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EXTREMAL FUNCTIONS FOR THE CRITICAL
TRUDINGER-MOSER INEQUALITY WITH
LOGARITHMIC KERNELS

SiLviA CINGOLANIM*®, ToB1As WETH?® AND MENG YU?

Abstract. In this paper we study Moser—Trudinger type inequalities for some nonlocal energy func-
tionals in presence of a logarithmic convolution potential, when the domain is a ball. In particular, we
perform a blow-up analysis to prove existence of extremal functions in the borderline case of critical
growth. Using this, we sharpen the results in [S. Cingolani and T. Weth J. London Math. Soc. 105
(2022) 1897-1935] under critical growth assumptions and give answers to some questions left open in
[S. Cingolani and T. Weth J. London Math. Soc. 105 (2022) 1897-1935].
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1. INTRODUCTION

We consider some nonlocal interaction functionals, which arise in some 2D mathematical models for chemo-
taxis [1], in the statistical mechanics of selfgravitating clouds [2, 3] and in the description of vortices in turbulent
Euler flows [4]. See also [5-9].

In the present paper we are interested to derive Moser—Trudinger type inequalities for energy functionals in
presence of a logarithmic convolution potential. Inequalities of this type have been introduced recently in [10],
and the purpose of the present paper is to sharpen the results of [10] under critical growth assumptions and to
answer some questions left open in [10].

We begin to recall that the classical Trudinger-Moser inequality states that for any bounded domain Q C R?
we have

sup / et 4y = c() < +00 (1.1)
weHY(Q),|Vul2<1 /0

where, here and in the following, | - |, denotes the usual LP-norm for 1 < p < oo, so u ~ |Vul3 is the classical
Dirichlet integral over Q (see [11-13]). Carleson and Chang [14] proved that the supremum in (1.1) is attained if
Q = By := By(0) is the unit disc in R?, and successively Flucher [15] extended this result to arbitrary bounded
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domains in R%. Related inequalities for unbounded domains have been found by Cao [16], Adachi-Tanaka [17],
Ruf [18].
In this paper, as in [10], we consider the nonlocal interaction functional of the form

ur O(u) = /B /B In ! F(u(z))F(u(y)) dzdy, (1.2)

|z =yl
and we wish to analyze the problem of maximizing the quantity (1.2) among functions in the set
By :={u€ Hy(By) : |Vulz <1}.
Here F': R — [0,00) is even and continuous on [0, 00), and it satisfies the weak growth condition
F(t) < e’ for t € R with constants «, ¢ > 0, (1.3)

which ensures that the double integral in (1.2) is well defined for functions u € HJ (Bj). More precisely, splitting
the kernel In ﬁ into its positive and negative part and defining the functionals &4 : M(B;) — [0, o0] by

B (u) = /B /B o F(u(z))F(u(y)) dady,

|z -yl

where In* = max{+1n,0} and M(B;) denotes the space of the real Lebesgue-measurable functions on By,
it follows from [10], Lemma 2.5 and Corollary 2.6 that ®4(u) < oo for every u € Hg(B1), and therefore the
quantity in (1.2) has a well-defined finite value

O(u) := /31 /131 1nﬁ F(u(2))F(u(y))dedy = &4 (u) — ®_(u) for every u € H}(By). (1.4)

To analyze the maximization problem for ® within By, we put

m(F) := sup ®(u). (1.5)
u€eBy
If I also satisfies
F(s) < cleO‘SZ for s € R with constants o < 4w, ¢; > 0, (1.6)

then the classical Trudinger-Moser inequality and the logarithmic Hardy-Littlewood-Sobolev inequality [19],
Theorem 2 imply that m; (F') < oco.

In [10], Theorem 1.2, the following has been proved under the additional assumption that F' is increasing on
[0, c0):
(I) If F has at most S-critical growth for some § < —1, then my (F') < oo, and m; (F') is attained by ® in B
if 8 < —1.
(IT) If F has at least B-critical growth for some 8 > —1, then my(F) = oco.

Here, at most B-critical growth means that F(t) < ¢ e*™ (1 + |t|)? for t € R with some constant ¢ > 0, while at
least B-critical growth means that there exist ¢y, c > 0 with the property that

F(t) > ce*™ 1 for [t| > to.
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The assumption that F' is increasing was used in [10] to reduce the maximization problem, via Schwarz sym-
metrization, to a problem for radial functions. This extra assumption and the reduction to the radial setting
will also play a key role in most of the present paper. We emphasize that [10], Theorem 1.2 shows that 8 = —1
is a critical borderline exponent, and it indicates a transition behavior for critically growing nonlinearities F' in
this sense. To analyze this behavior in detail, we assume in the following that F': R — [0, +00) has the form

e47rt2
B(t) = 7ot 1.7
() = 7590 (1.7)
where
(90) g :[0,00) — [0,00) satisfies
g(t) < 'ertQ for ¢ > 0 with some v > 1. (1.8)

For our main results, we also need the following monotonicity condition.

(91) The function g is of class C! and satisfies F’ > 0 on (0, ), i.e.,
(87t% + 8mt — 1)g(t) + (1 +t)g'(t) >0 ¥t € (0,00). (1.9)

Remark 1.1. (i) We note that the weak growth bound (1.8) ensures (1.3).
(ii) We point out that (1.9) holds in particular if

g(t) > == forte(0,1) and  ¢'(t)>0 fort>1. (1.10)

We also note for later use that, if (1.9) holds, we have ¢'(t) > Mg(t) > 0 and therefore g(t) > g(0) for

1+t
telo,,/ /& -1

In our first theorem, we provide sharp borderline conditions for the problem of maximizing ® in B; depending
on the asymptotic behaviour of the function g at infinity. To state our main results, we define

Cy = limsup g(t) € [0, o0]. (1.11)

t——+o0

Theorem 1.2. Suppose that g satisfies (go).

(1) If Cy < o0, then my(F') < oo.
(i) Ift ligrn g(t) = +o0, then my(F) = +o0.
—r+00
(i11) If g also satisfies (g1) and Cy = 0, then my(F) is attained, and every mazimizer for ® in By is, up to
sign, a radial and radially decreasing function in By.

Remark 1.3. (i) Theorem 1.2(i) is essentially contained in [10], Theorem 1.2, since F' has at most (—1)-
critical growth if Cy < co. However, as has been mentioned already, it was assumed in addition in [10],
Theorem 1.2 that F is increasing on [0, 00), and we shall note in Section 2 below that this restriction is
unnecessary.

