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Abstract

We study the differential polynomial identities of the algebra U T,, (F) under the derivation
action of the two dimensional metabelian Lie algebra, obtaining a generating set of the 7 -
ideal they constitute. Then we determine the S,-structure of their proper multilinear spaces
and, for the minimal cases m = 2, 3, their exact differential codimension sequence.
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1 Introduction

Differential polynomial identities constitute a natural and direct generalization of the notion
of polynomial identities of an algebra. They take into account the identical relations holding
for an algebra whose structure is enriched by the action of a Lie algebra of derivations,
and constitute a trending topic within the PI-Theory of associative algebras (see [3] and its
bibliography). Besides ordinary and differential polynomial identities, other similar notions
have been brought up: graded identities, trace identities, x-identities, H-identities all have
their own relevance, not just for their own intrinsic interest. In fact they are generally easier
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to discover, and each of these types of identities completely determines the ordinary ones,
at least in principle.

It must be said that in present days an effort towards a unifying approach among different
types of identities is being pursued. It took its steps from Berele’s influential paper [4],
and has its homeland in the settings of Hopf-algebra actions. For instance, in the specific
case of differential identities of an algebra A under the derivations of a Lie algebra L,
the Hopf algebra involved is the universal enveloping algebra of L. Even when no straight
Hopf-algebra action is possible, such as for instance for x-identities, one can consider a
generalized Hopf-algebra action to keep on track ([4], Remark at page 878. See also [2],
Section 7). Of course this does not mean that differences cease to exist: as always happens,
general theories are built upon concrete situations, so differential identities, as well as other
types of identities, still maintain their characteristic features when dealing with specific
problems.

In the present paper we consider the smallest nonabelian Lie algebra, namely the
metabelian two-dimensional Lie algebra L, acting on the algebra U T, (F) by derivations.
We give a faithful representation of L as the Lie algebra generated by two suitable inner
derivations §, € of UT,,(F), which turns out to be very convenient to computational tasks.
Our main result consists in providing a full list (Definition 3.4) of differential polynomials,
generating all differential polynomial identities of UT,,(F) with respect to this L-action
(Theorem 4.11). Then we pass to study the differential multilinear spaces related to U T, (F)
through their S,-structure. The key to these results is afforded by the use of proper poly-
nomials, a powerful tool re-discovered and developed mainly by Drensky, who pointed out
their extreme usefulness in several papers. More precisely, we determine the proper differ-
ential cocharacter sequence of U T, (F') recursively (Proposition 5.1 and Theorem 5.8) and
explicitly (Corollary 5.9).

The last section of our paper is devoted to work out the small cases m = 2 and m = 3.
In the former we regain the results of [11] as byproduct of our general description. On
the other hand, UT»(F) is too small to depict the effective impact of the L-action on the
differential polynomial identities in general cases. All its characteristic features are instead
already present when m = 3, so this case is worth studying to get a more concrete idea of
the general one.

2 Algebras with Derivations and Differential Polynomial Identities

Throughout the paper let F denote a field. With the term F-algebra we mean an asso-
ciative F-algebra. If A is an F-algebra, let Endr(A) denote the full algebra of F-linear
trasformations from A to itself. A derivation on A is any d € Endr(A) satisfying
(ay - az)d = af ~apy +aj - ag for all a;,ay € A. We will adopt the exponential notation
for derivations throughout the paper. The set of all derivations on A is a vector subspace of
Endr(A), turned into a Lie algebra with respect the usual Lie product [ f, g] := fg — gf
between maps, and is denoted Der(A). Notice that, since we use a right action, linear maps
are composed from left to right. If L is a Lie algebra over F, it acts on A as an algebra of
derivations if A is a Lie module of L. Actually, denoting £ the universal enveloping alge-
bra U (L) of L, this amounts to turn A into a right £-module. We briefly recall that £ is
uniquely determined, and the Poincare—Birkhoff—-Witt Theorem provides a natural embed-
ding of L in £ and an explicit basis of £ starting from any linearly ordered basis % of L,
namely the set B of all semistandard products b1b; ... by (thatis: by < by < --- < by) of
elements b; € 4.
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For a fixed Lie algebra L, it is possible to define a free object for the class of F-algebras
on which L acts as an algebra of derivations (L-algebras, for short). Let us start with a
countable set of free indeterminates X, and consider the tensor algebra of the vector space
FX ®r £.1tis afree algebra generated by the simple tensors x @ p for x € X and p € ‘B.
We will denote x ® p by x? and call it a letter; moreover, we may identify the indeterminate
x € X with the letter x ® 1 . We will denote by X’ the set of free generators (letters) x?,
and by F(XL) the free algebra they generate. Since X C X, the free algebra F(X) is a
subalgebra of F(X’). Actually, F(XL) is free on the set X in the class of L-algebras, in the
sense that if A is any L-algebra, any map v : X — A can be uniquely extended to an L-
algebra homomorphism v : F(X%) — A, that is an algebra homomorphism extending v and
commuting with the derivation action of L (and £). Thus F (X'} is called the free L-algebra
on X. Each element of F(X) can be thought as a polynomial in the noncommutative letters
xP. If p # 1 we will say x? is a differential letter, while x is an ordinary letter. When
X = {x; : 1 < i € N}, we say that the i is the name of the letter xip . A polynomial
f € F(X"L) is called ordinary if just ordinary letters occur in f, otherwise it is called
differential.

Now let A be an L-algebra. The following notions have been outlined in [4] in the gen-
eral settings of Hopf algebra actions, and employed in [11] in the more specific situation
of a derivation action. Let 77 (A) be the set constituted by the differential polynomials lay-
ing in the kernel of all L-homomorphisms ¢ : F(X%Y) — A. Then Ty (A) is an ideal of
F(XL) invariant under all the L-endomorphisms of F(X*), called the T} -ideal of A, and
its elements are called the L-polynomial identities of A. Notice that the ordinary T-ideal
of A, namely the set T (A) of all (ordinary) polynomials of F{X) vanishing under all alge-
bra homomorphisms from F(X) to A, is contained in Ty (A). If 4 is any subset of F(X’),
the least Ty -ideal of F(XL) containing ¢ is called the Ty -ideal generated by 4. One of
the main tasks in studying the differential polynomial identities of an algebra A is to find a
generating set for 77, (A).

In order to describe 77 (A) a smaller set of differential polynomials is needed when
char.F = 0. In fact standard Vandermonde arguments and multilinearization process allow
reducing the description to listing the multilinear differential polynomials 77 (A) contains.
Recall that a polynomial f € F(X’) is multilinear of degree n if each name among 1, ..., n
occurs exactly once in any monomial of f, and no other name occurs. As in [11] we denote
P,,L = spanp(xf;él) .. .x(fz’n) | o € S, pi € B), the space of multilinear differential
polynomials of degree n. Moreover, let PL := Un>o0 PL. Then Ty (A) is the least Ty -ideal
of F(X™) containing the set PL N Ty (A). In other words, Ty (A) is generated, as T} -ideal,
by the multilinear L-polynomials it contains. Actually, each PL is more than a vector space:
the natural left S,-action o (x}) := x(’;(i) forall o € S, turns PL into an S,-module, having

PnL NTy (A) as a submodule. The factor module PnL (A) := PnL / (PnL NTy (A)) is therefore an
Sp-module as well, and its module structure can be described through its S, -character, called
the n-th L-cocharacter of Tr,(A). Though it essentially describes the structure of the non
identity multilinear polynomials, the intere S,-structure of PL N Ty (A) can be recovered by
complete reducibility. The associated number sequence c,f (A) :=dim PnL (A),forn € N, is
called the L-codimension sequence of A.

