :
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Since the terms proportional tov� or v� do not contribute to G(b) , and those proportional
to v0

� or v0
� do not contribute to G(c) , we have: � (Q)

2D = � (Q)
2G = 0 (for Q = c; b), � (c)

2B = � (c)
2F =

� (c)
2I = 0 and � (b)

2A = � (b)
2E = � (b)

2H = 0.
With this set of relations, the form factors in Eqs. ( 6.1 )-(  6.4 ) are expressed in terms of

universal functions up toO(1=m2
Q). The formulae are collected in Appendix C.2 .

6.5 Relations among form factors

At the leading order all form factors inBc ! � c0;1;2; hc matrix elements are expressed near
zero recoil in terms of the single function �(w), see Appendix  C.2 . Increasing the order of
the expansion, relations among the form factors can be worked out exploiting the results in
Appendix  C.3 .

The expansion in the relative quark velocity ~v involves a large number of universal func-
tions, which renders di�cult the derivations of the relations among form factors. It is
interesting to consider the various orders in 1=mQ. In particular, at O(1=mQ) there are
relations among form factors in the same decay mode, in pairsof decay modes and in more
than two modes, near the zero-recoil point.

i) Relations among the form factors in the same channel
For the Bc ! � ci (i=0,1,2) and Bc ! hc form factors we have:

ˆ Bc ! � c0:

gT (w) = �
1

w + 1

�
2g� (w) + gP (w)

�
: (6.44)

ˆ Bc ! � c1:

gT2 (w) = �
1
2

�
gV1 (w) � (1 + w)gA (w)

�
(6.45)

gT3 (w) = �
1

2(w � 1)

�
gV1 (w) + 4 gV2 (w)

�
+

1
2

gA (w) +
1

w � 1

�
gS(w) + gT1 (w)

�
(6.46)

with the condition

�
1
2

�
gV1 (1) + 4gV2 (1)

�
+ gS(1) + gT1 (1) = 0 : (6.47)

ˆ Bc ! � c2:

kT1 (w) = � wkV (w) + kA 2 (w) + wkA 3 (w) + kP (w) (6.48)

kT2 (w) = kV (w) � kA 1 (w) � kA 2 (w) � wkA 3 (w) � kP (w) (6.49)

kT3 (w) = � kV (w) + kA 3 (w) : (6.50)

ˆ Bc ! hc:

f T2 (w) =
1
2

�
f V1 (w) + (1 + w)f A (w)

�
(6.51)

f T3 (w) =
1

2(w � 1)

�
f V1 (w) + 4 f V2 (w)

�
+

1
2

f A (w) �
1

w � 1

�
f S(w) � f T1 (w)

�
(6.52)

with the condition
1
2

�
f V1 (1) + 4 f V2 (1)

�
�

�
f S(1) � f T1 (1)

�
= 0: (6.53)
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ii) Relations among form factors of pairs of decay channels
We have:

ˆ Bc ! � c0 and Bc ! � c1:

(w + 1) g+ (w) � (w � 1)g� (w) + gP (w) =

w + 1
p

6

n
2gV1 (w) + ( w + 1) gV2 (w) � (w � 1)

�
gV3 (w) + gA (w)

�
� gS(w) + 2 gT1 (w)

o
:

(6.54)

ˆ Bc ! hc and Bc ! � c1:

f V1 (w)+( w� 1)f A (w) � 2f T1 (w) =
p

2
n

gV1 (w)+( w+1) gV2 (w) � (w� 1)gV3 (w) � gS(w)
o

(6.55)

3f V1 (w) + 2( w + 1) f V2 (w) � (w � 1)
�
2f V3 (w) � f A (w)

�
� 2

�
f S(w) + f T1 (w)

�
=

p
2
n

gV1 (w) � (w � 1)gA (w) + 2 gT1 (w)
o

: (6.56)

6.6 Phenomenology

We now discuss some consequences of the relations found in the previous Sections. We use
mB c = 6274:47� 0:28� 0:17 MeV, � B c = 0:510� 0:009 ps,m� c0 (1P ) = 3414:71� 0:30 MeV,
m� c1 (1P ) = 3510:67� 0:05 MeV, m� c2 (1P ) = 3556:17� 0:07 MeV andmhc (1P ) = 3525:38� 0:11
MeV [  186 ]. We �rst focus on the LO relations, then on NLO, mainly considering the Standard
Model. The form factors are expressed in terms of universal functions in a selected kinematic
range, close to the zero recoil pointw = 1. In the numerical analyses we extrapolate
the relations to the full kinematic range in the various channels. The range is not wide
(wmax � 1:16� 1:09 for Bc ! � c0, Bc ! � c2 and light leptons or � , wmax � 1:11� 1:05 for
2P charmonia). This allows to get information on the results inthe full kinematical range.
In general, the extrapolation can be constrained by making use of dispersive matrices, which
allow to reconstruct the form factors knowing their values in few kinematical points [ 169 ]:
the application of such methods is beyond the purposes of thepresent study.

The LO relations obtained from the formulae in appendix C.2 connect all form factors
of Bc transitions to the P� wave charmonium 4-plet to the single function �(w), which is
di�erent for the Bc ! 1P and the Bc ! 2P modes. In ratios of decay distributions, for the
same value ofw the form factor dependence cancels out. The ratios are depicted in Fig.  6.1 

both for 1P and the 2P channels, in the range ofw common to all modes. For the 2P mesons
we use the massesm� c0 (2P) = 3860 MeV and m� c2 (2P) = 3930 MeV [ 186 ], even though
another J P C = 0++ state is also reported by the Particle Data Group,� c0(3915) [ 186 ].
The results in the �gure can be understood considering the connection among the decay
distributions, holding at this order if the � ci mass di�erences are neglected:

2
d�
dw

(Bc ! � c0` �� ` ) +
d�
dw

(Bc ! � c1` �� ` ) �
d�
dw

(Bc ! � c2` �� ` ) = 0 : (6.57)

Notice that this relation holds in the SM and also including the full set of NP operators in
the generalized Hamiltonian ( 5.1 ) regardless of the Wilson coe�cients� i .
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Figure 6.1: Ratios of decay distributions d�( B c ! � c1 ` �� )=dw
d�( B c ! � c0 ` �� )=dw (continuous blue line) and d�( B c ! � c2 ` �� )=dw

d�( B c ! � c1 ` �� )=dw
(dashed red line) in the Standard Model, in the casè = � (left) and ` = � (right) for the 1 P (top
row) and 2P �nal charmonia (bottom row), with the meson masses quoted in the text. The LO
relations among form factors are extrapolated to the full kinematical range.

A simple parametrization of the function �( w) involves the intercept, slope and curvature
at the zero recoil point,

�( w) = � 0 + � 1(w � 1) + � 2(w � 1)2 : (6.58)

The three parameters �0; � 1; � 2 can be constrained, namely �0 2 [0:05; 1], � 1 2 [� 1; 1] and
� 2 2 [� 1; 1], requiring that the measurementB(B �

c ! � c0� � ) = (2 :4� 0:9
0:8) � 10� 5 [ 186 ] is

reproduced at 1� by naive factorization. Correlations between ratios of branching fractions
are found varying � 1=� 0 and � 2=� 0 in the selected regions. We choose the same ranges also
for 2P excitations in the �nal state. For the Bc transitions to the 1P charmonium a negative

(positive) correlation is found between the ratios
�( Bc ! � c2` �� ` )
�( Bc ! � c1` �� ` )

and
�( Bc ! � c1` �� ` )
�( Bc ! � c0` �� ` )

for

` = � (� ), as in Fig.  6.2 . There are positive correlations also between the Lepton Flavour
Universality ratios R(C) = �( Bc ! C� �� � )=�( Bc ! C` �� ` ) which compare the decay rates to
� and to light leptons, see Fig. 6.3 . At the same LO, the results forBc decays to the 2P
charmonium are shown in Figs. 6.1 ,  6.4 and  6.5 , the behaviour expected for� c1(3872) if it
corresponds to� c1(2P).

The above results are independent of the function �, a bene�tof the expansion of the
form factors dominated by the leading order. Including the NLO terms the phenomenology
is more involved: nevertheless, the expansion allows us to perform systematic analyses and
improvements. An important feature is that the obtained relations connect the form factors
to the matrix elements of operators in the e�ective theory: they should be veri�ed in explicit
calculations, and represent a testing ground for the various computations based on QCD
methods. This is the case of the relations among the form factors in the same channel, such
as ( 6.44 ) for J P C = 0++ , and ( 6.46 ), (  6.49 ) for the J P C = 1++ ; 2++ modes.
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Figure 6.2: Correlations between the ratios of branching fractionsB(B c ! � c2 ` �� )
B(B c ! � c1 ` �� ) and B(B c ! � c1 ` �� )

B(B c ! � c0 ` �� ) for
` = � (left) and ` = � (right). The LO expression of the form factors is considered, with �( w)
parametrized as in Eq. ( 6.58 ).

At O(1=mQ), once the relations in Appendix  C.3 are taken into account, the number
of independent structures is 13 in terms of universal functions. For � c0; � c1; hc the decay
distributions in SM are related for 1

~�
d�
dw

�
�
�
w! 1

, with ~� in (  6.6 ). The expressions only involve

� (b)
� c1 ;1 and � (c)

� c1 ;1 de�ned in Appendix  C.2 :

lim
w! 1

1
~�

d�
dw

(Bc ! � c0` �� ` ) = 18 m̂2
` (� b + � c)2

h
� (b)

� c1 ;1(1)
i 2

(6.59)

lim
w! 1

1
~�

d�
dw

(Bc ! � c1` �� ` ) = 12
h
2(1 � r1)2 + m̂2

`

ih
� b�

(b)
� c1 ;1(1) � � c�

(c)
� c1 ;1(1)

i 2
(6.60)

lim
w! 1

1
~�

d�
dw

(Bc ! hc` �� ` ) = 6
h
2(1 � rh)2 + m̂2

`

ih
(� b � � c)�

(b)
� c1 ;1(1) + 2 � c�

(c)
� c1 ;1(1)

i 2
:(6.61)

Such relations also hold for the decays into the 2P resonances, and can be used to compare
the mode involving� c1(3872) to other modes in the 2P 4-plet. Admittedly, this is a di�cult
measurement.

As for the NP extension in Eq. ( 5.1 ) with the pseudoscalar and tensor operators included,
the form factors parametrizing the scalar and tensor matrixelements give contributions
related to the SM ones as in Eq. ( 6.44 ), a useful connection for phenomenological analyses.

Other improvements are possible if reliable results are available even for a single form

Figure 6.3: Correlations between Lepton Flavour Universality ratios R(� c0;2) and R(hc) with
R(� c1) in the SM. The LO expression of the form factors is considered, with �(w) parametrized in
Eq. (  6.58 ).
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Figure 6.4: Correlation between ratios of branching fractions ofBc decays to 2P charmonia and
` = � (left), ` = � (right), with the LO expression of the form factors and �( w) parametrized in
Eq. (  6.58 ).

Figure 6.5: Correlations between Lepton Flavour Universality ratios R(� c0;2(2P)) with R(� c1(2P))
in the SM. The LO expression of the form factors is considered, with �(w) parametrized in
Eq. (  6.58 ).

factor. As shown in [ 122 ] using input from lattice NRQCD, details on a form factor can
be employed to get information on universal functions, predicting other form factors and
establishing connections among observables.

6.7 Concluding remarks

We have derived the expressions of the form factors of the semileptonic Bc decays to the
P-wave charmonium 4-plet as an expansion in the relative velocity of the heavy quarks in
the charmonium and of 1=mQ. The expressions involve universal functions, independent of
the speci�c channel, and allow to connect di�erent modes. They are a testing ground for
explicit calculations of the form factors and can be used in studying LFU ratios and the
e�ects of SM extensions. They are useful in analyzing the semileptonic Bc decays to the 2P
charmonia: the comparison of measurements ofBc transitions to � c1(3872) with other states
in the 2P charmonium 4-plet is a tool to gain new information on the nature of X (3872).



Chapter 7

Bc ! � cJ (hc) M : predictions from
model independent relations

7.1 Nonleptonic Bc decays

As we already seen the decays of theBc meson, a hadron with the quarkonium structure and
only weak transitions, represent a unique opportunity to analyse the properties of strong and
weak interactions. The semileptonic decays are induced by both beauty and charm quark
transitions, and give access to theVcb, Vub, and Vcs, Vcd elements of the Cabibbo-Kobayashi-
Maskawa (CKM) mixing matrix. Several studies have been devoted to them, namely to
the processes with excited states [ 173 ,  198 {  201 ]. In this chapter we discuss the work done
in [  202 ]. The b ! c transitions, considered in the present analysis, involvejVcbj for which,
as discussed previously, a tension between determinationsfrom inclusive and exclusiveB
decays is under scrutiny [ 10 ,  102 ].

For nonleptonic Bc decays the theoretical description is more di�cult than for the
semileptonic modes, since it deals with the hadronic matrixelements of four-quark oper-
ators. The factorization approach represents a simple way to treat such operators in the
decay amplitudes. Forb ! c�q1q2 and neglecting the annihilation topology, the matrix ele-
ments of the four-quark operators is factorized in the product of two terms, one describing
the W production of the light meson and parametrized by the decay constant, the other one
the Bc to charmonium current matrix element. 1  Invoking the heavy quark spin symmetry,
it has been observed in the previous chapters that relations can be established among the
Bc to charmonium form factors, namely the twoBc ! S-wave (� c; J= ) modes, the four
Bc ! P-wave charmonium (hc; � cJ ) modes, etc., in a region of the phase space close to zero
recoil [ 140 ,  141 ]. Such relations have been worked out through an expansion inthe relative
three-velocity of the heavy quarks inBc and in 1=mQ, including NLO terms [ 122 ,  173 ]. They
can reduce the hadronic uncertainties and establish model-independent connections among
di�erent processes.

Here we focus on nonleptonicBc decays to 1P and 2P charmonium plus a light meson
M : Bc ! � cJ (hc)M . They are of interest for several reasons. For example, the analysis of
new physics contributions in processes likeB +

c ! K + K � � + must considerB +
c ! � c0 � +

as an intermediate state [ 205 ]. Moreover, the Bc nonleptonic transitions probe the struc-
ture of states as� c1(3872) (previously denoted asX (3872)), whose multiquark/conventional
quarkonium nature is under investigation [ 187 ,  188 ,  191 ,  192 ,  206 {  209 ]. The nonleptonic Bc

processes provide additional information with respect to the semileptonic ones [ 210 ,  211 ]. Of
particular interest is to exploit the model independent relations among theBc ! P-wave

1Examples of such calculations are in [ 203 ,  204 ].
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charmonium form factors computed in Ch. 6 [ 173 ].
The plan of the chapter is as follows. In Sec. 7.2 , using the e�ective Hamiltonian inducing

the b ! c�q1q2 transition with q1;2 light quarks, we evaluate the decay widths ofBc to P-wave
charmonium and a light pseudoscalar/vector meson. In Sec. 7.3 we use the LO relations
for the form factors in [ 173 ] to predict several ratios of branching fractions. In Sec. 7.4 we

comment on a recent measurement of the ratio
B(B +

c ! B 0
s � + )

B(B +
c ! J= � + )

[ 212 ], suggesting a violation

of factorization in the B +
c ! B 0

s � + mode. Then we conclude.