(ii) We notice that Theorem 1.2(ii) and (iii) both improve [10], Theorem 1.2. Indeed, consider first o > 2log 3
and the function

tes g(t) =log”(2+1), t>0
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Then ¢ satisfies (go), (91) and , ligl g(t) = 400, so m1(F) = +o0o by Theorem 1.2(ii). However, F' has
— 400

not at least S-critical growth if 5 > —1, so [10], Theorem 1.2 does not apply. Similarly, we may consider
0<o< 10%2 and the function

t—g(t) = log™?(2+1t), t>0

2+t

Then g satisfies (go), (g1) and C, = 0, so m;(F) is attained by Theorem 1.2(iii). On the other hand, F’
does not have at most S-critical growth if 8 < —1, so [10], Theorem 1.2 does not apply.

Theorem 1.2 leaves open the question whether m, (F) is attained in the purely critical case where C,; € (0, 00).
The study of this question is the context of the main results of this paper. Our first answer to this question is
the following conditional result.

Theorem 1.4. Suppose that g satisfies (go), (91) and Cy € (0,00). If there exists u € By with

2
0
B(u) > 72 (QT() + 20§7re2), (1.12)
then mq(F') is attained in B;.

The sufficient condition (1.12) is a consequence of a detailed analysis of ®(u,,) for concentrating sequences.
For this we need the following definition.

Definition 1.5. We call a sequence of functions u,, € By a Schwarz symmetric concentrating sequence (SC'S-
sequence in short) if u, is radial, nonnegative and nonincreasing in the radial variable for every n and satisfies
up — 0 weakly in HZ(B;) but not strongly.

We then have the following upper bound.
Theorem 1.6. Suppose that g satisfies (go), (91) and Cy € (0,00).
(i) For any SCS-sequence (un)n, C By we have

2
lim sup ®(u,) < 7r2<97(0) + 20§7re2>. (1.13)

n— 00 4

(i) If tlim g(t) = Cy, then there exists a SCS-sequence (u,,) with

lim ®(uy) = 72 (m + 20§m2), (1.14)

n—00 4

so the upper bound in (1.13) is sharp. If, in addition,

lin_1>inf (g(T) - Cg)T” >0 for some p < 1, (1.15)

then this sequence satisfies
® 2(9°0) | gcene I 1.16
(up) >m (T +2C; e ) for large n. (1.16)

Theorem 1.4 and Theorem 1.6(ii) immediately give rise to the following Theorem on the existence of
maximizers.
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Theorem 1.7. Suppose that g satisfies (go), (91), tli}m g(t) =Cy € (0,00) and (1.15). Then mq(F) is attained

m Bl.
An example for a function g satisfying (go), (g1), tlim g(t) = C4 € (0,00) and (1.15) is given by
—o0

t 1
tHg(t):m—F(/@—i-t)*p with p € (0,1) and k > 12%.

We finally provide an explicit non-asymptotic condition on g under which mq(F) is attained in B;.
Theorem 1.8. Suppose that g satisfies (go), (g1) and Cy4 € (0, 00). Suppose moreover that g attains its mazimum
mg at a point tg € (0,00), and that

m2 (8t +1) - g(0)
4(tg +1)2 4

2.2
+ 2C; me”. (1.17)

Then mq(F) is attained in By.
To provide an example for a function g satisfying (go), (91), Cy € (0,00) and (1.17), we consider the function
g(t) = C +te =
which depends on the parameters C,x > 0. Clearly we have (go) and Cy = g(0) = C > 0 in this case, and

a direct computation shows that g satisfies (g1) if kK > 2 and C < “’—;26_%. Moreover, we have t, = xk and
mg = C + £ > % in this case, so (1.17) holds if

k2 (8mK2 + 1)

2 (1 2
e ~C (7 +2me?) (1.18)

Hence Theorem 1.8 applies to g if

K> 2 and O<C’<min{li

1 K2 (87k? + 1) 3
¢ <4(/<; +1)2e2( + 27re2)> }

Note also that Theorem 1.7 does not apply in this case since (1.15) is not satisfied for g.

The paper is organized as follows. In Section 2, we recall some preliminaries related to nonlocal interaction
energies and prove the finiteness of the supremum m;(F) contained in Theorem 1.2(i). Section 3 deals with
the unbounded case and the proof of Theorem 1.2(ii). Section 4 is concerned with the existence of extremal
functions in the subcritical case, which completes the proof of Theorem 1.2. In Section 5 we perform a change
of variable motivated by Carleson and Chang [14], and we find an upper bound for the Schwartz symmetric
concentrating sequences. In Section 6 we give an answer to the open problem in [10] and prove the second part
of Theorem 1.6. In this section, the construction of a SCS-sequence satisfying (1.14) is inspired by Figuereido
et al. [20], but we have to work in a complementary parameter regime and the estimates are vastly different
from [20]. Finally Section 7 is dedicated to the proof of Theorem 1.8.

Notation. Throughout this paper, if v : RY — R is a radially symmetric function, we let v also denote the
associated function [0,00) — R of the radial variable r = |z|.
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2. PRELIMINARIES AND FINITENESS OF my(F')

In this section, we introduce some notation and recall some preliminary results. Moreover, we will complete
the proof of Theorem 1.2(i). Throughout the remainder of the paper, we assume that the function g satisfies
(go), which implies that F' is an even continuous function satisfying (1.3). We let M (R?) denotes the cone of
nonnegative real-valued measurable functions on R2. If 2 C R? is a measurable subset and u is a nonnegative
real-valued measurable function on ©, we also regard u as a function in M(R?) by trivial extension. We then
define the quadratic forms by : M (R?) — [0, 0o] by

(v,w) — by (v, w) :/ / In* 1 v(x)w(y) dedy.
R2 JR2 |z =yl
Moreover, we define
bo(v, w) := by (v,w) — b_(v,w)
for all functions v, w € M (R?) for which by (v, w) < co. For the sake of brevity, we also set
by(v) :=by(v,v) and bo(v) := bo(v,v) if by(v) < o0.

By definition, we then have

Oy (u) =bye(1p, F(u)) and O(u) = bo(1lp, F(u)) for w € H}(By).

Moreover, as noted in the introduction, all of these values are finite if u € H}(B;). We also recall from the
introduction that

By = {u S Hol(Bl) : |Vu|2 < 1}.

