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MOVING CURVES OF LEAST GONALITY ON SYMMETRIC PRODUCTS OF
CURVES

FRANCESCO BASTIANELLI AND NICOLA PICOCO

ABSTRACT. Let C be a smooth complex projective curve of genus g and let C*) be its k-fold
symmetric product. The covering gonality of C™ is the least gonality of an irreducible curve
E ¢ C™ passing through a general point of C®). It follows from previous works of the authors
that if 2 < k < 4 and g > k+4, the covering gonality of C®) equals the gonality of C. In this paper,
we prove that under mild assumptions of generality on C, the only curves E ¢ C*) computing
the covering gonality of C'® are copies of C of the form C + p, for some point p € C*~ 1. As a
byproduct, we deduce that the connecting gonality of C ) _j.c. the least gonality of an irreducible
curve E C C® connecting two general points of C B g strictly larger than the covering gonality.

1. INTRODUCTION

In this paper, which is a sequel of [8], we study families of irreducible curves covering the k-fold
symmetric product C*) of a smooth complex projective curve C. In particular, we are aimed at

characterizing families of curves which compute the covering gonality of C(*).

We recall that the gonality gon(F) of an irreducible complex projective curve E is the least
integer ¢ such that there exists a non-constant morphism E — P! of degree 9, where E is the
normalization of E. Given an irreducible complex projective variety X, the covering gonality of X
is the positive integer

cov.gon(X) := min {d eN

Given a general point € X, 3 an irreducible
curve E C X such that z € F and gon(E)=d |’

i.e. it is the least integer d such that there exists a family & —— T of irreducible curves covering an
open subset of X, where for general t € T, the curve E; := 7~ 1(¢t) C X has gonality gon(FE;) = d.

The covering gonality is an important birational invariant which, together with other measures of
irrationality, has been widely studied in the last decade (see e.g. [3, 5, 6, 10, 13, 14]). In particular,
as cov.gon(X) = 1 if and only if X is covered by rational curves, we can think of the covering
gonality of X as a measure of the failure of X to be uniruled.

A natural problem concerning the covering gonality is classifying families of curves & —— T as
above which compute the covering gonality of the variety X. In this direction, [12] investigates the
covering gonality of smooth surfaces S C P? of degree d > 5, proving that cov. gon(S) = d — 2 and
characterizing families of irreducible curves on S whose general member has gonality exactly d — 2
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(cf. [12, Corollaries 1.7 and 1.8]). The importance of studying the gonality of moving curves is also
highlighted by its applications, as e.g. to the study of Seshadri constants and the ample cone on
projective surfaces (cf. [2, 11]).

In the following, we are interested in classifying families of curves computing cov. gon(X), when
X is the k-fold symmetric products of a smooth complex projective curve C. Given a positive
integer k, we recall that the k-fold symmetric product of C' is the smooth projective variety C*)
parameterizing effective divisors of degree k on C, so that the points P € C*) are unordered
k-tuples p1 + - - - 4 py, of points p; € C.

As far as the covering gonality is concerned, it follows from [3, Theorem 1.6] and [8, Theorem
1.1] that if 2 < k < 4 and C has genus g > k + 4, then

cov. gon (C(k)) = gon(C). (1.1)
It is also worth noticing that C*) is covered by copies of C' of the form

CQ::{Q+p€C(k)‘p€C}, (1.2)

where Q = p1 + -+ + pp_1 € C*~Y is a fixed point. In particular, the family ¢ — C*~1) with
Cg = 7~ 1(Q) computes the covering gonality of ck),

We prove that if C' is sufficiently general and 2 < k < 4, then the curves Cg C C*) defined in
(1.2) are the only irreducible curves covering C'*) and having the same gonality as C.

Theorem 1.1. Let k € {2,3,4} and let C' be a smooth complex projective curve of genus g > k—+4.
Suppose that C' is not hyperelliptic, bielliptic, or a smooth plane quintic.

Given a general point z € C® if E ¢ C%) is an irreducible curve passing through x such that
gon(E) = gon(C), then E = Cg = {Q +p€ C(k’)’p S C} for some point Q € C*—1),
Equivalently, if £ = T is a family of irreducible curves covering an open subset of C®) such that
for general t € T, the fiber By := 7w~ 1(t) € C%) is an irreducible curve with gon(E;) = gon(C),
then the family is isotrivial with Ey = Cg for some point @ € ck-1),

We point out that when k = 2, the assumptions on C' can be slightly weakened (cf. Remark
3.18), so that Theorem 1.1 does improve [3, Theorem 1.5].

Given an irreducible complex projective variety X, another relevant measure of irrationality
introduced in [5] is the connecting gonality of X, which is defined as the positive integer

conn. gon(X) := min {d eN

Given two general points z,y € X, 3 an irreducible
curve E C X such that z,y € E and gon(E) =d

In particular, conn. gon(X) = 1 if and only if X is rationally connected. Of course,
conn. gon(X) > cov.gon(X),

and equality may hold (see e.g. [4, Theorem 1.3]). Moreover, it easy to see that if £ —— T is a
family of irreducible curves on X computing the connecting gonality of X, then dim 7T > 2dim X —2
(cf. [7, Remark 4.2]).

It follows that if X = O the family C — C*~1) such that 7~1(Q) = Cg is too small for

computing the connecting gonality of C*). Thus Theorem 1.1 gives the following.
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Corollary 1.2. Let k € {2,3,4} and let C be a smooth complex projective curve of genus g > k+4.
Suppose that C' is not hyperelliptic, bielliptic, or a smooth plane quintic. Then

conn. gon (C(k)) > gon(C) (1.3)

and, in particular, conn. gon (C(k)) > cov. gon (C'(k)).

The proof of Theorem 1.1 relies on the very same argument as [8, Theorem 1.1]. In particular, we
consider the canonical embedding C' < P9~ and for a general point P = p1 +- - - +pj € C*), we
define the (k — 1)-plane Ap := Span (p1,...,pr) C P91 Let E C C®) be a d-gonal curve passing
through a general point of C*) with d = gon(C), and let Pp,..., P; € E be the points corresponding
to a general fiber of the d-gonal map E — PL. Then it turns out that the linear span Y of the
(k — 1)-planes Ap,,...,Ap, C P971 has dimension much smaller than expected (cf. Theorem 2.4).
Since ¥ is actually the linear span of the points of C' supporting the points Py, ..., P; € C%®) it
cuts out on C a linear series of dimension deg(¥X N C) —1 —dim¥. Then it takes a great deal of
case work to decide when such a linear series exists, and we eventually conclude that there exists
Q € C*~1 such that the points P, ...,P; € E corresponding to a general fiber of the d-gonal map
lie on the curve Cg.