When dealing with unitary algebras, a further strong reduction is actually available.
For any z1,z2 € XL define the commutators of length 2 by [z1,22] = 2122 — 2221
and, for k > 3, recursively define the commutators of length k by [z1,z2,..., 2] =
[[z1,22, -+, Zk—1], Zk]- The unitary subalgebra of F (X Ly generated by the commutators of
any length will be denoted BL, and we will call its elements L-proper polynomials. The
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relation between F(X’) and B can be clearly described through Lie algebras: let .Z be
the free Lie algebra generated by X% and let ¥’ = [.Z, %] be its derived ideal. Then
Z' is also a free Lie algebra, and .Z is spanned by X modulo .#’. By Witt’s Theorem,
F (XL} is the universal enveloping algebra of .%, while B” is the universal enveloping alge-
bra of .. Furthermore, let us fix a linear order in X* such that the ordinary letters precede
the differential ones. Then the semistandard commutators [z, 22, . .., zx| (that is such that
71 > 22 < 73 < - -+ < zx) form a basis for .Z” (see [1], Corollary of Proposition 8, (ii), p.
55), and can be completed to a basis for .% by adding the elements of X~. The linear order-
ing on X’ can be extended to a total order on this basis such that elements of X precede
any commutator. Then the semistandard polynomials wb, where w is a semistandard mono-
mial on X% and b is a semistandard sequence of the .%”-basis, constitute a basis for F(X*)
by the Poincare-Birkhoff-Witt Theorem.

We actually need just polynomials which are proper with respect to ordinary letters,
that is elements of the subalgebra B )L( of F(X") generated by commutators and differential
letters. Thus we may consider the differential letters as commutators of length 1, similarly
to what has been made in [6], and consider normal semistandard commutators (nssc’s for
short) of length > 1: a commutator [z1, z2, .. ., 2x] is normal if at most a single differential
letter occurs in it, and in this case it is z1. It has been proved in [6], Proposition 7, that the
nssc’s constitute an F-basis for B)];. It can be proved that 7Ty (A) is generated by the X-
proper polynomials it contains. Even simpler, we just need multilinear proper polynomials.
In fact, let Frf = PnL N B)L( for all n € N and let " be the union of these sets. Then 77 (A)
is generated by I' N T, (A).

Although proper polynomials could be dealt with in much greater generality (see [7],
section 4.3 for the basic definitions and results on proper polynomials; polynomials proper
with respect to a distinct set of letters were introduced in [8], Section 2), in this paper we
shall deal with multilinear polynomials only. As a consequence, the nssc’s we are going to
deal with are actually normal standard commutators (nsc for short), that is nssc’s such that
71 > z2 < -+ < z,. Both in order to keep the paper as self-contained as possible and to
give a proof within our restricted assumptions, we prove

Lemma 2.1 T (A) is generated as Tp-ideal by I’ N\ T (A).

Proof Let I be the T -ideal generated by I' N 77 (A). Then I < Tr(A). Since P N T, (A)
generates 17 (A), if I # T (A) then there must be polynomials f € P, suchthat f € T (A)
but f ¢ I, and we may choose one of minimal degree n. It has to be a linear combination of
products wg,, where w is a standard monomial on a subset of the ordinary letters x1, ..., x,
and g,, is a product of commutators in the remaining letters, say

=) awxiwgy + Y g,
w u

where none among the monomials w, u involves the letter x1. Now let us consider the L-
endomorphism ¢ of F(X’) sending x| in 1r and fixing all other indeterminates. Then
¢(f) € T (A). By the way, just the polynomials wg,, may contribute to f(1,x2..., x,):
indeed x; participates in each g,, either occurring in a commutator of length > 2 or as a
1-commutator, that is a single derived letter. In both cases, g, evaluates to zero. Therefore
o(f) = Zw oy WEy is still multilinear in the remaining letters, belongs to 77,(A) and has
degree n — 1. Renaming the letters, we get an element in P,_1 N 77 (A). By minimality, it
must be in /. Therefore ¢(f) € I, hence >, xjwgy € I,s0 f = ), a,ug, (mod I).
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Since we may repeat the process on the minimal letter occurring among the u’s, after finite
steps we get f =0 (mod 7), a contradiction. O

3 A Spanning Set for T'5(Uy,)

In this paper we are interested in the only nonabelian 2-dimensional Lie algebra over F.
It is also called the metabelian Lie algebra of dimension two, although this term may be
confusing. Indeed while in most cases the word metabelian means 2-solvable (see [1], p.
27, and [7], Remark 2.1.17, (iii) p. 22, but also, p. 117 for metabelian groups), sometimes it
is intended as 2-nilpotent (see [10], Definition 1.1).

It is well known (see for instance [12], p. 11) that if L is a two-dimentional noncom-
mutative Lie algebra then there exists a basis {a, b} of L such that [a, b] = a. Any linear
map 6 : L — Der(UT, (F)) such that [6(a),0(b)] = 6(a) is a Lie-homomorphism,
and induces a derivation action of L on UT,,(F). Notice also that 6 is injective as soon as
6(a) # 0. In this case we denote U,, the algebra UT,,(F) under the L-action, to distin-
guish this structure from the natural algebra structure, which we will continue to denote by
UT, (F).By [5], all derivations of UT,, (F) are inner, so 6 can be defined as soon as a cou-
ple of elements x, y € UT,(F) such that [Dy, Dy] = D, is chosen, where D, := [-, v]
is the inner derivation defined by v € UT,,(F). This amounts to turn U T, (F) into a right
£-module. Our real concern is, in fact, in the £-action on U,,, in order to determine the
differential identities of U,,.

From now on, we denote by 8, € the inner derivations of U T, (F) induced by ey, and
emm respectively, that is u® = 1[u, e1n] and u€ = [u, eym] for all u € UT,,(F). Then § and
€ satisfy the relations

ezze, 8220, e =48, €5=0,

hence [§, €] = 8. Therefore § and € generate a Lie subalgebra of the (Lie) algebra of F-
endomorphisms of U T, (F) isomorphic to L.

While the relation [8, €] = & suffices to establish a Lie isomorphism between L and the
Lie subalgebra of Endr(UT,,(F)) generated by the nonzero derivations § and e, the other
relations, namely €2 = ¢,52 = 0and ¢ = & (which, together with [§, €] = &, implies €5 =
0) affect the concrete action of £ over U,,: it turns out that the relations a?, b>—b,ab—b, ba
generate the kernel £ of this action. Therefore the £-module structure of U,, is equivalent
to the (right) module structure afforded by the factor algebra £/8 spanned by 1, § and €.

Example 3.1 Assignd :=[-, ex3] and € :=[-, e33]. Again 6 : L — Der(UT,,(F)), defined
by 8(a) = § and 6(b) = €, is an injective Lie homomorphism, since [§, €] = §. By the way,
while still holding 82 =0, itis no longer true that €2 = ¢,¢8 = 0 and 8¢ = § hold. These
facts alter the computational behaviour of the £-action on U, because the generators of the
kernel change. The resulting £-module is equivalent to the previous one, that is the factor
algebra is isomorphic to the previous one, but the computations are more complex. u

As a consequence of our choice, we get the following differential identities of U,,:

xez — x€ xéz xée _ x(S xeS.
Therefore the only nontrivial differential indeterminates involved in F (X Ly modulo Ty, (Uy,)
are just x€ and x?. It holds

@ Springer
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Lemma 3.2 The polynomials x{x5, xfxg, xfxg, xfxg are in the Tp-ideal generated by

2 2

x€ —x€, x87, x% — x% and x¢°

Proof Evaluating (x1x2)¢% one has

0= (x1x2) = (xfx2 + x1x§)5 = xf‘sxz —|—xfxg + xisx2 + )q)ci‘S = x1x2 + x1x2

modulo the listed identities. Replacing x| by x| one has 0 = x| x2 + xf‘sxg = x{ xz, hence

x‘sxg = 0 as well.