In order to study the maximization problem for ® in the set B;, it is important to note that the functional
® increases under Schwarz symmetrization if F' is an even, nonnegative and increasing on [0, 00). This is the
consequence of the following Riesz rearrangement type inequalities noted in [10], Lemma 2.3: For v € M (R?)
we have

by (v*) > by (v) and b_(v*) < b_(v), (2.1)
where, here and in the following, v* denotes the Schwarz symmetrization of v. We then let
B :i={u" : uebB}

denote the corresponding Schwarz symmetrized set of B;. By the Polya-Szego inequality, we have B C B;.
Hence the following key corollary readily follows from (2.1).

Corollary 2.1. Let g satisfy (go) and (g1), and let F be given by (1.7). Then we have

m1(F) = sup ®(u) and mi(F) = sup ®F(u), (2.2)

u€B] u€B}

where m{ (F) = sup ®+.

Bi
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Proof. Since F' is nonnegative, even and increasing on [0, 00) by assumptions (go) and (g1 ), we have [15, F(u)]* =
1p, F(u*). Therefore

D(u*) = bo(1p, F(u*)) = bo([Ls, F(u)]*) > bo(1p, F(u)) = ®(u)
and
OF(u) = by (1, F(u*)) = by ([Lp, F(w)]") 2 by (1p, F(u)) = ¥ (u)  for u € Hy(B).

Since moreover u* € BY C B; for u € By, the claim follows. O]

As a consequence of Corollary 2.1, it is important to study the restrictions of the maps b4 to radial functions.
As noted in [10], Corollary 2.8, for radial functions v,w € M, (R?) with by (v) < oo we have, by Newton’s
theorem,

o) | ) (n [ oo | pltn Jolp)dp)dr (23)

and

2n)? =2 /OOO ru(r)In % /OT’ pv(p)dpdr. (2.4)

We also note the following lemmas.

Lemma 2.2. Let, for i = 1,2, g; be C' nonnegative bounded even functions, and let By rqq := {u € By :
u radial}. Then

1 _4nu? o Anul(p)
e™igy(ug(r)) 1 / 217 gy (uz(p))
D, oo (ur,ug) = r————2In-— dpdr 2.5
ontinin) = S L 29)
defines a bounded functional @4, 4, : Birad X Bi,rad = [0, 00).
Proof. The result follows directly from [10], Lemma 2.10, applied with 8 = 2 = —1. O

Lemma 2.3. Suppose that g satisfies (go) and Cy € [0,00). Then the functional ®_ is uniformly bounded on
By, i.e., we have my (F) =sup @~ < oo.
B

1

Proof. Let u € By. Then we have

1
|z -yl

&_(u) = b_(F(u), F(u)) = /B /B 0™ —— F(u(2))F(u(y)) dady < (02)[[F @) 5,

where ||F(u)||11(p,) < c1 fBl '™ 4z < ¢, with constants ¢y, ¢, > 0 independent of u by assumption and by the
Trudinger-Moser inequality (1.1). O

Now Theorem 1.2(i) is a direct consequence of the following Proposition.

Proposition 2.4. Suppose that g satisfies (go) and C, € [0,00). Then we have

mi(F) <mi(F) < oo, where m{ (F) =sup ®*.
Bi
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Proof. We note that F' has at most (—1)-critical growth if C;; < oo, and therefore the assertion is already proved
in [10], Proposition 3.2 under the additional assumption that F is increasing. So it remains to prove m; (F) < oo
without this extra assumption. Since g satisfies (go) and Cy < 0o, we can choose £ > 0 large enough such that

14el %
e47rt2

F(t) < Fi(t) ==k T+t

Moreover, the function F is increasing and also has at most (—1)-critical growth, so we have m; (F,) < co by
[10], Proposition 3.2. Moreover,

t(u) = nt ! u(x x n -
= [ ) e  peePa) day < [ ] F ) P dedy

<mf(F,) for u € By,

which shows the required finiteness of m} (F). O

3. THE UNBOUNDED CASE

In this section we shall complete the proof of Theorem 1.2(ii), which we restate in the following Proposition.

Proposition 3.1. Suppose that g satisfies (go) and hI_P g(s) = oo. Then there exists a sequence of functions
S——+00

U, € By N L (By) with ®(u,) — 00 as n — oo.

Proof. Set v, = F(uy). For n € N, n > 2, we now define u,, = m,, € H}(B1) N L*°(B;) as in [18], equation
(2.12), namely

1 In(lz|) 1 q1y2 1
(@) = V2 (1nn)1/2( 4lnn) n ]
and
1 1 (172 1
n(@) = o um) A (1= ) 0s el < O

As noted in [18], p. 346, we then have |Vu,|2 <1 for n large and thus w, € B}. Moreover, v, := F(u,) €
L*>°(B;) and therefore

D4 (up,) = by (v, vp) < 00 for n € N.

We have, for n large,

Inn _ 1 477(71;7?_8%) 2 Inn _ 1
g € n-g
vy, = ( 27 87r) 2 e ( 27 871') on B (0)
a1 o

with some constant ¢; > 0. We derive that
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1

bo (Vny Un) n 1/
ane 22/0 70 (1) ln;/o pun(p)dpdr

1

n4[g Inn 1 ]2 1 1/
> 2c2 ( el Sﬂ) / rln — / pdpdr
0 0

Inn r

4 Inn

L5 )P e i N R
= r’ln —dr = —¢c )(— Inr|l - — dr)
Inn 0 T Inn 4 0 o 4
4 Inn 13\12 1
= (32n oy 57 ~ 57) (ﬁlnr—ﬁ> R>L:2£I2( lninii)
! Inn 4 16/l0 — 47! 21 87
so that bg(vy,, v,) — 0o as n — oco. This shows that ®(u,) = by(vn,v,) — 00 as n — 00, as required. O

4. CONTINUITY PROPERTIES OF & AND EXISTENCE OF MAXIMIZERS IN THE
SUBCRITICAL CASE

In this section we provide an abstract strong continuity result for the functional ®, which is partly based on
[21], Theorem 1.6. Moreover, we will complete the proof of Theorem 1.2.

Proposition 4.1. Suppose that g satisfies (go) and (g1), and let (u,), be a sequence in By with u, — u in
HY(B1). Suppose moreover that one of the following conditions is satisfied:

(i) u # 0.
(i1) Cq =0, i.e., tlim g(t) =0.