The paper is organized as follows. In Section 2, we introduce the main techniques involved in the
proof of Theorem 1.1. In particular, we collect the main results of [8, Section 2|, which concern the
dimension of the linear span of linear subspaces of P" satisfying a condition of Cayley—Bacharach
type, and we present the framework of [3] connecting these linear spaces to families of curves
covering C'®). Moreover, we briefly recall some standard results concerning Brill-Noether theory.

Finally, Section 3 is devoted to prove Theorem 1.1 and Corollary 1.2.

Notation. We work throughout over the field C of complex numbers. When we speak of a smooth
curve, we always implicitly assume it to be irreducible. We say that a property holds for a general
(resp. very general) point x € X if it holds on a Zariski open nonempty subset of X (resp. on the
complement of the countable union of proper subvarieties of X).

2. PRELIMINARIES

In this section, we present the main results involved in the proof of Theorem 1.1.

2.1. Linear subspaces of P" in special position. Let us fix integers 1 < &k < n and d > 2.
In this section, we review some notions and results included in [8, Section 2]. In particular, we
are interested in collections of (k — 1)-dimensional linear spaces in P™ satisfying a property of
Cayley-Bacharach type, defined as follows (cf. [3, Definition 3.2]).

Definition 2.1. Let Ay, ..., Ag C P" be linear subspaces of dimension k—1. We say that A1,...,Ayg
are in special position with respect to (n — k)-planes, or just SP(n — k), if for any j = 1,...,d and
for any (n — k)-plane L C P" intersecting Aq,...,Aj,..., Ay, we have that L meets A; too.

Remark 2.2. We note that the linear spaces A1, ..., Ay are not necessarily distinct. In particular,
two (k — 1)-planes Ay, Ay are SP(n — k) if and only if they coincide.

Definition 2.3. Let Aq,..., Ay C P™ be linear subspaces of dimension k£ — 1 in special position
with respect to (n — k)-planes. We say that the sequence A1, ..., Ay is decomposable if there exists
a non-trivial partition of the set of indexes {1,...,d}, where each part {i1,...,4} is such that the
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corresponding (k — 1)-planes A;,,...,A;, are SP(n — k). Otherwise, we say that the sequence is
indecomposable.

The following result collects [8, Theorem 2.5] and [8, Corollary 2.6], which bound the dimension
of the linear span of a sequence of (k — 1)-planes satisfying property SP(n — k).

Theorem 2.4. Let Aq,...,Aq CP" be linear subspaces of dimension k — 1 in special position with
respect to (n — k)-planes. Consider a partition of the set of indexes {1,...,d} such that each part
{i1,... it} corresponds to an indecomposable sequence A;,,...,N;, of (k — 1)-planes that satisfy

SP(n — k). Denoting by m the number of parts of the partition, we have that
dimSpan (Ay,...,Ag) <d+k—3+(m—1)(k—2).
In particular, if the sequence of (k — 1)-planes Ay, ...,Ag C P™ is indecomposable, then m =1 and

dim Span (Aq,...,Ay) <d+k — 3.

Finally, we recall the behavior of property SP(n — k) under projection from a linear subspace of
P™. To this aim, let us consider a linear subspace L C P" of dimension « := dim L > 0, and let
7 P* ——s PP~2~1 denote the projection from L. Therefore, if A C P" is a linear subspace with
dim(L N A) = B, then dim7,(A) = dim A — 8 — 1. Besides, for any linear subspace I' ¢ P~ @~1,
the Zariski closure of Wzl(F) C P" is a linear subspace of dimension dimI' 4+ a 4 1 containing L.

Using this notation, the following holds (cf. [8, Lemma 2.13]).

Lemma 2.5. Let Ay,...,Aq C P" be (k — 1)-planes that satisfy SP(n — k), and let L C P™ be
a linear subspace of dimension o > 0. Let 2 < r < d— 1 be an integer such that LN A; = ()
for anyi = 1,....r, and LNA; # 0 for any i = r + 1,...,d. Consider the (k — 1)-planes
I;i=np(Ay) CP oL withi=1,...,r. ThenTyq,...,Ty are SP(n —a —1—k).

2.2. Covering families on symmetric products of curves. In this section, we are aimed
at discussing the covering gonality in terms of covering families. Moreover, we briefly recall the
framework of [3] in order to explain the relation between covering families on C*) and linear
subspaces of P9~! having dimension k — 1 and satisfying property SP(g — 1 — k).

Let us consider an irreducible complex projective variety X of dimension n.

Definition 2.6. A covering family of d-gonal curves on X consists of a smooth family & —— T of
irreducible curves, together with a dominant morphism f: & — X such that for general t € T', the
fiber E; := 7 1(t) is a smooth curve with gonality gon(E;) = d and the restriction f;: E; — X of
f is birational onto its image.

In these terms, the covering gonality of X coincides with the least integer d for which a covering
family of d-gonal curves on X exists (cf. [10, Lemma 2.1]), and the irreducible curves on X
computing the covering gonality are the images f(E;).

Remark 2.7. Let £ > T be a family of irreducible curves covering an open subset of X such
that for general ¢ € T, the fiber E; := 7~ 1(t) C X is an irreducible curve with gon(E;) = d. By
making a base change
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and possibly shrinking U, we obtain a smooth family F 2, U such that, given a general ¢t € T and

u € h=1(t), the restriction Y, Fu — E¢ is the normalization map. Thus F Y Uisa covering
family of d-gonal curves on X.

Let C be a smooth projective curve of genus g > 3. For 2 < k < g — 1, let C®) be its k-fold
symmetric product and let & — T be a covering family of d-gonal curves on C'®). According to
[5, Remark 1.5], we may assume that both the varieties 7" and £ are smooth, with dim(7") = k — 1.
Furthermore, up to base changing 7', there is a commutative diagram

ok I e P pup (2.1)
N
T,

where the restriction ¢;: By — {t} x P! 2 P! is a d-gonal map (cf. [3, Example 4.7]).