7.2 Nonleptonic decays in the factorization approach

The e�ective Hamiltonian governing the nonleptonicBc decays to charmonium and a light
meson is given by [ 213 ,  214 ]

H ef f =
GFp

2
V �

cbVuq (C1(� )Q1(� ) + C2(� )Q2(� )) + h :c: (7.1)

where

Q1 = �u� 
 � (1 � 
 5)q�
�b� 
 � (1 � 
 5)c�

Q2 = �u� 
 � (1 � 
 5)q�
�b� 
 � (1 � 
 5)c� : (7.2)

�; � are color indices, andq identi�es the down type quark of the �nal light meson. �
represents the scale dependence of the Wilson coe�cients which encode the short-distance
physics from energy greater than� . It is cancelled in the amplitude by the� dependence
of the operators matrix elements. In our computation ofB decays we are setting� = mb.
Strong interaction e�ects are taken into account considering the Wilson coe�cient C2(� ) 6= 0.
Using the Fierz color rearrangement relation

� �� � �� =
1
C

(Ta)�� (Ta)�� +
1

Nc
� �� � �� ; (7.3)

with C = 1
2 and Nc = 3, the Q2 operator can be expressed as

Q2 =
1

Nc
�u� 
 � (1 � 
 5)q�

�b� 
 � (1 � 
 5)c� +
1
C

�u� (Ta)�� 
 � (1 � 
 5)q�
�b� (Ta)�� 
 � (1 � 
 5)c� :(7.4)

The e�ective Hamiltonian is rewritten as

H ef f =
GFp

2
V �

cbVuq (C0(� )Q0(� ) + C8(� )Q8(� )) ; (7.5)

in terms of the operators

Q0 = �u� 
 � (1 � 
 5)q�
�b� 
 � (1 � 
 5)c�

Q8 = �u� (Ta)�� 
 � (1 � 
 5)q�
�b� (Ta)�� 
 � (1 � 
 5)c� : (7.6)

Q0 and Q8 are color-singlet operator, but the last is obtained from the product of two color-
octet operators contributing to the decay. The Wilson coe�cients in ( 7.5 ) are related to the
ones in ( 7.1 ):

C0 = C1 +
1

Nc
C2 = a1 ; C8 =

1
C

C2: (7.7)
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We consider the processesB +
c ! c�c(P) MP (V ) , wherec�c(P) is one of the P-wave charmo-

nium, and P,V a light pseudoscalar or a vector meson. The decay width

�( B +
c ! c�c(P) MP (V )) =

j~qj
8�m 2

B c

jA (B +
c ! c�c(P) MP (V ))j2; (7.8)

with j~qj = 1
2mB c

q
� (m2

B c
; m2

c�c; m2
P (V )) the three-momentum of one of the �nal mesons in the

Bc rest-frame and� (x; y; z) = x2 + y2 + z2 � 2xy � 2xz � 2yz the K•all�en function, involves
the matrix element

A(B +
c ! c�c(P) MP (V )) = hc�c(P) MP (V ) j H ef f jB +

c i : (7.9)

In naive factorization the contribution of the color-octetoperator is discarded and the matrix
element is factorized as

A(B +
c ! c�c(P) MP (V )) =

GFp
2

V �
cbVuqa1(� ) hc�c(P)j �b
 � (1 � 
 5)cjB +

c i hMP (V ) j �u
 � (1 � 
 5)qj0i :

(7.10)

The parametrization is used for the current-particle matrix elements,

hMP (q)j �u
 � (1 � 
 5)qj0i = � if P q� (7.11)

hMV (q; �V )j �u
 � (1 � 
 5)qj0i = mV f V � � �
V ; (7.12)

and for the matrix elements in terms of form factors we followthe parametrization in Ap-
pendix  C . The light meson selects the form factors contributing to the decay width: f 0 and
AA(T )

0 at q2 = m2
P for a light pseudoscalar, all the others atq2 = m2

V for a light vector meson.
For the transitions to a pseudoscalar light meson we have, using factorization:

�( B +
c ! � c0 MP ) = �

�
f 0(m2

P )
� 2

f 2
P jVcbj2jVuqj2

�
m2

B c
� m2

� c0

� 2
�

1
2 (m2

B c
; m2

� c0
; m2

P )

(7.13)

�( B +
c ! A M P ) = �

�
AA

0 (m2
P )

� 2
f 2

P jVcbj2jVuqj2�
3
2 (m2

B c
; m2

A ; m2
P ) (7.14)

�( B +
c ! � c2 MP ) = �

[A � c2
0 (m2

P )]2 f 2
P jVcbj2jVuqj2�

5
2 (m2

B c
; m2

� c2
; m2

P )

6m2
B c

m2
� c2

: (7.15)

where

� =
a1(mb)2G2

F

32� m 3
B c

: (7.16)

In case of a light vector meson we have:
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�( B +
c ! � c0 MV ) = �

�
f � c0

+ (m2
V )

� 2
f 2

V jVcbj2jVuqj2�
3
2 (m2

B c
; m2

� c0
; m2

V ) (7.17)

�( B +
c ! A M V ) = �

f 2
V jVcbj2jVuqj2�

1
2 (m2

B c
; m2

A ; m2
V )

4m2
A (mB c + mA )2

�
�
AA

1 (m2
V )

� 2
(mB c + mA )4

�
�
� (m2

B c
; m2

A ; m2
V ) + 12m2

A m2
V

�
+

�
AA

2 (m2
V )

� 2
� 2(m2

B c
; m2

A ; m2
V ) (7.18)

+ 2AA
1 (m2

V )AA
2 (m2

V )� (m2
B c

; m2
A ; m2

V ) (mB c + mA )2 �
m2

B c
� m2

A � m2
V

�

+ 8
�
V A (m2

V )
� 2

m2
A m2

V � (m2
B c

; m2
A ; m2

V )
�

�( B +
c ! � c2 MV ) = �

f 2
V jVcbj2jVuqj2�

3
2 (m2

B c
; m2

� c2
; m2

V )

24m2
B c

m4
� c2

(mB c + m� c2 )2

�
�
A � c2

1 (m2
V )

� 2
(mB c + m� c2 )4

�
�
� (m2

B c
; m2

� c2
; m2

V ) + 10m2
� c2

m2
V

�
+

�
A � c2

2 (m2
V )

� 2
� 2(m2

B c
; m2

� c2
; m2

V )

� 2A � c2
1 (m2

V )A � c2
2 (m2

V ) (mB c + m� c2 )2 �
m6

B c
� 3m4

B c

�
m2

� c2
+ m2

V

�

�
�
m2

� c2
� m2

V

� 2 �
m2

� c2
+ m2

V

�
+ m2

B c

�
3m4

� c2
+ 2m2

� c2
m2

V + 3m4
V

� �

+ 6
�
V � c2 (m2

V )
� 2

m2
� c2

m2
V � (m2

B c
; m2

� c2
; m2

V )
�

; (7.19)

The Wilson coe�cient a1(� ) is evaluated at the scalemb. a1(� ) is a combination of the
coe�cients C1(� ) and C2(� ), whose two-loop computation is described in [ 215 ]. The naive
factorization approach does not take into account nonfactorizable e�ects, e.g. the �nal-state
interaction, the gluon exchanges between quarks of �nal mesons, which are expected to be
sizable if both the �nal hadrons are heavy and the phase-space is small. On the basis of
the Bjorken's colour transparency argument [ 216 ], if the mesons do not have enough en-
ergy to escape from the colour �eld of each other, nonfactorizable interactions emerge. It
is possible to partially encode such e�ects replacing the coe�cient a1(� ) (a2(� ) for colour
suppressed processes), by the e�ective coe�cientaef f

1 (� ) (aef f
2 (� )), treated as a phenomeno-

logical parameter [ 213 ,  217 ]. Since we are considering processes involving one light �nal
meson, we neglect the nonfactorizable terms and usea1(mb) = 1 :025. A recent use of fac-
torization for nonleptonic decays ofB and D mesons can be found in [ 218 ]. Factorization
and nonfactorizable contributions in nonleptonicB meson decays, and their e�ects in the
heavy-quark limit, are reviewed in [ 219 ]. For Bc decays such terms have been considered in
the PQCD approach (in [ 201 ,  220 ,  221 ] and in the references quoted therein) and in the QCD
factorization [ 200 ,  222 ,  223 ].

7.3 Observables

The hadronic form factors ofBc to the P{wave charmonium 4-plet� cJ ; hc can be expressed
near the zero-recoil point in terms of universal functions,performing an expansion in QCD
in the relative velocity of the heavy quarks and in 1=mQ [ 173 ]. At the leading order in the
expansion a single universal function �(q2) parametrizes all such form factors. The following
results are based on the extrapolation of the universal formfactor from the zero-recoil point
to the q2 value corresponding to mass of the �nal light meson. Even though the next to
leading order (NLO) in the expansion is presented in the analysis [ 173 ], the number of
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universal functions parametrizing these contributions does not allow us to construct useful
observables. Therefore, the NLO is ignored and the analysis is performed considering a single
universal function.

The relations for the form factors relevant for the transition to a light pseudoscalar meson
are:

f � c0
0 (q2) = �

((mB c � m� c0 )2 � q2)(( mB c + m� c0 )2 � q2)

4
p

3(mB c � m� c0 )(mB c m� c0 )3=2
�( q2); (7.20)

A � c1
0 (q2) = 0 ; (7.21)

Ahc
0 (q2) = � i

(mB c � mhc )(( mB c + mhc )
2 � q2)

4(mB c mhc )3=2
�( q2); (7.22)

A � c2
0 (q2) = i

mB c + m� c2

2
p

mB c m� c2

�( q2); (7.23)

The relations for the form factors relevant for the decays toa light vector meson are:

f � c0
+ (q2) = �

((mB c + m� c0 )2 � q2)(mB c � m� c0 )

4
p

3(mB c m� c0 )3=2
�( q2); (7.24)

V � c1 (q2) = �
((mB c + m� c1 )2 � q2)(mB c + m� c1 )

4
p

2(mB c m� c1 )3=2
�( q2); (7.25)

A � c1
1 (q2) = �

m4
B c

+ ( m2
� c1

� q2)2 � 2m2
B c

(m2
� c1

+ q2)

4
p

2(mB c m� c1 )3=2(mB c + m� c1 )
�( q2); (7.26)

A � c1
2 (q2) =

(m2
B c

� m2
� c1

� q2)(mB c + m� c1 )

4
p

2(mB c m� c1 )3=2
�( q2); (7.27)

V � c2 (q2) =
mB c + m� c2

2
p

mB c m� c2

�( q2); (7.28)

A � c2
1 (q2) = i

((mB c + m� c2 )2 � q2)
2
p

mB c m� c2 (mB c + m� c2 )
�( q2); (7.29)

A � c2
2 (q2) = i

mB c + m� c2

2
p

mB c m� c2

�( q2); (7.30)

V hc (q2) = 0 ; (7.31)

Ahc
1 (q2) = 0 ; (7.32)

Ahc
2 (q2) = i

mhc (mB c + mhc )
2

2(mB c mhc )3=2
�( q2): (7.33)

Remarkably, at LO some form factors vanish: a consequence ofEq. ( 7.21 ) is that the Bc

transition to � c1 and a light pseudoscalar is suppressed.
We use the relations ( 7.20 )-(  7.33 ) and the parameters in Table 7.1 . The decay constants

f � and f K � are obtained fromB(� � ! � � � � ) = (25 :19� 0:3) � 10� 2 and B(� � ! K �� � � ) =
(1:20� 0:07)� 10� 2 [ 186 ]. For the mass of the not yet discoveredhc(2P) there are predictions
from di�erent models, a few results are presented in Table 7.1 . We usemhc (2P ) = 3:902 GeV
obtained in [ 224 ], since in such a model the masses of the� cJ (2P) triplet agree with mea-
surements.
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GF = 1:16637(1)� 10� 5GeV� 2 jVcbj = 0:04182+0 :00085
� 0:00074

mB c = 6:274 GeV jVud j = 0:97435� 0:00016
� B c = 0:510� 0:009 ps jVus j = 0:22500� 0:00067
mB 0

s
= 5:367 GeV jVcsj = 0:97349� 0:00016

mJ= = 3:097 GeV

mhc (1P ) = 3:525 GeV mhc (2P ) =

8
>>><

>>>:

3:897 GeV [ 225 ]

3:902 GeV [ 224 ]

3:934 GeV [ 226 ]

3:956 GeV [ 227 ]
m� c0 (1P ) = 3:415 GeV m� c0 (2P ) = 3:860 GeV
m� c1 (1P ) = 3:511 GeV m� c1 (2P ) = 3:872 GeV
m� c2 (1P ) = 3:556 GeV m� c2 (2P ) = 3:930 GeV
m� = 139:57 MeV f � = 130:2 MeV
mK = 493:677 MeV f K = 155:7 MeV
m� = 770 MeV f � = 209 MeV
mK � = 892 MeV f K � = 205 MeV

Table 7.1: Input parameters [ 186 ].

7.3.1 � + and K + modes

Using Eqs. ( 7.20 )-(  7.23 ) in Eqs. ( 7.13 )-(  7.15 ) we have for theBc transition to � + :

�( B +
c ! � c0� + ) = � �

(mB c + m� c0 )2�
5
2 (m2

B c
; m2

� c0
; m2

� )

3m3
� c0

�
�( m2

� )
� 2

; (7.34)

�( B +
c ! � c2� + ) = 2� �

(mB c + m� c2 )2�
5
2 (m2

B c
; m2

� c2
; m2

� )

3m3
� c2

�
�( m2

� )
� 2

; (7.35)

�( B +
c ! hc� + ) = � �

(mB c � mhc )
2((mB c + mhc )

2 � m2
� )2�

3
2 (m2

B c
; m2

hc
; m2

� )
m3

hc

�
�( m2

� )
� 2

(7.36)

with � � = � f 2
� jVcb j2 jVud j2

16m3
B c

, where � is given in Eq. (  7.16 ). From the measurementB(B +
c !

� c0� + ) = (2 :4+0 :9
� 0:8) � 10� 5 and from Eq. ( 7.34 ) the value �( m2

� ) = 0 :243+0 :045
� 0:040 is obtained,

allowing us to predict the branching fractions to� c2(1P) and hc(1P):

B(B +
c ! � c2� + ) = 3 :65+1 :37

� 1:22 � 10� 5; B(B +
c ! hc� + ) = 5 :83+2 :19

� 1:94 � 10� 5: (7.37)

For the 2P excitations there are no measurements that can be exploitedto determine the
universal form factor. However, since this quantity cancelsin the ratios of di�erent channels
involving charmonia belonging to the same 4-plet, the predictions in Table  7.2 can be derived.

The modes with � c1(1P) and � c1(2P) are suppressed: the observation of such a sup-
pression for� c1(3872) would be in favour of the identi�cation of X (3872) as an ordinary
charmonium state.

For the branching ratios with K + in the �nal state the predictions are also in Table 7.2 .
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B(B +
c ! � c0 � + )

B(B +
c ! � c2 � + )

B(B +
c ! hc � + )

B(B +
c ! � c0 � + )

B(B +
c ! hc � + )

B(B +
c ! � c2 � + )

1P 0:658 2:429 1:597
2P 0:583 2:746 1:601

B(B +
c ! � c0 K + )

B(B +
c ! � c2 K + )

B(B +
c ! hc K + )

B(B +
c ! � c0 K + )

B(B +
c ! hc K + )

B(B +
c ! � c2 K + )

1P 0:663 2:482 1:645
2P 0:586 2:845 1:668

Table 7.2: Ratios of branching fractions of Bc decays in charmonium state and a� + and a K +

meson.

7.3.2 � + and K � + modes

Exploiting Eqs. ( 7.17 )-(  7.19 ) and Eqs. ( 7.24 )-(  7.33 ) we obtain the results in Table  7.3 for
the � + modes, and in Table 7.4 for the K � + modes.

The conclusion is that the production of the state� c1 is suppressed, and of the statehc

is enhanced compared to the other charmonia. The e�ect of changing the hc(2P) mass is
shown in Figs.  7.1 and  7.2 .