Then we have

lim ®(u,) = (u).

n—oo

Proof. Since u,, € B} for all n, it is easy to deduce from the weak convergence u,, — u in H}(B1) that u € Bf.
We now assume (i) first, so we assume that u # 0. Then [21], Theorem 1.6 implies that

/ eUm UL gy is bounded for some ¢ > 0, (4.1)
B1

and thus
dmru? Aru? : 1
e — e in L (By). (4.2)

Set vy, :=1p, F(uy,) for n € N and v := 1p,F(u). By (4.1), v, is bounded in L*°(R?) with s =1+ & > 1.
Moreover, since

Up —> U in L'(By),
interpolation yields that

Vp —> U in L*(R?) for 1 < s < sg.
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Moreover, by (2.4),

Blun) ~ Bu) _ /Olrvn(r)lnl /Orm,n(p)dpdr_ /0 o) il /0 " po(p)dpdr
-/ () | otonto) = wloiapar + | rfon(r) — o(r)] 1 2 | ortoapar

where, for fixed s € (1, sp),

1 1 T " — s 1 i 1
’/ 70, (1) lnf/ plun(p) — v(p)]dpdr’ < u/ 7| By|5" vy (r) In —dr
0 T Jo 2 0 r

1

— 1

< [vn = vl 2'8 / r1+%vn(7’) In —dr < Clv, — v|s|lvn|1 = 0 as n — 0o
2t~ Jo r

1 _o
. o7 2
with C' 1= = — sup r+ ln% and also
re(0,1]

7 [Up(r) — v(r)] In %dr

1
/ 7| B,
0

1
1
o [P )~ o) L < Clolufon — vl 50 asn o .

vls
2

We thus conclude that ®(u,) — ®(u) as n — oo, as claimed.

Next we assume (ii), and by (i) we may assume that u = 0, so u, — 0 in H}(By). Since H}(By) is compactly
embedded into LP(By) for 2 < p < oo, we have

Up, — 0 in LP(By) for 2 < p < oc. (4.3)
Since u,, € By for every n € N, (4.3) implies that
Up, — 0 uniformly in [§, 1] for every ¢ € (0,1). (4.4)

We now write F = kg + F with o = F(0), where the function F = F — kg is also even, nonnegative and
increasing on [0, 00). Moreover, it satisfies F'(0) = 0 and

F(t) < cretmt’ for t € R with a constant ¢; > 0. (4.5)
With

Uy = F(uy,) for n € N,
we then have

D(uy) = bo(vy) + 2b0(131/£0,vn) + bo(kolp,) = bo(vn) + 2bo (lBlno,vn) + ©(0). (4.6)
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By (2.3) we have

1 1 s 1 1
bo (1B, K0, vn) = (277)2/10/ v, (r)h(r)dr with  h(r) =In ;/ pdp —l—/ p(In ;)dp.
0 0 r

Moreover, for any ¢ € (0,1) we have, by (1.1) and (4.5),

5
c . cic(B
‘/ runh(r)dr| < 2i||humo,5)/ et gp < 4By (@.7)
0 s B, 2m
By (4.4) and since F(0) = 0, we also have
v, — 0  uniformly in [§,1] for every § € (0,1). (4.8)

Combining (4.7), (4.8) and the fact that h(r) — 0 as r — 0, we see that
bo(lBllio,Un) —0 as n — 00.
To prove that ®(u,) — ®(0) as n — oo, it thus remains, by (4.6), to show that
bo(vn) = 0 as n — 0o. (4.9)

To see (4.9), we note that for every ¢ € (0,1) we have

S
[}
—~
S
3
-

1 T
1
/ 0, (1) In 7/ pun(p)dpdr = M2 + N2,
0 ™ Jo

where, by (1.1), (4.5) and (4.8)

1 1 T 1 1 1 2
M2 ::/ mn(r)lnf/ pv”(p)dpdrgcl/ 70, (1) lnf/ pet™n (P dpdr
5

T Jo 5 T Jo

By) (! 1
< cielBy) / v, (r)In—=dr — 0 as n — oo. (4.10)
27 s r

To estimate

we fix € € (0, .=) and define, for any n € N,

Af ={r € (0,1] : uy(r) > e(=Inr)}, A ={re(0,1] : uy(r) < +/e(=Ilnr)}.

Since F' is an increasing function and g is bounded on [0,00) as a consequence of the assumptions Cy = 0, we
then have

- _ g(y/e(=Inr))etretnr e _
vp(r) < F(y/e(—Inr)) < F(y/e(—Inr)) = EEETY < My forre A, (4.11)
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with some constant M > 0 and

Q(Un (,,,) )6‘47”13’/ (r) - Oe (’I")€47Tu$" (r)

1+ +/e(=Inr) = 14 /e(—1Inr)

vp(r) <

for r € A

with the increasing function

r— Cc(r) :=sup{g(t) : t > /e(—Inr)}.
In particular, we thus have
vn(r) < C’E(l)e‘”“im for r € A}

We now write

1 (" 1 ("
N? :/ rvn(r)lnf/ pvn(p)dpdr—l—/ 70, (1) lnf/ pun(p)dpdr,
A5, n(0,6) ™ Jo AfN(0,6) ™ Jo

where, by (4.11) and since ¢ € (0, 1~),

4m

1 T § 1 1
/ U (1) lnf/ pun(p)dpdr < M2/ pldme lnf/ pt4m e dpdr
AR N(0,0) rJo 0 " Jo

_ M2 /6 T1747T6 n ldr _ M2( §l—dme B §2—4me 1115)
- 0 T 1 —4me 2 —4me

for all n € N. Moreover, we have

1 T
/ ’/"Un(T)lIl*/ pon(p)dpdr
ATN(0,6) rJo
1 1
:/ 70, (1) lnf/ pvn(p)dpdr—i—/ U, (1) 1nf/ pon(p)dpdr,
A3N(0,6) " JAinor) AN(0,0) " JALn©r)

where, by (4.12)

1
/ 70 (1) lnf/ pon(p)dpdr
A% N(0,0] T JAfno,r

A, (r) 1 dmug, (p)
< / p Celrermn ) |1 p G
Afn©s 1++/e(=Inr) 7 Jatnp,g 1+ /e(—Inp)
(= Inr)retmun() rr o
< C.(6)? / pet™un(P)dpdr
T Jagnea L+ Ve(=nn)? Jo

