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The main result is to show that all the solutions in D7 (R") are radial and radially
decreasing about the origin.
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RESUME

Nous considérons des solutions positives faibles 4 ’équation critique p -Laplace avec
un potentiel Hardy dans RN
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Le principal résultat est de montrer que toutes les solutions D*?(R") sont radiaux
et radialement décroissants autour de 'origine.
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1. Introduction and statement of the main result

We study the doubly critical problem

— Apu — ﬁu”_l — P ! in RN

X
w>0 in RV (1.1)
u € DVP(RY)

P
where A,u = div(|Vu|P~2Vu) is the p-Laplacian operator with 1 < p < N, 0 < vy < 7, := (%) and
p* = NN—_pp is the critical exponent for the Sobolev embedding. Here D'?(RY) denotes the completition of

Cs°(RY), the space of smooth functions with compact support, with respect to the norm

full o= | [ 1vulr

RN

P

By standard regularity theory, see [12,23], it follows that solutions to (1.1) are of class C1® far from the
origin.

We address the study of the classification of positive solutions to (1.1). As we shall discuss later on, this
is a crucial issue since problem (1.1) naturally appears in the study of p-Hardy-Sobolev inequalities as well
as it appears as a limiting problem in many applications. Our main effort is to show that all the positive
solutions to (1.1) are radial (and radially decreasing) about the origin. Once the radial symmetry of the
solution is proved it is easy to derive the associated ordinary differential equation fulfilled by the solution
u = u(r). The classification result reduces therefore to an ODE analysis that has been already carried out
in [1] where the radial symmetry of the solutions was an assumption.

Let us start discussing the simpler case v = 0. In this case the problem reduces to the following critical
one

—Ayju=u" "t inRY,
u>0 inRY, (1.2)
u € DMP(RY).
For such a problem a huge literature is available and the classification of positive weak solutions of (1.2) is
well understood. Indeed, for § > 0 and ¢ € RY, an explicit family of solutions to (1.2) is given by

N-p

5ot g
Vs,20 (@) ::< ON.p ) : (1.3)

57T + |o — ao|7T

where oy, =N v (%) 7 The family of functions given by (1.3) are the minimizers to
/ [Vel?
Sp = inf R (1.4)
peDLP(RY) e
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and the classification of the minimizers (see [21]) follows via symmetrization arguments. Note that such a
technique can be applied in the same way both in the semilinear case p = 2 and in the quasilinear case
1<p<oo.

Furthermore, if we restrict the attention to the class of radial solutions, then the analysis carried out in
[14] shows that all the regular radial solutions to (1.2) are given by (1.3).

For p = 2 all the solutions to the equation are classified by (1.3) as a consequence of the results in [2]
where the Kelvin transform is strongly exploited. A Kelvin type transformation is not applicable for the
quasilinear case and this fact causes that a different proof is needed. When no a priori assumption are
imposed, the classification of all the positive solutions to (1.2) (showing that all the solutions to (1.2) are
given by (1.3)) has been in fact an open and challenging problem recently solved in [7,19,24] (see also [8,9]).
The techniques used are mainly based on a fine asymptotic analysis at infinity and refined versions of the
moving plane procedure, see [13,20].

Let us now turn to the case 0 < v < =, but in the case p = 2 so that 7, is the best constant in the
Hardy-Sobolev inequality for p = 2. For

8277 = inf
peDL2(RY) 5%

»#0 *
/ |

it is known that S, is attained and extremals for S, , have the form (up to a multiplicative constant)

o

_N- T anoé’
Us(z) = & 22U(5): e —— (1.5)
|- (672 + [z[¥-2) 7=
where
2) = an B an
- _ 40 N-2 N_2
o2 (¥ (e  pgee)
with
N—
Pl O N2 CTareN]E
- 4 s + = 2 ) anN = N _2 )

see [3,4,22]. Moreover (1.5) gives all the solutions of the problem (1.1) for p = 2 and v € (0,72) and this
has been proved in the celebrated paper [22]. In the case p = 2 it is also known that when v < 0 then S,
is not attained even if (1.5) are still solutions of the problem.

Here we are concerned with the quasilinear doubly critical case 1 < p < N and 7 € (0,7,). It is worth
recalling that in [1] the authors considered minimization problem:
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It follows that 0 < S, ., < S, where S, is defined in (1.4) and S, - is attained by a function ug(x) which is
not explicit. It has been proved in [1] that all minimizers of (1.6) are radial. Also uniqueness up to scaling
of the radial solutions as well as the asymptotic behavior are proved showing in particular that, given a
radial solution u = u(r) to (1.1), then

. - _ : V2 _
Th_r}(l)r u(r) = Ch, TEIJPOOT u(r) = Cy
and
lim o (r)] = Ciy, lim 72 * /()] = Cyya,
r—0 r—+400

for some positive constants Cy, Cy. Here and hereafter v1,v2 € [0, +00), 71 < 72 are defined as the two roots
of the equation

PP [(p = Dp? = (N —p)p] +7=0. (1.7)
We remark (for later use) that
N — N —
0< 71 < p <772 < p.
p—1

Note that when p = 2 then 77 = f_ and 9 = B4 Instead, when p # 2 but v = 0 then v; = 0 and v, = %.
Moreover in [25,26] the author extends the results on the asymptotic behavior proved for radial solutions
in [1] to all weak positive solutions of (1.1).