A comment on the mass of� c0(2P) is in order. We use the mass of� c0(3860) even
though another state,X (3915) with J P C = 0++ has been observed and there are hints on
its charmonium nature [ 228 ]. Our choice respects the hyper�ne splitting hierarchy, which
would be violated if X (3915) is identi�ed with � c0(2P).

7.4 Comment on a recent LHCb measurement

The LHCb collaboration has measured the ratio of the branching fractions of nonleptonic
B +

c ! B 0
s � + and B +

c ! J= � + decays [ 212 ]:

R =
B(B +

c ! B 0
s � + )

B(B +
c ! J= � + )

= 91 � 10 (stat) � 8 (syst) � 3 (B); (7.38)

where the last uncertainty is due to the knowledge of the branching fractions of the inter-
mediate state decays. Using naive factorization for the two amplitudes we get

�( B +
c ! B 0

s � + ) = �
a1(mc)2

a1(mb)2

�
f 0(m2

� )
� 2

f 2
� jVcsj2jVud j2

�
m2

B c
� m2

B 0
s

� 2
�

1
2 (m2

B c
; m2

B 0
s
; m2

� );

�( B +
c ! J= � + ) = �

�
A0(m2

� )
� 2

f 2
� jVcbj2jVud j2�

3
2 (m2

B c
; m2

J= ; m2
� ); (7.39)

B(B +
c ! � c1 � + )

B(B +
c ! � c0 � + )

B(B +
c ! � c1 � + )

B(B +
c ! � c2 � + )

B(B +
c ! � c0 � + )

B(B +
c ! � c2 � + )

1P 0:206 0:122 0:590
2P 0:315 0:159 0:503

B(B +
c ! hc � + )

B(B +
c ! � c0 � + )

B(B +
c ! hc � + )

B(B +
c ! � c1 � + )

B(B +
c ! hc � + )

B(B +
c ! � c2 � + )

1P 2:226 10:790 1:312
2P 2:449 7:770 1:232

Table 7.3: Ratios of branching fractions of Bc decays in charmonium state and a� + meson.
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B(B +
c ! � c1K � + )

B(B +
c ! � c0K � + )

B(B +
c ! � c1K � + )

B(B +
c ! � c2K � + )

B(B +
c ! � c0K � + )

B(B +
c ! � c2K � + )

1P 0:276 0:157 0:570
2P 0:422 0:203 0:481

B(B +
c ! hcK � + )

B(B +
c ! � c0K � + )

B(B +
c ! hcK � + )

B(B +
c ! � c1K � + )

B(B +
c ! hcK � + )

B(B +
c ! � c2K � + )

1P 2:159 7:834 1:231
2P 2:350 5:568 1:131

Table 7.4: Ratios of branching fractions of Bc decays in charmonium state andK � + meson.

where f 0 and A0 enter in the parametrization ofBc ! Bs and Bc ! J= matrix elements,
respectively. The ratio is:

R =
a1(mc)2 [f 0(m2

� )]2 jVcsj2
�

m2
B c

� m2
B 0

s

� 2
�

1
2 (m2

B c
; m2

B 0
s
; m2

� )

a1(mb)2 [A0(m2
� )]2 jVcbj2�

3
2 (m2

B c
; m2

J= ; m2
� )

: (7.40)

Using the parameters in Table 7.1 and setting a1(mc) = 1 :089, the ratio ( 7.40 ) depends only
on the form factors, which are determined, e.g., by lattice QCD computations, QCD sum
rules, quark models, approaches based on nonrelativistic QCD (NRQCD).
The result f 0(m2

� ) = 0 :625� 0:010 from lattice QCD [ 229 ], allow us to obtain B(B +
c !

B 0
s � + ) = 0 :0348� 0:0013. For theJ= transition, di�erent determinations of A0(m2

� ) produce
the results in Table  7.5 .
All methods fail to reproduce Eq. ( 7.38 ), the smallest result corresponding to NRQCD. In
the improved relativistic quark model [ 231 ] the obtained R is also similar to the one in
Table  7.5 . On the other hand, for theJ= modes the ratio

Figure 7.1: Ratios of branching fractions B(B +
c ! hc(2P) � + )=B(B +

c ! � c0(2P) � + ) (�rst row,
left panel) and B(B +

c ! hc(2P) � + )=B(B +
c ! � c2(2P) � + ) (�rst row, right panel) versus mhc (2P ) .

The plots in the second row refer toK + in the �nal state. The red stars correspond to the hc(2P)
mass evaluated in [ 224 ] and used in the present study, the violet diamonds, the black triangles and
the green squares tomhc (2P ) computed in [ 225 ], [ 226 ] and [ 227 ], respectively.
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Figure 7.2: Ratios of branching fractions B(B +
c ! hc(2P) � + )=B(B +

c ! � c0(2P) � + ) (�rst
row, left panel), B(B +

c ! hc(2P) � + )=B(B +
c ! � c1(2P) � + ) (�rst row, middle) and B(B +

c !
hc(2P) � + )=B(B +

c ! � c2(2P) � + ) (�rst row, right panel). The plots in the second row refer to K � +

in the �nal state. The meaning of the symbols is the same as in Fig. 7.1 .

lattice QCD [  125 ] relativistic quark model [ 141 ] NRQCD (NLO) [  230 ]
A0(m2

� ) 0:478� 0:031 0:449 0:947
R 46:252+6 :530

� 6:464 48:315 10:871
B(B +

c ! J= � + ) (7:6 � 1:0) � 10� 4 6:9 � 10� 4 29:7 � 10� 4

Table 7.5: Bc ! J= form factor A0(m2
� ) from di�erent models, and corresponding values ofR

and B(B +
c ! J= � + ).

R J= =
B(B +

c ! J= � + )
B(B +

c ! J= � + � )
= 0:0469� 0:0028� 0:0046 (7.41)

is measured [ 232 ]. Using the form factors in [ 125 ] we obtain R J= = 0:0493. Therefore,
the discrepancy between the values in Table 7.5 and the measurement in ( 7.38 ) should be
attributed to the B 0

s channel.
The ratio analogous to Eq. ( 7.38 ) with a kaon in the �nal state, using lattice QCD form

factors, gives

B(B +
c ! B 0

sK + ) = (2 :62� 0:09) � 10� 3; (7.42)

B(B +
c ! J= K + ) = 0 :05(7)+8

� 8 � 10� 3; (7.43)

and

R K =
B(B +

c ! B 0
sK + )

B(B +
c ! J= K + )

= 45:820+6 :315
� 6:248 : (7.44)

Combining B(B +
c ! J= K + ) and B(B +

c ! J= � + ) we have

R NL
J= =

B(B +
c ! J= K + )

B(B +
c ! J= � + )

= 0:0761+0 :0147
� 0:0146 ; (7.45)
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in agreement with the measurementR NL
J= = 0:079� 0:007� 0:003 [ 233 ].

The conclusion is that factorization works quite well for the J= channel. Deviations
emerge in theB 0

s channel, for which the argument of colour transparency fails due to the
small momentum of pion and kaon in the �nal state.

7.5 Summary

Applying naive factorization we have analyzed nonleptonicBc decays to theP-wave lowest-
lying and �rst radial excitations of charmonium, plus � + , K + , � + and K � + . Using the LO
relations among theBc ! � cJ (hc) form factors [ 173 ], several ratios of branching fraction are
predicted. The� c1 channel, both for the 1P and 2P state, is always suppressed: this should
be observed if� c1(3872) is an ordinary charmonium. On the other hand,hc production is
enhanced compared to the other states in the multiplet. The results are model-independent,
as they are obtained by an expansion of the form factor expressions. This suppression has
been recently con�rmed by LHCb collaboration in [ 234 ], for which no signi�cant Bc ! � c1� +

signal is observed.
An analysis of the recent LHCb measurement in Eq. ( 7.38 ) shows that theBc branching

fractions involving J= are reproduced, while forBc ! Bs� + the nonfactorizable contribu-
tions are sizeable, as it could be expected on the basis of thecolor transparency argument.



Chapter 8

Rare charm transition in Bc decays

8.1 Introduction

The hadron decays induced by the 
avour changing neutral current c ! u transitions play
an important role in the search for new physics (NP) phenomena [ 235 ,  236 ]. In the Stan-
dard Model (SM) the relevant weak Hamiltonian involves smallWilson coe�cients resulting
from the e�cient GIM cancellation [  97 ]: the corresponding hadronic amplitudes are highly
suppressed forc ! u
 , c ! u`+ ` � and c ! u� �� [ 237 {  242 ]. Therefore, such processes
are suitable for looking at enhancements from non-SM contributions [ 243 {  246 ], or can be
used as null tests of SM [ 247 ,  248 ]. Moreover, within a particular set of SM extension, the
331 models, correlations can be established between thec ! u transitions with the s ! d
and b ! s; d ones, originating an intriguing phenomenology [ 142 ,  249 ]. Such considerations
have prompted a broad physics program devoted to the analysis of c ! u-induced decays
of charmed hadrons, in particular of the rare radiative decays of D and Ds mesons, and of
the � c baryon [ 250 {  253 ]. Among the various observables, the CP asymmetry inD (s) ! V 

plays an important role [ 254 ,  255 ].

The theoretical di�culty to face, in general, is that some decay amplitudes can receive
long-distance (LD) contributions from purely hadronic processes, namely inc ! u`+ ` �

transitions of D (s) mesons [ 256 {  258 ] and in D ! V 
 [ 259 ]. The LD amplitudes need to be
precisely determined to access the short-distance part using measurements. A possibility to
deal with this di�culty is to consider processes in which theLD contribution is reduced due to
kinematics, namely inDs decays to the axial-vectorK 1 meson,Ds ! K 1`+ ` � andDs ! K 1
 .
In such processes the multibody state produced byK 1 decays can be exploited [ 260 ].

The Bc meson is another system where thec ! u transitions can be scrutinized, in
particular the c ! u
 transitions of interest here.Bc is a quarkonium-like meson with only
weak decays, and the nonperturbative bound-state e�ects inthe decay amplitudes must
be treated in di�erent way with respect to hadrons comprising a single heavy quarkD (s)

and � c. Studies devoted toB +
c ! B � + 
 concluded that in this channel the hadronic LD

contributions do not have the overwhelming size as forD, Ds and � c [ 261 {  263 ]. We reconsider
the issue extending the analysis to theB +

c ! B 0+
1 
 modes, withB 0+

1 the lightest axial-vector
beauty meson. We �nd that for Bc decays to spin-1 positive-parityBu excitations the LD
contributions are comparable with the one inB � + case, but a hadronic suppression happening
in the SD amplitude reduce the appealing of this channel for searching NP, hence the latter
modes are more sensitive to the short-distance dynamics.

The plan of this chapter is as follows. In sec. 8.2 we include the e�ective weak Hamil-
tonian. In sec.  8.3 and  8.4 we compute the short-distance and long-distance amplitudes for
Bc ! B 0

1
 . In sec.  8.5 we discuss the modeBc ! B �
u 
 . Results on the decay widths and on

108
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the photon polarization asymmetry are in sec. 8.6 . Then we conclude.

8.2 c ! u
 e�ective weak Hamiltonian

To describe thec ! u
 transition we consider the e�ective weak Hamiltonian [ 239 ]

H ef f = 4
GFp

2

"
X

q= d;s

V �
cqVuq

�
C1O(q)

1 + C2O(q)
2

�
+

6X

i =3

C1Oi +
8X

i =7

(Ci Oi + C0
i O

0
i )

#

(8.1)

expressed in terms of current-current operatorsO(q)
1;2, QCD penguins operatorsO3;:::6 and

electromagnetic and gluon dipole operatorsO(0)
7;8:

O(q)
1 = (�uL 
 � TaqL ) (�qL 
 � TacL ) ; O(q)

2 = (�uL 
 � qL ) (�qL 
 � cL ) ;

O3 = (�uL 
 � cL )
X

q;mq<m c

(�q
 � q) ; O4 = (�uL 
 � TacL )
X

q;mq<m c

(�q
 � Taq) ;

O(q)
5 = (�uL 
 � 
 � 
 � cL )

X

q;mq<m c

(�q
 � 
 � 
 � q) ; O(q)
6 = (�uL 
 � 
 � 
 � TacL )

X

q;mq<m c

(�q
 � 
 � 
 � Taq) ;

O7 =
e mc

16� 2
�uL � �� cR F�� ; O0

7 =
e mc

16� 2
�uR � �� cL F�� ;

O8 =
gs mc

16� 2
�uL � �� TacR Ga

�� ; O0
8 =

gs mc

16� 2
�uR � �� TacL Ga

�� :

e and gs are the electromagnetic and strong couplings,Ta the SU(3) generators in the
fundamental representation,F�� and Ga

�� the photon and gluon �eld strengths,qL;R = PL;R q
with PL;R left and right projectors. The Wilson coe�cients are evaluated at a scale of the
order of the charm mass. At the leading order in� s the Wilson coe�cients are in the
ranges [ 239 {  241 ]

C(0)
1 2 [� 1:28; � 0:83] ; C(0)

2 2 [1:14; 1:06] ;

C(0)e�
8 2 [0:47� 10� 5 � i 1:33� 10� 5; 0:21� 10� 5 � i 0:61� 10� 5] : (8.2)

The ranges correspond to the variation of the scale� c betweenmc=
p

2 and
p

2mc. The
e�ective coe�cient Ce�

7 including two-loop QCD matrix elements of the operatorsO3;:::;6, is
in the range [ 239 ]

Ce�
7 2 [� 0:00151� i0:00556js + i0:00005jCKM ; � 0:00088� i0:00327js + i0:00002jCKM ]; (8.3)

where the subscripts indicate the contributions to the imaginary part from the strong phases
and the phases of the CKM matrix. C0

7 turns out to be small, C0
7 � mu=mc, therefore the

operator O0
7 can be neglected in SM. Eq. ( 8.3 ) shows the GIM suppression in the Standard

Model (SM) for the dipole O7, C7 � 10� 3, however this coe�cient can be signi�cantly
enhanced in a beyond SM (BSM) scenario. General bounds can beestablished [ 260 ]:

jC7j; jC0
7j . 0:5: (8.4)

To analyze the radiativeBc decays to beauty mesons it is necessary to include in the
Hamiltonian (  8.1 ) also the operatorsO(b)

1;2 involving the b quark, without integrating it out,
to describe the weak annihilation (WA) and the color suppressed amplitudes:

O(b)
1 = (�uL� 
 � bL� )

� �bL� 
 � cL�
�

; O(b)
2 = (�uL� 
 � bL� )

� �bL� 
 � cL�
�

; (8.5)
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c
O (0)

7 u

b b




B+
c B0+

1 ; B � +

c u

b b

O 1; 2

B+
c B0+

1 ; B � +

Figure 8.1: Electromagnetic dipole (left) and weak annihilation amplitudes (right ) for Bc !
B 0

1(B � )
 . The crosses in the WA diagram correspond to the photon emission.

with � and � color indices.
The amplitude of the transition Bc(p) ! A(p0; � )
 (q; � ), where A is a 1+ state is given by

A(Bc(p) ! A(p0; � )
 (q; � )) =
�

AP C
�
p � qg�� � q� p�

�
+ iA P V " ���� p� q�

	
� �

� � �
� (8.6)

8.3 Bc ! B 0
1
 short-distance amplitude

The SD amplitude comes from theO(0)
7 and O1;2 operators Fig.  8.1 . The weak annihilation

(WA) topology is doubly Cabibbo-suppressed, therefore it can be ignored in the evaluation
of the SD. In the heavy quark limit the mesons comprising a single heavy quark can be
classi�ed in doublets according to the spin-parity of the light degrees of freedom (light
quark and gluons). For the orbital angular momentumL = 1 there are two doublets, one
with sP