- C.(0)? (/1 re4’f“i(’”)d7’)2 < (C(Lﬁ)gcg(af

€ (2m)2e

by (1.1). Furthermore, by (4.11) and (4.13),

1 1/
/ 70, (1) lnf/ pvn(p)dpdrgC’E(l)M/ retmun(r) lnf/ p A dpdr
AFno,d] T JA;no,r AFn[0,] rJo

(4.12)

(4.13)

(4.14)

(4.15)
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C.()M [° N N (Y ez
< 5( ) 7,3—47rae47rui(7) In=dr < Cg(l)M sup (82—471'8 In 7) / Te47rui('r) dr
2 —Adme J, r 5€[0,9] $7Jo
C.(1)Mc(B 1
< 5( ) C( 1) sup (82—47r5 In 7) (416)
27 s€[0,6] S

again by (1.1). We now observe that 5“]%1+ C.(6) = limsup g(t) = 0 by assumption (ii). So, as € € (0, 7-) the
- t——+00

RHS of (4.14), (4.15) and (4.16) tend to zero as § — 0. Hence we infer that

lim sup N2 = 0.
6—0t neN

Combining this with (4.10), we infer (4.9), as claimed.

The following Proposition completes the proof of Theorem 1.2.

Proposition 4.2. Suppose that g satisfies (go) and (g1) with Cy = 0. Then the value mi(F) < oo is attained
by a function u € BY.

Proof. Let (u,)n, be a maximizing sequence in B; for mp. By Polya-Szego inequality, we may assume that
upn, € B} for n € N. Since B is bounded in Hg(B;), we may also assume that u,, — u € Hg(B;) with u € B;.
By Proposition 4.1, we then have

m1(F) = lim ®(u,) = ®(u),

n— oo

so mq(F) is attained at u € By. O

5. AN UPPER BOUND FOR SCHWARZ SYMMETRIC
CONCENTRATING SEQUENCES

In this section, we shall prove the first part of Theorem 1.6, namely the asymptotic upper bound for Schwarz
symmetric concentrating sequences given in (1.13). As a consequence of this upper bound and the continuity
criterion given in Proposition 4.1, we will then readily complete the proof of Theorem 1.4 in the end of this
section.

For the proof of Theorem 1.6, it will be useful to apply a change of variables motivated by [14]. More precisely,
we have the following.

Lemma 5.1. Let u € H}(By) be a radial nonnegative and radially decreasing function, and let w : [0,00) — R
be defined by w(t) = (47)Y?u(e/?) (where we identify u with its profile function in the radial variable). Then
w € H} (RT) is an increasing function with w(0) = 0. Moreover, we have

[e%) 1
'LU, 2 = 4T 'LL/'I"Z’/’T: 'LLZSC .
/0<<t>>dt 2/O<<>>d /BIIVd, (5.1)

and

o [y W g((4m) TV Pw(y)) [ e (@ g((4m) "V 2w())
Su)=m /o T ()1 2w (y) /y T+ (4m) 2w (a) dady. (5.2)
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Proof. By definition, w is an increasing function satisfying w(0) = 0, and (5.1) follows by a straightforward

computation. Moreover, since

O(u) = 2(271’)2/0 rF(u(r))In 1 /07" pF(u(p))dpdr

r

by (2.4), we have, by the change of variables r = e/,

B(u) = 72 /Ooo te_tF((47r)_1/2w(t))/Oooe_(s“)F((élw)_l/Qw(s—|—t))dsdt

i 11 (47)-72w(t) 1+ (4m)2w(s + 1)

2 [y W Vg((dm) = Puy)) [ et =g ((dm) " 2w(x))
T /0 1+ (47)~2w(y) /y 1+ (4m) 172w (x) dady.

We may now complete the

2 /°° e ()" g((4m) 1w (1)) /°° Qg (dm) s +1) |
0 0

Proof of Theorem 1.6(i). Let (up), C By be any SCS-sequence, and let w, : [0,00) — R be defined by w,(t) =

(47)12u, (e7t/2) for n € N. By Lemma 5.1, we then have w, € H} (Ry) with w,(0) = 0,
/ (w!)?dt < 1 for alln € N
0
and
A
/ whdt -0 asn — oo for every A > 0.
0

Moreover, w,, is nondecreasing for every n, and by (5.2) it suffices to show that

+o00 +o00 wi(y)—y 4 —1/2 wi(m)—r 4 —-1/2
hmsup/ / ye 9(( 717)2 wn(y)) e 9(( 7T1)2 wn(x))dxdy
o Jy 1+ (4m) =1 2w, (y) 1+ (4m) =1/ 2wy (2)

2
0
< gT() + 20§7re2.

n—oQ

To see this, we first note that (5.3) yields

t 2 o'}
2(t) = (/ w(s) ds) < t/ (w))*> <t  for every t >0,
0 0

while (5.4) gives
wy, — 0 locally uniformly on [0, co].
We now define, for n € N,

ay = inf{t € [3,00) : w2(t) >t—3logt} in [3,00].

(5.3)

(5.6)
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So if a, = oo, then w2(t) <t — 3logt for all t > 3, while a, is the first point a,, € [1,+00) with w?(a,) =

n
an — 3loga, if a, < co. We also note that

Ap — 00 as n — 0o

by (5.7). Moreover, we have the estimate

n—roo

o0 2
lim sup/ eWn(®) =7 4 < e
an

(5.8)

(5.9)

Indeed, this is true by [14], p. 117 if a,, is replaced by a, = inf{t € [1,00) : w?2(t) >t — 2logt}. Note that

an < @y, and, moreover

. 2 ) _ an q 11
lim sup e'n dz < limsup —dr=——-——0 asn— oo,
A a z

2
n—o0 n—o0 n An  an

where we have used the convention - = 0. Hence (5.9) holds.
Next we show that

lim sup dy < ¢(0).

n—oo

/an yen M=y g((4m) = 2w, (y))
0 L+ (4m) 12w, (y)

On the one hand, we have, for fixed A > 0,

4 yern g ((4m) " 2w, (y))

@ yen WY g((4r) 2w, (y) |
/0 T+ () Pun(y) Y _/0 T ) )
n e (=Y g((47) =1/ 2w, (y))
/A 1+ (4m) = 12w, (y) W

where, since w,, — 0 uniformly on [0, 4],

/A yen W=y g((4m) = 2w, (y))
o L+ (4m) 1 Pw,(y)

and
an w? (y)—y —-1/2 an an
ye W g ((4m) " Fwn(y)) / —31 / 1
dy < o e 318y dy = . —d
/A U)W Sl [y y=lglz~ | 5y
— [lgllLee /m%dyz llgllz= as n — oo.
A Y A
Consequently,
an g ewn (V)=y -1/2
: ye W g ((4m) " Fwn(y)) —ay . lgllz=
lim su dy < g(0)(1 — (14 A)e™) + ;
maup [ 2 Wy < g(0)(1 (14 A)e ) + 1]

for all A > 0, which gives (5.10).