Let ¢: C — P97! be the canonical map of C, and let G(k — 1,9 — 1) be the Grassmannian
parameterizing (k — 1)-planes in P9~!. Then we define the rational map

v: C® 5 Gk —1,9—1), (2.2)

sending a general point p; + - - - + pp € C*¥) to the point of G(k —1,g—1) which parameterizes the

(k — 1)-plane Span (¢(p1), - .., ¢(px)) C P

So we can state the following result, which is somehow the core of the proof of Theorem 1.1. In
particular, it expresses the relation between covering families of irreducible d-gonal curves on C'%)
and (k — 1)-planes of P9~! in special position with respect to (g — 1 — k)-planes (cf. [3, Section 4]

and [8, Theorem 3.2]).

Theorem 2.8. Let C' be a smooth projective curve of genus g > 2 and let C*) be its k-fold
symmetric product, with2 < k < g—1. Let & = T be a covering family of d-gonal curves on C*).
Using notation as above, consider a general point (t,y) € T x P' and let o= (t,y) = {x1,..., 24} C
E; be its fiber.

Then the (k — 1)-planes parameterized by (yo f)(x1),...,(yo f)(xzq) € G(k—1,9—1) are in special

position with respect to (g — 1 — k)-planes of P9~1.

2.3. Brill-Noether theory. In this section we recall some results regarding the existence of linear
series on a smooth projective curve C.

Given two positive integers r and d, let W be the subvariety of Picd(C), which parameterizes
complete linear series on C having degree d and dimension at least r (cf. [1, p. 153]). In the proof of
Theorem 1.1, we frequently use Martens’ theorem and its refinement due to Mumford, concerning
the dimension of dim W} (see [1, Theorems IV.5.1 and IV.5.2]). So we summarize these results in
the following theorem.

Theorem 2.9. Let C' be a smooth non-hyperelliptic curve of genus g > 4. Let d and r be two
integers such that 2 <d<g—1and 0 < 2r <d. Then

dimW); <d—-2r—1. (2.3)
If in addition d < g — 2 and C is not trigonal, bielliptic, or a smooth plane quintic, then

dim W) <d—2r — 2. (2.4)
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Finally, we recall the following useful lemma (see [8, Lemma 3.5]).

Lemma 2.10. Let C' be a smooth non-hyperelliptic curve of genus g > 3 and, for some effective
divisor D € Div(C), let |D| be a g7 such that r > 2 and dim |D — R| = 0 for any R € C). Then
|D| is a very ample g% on C.

3. PROOF OoF THEOREM 1.1

In this section, we are aimed at proving Theorem 1.1 and Corollary 1.2. In the light of Remark
2.7, the assertion of Theorem 1.1 can be rephrased in terms of covering families on C'®), as follows.

Theorem 3.1. Let k € {2,3,4} and let C be a smooth complex projective curve of genus g > k+4.
Suppose that C' is not hyperelliptic, biellliptic, or a smooth plane quintic.

Let £ =5 T be a smooth family of curves, endowed with a dominant morphism f: & — C*¥) such
that for general t € T, the fiber Ey := 7 1(t) is an irreducible curve with gon(E;) = gon(C) and
the restriction f|p,: Ey — C®) is birational onto its image. Then

Ei= [(B) = Cq = {Q+peC®|pec]
for some point Q € Ch=1),
Therefore, in order to achieve Theorem 1.1, we prove Theorem 3.1.

Proof of Theorem 3.1. Since C is non-hyperelliptic, we can identify C' with its canonical model in
P9~1 in order to simplify the notation.

Let & = T be a covering family of d-gonal curves on C'¥) as above, with d = gon(C) > 3.
Using notation as in (2.1), we consider the d-gonal map ¢;: E; — {t} x P!, and for a general point
(t,y) € T x P, let ;' (t,y) = {x1,..., 24} C E; be its fiber. Then, for any i = 1,...,d, we define
P := fi(x;) € C®) and we set

Pr=pi+-+pr Po=pgt1+--+pw .. Pia=pa-1k+1+ -+ Ddk- (3.1)

It follows from the generality of (t,y) € T x P! that the points P; € C*) are distinct, and they
lie outside the diagonal of C®) . Furthermore, for each i = 1,...,d, we consider the linear space
spanned by Supp(F;),

A; :== Span (p(i—l)k’-l—l’ e ,pik) c P9 (3.2)
which has dimension k£ — 1 and is parameterized by the point v(P;) € G(k—1,g—1), where + is the
map in (2.2). Thus Theorem 2.8 assures that the (kK — 1)-planes Aq,..., Ay are in special position
with respect to (¢ — 1 — k)-planes.

Let us define the effective divisor

h
D =Dy :=pi+ - +pa =Y _n;q; € Div(C), (3-3)
j=1
where the points ¢; € {p1,...,par} are assumed to be distinct and n; = mult,; (D). We distinguish
some cases depending on the values of the integers n;.

Case A: suppose that n; = 1 for any j = 1,...,h, that is the points p1,...,pgq. are all distinct.
We consider the sequence Ap,...,Aq C P9~! of (k — 1)-planes satisfying SP(g — 1 — k), together

with a partition of the set of indexes {1,...,d} such that each part {ii,...,4} corresponds to
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an indecomposable sequence A;,,...,A;, of (k — 1)-planes that satisfy SP(¢ — 1 — k), as in the
assumption of Theorem 2.4.

Claim 3.2. FEach part {i1,...,i1} consists of at least 3 elements.

Proof of Claim 3.2. By contradiction, suppose that there are two (k — 1)-planes, say Ay =
Span(pi,...,pr) and Ay = Span(pg41,- - -, p2r), that satisfy SP(¢—1—k). Then A; and A coincide
(cf. Remark 2.2), so that dim Span(py,...,po) =k — 1. Setting P = p; + - - - + poi, € Div(C), the
geometric version of the Riemann-Roch theorem (see [1, p. 12]) yields

deg D
dim|P| = deg P — 1 — dim Span(py, ..., pop) =2k — 1 — (k—1) = k = eg . (34)
Since g > k + 4, we have deg P = 2k < 2(g —4). Thus Clifford’s theorem (cf. [1, p.107]) assures
that either P = 0, P is a canonical divisor of C, or C is hyperelliptic. Then we get a contradiction,

as 0 < deg P < 2g — 2 and C' is assumed to be non-hyperelliptic. O

Let m denote the number of parts {i1,...,i#}. Then m < LgJ by Claim 3.2, and Theorem 2.4
gives
dim Span(ps, . ..,pdx) = dim Span (A1, ...,Aq) <d+k -3+ (m—1)(k —2).
Therefore, the geometric version of the Riemann—Roch theorem implies
dim|D| = deg D — 1 — dim Span(ps, ..., pax) > dk — 1 — (d+ k — 3+ (m — 1)(k — 2))

= (k—1)d— (k—2)m. (3:5)

If k = 2, we obtain that dim |D| > d = de§D, so that deg D > 2g — 2 by Clifford’s theorem. On
the other hand,

. (3.6)

(see e.g. [1, Theorem V.1.1]) and hence deg D < 2 L%J < 2g — 2 for any g > 6, a contradiction.