We shall prove here that actually all positive solutions to (1.1) are radially symmetric thus allowing to
deduce that the characterization of the solutions described here above do apply to all positive solutions. In
particular, as a consequence of our result, we deduce uniqueness up to scaling of the positive solutions as
well as their asymptotic behavior at the origin and at infinity.

Our main result is the following:

Theorem 1.1. Assume v € (0,7,) and let u be an energy solution to (1.1). Then w is radial and radially
decreasing with respect to the origin.

All the proofs of the classification results described above are based on the use of the moving plane method.
When p # 2 this is completely not trivial because of the nonlinear degenerate nature of the operator. In
our case, when trying to adapt the techniques developed in [9,10,19], an obstruction occurs due to the
homogeneity of the Hardy potential. In particular this fact is related to the nonlinear nature of the operator
that also obstructs the application of the techniques introduced in [7,22]. In fact, to face this fact, we exploit
a different test function technique that, on the other hand, introduces several difficulties as the reader shall
see. Let us also stress that, for the absence of the Kelvin transformation, an analysis on the behavior at
infinity is needed. We will in fact exploit the results in [25,26] and in particular our Theorem 3.3.

1.1. Notations
Throughout the paper, we denote by Q¢ the complement of a domain Q € RY in RV, by
CERN) ={ue C*RY) : u(z) =0 as |z| — +oo},

and by Bg(zo) the ball of radius R centered at xo € RV.
Moreover yq is the characteristic function of the set Q, (v — w)™ := max{v — w,0} and (v — w)~ =
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min{v — w, 0}.
Finally we underline that we will denote by C, C;, ¢; several constants whose value may change from line to
line and, sometimes, on the same line. However these values will be not relevant in the proofs.

We remark that the potential |z|~? is related to the Hardy-Sobolev inequality. More precisely, for all
u € DYP(RY), one has

p 1
[l 1 [ 1war. (1.8)
’YpRN

[P
RN

where 7, 1 is optimal and never achieved.
As a consequence of a Pohozaev type identity, one can see that problem (1.1) does not have non-trivial
solutions in any bounded starshaped domain with respect to the origin (Lemma 3.7 in [15]).

2. Preliminaries and known technical results

In this section we first recall useful results such as the strong comparison principle, a weighted Hardy-
Sobolev inequality and decay estimates.
Let us start the discussion on the strong comparison principles recalling the following

Theorem 2.1 (Theorem 1.4 of [11]). Let u,v € CY(Q) where Q is a bounded smooth domain of RN with

2]9’;2 <p<2orp>2. Suppose that either u or v is a weak solution of

—Apu = f(z,u) in Q,
u>0 in , (2.1)
u=>0 on 0f),

with f : Q x [0,00) = R is a continuous function which is positive and of class C* in Q x (0,00). Assume
that

“Aju+Au< A+ Av and u<v inQ,
where A € R. Then u = v in Q unless u < v in Q.

Actually the assumption that w or v fulfill the zero Dirichlet boundary datum can be removed and

local versions of Theorem 2.1 are available, see [17,18]. On the contrary there are no results removing the

assumption p > %VIQQ. Therefore in some cases we could prefer to exploit also the following result:

Theorem 2.2 (Theorem 1.4 of [5]). Suppose Q is a domain in RN and let u,v € C*(Q) weakly satisfy
—“Apu+Au < -Apw+Av and u<v inQ,

1 < p < oo and denote by ZY = {x € Q : Vu(z) = Vu(z) = 0}. Then if there exists zo € Q\ Z with

u(xg) = v(xg), then u = v in the connected component of Q\ Z¥ containing xo. The same result holds if

more generally

—Apu— f(u) < —Apv—f(v) and u<v inQ,

with f : R — R locally Lipschitz continuous.
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In the spirit of the moving plane procedure we shall exploit the strong comparison principle together
with the weak comparison principle (that actually will be included in the proofs and we refer the readers to
[10]) and improved Hardy inequalities proved in [16]. For convenience we summarize the following

Theorem 2.3 (Proposition 1.1 of [16]). Letr > 1, 7 > 0, o,y € R such that

1 a-1

2|
<
=

and with

Let u € C§(RN\{0}) and let L + 3 < 0 then it holds

3=

/ 2| <C / 2™ V"
RN RN

where C' is a positive constant independent of u.

Remark 2.4. In Theorem 2.3 it is assumed that u € C}(RY \ {0}). Actually it is clear from the proof, and
via density arguments, that the same result applies if u is defined in exterior domains and has the right
decay properties at infinity.

To exploit Theorem 2.3 for weak positive solutions to problem (1.1) we need to know the asymptotic
behavior of the solution at infinity. Let us start recalling some results from [25,26].