` = 1=2+ comprising a scalar and an axial-vector meson, and one withsP
` = 3=2+

comprising an axial-vector meson and a meson with spin two. We denote asB 0
1 the spin-1

state belonging to the doubletsP
` = 1=2+ , and asB1 the spin-1 state belonging to the doublet

sP
` = 3=2+ , the scalar and the tensor mesons being denoted byB0 and B2, respectively. The

Bc ! B (0)
1 
 decay width

�( Bc ! B (0)
1 
 ) =

j~qj
8�m 2

B c

jA SD + A LD j2; (8.7)

with j~qj =
1

2mB c

�
m2

B c
� m2

B ( 0)
1

�
the photon three-momentum in theBc rest-frame, involves

the SD A SD and the LD A LD amplitudes.
Using the following hadronic matrix element parametrization

hB (0)
1 (p0; � )j �u� �� cjBc(p)i =

� � � q
�

mB c + mB ( 0)
1

� 2

�
p� p0

� � p� p0
�

�
T (0)

0 (q2)

+
�
p� � �

� � p� � �
�

�
T (0)

1 (q2) +
�
p0

� � �
� � p0

� � �
�

�
T (0)

2 (q2); (8.8)

with q = p � p0, � and � the photon and B (0)
1 polarization vectors, and considering that

�u� �� 
 5c matrix element is obtained using� �� 
 5 = � i
2" ���� � �� , with "0123 = � 1, the parity

conserved and parity violated SD amplitude is given by
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ASD
P C = i

GF

(2� )3=2
mc� 1=2(Cef f

7 + C0
7)(T (0)

1 (0) + T (0)
2 (0)) ; (8.9)

ASD
P V = � i

GF

(2� )3=2
mc� 1=2(Cef f

7 � C0
7)(T (0)

1 (0) + T (0)
2 (0)) ; (8.10)

To determine the form factorsTi we use an approach based on the heavy quark spin symmetry
[ 122 ,  140 ,  141 ,  173 ]. In the heavy quark limit also the states (Bc; B �

c ) can be organized in a
spin doublet of negative parity which, as well as (B0; B 0

1) and (B1; B2), is described by 4� 4
matrices:

H (v) = P+ (v) [B � �
c 
 � � Bc
 5] P� (v); (8.11)

S(v0) = P+ (v0)
�
B 0�

1 
 � 
 5 � B �
0

�
; (8.12)

T � (v0) = P+ (v0)

(

B ��
2 
 � � B1�

r
3
2


 5

�
g�� �

1
3


 � (
 � � v0� )
� )

: (8.13)

v and v0 are the mesons four-velocities andP� =
1� 6v

2
. The four-momenta can be written

asp = mB c v and p0 = mB J v0 = mB J v + k, with k a small momentum withv � k = O (1=mb).
From here on we will focus only on the decay to thesP

` = 1=2+ doublet. For a generic
Dirac matrix �, the matrix elements of quark currents and negative and positive parity
doublets, invariant under rotations of the heavy quark spins, can be obtained using the trace
formalism [ 36 ]:

hB 0
1(v; k)j �u� cjBc(v)i = � Tr

� �S
 0(v; a0k) � H
�

; (8.14)

The form factor 
 0 encoding the nonperturbative dynamics is written as [ 140 ,  141 ]


 0(v; a0k) = 
 0
1 (v; a0k) + =ka0
 0

2 (v; a0k) : (8.15)

The dimensionful parametera0 represents the length scale involved in the process, we use the
same value for both matrix elements. Notice that, sincemc � mb, the bquark remain almost
una�ected in the Bc transition, and the velocity of the �nal meson is nearly unchanged. Using
Eq. ( 8.14 ) we obtain for B 0

1

hB 0
1(v; k; � )j �u
 � 
 5cjBc(v)i = � i

r
mB c

mB 0
1


 0
1" ���� � � � k� v� ; (8.16)

hB 0
1(v; k; � )j �u
 � cjBc(v)i = �

r
mB c

mB 0
1

� � � v
��

2a0
 0
2mB 0

1
+ 
 0

1

�
k� + mB 0

1

 0

1v�
�

; (8.17)

hB 0
1(v; k; � )j �u� �� cjBc(v)i = � i

r
mB c

mB 0
1

�

 0

1

�
k� � �

� � k� � �
�

�
+ 2a0
 0

2mB 0
1
� � � v (k� v� � k� v� )

�
;

(8.18)

The form factors 
 0
1;2 can be obtained using a determination of some matrix elements.

In [  264 ] using a covariant light-front approach the form factors for the Bc ! (BsJ ; BdJ )
decays in SM have been determined. Invoking the isospin symmetry we can use the form
factors for the positive-parity d�b states to evaluate the one for theu�b P-wave states. Using
the matrix elements



8.4. Bc ! B 0
1
 long-distance amplitude 112

hA(p0; � )j �u
 � 
 5cjBc(p)i = � i
1

mB c � mA
" ���� � � � (p� + p0

� ) q� A
�
q2

�
(8.19)

hA(p0; � )j �u
 � cjBc(p)i = � 2mA
� � � q

q2
q� V0

�
q2

�
� (mB c � mA ) V1

�
q2

�
�
� �

� �
� � � q

q2
q�

�

+
� � � p

mB c � mA
V2

�
q2

�
�
p� + p0

� �
m2

B c
� mA

q2
q�

�
; (8.20)

with A one of the axial-vector mesons, the heavy quark spin symmetry produces relations
allowing to determine the tensor form factors. Using the two di�erent parametrization for
the matrix elements we can obtain the �nite mass form factorsin term of 
 0

1 and a0 
 0
2:

A0(q2) = �
p mB c mB 0

1

2
(mB c � mB 0

1
)
 0

1; (8.21)

V 0
0(q2) =

(mB c � mB 0
1
)

2p mB c mB 0
1


 0
1; (8.22)

V 0
1(q2) = 0 ; (8.23)

V 0
2(q2) = �

(mB c � mB 0
1
)

2
q

m3
B c

mB 0
1

(2a0 
 0
2 mB 0

1
(mB c � mB 0

1
) + mB c 


0
1); (8.24)

T0
0(q2) = 2 i

(mB c + mB 0
1
)2p mB 0

1

m3=2
B c

a0 
 0
2; (8.25)

T0
1(q2) = �

mB 0
1

mB c

T0
2(q2); (8.26)

T0
2(q2) = � i

r
mB c

mB 0
1


 0
1: (8.27)

8.4 Bc ! B 0
1
 long-distance amplitude

Long-distance contributions correspond to processes involving intermediate hadrons. There
are two kind of terms. The �rst one comes from the weak annihilation (WA) amplitude
in Fig.  8.2 with the photon radiated by any quark. The second type of contributions are
pole terms induced by ( 8.5 ) with intermediate neutral vector mesons, as in Fig. 8.3 . For
Bc ! B 0

1
 the intermediate � 0, ! and � mesons are far from the kinematical range, therefore
their contribution is suppressed respect to the case forBc ! B �

u 
 as discussed in sec. 8.5 .
Let us focusing on theB 0.

A. WA with intermediate hadrons

The weak annihilation in Fig.  8.2 involves two terms. In the �rst one the Bc has weak
transition to B , B0 and B � , which are coupled toB 0

1 and photon:

A B c ! B 0
1 
 = A B c ! B res

i
~p2 � m2

B res

A B res ! B 0
1 
 : (8.28)
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GF = 1:16637� 10� 5GeV� 2 [ 186 ] jV �
cbVubj = 1:5 � 10� 4 [ 186 ]

� = 1
137 [ 186 ]

� B c = (0 :510� 0:009)� 10� 12 s [ 186 ] a1 = 1:09
mB c = 6274:47� 0:27 MeV [ 186 ] f B c = 434 � 15 MeV [ 265 ]
mB �

c
= 6331 � 7 MeV [ 266 ] f B �

c
= 429 � 19 MeV [ 265 ]

mB = 5279:34� 0:12 MeV [ 186 ] f B = 193 � 6 MeV [ 267 ]
mB � = 5324:71� 0:21 MeV [ 186 ] f B � = 182 � 8 MeV [ 265 ,  267 ]
mB 0 = 5749 MeV [ 264 ] f B 0 = 134 MeV
mB 0

1
= 5731 MeV [ 264 ] f B 0

1
= 122 MeV

g1 = � 0:190 GeV� 1 g2 = 1:665 GeV� 1

g3 = 1:439 GeV� 1 g4 = 7:600 GeV� 1

jT0
1 (0) j= 4:688 jT0

2 (0) j= 5:132
m� = 775:26� 0:23 MeV [ 186 ] f � = 216 � 5 MeV [ 213 ]
m! = 782:66� 0:13 MeV [ 186 ] f ! = 195 � 3 MeV [ 213 ]
m� = 1019:461� 0:016 MeV [ 186 ] f � = 237 � 4 MeV [ 213 ]
� � = 147:4 � 0:8 MeV [ 186 ] jV �

cdVud j = 0:219098 [ 186 ]
� ! = 8:68� 0:13 MeV [ 186 ] a2 = � 0:084
� � = 4:249� 0:013 MeV [ 186 ]

Table 8.1: Parameters in the numerical estimates.

B res is one of the o�-shell statesB, B0 and B � , the momentum ~p is such that ~p2 = m2
B c

.
A B c ! B res can be computed from the Hamiltonian ( 8.5 ) using factorization:

A B c ! B res =
GFp

2
V �

cbVuba1 hB resj �u
 � (1 � 
 5) bj0i h0j �b
 � (1 � 
 5) cjBci (8.29)

wherea1 = C1 + C2
3 . This involves the decay constants parametrizing the matrix elements

h0j �b
 � (1 � 
 5) cjBc(p)i = � if B c p
� (8.30)

hB(~p)j �u
 � (1 � 
 5) bj0i = if B ~p� (8.31)

hB0(~p)j �u
 � (1 � 
 5) bj0i = � if B 0 ~p� (8.32)

hB � (~p; � )j �u
 � (1 � 
 5) bj0i = mB � f B � � � � (8.33)

with � the B � polarization vector. The numerical values of the constantsare in Table  8.1 .
The matrix elements of two mesons and the photon can be written in terms of the e�ective
couplingsg1;2;3:

A B ! B 0
1 
 = hB 0

1(p0; � )
 (q; � )jB (~p)i = eg1 [(� � � � � ) (p0 � q) � (� � � p0) ( � � � q)] (8.34)

A B � ! B 0
1 
 = hB 0

1(p0; � )
 (q; � )jB � (~p; � )i = ieg2" ���� � � � � � � � � q� (8.35)

A B 0 ! B 0
1 
 = hB 0

1(p0; � )
 (q; � )jB0(~p)i = ieg3" ���� � � � � � � p0� q� : (8.36)

We use forgi the results computed by light-cone QCD sum rules (LCSR) in HQET [  268 ],
with the numerical values in Table 8.1 . Using Eq. ( 8.28 ), the LD contributions are given by
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B+
c B+

0 ; B � +

B+

B0+
1




B+
c

B � +
c

B0+
1




B � +

B+
c B+ B � +




Figure 8.2: LD contribution to Bc ! B 0
1
 and B � . The box represent the insertion of a weak

operator.

A (Bc ! B ! B 0
1
 ) = i

GFp
2

V �
cbVuba1f B c f B

m2
B c

m2
B c

� m2
B

eg1 [(� � � � � ) (p0 � q) � (� � � p0) ( � � � q)] ;

(8.37)

A (Bc ! B � ! B 0
1
 ) = 0 ; (8.38)

A (Bc ! B0 ! B 0
1
 ) =

GFp
2

V �
cbVuba1f B c f B 0

m2
B c

m2
B c

� m2
B 0

eg3" ���� � � � � � � ~p� q� : (8.39)

ALD
P C (B ) = i

GFp
2

V �
cbVuba1f B c f B

m2
B c

m2
B c

� m2
B

eg1; (8.40)

ALD
P V (B ) = 0 ; (8.41)

ALD
P C (B � ) = 0 ; (8.42)

ALD
P V (B � ) = 0 ; (8.43)

ALD
P C (B0) = 0 ; (8.44)

ALD
P V (B0) = � i

GFp
2

V �
cbVuba1f B c f B 0

m2
B c

m2
B c

� m2
B 0

eg3: (8.45)

For the contribution in the right diagram in Fig.  8.2 the radiative emission from theBc

to the B �
c is followed by the annihilation to B 0

1. The photon emission amplitude can be
parametrized as

A B c ! B �
c 
 = hB �

c (~p; � )
 (q; � )jBc(p)i = ieg4" ���� � � � � � � ~p� q� (8.46)

with g4 obtained from the prediction � ( B �
c ! Bc
 ) = 33 eV [  269 ]:
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g2
4 =

24m3
B �

c
� ( B �

c ! Bc
 )

�
�

m2
B �

c
� m2

B c

� 3 : (8.47)

For the transition to B 0
1 the amplitude reads

A B �
c ! B 0

1 =
GFp

2
V �

cbVuba1 h0j �b
 � (1 � 
 5) cjB �
c i hB 0

1j �u
 � (1 � 
 5) bj0i ; (8.48)

where

h0j �b
 � (1 � 
 5) cjB �
c (~p; � )i = mB �

c
f B �

c
� � (8.49)

hB 0
1(p0; � )j �u
 � (1 � 
 5) bj0i = � mB 0

1
f B 0

1
� � � : (8.50)

The amplitude for the whole process became

A (Bc ! 
B �
c ! B 0

1) =
GFp

2
V �

cbVuba1f B 1 f B �
c

mB 1 mB �
c

m2
B 1

� m2
B �

c

eg4" ���� � � � � � � ~p� q� : (8.51)

Therefore,

AP C = 0: (8.52)

AP V = � i
GFp

2
V �

cbVuba1f B 1 f B �
c

mB 1 mB �
c

m2
B 1

� m2
B �

c

eg4: (8.53)

B. Pole contribution

Even though the pole contributions should be suppressed here we examine their impact on
the B 0

1 channel, in order to have a complete description of the LD contributions a�ecting
this decay.

The amplitude of the processBc ! B 0
1V ! B 0

1
 , whereV is one of the resonances, is

A = A B c ! B 0
1V i

q2 � m2
V + im V � V

A V ! 
 ; (8.54)

where

A B c ! B 0
1V = i

GFp
2

a2V �
cD VuD mV f V � � �

V hB 0
1(p0; � )j �u
 � (1 � 
 5)cjBc(p)i ; (8.55)

A V ! 
 = � ie ~QD mV f V � �
V � �

� : (8.56)

D is referring to the type of down quark in the process. ForD = d we have ~Qd = Qdp
2

and for

D = s we have ~Qs = Qs. To evaluate the full amplitude ( 8.54 ), it is important to consider
that from gauge invariance the longitudinal helicity amplitude must be discarded [ 270 ]. This
condition is translated into constraints on the form factorV 0

0(0) = 0.
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8.5 The case of Bc ! B �
u


The 1+ states are chosen to minimize the LD contributions. A more straightforward choice to
test NP in the radiative decay ofBc through the rare transition c ! u
 , would have been the
processBc ! B � 
 . The SD amplitude is given in Eqs. ( 8.9 )-(  8.10 ), after switching the parity
conserving with parity violating expression and with suitable substitutions,mB 0

1
! mB � and

appropriate tensor form factors parametrizing the new matrix element. The LD contributions
for this channel are depicted in Fig. 8.2 , for the WA contributions, and in Fig.  8.3 for the
pole one.

c
O 2

u

b b

� 0=! 0=�




B+
c B0+

1 ; B � +

Figure 8.3: Long-distance pole contribution to B 0
1 and B � cases.

Their evaluation follow the same steps as for the LD case of theB 0
1 channel with the previous

changing described for the SD contributions except for the LD WA contribution with the
B + resonance that is evaluated following [ 261 ]. All the matrix elements are parametrization
as in [ 111 ], with the form factors for the Bc ! Bd transition constructed using lattice QCD
results and heavy quark spin symmetry. Isospin symmetry is also used. The numerical
parameters are in Table 8.1 .

