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Global small data solutions for an evolution
equation with structural damping and
Hartree-type nonlinearity

Marcello D’Abbicco

Abstract In this paper, we consider an evolution equation with structural damping
and nonlocal nonlinearity of Hartree type, and we prove the existence of global small
data solutions for supercritical powers.

1 Introduction

We consider a structurally damped evolution equation with a nonlocal nonlinearity

U+ (=D)Tu+ (D) Tu; = ¢ (x|7""9 « f(u)) g(u), >0, x € R",
1(0,x) = ug(x), (D
ur (0,x) = uy(x),

where ¢ # 0, @ € (0, n) and

|f(u) — f(v)] < Clu—o|(lulP~" +]0|P~"), for some p > 1, 2)
lg(u) —g(v)| < Clu—o| (Jul’" +]0]97"), forsomegq > 1. 3)

A nonlinearity as in (1) generalizes Hartree-type nonlinearities [13, 14, 15] which
appear in several physical models. We address the interested reader to [1, 3, 16] and
the references therein.

We stress that, with no loss of generality, we may fix
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in (1), so that
ol f = Ao f

where 1, denotes the Riesz potential applied to f. The equation in (1) is then obtained
by the following system:

{un () Tut (=) Ty = Ug(w), @

(-8)2U = f(u).

By the Hardy-Littlewood-Sobolev theorem, for any f € L”", with r* € (1,n/a), it
holds

- 1 l «
Iof €L, |Hafllr < CIfllp, r_=;+;. ®))

In this paper, we prove that global-in-time solutions to (1) exist, for sufficiently
small data in a suitable space, if

20+«
p+qg>1+

(6)

n—-o

It remains open to determine if the existence exponent 1+ (20 +a@)/(n— o) in (6)
is critical, that is, global-in-time solutions in general do not exist for subcritical
powers. In [12], R. Filippucci and M. Gherghu studied the nonexistence exponent
for quasilinear parabolic inequalities with a nonlinearity of type (K = u?)u9. In
particular, for the parabolic m-Laplacian equation

wr = At = (x|~ wuP)ud,

where A,,u = V- (|Vu|"2Vu), with 0 < n—a < m/2, they proved the nonexistence
of nonnegative nontrivial smooth solutions for

m+a

p+g<m-—-1+ .
2n—«
The critical exponent for structurally damped evolution equations with power non-
linearities
urr + (=A)7u+ (=A%, = g(u), t >0, x €eR",
u(0,x) = uo(x), @)
1 (0,x) = up (x),

has been well-investigated recently, and it has been highlighted how it depends on
the strength of damping. If the damping is effective, i.e., 0 < 26 < o, the critical
exponent is 1+20-/(n—26), the same of the corresponding parabolic equation (see [6],
see also [2] and the references therein), as it happens for the classical damped wave
equation [18] (see also [10] for a deeper analysis of critical nonlinearities of type
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g(u)), i.e., 8 = 0 and o = 1. In the noneffective case 6 € (o /2, o], oscillations
come into play [9, 17] in the asymptotic profile of the solution, and it has been
recently shown [7] that the critical exponent becomes 1 + 20~/ (n — ), the same of
the undamped evolution equation [11], that is, the same in (6) when @ = 0.

At the threshold of effectiveness, i.e., 6 = o-/2, the equation in (7) has the simplest
structure, since oscillations are very slow, and the critical exponent is 1+20/(n—0)
as in the case of noneffective damping. If the power nonlinearity is replaced by a
nonlocal-in-time power nonlinearity as

g(t,u) = /0 t(t - )71 |u(s,x)]4 ds,

with @ € (0, 1), then the critical exponent becomes (see [4], see also [8])

2+a)or
n-(1+a)o’

max{g, (1 -a)~'},

In this paper, we show that the influence from a nonlocal-in-space nonlinearity is
quite different.

In our first result, for any given supercritical value p + g, we look for the less
restrictive assumption on the regularity of initial data, such that we may construct a
global-in-time solution to (1) in C([0, c0), LP?), for some py.