Theorem 2.5. Let u € DYP(RYN) be a weak positive solution to equation (1.1). Then there exist positive
constants C, ¢ depending on N,p,~ and the solution u such that

cle]™ <wu(z) < Clz|™ for |z < Ry, (2.2)
and

clz]™"? < u(z) < Clz| ™72 for |z| > R;. (2.3)
Moreover

|Vu(z)| < ¢z~ O+ for x| < Ry, (2.4)
and

|Vu(z)| < ¢jz|” 2+ for |x| > Ry. (2.5)

Here v1,72 are roots of (1.7) and such that

p<72<

0<’71<

while 0 < Ry < 1 < Ry are constants depending on N, p,v and the solution u.
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Finally, we recall the following regularity result for solutions of (1.1).

Theorem 2.6 (/1,12,23]). Let u be any solution of (1.1), then u € CL*(RN \ {0}) with 0 < a < 1.

loc

3. Asymptotic estimates

Here we shall prove some new gradient estimates that we will use in the next section in order to apply
the moving plane method. The moving plane procedure is strongly related to the use of suitable comparison
principles. When the domain is the whole space, considering problems with a source term involving the
Hardy potential, weak comparison principles are naturally related to the use of Hardy type inequalities that
involves the classical radial weights. Since our problem has a natural associated weight |[Vu|P~=2, we will
need to relate the weight |Vu|P~2 with the weights appearing in Theorem 2.3. To do this, especially for the
hardest case p > 2, a further information is required, namely estimates from below on the modulus of the
gradient of the solution. This is what we prove in this section starting from the following:

Lemma 3.1. Let u,v be positive and C*-functions in a neighborhood of some point xo € RN . Then it holds

vP uP
|Vu|P~2Vu -V (u — —u) + |[Vu|P~2Vu - V <v — —v)
uP VP
(3.1)
> Cp min{v?, v’} (|V1ogu| + [V 1ogv|)P’ 2 |Vlogu — Vioguv|?,

near xo for some constant C, depending only on p.

Proof. The estimate (3.1) for 1 < p < 2 can be found in Lemma 3.1 of [25]. Then we just need to prove
(3.1) for p > 2.
By making some simple computations we find that

P P
= |VulP~2Vu -V (u — U—u) + |Vu[P~2Vu - V <v — u—v)
up P

= [Vul? + |Vol? — v? (|VlogulP 4 p|Vlogu[P~*Vlogu - (Vlegv — Vlogu))

(I)
—u? (|Vlogv[P + p|Viog v’ *Vlogv - (Vlegu — Viogv)).

(I1)

Now let f(t) = |a+t(b— a)|P for a,b € RY then one has

f(1) =1(0) )+ [A=0)f
e

which gives (recall that p > 2)

bl = la|” + plal”~?a - (b — a)

1
/1—t|a+t )P ((a+tb—a)) - (b—a))? dt
0

—I-p/(l—t)|a+t(b—a)|p_2|b—a|2dt (3.3)



96 F. Oliva et al. / J. Math. Pures Appl. 140 (2020) 89-109
1
> |af? + plafP~2a - +/ 1~ B)pla+ (b — a)[P-2[b — af? dt.
0

We apply (3.3) to (I) with a = Vlogu and b = Vlogwv and to (II) with a = Vlogv and b = Vlogu. Hence
we get

(1—t)p|Viogu + t(Viogv — Viegu)[P |V logu — Vlog v|? dt

(1—t)p|Vlegv + t(Vlegu — Vlegv)|P* |Vlogu — Vlogv|? dt

— (3.4)

3 _
> vap|Vlogu — Vlogwl|? |V logu+ t(Vlogv — Vlogu)[P~? dt

O\MH

M1
1

3 _
—i—Zpup|Vlogu—Vlogv|2 /|Vlogv—|—t(V10gu—Vlogv)|p 2 dt

Now suppose that |Vlegu| > |Vlogwv|. In order to estimate the first term on the right hand side of (3.4)

we distinguish two cases.
First of all let |V1ogv — Vlogu| < 1|Vlogu| then (recall 0 < t < 1)

|[Viegu +t(Viegv — Viogu)| = |Viegu| — |Viegv — Vlogul
1 1
> IVlogul > ; (Vlogul +|Vlogv]),
namely

1\"? -
|Vlogu+ t(Vlogv — Viegu)P~2 > (4) (|Vlogu| + |V logwv|)P~>

Otherwise if [Vlogv — Vlogu| > 3|V logu| then we let

|V log ul
|Vlegv — Vlogul

€ (0,2).

to =

Hence

[Viogu+ t(Viegv — Viogu)| > ||Viogu| — t|Vlogu — Vlog ||
= |to|Vlogu — Vlogv| — t|Vlogu — Vlogv||

1
= [to — t||V1ogu — Vlogv| > §\t0 —t||V logu|

1
> lto — 1 (Vlogul + |V log ),

since we are assuming that |V logu| > |V logv|. Therefore
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1\"? -
|Vilogu+t(Vlogv — Viegu)[P~2 > <Z> to — t[P~2 (|V logu| 4 |V logv])P 2.

1
Then, observing that [! [tg — t[P~2 > Cj, one has
1

3
%pvp|V10gu—V10gv|2 /\Vlogu—i—t(Vlogv—Vlogu)|p72 dt
0

> CpoP (|Vlogu| + |V iogv|)P 2 |Vlogu — Vilogv|?.