. 2 2 . .
Then just evaluate the polynomials (x;x2)€” and (x1x2)?" to get the remaining monomial
identities. O

There are further basic L-identities of U,,, which can be easily checked:

x0[x1, x2l, [x1, x2lx?;

[x1, x2]°. A different writing of this polynomial is [x‘f, x2] + [x1, xg];
x€[xr, x2l;

e, il [ms ym s

(xi, yile o [om—1, ym—11x€.

The last basic L-identity of U,,, involving a product of m — 1 commutators, is the following:
Lemma 33 [x1, 111 D2 Y20 (L1 Y11 = Lot 3m-11) € ToUn).

Proof Denote ¢; := [x;,yi] fori = 1,...,m — 1 and let ¢ be any substitution in U,
such that ¢(cq . ..cm—2) # 0. Then its value belongs to spang(e1,,—1, €2, ). Hence just the
(m — 1, m)-entry of ¢(c,,—1) contributes to ¢(cy .. .cu—1). By the way it is the same entry
as ¢(c,,_,), hence p(cy...cm—2c;, | —c1...cm—2cm—1) =0. O

The polynomials listed so far constitute the candidate set of generators of Ty (U,,). Let
us fix the notation:

Definition 3.4 Let .# denote the set constituted by the following differential polynomials:

2 2
x€ —XE, x(S , xée _)CB7 xeS’

x [y, x0l, [xn, 2ol [x], 0] + [, 231, x€Lxn, 22l [, il - - o Y,
I, yil e Don—1, Ym—11xS, [x1, 11 .. [Xm—2, ym72]([xm71, Ym—11¢ — [Xm—1, )’mfl])a

where all indeterminates belong to X. Moreover, let I denote the T} -ideal generated by .#.

The Ty -ideal I is contained in T7,(U,,), and we are going to prove that in fact the reverse
inclusion holds as well. As a first step, we are going to determine a set of polynomials
spanning F,f modulo /. The second step will be to prove their linear independence modulo
T (Uy), in the next section.

As in [6] let us denote by Hy the subset of the basis of B)L( constituted by the products of
knssc’s,andletI'y 1= I‘,f NPy, for all k > 1. Since the identity [x1, yi]... [Xmn, ym] € I,
any product of k& > m normal standard commutators is in /. Hence any element of I, can
be written, modulo /, as a linear combinations of products of at most m — 1 nsc’s. Next let
us prove the following
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Lemma 3.5 Let u be a nsc involving a §-letter. Then uc = 0 = cu (mod 1) for all normal
commutarors c.

Proof Ifu = x® then uy€ = uy‘S = 0 (mod I); also, for any k > 1 and any « € {1, €, 8}
it holds x®[y®, y1, ..., yx] = 0 (mod I), since it follows from x°[x;, x2] € I under the
substitution x; — [y*, y1, ..., Yk—11, X2 = Vk.

Now let u = [x%, 21, ..., z] and use induction on [: we just proved uc = 0 (mod 1)
if ] = 0, so consider u = [x°,z1,...,z1—1,z/] and let ' = [x%,z1,...,7z/—1]. Assume
(x%, z1,...,zi—1]c € I for all nsc’s ¢. Then uc = u'zjc — zju'c = w'zic (mod I). Since
z1c = cz; — ¢, zz] it holds uc = (u'c)z; — u'[c, z7] = 0 (mod I), and we are done.

The case cu = 0 is completely analogous. O

As a consequence, if u € I'y, x involves a §-letter and does not belong to 7 then k = 1.
We can be more precise:

Lemma 3.6 Let u € I'y, | involve a §-letter. Then u = [xﬁ, X1y ..., Xp—1] (mod I).

Proof The statement is trivially true for n = 1, and for n = 2 it follows from [x7, 0P el.

So assume n > 3 and use induction: let u = [xf, X1, ...,Xxp] with i 7% n. Notice that for
all k > 1 it holds [x?, Visowosr Vks 2] = [x?, Y1,...,2, Yx] mod I. Indeed, since [-, z] is a
derivation and [x?, Vi ooy Yk = [[x8, Y1s---» Yk—1], Y&] it holds
[0, Vis ooy ko] = [[xa, yl,...,yk_1,z],yk] + [[x‘s,yl,---,yk_l], [yk,z]]
= [x*, ... 1.2 3] (mod )

by the previous Lemma. Therefore the letters occurring in u in positions 2, ..., n can be
permuted modulo /. Then u = [xf, Xn, X1, + .., Xn—1]. Now the conclusion follows from the
fact that [x?, x,] = [xJ, x;] (mod I). O

There is a partial analogous of Lemma 3.5 holding for e-letters:

Lemma 3.7 Let u be a nsc involving an e-letter. Then for all nsc’s ¢ it holds uc = 0
(mod ).

Proof Just replace § by € in the proof of Lemma 3.5. O

Instead, it is not true that cu = 0. By the way, if f € %} involves an e-letter and is not
zero modulo 7, then f = ¢y ...ck where ¢y, ..., cx—1 are ordinary standard commutators
and ¢ involves the only e-letter in f. Also, if k < m — 2 there is not an analogous of
Lemma 3.6 holding for e-letters. Just the case of a product of m — 1 commutators provides
something similar:

Lemma 3.8 Let w = ci...cy—1 € IDym—1 involve an e-letter. If w is not zero
mod I, and y1 < --- < y; < x are the indeterminates involved in c,—1 then w =
c1...cm—2([x€, y1, ..., 1] + u) (mod I) for some linear combination u of ordinary
standard commutators in yi, ..., yi, X.

Proof The statement is clearly true (with u = 0) if [ = 0, so assume that [ >
1. The proof is somehow similar to the one of Lemma 3.6: let us set wg :=
C1...Cy—2 and, say, cp—1 = [yf, Vsewos Viels Yitls -+ Vi, X]. We may permute the
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indeterminates occurring in positions 2, ...,/ + 1 in the last commutator by the previ-
ous Lemma, and bring x in second position so to get w = wo[yf, X, y1,...] (mod I).
Now we may employ the same trick used in Lemma 3.6 using the identity of Lemma
3.3 to get w = wolx€, yi, y1,...1+ wolx, ¥i, ¥1,...] (mod I'). We can now re-order the
indeterminates yi, ...y in [x€, y;,...] modulo I getting [x€, y1, ..., y]. For the second
summand, we have to separate two cases: if i = 1 then [x, yj, ...] is already standard, so
u = [x,y1,...,y] If instead i > 1 then [x, y;, y1,...] is not standard, but we may use
Jacobi identity and write [x, v;, y1, ..., 1 =[x, y1, Yi, ... 1—[yi, ¥1, X, ... ], then rearrange
the entries in positions 3, ..., [+1 modulo [ to getu = [x, y1, ..., yi]+[i, y1,...,x]. O

Definition 3.9 For any k > 1 let us denote by

fnl «(Um) the subset of I'; . of all products c; .. . ¢ of ordinary standard commutators;
yne,k(Um) the set of all products ¢y ...cx € 'y such that ¢y, ..., cx—1 are ordinary
standard commutators and ¢ involves an e-letter in its first (possibly the only one)
position, if k < m — 2;

o ylf,m_l (Up) the set of products ¢; . .. ¢—1 € Ty m—1 Where ¢y, ..., c;y—2 are ordinary
standard commutators, and if x is the indeterminate with maximum name among those
involved in ¢;,—1 then x€ is placed in first position (that is: ¢,;,—1 = [x€, y1,..., vl and
x = max{x, ¥1,..., y});

o I3(Up) =[x, x1, ..., xp_11).

Moreover, working modulo 77 (U,,), let us denote by Fff, «(Um) the vector subspace of
T'f(Uy) spanned by %, (Up).

