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ON THE DIAGONALIZABILITY AND FACTORIZABILITY
OF QUADRATIC BOSON FIELDS

LUIGI ACCARDI, ANDREAS BOUKAS*, YUN-GANG LU,
AND ALEXANDER TERETENKOV

ABSTRACT. We provide a necessary and sufficient condition on the coefficient
matrices A, C for the diagonalizability of quadratic fields of the form,

n
X = Z (Aijala} +/_lijaiaj + C’ija;-raj) s
3,j=1
where the a’s and a'’s are the generators of the multi-dimensional Schrédinger
Lie algebra. We also consider the Fock vacuum characteristic function

<<D,eisX (I)> ,

of X and study its factorizability /decomposability and how it relates to the
commutativity of the simple quadratic components of X.

1. Introduction

We consider quadratic homogeneous polynomials of degree 2 in the boson Fock
creation and annihilation operators a;, a;r- of a system with n € N degrees of free-
dom. In the physics literature these polynomials are called quadratic Hamiltonians
even in the absence of the requirement of boundedness from below of their spectra.
In the following we call them boson quadratic fields for the reasons explained in
[5].

There is a wide literature on the problem of finding conditions for the diagonaliz-
ability of boson quadratic fields, or more generally of finding their canonical forms
under various groups of transformations, in particular the group of Bogolyubov
transformations, [6]-[19].

The connections between quantization and the theory of orthogonal polynomi-
als, in particular the problem of quadratic quantization (see [5] for a short review),
naturally leads to the study of the related, but non—equivalent problem of finding
conditions for the vacuum factorizability of boson quadratic fields, i.e. the possi-
bility to express the vacuum characteristic function of such a field as the product
of vacuum characteristic functions of other fields (see Definition 4.2) below. We
show that diagonalizability implies vacuum factorizability and in the second part
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of this paper we produce examples showing that the converse implication does not
hold.

In the first part of the paper we study the problem of diagonalizability under
the action of the sub—group of Bogolyubov transformations implemented by second
quantizations of unitary transformations of the 1-particle space of the given Fock
space. This sub—group is relatively small, but it is the one that naturally appears
in the vacuum factorization problem.

Our main result is a necessary and sufficient criterium, to our knowledge new,
for diagonalizability of boson Fock quadratic fields under the action of this group.
A consequence of this result is that, in the investigation of the factorizability
problem, one can restrict one’s attention to those quadratic field which do not
fulfill the above mentioned criterium. We follow precisely this strategy in the
construction of the examples discussed in the second part of the paper.

2. A Necessary and Sufficient Condition for Diagonalizability

Fori,j =1,2,..., let a, a;[ be the generators of the multi-dimensional
Schrédinger Lie algebra S with commutation relations

{ai,aﬂ =0dij [a;r,a;} =[ai,a;] =0, (2.1)

where §; ; is Kronecker’s delta, and for n € N let M,,(C) denote the set of n x n
C—matrices. A homogeneous quadratic boson field in standard form [3], is
a self-adjoint element X of S, i.e. a quantum random variable, of the form

X = Z (Aijaza; + /L-jaiaj + Cija;raj> , (2.2)
ij=1
where the matrix A = (4;;) € M,,(C) is symmetric and the matrix C = (C;;) €
M, (C) is Hermitian, i.e.,

Aij=A; , Cy=0Cy , Yi,je{l,2,..,n} (2.3)

We use equivalently the notation:
X=(40). (2.4)

The following is a more explicit formulation of Definition 2 of [3].

Definition 2.1. A pair X = (A,C) € M, (C) x M,,(C) with A symmetric and C

Hermitian is called diagonalizable if there exists a unitary matrix U such that
M :=UAUT € M,,(C) and L := UCU* € M, (R) are diagonal matrices.

Remark 2.2. M = UAUT is equivalent to A = U*MU and L = UCU* is equiva-
lent to C = U*LU.

Remark 2.3. Sylvester’s theorem (see Theorem 2.4.4.1 of [11]) states that if A €
M, (C) and B € M,,(C) are given, then the equation AX — X B = (' has a unique
n X m matrix solution X, for each n x m matrix C, if and only if A and B have
disjoint spectrums. A corollary of Sylvester’s theorem (see Corollary 2.4.4.2 of
[11]) is that if B,C € M, (C) are block diagonal matrices of the form

B=B & -®B, , C=C1& &C, (2.5)
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for some k£ < n, where the blocks B;, C; have disjoint spectrums for each ¢ =
1,2,....,k, and if A € M,,(C) satisfies with B, C the intertwining relation AB = C'A,
then A is also of the block diagonal form
A=A - A, (2.6)
with A?,Bz = CZAZ for each ¢ = 1, 2, ceey k.
The proof of the following theorem is adapted from [11] (see Theorem 4.5.15 of
[11]).

Theorem 2.4. A pair X = (A,C) € M,(C) x M,(C) with A symmetric and C
Hermitian is diagonalizable if and only if CA is symmeltric, i.e. if and only if
CA=AC.