In Fig.  8.6 we compare the e�ect of the LD contributions to the SD one in the B � and
B 0

1 modes.

8.6 Results

8.6.1 Decay rate

Summarizing the results for the LD amplitudes we get the following branching fractions

B (Bc ! B 0
1
 )LD = 6:0 � 10� 10; (8.57)

B (Bc ! B � 
 )LD = 1:6 � 10� 9: (8.58)

Fig.  8.4 show as comparison between the LD contributions and the SD one. Fig.  8.5 shows
a comparison between the LD contributions to the branching ratio and the total one.
The LD contributions dominate in the small region ofjCef f

7 j, which corresponds to the SM
prediction for the Wilson coe�cient. For the B � case the SD are one order of magnitude
larger than the LD contribution, while they are of the same order in the B 0

1 case. If some
NP e�ect increases the SMCef f

7 , it would be better observed in the 1� channel.
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Figure 8.4: SD vs LD contributions to the branching fraction as a function of jCef f
7 j with C0

7 = 0.
The right panels are a zoom of the left panels in a smaller region ofjCef f

7 j. The results for B 0
1 are

in the �rst row, for B � in the second row.

8.6.2 Photon polarization asymmetry

In the c ! u
 transition a suitable observable is the photon polarization asymmetry. In
the LD contribution we do not expect any asymmetry in the photon polarization, while the
operatorsO(0)

7 produce left (right)-handed photon. The asymmetry can be computed making
the photon polarization vector explicit in the amplitudes:

A SD
R;L = ~A SD

R;L� � � � ; A LD = ~A LD
� � � � : (8.59)

The asymmetry is de�ned as

�� =
j ~A LD + ~A SD

R j2�j ~A LD + ~A SD
L j2

j ~A LD + ~A SD
R j2+ j ~A LD + ~A SD

L j2
: (8.60)

The results obtained forB 0
1 and B � are in Figs.  8.7 .

8.7 Conclusions

Motivated by previous analyses on the rare transitionc ! u
 in the Bc decays toB � , �nding
this channel as promising for searching of NP, we focus on theB 0

1 channel as it should be
less polluted by LD contributions and therefore more suitable for hint towards NP.

From a model independent analysis based on heavy quark spin symmetry we found the
relation in Eq. (  8.26 ) between the tensor form factors entering in the SD amplitudefor
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the B 0
1 channel. Their combination in the amplitude produces a suppression of the SD

contribution to the process. Therefore, while it is true that LD contributions a�ect more
the B � channel Eqs. ( 8.57 )-(  8.58 ), this hadronic suppression in theB 0

1 case make it less
appealing for searching for NP.
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Figure 8.5: LD contributions to the branching fraction compared to the total branchi ng fraction
as a function of Re[Cef f

7 ] (�rst top panel) and Im[ Cef f
7 ] (�rst second panel) setting Im[Cef f

7 ] = 0
(�rst row) and Re[ Cef f

7 ] = 0 (second row). Right column is a zoom of the left one in a smaller
region of Re[Cef f

7 ] and Im[Cef f
7 ]. The results for B 0

1 are presented in the �rst two row and the one
for B � in last two.
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Figure 8.6: Comparison between the ratio of the branching fractions of the SD and LD contribu-
tions to the channel with B 0

1 and B � as �nal states.
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Figure 8.7: Photon polarization asymmetry in Bc ! B 0
1
 (left plots) varying Re[ Cef f

7 ] (�rst
row), Im[Cef f

7 ] (second row), Re[C0
7] (third row), Im[ C0

7] (fourth row). In each plot all the other
parameters are set to zero except the one for which the dependence is shown. The right plots are
for the B � case.



Chapter 9

An excursion on spectroscopy: D (� )
sJ

Dalitz decays

9.1 Dalitz decays

This chapter is focused on the work in [ 271 ], where the idea of getting information on the
structure of heavy hadrons involved in a given process, exploiting the doublet organization
due to the heavy quark symmetry, is applied to theD (� )

sJ Dalitz decays. The Dalitz decays
of the positive parity mesons with open charm and strangeness, D (� )

sJ ! D (� )
s `+ ` � with

J = 0; 1; 2 and ` = e; � , are of interest since they can shed new light on the nature of
the D (� )

sJ states. D �
s0(2317) andD 0

s1(2460) show puzzling features, already emerged at their
�rst observation by BaBar and CLEO Collaborations [ 272 ,  273 ]. In particular, their mass
is below theDK and D � K thresholds [ 274 ]. Together with Ds1(2536) andD �

s2(2573), they
are the lightest positive parity mesons with charm and strangeness [ 30 ]. The classi�cation

of the four states into two heavy quark spin doublets, withsP
` =

1
2

+

and sP
` =

3
2

+

, where

sP
` represents the spin-parity of the light degrees of freedom in the mesons and̀ is the

relative orbital angular momentum between the heavy quark and the light degrees of freedom,
implies relations among various observables|speci�cally, among mass parameters and decay
widths [ 275 ,  276 ].

Relations can also be established among di�erent Dalitz modes, thanks to the hadronic
parameters common to the various decay amplitudes. Such relations can be experimentally
veri�ed, and this provides us with a new way to probe the nature of the states, discrim-
inating ordinary quark-antiquark mesons from hadrons withlarge molecular/multiquark
components. 

1
 In that respect, the D (� )

sJ Dalitz modes complement the information from the
electric dipole radiative decays [ 268 ]. We have to say that, at present, the description of
the full spectrum of mesons with a single charm/beauty quarkin terms of heavy quark spin
doublets naturally emerges from data [ 277 ].

The Dalitz amplitudes involve terms with the virtual photon coupled to the charm quark
and to the light �s quark. For such terms we use the e�ective QCD theory based on the
heavy quark expansion and on the hidden gauge symmetry, together with the vector meson
dominance (VMD) [ 278 ] for the contribution related to the light (anti-)quark. Th e features
of the e�ective theory are described in Sec. 9.2 . In Sec.  9.3 we collect the expressions of the
decay amplitudes, which involve two form factors parametrizing the matrix elements of the

1 A molecular structure of D �
s0(2317) is advocated in S. Prelovsek's talk given at Hadron 2023, Genoa,

June 5-9, 2023.
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charm vector current with positive and negative parity mesons organized in spin doublets.
The e�ective strong couplings of the charmed mesons with� (1020) mesons also appear in the
amplitudes. The expressions of double and single decay distributions are given in Sec. 9.4 ,
with some functions collected in the Appendix. In Sec. 9.5 we discuss examples of decay
distributions useful for a comparison with measurement. Then we conclude.

9.2 Dynamics of mesons with a single heavy quark

In the heavy quark limit mQ ! 1 , mesons comprising a single heavy quark can be classi�ed
in doublets of sP

` , the spin-parity of the light degrees of freedom (light quark and gluons).
Indeed, in that limit the spin of the heavy quark decouples from the strong dynamics, and
the QCD Lagrangian displays the heavy quark symmetry, the invariance under heavy quark
spin transformations and heavy quark 
avour transformations. 

2
 

The four positive parity mesons corresponding to the P-wavestates in the constituent

quark model can be collected in two doublets withsP
` =

1
2

+

(J P = 0+ ; 1+ ) and sP
` =

3
2

+

(J P = 1+ ; 2+ ). The pseudoscalar and vector mesons belong to thesP
` =

1
2

�

doublet. In the

case of charm, the mesons in thesP
` =

1
2

�

doublet are (Da; D �
a), a = u; d; s being a light


avour index, the two positive parity doublets comprise (D �
a0; D0

a1) and (Da1; D �
a2). Each

doublet is described by a 4� 4 matrix:

Ha =
1 + =v

2
[P �

a� 
 � � Pa
 5] (sP
` =

1
2

�

) (9.1)

Sa =
1 + =v

2

�
P0�

1a
 � 
 5 � P �
0a

�
(sP

` =
1
2

+

) (9.2)

T �
a =

1 + =v
2

(

P ��
2a 
 � � P1a�

r
3
2


 5

�
g�� �

1
3


 � (
 � � v� )
� )

(sP
` =

3
2

+

): (9.3)

In (  9.1 )-(  9.3 ) the �elds P (� )
Ja are normalized including a factorp mD ( � )

a
and have dimension

3=2. v is the heavy meson four-velocity, which is conserved in strong interaction processes.
The low-energy Lagrangian describing the strong interactions of the heavy mesons and

the light pseudoscalar and vector mesons can be constructedon the basis of the heavy quark
symmetry, the chiral symmetry and the principle of hidden gauge invariance [ 280 {  285 ]. The
octet of light pseudoscalar mesons is introduced de�ning� = e

i M
f � and � = � 2. The matrix

M comprises the�; K and � (8) �elds (the normalization corresponds tof � = 132 MeV):

M =

0

B
B
B
@

q
1
2 � 0 +

q
1
6 � (8) � + K +

� � �
q

1
2 � 0 +

q
1
6 � (8) K 0

K � �K 0 �
q

2
3 � (8)

1

C
C
C
A

: (9.4)

The �elds � and � transform under the chiral groupSU(3)L � SU(3)R as

� ! L � Ry

� (x) ! L�U y(x) = U(x)�R y ; (9.5)

2 For reviews see [ 37 ,  279 ].
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with L(R) belonging toSU(3)L (R) , and U(x) to the unbroken subgroupSU(3)V . Vector and
axial-vector currents can be constructed in terms of� ,

V� =
1
2

�
� y@� � + �@� � y

�
(9.6)

A � =
i
2

�
� y@� � � �@� � y

�
(9.7)

with transformation properties

A � ! UA � Uy (9.8)

V� ! UV� Uy + U@� Uy : (9.9)

The interactions of the heavy mesons with the light vector mesons can be constructed using
the principle of hidden gauge symmetry [ 284 ,  285 ]. The �elds � � are introduced,

� � = i
gVp

2
�̂ � (9.10)

in terms of the Hermitian �elds of vector mesons

�̂ � =

0

B
B
B
@

q
1
2 � 0 +

q
1
6 � (8) � + K � +

� � �
q

1
2 � 0 +

q
1
6 � (8) K � 0

K �� �K � 0 �
q

2
3 � (8)

1

C
C
C
A

�

: (9.11)

The value gV = 5:8 is chosen to satisfy the KSRF relations [ 286 ,  287 ]. The mesons! and
� correspond to the mixing between the 
avour octet� (8) in (  9.11 ) and the 
avour singlet
component� (0) ,

� = sin � V � (0) � cos� V � (8)

! = cos� V � (0) + sin � V � (8) : (9.12)

Flavour eigenstates� q =
�uu + �dd

p
2

and � s = �ss are obtained for � V = arctan
1

p
2

, and the

observed! and � are identi�ed with ! = � q and � = � s. Replacing
1

p
3

� (8) = sin � V � (8) !

� q, and �
2

p
3

� (8) = � cos� V � (8) ! � s (which is exact in the largeNc limit [  284 ]) we have:

�̂ � =

0

B
B
@

q
1
2 � 0 +

q
1
2 ! � + K � +

� � �
q

1
2 � 0 +

q
1
2 ! K � 0

K �� �K � 0 �

1

C
C
A

�

: (9.13)

The interactions of the positive and negative parity heavy quark doublets with the light
vector mesons, of interest for our analysis, are described by the e�ective Lagrangian terms
[ 285 ,  288 ]

L S
1 = � gS

1 Tr
� �HS
 � (V� � � � )

�
+ h :c: (9.14)

L S
2 = gS

2
1
�

T r
� �HS� �� F ��

�
+ h :c: (9.15)
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Figure 9.1: D (� )
sJ ! D (� )

s `+ ` � amplitude: photon coupled to the charm quark (left) and vector
meson dominance contribution for the photon coupled to the light �s (right).

(with �H = 
 0H y
 0) and

L T
2 = i h T 1

� 2
Tr

� �HT � � �� D � F ��
�

+ h :c: : (9.16)

The �eld strength F �� and the covariant derivativeD� are de�ned as

F �� = @� � � � @� � � + [ � � ; � � ]

D� = @� + V� : (9.17)

gS
1;2 and hT are dimensionless low-energy constants, � a low-energy scale set to � = 1 GeV.

We compute theD (� )
sJ Dalitz amplitudes using this formalism.

9.3 D (� )
sJ Dalitz amplitudes

The low-energy theory has been applied to the heavy vector meson magnetic dipole transi-
tions D �

a ! Da
 [ 289 ,  290 ]. Here we focus on the electric dipole transitions of positive parity
heavy mesons, which contribute to the Dalitz amplitudes. The D (� )

sJ ! D (� )
s `+ ` � amplitude

reads:

A (D (� )
sJ (p0) ! D (� )

s (p)` � (p1)`+ (p2)) = hD (� )
s (p; �)jiJ em

� jD (� )
sJ (p0; � 0)i

� ig ��

q2
(� ie)�u(p1)
 � v(p2);

(9.18)
whereq = p1 + p2 = p0� p is the dilepton momentum. � 0 is the polarization vector ofD (0)

s1 or
the polarization tensor ofD �

s2, � is the polarization vector ofD �
s . The relevant term of the

electromagnetic current is
J em

� = e( ec �c
 � c + es �s
 � s) ; (9.19)

with ec and es the charm and strange quark electric charge (in units ofe). The amplitude
comprises two contributions depicted in Fig. 9.1 , with the photon coupled to the charm
quark and to the light antiquark �s.

For the photon coupled to the charm quark, the �c� c current (with � a generic Dirac
matrix) matrix elements of the S; H and T; H doublets can be computed in the e�ective
theory using the trace formalism [ 36 ]. They involve the � 1=2(w) (for S ! H ) and � 3=2(w)
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(for T ! H ) universal functions [ 291 ]:

hH (v)j�c� cjS(v0)i = � � 1=2(w) Tr[ �H (v) � S(v0)]

hH (v)j�c� cjT(v0)i = � � 3=2(w) Tr[ �H (v) � v� T � (v0)] ; (9.20)

with w the product of meson four-velocitiesw = v0�v =
m2

D ( � )
sJ

+ m2
D ( � )

s
� q2

2mD ( � )
sJ

mD ( � )
s

. The D (� )
sJ ! D (� )

s

matrix elements of the charm vector current read:

hD �
s(mD �

s
v; � )j�c
 � cjD �

s0(mD �
s0

v0)i = � 1=2(w)
p

mD �
s0

mD �
s

�
� (w � 1)� �

� + ( � � � v0)v�
�

(9.21)

hDs(mD s v)j�c
 � cjD 0
s1(mD 0

s1
v0; � 0)i = � 1=2(w)

p
mD 0

s1
mD s

�
(w � 1)� 0

� � (� 0 � v)v0
�

�
(9.22)

hD �
s(mD �

s
v; � )j�c
 � cjD 0

s1(mD 0
s1

v0; � 0)i = � 1=2(w)
p

mD 0
s1

mD �
s

i
�
� ��� � � 0� � � � v� � � ��� � � 0� � � � v0�

�

(9.23)

hDs(mD s v)j�c
 � cjDs1(mD s1 v0; � 0)i = � 3=2(w)
p

mD s1 mD s

�
1

p
6

�
(w2 � 1)� 0

� + ( � 0 � v)
�
3v� � (w � 2)v0

�

�	
(9.24)

hD �
s(mD �

s
v; � )j�c
 � cjDs1(mD s1 v0; � 0)i = � 3=2(w)

�
�

i
p

6

�
p

mD s1 mD �
s

�
�

(w � 1)
�
� ��� � � 0� � � � v� + � ��� � � 0� � � � v0�

�
+ ( � 0 � v)� ��� � � � � v� v0� � 2� ��� � � 0� � � � v� v0� v�

	

(9.25)

hDs(mD s v)j�c
 � cjD �
s2(mD �

s2
v0; � 0)i = � 3=2(w) i

p
mD �

s2
mD s � ���� � 0� � v� v� v0� (9.26)

hD �
s(mD �

s
v; � )j�c
 � cjD �

s2(mD �
s2

v0; � 0)i = � 3=2(w)
p

mD �
s2

mD �
s

�
n

(� � � v0)� 0
� � v� + � 0

� � v� v� � �
� � � 0

� � v� � � � (v� + v0
� )

o
:(9.27)

hDsj �c
 � cjD �
s0i vanishes.