In the case |Vlogu| < |Vlogw|, arguing in the same way, we deduce that

1

4
%pu”Wlogu—Vlong /|Vlogv+t(V10gu—Vlogv)|p_2 dt
0

> Cpu® (|V1ogu| + |Vlogv|)’ % |[Viogu — Vg v|?,
which concludes the proof. 0O

As we have already observed, a key tool in our proofs is the moving plane technique. To exploit it we need
the following notations. We will study the symmetry of the solutions in the v— direction for any v € SV—1
(i.e. Jv| = 1). Since the problem is invariant up to rotations we fix v = e; and we let

T,\:{xERN : 331:)\}7
ZA:{.%E]RN : l‘1</\}7
zy = Ry(z) = 2\ —x1,2") € R x RV L

ux(z) = u(xy).
Now we state a result that will be used afterwards.

Theorem 3.2. Let 1 < p < N and let v € CL%(RN \ {0}) with 0 < a < 1 be a positive solution to

loc

Y p—1 __ . N
—Apv — Wi} =0 in RY\{0}, (3.5)
such that
lim v(z) = o0 lim wv(z)=0. (3.6)
|z]—0 |z|—+o00

Then v is a radial (strict) decreasing function.

Proof. To prove that v is a radial non-increasing function we apply the moving plane technique. We fix a
direction v = ey and, for A < 0 and £ > 0 (small), we take as test function @1\ = v'7P(vP — (v +2)P) T xx,
and @2\ = (vx +¢)'7P(vP — (vy +€)P)Txs, in the weak formulation solved, respectively, by v and vy. We
note that vy solves

v -1
—Apuy — \xﬂpvi =0. (3.7)
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We also remark that, by using (3.6),

supp(gj,an) CC 2y \ {0x} j=1,2.

Furthermore, since ¢, 2, have compact support far from the singularities, we can use the weak formu-
lations of (3.5), (3.7) and, taking the difference, we deduce that

/ IVoP~2Vu - Vipy 5 — |Voa[P72Vuy - Voo y

PN
€3]
1 (3.8)
w1 [ - o [ 5 (5) T - =
|x|P |zAlP \vx+e€
EA 2/\
(In
Now by exploiting (3.1)
(I) = / |VulP=2Vv - Vipy \ — [V (vs +€)[P2V (vy +€) - Vipa
2
’ (3.9)
> C,p / (ux + )P (|Vlogv| + [Vog(vx +€)|)P 2 [Viogv — Vlog(vy + ¢)|?
E)\Q{UZ’U)\-I—E}
and
(> [~ )
= A (3.10)
3
Then
Cp / (va + )P (|VIogv| + |Viog(vx +¢))' [V iogv — Vlog(vy +¢)|”
San{vzvste}
1 , - (3.11)
1 (P — Pt ([ p_ Pyt <
w1 [—aper =ty [ (552) -t <o
A 3
We are in position to apply Fatou’s lemma as ¢ — 0 getting
C, / o? ([Vlogv| + [Vloguy|)P? |V iogv — Vlog vy |?
Yan{v>v
An{vzua} (3.12)

1 1
- - P __ P\t <0
7/ ( |I’|p + |1'A|p> (U ’U)\) )
b))

A

and, since |z| > |z,| in 3y, the second term on the left hand side of (3.12) is nonnegative. Then, it follows
that

Cp / vﬁ(\VIogUH—|Vlogv,\|)p_2|V(logv—logv,\)|2:0

E)\Q{UZ’U)\}
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which implies that logv —log vy is constant Xy N{v > vy} and since logv —log vy = 0 on T we have v = v
on Xy N{v > vy} for any A < 0 Hence v < vy on X for any A < 0. We repeat the same argument in the
—ey direction deducing that v is symmetric with respect to the e;-direction. This procedure can be clearly
performed in any direction v € S¥~! whence one gets the radial monotone nonincreasing behavior of v.

A simple application of the Hopf Lemma (that can be applied since the level sets are spheres) shows now
that v has no critical points and in particular the radial derivative is strictly negative. O

Next we provide the corresponding lower bound for the decay rate of |Vu| of Theorem 2.5.

Theorem 3.3. Let 1 < p < N and let u be a solution of (1.1). Then there exists Re > 0 and a constant
C > 0 such that

C
[Vu(z)] > 7] for |z| > Ra. (3.13)

TPt
Proof. Once that Theorem 3.2 is in force we can carry out the proof borrowing some ideas from Theorem
2.2 of [19]. We sketch it for the sake of completeness.

By contradiction let us assume that there exist sequences of radii R,, and points z,, with R, — 400 as
n — +oo and |z,| = R,, such that

On

[Vu(z,)| < Rt

(3.14)

with 6, — 0 as n — +o0o0. Without loss of generality we suppose R,, > 1 for any n and we set wg, (2) :=
R}?u(R,). One can observe that for fixed 0 < a < A then [|[wr,||r=(B,\B,) is bounded with respect to n.
Otherwise if [z| > £ one deduces by Theorem 2.5 that

c < < C
= <m0 < o
and that

C

wg, (z) < e x € 0Ba,
_ (3.15)
c

WR,, (33) = E T € 3Ba.