If k = 3, then (3.5) yields dim |D| > 2d — [¢]| > 962 Thus deg D > 2g by Clifford’s theorem
and dim |D| = 3d — g by the Riemann-Roch theorem. Combining this fact and (3.5), we obtain
g<d+m<d+ L%J, which fails for any g > 6 by (3.6).

Similarly, if ¥ = 4, we obtain dim |D| > 3d — 2 L%J > de%D. Therefore the Riemann-Roch
theorem and (3.5) give dim |D| = 4d — g and dim |D| > 3d — 2m, respectively. Thus g < d + 2m.
Using m < L%J and (3.6), it is easy to check that g < d + 2m if and only if g € {9,10, 11,15} with
d= L#J and m = | 4], ie. (g,d,m) € {(9,6,2),(10,6,2),(11,7,2),(15,9,3)}. As each of the m
parts contains at least 3 linear spaces among Aj,..., Ay, we deduce that for any triple (g,d, m),
there exists a part consisting of exactly 3 linear spaces, say Aj, A2, A3, which are SP(g — 5). By
Theorem 2.4, the linear span of Ay, A, A3 has dimension at most 4, and according to (3.2), it

d = gon(C) < {W’J

contains the points pi,...,p12. Using the geometric version of the Riemann—Roch theorem, we
obtain that the linear series |p; + - - - 4+ p12| is a complete g}, with » > 7. However, this contradicts
Clifford’s theorem as 2r > 12, but 12 < 2g for any g € {9,10,11,15}.

It follows that Case A does not occur and the points p1,...,pg are not distinct

Case B: suppose that the points p1,...,prq are not distinct, that is the integers n; are not all
equal to 1. For any integer a, let us consider the set

Ny :={q; € Supp(D)|n; = a}, (3.7)
7



consisting of the points supporting D such that multy; D = «. For some o > 1 such that N, # 0,
we may assume that N, = {q1,...,qs}, with s < {#J = L@J

(03

We note that, since 7' x P! is irreducible, there exists a suitable open subset U C T x P! such that,
as we vary (t,y) € U, the multiplicities n; of the points supporting the divisor D = Dy, given by
(3.3) do not vary, i.e. the cardinality of each N, is constant on U; otherwise, we could distinguish
irreducible components of T' x P! depending on the configuration of the divisor D = Dy - Then,
we can define a rational map &, : T x P! --» C®) which sends a general point (t,y) € U to the
effective divisor Q := g + - - - + g5 € C®) such that Ny = {q1,...,¢s}.

For a general t € T, let us consider the map

{t} x P! S ol J(O),

obtained by composing the restriction &44: {t} x P! ——» C®) of &, to {t} x P!, and the Abel-Jacobi
map u: C®) — J(C). Since J(C) is an Abelian variety, it does not contain rational curves. Thus
the map uo&,; must be constant. In the following, we distinguish two cases and, with a great deal
of work, we prove that &, is necessarily constant for some « such that Ny # 0.

Case B.1: suppose that for any o such that N, # 0, the map &,4: {t} x P --» )
is non-constant, with No = {q1,...,¢s}. Thus & ({t} x P') is a rational curve on C®), and
Abel’s theorem ensures that |¢1 + -+ + ¢s| is a g} containing & ({t} x P'), so that » > 1 and
s =|Na| > d = gon(C). Then a < k, because otherwise we would have s < || < d = gon(C).

We claim that «|N,| = as is multiple of d. To see this fact, let ¢ = 1,...,d and consider the
points P; = pii_1)k4+1 + -+ + pix in (3.1). We note that the number of points p; € N, N Supp(F;)
does not depend on i; otherwise, as we vary (¢,y) € {t} x P!, the points P; would describe different
irreducible components of F;, but such a curve is irreducible. Thus «|N,|—which is the number of
points among p1, ..., pgr contained in N,—must be a multiple of the number of points P;, which
is d.

Furthermore, we have that deg D = kd = 22:1 a|N,| and there exists 8 > 1 such that Ng # 0
by assumption of Case B. By using these facts and working out the combinatorics, it is easy to see
that only the following cases may occur:

(i) k=2, |[No| =d and Ny = 0;
(i) k=3, |N1| = |N2| =d and N3 = 0;
1{2:3, |N3|:dandN1:N2:(Z);

(iii

4, |Ns| = 3d and Ny = Ny = Ny = 0);
4, ’NQ’ = 2d, and N1 = N3 = N4 = @

(ix

(x
We discuss these cases in a series of lemmas at the end of the proof. In particular, it follows
from Lemmas 3.4-3.11, 3.13 and 3.14 below that cases (i)—(x) do not occur. This shows that Case

B.1 does not happen, and we conclude that the map &,,: {t} X P! --5> C®) is constant for some «
such that N, # (.

(iv) k=3, |Nao| = 2d and Ny = N3 = {);
(V k:4, |N1]:|N3|:dandN2:N4=@;
k:4, |N1|:2d, |N2|:dandN3:N4=@;
(vil) k =4, [N1| = d, |No| = 3d and N3 = Ny = (;
(Viii ]ﬁ:4, |N4|:d, and N1:N2:N3:®;
k
k

)
)
)
)
(vi)
)
)
)
)
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Case B.2: let o be such that N, = {q1,...,qs} # 0 and the map & {t} x P! --» C®)
is constant. In particular, Q = q1 + --- + g5 is the only point in the image of {,;. It follows that
for general y € P!, the points ¢i,...,qs € C are contained in the support of the divisor D = D1y
in (3.3). Therefore, the fiber ;' (t,y) = {21,..., 24} C E; is such that at least one of the points
P = f(z;) lies on the (k — 1)-dimensional subvariety q; + C*~1) < C®) at least one lies on
g2+ C*=1) c C¢®) and so on. Since (t,y) varies on an open subset of {t} x P! and E} is irreducible,
we deduce that

S
F(E) c () (qj + CUH)) )
j=1
where the points ¢; are distinct.