Gluing together the parts, let .7} (U,) = ngmfl 5’”1’ «(Um) be the set of selected
ordinary polynomials, .77 (Un) = Uggm—1 751 (Un) the one of polynomials involving
an e-letter and, finally, let .7, (Uy) = %} (Un) U L (Up) U 2 (Uy). Extending the
notations to the vectors subspaces they span modulo 77,(U,,), we will denote I'y (U,,) the
vector subspace of F,f (Up,) spanned by .#%(Uy,).

We can now summarize all the previous results stating

Theorem 3.10 ., (U,,) spans Tk modulo 1.

Proof Any basis element c; ...c; of I, is either zero or equivalent to a suitable linear
combination of elements in .#,(U,,) modulo I, so .%,,(Uy,) spans [, modulo I, by the
preceding results. O

Hence it follows
Corollary 3.11 .%,(Uy,) spans TL(U,,).

Proof Since .4, (U,,) spans Frf modulo / and I <€ T;(U,), the same holds modulo
TL(Um)- O

Remark 3.12 The size of the sets of polynomials selected so far depend upon the size
m. For instance, passing from U,,_; to U, we must add further polynomials to the
sets .SV (Up—1) and L€ (Uy—1) to get .#)(Uy) and € (Uy), while on the contrary
,5”,,5(Um,1) = ,Yn‘s(Um) = {[x,‘z, X1, ..., Xp—1]}. The codimension sequences we are going
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to compute later in this paper will measure exactly how these sizes vary. There are however
a couple of points to notice right now: the first one is that the set ,%ll(Um) constitutes a
basis for I',, (U T, (F)), that is for the ordinary algebra of upper triangular matrices without
any derivation (see [9]). For the second one, compare the sets ., (U;,—1) and .7, (Uy,) . It
turns out that

o SUn) = L WUn-1) WS}, (Un), since &}, (Un—1) = 7, (Up) forall k <
m — 2. To put it differently, just multilinear polynomials involving products of m — 1
nsc’s are missing in .%,! (Uy,—1) to get the whole .7} (U,,);

. y,f,k(Um,l) = (Un) forallk <m —3;

° n m—2(Um—1) C Y;m 2(Um) So, we have to add a complementary set .7, o 2(Um)
to <Eﬂn m— 2(Um 1) to get n m— 2(U'”)
®  moreover, multilinear polynomials involving products of m — 1 nsc’s must be added to
S (Up—1) in order to get .7 (Uyy,).
®  Therefore 7 (Un) = .7 (Un-1) & .S, o (Un) W75, (Un).
The first and easy examples occur when m = 3 and n > 2. For instance, in these
minimal settings, one has

— 5, W) = {135, 21}
- 5 WU3) = (13 a1 xwl)

To summarize, one has

yn(Um) = xz(Um—l) W j,f,m_z(Um) W <y@z,m—l(Um)a {5{11 (Um) = <y;z(UTm(F))-

4 The Linear Indipendence of .#,,(Uy,) Modulo T (Up,)

In this section we are going to prove that the spanning set ., (Uy,) is indeed linearly inde-
pendent modulo 77, (U,,). To this aim, starting from a given linear combination of a subset
of %, (Uy,) assumed to be in Ty (U,,), we will exhibit a suitable substitution (that is: an L-
homomorphisms from F(X%) to U,, defined on X) vanishing on all involved vectors but
one, so that it is linearly independent with the remaining ones and can be deleted, shortening
selectively the list until it is empty.

The easiest cancellation is the following:

Lemma 4.1 For any n > 1 the vector [xg, X1, ..., Xn—1] is linearly independent with the
remaining vectors of %, (Up).

Proof Assume that f = ) a,u + BIxS, x1,...,x,—1] € Tr(Up), where u runs in
N Un) U SLE(Uyy) and ay, B € F. Let ¢ be the substitution sending all the letters of X in
e11. Then ¢(f) = 0. By the way, ¢(u) = 0 for all u, since ej; € ker(e) and the ordinary

commutators vanish under ¢. Since e‘fl = ey and [e1, €11, ..., e11] # Oitfollows p = 0,
) [xﬁ , X1, ..., Xy,—1] 18 linearly independent modulo 77 (Up,) with the remaining vectors of
0 (Un). O

In other words, we just proved that

CEUn) = Ty & (T U +T5Un))
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Lemma 4.2 The set ./} (Uy,—1) is a linearly independent subset of %, (Uy,) and

Lo Un) + T (Un) = Ta =) @ (T Un) + TUn))

Proof Recall that 5{11 Up-1) = Uk<m72 %llk(Um), and assume

f= Y aw+ Y B+ Y, yw=0 (mod TL(Un)).
u€S )} Un-1) ves 1 (Un) weF (Un)
Let K the subalgebra of U, having null last m-th column. Then K = UT,,_{(F) as F-
algebras. Any evaluation ¢ : X — K vanishes on . (U,,) because K C ker(¢), as well as
any product of m — 1 commutators, hence 0 = ¢(f) = ¢(3_, a,u) for all such substitution.

This means that ), o, u is a (ordinary) polynomial identity for U T}, (F). By the way, the
set ,5””1 (Upm—1) gives rise to a basis for ', (U, —1), hence all «,,’s are zero. O

So the problem is confined to prove the linear independence of the vectors of
%} m—1Um) U7 (Uy). As afirst step, for any fixed 1 < k < m — 1 let us consider the sets

<
Apg ={U, ) s e 22, 21, 1+ -+ 1k =n)
A=A, ) T e, 22, i+ e =)

Apk (A;l’k, respectively) is simply the set of all compositions of the integer n in k parts
satisfying the inequalities [; > 1 and the other ones > 2 (I; > 2 for all i’s, respectively). Of

course, A; « S An k. Consider on Ay i the right lexicographic order, thatis (g, ..., k) <
(my,...,mg)ifly =mg, ..., lis1 =mijqp1 and l; < m; forsome 1 < i < k.
Definition 4.3 Let w = ¢;...ck € Sk The word |[w|| := zj...zx obtained taking

the first letter z; of ¢; will be called the main word of w. The letter z; will be called the
main letter of c¢;. The other letters of ¢; will be called secondary letters of c;. The sequence
I(w) := (l1, ..., lx) of the lengths of the commutators cy, . . ., ¢ will be called the structure
of w.

So, for instance, the vector w = [x2, x1, x4][x7, x5][x5, x6] € #3(Us) has ||w| =
x2x7x§ and structure /(w) = (3, 2, 2). Notice that w ¢ .%73(Uy). Notice also that for any
w € Sk (Uy) the structure /(w) belongs to Ay -

Now we are going to delete all polynomials of 5”; «(Un) for k < m — 2 from the list,
one by one. To make the clearest possible computations, we need an abuse of notation. For
any k < m — 2 let 6y : Uy — Uy, be the map defined by 0 (e;j) = eijtm—k jrm—k- Its
image is the subalgebra Ay of U, of all matrices whose rows 1, ..., m — k are zero. It is
immediate to notice that 6y is not only an algebra isomorphism beween Uy and Ay, but it
commutes with the L-action: for any u € Uy one has 0 ([u, exx]) = Ok (u)€ and, similarly,
Ok ([u, e1x]) = Gk(u)‘s. In what follows, by Ag-substitution ¢ sending x — a € Uy we
mean the substitution sending x € X to 6y (a) € Ak, abusing the notation merely in order to
simplify the computations.

Example 4.4 Let f = [x3, x1, xz][xj, x5] and suppose we need to exhibit a nonzero eval-
uation of f in the small 3 x 3-lower corner A3 of U,. We should write, for instance,
X1, X2 —> €m—2m—2, X3 —> €m—1m—2, X4 —> €m_1m and xs — e,,,,. We shall instead employ
the Az-substitution sending x1, x; — e, X3 — €12, x4 — €23 and x5 — e33, that is
evaluate the polynomial inside U3 and just then going back inside A3 C Uy,.
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Notice also that the embeddings 6 provide a canonical ascending chain U, C Us
.-+ € Uy C ..., and hence the descending chain 77,(Uz) 2 Tr(U3) 2 --- 2 Tr.(Uy)
. of Ty -ideals of F(XL).