Proof. Suppose that the pair (4,C) is diagonalizable. Then UAUT = M and
UCU* = L where L, M are diagonal and U is unitary. Using A = U*MU and
C =U*LU we have

CA=U*LUU*MU =U*LMU |, (2.7
and, since (LM)T = MTLT = ML = LM, we have
(CAT = (U*LMU)' =U*LMU = CA , (2.8)

so C'A is symmetric. Conversely, suppose that C A is symmetric and let Ay, ..., \g €
R, where d < n, be the distinct eigenvalues of C' with multiplicities n;, ..., ngq
respectively, with n; + ... + ng = n. Then C can be spectrally decomposed as
C = W*LW, where W is a unitary matrix and the diagonal matrix L has the
block diagonal form

MI,, - 0
L=1{ : L =M, B @ Al (2.9)
0 o Aadny,
where, for ¢ =1, ...,d, I,,, denotes the n; x n; identity matrix. Then
CA=(CAT «— CA=AC — W'LWA=AWTLW (2.10)

= LWA=WAWTLW — LWAWT)=WAWT)L
which by Remark 2.3 implies that W AW is of block diagonal form
WAWT =A@ - @ Ag (2.11)

with symmetric blocks A; € M,,;(C), j =1,2,...,d, since A is symmetric. There-
fore,

A=W (A1 @ @ AYW . (2.12)
By the Autonne-Takagi factorization theorem (see Corollary 4.4.4 (c) of [11]), for

each j =1,2,...,d, there exists a unitary matrix V; € M, (C) and a nonnegative
diagonal matrix M; € M,,,(C) such that

Aj =V M;V; . (2.13)
Letting
V=vie---eVy , M=M&---&My , U=VIWV, (2.14)
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we see that B
A@-DAG=V"MV . (2.15)
Moreover, since for each j = 1,2, ...,d,
Vi, Ajln, ] =0, (2.16)
we obtain
V. =Vi@ - & Vi, Mln, & & Xalp,] =0, (2.17)
which, since L is a real diagonal matrix, implies that
[L,V*] =[V,L]"=0. (2.18)
We have
vur=vVW{yVw)y  =VWw*v*=VvVVv* =1, (2.19)
so U is unitary, and
U'LU =W*V*LVW = W*LV*VW = W*LW = C, (2.20)
UMU = (VW)*MVW) =W*(VMV)W =W* (A, &--- S AW = A .
(2.21)
Therefore, the pair (4, C) is diagonalizable. O

3. Truncated Virasoro Fields

Important examples of non diagonalizable quadratic fields are provided by the
homogeneous quadratic parts of the truncated Virasoro fields, introduced in
[4], defined by:

n n
w) = a1+ Zaéa; + Zagaj Z a4’kaTak (3.1)
j=1 j=1 ]k 1
+1 Y o/k<aTak+aka) Za a;ap
9 . 5 6 ) ’
J,k=1 ]k 1
where n > 1,
wo (n+1)
o= (- ") = ol (32)

ai’k = aé’k =Xn(j +k ’LUJ+]C\/> ag’k = Xn)(J + k)wjp—; vV ik , (3-3)
where
1 ifa<n

Xn] (a) = > (34)
0 otherwise

t

and w,, € R so that the coefficient ag’k is common for a;ak and aka}. The

quadratic part of Yy, (w) is
1O I~
=5 Z aikaTaL 5 Z agvk (a Lay, + apal ) Z oz6 a]a;€ . (3.5)
j k=1 k=1 ]k 1
Using
[a;@,aﬂ = 5/€)j 5 (3.6)
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we see that the homogeneous quadratic part of Y,,(w) is

X, (w) = 3 Z ai’ka}az + Z al® a;ak +3 Z oFaja (3.7)
k=1 k=1 k=1
S0
1 . .
A= (Ajy) = (204’6) =) = (adF) . (3.8)

Since both A, C are real, the condition on the diagonalizability of the pair (A4, C)
reduces to the commutativity of A and C, i.e., to [A,C] = 0 which is equivalent
to [ag,a5] = 0. In general, the matrices ay,as do not commute. But they do
commute, in fact they are equal, when w,, is constant for all m. For example, for
n =4,

wy 2wz 3wy 0 wo V2w 3wy 0
o — V2ws 2wy 0 0 o V2w, 2w 0 0
T VBws 0 0 of 7 TP | V3w, 0 0 of°
0 0 0 0 0 0 0 0
and [ay, as] is

0 —V2(2wiwg — wiwa — wows) —V/3(wows — w3) 0
\/5(2101104 — wiwz — Wows3) 0 —\/6(w1w4 —wowsz) 0
\/g(wow4 — w%) \/6(w1w4 — waws3) 0 0
0 0 0 0

4. Connection with Factorizable Measures

We will show that the probability measure associated with a diagonalizable
multi-dimensional quadratic field is factorizable into a product of probability mea-
sures of one-dimensional quadratic fields .