We point out that 1 < s < k — 1. Indeed, if s > k, then the intersection above would have
dimension smaller than 1, and it could not contain the curve f(E}).

Ifs=k—1,then Q = q1+---+qr_1 and f(E}) C ﬂ‘;zl (g + C’(kfl)) =q1+---+qp_1+C. Since
both f(E;) and Cq := q1 + -+ + qx—1 + C are irreducible curves, they do coincide. In particular,
this concludes the proof of Theorem 3.1 for the case k =2 as 1 < s <k —1.

Therefore, we assume k = {3,4} and 1 < s < k — 2. Then we consider the constant map
Cap: {t} x P ——» C®) such that (t,y) — Q, and we define the map ¢: T --» C®) sending a
general ¢ € T to the unique point @ € C®) in the image of 4. As f(E;) € Q + C*~%) and
£ = T is a covering family, the map ¢ is dominant, with general fiber ¢~1(Q) of dimension
dim7T — dim C®) = k — s — 1. Thus the pullback

Exr¢ Q) — ¢7H(Q) (3.8)

is a (k — s — 1)-dimensional family of d-gonal curves E;, with f(E;) ¢ Q@+ C%*~%) and d = gon(C).
Moreover, since £ — T is a covering family, we conclude that the family (3.8) covers Q + C'+~9),

Assuming (k, s) = (3,1) or (k,s) = (4,2), and using the natural identification between Q + C?)
and C?)| it follows from the assertion for k = 2 that for general ¢ € #~1(Q), there exists ¢ € C
such that f(E;) = Q4 ¢’ + C, where Q € C®), ie. f(E;) = Cg+¢- In particular, this concludes
the proof of Theorem 3.1 for k£ = 3.

Finally, if (k,s) = (4,1), we have that Q = ¢; € C, and the pullback family is a covering family
of d-gonal curves for g; + C®). Then the assertion in the case k = 3 implies that the general fiber
f(E;) has the form f(E;) = q1 + ¢’ 4+ ¢" + C for some ¢’ + ¢ € C®, and this concludes the proof
in the remaining case k = 4. O

In order to complete the proof of Theorem 3.1, we need to discuss configurations (i)—(x) listed
in Case B.1 above. To this aim, we recall the following fact (see [8, Claim 3.6]) and, for the sake of
completeness, we include its elementary proof.

Lemma 3.3. Consider the points Py,..., Py in (3.1). Let A C {q1,...,qs} be a set of points and
let j € {1,...,d} such that AN Supp(P;) =0, and AN Supp(F;) # 0 for any i # j. Then

|A| > gon(C) — k.

Proof. Consider the (k—1)-planes A1,..., Ay defined in (3.2) and the linear space Span(A4) C P9~L.

Of course, if dim Span(A) > g—1—k, then Span(A)NA; # 0. If instead dim Span(A) < g—1—k, then

Span(A) intersects Aj because Ay, ..., Ajare SP(¢g—1—k) and ANA; # O foranyi =1, ... ,3, ey d.

In any case Span(A) NA; # 0, so that dim Span(A,A;) < dimSpan(A) +dimA; < |A] + k — 2.

Moreover, Span(A, A;) contains (at least) |A| + k distinct points of C' (the elements of A and the
9



k points supporting P;). By the geometric version of the Riemann-Roch theorem, those points
define a g[y ,,, on C, with 7 > 1. Thus |A| + k > gon(C). O

We use throughout the notation and the setting of Case B.1.
Lemma 3.4. Configuration (i) of Case B.1—that is k = 2, |[Na| = d and N1 = )—does not occur.

Proof. If k = 2 and |N3| = d, the divisor D has the form D = 2(q1 + -+ + qq).

Suppose that d = 3, so that |q; + g2 + g3| is a complete gi on C. It follows from (2.3) that C
possesses finitely many gé. Hence we obtain a contradiction, because q; + g2 € C® is a general
point, but triples ¢1 + ¢2 + ¢3 defining a gé describe just a 1-dimensional locus.

Analogously, if d = 4, then |q; + -+ +q4| is a g} on C. As gon(C) = 4 and C is neither bielliptic
nor a smooth plane quintic, (2.4) implies that C' possesses finitely many gj. Thus we obtain a
contradiction, as q1 +¢2 € C? is a general point, but 4-tuples q; + - - - + g4 defining a g}t vary in a
family of dimension 1.

Finally, suppose that d > 5. Given a point = € {q,...,qq}, it belongs to the support of two
points of C® say P, and P». Then Supp(P1) U Supp(P2) consists of 3 distinct points. As d > 5,
there exists a point y € {q1, ..., qa} ~ {z} belonging to the support of two other points of C'?, say
P and P;. Now, we can choose n < d — 5 distinct points ai,...,a, € {q1,...,q4} ~ {z,y}, such
that the set A := {z,y,a1,...,a,} contains a point in the support of P; for any i =1,...,d—1 and
AN Supp(P,) =0 (given x and y, it suffices to choose—at most—one point in the support of any
P, ..., Py_1, avoiding the points of Supp(P;)). Thus the set A satisfies the assumption of Lemma
3.3, but |A| <d—3 =gon(C) — 3, a contradiction. In conclusion, case (i) does not occur. O

We point out that Lemma 3.4 shows that Case B.1 does not occur for the second symmetric
product of C. In particular, this fact completes the proof of Theorem 3.1 for k = 2. Hence, in the
proofs of the following lemmas discussing cases (ii)—(x), we may assume that Theorem 3.1 holds
for k = 2.

Lemma 3.5. Configuration (i) of Case B.1—that is k = 3, |[N1| = |N2| = d and N3 = ()—does
not occur.