Therefore, the above bound in L>(B4 \ B,) implies that wg, is also uniformly bounded in C*(K) with
0 < a < 1 for any compact set K C By \ B,. Finally, since a > 0, without loss of generality we suppose
that the C1'® estimates hold in the closure of B4 \ B,. Hence, for # € B4 \ B, and up to subsequences,
one gets that wg, () — wa a(z) in CH for 0 < o/ < a. We also underline that w, a(z) satisfies (3.15).
Furthermore, since

p*—1
w
-1 R, .
—Apwp,, —lw% =" jn RV,
|z|p  fin R(p —p)V2—p
n

then

—Apwa.n — xiw”‘; =0  in By \B.. (3.16)
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Now, for j € N, one can take a; = % and A; = j and reasoning as above one constructs w,;, ;. Then,
in

J

for j — oo, a diagonal argument implies the existence of a limiting profile we, such that we = wa; a
By, \ Bq,. In particular from (3.16) read for wq; 4, one has

—ApWoo — ——wkTt =0 in RV \ {0}.

.
jzfp =

Y
P
From (3.15) with a = a; and A = A;, one gets that the limiting profile wo, is such that

lim we(x)=0  and lim weo(x) = +o0.
|z|—+o00 |z]|—0
Therefore Theorem 3.2 can be applied providing that ws is radial with negative radial derivative.

To conclude let now z,, be as in (3.14) and set y,, = £*. Then, by (3.14), it follows that [Vwg, ()|
tends to zero as n — 4o00. Up to subsequences, since |y,| = 1, we have that y, — y € dB;. Consequently,
by the uniform convergence of the gradients one has that Vws(y) = 0, which is in contradiction with the
definition of we, since, by Theorem 3.2, this cannot happen. O

4. Proof of the symmetry result

We are now able to prove Theorem 1.1. First of all we underline that it is easy to see that u) solves

—Apuy — 7 ud = u’;*_l in RY. (4.1)
|zalP

In what follows we set
AT={A<0:u<uy,in%, Yu<A}, A+:{/\>O:u>uuinzu, Vi< A},

If A= # () and AT # () we denote by \; :=sup A~ and by A\{ :=inf AT.

Roughly speaking, the moving plane method consists of two main steps: first in reflecting the domain
about a fixed hyperplane and proving that the value the solution at each reflected point is larger than the
value at the point itself and secondly in moving the hyperplane to a critical position; finally the solution
results to be symmetric with respect to this limit hyperplane.

Proof of Theorem 1.1. We prove the result by analyzing, sometimes in different ways, the case 1 < p < 2
and the case p > 2. For p = 2 we refer to [22]. We divide the proof in two steps.

Step 1: A~ # 0 and AT # 0.

We only prove A~ # (), which is the existence of A < 0 with || sufficiently large such that v < u, in X,
for every u < A. The proof of the fact that A™ # ) is analogous and, at the end of the step, we outline the
main changes in the proof in order to conclude it.

For the entire proof we denote by Ry, R; and Rs the radii given by (2.2), (2.3) and (3.13) and we firstly

observe that for [X| > max(R;, Ry) one has, by (2.2) and (2.3), that there exists Ry := Ro(\) such that
Ry < Ry, BI?O (Ox) C EX and

sup  u(r) < inf  uyx(x). 4.2
L2 u@) < i us(o) (4.2)

Therefore, exploiting also (2.3), we deduce that

sup  u(z) < inf  wuy(z),
:L’EBRO(O)\) ( ) ‘TGBRO(O)\) ( )
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which gives that v < uy in By, (05) C Xy for every A < ) and with Ry independent of A. Moreover we also
denote by 7 € C§°(B2g(0)) a cut-off function such that 0 <n <1, 7 =1 on Bg(0) and |Vn| < 2

In what follows we employ the following notation: ¥\ = ¥ \ By (0,) and B, := B,(0) N ¥ for p > 0.

If @« > max{2,p} and A < A, we consider

Pra =10t PP — ) sy, e = n%uy P(uP — uk) Txs, . (4.3)

We remark that supp(p;,x) C Bsp for j =1,2. Then we take ¢ ) as a test function in (1.1), @9 » in (4.1)
and we subtract. Hence, denoting by v := (u? — u})* and by ¢y := (u — uy)™" one gets

1 1
/ (IVuP=>Vu - Vi x = [VunP=>Vuy - Vipan) +7 / o — |

E L RN
o - (4.4)
B /(“p*_p—“’i*_p)nam,

and, since |z| > |x,| in Xy, one has that the second term on the left hand side of (4.4) is nonnegative. Hence

/ n (|Vu|p*2Vu . V(ulfpi/u) - |VuA|p’2VuA . V(uf\qum))

Bar

I

< —a / no‘*lul*pw,\\Vu|p72Vu-Vn+a/n‘lflu}\_pw,\|Vu,\|p72Vu,\-Vn

Bop Bar (4'5)