U in

Definition 4.5 Let 1 <k <m —2andletw =cy...ck € S k(Un). We define ¢, to be
the Aj41-substitution sending the main letter of ¢; in e;;4+1 and the secondary letters of ¢; in

€it+li+l1-

Clearly, ¢,, is designed to have ¢,, (w) # 0, and indeed it holds ¢,,(w) = ejr+1 € Uk+1,
so that it actually evalutates to e,;,—k,, € Ax+1. Besides, we have

Lemma 4.6 Let w € yrik(Um) for k < m — 2, and let ¢, be its associated Aj41-
substitution. Then

1. foranyh > k, foranyu € Yf’h(Um) it holds @y, (1) = 0;
2. ifu € f;k(Um) and @y (u) # 0 then l(u) > l(w). Moreover, if [(u) = l(w) then

u=uw.

Proof

1. Any product of more than k¥ commutators is an identity for Ui 1, 50 ¢y, (1) = 0.
Letu =dy...dy € Y,ik(Um) and assume that ¢, (1) # 0. Just k among the letters
X1, ..., Xxp are substituted by off-diagonal elements, and diagonal matrices commute.
So, by the pigeonhole principle, each d; must involve exactly one among the main
letters zp, ..., zx of w. Actually, since any non-identity permutation of the factors in
e12 ... exk+1 causes the product to vanish, the letter z; occurs in d; for all i, and it must
occur in its first or second position, otherwise ¢,,(d;) = 0.

Now notice that if a secondary letter of cx occurs in d; for i < k then ¢, (1) = 0:
exactly one among the entries of ¢ (d;) is e;;+1, and if ex4 1,41 occurs in it then ¢(d;) =
0 because [e;;+1, €x+1k+1]1 = 0. Therefore all the letters of ¢ are confined within dy,
derived or not. Hence I(dy) > [(ck). Therefore if I[(dy) > [(cy) then [(u) > [(w). If
instead /(d;) = [(cy) then di and c; must involve the same letters. Since however zj
must be an e-letter occurring in dj, it has to be placed in first position, so dy = c. If
k = 1 the task is done, so assume k > 1 and let us compare dix_1 and cx—_.

As before, no secondary letter of x| may appearind; ifi < k — 1, so I(dxk—1) >
I(ckx—1) and, if the inequality is strict, this means [(#) > [(w). If instead [(dyx—1) =
[(ck—1) then cx—1 and dy_1 involve exactly the same letters, and zx— is placed in the
first or second position of dy_1. By the way, since the sets of letters occurring in cg—
and di—; are the same, they have the same minimum, and this letter must be placed in
position 2 both in dx_1 and in cx—1. Hence zx—1 must be in the first position of dy_i,
hence dy_1 = c—1.

These arguments apply to the remaining commutators of u, so either /(u) > [(w) or
[(u) = [(w). In the latter case the previous arguments show that then d; = ¢; for all i,
hence u = w. O

Then we get a simple algorithm to delete all the vectors in 5”; «(Um): for increasing k’s,
take any element w in yne ¢ (Unm) of maximum structure [ = (Iy, ..., ) and consider the
associated Ag-substitution ¢,,. Then w is the only element of 5’: « (Un) not vanishing under
¢y, hence it is linearly independent with all the vectors not yet cancelled. Then we may
delete w from the list and repeat the process until no vector of yrf m—2(Un) remains. Then
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we have to stop: this procedure does not work with elements of Ynl 1 (Um)UY,f m—1Um),
essentially because efnflm = em—1m and the last main letter of a vector may be either
ordinary or differential without affecting the evaluation. Therefore so far we obtained

m—2 m—2
PEUn) = T3 Un) ® @ T Un) & D T Un) © (T 10m Un) + Ty Un))
k=1 k=1

Definition 4.7 If w = c¢|...cn_1 € Y;m_] (Up) let ¢y, be the substitution sending, for
each 1 < i < m — 2, the main letter of ¢; in ¢;;4+ and all its secondary letters in e€;41;+1,
and then sending the remaining letters of {x1, ..., x,} in € —1m + €mm-

Clearly ¥, (w) # 0, and we have

Lemma 4.8 Ifu € ’im_l(Um) and Yy (u) # 0 then [(u) > [(w). If the equality holds,
then u = w.

Proof Letu = dy...dn—1 € Sp.m—1(Upy) satisty ¥, (u) # 0. Then all the letters of u
whose names occur in ¢, —1 are confined within d,,, _1. Indeed, if any of them occurs in some
d; withi < m — 1 then it may happen ¥, (d;) # 0, but necessarily ¥, (d;) ¥ (di+1) = 0,
since Y, (d;) = ejp, for some j and ¥y, (di11) # emm, the only choice not annihilating the
product. In particular, /(d,;,—1) = I(cy,—1). If the equality holds then the names of the letters
of ¢;,—1 and d,,—1 form the same set, and since ¥, (d;,—1) # 0 the commutator d,,,—1 cannot
be ordinary. Thus an e-letter must occur in it, and therefore this letter must be the one with
maximum name among them, so the same e-letter of ¢,,—1. Hence d,,—1 = ¢;—1-

Now take a look at ugp = dj...d;—3. It is a product of m — 2 ordinary commutators
in the remaining n — I(c,,—1) letters, and just m — 2 of them have been specialized in non
diagonal elements e;;41. Then the same arguments employed in the proof of Lemma 4.6
apply, so either /(1) > [(w) orug =cy ...Cm—2. O

As a consequence, we get
Proposition 4.9 The set .} p—1(Uy) is linearly independent modulo Ty, (U,y,).

Proof Choose any e-elementw € . := fnly m—1Um) UY;’ m—1 (Um) of maximal structure
I = (Iy,...,lx—1) and consider the associated substitution ¥,,. By the previous Lemma
w is the only element in .% not vanishing under ¥,,. Hence w is linearly independent
with the remaining elements of .%, and can be deleted. Replacing . by . \ {w}, we
repeat the process until no e-vector remains in .. Then . = ynl_m_l is part of a basis of
I'h(UT, (F)) modulo T(UT,,(F)), so it is linearly independent modulo 77,(U,,) too. I

Summing up all the previous results, we get the main result

Theorem 4.10 The set ., (Uy,) is an F-basis of the vector space F,f(Um). Hence I =
TL(Um)-

An equivalent, more comprehensive form for the results so far obtained is
Theorem 4.11 Let .# be the set of differential polynomials of Definition 3.4. Then %

generates all the differential polynomial identities of U,,. Moreover, the cosets of the
polynomials in .%,,(U,,) form an F-basis of the factor space F,% Up) = F,%/(F,];OTL Um)).

@ Springer



Differential Polynomial Identities of Upper Triangular Matrices Under... 199

5 Differential Cocharacter Sequence of U,

The set F,f (Up,) is not just a vector subspace of PnL (Up): as already mentioned in Section 2,
the natural action of the symmetric group S, defined by ox* = xg(i) foralli € {1,...,n},

o€ S,and a € {1, 8, €}, turns F,f (Up,) into a left S;,,-module. In this section we are going
to describe its S, -structure.

Recall that a complete set of representatives for the isomorphism classes of irreducible
S,-modules is in a bijective correspondence with the set of partitions of n. If A - n is one of
them, we shall abuse the notation and use the same symbol A to mean a (fixed) irreducible
Sp-module in the isomorphism class indexed by A. We shall denote A = [[A, ..., At] the
partition A with parts A; > A > -+ = Ag.