Proof. It k = 3, |[N1| = |N2| = d and N3 = (), then D = (¢1 + -+ ¢q) + 2(q1 + -+ - + qq), where
Cly. - 3yCdyqly - -, qq € C are distinct points. Furthermore, when we proved that a|Ny| is a multiple
of d, we saw that the number of points in N, N Supp(P;) does not depend on i, so that any point
P; has the form P; = ¢; + qi; + qi,, where ¢;,, ¢, € No = {q1,...,q4} are distinct points.

We define the map

Uni (B > C)

sending P; = ¢; + ¢;, + ¢i, to ¥4(P;) := P; — ¢; = ¢, + ¢4, This map is clearly non-constant and its
image is an irreducible curve on C'?), with

gon(yy(f(Er))) < gon(E;) = gon(C).

Therefore, by varying t € T, we obtain a family of irreducible curves covering C?, because the
curves f(F;) cover C®). Thus gon(¢:(f(F;))) = gon(C) by [3, Theorem 1.5].

Moreover, the assertion of Theorem 3.1 for £ = 2 implies that ¢ (f(Ey)) = Cqo =
{Q+p € C(Q)’p € C} for some point @ € C. In particular, for any ¢ = 1,...,d, the point
Yi(P;) € Yu(f(Ey)) has the form ¢ (P;) = i, + ¢, = i, + @, but this is impossible because
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the points supporting v (F;) are elements of N, whereas d > 3. It follows that case (ii) does not
occur. u

Lemma 3.6. Configuration (i) of Case B.1—that is k = 3, |[N3| = d and N1 = Ny = ()—does not

occur.

Proof. It k = 3, |[N3| = d and N; = Ny = (), the divisor D has the form D = 3(¢q; + -+ ¢4). In
particular, each g; belongs to the support of three distinct points among Pp,...,FP; € Cc®). We
note that d # 3, otherwise we would have P, = Po» = P3 = q1 + ¢2 + g3.

If d = 4, then |q1 + -+ + q4] is a g} and C possesses finitely many g} by (2.4). Hence we argue
as in Lemma 3.4, and we obtain a contradiction as P = ¢1 + g2 + g3 € C® is a general point, but
4-tuples q1 + - - - + g4 defining a g} describe just a 1-dimensional locus.

If d = 5, then |g1 + - + ¢5| is a gt on C and we argue analogously. In particular, since
gon(C) =5 < L%%J’ we deduce that ¢ > 7. Hence (2.4) implies that C' possesses at most a 1-

dimensional family of g¢, so the locus described by 5-tuples g + - - - + g5 defining a g} has dimension
2. Thus we get a contradiction as P; = ¢1 + ¢2 + g3 € C®) varies on a threefold.

If d = 6, we claim that there exist two points =,y € {q1,...,qs} such that z+y < P; for only one

i€ {l,...,6}. To see this fact, suppose—without loss of generality—that ¢; belongs to the support
of Py, Ps, Py and Supp(P1+ Po+P3) = {q1,...,qr} for some 4 < r < 6. If there exists j € {2,...,r}
such that g; lies on the support of only one point among P, P, P3, then ¢ + ¢; < P; for only one
i € {1,2,3}, and we may set (z,y) = (g1, g;). If instead any g; belongs to the support of two points
among P;, Py, P3, then Supp(P1+ P>+ P3) = {q1,...,q4}, because the divisor P := P} + P>+ P5 has
degree 9, mult,, P = 3 and mult,, P > 2 for any 2 < j <r. Consider the point g5 and, without loss
of generality, suppose that g5 € Supp(Py). As s = d = 6, Supp(P,) contains at least an element of
{92, 93,44}, say g2. Since g belongs also to the support of two points among P, Ps, P3, we conclude
that g2 + g5 < P; only for i = 4, and we may set (z,y) = (g2, qs5).
We point out that A := {z,y} intersects all the sets Supp(P;),...,Supp(Fs) but one, because z
belongs to the support of P; and of two other points of C(®)—say P, and Ps—and y € Supp(F;)
belongs to the support of two points other than P» and P;. Hence A satisfies the assumption of
Lemma 3.3 with |[A] =2 =d —4 = gon(C) — 4, a contradiction.

If d = 7, we distinguish two cases. Suppose that there exist distinct z, 2’ € {q1,..., g7} such that
{z,2'} is contained in the support of two points of C®), say P, and P,. Therefore, denoting by
P5 the third point supported on x, we have that Supp(P; + P» + P3) consists of at most 6 distinct
elements of {q1,...,q7}. Then there exists y € {qu,...,q7} ~Supp(P+ P2+ P3) such that A = {z,y}
satisfies the assumption of Lemma 3.3, and we get a contradiction as |[A| =2 =d—5 < gon(C) —3.

If instead z, 2’ as above do not exist, up to reordering indexes, the only admissible configuration

for P,...,Pr e C® is

P=qg+et+a PP=qg+au+ae, Ps=q+4¢+3q7, Pr=q+q1+ g,

Ps = q2+q5+q1, Ps = g3+ qa + qr, Pr = g3 + ¢5 + .
Then the set A := {qu, g5, qs} satisfies the assumption of Lemma 3.3, as A N Supp(P;) = 0 if and
only if ¢ = 1. However, |A| = 3 = gon(C) — 4, a contradiction.

Finally, suppose that d > 8. Given a point = € {q1,...,q4}, it belongs to the support of three

points of C®), say Py, Py, P;. Then Supp(P; + P; + P3) consists of at most 7 distinct elements of
11



{q1,...,q94}. As d > 8, we may consider a point y € {q1,...,q94} ~ Supp(P1 + P2 + P3) belonging
to the support of three other points, say Py, Ps, Ps. Then we can choose n < d — 7 distinct points
ai,...,an € {q1,...,q4} ~ {z,y}, such that A := {z,y,a1,...,a,} satisfies the assumption of
Lemma 3.3 and, being |A| < d —5 < gon(C) — 3, we get a contradiction.

In conclusion, case (iii) does not occur. O

Lemma 3.7. Configuration (iv) of Case B.1—that is k = 3, |[Nao| = 3d and Ny = N3 = (—does
not occur.

Proof. If k = 3, |[Na| = %d and N7 = N3 = (), the divisor D has the form D = 2(q; + - - + ¢s), with
s = 3—2‘1. In particular, each g; belongs to the support of two distinct points among P, ..., FP; € cB),

Moreover, we may set d = 2b and s = 3b, for some integer b > 2.