A
dy — g(O)/0 ye Vdy = g(0)(1 — (1+ A)e™™) asn — oo

(5.10)
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Next, we split the integral in (5.5) into three parts, i.e.,

/+OO /+Ooye g ((4m) 72w, (y) e (D =Tg((4m) T 2w, (x))

dzd
L+ (4m) 12w, (y) L+ (4m) 1 Pwg(a) Y
+oo an an +oo +oo
:/ / ...dxdy—i—/ / ...dxdy+/ / ...dxdy
0 an 0 Y Qn, Yy
=1I,+J,+ K,.

v (5.9) and (5.10) we have,

et 0 vg((4m) Y 2w, (1) #2002 ((47) /2w, (@)
I(/ L+ (4m) P, (y) dy) </ I+ (4m) P, (a) dx)

- an o own (y)—y -1/2 too
o e [ ) ([ i,
1+ (4m)~ 2w, (an) \ Jo 1+ (4m) 12w, (y) @,

—0 asn— 4oo.

To estimate J,,, we follow the idea of proving (5.10). We have

7, </ / e W)=Y g ()1 2, (3))e¥h )~ g (4r) 200, () ) davdly

S/ / ...dxder/ / ...dxdy+/ / ...dzdy,
0 Jy 0 JA A Y

where, as n — oo, by (5.7),
A 2 A 2
/ yen W Vg((4m) " Pw (y))/ en ()= g((4m) " 2w, (x))dzdy

= g% / ye 1// “Tdzdy < ¢?(0 / ye y/ “*dzdy = ¢° (0)/ ye dy

_ 90 /2A e Vdy = 7 (0)(1—(1+2A) *2A)
0

4 4

A An
/ yen g ((4m) = 2w (y)) /A e (g ((4m) T P w, (2) ) dady

0

2 4 w2 (y)—y > 1 ||g||L°O 4 w2 (y)—y
< gl e i —gdedy = =75 e dy

2 A
0

2A2 2A2

and

[ et g am) R ) [ e (4 2, () dady

Y

1 1 [*1 ?
< gl2~ / / L dedy < )2 / / R

243

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)
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Consequently, by sending A — oo in (5.13), (5.14) and (5.15), we deduce that

2
0
limsup J,, < g ) (5.16)

n—oo 4

To estimate K, we fix € € (0,1) and define, for any n € N,

Hf ={x € (an,+0) :wy(x) > ev/z}  and  H, = {z € (a,, +0) : w,(z) < ey/z}.

Then, for n sufficiently large we have

/ / yet g ((4m) V2w (y)) e g () own @) 4
[an,+oo)ﬁHI [y,+oo)ﬁH,f

14 (4m) =1/ 2wn(y) 1+ (47) =1/ 2wn (x)

< / / yg((‘lﬂ‘”zwn(y))g((4ﬂ)‘12/2wn(x))ewi<z>+wi<y>—<x+y>dxdy
[an,+o0)NHE Jy,+o0)nH} (1 + e(4m)=1/2 /)

4 > o 2 2 Az _ _
<G [ e g am) 2w, ()g (4m) A o) dady
An Y

00 2 7re2
- (/ ewi(””"%((zxw)-1/2wn<x>>dw) < T (Cy o) (5:17)

The equality is the last line follows from the symmetry of the integrand and Fubini’s theorem, and in the last
inequality we used (5.9) together with the fact that

wn(x) 2 w(an) = Van — 3logay, on [a'm OO),
while v/a, — 3loga, — oo as a,, — co. Moreover, for n sufficiently large,

/ / yen g ((4m) "1 2w, (y)) ¢ D~ g ((4m) " 2w, ()
[an,4+o0)NH,T J[y,+o00)NHy 1+ (47'()71/2wn(y) 1+ (47’()71/2’11}”(‘%')
< / / ye s W) ve( D g (dm) ~ 2w, () g ((4) ~M 2w (y))
— Jlan,+o0)nH;t Jy,+00)nH (1+ 6(4#)—1/2\/33)2
(e*-1)a, 0
< (Cy+0(1))* x % swp Y % e¥n(W=vdy
g 1 2 D)

—¢ y€lan,+o0) (14 e(4m)~1/2/y) an
47.[.6(6271)(1” oo .
= X /a enM=Ydy 0 as n — oo, (5.18)

n

dzdy

dxdy

< (C, + 0(1))* x

while similarly

w} (y)—y —1/2 w} (v)—=z —-1/2
i Sup/ / ye 9((4m) " 2w, (y)) e g((4m)” Fwn(x))
[an,+o0)NH, [y,+oo)ﬂH,T

dzdy < 0,
nane L+ (4m) 12w, (y) Lt (dm) Pu, (@) 07

and

w2 (y)—y -1/2 w2 (z)—z ~1/2
lim sup / / ye g((4) wn(y)) e g((4m) wy(z))
[an,+00)NH, J[y,+o0)NH,

daxdy < 0.
"o L+ (d4m) 12w, (y) L+ @m) Pw, () 0
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Combining these asymptotic estimates with (5.17) and (5.18), we obtain that

N

2me 2
K, < 6—2(094-0(1)) as n — o0o.