Theorem 1 Let n > 1 and o € (0,n). Assume that p,q in (2) and (3) verify the
following:

a n
—p<4qg<-—p, (8)
n a

and that (6) holds. Moreover, if n > 20 we also assume that

20+«

prg<l+ . ©))
n-2o
Fix
n 1 1 o
Po= r+q), —=—+—.
n+a Py, Po n

Then there exists € > 0 such that for any
(ug,uy) € A= (L™ N LP) x (L™ N L"), |[(uo,u1)lla < &, (10)

where 1 < my < mg verify

p+qg=>1+

200+« n(l l)sl, (11

(n/m) -0 o
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there is a unique global-in-time solution u € C([0, ), L™ N LP%). Moreover, the
following long-time decay estimate holds

(. Mzro < € (140" 555 o) 1, (12)

and the following estimate holds

s Yo < € (1+0" 5 E7) [ gy ) 1. (13)

Remark 1 We stress that condition (11) follows as a consequence of (6) if m; = 1.
In particular, in this case, (12) reads as

_n(j__L
ety M < € (10" F0775) g, ), (14)
Moreover, if mg = 1, then (13) reads as:

llu(z, M < € (1 +12) ([ (o, ur) || - 5)

Remark 2 We stress that m; < p; in (10), as a consequence of the fact that the
exponent in the estimate in (12) is negative due to (11), that is,

1 1 o 1

mp  po n  p;

An analogous reasoning shows that mg < pg in (10).

We may remove assumptions (8) and (9) by strengthening the regularity assumption
on the initial data. In particular, we may easily construct solutions in L' N L,
proceeding as in [5].

Theorem 2 Let n > 1 and o € (0,n). Assume that p, q in (2) and (3) verifies (6).
Then there exists € > 0 such that for any

(uour) € A= (L' L) x (L' nLF), |(uo,un)lla <&, (16)

there is a unique global-in-time solution u € C([0, o), L' N L®). Moreover, the
following long-time decay estimate holds

lu(t, ML= < € (140" || (o, 1) || 2, a7

and estimate (15) holds.
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Is the exponent critical?

Following the same approach in this paper, one may clearly study a large class of
evolution equations with Hartree-type nonlinearity ¢ (|x|‘("“’> * f(u))g(u). For in-
stance, the existence exponent for the heat equation with that nonlinearity is obtained
by the solution of the following equation:

n 1 n a
l==|1-— +qg)==(p+qg-1)-—=.
2( po)(p D=5p+q-1) -7
That is, the existence exponent is a shifted Fujita exponent corresponding to the
equation
nip+qg—-1)=2+a.
We stress that a gap remains open, comparing this result with the nonexistence

exponent obtained in [12]. The question naturally arising is then: “Is this shifted
Fujita exponent critical?”

Thecaseg=p -1

A model case is when f(u) = |u|P and g(u) = |u|P~%u, thatis, ¢ = p — 1 for some
p = 2. In this case, condition (8) holds if, and only if, p > n/(n — @). Condition (6)
reads as
o+a/2
p>1+—"2
n—o
and po = (2p — 1)n/(n + ). In particular, p = 2 in the classical Hartree type
inequality, so that our result applies for @ < 2(n — 20) if n < 40, and for any

a € (0,n)ifn > 4o.

2 Proof of Theorem 1

In order to prove our results, we consider the linear problem

e + (=) Tu+(=A)%u; =0, 1> 0, x € R,
u(0,x) = up(x), (18)
ur (0,x) = up(x).

We address the reader to [6] and the references therein for the proof of the following
estimates for the solution to (18):

n

_n(1_1 lon(1l_1
Lt e < Cor™ @8 Jugllon + € 55 s, (19)
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where g5 € [1,00] and qo, g1 € [1, g2], with C; independent of t > 0 and ||u;]| 4,
j=0,1

Lemma 1 Let pg, mg, m; as in the statement of Theorem 1. Then the solution to (18)
verifies the long-time decay estimate (12) and the estimate (13).