I3 I3

" / (" 7P =l Py

Bar

Iy
We start by estimating ;. By using (3.1) it yields that for p > 2 one has
L >C, / nau§(|V10gu|+\Vlogu,\|)p_2|Vlogu7V10gu,\\2
Barn{u>uy}

P
>0, [ (%) e (Vul+ Fua) 7 Viogu - Viogus o)
BQRQ{U>’U4)\}
> / no‘u2(|Vu|—|—|Vu>\\)p72|V10gu—V10guA|2,

Barn{u>ux}

while for 1 < p < 2 we obtain

/ el |Vlogu — Vloguy|?
M| Viogu| +[Viogual)2~r
Bopn{u>ux}
/ 7 Q\Vlogu—VIOgu,\|2
(IVul + [Vur )77

(4.7)

> G,

Bzﬁﬂ{u>u,\}
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We remark that in (4.6) we used that

2> inY,, (4.8)

and ¢; := CpéP. Indeed if z € ¥ \ Bg, (0)) then from (2.2) and (2.3) one has (recall that |x| > |x,])

uA |x|72 ~
- 7|1;)\"72 2 C1.

Otherwise if € ¥y N By, (0)) then

LA A inf  u(x) > é,
u z€BR, (0)

and we set ¢ = min(éy, é2). Now it follows from (2.3) and (2.5) that

p
R B (R C BT

Byrn{uzux} (4'9)
< 2_a \V |p—1 < g ; < Q
SR wvet s g 2| DDz S RP
BQR\BR é2}?\ER

where, from here on, 8 := pys + p — N which is strictly positive since 7o > p . For I3, using (2.3) and
(4.8), we deduce that

L<C / ol (P — )t [ Vuy P

Bar\Br
2
AR G
BzR\BRﬂ{UZ’U,,\}
2 C 4.10
SR i %) VPt < 5 / u Vuy [P~ (410
Bar\BrN{u>ux} Bar\BrN{u>ux}
%
C 1 C
/|VuA|P <¢ / LI
R |x|vzp R
BQR\BR BZR\BR

For the term I we first note that (since u > uy))

up*_l uz),\*,l N 1 . _y N
e f (2T s f ok G-
: B
then applying twice the Lagrange Theorem and using (2.3) one has that in case p* > 2

x 1
pr-2 a, 2 a, 2
I4 < Cp / w /SN g Cp / ‘x|72(p*_2)77 s
5 Bar

Bar

while for 1 < p* < 2 (recall (4.8))
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2-p" a2 a
o3 u %3 U
Iy <cp / Uiip* = " e < PR |x|72 ) e %n
B2R BZR 321?
which gives for any p > 1
/ |x|,y2 2)77 Lp)\ (411>
Let us now consider f(t) = log(a + t(b — a)) where a,b > 0 (b > a) then
1
logh =1
08 oga+( / a+t b —a)
0
and since ¢ € [0, 1] we get
logb —1
b—a=—2"— 2% <bllogh —loga). (4.12)
Jo vy

We use (4.12) with b = v and a = uy and estimate the right hand side of (4.11) (by using also (2.3))

1
Iy, <C / mnaug (logu — log u,\)2

BQRQ{UZ’U,)\}

1 o 2
\C/Wn ((logu—logukﬁ) .

Bar
Moreover
4 2
<C/ Tap—zara (17 (logu —loguy)™)
(4.13)

oa— =3 2
|>\|/3* /' 47 (n* (logu —logus)™)"

where

B =y —p)—p;  2a:=—[(v2+1)(p—2)+ 2]

We underline that 8* — 2a + 2 = y,p* and that 8* > 0 since v, > %. For the right hand side of (4.13)
we can apply Theorem 2.3 where r = 2, 7 = 2 which implies that

7.204_1:_(724-1)1)

2
and that

since 2 > Y¥=P_ Hence we obtain
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C a
1< e [ P90 (o = log ) )P (4.14)
Bar

and now, in order to estimate the right hand side of (4.14), we distinguish between the case p > 2 and the
case 1 < p < 2. From (4.14) and for p > 2 we get

C 1 .
I4<W / Wn u?|Vlogu — Vloguy|?

BQRQ{U}UA}
c 2a 2 2
+ W |2]** (log u — loguy)” |V
Barn u>u
. iz . (4.15)
a, 2 —2 2 2a
< G / n“u?|VulP~%|Viogu — Vloguy| +W / ||
BQRI'T{UZU,)\} B2R\BR
c a, 2 p—=2 2
<W / n%u® (|Vu| + [Vur )" |Viegu — Viogu,| +W.
BQRH{U?UA}
Then, by using the estimates (4.6), (4.9), (4.10) and (4.15) in (4.5), we
c . ,_C . Cc cC
<c1m> / n%u® (|Vu| + |Vuxr])" 7 |Viegu — Viog uy| <E+W+ﬁ.
Barn{uzux}
For |A| sufficiently large, as R goes to +o00, we deduce that
u? (|Vu| 4 |Vun )P 2 [Vilogu — Viog uy |
Sin{uzux}
= lim / u? (|Vu| 4+ [Vua])P 2 [Vlogu — Vioguy|? < 0.
R—+o0
BRﬂ{UZu)\}
Now we have to estimate the right hand side of (4.14) in the case 1 < p < 2.
We first remark that 2a < 0 (for N > 2) and, since |z| > |z,|, one has that |z|?* < |z|**. Then
c 2a 2
I, < NG |zA]**n* |V logu — V1og uy|
Bopn{u>uy}
c . § (4.16)
fap [ e osu ogus)? T
BQRH{U)H)\}

Let R = max{R;, Ry} and let AR g, = Br(0x) \ Bp,(0x). Then we get

BQR = AR,RO U (BQR \ AR,RQ) .