Since ¢ can chosen arbitrarily close to 1 in this estimate, we obtain that

limsup K,, < 2ng7re2. (5.19)

n—oo

Collecting the asymptotic estimates for I,,J, and K, given in (5.12),(5.16) and (5.19), we get (5.5). This
finishes the proof of (1.13). O

As announced, we will now readily complete the

Proof of Theorem 1.4. By assumption, we have

my(F) > m2 (@ + 20§7re2). (5.20)

Let (u,)n be a maximizing sequence in B; for mp. By the Polya-Szego inequality, we may assume that u,, € B}
for n € N. Moreover, we may pass to a subsequence with u,, — u € H}(B1). If (u,), is an SCS-sequence, then
it follows from Theorem 1.6(i) that

2
mi(F) = lim ®(u,) < WQ(L(O) + 20571'(32),

n—00 4

contrary to (5.20). Hence (uy,), is no SCS-sequence, which implies that u # 0 and therefore

my(F) = lim ®(u,) = ®(u),

n— oo

by Proposition 4.1, showing that m; (F') is attained at u € B7. O

6. SHARPNESS OF THE UPPER LIMIT AND CONVERGENCE FROM ABOVE

In this section, we shall prove the sharpness of the upper bound in (1.13). Precisely we recognize the second
part of Theorem 1.6, namely the existence of a Schwarz symmetric concentrating sequence satisfying (1.14),
assuming that

ac, = tlir&g(t) € (0, 00). (6.1)

If in addition (1.15) holds, such a SCS sequence satisfies (1.16).
As in the last section, we will consider the transformation r = e~*/2 of the radial variable. By Lemma 5.1,
the proof of (1.14) and (1.16) is reduced to the following Proposition.

Proposition 6.1. Let g satisfy (go), (g1) and (6.1). There exists a sequence of increasing functions w,, €
H} (Ry) with w,(0) =0 for all n € N and the following properties:

(1)

o A
/ (w))?dt =1 for alln €N, and / w;dt =0 asn — oo for every A > 0. (6.2)
0 0
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(i)

9°(0)
4

dedy =

lim

oo yewn2(y)_yg((4ﬂ')_1/2wn(y)) /oo ewn2(m)—xg((47'r)—1/2wn(JC))
n—o0 Jo 1+ (4m) =1 2w, (y) y

2C;me®. (6.
1 (4m) 2w, () +2C;me”.  (6.3)

(iii) If in addition (1.15) holds, then

o wn?(y)—y —1/2 00wy ?(x)—x —-1/2 2
ye g((4m) wn(y))/ e 9((4m) ™ Fwn (z)) 9°(0) 22
dad 2C 6.4
A S A R A S E

for large n.

The remainder of this section is devoted to the proof of Proposition 6.1. We fix s € (0,1) in the following.
Moreover, for n € N, we set ¢, = 510% and define w,, € H} .(R4) by

t 1/2

wnlt) = 1 Ay +1 (6.5)
1 = 1 1/2 >
(=0, %8 A, 1 ot T (ML= 0)) 7, t>n

Here we choose A,, > 0 such that
o0 o0
/ [w!, (1))? dt = 1, i.e. / lw! ()2 dt = 5. (6.6)
0 n

To see that such a value A,, exists, we note that (6.6) is equivalent to

1 (1 A, +1 1 )
O, - = On,
i.€.,
ACL4+ 1 _ eﬁes log n—slognd, — eﬁnsnfsén. (67)

So A,, is chosen as an intersection point of the functions

rz+1 1

x— f(z):= and z — h,(z):

I
@
&
=
S
3

which exists since

lim f(z) = 400 > en®n"*°" = h,(0)

z—0t

and

lim f(z) =1<n*n"*%" = h, o = lim h,(z).

Tr—r00 T—00

This choice of w, is inspired by Figuereido et al. [20], who considered the special case s = 2 in the definition of
wy,. For our purposes, it turns out that the complementary choice of s € (0, %) is essential.
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Partly following [20], we first note some elementary estimates. Since A, (x) > hy, 0o — 00 as n — oo for z > 0,
it follows that A,, — 0. More precisely, we have

Lemma 6.2. As n — oo, we have

Ap=n~"* =-n"*+0(n > 6.8
— () (6:5)
and
/ eWnM=tdqt > e — =% o(n™%). (6.9)
Proof. As n — oo, we have
0i® n log?
s — gmstnlosn _ o=y (08 Ty oy (6.10)
n
Inserting this expansion in (6.7) gives A, = O(n™*) and
A, +1 " log
A Z — o THTR 0 = o(14 O(n~*))(1+ O ) = ¢+ O(n). (6.11)

as n — 0o. We point out that here it is essential that s < 1. Consequently,

1 A+l .
1+A—nf A =n’(e+0(n™%))

and hence (6.8) follows.
To see (6.9), we follow the calculations in [20], p. 147, replacing s = 2 by s € (0, 1) to see that

/Ooewi(t)—tdt> A’ﬂ+1
8 = A

nT

which by (6.10) and (6.11) gives

n

oo 2 1 2
/ enO=t dt > ee=Anp =50 > (1 — A,)(1+ O Oi )

= log®n

—e(1- 22— +0m2)(1+0O(

))>e—n"°+o(n"?%).

O

Next, assuming that (go), (91) and (6.1) hold, we consider a similar decomposition as in (5.11) for the double
integral in (6.3), with a,, replaced by n. First, we have

/ /m yetn =Yg ((4m) " 2w, (y)) ¢n =7 g((4m) " 2w ()
L+ (4m) =1 2wn (y) 1+ (47) = 2w, ()

" ye wh (y)— vg((4m)~ 1/2wn(y>) Foo qwh(z)—x ((47r)_1/2wn(x))
= dy dx
0 1+ (47) 12w, (y) . 1+ (47) =1/ 2w, ()
=1 x1I?

dzdy
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where, by (6.1),

o[ ye g ((4r) T 2w, (y))
> dy
o 14 (4m) 2w, (y)

inf Yy (y)) (C, + o(1)) /jl ewn (W)=Y dy

2

1-68p,2

. Yy " Sy -y
EiIgl/f.ng1+(47T)_l/2 y (1_(5n)1/2> (Cg—l-O(l))[l e dy

nl/2 2

n n 1—6n ,,2
= (Cg+0(1))/ e VTV dy
2(1 + (4m)~1/2 =00 2

n "oy Sn , 2
= Cy+o(1 / en¥WMe= S (g
2+ (4m)=1/24/n(1 — 6,) (Cy +oll) n Y

2

ne~"on

> C,+o(1 / eny(y—n) 4
2+ (4m)~1/2 n(l—én)( g Fo(l) n Y

2
n
nlfs

- Cy +o(1 /ze%y@*”)d
2T @)oo o) f Y

1-s z

> s e Gt W) / eV dy

- (Cy+ o) (1+0(1))

n

n

= 24 (4m)~1/24/n(1 - 4,))