Proof Fort < 1, we apply (19) with g2 = go = po and g = p;, so that we obtain

lu(z, MlLro < ColluollLro + Ci ||M1||Lp5’

whereas, for r > 1, we apply (19) with g» = po, go = mo and g; = my, so that we
obtain

l—n( L __1
e, e < E75) (Co ol + € ),

thanks to the second half of (11). Summing the previous two estimates, we de-
rive (12). On the other hand, if we apply (19) with g» = g9 = mg and g1 = m, we
obtain

1-n 1
1t Yl < Co ol + €1 £ 5) 1o

from which we get (13), thanks to the second half of (11). O

The interplay between integrability and desired decay

In Lemma 1, the assumption of uy € LP% and u; € LP0 comes into play to
guarantee that we may find a solution with u(z,-) € LP° for any ¢ > 0, whereas the
assumption up € L" and u; € L™ provides the desired decay rate as t — oo for the
solution. The assumption that u(¢,-) € LP° and that ||u(¢,-)||Lro has a certain decay
rate, will be crucial to treat the nonlinear problem. On the other hand, as a bonus
consequence, the previous assumption that ug € L™ and u; € L™ guarantees “for
free” that also u(t,-) € L™ for any ¢ > 0.

We define the solution space
X =u € C([0, 00), L™ N LPY),

equipped with the norm

,1+£(¢,¢)
lullx = sup ((1+2) "7\ v/ flu(z, )|l ro
t€[0,00)

+ (1407 E5) e 1)

In particular, for any u € X, the following estimate holds

1

llu(z, HlLro < (1 +t)l_§("‘l ) lluell x- (20)

As a consequence of Lemma 1, the solution #'" to (18) is in X and
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™| x < Ci || (ug, u1) ]| - (21)

We now consider the operator

N:X—-X, Nu = /Ot K(t=s,){of(u(s,-)))g(u(s,-))ds,

where K(t,-) is the fundamental solution to (18), that is, the solution with ug = 0
and u; = 6.

By Duhamel’s principle, a function u € C([0, c0), L™ N LP0) is the solution
to (1) if, and only if,

u(t,x) = u™(z,x) + Nu(t,x), forany s> 0and fora.e. x, (22)

where '™ is the solution to (18).

Lemma 2 Let u,v € X. Then
-1 -1
INu = Nvllx < C llu—ollx (lullZ™" + loll577). (23)

Proof Letr € (n/(n— a@),o) and let v’ = r/(r — 1), its Holder conjugate. Also,
p’=p/(p-1)and ¢’ = q/(q — 1). Then, using Holder inequality, (2), (3) and (5),
we may estimate the L' norm of

h(u,v) = (1o f (1)) g(u) = (1o f () g(0)
= o (f(u) = f(0)) g(u) + (Lo f () (g(u) = g(v))

as follows:

G, )l < [Ha(f (W) = f @)l llg @l
+ o f @)L llg(u) = g @)l
< Cillf () = f)l- lg @)l
+Cr I f )l g () = gz
< Collu = ll prep Mael? =1+ (0PI o el e
+ Co 0P Ml Mt = oll g 1l + [0 77D o

-1 -1
< Callu = ollprep (leell? 2y + 10l 2 ) Nl

Lp Lrp Lra
-1 -1
+ G [oll?, ., Nt = ol (el + 110112,
We fix
r= (r+9q),
np —aq
so that
r'p=r'q=po.

We notice that r € (n/(n — @), o), thanks to (8).
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Now, using that u, v € X, by (20), replacing po = n(p + ¢q)/(n+ ), we obtain the
estimate
n(p+q) ( 1 1 )

17, 0) (2, )|

-1 -1 +
< Cllu=vllx (el 5™ + ol 5 ) (1+0)P™™ ™o

n+a

+g—1 +g—1 (p+q) (1= o |+
= Cllu = ollx (2" + JolZ2Y) (1 4.0y ()2

for any ¢ > 0. Using (19) with ug =0, g2 = po and g = 1, we get

t _n(q1__L
I(Nu = No)(2, )| ro < C / (0 =) 50750) 1w, 0) (5, )1 ds
0
< Cllu—ollx (25" + o271 1(n),

where

n+a

We notice that, thanks to (9),

We now distinguish two cases. If m| = 1, then, using (6) we may estimate

n+a
< -1.

n
(p+4q) (1 - —) +
o
Therefore (see, for instance, [7, Lemma 3.1]), we get
_n(j__L
1) ~ (1405 07)

If my > 1, thanks to the first half of (11), we may estimate

om o omj o

1
2(1——)—1.
ag nj

Therefore (see, for instance, [7, Lemma 3.1]), we get

(p+q)(1—

n n+a n+om +am; n+a
+ <- +

I(t) < C(1 +t)1—(%(m¢l_%> .