At first, let us study the S, -proper cocharacters of Uy, that is the S,,-structure of I';,(U>).

Proposition 5.1 The structure of F,f (U») is the following:

* If(U)=F;
rkwy) =21,
® forn>2itholdsTE(Uy) =[n—1,1]@2-[n].

Proof 1If n = 0 the only proper polynomial of degree 0 is 1, so I‘é(Uz) = F. The case
n = 1is almost as trivial: F{‘(Uz) = Fx‘feanf, and each summand is isomorphic to the S;-
module [1]. For n > 2 we know that ., 1 (Us) = .} | (U2) U2 (U) U ¢ (U2) forms
a basis for [} (U2). In fact for « € {1, 8, €}, each T'% | (U) is a submodule of ' (U2), and
Tp(U2) Z [n—1,1], T2 (Ua) =T | (Ua) = [n]. Therefore TE(U2) = [n —1,1] @2 -
B O

Notice that the first summand [n — 1, 1] of 'k (U,) is precisely the ordinary proper n-th

cocharacter of I',, (U T, (F')). The same holds for any m > 2 and, more generally, for all n
and m the spaces F,i(Um), Fﬁ(Um) and I'y,(Uy,) are S,,-submodules of F,I;(Um).

Remark 5.2 Clearly the decompositions

* TjWUn)=F
e rhw,=2[1]

hold for all m > 2. Then we pass to study the I'S (U,,)’s for n > 2.

It is easy to see that
Lemma 5.3 Forall n > 2 it holds T3 (Uy,) =5, [n]-

Indeed Fﬁ(Um) is spanned by the only vector [xf,, X1,...,Xp—1] and S, acts trivially on
it, modulo 77, (U,,). Notice also that ' (U,,) = T'3(U,,—1).

Now, for the general m > 3, we may recursively describe F,ll (Up) and I'§; (U,,) by means

of F,ll (Un—1) and T, (U;u—1). The description of F;]1 (Up,) is actually already known (see [9]):

Lemma 5.4 Foralln > 2 it holds
Ca(Un) Zs, T} Um0 @ Bjeny  ([1 =11 @@ [lnr = 1,1])”
=g, Ty(UTu(F)).
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The explicit decomposition of I'} (U,,) is then the following

Corollary 5.5 Foralln > 2 it holds

m—1
MU Zs, P P (h-1.1]0-- e[ —1.1])>.

k=1 [EA//Lk
The decomposition of I';(Uy,) deserves some care
Proposition 5.6 Let m > 3. Then for all n > 2 it holds

S)I
FiWn) =5, TaUn-n® @ (I-1.1]@ @ [lna—1.1)])
len]

n,m—2

o P ([[11—1,1]]®...®[[1m_2—1,1]]@[[l,n_1]]>s"

IEAILm—I

Proof Let us work modulo 77 (U,); accordingly, we will simply write w instead of
w + T, (Uy), and talk of linear independence, basis and so on without specifying modulo
Tr (Uy,). With obvious significance, consider the set partition

f%(Um) = fjﬂ,igm_ﬂUm) ) y,im_z(Um) L*J y,f!m_l(Um)-
As already remarked it holds 5’; <m,3(Um) = /€ (Um—1), and we will denote

n,<m—3

Wgm—3 the vector space spanned by this set. In the same fashion define W,,_> and W,,_1,
hence I';; (U;y) = W3 @ W2 @ Wy, 1. While the whole vector space is an S,,-module,
just the last summand is an S, -submodule of it, and we are going to determine its structure
first.

A finer partition of yj’m_] (Up) 1s indexed by the structures [ € A, ,,—1, that is by the
(m—1)-tuples (1, ..., lL—1)suchthatl,_; > 1,l; > 2 forotheri,and /1 +- - -+1,,—1 = n.
Then

iU = | S U, D).

lgAn,mfl

Let us denote Wy,—1(1) = spang(-%p.m—1(Un,1)) for any I € Ay ,—1. Then it is easy
to see that W, = @le J— Wi—1(l) is a (inner) S,-module decomposition. More-
over, each W,,_1(l) is cyclié, generated by any element of Y;’mil(Um, ). Indeed, let
w e fV’f’m_l(Um), namely w = ¢y ... ¢, with structure [ = [(w), and let L; be the set of
names involved in ¢;. Recall that if ||c,,,_1|| = x€ then the name of x is the maximum of
L,,—1. Let us denote by Sy, the symmetric group on a set L of symbols, and define

Hy =81, xS, x -+ xS < S,

m—1

Then H,, is isomorphic to the direct (external) product S;; x --- x §;, |, and F H,w is an
H,,-module clearly isomorphic to [[j — 1,1] ® - -+ ® [ly—2 — 1, 1] ® [l,n—1]- Inducing in
S, we get precisely W,,_1(I): each vector in yne,m—l(Um’ [) is in it, and it is easy to find

out that dim(F Hy,w)S" = ’Xﬁm_l (U, 1|, so they are the same module. Therefore

Win—1 Zs, @ ([[11 -1, l]] QR ® [[lm—Z -1, 1]] ® [[lm_l]]>sn.

IEAm,nfl
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Our next step is to consider the vector space W,,_». It is not an S,-submodule of I'§ (U, );
nevertheless, the cosets of its elements constitute a submodule of the factor S,,-module
LS (Un)/ Win—1. Denote it by Wy,_», and let w = ¢1...cpn—2 € ff’m_z(Um) be of struc-
ture = (I, ...,Ln—2) € A, m—2. As before the coset w generates an H,,-module, whose
induced S,-module is the whole W,,_»(l), so we need its Hy-module structure. Let us
distinguish two cases: [,,_» = 1l orl,,,—y > 2.

If p—y = 1then FHyw =g, [I1 —1,1] ® -+ @ [ln—3 — 1, 1] ® [1], since S; acts
trivially on the only e-letter, and we are done. So assume /,,,_> > 2 and let ||c;,—2| = x;.
The name j of x is no longer the greatest in L,,_, but we may consider the subgroup
Stjy X SL,._,\{j} of St,,_,, acting trivially on the last commutator of w, so w generates a
Sp, XX Sp, 3 x8(jy X SL,,_,\(j}-module isomorphic to [/} — 1, 1]®- - -®[ln—3 — 1, 1]®
[1] ® [lm—2 — 1]. Then, inducing this module to H,,, we get

FHyw Zg, [ - 11]® - ® [lns — 1,1] ® ([[1]] ® [ln—z — 1]])&’”’2
= ([[11 —11]® @ lns - 1,1]® [[lm,z]])

o (Ih-1118 8lns—1,11® [mn2—11])

Finally, let us investigate W,,_3: as before, it is not an S,-submodule of I';;(U,,) nor

of I'y;(Un)/ Wpn—1. By the way, it induces an S,-submodule W,,_3 of the factor mod-

ule T's(Un)/(Wp—2 @ Wyy—1), with basis Zigm_3(Um). As already noticed, actually

%f,gmﬂ(Um) = ﬁ,gmfﬂl]m—l)’ and the S,-action on W,,—3(Uy,) modulo (W,,—2 &

Wi—1) N Ty (Uy) is the same as the one on W, —3(Uyp—1) modulo Wy, N Ty (Up—1).
Hence, by complete reducibility, we get

U (Un) =5, W 3(Un) © Wy _5(Un) @ Wi,

where W,;%z =5, Wi—2 and W’gm_3(Um) =5, W<m—3. We may relate the S,-structure of

I's (Up) to the one of I'y, (U,,—1) inductively: indeed

Sﬂ
WrsUa) = Wz U ® @@ (=111 @ Iz~ 1.1]) 7",
leN

n,m—2

while W/gm—s (Un) =, W’gm_3(Um_1), and in the end we get

Sll
) Zs, TUn0® D (Ih-1.1]@ @ h2—1,1])
len!