The term with the photon coupled to �s involves a long-distance contribution that can be
computed using the vector meson dominance [ 292 ,  293 ]. The matrix elements of the strange
quark vector current are written, neglecting the� width, as

hD (� )
s (p)j �s
 � sjD (� )

sJ (p0)i = hD (� )
s (p)� (q; � )jD (� )

sJ (p0)i
i

q2 � m2
�

h0j �s
 � sj� (q; � )i (9.28)

with
h0j �s
 � sj� (q; � )i = m� f � � � : (9.29)

The decay constantf � , set by the measurement of �(� ! � + � � ), is quoted in Table  9.1 .
The strong matrix elements of positive and negative parity charmed states with� (1020)

hD (� )
s (p)� (q; � )jD (� )

sJ (p0)i = A D ( � )
sJ D ( � )

s �
� � � � (9.30)

can be obtained from the low-energy Lagrangians ( 9.14 ), (  9.15 ) and (  9.16 ) [  285 ,  288 ]. Hence,
the elements in ( 9.28 ) are written as

hD (� )
s (p)j �s
 � sjD (� )

sJ (p0)i = A D ( � )
sJ D ( � )

s �
�

i
q2 � m2

�

m� f �

�
� g�

� +
q� q�

q2

�
; (9.31)
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with the following amplitudes A D ( � )
sJ D ( � )

s �
� :

A D �
s0D �

s �
� =

igVp
2

r
mD �

s0

mD �
s

n
mD �

s0

�
gS

1 + 2( mD �
s0

+ mD �
s
)
gS

2

�

�
(� � � v0) v0

�

� mD �
s
(w + 1)

�
gS

1 + 2( mD �
s0

� mD �
s
)
gS

2

�

�
� �

�

o
; (9.32)

A D 0
s1D s �

� =
igVp

2
p

mD 0
s1

mD s

n �
gS

1 � 2(mD 0
s1

+ mD s )
gS

2

�

�
(� 0 � v) v0

�

� (w + 1)
�

gS
1 + 2( mD 0

s1
� mD s )

gS
2

�

�
� 0

�

o
; (9.33)

A D 0
s1D �

s �
� =

gVp
2

p
mD 0

s1
mD �

s

n�
gS

1 + 2
gS

2

�

�
mD 0

s1
� mD �

s
(1 + 2w)

� �
� ���� � � � � 0� v�

+
�
gS

1 + 2
gS

2

�

�
mD 0

s1
+ mD �

s

� �
� ���� � � � � 0� v0� � 4

gS
2

�
mD �

s
(� 0 � v)� ���� � � � v� v0�

o
;(9.34)

A D s1D s �
� =

igV hTp
3� 2

p
mD s1 mD s

n
� mD s (mD s1 + mD s )(w2 � 1)� 0

�

+
h
m2

D s1
+ m2

D s
(w + 2) � mD s mD s1 (1 + 3w)

i
(� 0 � v)v0

�

o
; (9.35)

A D s1D �
s �

� =
gV hTp

3� 2

p
mD s1 mD �

s
mD �

s

n
(mD s1 � mD �

s
)(w + 1) � ���� � � � � 0� v0�

+ ( mD s1 + (2 w + 3) mD �
s
)( � 0 � v)� ���� � � � v� v0�

� (mD s1 � (2w � 1)mD �
s
)(w + 1) � ���� � � � � 0� v�

o
; (9.36)

A D �
s2D s �

� =

p
2gV hT

� 2

p
mD �

s2
mD s mD s (mD �

s2
+ mD s )� ���� v� v0� � 0�� v� ; (9.37)

A D �
s2D �

s �
� =

i
p

2gV hT

� 2

p
mD �

s2
mD �

s

n
(mD �

s2
+ mD �

s
)mD �

s
(� � � v0)� 0� � v�

� (m2
D �

s2
+ m2

D �
s

� 2w mD �
s2

mD �
s
)� 0� � v� � � � v0

�

+ mD �
s
� 0� � v� v� [(mD �

s2
+ mD �

s
)� �

� � 2mD �
s2

(� � � v0)v0
� ]

o
: (9.38)

9.4 Decay distributions

The previous amplitudes allow us to compute the various decay distributions. We de�ne the
functions appearing in the distributions,

g(q2) =
� 2

12�q 6
j~pj

s

1 �
4m2

`

q2

f (q2) =
f � gV m�

q2 � m2
�

; (9.39)
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with j~pj =
� 1=2(m2

D ( � )
sJ

; m2
D ( � )

s
; q2)

2mD ( � )
sJ

the modulus of theD (� )
s three-momentum in the decaying

particle rest-frame.

9.4.1 D (� )
sJ ! Ds`+ ` � distributions

For D (� )
sJ ! Ds`+ ` � the double di�erential distribution in q2 and cos� , � being the angle

between the charged lepton momentum and theDs momentum, is written as

d2�
dq2 dcos�

=
�

d2�
dq2 dcos�

�

c

+
�

d2�
dq2 dcos�

�

s

+
�

d2�
dq2 dcos�

�

int

: (9.40)

The subscriptsc and s refer to the photon coupled to the charm and strange quark, the last
term is the interference. Each term in ( 9.40 ) has the form

�
d2�

dq2 dcos�

�

X

= AX (q2) + BX (q2) cos2 � (9.41)

with X = f c; s;int g. The q2 distribution is obtained integrating over cos� ,

d�
dq2

=
�

d�
dq2

�

c

+
�

d�
dq2

�

s

+
�

d�
dq2

�

int

: (9.42)

For the various processes, the expressions of the functionsAX (q2) and BX (q2) in (  9.41 ) are in
the Appendix. The distributions in the lepton pair invariant mass squared are listed below.

D 0
s1 ! D s`+ ` �

�
d�
dq2

�

c

= g(q2)[� 1=2(q2)]2 2[(mD 0
s1

� mD s )
2 � q2]2

27m3
D 0

s1
mD s

[(mD 0
s1

+ mD s )
2 + 2q2](2m2

` + q2) (9.43)

�
d�
dq2

�

s

=
g(q2) f 2(q2)

108m3
D 0

s1
mD s

�
(mD 0

s1
+ mD s )

2 � q2
� 2

(2m2
` + q2)

�

(

(gS
1 )2

h
(mD 0

s1
� mD s )

2 + 2q2
i

+
12gS

1 gS
2 q2

�
(mD 0

s1
� mD s )

+
4(gS

2 )2 q2

� 2

h
2(mD 0

s1
� mD s )

2 + q2
i
)

(9.44)

�
d�
dq2

�

int

=
g(q2)f (q2)[� 1=2(q2)]

27m3
D 0

s1
mD s

p
2� (m2

D 0
s1

; m2
D s

; q2)(2m2
` + q2)

�

(

gS
1

�
m2

D 0
s1

� m2
D s

+ 2q2
�

+ 2
gS

2 q2

�

�
3mD 0

s1
� mD s

�
)

: (9.45)
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D s1 ! D s`+ ` �

�
d�
dq2

�

c

= g(q2)[� 3=2(q2)]2 � 2(m2
D s1

; m2
D s

; q2)
162m5

D s1
m3

D s

[2(mD s1 + mD s )
2 + q2](2m2

` + q2) (9.46)

�
d�
dq2

�

s

= g(q2) f 2(q2)
h2

T q2

� 4 324m5
D s1

mD s

� 2(m2
D s1

; m2
D s

; q2)[(mD s1 + mD s )
2 + 2q2](2m2

` + q2)

(9.47)
�

d�
dq2

�

int

= � g(q2) f (q2)� 3=2(q2)
hT q2

� 2 81
p

2m5
D s1

m2
D s

� 2(m2
D s1

; m2
D s

; q2)(2m2
` + q2)(mD s1 + mD s ) :

(9.48)

D �
s2 ! D s`+ ` �

�
d�
dq2

�

c

= g(q2)[� 3=2(q2)]2
� 2(m2

D �
s2

; m2
D s

; q2)

90m5
D �

s2
m3

D s

q2(2m2
` + q2) (9.49)

�
d�
dq2

�

s

= g(q2) f 2(q2)
h2

T q2

� 4 180m5
D �

s2
mD s

� 2(m2
D �

s2
; m2

D s
; q2)(mD �

s2
+ mD s )

2(2m2
` + q2) (9.50)

�
d�
dq2

�

int

= g(q2) f (q2)� 3=2(q2)
hT q2

� 2 45
p

2m5
D �

s2
m2

D s

� 2(m2
D �

s2
; m2

D s
; q2) (2m2

` + q2)(mD �
s2

+ mD s ):

(9.51)

9.4.2 D (� )
sJ ! D �

s`+ ` � distributions

For D (� )
sJ ! D �

s`+ ` � we consider the double distributions inq2 and in the angle� between
the momentum of the charged lepton and the momentum ofD �

s . The functions AX (q2) and
BX (q2) are in the Appendix, the distributions in the invariant masssquared of the lepton
pair are given below.

D �
s0 ! D �

s `+ ` �

This process is kinematically allowed only for̀ = e. The terms in the q2 distribution
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(  9.42 ) read:
�

d�
dq2

�

c

= g(q2) � 1=2(q2)
2 [(mD �

s0
� mD �

s
)2 � q2]2

9m3
D �

s0
mD �

s

[(mD �
s0
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s
)2 + 2 q2] (2 m2

` + q2)(9.52)

�
d�
dq2
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=
g(q2) f 2(q2)
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D �
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(mD �

s0
+ mD �
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+
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(9.53)
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)

: (9.54)

D 0
s1 ! D �

s`+ ` �
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(9.55)
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: (9.56)

D s1 ! D �
s`+ ` �
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dq2
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D �
s
; q2)

162m5
D s1

m3
D �

s
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(9.59)
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D �
s2 ! D �
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(9.61)
�

d�
dq2

�

int

= � g(q2)f (q2)� 3=2(q2)
2
p

2hT q2

� 2 45m5
D �

s2
m2

D �
s

(mD �
s2

+ mD �
s
)� 2(m2

D �
s2

; m2
D �

s
; q2)(2m2

` + q2):

(9.62)

9.5 Numerics

The expressions of the decay distributions involve the universal form factors� 1=2(w) and
� 3=2(w), and the low-energy couplings in ( 9.14 ), (  9.15 ) and (  9.16 ). Numerical results can be
given using determinations of such quantities available inthe literature.

For the form factors � 1=2 and � 3=2, the parametrization

� i (w) = � i (1)[1 � (w � 1)� 2
i ] (9.63)

allows us to encode the uncertainties in the value at the zero-recoil point w = 1 and in
the slope. We use the values in Table 9.1 , obtained from data on semileptonicB decays to
positive parity charmed mesons [ 294 ], which for � 1=2 agree with the computation in [ 295 ].
The value of gS

1 in Table  9.1 is an estimate obtained usingD ! K � semileptonic form
factors [ 285 ]. The value of gS

2 comes from a light-cone QCD sum rule computation of the
decay amplitude of the positive parity mesons to real photons [ 268 ], together with VMD. The
value of hT is obtained from the strong decay widths of the excited charmed mesons [ 288 ].

The relative phases of the two amplitudes describing the photon coupled toc and �s depend
on the relative phases of the functions� i and the strong couplings. Since such phases are
not �xed, we consider the extreme cases: case A where the product of the functions � i and
the strong couplings is positive (a relative phase betweengS

1 and gS
2 is ignored), and case

B where the product is negative. In the experimental analyses the hadronic quantities are
parameters to be determined from data.

Table  9.2 contains the decay widths corresponding to the maximal interference cases. We
also display the branching fractions forDs1 and D �

s2, for which the full widths are measured.
The e�ect of the interference is large inD 0

s1 ! Ds� + � � and D �
s2 ! Ds� + � � , for the other

modes the interference contribution is small. Such e�ects can be better observed in the decay
distributions. The dilepton invariant mass distributions for the modesD 0

s1 ! Ds� + � � and
D 0

s1 ! D �
s � + � � is depicted in Fig.  9.2 for the maximal interferences. The interference

term is sizable in the former mode. The amplitude corresponding to the photon coupled to
the light quark gives the largest contribution. The distributions for Ds1 ! D (� )

s � + � � and
D �

s2 ! D (� )
s � + � � are shown in �gs.  9.3 and  9.4 , with a sizable interference term visible in

D �
s2 ! Ds� + � � .

The angular distributions are displayed in Fig. 9.5 in the cases of extremal interferences.
From the plots one �nds that the D �

s2 ! Ds� + � � mode is a�ected by the largest uncertainty.
Since the amplitudes of di�erent modes involve the same hadronic parameters, the decay

rates and other observables are correlated, as shown in Fig. 9.6 for the decay widths. Varying
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� (MZ ) = 1 =127:9 [ 30 ] mD s = 1968:35� 0:07 MeV [ 30 ]
m� = 105:66 MeV [ 30 ] mD �

s
= 2112:2 � 0:4 MeV [ 30 ]

mD �
s0

= 2317:8 � 0:5 MeV [ 30 ]
gV = 5:8 [ 285 ] mD 0

s1
= 2459:5 � 0:6 MeV [ 30 ]

� = 1 GeV [  285 ] mD s1 = 2535:11� 0:06 MeV [ 30 ]
m� = 1019:461� 0:016 MeV [ 30 ] �( Ds1) = 0 :92� 0:05 MeV [ 30 ]
� � = 4:249� 0:013 MeV [ 30 ] mD �

s2
= 2569:1 � 0:8 MeV [ 30 ]

B(� ! � + � � ) = (2 :85� 0:19) � 10� 4 [ 30 ] �( D �
s2) = 16:9 � 0:7 MeV [ 30 ]

f � = 208 � 7 MeV [ 30 ] � 1=2(1) = 0 :70� 0:21 [ 294 ]
jgS

1 j = 0:10 [ 285 ] �̂ 2
1=2 = � 0:2 � 1:4 [ 294 ]

jgS
2 j = 0:29� 0:03 [ 268 ] � 3=2(1) = 0 :70� 0:07 [ 294 ]

jhT j = 0:23� 0:09 [ 288 ] �̂ 2
3=2 = 1:6 � 0:2 [ 294 ]

Table 9.1: Input parameters in the numerical analysis.

Width � 108 (GeV) Width � 108 (GeV) BR � 106 BR � 106

(case A) (case B) (case A) (case B)
D 0

s1 ! Ds� + � � 4:7 � 0:8 8:1 � 1:3
D 0

s1 ! D �
s � + � � 2:1 � 0:3 2:7 � 0:4

Ds1 ! Ds� + � � 2:9 � 0:6 2:8 � 0:6 31:4 � 6:4 30:7 � 6:3
Ds1 ! D �

s � + � � 0:18� 0:04 0:19� 0:04 1:95� 0:4 2:1 � 0:4
D �

s2 ! Ds� + � � 0:05� 0:06 0:22� 0:13 0:03� 0:04 0:13� 0:08
D �

s2 ! D �
s � + � � 0:96� 0:19 0:87� 0:17 0:6 � 0:1 0:5 � 0:1

Table 9.2: Decay widths of Dalitz modes for the two cases of maximal interference. Branching
fractions are displayed only forDs1 and D �

s2 for which the full widths are measured.

the parameters of the ranges in Table 9.1 , a positive correlation is found between �(D 0
s1 !