Theorem 4.1. If the pair (A,C) is diagonalizable then the quadratic field
X = Z (Aija;ra; + flijaiaj + Cija;raj) R (41)

ij=1

takes the form

=1

where
n n
bl = Z?Tmal b= uikay (4.3)
k=1 k=1
and the matrices
U= (uij) , L=(y) , M= (my), (4.4)
are as in Definition 2.1. Moreover, for i,j € {1,2,...,n},

[bi,bq =5, [bT b*} = [bi,b;] =0 . (4.5)

J )
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Proof. We notice that

X=d'A (aT)T + ada” +a'Ca” | (4.6)
where
aT:(a; al) L a=(an o an) . (4.7)
In the notation of Theorem 2.4,
A=U*MU , C=U*LU, (4.8)
SO
X =a'U*MU (a')" + aU*MTa” + a'U* LUa” (4.9)
=a'U*MU (aT)T +aUTMUGT + o'U*LUa”
=b" M (bN)T + bMbT + b LbT |
where
v =a'U* . b=aUT, (4.10)
ie.,
b= - b)), b=(0b1 - ba), (4.11)

where, for i € {1,2,...,n},

iulkak , b= iuikak . (4.12)
k= k=1

Since L, M are diagonal, we obtaln

1=1

Moreover,
[bubﬂ Z Uipljq ap, q Z UipUjqlp,q = Zuzpuw )ij = 0i,j »
p,q=1 p,q=1
(4.14)
and
[a}, af] = lap,a)] =0 = [b],0]] = [bi,b) = 0. (4.15)
U

In what follows, where a vacuum characteristic function appears, we consider
aj and a;, i € {1,2,...,n}, in their reperesentation as unbounded operators on the
Heisenberg Fock space.

Definition 4.2. The quadratic field X is quadratic vacuum factorizable if
there exist quadratic fields X;, j =1,2,...,k, k > 2, such that for all s sufficiently
close to zero,

k
< lsX(D H stJCI) (416)

and at least two of the X;’s have a non—degenerate (i.e. non-delta) vacuum distri-
bution.
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The above definition is a special case of the following:

Definition 4.3. The quadratic field X is vacuum decomposable if its vacuum
characteristic function can be written as the product of at least two non-trivial
(i.e. not corresponding to degenerate distributions) characteristic functions, i.e.,
for all s sufficiently close to zero,

k
(@, X @) =] £i(s) - (4.17)
j=1

where, for each j =1,2,...,k, f; is a characteristic function.
Theorem 4.4. Let ® be a Fock vacuum unit vector, i.e., |®]| =1 and a;® =0

forall j € {1,2,...,n}. In the notation of Theorem 2.4, let
X = Z (Aija;ra; + flijaiaj + C’ijajaj> R (418)

i,j=1

be diagonalizable and for each j =1,2,...,n, let

2
Xj = myj; (bj) + mjjb? + l”b;rb7 . (419)

Then, for suitably small s € R (so that a local homeomorphism exists between a
neighborhood of the identity element of the Lie group and a neighborhood of the
zero vector of its Lie algebra) and i* = —1, assuming that m;; # 0 for all j, the
vacuum characteristic function of X is

) n iliis COSL'
P, X ) = T 4.20
< '€ > jl:[le cos(iKjs+ Lj) ’ ( )

where, for each j =1,2,...,n,

l..
K; = \/4|mj;|? 71% , Lj =arctan <IJ(]) . (4.21)

J
If for some j, m;; = 0, then the corresponding factor in the vacuum characteristic
function is equal to 1.

Proof. By Lemma 3.3, Proposition 3.4 and Remark 3.6 of [1] (for, in the notation

of [1], a = 0,b = mj;, N = ==L, v = l;;), for each j = 1,2,...,n, since a;® = 0

implies b;® = 0, we have
. 2
e Xi d = pj(s)eqf'(s)(b;) D | (4.22)
and
<<I>,eiSXj <I>> =p;(s), (4.23)
where,
_ g cos L; Kjtan(iKjs + Lj) — lj;
pj(S) —¢ 4 J 7 C]j(S) _ ( J_ J) JJj , (4.24)

cos(iKjs+ Lj)

Lis
K; = /4|mj;|? —lij , Lj; = arctan ([?) . (4.25)

J

4mjj
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By Theorem 2.4, X = 37", X; where [X}, X}] = 0 for j # k. Thus

<(I)7eisx <I>> _ <<I)’eis X <I>> _ <

n—-l . . n—1 ) N
= <q)’ H e’LSXj estn (I)> —pn < H estj eqn(s)(b;) o
Jj=1 j=1

st 7.sX71 1(I)>

?) = HPj(S)
j=1

HE:

et X <I>> (4.26)

n—1
—pn <(I) HelSX] (I)> _pn

Jj=1

= Pn(s)pn—1( <<I> He”XJ<1>>

_ z isX, _ _ iy cos L
—j1;[1<<1>,e 2) _jl;[le i cos(iKjs+ Lj)

If for some j, m;; = 0, then 5% @ = . O

1::3 H:j|

A converse to Theorem 4.4 is provided in the following.

Theorem 4.5. For j € {1,2,...,n} let l;;,m;; be complex numbers and let

s
Kj=\/4|mj;|> =13, , L;=arctan (}g) . (4.27)
There exist quadratic fields
X = Z (Aijalal + Asjaia; + Cijalay) (4.28)

1,5=1

whose vacuum characteristic function, for suitably small s € R, is
n
(@6 X @) H (4.29)

where,

iljjs

i cos L; .
€ 2 cos(insfi-Lj) va myj # 0
fi(s) = . (4.30)
1 if mj; # 0
The quadratic field X is diagonalizable if and only if l;; is real for all
je{1,2,..,n}.