n,m—2

o D (Ih-11& - &ha—11]8[n])

ZEAn,mfl

Sn

O

Remark 5.7 As already noticed, y,f,m,z(Umfl) ; Ynﬁmfz(Um), so the former set has a

complement jj’miz(Um). Roughly speaking, this complement causes the extra-summand

D ([[11—1,1]]®---®[[1m,2—1,1]])S”

leN!

n,m—2

to appear in the decomposition of T'¢ (U, ), marking a difference with respect to T'} (U,,).0]

@ Springer



202 0.M. Di Vincenzo, V. Nardozza

Sewing together the parts we get the decomposition of 'k (U,,,):

Theorem 5.8 Let m > 3. Then for all n > 2 it holds

Sn
PEUw) Zs, ThUn® @ (=111 @[l —1,1])
leN!

n,m—2
o P ([[11—1,1}]®---®[[lm_1—1,1}])sn
leA;“nf1
& @ (Ih-111@8lmz1 1o lm])"
ZGA,,V,,,,]

The explicit decomposition of 'k (U,,) is the following:

Corollary 5.9 Foralln > 2 it holds

m—2
CEWn) =5, 202 @ (In - 1110 e [k —1.1])

k=1 leA”Lk

e P ([[11—1,1]]®...®[[zm,1—1,1]])5"

leN!

n,m—1

o @ (I -1l el -Lile k)"
k=1 1leA

€Npk

6 Matrices of Small Size

In this section we will employ the previous results to study in some details the cases m = 2
and m = 3. We already obtained the structure of F,f(Uz) in Proposition 5.1, so the proper
codimension sequence ]/nL(Uz) = dimF(F,];(Ug)) follows easily:

Corollary 6.1 For all n € N the proper differential codimension sequence of U, is
VEWU) =n+ 1.

The knowledge of the S,,-structure of F,f (Uy) provides the knowledge of the S,,-structure
of PnL(Uz), getting back [11], Theorem 25:

Theorem 6.2 It holds PnL(Uz) =5, D, mar, where the partitions X involved and the
corresponding multiplicities m),_ are the following:

X = [n] with multiplicity 2n + 1;
A = [a + b, a], with a > 0 and multiplicity 3(b + 1);
o A=[a+b+1,a+ 1,1] with multiplicity b + 1.
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Proof From the decomposition of T'X (1) and convolution formula we get

Phwy) =5, @ (Hfwn @)

k=0

~ (I‘é(Uz) ® [[n]]) ® EnB (F,f(Uz) Q [n— k]])sn

k=1

n n
=[n]® (EB (k-=11]®[n - k}])**) o2 (Kl & [n - K])*" .
k=2 k=1
The partitions involved in the first summation are [a +b,a] + n (with a > 1) and
[a+b+1,a+ 1,1] - n. By the Young-Pieri formula, the multiplicities for both are b+ 1.
The Young-Pieri formula works with the second summand, as well. The partitions involved
in its decomposition are [n] and [a + b, a]] = n (with @ > 1), with multiplicities n and
b + 1 respectively. Hence the total multiplicities follow immediately. O

Also the differential codimensions can be computed from the proper ones (see [11],
Theorem 19):

Corollary 6.3 Forall n € N it holds
ety =21 +2).

Proof Since PE(Us) =5, Pi_o(T'F(Uz) ® [n — k)5, passing to the dimensions we get
n
cr (U =) (Z)(k ~ =2 +2).
k=0
O

We have so far considered a faithful derivation action of L on U 7> (F); now we are going
to consider the unfaithful ones.

The trivial action has of course little to offer: it amounts to consider the ordinary alge-
bra UT,(F). Formally, its differential polynomial identities are generated by the differential
polynomials x€ and x? together with the ordinary polynomial [x1, y{1[x2, y2]. Thus the dif-
ferential cocharacters and codimensions of U T (F)) differ just formally from the ordinary
ones.

The remaining unfaithful actions are therefore those having the commutator Lie-ideal
L' = Fa < L as kernel. So let U2E be the L-algebra UT,(F) under the derivation action
defined by u* = 0 and uP = u€ =[u, ex] forall u € UT>(F). Then we get

Proposition 6.4 The differential polynomial identities
€2 € € € € 8
Ler, x21lx3, xal, x5 — X%, x"lxr, x2], [oer, x20x%, [xr, x21° =[x, x2], x
generate T (U5). The proper cocharacter sequence is
g Us) = F. TFU3) = [1] and, forn > 2, TEUS) = [n — 1, 1] & [n].
The proper differential codimension sequence is

vEWS) = Land, forn > 1, yE(US) = n.
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As before, this describes completely the differential cocharacters and codimensions of
U3

Theorem 6.5 The S, -structure of PnL(Uz6 ) is
Py (Us) = F, PL(US) = [1] and, forall n > 2, P} (Us) =5, > myh,
An
where
) = [n] has multiplicity n + 1;

o \=[a+b,a], witha > 1, has multiplicity 2(b + 1);
o L=[a+b+1,a+1,1] has multiplicity b + 1.

The codimension sequence of U, is c,f(UE) =n2""V 41, foralln > 0.

Proof Since PE(US) =5, @ _o (TLWE) @ [n — k])™, the description of - and the
Pieri-Young rule provide the decomposition as in the proof of Theorem 6.2. Then, as in the
proof of Corollary 6.3, just compute

¢ (U3) = (’;)y&w@ + (Z)ykL(US) =1+ (Z)k =1+n2""".
k=1 k=1
O

Once again we get back the results of [11] (Theorem 5 and Theorem 12), but with a little
formal difference. Indeed, since L/L" = Fb, one can identify U with the algebra U T (F)
endowed with a derivation action of the (commutative) Lie subalgebra Fb of L. Denoting
by Tp(U5) the ideal of the differential identities of U T> (F) under the Fb-derivation action,
the formal differences between Tp(U;) and T (U5) consist solely in the presence or not of
the polynomial x? among the generators. In [11] the Fh-action has been considered, so x?
is missing.

To complete the picture in the case m = 2, in the same spirit we may consider the action
of the Lie subalgebra Fa € L on UT,(F), and investigate the corresponding algebra Ug.
We continue to denote TD(US) the ideal of differential identities of U 75 (F), to avoid mis-
understanding. The description of TD(Ués ) is not given in [11], but can be easily recovered
and very similar to the one of Tp (Uy).

Proposition 6.6 The differential polynomial identities

[x1. %213, x4l X%, X0[xp, xal, [y, xa]x?, [y, o)
generate Tp (UéS ). The proper cocharacter sequence is
rPwi) = F, rPWs) = [1] and, forn > 2, TP = [n — 1, 1] & [n].
The proper differential codimension sequence is

vl W) = 1and, forn > 1, y2 (U =n.

Then, with exactly the same reasoning as for €, we get

@ Springer



Differential Polynomial Identities of Upper Triangular Matrices Under... 205

Theorem 6.7 The S, -structure of PnD (UéS ) is

PP W3 =F, PP = [1] and, foralln > 2, BP(U3) =5, > myh,
An

where

® )\ = [n] has multiplicity n + 1;
* )= [[a + b, a]], with a > 1, has multiplicity 2(b 4 1),
e L=[a+b+1,a+1,1] has muliplicity b + 1.

The codimension sequence of Uy is an(Ug) =n2""' 41, foralln > 0.