= (V2 4 o(n24)) (Cy + o{1)) = Cv B!/ ofnt 2

21

and, by (6.9),
“+oo
fEL > Cg + 0(]1-4) o / eu)i(:::)fa:d:r
L+ ()2 gy Tos 25 4 (n (1= 6,) %) o
- (\/ﬂnié + O(Tf%)) (Og + 0(1)> (6 + O(n75)> = C’g\/ﬂerf% + o(n*%).
Consequently,
in > (Cg\/éﬂnlm_s + 0(”1/2_5)> (Cg V 471'67’1_% + o(n_%)) > 40377671_5 + O(n—S). (612)

Moreover, fixing 7 € (0, % — s), we find that

1 1/2 V3 —

1
0 < (4n) "V 2w, () <n™7F (1-4,)7% < 5 for x € [0,n"] and n sufficiently large,

where dg is chosen as in Remark 1.1 so that g(t) > ¢(0) for 0 < ¢ < @ Consequently,
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e S S e
" e 1/2 /24,
Z/O /y ye gé(47)r) 1/:% Z(Jy))e f(&:)) 1//2 (( )))dxdy
- <1+(47r) 1/2nfff 1-6 1/2> / ye " Ydady
B <1+<4 ) 1/2m—% 1/z> ( +0
=g%(0) (1+0(m™ %) ( > B e

Finally, we have

. o0 e (¥)—y -1/2 +oo w2 (z)—2 —1/2
K, := / ye g((4) wy(y)) / € g((4m) w"(x))dxdy
n 1+ (4m) =/ 2w (y) y 1+ (4m) =1/ 2wy (x)

> " 2
(1 + (4m)=1/2 ((nu—én))l/? log £ + (n (1 - 5"))1/2»
+o0 +oo
% ewi(x)+wi(y)—w—yg((47r)—1/2wn(x))g((47r)—1/2wn(y))dxdy,
where
L Akl e dosgi oD
o2 A, T = e (= 0n)
log(en +0(n®)) + o(1) 12 1+ slogn+o(1) 1/2
+ (n(1 -6, = 5 t(n(l—0d,
(n(1=6.))"? =) -z )
= (n (1= 8.))"" + (1),
and hence
(1+ 4172 (i o 2422 + (n (1= 6,)'7?))
n 1

(1+Em=2 ((n(1=8.))" +0(1)))
=47 +0(n"2),

(6.13)

(6.14)

(6.15)

(6.16)
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which implies that

> (27 +0(n"2)) (e —n° + o(n"*))" (Cy + o(1))? (6.17)
= (27 + O(n~ %)) (e? — 2en™* + o(n"*)) (C, + o(1))°
as n — oo. Thus,
lim inf K,, > 2C2me”. (6.18)

n—-+oo

Now, combining estimates (6.12), (6.13) and (6.18), we conclude that

g2(0)
4

dedy > +2Cme’.

n—oo

e g ((dm) TV u(y)) [ e D g((4m) 2w ()
hmmf/0 11 (4m)~ 2w (y) /y 1+ (47)~ 12w ()

Combining this with (5.5) which also holds for the sequence (wy,),, defined in (6.5), we obtain (6.3). This finishes
the proof of Proposition 6.1(ii).

To prove Part (iii) of Proposition 6.1, we now assume (1.15), which implies that there exists constants
Cy,tg > 0 with

g(t) > Cy + Cor™* for t > tg.
Since for n sufficiently large we have
(A7)~ 2w, (z) > to for z > n,

the estimate (6.17) can be improved, for n large, as
; ~1y) « L T ko) ~1/2 i
K, > (4m+0(n"?)) x 3 X e )T g((4m) " 2wy (x))da
1 ' 2 2
> (2r4+0(n"2))(e —=n"° +o(n"*)) (C'g + Cy(4m) s ;gi wnp($)>

= (2r + O(n’%)) (e —2en™* + o(n™*)) (Cg + Cy(4m) % ((n (1—146,))

N
+
Q
—~
—_
~—
N—
|
hS)
N———
[

= 2C§7re2 + 4(4m) 8 CyCyme?n ="/ + O(n™%). (6.19)

Combining (6.12), (6.13) and (6.19), we conclude that

/OOyewz(y)—yg((47r)_1/2w(y)) /oo ew2(x)—xg((47r)—1/2w(x))dwdy (6.20)
0 y

1+ (4m)~12w(y) 1+ (4m)~12w(z)
2
0 1 2 _ _s
gT() +0(n" "2)+ 20927762 + 4(47) 2 Oy Cyme®n =2 + O(n™%)
92(0) 2 _ 2 L 2 _—p/2 —s
0 +2C me” + 4(4m)2 CyCame n™ /= + O(n™*)

Y
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as n — o0o. Here we used in the last step that we have chosen 7 < % — 5. Since p < 1, we can assume that
s € (£, %) was chosen here. We then conclude that (6.4) holds for n large, as claimed. This finishes the proof of
Proposition 6.1(iii).

7. A FURTHER SUFFICIENT CONDITION

In this section, we give the proof of Theorem 1.8. So let us assume that g satisfies (go), (g1), and that

mg = (max) g is attained at a point ¢; > 0. We then define the function
0,00

x
—_— x € [0, 4mt?];

w : [0,00) — [0, 00), w(z) = Vit !
Vimrtg, S (47rt§,oo).

Then, w € H. (RT) is an increasing function with w(0) = 0 and [;~(w'(t))%dt = 1.
By Theorem 1.4 and Lemma 5.1, it suffices to show that

2
0
dxdy > gT() + 209271'82. (7.1)

[ T (L W ) In e g((d4m)Hu(@))
0 1+ (4m)~12w(y) Y 1+ (4m)~12w(z)

Indeed, using the definition of w, we have

/oo ye“’2(y)_yg((47r)_1/2w(y)) /oo ew2(a:)—xg((47r)—1/2w(m))dxdy
0 Yy

1+ (4m)~12w(y) 1+ (4m)~12w(z)

e’ W =Yg ((47) "1 2w(y)) [ ew’ @2 g((4m)" 1V 2w(z))
>/ TG, T e e

2 ') e’} 2 2
= 4mg / / ye4ﬂ’t§7ye4ﬂ't§7:bdxdy _ mg (8Trt9 + 1)
(tg +1)° art2 Jy 4ty +1)2

Hence (7.1) follows from assumption (1.17), and this finishes the proof of Theorem 1.8.
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