Proof. Let M and L be diagonal matrices with diagonal entries m;;,l;;, respec-
tively, where j € {1,2,...,n}. Define n x n matrices A, C' by

A=U*MU , C=U*LU, (4.31)
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where U is an arbitrary n X n unitary matrix. As in the proof of Theorems 4.1
and 4.4, the quadratic field

X = Z (Aijazaj- + /L-jaiaj + Cija;raj) 5 (432)

i,7=1

has vacuum characteristic function, for suitably small s € R,
n
(@, X @) =] fi(s) - (4.33)
j=1

The above field X is diagonalizable if and only if A is symmetric, C' is Hermitian
and CA = AC. In view of (4.31), these conditions are satisfied if and only if L is
real. (]

Remark 4.6. Theorem 4.4 implies that the probability measure px associated via
Bochner’s theorem with the quadratic field X is quadratic vacuum factorizable,
e, ux = px, ® -+ @ px,, where px, is the probability measure associated with
the quadratic field X, j € {1,2,...,n}. Clearly, quadratic vacuum factorizability
implies decomposability in the classical sense (see Section 5.1 of [14]) where a char-
acteristic function is termed decomposable if, sans a trivial exponential factor, it
can be written as a product of the characteristic functions of two non-degenerate
distributions.

Remark 4.7. We define the Fourier transform of a function f by
f(t) = (2m)~1/? / T it FNdA, (4.34)
and the inverse Fourier transform of f by
f(\) = (2m)"1/2 / — f(t)dt, (4.35)
so the inverse Fourier transform of
(2m) 72 (@, YD) | (4.36)
gives the probability density function p(\) of X.

Remark 4.8. In the notation of Theorem 4.4, for m;; = 1 and I;; = 0, j €
{17 27 tt n}’

(®,e'* % @) = (sech 25)1/2 , (4.37)
with corresponding, via Bochner’s theorem, probability density function, obtained
as an inverse Fourier transform with the use of Mathematica v.12,

1—i o~ 1—diX 1 o~ 144X 1
- T B(-1.—2 = TR(-1.—"2 - 4.
p(A) & (e 1 ( 1 ,2>+e4 < . 2)) (4.38)

B(z;a,b) = / =11 — )bt gt = 2° i (=0 n (4.39)

0 — nl(a+n)
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is the incomplete Beta function and, for z € R, (z), = z(x+1)(z4+2) --- (z+n—1).
We also remark that
<(I>,ei“"%Xj <I>> = (sech 3)1/2 , (4.40)

with corresponding probability density function (inverse Fourier transform)

1—14 _ = 1—2\ 1 PN 1+2e\ 1

Notice that, replacing s by as/2, where a in any real number different from zero, we
still obtain a characteristic function of a probability measure whose density is given
by a re-scaled incomplete Beta function. In fact, in that case, the corresponding
probability density function (inverse Fourier transform) is

1—12 A a—4i\ 1 A a+4iX 1
= T a —1'77 Ta —177 . 44
=2t (e p (- e p (D)) L

5. n-Dimensional Angular Momentum Fields

Important examples of diagonalizable quadratic fields are provided by the n-
dimensional angular momentum fields,

X = Z wkmkam 5 (51)

k,m=1

where, W = (wgm) € M,(R), and the Ly ,,’s are the Hermitian (non linearly
independent) generators of the n-dimensional angular momentum Lie algebra,
introduced in [13], with commutation relations

[L,m> L' .m?] = % (6k k' Linm? + Om,m/ L.k — Ok.m/ Lk — Ok L) 5 (5.2)
and skew-symmetry, duality properties,
Lk =0 , Lim=—Lmk , Liwm=Lkm- (5.3)
Using multi-index notation
=t ann (5.4)
a representation on polynomials

pla) = aaz®, (5.5)

is provided by the operators
L = X P — X P (5.6)
where, for j € {1,2,...,n},
Xjp(x) = zp(z) . Pip(r) = —i0y,;p(x) , (5.7)

are the classical position and momentum operators, with commutation relations,
for k,m € {1,2,...,n},

[Xk:7 Pm] = iém,k ) [leXm] = [Plﬁpm} =0, (58)

and duality relations
X; =Xy , Pr=PF,. (5.9)
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Theorem 5.1. There exists a Hermitian matriz C = (cgm), with main diagonal
entries equal to zero, for which the field X in (5.1) can be put in the form

X= > cimahax, (5.10)

where, for k,m € {1,2,...,n},
[ak,aT ] = O ks Qs O] = [a,t,ajn} =0,a; = a;[“ (a;fn)* = am , (5.11)

i.e, X 1s a diagonalizable homogeneous quadratic boson field in standard form
X =(0,0).