Suppose that b = 2, so that d = 4 and s = 6. We may assume that ¢; € Supp(P;)NSupp(FP) and
we consider the projection 7y : P91 ——» P9=2 from ¢;. By Lemma 2.5, the planes I'3 := 7 (A3) and
Iy :=m(Ay) are SP(g—5), so that I's = T'y = P2, Tt follows that Span(qy, A3, A4) has dimension at
most 3 and contains (at least) 5 points among q1, ..., g, say qi1,qs3,--.,qs. Thus |g1 +q3+ -+ gl
is a gf with » > 1, and {q1,¢3,...,¢s} contains the support of two points among P», P3, Ps. Since
g > k+4=7, then (2.4) implies that » = 1 and that C' possesses at most a 1-dimensional family
of complete gi, contradicting the fact that each P; € C®) is a general point.

We now assume b = 3, so that d = 6 and s = 9. Up to reordering indexes, there exist two
distinct points z,y € {q1,...,q4}, with x € Supp(P1) N Supp(FP2) and y € Supp(Ps3) N Supp(Fs).
Let £ := Span(z,y), and notice that it does not intersect A5 and Ag (otherwise we would have a g3,
but gon(C) = d = 6). Then we consider the projection m;: P9~ ——» P973 from ¢, and we deduce
from Lemma 2.5 that the planes I's := 7,(A5) and ' := my(Ag) are SP(g—6). Hence I's = I'g = P?
and Span(zx,y, As, Ag) has dimension at most 4.

If Supp(Ps + Ps) consists of at least 5 points, then we may define a g7 with » > 2. By Lemma
2.10 we deduce that r = 2 and the complete linear series gives an embedding. Therefore, it is the
only g% on C by [9, Teorema 3.14], and we get a contradiction, because we may consider the point
Ps to be general on C'®).

Otherwise | Supp(Ps + Fs)| = 4, and Supp(Ps) N Supp(Fs) consists of exactly two points, say
g8, qg- Since the points P, ..., Ps are indistinguishable, then for any i = 1,...,6, there exists j # i
such that | Supp(FP;) N Supp(P;)| = 2, i.e. the points P; have the form

Py = q1+q2+q3, P> = @o+q3+qa, P3 = qu+q5+4q6, P4 = q5+q6+q7, Ps = q7+qs+q9, Ps = qs+qo+q1.

Hence we may consider the projection 7y : P91 ——» P9=3 from the line ¢ := Span(qi,q4), so that
the planes I} := mp(A4) and T'% := 7wy (As) are SP(g — 6). It follows that Span(qi, gs, A4, As) has
dimension at most 4 and Supp(Py + Ps5) consists of 5 points. So |q1 + ¢4 + -+ - + qo| is a gL with
r > 2, and we can conclude as above.

Finally, suppose that b > 4. As s = 3b > 12, up to reorder indexes, we may consider three
distinct points z,y,z € {q1,...,q4}, with € Supp(P1) N Supp(P), y € Supp(Ps) N Supp(Py) and
z € Supp(P5) NSupp(FPs). Then we can choose n < d — 7 distinct points ay,...,an € {q1,...,qq} ~
{z,y, 2z}, such that the set A := {z,y, 2,a1,...,a,} contains a point in the support of P; for any
i=1,...,d —1 and AN Supp(P;) = 0. Thus A satisfies the assumption of Lemma 3.3, with
|A] < d—4=gon(C) — 4, a contradiction.

Therefore, we conclude that case (iv) does not occur. U
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We note that Lemmas 3.5, 3.6 and 3.6 conclude the analysis of Case B.1 for the 3-fold symmetric
product of C'. In particular, the proof of Theorem 3.1 for £ = 3 is now complete. So, in the analysis
of the remaining cases (v)—(x), we assume that Theorem 3.1 holds for k& = 3 also.

Lemma 3.8. Configuration (v) of Case B.1—that is k = 4, |N1| = |N3| = d and No = Ny = —
does not occur.

Proof. If k = 4, |[Ni| = |[N3| = d and No = Ny = 0, then D = (¢; + -+ 4+ ¢cq) + 3(q1 + - - + qa)-
Moreover, as the number of points in N, N Supp(F;) does not depend on ¢, any point P; has the
form P; = ¢; + ¢i, + qiy, + Gis, Where ¢iy, iy, ¢is € N3 ={q1,...,qq} are distinct points.

If d = 3, then |g1 + g2 + q3| is a g on C. Since Pl =c1 +q1 +q2+ g3 € C® is a general point,
then also ¢ + g2 + g3 € C®) is. Thus we get a contradiction, because divisors ¢; + g2 + g3 defining
a g5 vary in a 1-dimensional family by (2.3).

If d > 4, we proceed as in the proof of Lemma 3.5. Namely, we define the map v¢,: f(E;) --» c®)
sending P; = ¢; + qi; + iy, + @iy to Ui (P;) := P; — ¢; = qiy, + ¢i, + ¢iy. The image of this map is an
irreducible curve on C® | with gon (v (f(Ey))) < gon(E;) = gon(C). As we vary t € T, the curves
¥y (f(Ey)) describe a family of irreducible curves covering C®) and having gonality gon(v;(f(E;))) <
gon(C). Since cov.gon(C®) = gon(C), we deduce that gon(y;(f(F;))) = gon(C). Then the
assertion of Theorem 3.1 for k = 3 implies that ¢ (f(E;)) = Cg := {Q +peC® ’ pE C} for some
point Q := y1 + yo € C?). Therefore, for any i = 1,...,d, the point ¢;(P;) € v:(f(E;)) has the
form ¥ (P;) = ¢i, + i, + gis = ¢, + Y1 + y2, but this is impossible because the points supporting
Y4 (P;) are elements of N3, so they can not lie in the support of all the points P, ..., Py with d > 4.

Thus case (v) does not occur. O

Lemma 3.9. Configuration (vi) of Case B.1—that is k = 4, |[N1| = 2d, |[Na| = d and N3 = Ny =
()—does not occur.

Proof. If k =4, |N1| = 2d, |[N2| =d and N3 = Ny =), then D = (1 + -+ c2q) + 2(q1 + -+ - + qa)
and any point P; has the form P, = ¢;, +¢;, +¢is +¢i,, where the points ¢;,, ¢;, € N1 = {c1,..., 24},
Qig> Gy € N2 ={q1,...,qq} are distinct. Given the map ;: f(E}) --» C®@) sending P, = ciy + ¢y, +
is + qi, tO Gis + @iy, and using the very same argument of Lemma 3.5, we conclude that case (vi)
does not occur. ]

Lemma 3.10. Configuration (vii) of Case B.1—that is k = 4, |N1| = d, |No| = 3d and N3 = Ny =
()—does not occur.