We proceed similarly to estimate ||(Nu— Nv)(¢, -)|| 70, and we conclude the proof.00

We may now conclude the proof of Theorem 1.

Proof (Theorem 1) We now define



An evolution equation with structural damping and Hartree nonlinearity 9
R =2C |[(uo, u1)ll 7,

where C) is as in (21). For sufficiently small data, 2CRP+-1 < 1/2, where C is
as in (23). Then, by (21) it follows that the operator u'""(z,x) + N maps the ball
Br ={u: ||lullx £ R} initself. Due to (23), it is a contraction. Therefore, there is a
unique fixed point for ' (¢, x) + F in By, that is, a unique solution to (22). Moreover,
llu|lx < 2Cy ||(uo, u1)|l 4, that is, we get (12) and (13). This concludes the proof. O

3 Proof of Theorem 2

To prove Theorem 2, we follow the proof of Theorem 1, with some modifications.

Lemma 3 Let my, m| as in the statement of Theorem 1. Then the solution to (18)
verifies the long-time decay estimate (17) and the estimate (15).

Proof The proof is as the proof of Lemma 1, formally setting pg = co, and with
mo=mp = 1. m}

We define the solution space
X =u e C([0,), L' N L™),
equipped with the norm

llullx = S[gp : (407 flu(t, )l + L+ e, ) ).
te|0,00

In particular, by interpolation, for any u € X, the following estimate holds
(o < (14075073 flullx, Vm € [1,00]. (24)

As a consequence of Lemma 3, the solution u'™ to (18) is in X and (21) holds. We
now look for u € C([0, o), L' N L™) verifying (22).
The proof of Lemma 2 is now modified.
Proof (Lemma 2) Lettingr € (n/(n —a),),r =r/(r—1), p" =p/(p —1) and
q' = q/(q — 1), and proceeding as in the proof in Section 2, we get
-1 -1
G, o)l < Csllu = vll e (Nl 2, + H0lP 20 ) Ml
—1 _
+C3 lloll? ., Ml = vll g (leellT,, + IIUIIZ,,lq).
Since we did not assume (8), we cannot fix
n
r=——(p+4q),
np —aq

in general, as we did in the proof in Section 2. However, thanks to (24) it is now not
important to fix a specific value for r, and we may choose any r € (n/(n — a), o).



10 Marcello D’Abbicco

Indeed, independently on the choice of r, we obtain the estimate

17, 0) (2, )|

-1 -1 _n)\,nta
< Cllu—ollx (JallZ™" + o Z7Y) (14 e (1= 5) 252,
for any ¢ > 0. Similarly, we may derive

”h(u’ l))(t, )”L%

-1 -1 _n),a
< Cllu = ollx (Il + ol Z97Y) (14 pyPra) (1= )+

Using (19) with ug = 0, go = co and ¢; = 1 if s € [0,¢/2] and g, = n/o if
s € [t/2,1], we get

t/2 ”
l(Nu = No)(2, )|l > SC/O (t = )" |[h(u,0) (s, )1 ds

t
e / 1, 0) (sl 3 ds
t/2
< Cllu—vllx (Nl 27~ + 10257 (L) + (1)),
where

n+a

t/2
Il(f)=/ (t—s)l_E (1+s)(”+q)(l‘?)+7 ds.
0
t
L(t) = (14 5)PrO(1=8)+5 g5
t/2
Thanks to (6), that is,

n+a

(p+q)(l—§)+ < -1,

o

we may estimate:

n+a

L) <C(l+n'+ AI/Z(I +s)(p+‘1)(1‘§)+? ds
<C' (1+n' 7,
L(t) < C 1+ P (=5)15 < c (1405 .
We proceed similarly to estimate ||(Nu — Nv)(t, -)|| .1, and we conclude the proof.O

The conclusion of the proof of Theorem 2 is as the conclusion of the proof of
Theorem 1.
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