It is somehow confusing the similarity between Tp(U5) and TD(UES ). They seem per-
fectly equivalent, from the point of view of their effects on the differential polynomial
identities. Actually, already for m = 3, they manifest concretely their neat differences. Let
us start in describing the S, -structure of the whole F,f (U3):

Theorem 6.8 The S, -decomposition of I",I; (U3) is the following:
rkWUs) = F;
rEws) = 2[1];

riws) =21, 1] @ 2[2];
riws =2B3]e3[2. 1] @1, 1,1]

and, forn = 4,

PEWs) = 2[n] & (n+ D — 1. 1] & @26 + D]a +b.a] & @n = 5)[n — 2.1, 1]

a>2
& P30+l +a+bi+al]eo@e+D2+a+b2+a 2]
a>1 az=0
& Pe+D+a+b.1+a,1.1].

a>0

Proof Actually, a proof is not needed, since the general result given in Theorem 5.8. Nev-
ertheless, a guideline for the concrete decomposition of 1",% (Uz) may be of help. The cases
n < 3 are straightforward, so assume n > 4. We know the decomposition

rlwy =2-n]@®n—1,1].

The set A;z,l has cardinality 1, since just (n) is a weak 1-composition of n. So the summand
indexed by A;, | in Theorem 5.8 is simply [n — 1, 1].

Then the set A;ﬂ consists of all pairs (/1, l>) such that /1, [, > 2, soitis empty if n < 3.

If n > 4 there are exactly n — 3 such compositions, and each of them gives rise to the
module ([/; — 1,1] ® [l2 — 1, 1]])5". Let U(A;, ) be the sum of these S,-modules. Then,
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the Littlewood-Richardson rule provides the decomposition

UA, ) = @Pb+1)-[a+b.d]

a>2
®@n-3)-Ih-211]e@P20+1) [I+a+b.1+al]
a>1
o @Pe+D-R2+a+b2+a2le@o+D-[I+a+b1+a 1.1].
a>0 a>0

Finally, the set A, > consists of all pairs (/1,2) suchthat/y + 1> =n,l; >2andlr > 1.
Itis empty if n < 3, butif n > 3 it consists of n — 2 pairs, each of them giving rise to the

Sp-module ([I; — 1, 1] ® [[12]])5". If U(Ap.2) denotes the sum of all such S,-modules, the
Pieri-Young formula provides the decomposition

Uhn2) = =1 -[n=1.1]@ @@+ 1) -[a+b,a]
a>2

®n-2-h-211]e@P0G+1D [I+a+b 1+al]
a>1

Now the S,,-structure of F,f (U3) follows simply summing the multeplicities of the involved
irreducible S,,-modules. O

Remark 6.9 1t may be useful to distinguish among the irreducible components of F)l(U3),
Fﬁ (U3) and T';; (U3), at least when n > 4. We have

LU = [n—1,1] & @® + Da +b,d

a>2
& m-3n-21.1]e@P20+D[1 +a+b,1+a.1]
a>1
& Pe+DR+a+b2+a2lo@@PG+D[I+a+b1+a,1,1]
az=0 az=0

réws) = 1]
res) = [n] ®nn—1.1] & @G + D]a + b, a
az2
& n-n-211]e@e+D[1+a+b.1+a.1].
a>1

This makes evident the different impact of € and § on differential polynomial identities
of U, in the general cases, that is for m > 2 (see the proof of Proposition 5.1). Taking
F,ll(U3) =5, ['n(UT3(F)) as the pillar of the comparison, the S,-structures of F,? (U§ ) and
rp (UéS ) are greatly different:

r2(WU3) =s, TW(UT3(F)) & [n]

I (US) =5, Ta(UT3(F) @ [n] ®n[n —1,1] @ @® + Dla + b, a]
a>2

& -2 -211]e@Pe+D[1+a+b 1+a,1]
az1
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To put it differently, the S,,-module FnD (U3) is almost the whole F,f (U3), just an occurrence
of the single one-dimensional module [r] is missing. On the other extreme, I'P (Ués) is

little more than I, (U T3(F)): just an extra occurence of the one-dimensional module [n] is
added. [l

Corollary 6.10 The proper differential codimension sequence of U3 is
vo (U3) =1, y[ (Us) =2, vy (Us) =4, y3 (U3) =9,
and, forn >4, yF(Us3) =n(n —3)2""% + 3n.

Proof 1t is awkward to compute ynL (U3) from the S,-structure of F,I;(U3) presented above
when n > 4. A more convenient way is to use the decomposition into induced tensor
products provided by Theorem 5.8. We already know that ynL(Uz) = n + 1; moreover
since A, | = {(n)} the composite module relative to A’ | consists of the single irreducible
module [[n — 1, 1] of dimension n — 1. ,

Next, each summand (ﬂll -L1]e[hk-1, 1]])5" associated to (I1,lp) € A;,’Z has
dimension (I — 1)(lp — 1)(1'i ), so their direct sum has dimension

n—2

Z (’Z)(l —Dn—-I-D=mn-Dm—-42"2+20 1.

1=2
Finally, considering the last composite module corresponding to the set A, 2, each of
its summands ([l; — 1, 1] ® [lzﬂ)s" has dimension (/; — 1)(1’:), hence the direct sum
corresponding to A, > has dimension

n—1

3 <’;>(l —h=@m-22" " —1).

=2

Then y,/(Us) = dim Tk (U3) is simply the sum of these dimensions. O

We must remark that just yOL (U3) does not match the general formula.
In principle, the explicit decomposition of P (U3) follows from the Pieri- Young formula
and the decomposition of F,% (U3), that is

n
S?l
Py =P (FkL(U3) ® [n— k]]) :
k=0
By the way, its explicit description is little interesting while quite complex. It is more useful
to measure the complexity of PnL (U3) through its codimension sequence:

Corollary 6.11 The differential codimension sequence of U3 is the following:
kW =1 and forn>1,cEU3) =n(n —H3"2 430207 11

Proof 1t follows from c,% U3) = Z:() (Z) ykL (U3) by straightforward computations, and
just the first term yOL (U3) needs to be directly set to 1, while y4 is exactly the one provided
by the general formula in Corollary 6.10. (]

For the sake of completeness, we record
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Corollary 6.12 The codimension sequences c,? (U35) and c,? (U3) are the following:

forn=0: W =W =cks =1
1
forn>=1: 2WH =3"2m>-Tn+9) +(n—1)2" + 8(2n3 —3n> +n+6)
D €y _ n—2 n—1
¢, U3) =nn—4)3 +0@Bn—-2)-2""" 42

Proof Concrete calculations are needed, but they can be minimized computing at first the
basic (ordinary) codimension ¢, := ¢, (UT3(F)). Setting y,, := v, (UT3(F)), one easily has

w=1 yv=0m=1 y=2
and then, for n > 4, it holds

n—2
Yo = Z (")(k —Dn—k—1D=@n-Dn—-42""24+2n—1).
k
k=2
This general formula does not match the lower numbers y, for n = 0,1, 2,3. More

precisely, it evaluates to zero for n = 1, 2, 3. Therefore one can compute directly
co=1, c1 =1, =2, ¢c3=6

and then, for n > 4, one has

o = (Dt ()t () (Gt z (1)

nin—1)  nn—1m=2) (1) (2012 k=2 | ok
—1 k=2 _5pok2 4 ok 4o 2
+ : +k§=4: (k> (k Sk2t2 4 2% 4 2k - 2)

32 1
= T(2n2 —14n+18) + (n — 2)2" + 8(2"3 —3n> +n+12).

Now just note that
v WS =1=ypand, foralln > 1,y (U) =y, + 1,

because just the single one-dimensional module [k]| joins the decomposition of I, (U T3(F))
to get the decomposition of T'? (UéS ), SO

n
n
DU = ¢, +Z<k> et 1
k=1

is the n-th differential codimension of Ués. Similar arguments work for cf,) (U3E ): now the
starting point is c,I;(U3), and just notice that cé(U3) = c(l))(Ug) while for n > 1 from
ynL (U3) = ynD (U35)+1 (since just the one-dimensional module [] is missing to get l“,f (U3)
from the decomposition of F,? (U3)) it follows
n
n
U =ch Uz =Y <k> =clws) - @ —1).

k=1
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