Proof. Letting, for each j =1,2,...,n,

T T
aj +a; a; —a;
X, =9T%  p 7, 5.12
J \/ﬁ J \/iz ( )
ie.,
X; +iP; ¢ X;—iP;
= s a. = B 513
J \/5 7 \/i ( )
it is well-known that, for k,m € {1,2,...},
[ak,ain] = O ks Qs O] = [a}i,aln} =0,a; = ai, (afn)* = Qm , (5.14)
Moreover,
Lk,m = XkPm - XmPk (515)
1
= - ((@r + al)(@n — af,) = (am + af,) (@ — af))
= 7% (akam — akain + azam — a;iain — Amag + ama,t — ajnak + aina};) ,
from which, using
aka;’n = 0pm + ainak , amaz = O0p,m + azam , (5.16)

we obtain, after cancelations,

Ligm =1 (afnak - alam) . (5.17)
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Thus, the field X takes the form

X = Z wkmLk’m = Z wkmLk,m (5.18)
k,m=1 kkm=1
k#m
n n
- Z wknLLkJrL + Z Wkm (_Lm,k)
k,m=1 k,m=1
k>m k<m
= Z Wi Lig,m — Z Wi Lie,m -
k,m=1 k,m=1
k>m k>m
Letting
Tkm = Wkm — Wmk > Ckm = irkm sy Ckm = —Cmk » (519)
we have
X = Z Tkm Lie,m = Z Ckm (a:fnak - azam> (5.20)
k,m=1 k,m=1
k>m k>m
= Y cmahar— Y ckmalam
k,m=1 kkm=1
k>m k>m
= Z ckmafnak + Z cmkazam
k,m=1 k,m=1
k>m k>m
= Z ckmajnak + Z ckma:fnak
k,m=1 k,m=1
k>m k<m
= Z ckmajnak .
k,m=1
k#m

from which we conclude that X is a homogeneous quadratic boson field in standard
form X = (0, C'), where the main diagonal entries of the Hermitian matrix C' are
equal to zero. By Theorem 2.4, X is diagonalizable. t

Corollary 5.2. The vacuum characteristic function of X is

(@, X @) =1, (5.21)
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i.e., X has a degenerate (i.e. delta function) probability distribution and is there-
fore neither quadratic vacuum factorizable nor vacuum decomposable).

Proof. By Theorem 4.1, with M = 0 and U any unitary matrix that diagonalizes
C, in the notation of Theorem 4.1,

X = Z Liblb; . (5.22)
=1

Therefore, the vacuum characteristic function of X is

<q)7eisX q)> — <q)76is > liib;rbi q)> — <(I), H eisl“bzbi q)> — <q),q)> -1 ,
j=1

(5.23)

since e *liiblbi = ®, for each j. Therefore, X has a degenerate (delta function)
probability distribution. Since,

e the product of two characteristic functions is always a characteristic func-
tion,

e the only characteristic functions whose reciprocals are also characteristic
functions belong to degenerate distributions,

we see that the n-dimensional angular momentum field X is not quadratic (or
any other non-degenerate way) vacuum factorizable and it is not vacuum decom-
posable. 0

6. Non-Diagonalizable does not Imply non-Quadratically Vacuum
Factorizable

We consider the quadratic field (4.1), i.e.

2
X = Z (A”aja;f + /_lijaiaj + C’ijalaj) 5 (61)

i,j=1
where, for a,b,c,l € C and k,m € R,

A= (Ay) = (Z b) , C=(Cy)= (lli l) : (6.2)

Cc m

The diagonalizability condition CA = AC is equivalent to the equation

kb+lc=al +bm . (6.3)

Choosing a =c=1,b=0, k=m = 0, and | = i where > = —1, we have the

matrices
1 0 . 0 1
A—I—(O 1) , C—ZS—’L(_l O) , (6.4)

corresponding to the non-diagonalizable quadratic field
N (1) 2 2 f i
Z = <a1> + (az) +aj+a;+i (a1a2 - a2a1> . (6.5)

We will show that Z is quadratic vacuum factorizable. We prove the result in
several steps. First we compute the vacuum characteristic function of Z.



14 L. ACCARDI, A. BOUKAS, Y.G LU, AND A. TERETENKOV

Theorem 6.1. For real t sufficiently close to zero, the vacuum characteristic
function of Z is

(®,e'"” @) =sech 2t . (6.6)

Proof. In the notation of Theorem 2 of [2], with the identification a; = D;, aI =,
we have:

Oél:Ozg2043207014:214:2[,046:214:2[70152022'5. (67)
Therefore
0 ]2 o0
_ (6% Qg _ 07 2A _ —1 0 0 2
U= (a6 a5T> o <2A C’T) 1l -2 00 4 ’ (6:8)
0 —-2|—-1 0
and
P(t) Q)
tv __
e’ = <—R(t) S(t) (6.9)
cosht cos 2t 1 cos 2t sinht cosht sin 2¢ 4 sin 2t sinh ¢
- —1 cos 2t sinh ¢ cos 2t cosht —4 sin2t sinht  cosht sin 2t
—cosht sin2t —i sin2t sinht cos 2t cosht 7 cos 2t sinh ¢
i sin2t sinht  — cosht sin2t | —i cos2t sinht  cos2t cosht
Thus,
A1(t) = Aa(t) = As(t) =0, (6.10)
and
Aut) = QU)S() ", As(t) = —1og (S()T) , As(t) = SO 'R() . (6.11)

Thus, by Theorem 2 of [2] and the matrix identity
eTrlogA) — det A4 | (6.12)
for non-singular matrices A, we have
<(I)7€1itZ q)> — o3 S AL (i) _ o3 TrAs(it) (6.13)
= (emes(50m)) T = (qet ity 2
= (cosh2 2t)71/2 =sech 2t .
O

Corollary 6.2. The vacuum characteristic function of Z is quadratic vacuum
factorizable.