Exploiting (2.3) we deduce that
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[ P iogu - Viogus P
Bar\Ag g,
<C / |$A\(72+1)(2_p)|xx|_2”2na|V10gu—Vlogu,\|2 @17

Bar\Ag g,
_ 2
<C / U§UQ|V10gu Vlog;uj\p| '
(IVul + [Vual)

Bar\Ag g,
it holds that |xy| > Ry and, since we are far from 0y, we also get that |Vuy| is bounded. Let
u. Hence we get (by using (4.8) and the fact that (|[Vu| 4 [Vuy])* ™7 < C away from 0, 0y)

In AR,RO
inf

L:=
B(0)\Bg, (0)
/ |22 20|V logu — Vloguy|? < CR2™ / 7%V logu — Vlog uy|?
(4.18)

AR R
/ u2”a|V10gu—V10gu>\|2
VUl V)P

_ CR2%®

AR, Ry
AR R

C
B RB" (4.19)

Gathering (4.17) and (4.18) in the first term of (4.16) and reasoning as in (4.15) for the second term of

(4.16) one yields to
C Vlogu — Vloguyl|?
n<g | a2 wl
| (IVul + [Vua|) |

BQRQ{’U/Z’U)\}
Hence, by collecting (4.7), (4.9), (4.10) and (4.19) in (4.5), we get
c ¢ o

RP |\ RP’

s @

C o 2 |Viogu — Viogu,|?
nouy 2= p X
(IVul + [Vuxl) R

Qe

|A

Bgﬁﬂ{uku)\}

Once again we can choose |A| large enough so that, as R goes to +oo, it yields
5 |Viogu — Vioguy|?

u
/ A (V| + [Vua )2 7P

R—+oc0 .
B

5 |Viogu — Vloguy|? — Jim sup
R

u
S

Sin{uzun}
Hence, in both cases, logu — log u) is constant and since logu —loguy = 0 on T) then logu —loguy = 0 on
the set ¥} N {u > uy}. Therefore we get u < uy on Xy. Hence A~ # () and )\, exists and it is also finite.

In order to show that At # () then we take as test functions
_ _ 1— _
D1\ = u' P(uP — u’;) Xy, P20 = Uy (uP — Ui) Xz

and, analogously to what already done, we are able to prove the claim so that there exists )\g which is also

Step 2: )\, = )\3’ =0.

finite.
We argue by contradiction assuming that A\; # 0. Arguing as in the proof of Step 1 we will get the
contradiction proving that u < (. nX,-, for all 0 < ¢ < € for some € > 0.
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In what follows we shall exploit the strong comparison principle. To do this we start noticing that from
Step 1 and by continuity it holds that

ugu/\g in E/\g.

By Theorem 2.2 we deduce that u = Uy OF U < Uy~ in any connected component C of Z/\g \ Zu (Zy =
{Vu = 0}). We will frequently use the fact that Z, has zero Lebesgue measure [10].
Assume first that X Ay \ Z,, has only one connected component. We observe that u = u A5 is not possible
in this case since, by (2.2), there exists BRO(OAO‘) where u < u,-; this means that u <wu,- in X, \ Zu.
Assume now that there are at least two connected components of 3 Ao \ Zy. Our Theorem 3.3 implies that
Z,, is bounded so that only one component can be unbounded. We refer to such a unbounded connected
component as C; and set

Cy = (CSNT,-)URNCENS,)

Ifu= Uy~ in C; it is easy to see that, by symmetry, C) contains at least one connected component of
RY \ Z,. But this is not possible as it has been shown in [10, Theorem 1.4] and [6, Lemma 5]. If else
U= Uy in Cy for some bounded component Cs, then in this case we set

Cy :=CU R,\(Cg) s

and also in this case, by symmetry, Cy would contain at least one connected component of R \ Z, thus
providing a contradiction. Resuming we just proved that

u<uy,- in X, \ Zy -
Now, recalling that Z, is bounded by Theorem 3.3, we fix R > 0 in such a way that
Zy C BE(O) s

and, for 7 > 0, we let Z7 be an open set containing Z, such that £(Z7) < 7 (that exists since £(Z,) = 0).
Then, for 6,&, R,7 > 0, we denote by

Br.=BR0)NE,- ., 55:= ((E,\;+s \Ey 5N BE@)) U(ZaNEy s)

Ks = BE(O) N Exg_a N(Z,)",
where § < 6 so that K is nonempty. We underline that this construction gives

b)) ZBE’SUSEUK&

Ag +e
We also remark that, since K is compact, then by the uniform continuity of v and uy, for € > 0 small
enough one has that u < u Ap +e in K5 for every ¢ < . Moreover we underline the existence of Ry such that
Ay +£)_C Yx; te
From now on, for R > R, we consider n € C§°(Bz2r(0)) a cut-off function with 0 < n < 1,7 =1 on Br(0)
and |Vn| < Z. Then, letting o > max{2, p}, we consider the following test functions

u < (P in BR~0 (0 for every € < € and with I%o independent of ¢ as done in Step 1.