Ds� + � � ) and �( D 0
s1 ! D �

s � + � � ) for both cases of interference, as well as for the widths of

processes withsP
` =

3
2

+

particles. The experimental con�rmation of such a behaviour would

further support the classi�cation of D (� )
sJ in heavy quark spin doublets.

9.6 Outcome

We have presented an analysis of the Dalitz decays of the positive parity D (� )
sJ charmed

mesons,D (� )
sJ ! D (� )

s `+ ` � , with J = 0; 1; 2 and` = e; � . The study is based on the classi�ca-
tion of the heavy mesons in spin doublets. The amplitudes areexpressed in terms of universal
form factors and of e�ective strong couplings, and can be computed using information from
di�erent processes. We have discussed how correlations canbe established among di�erent
observables: their experimental con�rmation would further support our classi�cation scheme
for the D (� )

sJ charmed mesons.
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Figure 9.2: Distribution
1
�

d�
dq2 for the modesD 0

s1 ! Ds� + � � (top) and D 0
s1 ! D �

s � + � � (bottom

panels) for the two signs of the interference between the amplitudes with the photon coupled to
the charm and �s quark (case A: left panels, case B: right panels). The distributions for the photon
coupled to quarks and the interference term are separately shown, together with their sum.

Figure 9.3: Distribution
1
�

d�
dq2 for Ds1 ! Ds� + � � (top) and Ds1 ! D �

s � + � � (bottom panels).

Notations as in Fig.  9.2 .
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Figure 9.4: Distribution
1
�

d�
dq2 for D �

s2 ! Ds� + � � (top) and D �
s2 ! D �

s � + � � (bottom panels).

Notations as in Fig.  9.2 .
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Figure 9.5: Angular distribution
1
�

d�
dcos�

for the processes (from top to bottom)D 0
s1 ! Ds� + � � ,

D 0
s1 ! D �

s � + � � , Ds1 ! Ds� + � � , Ds1 ! D �
s � + � � , D �

s2 ! Ds� + � � , D �
s2 ! D �

s � + � � . Left panels
correspond to case A, right panels to case B for the maximal interference.



9.6. Outcome 136

Figure 9.6: Correlations between decay widths for di�erent Dalitz decays. The dark and light
regions correspond to the maximal interference cases A and B, respectively.



Conclusions

In this thesis, starting from the idea that the SM is not the ultimate theory of nature,
given its several unresolved issues and recent observations such as 
avour anomalies, we
have explored new methods to test the SM and identify possible signals of NP that could
complement and extend the current framework.

Building on the notion that the SM is a low-energy e�ective theory, this thesis introduces
new observables and studies various processes where new physics could potentially emerge.
Additionally, we aim to enhance our understanding and potentially reduce uncertainties in
the nonperturbative aspects of processes where discrepancies with theoretical predictions
have been observed. The framework used in these analyses also has implications for probing
the structure of states whose nature remains debated, thus broadening the scope of our work
to include applications in hadron spectroscopy.

The main results described in this thesis can be summarized as follows:

1. Correlations among� SMEFT Wilson coe�cients in the context of a U(1)0 extension
of the SM are derived �rst from the structure of the UV theory gauge group and then
further constrained by the requirement of gauge anomaly cancellation in the BSM
theory. These correlations between Wilson coe�cients lead to observable correlations
in experimental data, providing a testable framework for probing new physics.

2. Using the EFT approach, the SM Hamiltonian at the scale of theb quark mass is
extended to account for possible NP contributions in the description of the B !
D � (D� )` �� decay. By utilizing angular coe�cient function measurements from the
BELLE collaboration, we constrain the NP couplings and identify observables that
signal the presence of new physics. Speci�cally, these results suggest the involvement
of a tensor operator at the scale under consideration, indicating potential deviations
from the Standard Model predictions.

3. Relations between the several form factors parametrizing the hadronic matrix elements
of the exclusive semileptonicBc ! J= (� c)` �� modes are analysed. The e�ort is to
e�ciently control the hadronic uncertainties a�ecting the predictions for semileptonic
Bc ! J= (� c) decays in the Standard Model and beyond. These relations obtained up
to O(1=mQ) and at leading order in� s were used to determined unknown form factors
from known ones obtained from lattice QCD.

4. The previous formalism has been applied to the positive parity charmonium system,
speci�cally the � cJ and hc states. New relations between the form factors are derived
up to O(1=mQ). Given the ongoing debate about the nature of the� c1(3872), which
could be either an exotic state or the conventional� c1(2P), several observables are
constructed under the assumption that it is the latter. Deviations from the expected
behaviour of these observables can be tested in current and future experiments, pro-
viding valuable insights into the true nature of this system.
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5. The nonleptonicBc decays to� cJ (hc)M , where M is a light pseudoscalar or vector
meson provide a further probe to the nature of the� c1(3872). In the QCD factorization
framework, the amplitudes of these processes depends on thedecays constants of the
light mesons and the form factor parametrizing the matrix elements betweenBc !
� cJ (hc). Therefore, employing the previous analysis at LO in the 1=mQ expansion, we
can predict several ratios of branching fractions. The hierarchy emerged between the
several charmonium channels, and in particular the suppression of the� c1 state, can be
used as a probe of the nature of� c1(3872) in the hypothesis of ordinary meson state.

6. To conclude the study onBc decays, we examined the rare charm transitionc ! u
 ,
a loop-induced process that is highly suppressed in the Standard Model (SM). This
suppression means that if new physics (NP) processes producing this transition at tree
level exist, they could have magnitudes comparable to SM contributions, making them
potentially observable in experiments.

By comparing the two decay channels,Bc ! B 0
1 
 and Bc ! B � 
 , we aimed to

determine which is better suited for detecting NP. The analysis reveals a hadronic
suppression in theBc ! B 0

1 
 channel, which reduces its sensitivity and e�ectiveness
for NP searches compared to theBc ! B � 
 channel.

7. The spectroscopy analysis of the� c1(3872) opens the door to studying heavy meson
states using Heavy Quark spin symmetry and the classi�cationof mesons into doublets
that naturally arise from this symmetry. Following this approach, we examine theD (� )

sJ
states. The Dalitz decays of these states provide a valuableopportunity to investigate
the nature of two debated states, theD �

s0 and D 0
s1.

Assuming that these are ordinary meson states, we have derived observables and cor-
relations between their decay widths that can be tested in current and future experi-
ments. Notably, the LHCb collaboration is actively working onsuch tests, which could
provide critical insights into the nature of these states.

All these analyses can be tested in current and future experiments. Furthermore, this the-
sis emphasizes the necessity to continue our investigations to achieve a deeper understanding
of nature, with 
avour physics playing a central role in thisquest.



Appendix A

A.1 Hadronic matrix elements

The �B ! V matrix elements are parametrized as:

hV(p0; � )j �U
 � bjB(p)i = �
2V(q2)

mB + mV
i� ���� � � � p� p0� ;

hV(p0; � )j �U
 � 
 5bjB(p)i =

(mB + mV )
�

� �
� �

(� � � q)
q2

q�

�
A1(q2)

�
(� � � q)

mB + mV

�
(p + p0)� �

m2
B � m2

V

q2
q�

�
A2(q2)

+( � � � q)
2mV

q2
q� A0(q2); (A.1.1)

hV(p0; � )j �U
 5bjB(p)i = �
2mV

mb + mU
(� � � q)A0(q2);

with the condition

A0(0) =
mB + mV

2mV
A1(0) �

mB � mV

2mV
A2(0); (A.1.2)

and

hV(p0; � )j �U� �� bjB(p)i =

T0(q2)
� � � q

(mB + mV )2
� ���� p� p0�

+ T1(q2)� ���� p� � � � + T2(q2)� ���� p0� � � � ;

hV(p0; � )j �U� �� 
 5bjB(p)i = (A.1.3)

i T0(q2)
� � � q

(mB + mV )2
(p� p0

� � p� p0
� )

+ i T1(q2)(p� � �
� � � �

� p� ) + i T2(q2)(p0
� � �

� � � �
� p0

� ):

A.2 Angular coe�cient functions
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Table A.1: Angular coe�cient functions in the 4d �B ! V (P1P2)` � �� ` decay distribution for the
SM.

i I SM
i

I 1s
1
2(H 2

+ + H 2
� )(m2

` + 3q2)

I 1c 4m2
` H 2

t + 2H 2
0 (m2

` + q2)

I 2s � 1
2(H 2

+ + H 2
� )(m2

` � q2)

I 2c 2H 2
0 (m2

` � q2)

I 3 2H+ H � (m2
` � q2)

I 4 H0(H+ + H � )(m2
` � q2)

I 5 � 2H t (H+ + H � )m2
` � 2H0(H+ � H � )q2

I 6s 2(H 2
+ � H 2

� )q2

I 6c � 8H tH0m2
`

I 7 0

I 8 0

I 9 0

Table A.2: Angular coe�cient functions for �B ! V (P1P2)` � �� ` : NP term with the R operator,
and interference SM-NP with R operator.

i I NP ;R
i I INT ;R

i

I 1s
1
2(H 2

+ + H 2
� )(m2

` + 3q2) � H � H+ (m2
` + 3q2)

I 1c 4m2
` H 2

t + 2H 2
0 (m2

` + q2) � 2(2H 2
t m2

` + H 2
0 (m2

` + q2))

I 2s � 1
2(H 2

+ + H 2
� )(m2

` � q2) H � H+ (m2
` � q2)

I 2c 2H 2
0 (m2

` � q2) � 2H 2
0 (m2

` � q2)

I 3 2H+ H � (m2
` � q2) � (H 2

+ + H 2
� )(m2

` � q2)

I 4 H0(H+ + H � )(m2
` � q2) � H0(H+ + H � )(m2

` � q2)

I 5 � 2H t (H+ + H � )m2
` + 2H0(H+ � H � )q2 2H t (H+ + H � )m2

`

I 6s � 2(H 2
+ � H 2

� )q2 0

I 6c � 8H tH0m2
` 8H0H tm2

`

I 7 0 2(H+ � H � )H tm2
`

I 8 0 � H0(H+ � H � )(m2
` � q2)

I 9 0 � (H 2
+ � H 2

� )(m2
` � q2)
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Table A.3: Angular coe�cient functions for �B ! V (P1P2)` � �� ` : NP term with the P operator,
and interference SM-NP with P operator.

i I NP ;P
i I INT ;P

i

I 1s 0 0

I 1c 4H 2
t

q4

(mb+ mU )2 4H 2
t

m ` q2

mb+ mU

I 2s 0 0

I 2c 0 0

I 3 0 0

I 4 0 0

I 5 0 � H t (H+ + H � ) m ` q2

mb+ mU

I 6s 0 0

I 6c 0 � 4H tH0
m ` q2

mb+ mU

I 7 0 � H t (H+ � H � ) m ` q2

mb+ mU

I 8 0 0

I 9 0 0

Table A.4: Angular coe�cient functions for �B ! V (P1P2)` � �� ` : NP term with the T operator
and interference SM-NP with T operator.

i I NP ;T
i I INT ;T

i

I 1s 2[(H NP
+ )2 + ( H NP

� )2](3m2
` + q2) � 4(H NP

+ H+ + H NP
� H � )m`

p
q2

I 1c
1
8(H NP

L )2(m2
` + q2) � H NP

L H0m`

p
q2

I 2s 2[(H NP
+ )2 + ( H NP

� )2](m2
` � q2) 0

I 2c
1
8(H NP

L )2(q2 � m2
` ) 0

I 3 8H NP
+ H NP

� (q2 � m2
` ) 0

I 4
1
2H NP

L (H NP
+ + H NP

� )(q2 � m2
` ) 0

I 5 � H NP
L (H NP

+ � H NP
� )m2

`
1
4 [H NP

L (H+ � H � ) + 8 H NP
+ (H t + H0) + 8 H NP

� (H t � H0)]m`

p
q2

I 6s 8[(H NP
+ )2 � (H NP

� )2]m2
` � 4(H NP

+ H+ � H NP
� H � )m`

p
q2

I 6c 0 H NP
L H tm`

p
q2

I 7 0 1
4 [H NP

L (H+ + H � ) � 8H NP
+ (H t + H0) + 8 H NP

� (H t � H0)]m`

p
q2

I 8 0 0

I 9 0 0
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Table A.5: Angular coe�cient functions for �B ! V (P1P2)` � �� ` : P-R, R-T and P-T interferences.

i I INT ;P R
i I INT ;RT

i I INT ;P T
i

I 1s 0 4(H NP
� H+ + H � H NP

+ )m`

p
q2 0

I 1c � 4H 2
t m`

q2

mb+ mU
H0 H NP

L m`

p
q2 0

I 2s 0 0 0

I 2c 0 0 0

I 3 0 0 0

I 4 0 0 0

I 5 (H+ + H � )H tm`
q2

mb+ mU

1
4 [H NP

L (H+ � H � ) � 8H NP
+ (H t + H0) � 8H NP

� (H t � H0)]m`

p
q2 2H t (H NP

+ + H NP
� ) (q2 )3=2

mb+ mU

I 6s 0 4(� H NP
� H+ + H � H NP

+ )m`

p
q2 0

I 6c 4H0H tm`
q2

mb+ mU
� H t H NP

L m`

p
q2 H t H NP

L
(q2 )3=2

mb+ mU

I 7 � H t (H+ � H � )m`
q2

mb+ mU

1
4 [H NP

L (H+ + H � ) � 8H NP
+ (H t + H0) + 8 H NP

� (H t � H0)]m`

p
q2 2H t (H NP

+ � H NP
� ) (q2 )3=2

mb+ mU

I 8 0 0 0

I 9 0 0 0



Appendix B

B.1 Form factors basis hi for Bc ! � c; J= 

The basis of form factorshi is de�ned below.

Bc ! � c:

hP(v0)j �Q0
 � QjBc(v)i =
p

mP mB c

�
h+ (w) (v + v0)� + h� (w) (v � v0)�

�

hP(v0)j �Q0QjBc(v)i =
p

mP mB c hS(w)(1 + w) (B.1.1)

hP(v0)j �Q0� �� QjBc(v)i = � i
p

mP mB c hT (w) (v� v0
� � v� v0

� )

with P = � c, v =
p

mB c

, v0 =
p0

mP
and w = v � v0.

Bc ! J= :

hV(v0; � )j �Q0
 � QjBc(v)i = i
p

mV mB c hV (w) � ���� � � � v0� v�

hV(v0; � )j �Q0
 � 
 5 QjBc(v)i =
p

mV mB c

�
hA 1 (w) (1 + w) � �

� � hA 2 (w) (� � � v) v� � hA 3 (w) (� � � v) v0
�

�

hV(v0; � )j �Q0
 5QjBc(v)i = �
p

mV mB c hP (w) (� � � v) (B.1.2)

hV(v0; � )j �Q0� �� QjBc(v)i = �
p

mV mB c � ����
�
hT1 (w)� �

� (v + v0)� + hT2 (w)� �
� (v � v0)�

+ hT3 (w)(� � � v)v� v0
�

�

with V = J= , � the J= polarization vector andv0 =
p0

mV
.