Proof. Let
2
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Then Z; is diagonalizable for j = 1,2 and, as in the proof of Theorem 6.1,

vy = , Uy = , (6.15)
cos2t 0| sin2t O
Pt)  Qi(t) 0 1/ 0 0
t’Ul — 1 1 _
© = (—Rl(t) Si(t)) | —sin2t 0|cos2t 0 |~ (6.16)
0 0 0 1
1 0 0 0
we [ Pa(t)  Q206)\ | 0 cos2t |0 sin2t (6.17)
C\—Ra(t) Sa(t)) | O 0 1 0 ' '
0 —sin2t |0 cos2t
Thus, for j =1,2,
(@171 @) = (det S, (it)) "/ (6.18)
= (cosh 2t)71/2 = (sech 2t)1/2 .
Therefore, using the result of Theorem 6.1,
(0,7 @) = (9,7 ) (D, 72 D) | (6.19)
so Z is quadratic vacuum factorizable. O
Recall that
2 2
Z = (a{) + (a£> +ai+a3+i (QIQQ - a;a1> . (6.20)
Lemma 6.3.
2 2
{(a{) + (ag) +a? +a3,i (aJ{QQ - aéal)] =0. (6.21)
Proof. We have
_al, aJ{ag — agal_ =as , [GQ,GIU/Q — agal} =—ay, (6.22)
_a%, alay — a;al_ =a1 [al, alag — agal} + {al, alag — a;al} ay (6.23)
= aias + a2a1 = 2a1as ,
[2,alas — alar| = a {a ala —aTa}—l—{a ala —aTa]a (6.24)
2,0102 — G301 2 |G2,0102 — G301 2,0102 — (301 | G2 .
= —aga1 — ai1a9 = —2(11(12 .

Summing the last two identities, one has

[a% +a2,alay — agal} = 2ajas — 2a1a2 =0 . (6.25)
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Consequently,
0= [a% + a2 alay — a;al} = [alag — agal, (a]{)2 + (a;)Q] (6.26)
=— [aiag - ala; (a{)g + (aé)? = {(a{f + (ag)g,alag - alag] .

Therefore,

{a% + a3 + (aI)Q + <a£)2 Lalag — a%m} =0, (6.27)
which is equivalent to (6.21). O
Corollary 6.4. Fort sufficiently small, one has:

citz _ it((al) +(a}) +at+03) —t(alas-alar) (6.28)
Proof. (6.28) follows from (6.21). O

Remark 6.5. Corollary 6.4 means that the decomposition

2 2
7 = ((a{) + (a;) +a? + a%) +1 (a{ag - agal) ; (6.29)

expresses Z as a sum of two vacuum independent classical random variables. This
does not contradict Corollary 6.2 because, by (6.28),

Gtz _ eit((ai)2+(a§)2+af+a§) o—t(alaz—afa) (6.30)

_ eit((a1)2+af) eit((a£)2+a§) eft(aiagfa;al) ,
and

e—t(aiaz—a;al)q) = , (631)
implies that

<<1>,e*t(“1“2*“5“1)<1>> =1. (6.32)
This means that the vacuum distribution of the quadratic field ¢ (aiag — a;al) is
the 0—measure at 0.
7. Connection with Commutativity

The non-diagonalizable, quadratic vacuum factorizable, quadratic field Z of
(6.5) can be written as

Z =X, +Xo+ X5, (7.1)
where,
2 2
X, = (ai) + (a%) ., Xo=al+ai , X3=i (0,11-0,2 — a;a1> , (7.2)
with, by Lemma 6.3,
(X1 + X2, X5]=0. (7.3)

In this Section, we describe, for n = 2, the most general quadratic fields for which
a commutativity condition of this type is compatible with non-diagonalizability.
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Theorem 7.1. Let

X =X, 4+ Xo 4+ X5 , (7.4)
where
2
Xi=a (aJ{) +aa?+ kzaJ{al , (7.5)
2
Xy =c (an) +ca?+mabay , (7.6)
X3 =2bal al +2bajas + lal as +Talay | (7.7)

where a,b,c, 1 € C | k,m€eR, i.e., X is of the form

2
X=> (Au‘a}a} + Aijaia; + Cija;raj) : (7.8)
ij=1
where
a b ko1

A= (4;)= (b c> , C=(Cy) = <l m) . (7.9)

Then
[X1, Xo] =0, (7.10)
[X1, Xs] =2(kb — al)alal + 2(al — kb)ayas (7.11)

+ (kl — 4al_))a1a2 + (4ab — kl_)agal ,

(X2, X3] =2(mb — cl)alal, + 2(cl — mb)ayay (7.12)

+ (4be — mil)alay + (ml — 4bc)ala; .