+ +
B — 1-p p_ P B — @ 1-p P _ P
Piag4+e T Y (u uxg+s> X8y~ Poogt+e T Usie U T U 1e) XEa4e
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§g+s)+ and by Prpe = (u— “Ag+s)

Let us take ¢, \~,_ as a test function in (1.1), ¢, Apfe IR (4.1) and, reasoning as in Step 1, one yields to

and, analogously to Step 1, w/\5+8 = (uP —u +.

p—2
c1 / nu? (|Vu| + |Vu)\a+6|) |Vlogu — Vlog;ftt)\[;+s|2
BQRO{H;U — 5}
ot oo (4.20)
p*—p _,D"—DP\, p*—p _,D—P\ « ~ ~
< / (u uy - N+ / (u Uy I s e e + 55
BQRQBEYE BQRQSE

> ¢ for every 0 < € < € as to deduce (4.8).

U, —
Here we have used once again the fact that %

In order to estimate the first term on the right hand side of (4.20) we argue exactly as to estimate I in
(3.2) (taking into account Remark 2.4) where here R plays the role of A in Step 1. Hence we get

« . C
p —p _ , P —P @ _
[ e < g
BgRﬁBﬁﬁ
c o, 2 p=2 2
—I-? n*u (\Vu|—|—|Vu/\g+E|) [Viogu — Viogu,-, |
BgRﬂBﬁyaﬂ{uZu _ }

/\0 +e
For the second term on the right hand side of (4.20) we reason as in Step 1, getting

/ (up*—p _ ul)’\;z’a)nawx < Cy / (logu — log u/\JJr€)27
}

(4.21)

3 e A e >
BzRﬁS5 BQRQSSQ{“/“N;H

where

Now we need to divide the estimate by the value of p; indeed if p > 2 we apply a suitable weighted Poincaré
inequality to the right hand side of (4.21) which can be found in Theorem 3.2 of [10]. Hence in this case
one has

|,

BQRI'-TSE
< C§(S§)Cu / |VulP~2|V logu — Vlogu,- 2
BgRﬁsgﬂ{u>u>\g+E}
< pinfu2 / U (\Vu|—|—|VuAa+s|) [Viogu — Vlogu,- . [*,
S ansgn{@ukaﬁ}

where C,,(F) is the Poincaré constant which goes to zero as |E| — 0. Otherwise if 1 < p < 2 one can apply
the classical Poincaré inequality in order to deduce
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BzRﬁsg
< Cﬁ(sg)cu / |Vlogu—Vlogu)\g+E\2
B2Rns§ﬁ{“>“xo—+a}
CC2(S5)C. p—2
p\“§/ U 2 2
< T / u (|Vu|+\Vu/\a+E\> [Viogu — Vioguy-,.[°
S BQRmsgm{u>uAJ+s}

which can be deduced since in ¥~ \ Bg, (OAnge) one has that

(IVul + [Vur)* 7 < C,

for some constant C' which does not depend on £ < €. Hence in both cases one has that

p—2
c1 / nu? <|Vu\ + |Vu)\a+€|) |Vlogu — Vlog;’u>\6+6|2
BQRO{M>UAE+E}
C C C o 2 p—2 )
< g+ﬁ+ﬁ A / nu (\Vu|+|VuAJ+E|) [Viogu — Viogu,- |
(BQRﬂBR,s)m{“>“>\E+E}

CC3(S5)Cu
+
inf u

5% Sgﬂ{uku/\a+s}

p—2
<|Vu\+|Vu)\a+s|> |Vlegu — Vlogu,-, 2,

Now we take care of the variable parameters R, d, . First we fix R large such that

C

—— < L.
ClRB*

Then, since Cg (€2) goes to zero if the Lebesgue measure of Q goes to zero, we choose ¢, &, 7 small so that

CC2(55)C,
p( 6) <1

¢ inf u?
S5
for every 0 < € < &. Hence it follows that

P2 c C
/ u? <‘VU‘+|VU,\5+E|) |V10gu—Vlogu/\a+E|2 < Rﬁ +ﬁ

Ban{u?uAaJrs}

getting again (as R — +00)

2 p—2 )
/ U (|Vu|+\Vu/\a+E\) |Vlogu—Vlogu)\a+€| =0,
Dy reMuzu o}

which gives that u < Uy- e in¥® Ap e which contradicts the definition of ;. This proves that A\; = 0. In

an analogous way we deduce that )\(J{ = 0, which gives the symmetry of v along the e;-direction. Repeating
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the same arguments in the remaining N — 1 linearly independent directions of RY then one deduces that u
is symmetric about the origin and that is a radially decreasing function. O
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