B.2 Form factors in terms of universal functions

The expressions of the form factorshi in terms of universal functions are given in the fol-
lowing.
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B.2.1 Bc ! � c

h+ (w) = �( w) +
1

4mb

�
3� A

2 (w) + 2( w � 1)� C
2 (w)

�
+

1
4mc

�
3 �� A

2 (w) � 2(w � 1) �� B
2 (w)

�

+
1

2m2
b

� 1(w) +
1

2m2
c

�� 1(w)

+
1

8mbmc

�
� (2 + w) S

1 (w) � (w2 � 1)
�
 S

2 (w) �  S
3 (w) +  A

1 (w)
�

(B.2.1)

+ 6( w � 1)
�
 S

4 (w) +  A
2 (w)

�
+ ( w � 7) A

3 (w)
�

h� (w) =
�

�
1

mb
+

1
mc

� �
� K (w) � �( w) ~�

2
+ � 3(w)

�

+
1

2m2
b

"

( ~� � w~� 0)
�

� K (w) � �( w) ~�
2

+ � 3(w)
�

+
1
4

(1 + w)2 S
2 (w) +

1
4

(w2 � 1) S
3 (w)

+ (1 + w)
�

�  S
4 (w) �

w
2

 S
6 (w) +

1
4

 A
1 (w) �

1
2

 A
4 (w)

�

+
2w � 1

2
 S

5 (w) +
w � 2

2
 A

2 (w) �
3
4

 A
3 (w)

#

+
1

2m2
c

"

( ~� w � ~� 0)
�

� K (w) � �( w) ~�
2

+ � 3(w)
�

(B.2.2)

�
1
4

(1 + w)2 S
2 (w) �

1
4

(w2 � 1) S
3 (w)

+ (1 + w)
�

 S
4 (w) �

w
2

 S
6 (w) �

1
4

 A
1 (w) �

1
2

 A
4 (w)

�

+
2w � 1

2
 S
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Table B.1: Mass M Pi (in GeV) of the �bc resonancesPi included in the Blaschke factors ( B.3.3 ).

J P =i 1� 1+ 0�

1 6.336 6.745 6.275
2 6.926 6.75 6.872
3 7.02 7.15 7.25
4 7.28 7.15
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B.3 Fit of the form factors hTi and hP

The form factorshTi and hP depicted in Fig.  5.3 are �tted using the parametrization adopted
by the HPQCD Collaboration [ 229 ]. The variable z(q2; t0) is de�ned:

z(q2; t0) =

p
t+ � q2 �

p
t+ � t0p

t+ � q2 +
p

t+ � t0

(B.3.1)

with t+ = ( mB + mD � )2 and t0 = t � = ( mB c � mJ= )2. The form factors hi (q2) are �tted
using a truncated expansion in powers ofz:

hi (q2) =
1

P(q2)

NX

n=0

anzn (B.3.2)

where the Blaschke factorsP(t) account for the resonances in thet-channel:

P(q2) =
Y

Pi

z(q2; M 2
Pi

): (B.3.3)

hT3 involves poles withJ P = 1+ , hT1;2 with J P = 1 � , hP with J P = 0 � , with masses in Table
 B.1 . The values ofan resulting from the �t are collected in Table  B.2 .
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Table B.2: Parametersan in Eq. (  B.3.2 )

a0 a1 a2 a3

hT1 0:058� 0:002 � 0:476� 0:001 1:228� 0:131 3:419� 3:977
hT2 � 0:021� 0:003 0:096� 0:014 0:030� 0:665 0:473� 0:670
hT3 � 0:047� 0:014 0:675� 0:165 � 0:701� 1:693 0:894� 7:468
hP 0:142� 0:008 � 0:944� 0:053 0:157� 1:629 � 1:495� 1:131



Appendix C

C.1 Another parametrization of the Bc ! � c0;1;2 and
Bc ! hc matrix elements

For the sake of completeness we report another parametrization of the Bc ! � c0;1;2 and
Bc ! hc matrix elements in terms of form factors, often used in the literature:
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In Eqs. ( C.1.1 ), (  C.1.2 ) and (  C.1.3 ) we denoteS = � c0 , A = � c1 ,hc, and T = � c2 . The
conditions
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2 (0) (C.1.4)

remove the singularity atq2 = 0.

C.2 Form factors in terms of universal functions at
O(1=m2

Q)

In this Appendix we collect the relations between the form factors in Eqs. ( 6.1 )-(  6.4 ) and

those expressed in the e�ective theory atO(1=m2
Q). We de�ne � b(c) =

1
2mb(c)

and 
 (Q);mix
i =


 (b);mix
i + 
 (c);mix

i (for i = 0; 1; 2), with 
 (b;c);mix
i given below.



C.2. Form factors in terms of universal functions atO(1=m2
Q) 155

C.2.1 Bc ! � c0

We de�ne:

� (b)
� c0

= (2 + w)� (b)
1 + ( w2 � 1)� (b)

3 � 3(w � 1)[� (b)
4 + � (b)

6 ] � (w � 7)� (b)
7 ; (C.2.1.1)

� (c)
� c0

= 3� (c)
1 � (w2 � 1)� (c)

2 � (w � 1)[� (c)
4 � 3� (c)

5 ] + 6� (c)
7 ; (C.2.1.2)


 (b)
� c0

= ( w + 2)[
 (b)
3 + w
 (b)

5 � 
 (b)
8 ] + ( w2 � 1)[
 (b)

4 + 
 (b)
10 + w
 (b)

12 � 
 (b)
18 ]

� 3(w � 1)[
 (b)
6 + 
 (b)

13 + w
 (b)
16 + 
 (b)

17 + w
 (b)
20 + 
 (b)

22 ] + ( w � 7)[
 (b)
23 + w
 (b)

25 ]

� (w � 1)(w � 2)
 (b)
24 ; (C.2.1.3)


 (c)
� c0

= � 3[w
 (c)
1 + 
 (c)

4 � 
 (c)
6 + 2w
 (c)

21 + 2
 (c)
24 ] + ( w2 � 1)[w
 (c)

9 + 
 c
10 � 
 (c)

13 ]

+ ( w � 1)[w
 (c)
14 � 3w
 (c)

15 � 3
 (c)
17 + 
 (c)

18 + 
 (c)
22 + 3
 (c)

23 ] ; (C.2.1.4)


 (Q);mix
� c0

= ( w + 1)( w � 2)
 (Q)
2 + ( w + 1)( w + 2)
 (Q)

3 � 3(w + 1)[
 (Q)
4 + 2
 Q

24] + 9
 (Q)
6

� (w � 2)[3
 (Q)
7 � 
 (Q)

8 ] + ( w � 1)(w + 1) 2
 (Q)
10 � (w2 � 1)[3
 (Q)

13 + 3
 (Q)
17 � 
 (Q)

18 ]

� (w + 1) 2
 (Q)
22 + ( w + 1)( w � 7)
 (Q)

23 ; (C.2.1.5)

� (b)
2;� c0

= ( w + 1)[2� (b)
2B + 2( w � 1)� (b)

2F + 4� (b)
2I + 3� (b)

2J ] + 2( w � 2)� (b)
2C ; (C.2.1.6)

� (c)
2;� c0

= ( w + 1)[2� (c)
2A + 2( w � 1)� (c)

2E + 4� (c)
2H � � (c)

2J ] � 6� (c)
2C : (C.2.1.7)
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Using these de�nitions we obtain the expressions of the form factors in terms of universal
functions:

g+ = �
1

p
3

�
� b� (b)

� c0
+ � c� (c)

� c0

�
+

1
p

3

�
� 2

b
 (b)
� c0

� � 2
c
 (c)

� c0

�
; (C.2.1.8)

g� =
w + 1
p

3
� +

1

2
p

3

�
� b�

(b)
2;� c0

+ � c�
(c)
2;� c0

�

+
2

p
3

h
� 2

b[(w + 1)� (b)
1A � 3� (b)

1B ] + � 2
c[(w + 1)� (c)

1A � 3� (c)
1B ]

i

+
1

2
p

3
� b� c

�
(w + 1)( ~�� (b)

� c0
� ~� 0� (c)

� c0
) � 
 (Q);mix

� c0

�
; (C.2.1.9)

gP =
w2 � 1

p
3

� �
w + 1
p

3

�
� b� (b)

� c0
� � c� (c)

� c0

�
+

w � 1

2
p

3

�
� b�

(b)
2;� c0

+ � c�
(c)
2;� c0

�

+
2(w � 1)

p
3

h
� 2

b[(w + 1)� (b)
1A � 3� (b)

1B ] + � 2
c[(w + 1)� (c)

1A � 3� (c)
1B ]

i

+
w + 1
p

3

�
� 2

b
 (b)
� c0

+ � 2
c
 (c)

� c0

�
�

w � 1

2
p

3
� b� c

�
(w + 1)( ~�� (b)

� c0
� ~� 0� (c)

� c0
) � 
 (Q);mix

� c0

�
; (C.2.1.10)

gT = �
w + 1
p
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� +

1
p

3

�
� b� (b)

� c0
� � c� (c)

� c0

�
�

1

2
p

3

�
� b�

(b)
2;� c0

+ � c�
(c)
2;� c0

�

�
2

p
3

h
� 2

b[(w + 1)� (b)
1A � 3� (b)

1B ] + � 2
c[(w + 1)� (c)

1A � 3� (c)
1B ]

i

�
1

p
3

�
� 2

b
 (b)
� c0

+ � 2
c
 (c)

� c0

�
+

1

2
p

3
� b� c

�
(w + 1)( ~�� (b)

� c0
� ~� 0� (c)

� c0
) � 
 (Q);mix

� c0

�
: (C.2.1.11)
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C.2.2 Bc ! � c1

We de�ne:

� (b)
� c1 ;1 = � (b)

1 � (w � 1)� (b)
6 + 2� (b)

7 ; (C.2.2.1)

� (b)
� c1 ;2 = � (b)

1 + ( w + 1)� (b)
3 � 3� (b)

4 � � (b)
7 ; (C.2.2.2)

� (c)
� c1 ;1 = � (c)

1 � (w � 1)� (c)
5 ; (C.2.2.3)

� (c)
� c1 ;2 = ( w + 1)� (c)

2 � � (c)
4 � 4� (c)

5 ; (C.2.2.4)


 (b)
� c1 ;1 = � 
 (b)

3 � w
 (b)
5 + 
 (b)

8 + ( w � 1)[
 (b)
17 + w
 (b)

20 � 
 (b)
24 ] + 2 
 (b)

23 + 2w
 (b)
25 ; (C.2.2.5)


 (b)
� c1 ;2 = 
 (b)

3 + ( w + 1)[
 (b)
4 + 
 (b)

10 + w
 (b)
12 � 
 (b)

18 � 
 (b)
24 ]

+ w
 (b)
5 � 3
 (b)

6 � 
 (b)
8 � 3
 (b)

13 � 3w
 (b)
16 � 3
 (b)

22 + 
 (b)
23 + w
 (b)

25 ; (C.2.2.6)


 (c)
� c1 ;1 = w
 (c)

1 + 
 (c)
4 � 
 (c)

6 � (w � 1)[w
 (c)
15 + 
 (c)

17 � 
 (c)
23 ] ; (C.2.2.7)


 (c)
� c1 ;2 = � (w + 1)[ w
 (c)

9 + 
 (c)
10 � 
 (c)

13 ] + w[
 (c)
14 + 4
 (c)

15 ]

+ 4
 (c)
17 + 
 (c)

18 + 
 (c)
22 � 4
 (c)

23 ; (C.2.2.8)


 (Q);mix
� c1 ;1 = ( w + 1)[
 (Q)

3 + 
 (Q)
4 � 2
 (Q)

23 ] � 3
 (Q)
6 � (w + 2)
 (Q)

7 � 
 (Q)
8 � (w2 � 1)
 Q

17 ;
(C.2.2.9)


 (Q);mix
� c1 ;2 = w
 (Q)

2 + ( w + 3)
 (Q)
3 � 4
 (Q)

7 � 
 (Q)
8 + ( w2 � 1)
 (Q)

10

� (w � 1)[3
 (Q)
13 + 4
 (Q)

17 + 
 (Q)
18 ] � (w � 3)
 (Q)

22 + ( w � 9)
 (Q)
23 ; (C.2.2.10)

� (b)
2;� c1 ;1 = (1 + w)[� (b)

2B + � (b)
2I ] � 2� (b)

2C ; (C.2.2.11)

� (b)
2;� c1 ;2 = � (b)

2B � 2� (b)
2C � 2(w � 1)� (b)

2F � � (b)
2I � 3� (b)

2J ; (C.2.2.12)

� (c)
2;� c1 ;1 = � (c)

2A + � (c)
2H ; (C.2.2.13)

� (c)
2;� c1 ;2 = 3� (c)

2A + � (c)
2H � � (c)

2J : (C.2.2.14)
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With these de�nitions, we express the form factors in terms ofuniversal functions:

gV1 =
w2 � 1

p
2

� �
w + 1
p

2

h
� b[2� (b)

� c1 ;1 + ( w � 1)� (b)
� c1 ;2] � � c[2� (c)

� c1 ;1 � (w � 1)� (c)
� c1 ;2]

i

+
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2
p

2

h
� b[2� (b)

2;� c1 ;1 � (w + 1)� (b)
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2;� c1 ;2]

i

+
p

2(w � 1)
h
� 2

b[(w + 1)� (b)
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1B ]

i
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h
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p

2
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h
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�
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 (Q);mix
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 (Q);mix
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i

; (C.2.2.15)
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w + 1
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C.2.3 Bc ! � c2

We de�ne:

� (b)
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= � (b)
1 + ( w + 1)� (b)

3 � 3� (b)
4 � � (b)

7 ; (C.2.3.1)
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� (c)
� c2 ;2 = ( w + 1)� (c)

2 + � (c)
4 ; (C.2.3.3)


 (b)
� c2

= 
 (b)
3 + ( w + 1)[
 (b)

4 + 
 (b)
10 + w
 (b)

12 � 
 (b)
18 � 
 (b)

24 ] + w
 (b)
5

� 3[
 (b)
6 + 
 (b)

13 + w
 (b)
16 + 
 (b)

22 ] � 
 (b)
8 + 
 (b)

23 + w
 (b)
25 ; (C.2.3.4)


 (c)
� c2 ;1 = � (w + 1)[ w
 (c)

9 + 
 (c)
10 � 
 (c)

13 ] + w
 (c)
14 + 
 (c)

18 + 
 (c)
22 ; (C.2.3.5)


 (c)
� c2 ;2 = ( w + 1)[ w
 (c)

9 + 
 (c)
10 � 
 (c)

13 ] + w
 (c)
14 + 
 (c)

18 + 
 (c)
22 ; (C.2.3.6)


 (Q);mix
� c2 ;1 = 
 (Q)

8 � w
 (Q)
2 + (1 � w)[
 (Q)

3 + (1 + w)
 (Q)
10

� 3
 (Q)
13 � 
 (Q)

18 + 
 (Q)
23 ] + ( w � 3)
 (Q)

22 ; (C.2.3.7)


 (Q);mix
� c2 ;2 = � 
 (Q)

8 + (2 � w)
 (Q)
2 + (1 � w)[
 (Q)

3 + (1 + w)
 (Q)
10

� 3
 (Q)
13 + 
 (Q)

18 + 
 (Q)
23 ] + (1 + w)
 (Q)

22 ; (C.2.3.8)

� (b)
2;� c2

= � (b)
2B � 2� (b)

2C � 2(w � 1)� (b)
2F � � (b)
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With these de�nitions the form factors are expressed in termsof universal functions:
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With these de�nitions we obtain:
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(C.2.4.22)

C.3 A set of relations among universal functions

In this Appendix we use the de�nitions in Eqs. ( 6.31 ), (  6.36 ) and (  6.43 ), together with
the constraints ( 6.34 ), (  6.39 ), to relate the various structures entering in the expressions
(  C.2.1.1 )-(  C.2.1.7 ), (  C.2.2.1 )-(  C.2.2.14 ), (  C.2.3.1 )-(  C.2.3.11 ) and (  C.2.4.1 )-(  C.2.4.14 ). The
results allow us to obtain the relations among form factors in Sec. 6.1 .
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Appendix D

D.1 Functions in the angular distribution Eq. (  9.41 )

For the various Dalitz processes, the expressions of the functions AX (q2) and BX (q2) in the
angular distribution in Eq. (  9.41 ) are given below.
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