Proof. Equation (7.10) follows from the commutativity of everything that has
index 1 with everything that has index 2. Using commutation relations (2.1) to
put terms in normal order, i.e., a’s on the left and a’s on the right, we obtain
the commutation relations:

2 1 2
[(ai) calal| = {(ai) Jal CL2:| = [a},a102] = [a%,agal} =0, (7.13)
)° : i )° i
[(al) ,a102| = —2ajas , [(al) ,agal] = —2alal (7.14)
[a%,a{a% = 2ala, , [a?,al{az} = 2ayaz , (7.15)
{aial,ala;} = a{a; , [a{al,alag} = —aias , (7.16)
{aial,alag = aJ{ag , [a{al,agal] = —a£a1 , (7.17)
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)2 a1a2- = {(a;)Q ,agal} = [a3,a1a2] = [a%,a{ag} =0, (7.18)
)

2 1 2
[(a Layay| = —2alay | [(a%) ,a{ag] = —2ala} (7.19)
[a;ai ag_ =2alay , [ag,a; al] = 2a;a2 , (7.20)
{agag,aJ{ag_ = a]ia; , [a;a%alag} = —ajasg , (7.21)
[a;ag,aiag- = —aiag , {a;ag,agal} = agal . (7.22)
Using the above commutation relations and the bilinearity of the Lie bracket, we
obtain (7.11) and (7.12). O
Corollary 7.2. In the notation of Theorem 7.1, [X1 + X2, X3] = 0 if and only if
(kb—al) + (mb—cl) =0, (7.23)
(kl — 4ab) + (4bc —ml) =0 . (7.24)

In particular, if [X1 + Xo, X3] = 0 then X is quadratic vacuum factorizable.
Proof. Using (7.11), (7.12), and the linear independence of

alal,aray,alay, aral (7.25)
we find that [X; 4+ Xo, X3] = 0 if and only if

2(kb —al) +2(mb—cl) =0, (7.26)
2(al — kb) +2(cl —mb) =0, (7.27)
(kl — 4ab) + (4bc —ml) =0 , (7.28)
(4ab — Kkl) + (ml — 4bc) =0 , (7.29)

from which, since the second and fourth equations are the conjugates of the first
and third equation respectively, we obtain (7.23) and (7.24). Since [X; + X2, X3] =
0 and [X7, X2] =0,

<(b,6iSX ®> — <© 6 s (X14+X2) ZSX;; q)> — <®76ileeiSX2€iSX3 (b> (730)
_ <(I)’estleiSX2 (1)> _ <(I),€iSX1 CI)> <(I),€iSX2 (I)> ,
as in the proof of Theorem 4.4, so X is quadratic vacuum factorizable. |

Theorem 7.3. Let

XY, 4+Ys+Ys, (7.31)
where
2
Yi=a (a{) +aaj , (7.32)
2
Yo=c (a§> +éca? , (7.33)

Vs = kala; +mabag +2bal al + 2baray + lal ag + Tabay | (7.34)
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where a,b,c,l € C | k,meR, i.e., X is of the form

2
X = Z (Aija;ra} + /L-jaiaj + Cijajaj> R (735)
ij=1
where
a b k1

A=(4;)= (b c> , C=(Cy) = <l m) . (7.36)

Then
Vi, %3] =0 | (7.37)

2 _ _

[Y1,Y3] = — 2ak (ai) —4abal ay — 2al al al (7.38)

+ 2ak a% + 4ab a; ay + 2al ayas
2 _ _
[Ya,Y3] = — 2cm (ag) —4cbabay —2clal af (7.39)
+ 2¢m ag + 4¢b a]; as + 2él aqas .

Proof. The proof is similar to that of theorem 7.1, using the additional commuta-
tion relations:

[a;al al} = {(a;)Q Jal al} =0, (7.40)

K@fﬂhJ—qﬂf,K@fﬂ%4—4@f7 (7.41)

[aia{ al} =2a7 , [a;ag aQ} =2d3 . (7.42)

O

Corollary 7.4. In the notation of Theorem 7.3, [Y1 + Ya,Y3] = 0 if and only if
ak=cm=(a+c)l=c—ab=0. (7.43)

In particular, if [X1 + X2, X3] = 0 then X is quadratic vacuum factorizable.
Proof. Using (7.38), (7.39), and the linear independence of

2 2
<a’1> 9 (a£> 70‘%70‘370{&;7a1a27a'{a23a£al ) (744)
we find that [Y7 + Y3, Y3] = 0 if and only if (7.43) is true. The factorizability of X
follows as in the Proof of Corollary 7.2. ]

8. An Example of a Decomposable Quadratic Field That Admits a
non-Quadratic Factorization

Since quadratic vacuum factorization follows naturally from diagonalizability
and/or commutativity (see Theorem 4.4 and Corollaries 7.2, 7.4), it is reasonable
to investigate , starting with the simple 2 x 2 case, quadratic fields X of the form

2
X = Z (Aijaza} + flijaiaj + Cija;raj) s (81)

i,7=1
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where

A:(Aij)=<z i’) 7 C:(cij):(’; 7;) (8.2)

with a, b, ¢, k, [, m not satisfying, at least one of, the diagonalizabilty and com-
mutativity conditions

(kb—al) + (lc —bm) =0, (8.3)
(kb —al) + (mb — cl) = (kl — 4ab) + (4bc —ml) =0, (8.4)
ak=cm=(a+c)l=ceh—ab=0. (8.5)

In what follows we present an example of a decomposable quadratic field X which
admits a non-quadratic factorization.
Consider the matrices

A(‘l) }) , Oz‘(_ol (1)) (8.6)

corresponding to the quadratic field

2
X = (ag) + a3 +2 (aiag + a1a2> +1 <a1a2 - agal) . (8.7)

Then, as in the proof of Theorem 6.1,

0 |0 2
- 0|2 2
"Z1T0 =20 i |- (8:8)
-2 -2|—-1 0
(8.9)
cos3t 1(cos3t + (—1 +isin2t) cost)
% (cos3t + (—1 —isin2¢) cost) 1(cost + 3 cos 3t) ’
—sin’®t sint cost (2cost + isint) (8.10)
sint cost (2cost — isint) 1(—sint + 3sin 3t) ’ '
—sin®t —%(cos3t+ (—1+ 4isin2t)cost) (8.11)
sint cost (2cost — isint) 1(—sint + 3sin 3t) T
an
. _ 2
(@, X @) = (det S(it)) "/ = secht#. (8.12)
v —3 4+ 5cosh 2t

We know from Theorem 6.1 that sech t is the characteristic function of a probability
measure. Therefore, to show that X is decomposable, it suffices to show that

V2

1= V=3 +5cosh 2t

(8.13)
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satisfies f(0) = 1 (which is obvious) and is positive definite. Equivalently, by
Bochner’s theorem, that it is the Fourier transform of a nonnegative function g(x)
defined on the real line. Using Mathematica v.12, we find that

o) = V2 )((Hmm (1—@1 1'3—ix;3+4i’3—4i) (8.14)

Vom(1l + a2 2 2’27 2 5 5
. I+ 1 1 3+ix 34+47 3—41
+(1_m)F1< 5 2’2 2 ' 5 ' 5 )) ’

where the Appell hypergeometric function Fy is defined, for |z| < 1, |y| < 1, by the
infinite series

m n b m,,n
F(a;b1,b2;¢;2,y) Z Z + (b2)n 2 (8.15)

min! "’

m=0n=0

where, for z € R, (2), = 2(z+1)(2+2) - - (z+n— 1). For other values of z, y it is
defined by analytic continuation. The bell-shaped function g(z) is non-negative.
Thus f(t) is positive definite, so X is decomposable. We will know examine if X
is quadratic vacuum factorizable, i.e., if there exist quadratic fields Y and Z with

(0, X D) = (0,6 @) (0,67 D). (8.16)

Y = % ((a{f—i—a%—i— (a;)Q—&—a%) ) (8.17)

since, as in the proof of Theorem 4.4,
i itd((al 2 a % al 2 a
(Y D) = <<I>,e”§(( D' ret) <I>> <<I>,e *((a2) +ed) <I>> —secht. (8.18)
If there existed a quadratic field Z with

<q),eitZ q)> —

By Remark 4.6,

V2
V=3 +¥5cosh 2t

then, as stated in the proof of Theorem 4.4, there would exist constants [, L, K
such that

(8.19)

e cosb vz (8.20)
cos(iKt+ L) /=3 +5cosh 2t .

which is equivalent to

; cos L 2
t) = e — =0
gt) = cos(iKt+ L) —3+5cosh 2t ’

for all ¢t. Since ¢’(0) must be equal to zero, we find that [ = K tan L. Since ¢’(0)
must be equal to zero, we find that K = ++/10cos L. In both cases, since g"”’(0)
must be equal to zero, we find that sin L =0, so L = kn, k € Z. Therefore

2
which is not identically equal to zero, in fact, it has two negative humps to the
left and right of zero and dies out as x — +oco. Thus X admits a non-quadratic
factorization.

(8.21)
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Remark 8.1. Tt is still possible to find homogeneous quadratic fields X and Y such

that Y
2 ) )
m = <¢,€lty¢> <(I’,€ltz(b>, (823)

where both <<I>7e”y <I>> and <<I>,e”z ‘1>> are different from secht. But it can be
shown that there are no complex numbers Iy, ls, L1, Lo, K1, K5 such that the equal-

ity

secht

V2 iyt cos L ilyt cos Lo
secht———————==¢""2 4| —————e 2 | ————. (8.24
v/ —3+ 5cosh 2t cos(iK1t + L) cos(iKsot + Lo) (8.24)

holds for arbitrary ¢. This leads to the fact that there is no vacuum factorization
(0, X @) = (0, @) (0,7 D). (8.25)

for arbitrary one-dimensional factors (by one-dimensional factors we mean that
n = 1 for homogeneous quadratic boson fields Y and 7).

Let us also remark that in this example, in the definition of X, n is fixed to
n = 2. Because if one interprets

X = 22: (Aijazaj‘ + Aijaia; + Cz’jGIGj) ; (8.26)
as w:l

X= Z (Aijagai + 4ijaia; +Cz—jalaj) ) (8.27)
with A;; = Ci; = 0 foll“’j;l;'é 1,2 or j # 1,2, then the vacuum factorizabilty

condition (into one-dimensional factors (otherwise, the situation gets even more
complicated) takes the form

iljt

(@, X @)y =][e
j=1

for some I, L;, K, for arbitrary ¢ and for some (sufficiently large) n. As we do
not consider such an interpretation in this work, we do not prove the violation of
this condition for arbitrary n.

cos L;
cos(iKt+ Lj)’

(8.28)
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