Proof. If k =4, |N1| = d, |[Na| = 2d and N3 = Ny =0, then D = (c; + -+ +¢q) + 2(q1 + - + g5),
with s = %d. Moreover, any point P; has the form P; = ¢; + ¢i; + ¢i, + @iy, Where ¢;,, qiy, ¢is € N2 =
{q1,...,qs} are distinct. Analogously, by considering the map 1;: f(E;) --» C® in Lemma 3.8,
and retracing the argument therein, we rule out case (vii) also. ]

Lemma 3.11. Configuration (viii) of Case B.1—that isk = 4, |Ng| = d, and Ny = Ny = N3 = ()—
does not occur.

Proof. It k = 4, |N4| = d, and Ny = Ny = N3 = (), the divisor D has the form D = 4(q; + - - - + qq),
where |q1 + -+ g4| is a g} on C.

Clearly d # 4, otherwise P, = P, = P3 = P;. We note further that d # 5,6, because divisors of
degree d = 5,6 defining a g}, vary in family of dimension at most 3 by (2.4), but P\ = q1+¢2+¢3+q
is a general point of C®.
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In order to discuss the case d > 7, we prove the following.

Claim 3.12. There exist two distinct points x,y € {qi,...,qq4} such that {z,y} intersects the
support of exactly a points among Py, ..., Py, with 6 <a <d—1.

Proof of Claim 3.12. Initially, we prove that o > 6. Without loss of generality, we assume that ¢;
lies in the support of Py, Py, P3, Py and Ps = g2 + g3 + g4 + ¢5. If there exists ¢; € {g2,...,¢5}, such
that ¢; € Supp(FP;) for some i > 6, then {z,y} = {q1, ¢;} intersects the support of at least 6 points,
as wanted. Otherwise, for any j € {2,...,5}, we have that if p; € Supp(F;), then 1 <4 < 5. This
implies that multy, (Py + --- + P5) = 4 for any j € {2,...,5}. Therefore, up to reordering indexes,
the points Py, ..., Ps € C™ have the form

P=qg+@etatqy, P=qg+et+eataeag, P3=qg+q¢+aqutg,
Py=q +q+q+q, P5s=q+q3+q+qgs.

Then the set {z,y} = {q1,¢s} intersects the support of at least 6 points, as wanted.

Since x,y € Ny, we have a € {6, 7,8}, so the bound «a < d — 1 is trivial for any d > 9. Thus we
have to prove that we can choose ¢, ¢ such that o < d — 1 with d =7, 8.

Assume that d = 8. By the first part of the proof, there exists two points ¢;, ¢; such that {g;, g;}
intersects the support of exactly 8 > 6 points among P, ..., Py. If § <7, we take {z,y} = {¢;, ¢;}
If instead, 8 = 8, we may assume {¢;, ¢;} = {q1, g2}, where g1 lies in the support of P;, P», P3, P; and
¢2 lies in the support of Ps, P, Pr, Ps. Let g3 be such that 1 < multg, (Ps+- - -+Ps) < 3 (such a point
does exist as Ps, ..., Pg are distinct points). If multy, (Ps+ - - + FPg) # 1, the pair {z,y} = {q1, ¢3}
intersects exactly 6 < o < 7 points among P, ..., Ps. If instead multy, (Ps + --- + P3) = 1, then
multy, (P + -+ P;) = 3, and the pair {z,y} = {2, g3} intersects exactly 6 < o < 7 points among
P,... B

Finally, suppose that d = 7. We claim that there are no two distinct points ¢;,q; € {q1,...,q7}
lying on the support of the same 4 points among P, ..., P;. By contradiction, suppose that ¢1, g2
belong to the support of Pi,...,P;. Since the points Pi,..., Py are indistinguishable, also the
support of P; must contain two points with the same property. Denoting by g3, gs these points,
they necessarily belong to the support of Ps, Pg, Py and of a point P, = ¢q1 + g2 + ¢3 + g4 with
i €{1,...,4}. Thus the support of P, is given by two pairs {q1, g2} and {gs, ¢4} with this property.
Hence the same must happen for all the points Pi,..., P;, but this is impossible as d = 7 and
we can not pair all the points g;. Therefore, there are no two distinct points ¢;,¢; € {q1,...,q7}
belonging to the support of the same 4 points among P, ..., Ps.

Now, the first part of the proof ensures that there exists two points ¢;,q; such that {g;,q;}
intersects the support of exactly 8 > 6 points among P, ..., Py. If § = 6, we take {z,y} = {¢;, ¢;}
Otherwise, 5 = 7 and we may assume {¢;, ¢;} = {q1, ¢2}, where g; lies in the support of Py, P, P3, Py
and ¢o lies in the support of Py, Ps, Ps, Pr. Let P, = q1 + ¢2 + q3 + g4 and let us focus on the point
q3. We note that multy, (P, + - + Py) # 4, otherwise g1, g3 would belong to the support of the
same 4 points Pp,..., P4, a contradiction. Analogously, if multy, (P; + --- 4+ Ps) = 1, then ¢2,¢3
belong to the support of the same 4 points Py, Ps, Pg, Py, which gives again a contradiction. Hence
multy, (Py + -+ + P;) = 2 or 3. In the former case, we have that {z,y} = {q1,q3} intersects
the support of exactly 6 points among P, ..., P;, whereas in the latter case the same holds for

{z.y} = {a2 a3} O



In the light of the claim, we can choose n < d — a — 1 < d — 7 distinct points ay,...,a, €
{q1,---,q94} ~ {x,y}, such that the set A :={z,y,a1,...,a,} contains a point in the support of all
the points P; but one. Thus A satisfies the assumption of Lemma 3.3, with |A| < d—5 < gon(C)—4,
a contradiction. In conclusion, case (viii) does not occur. t

Lemma 3.13. Configuration (iz) of Case B.1—that is k = 4, |N3| = %d and Ny = Ny = Ny = 0—
does not occur.

Proof. If k = 4, |N3| = %d and Ny = Ny = Ny = (), then D = 3(q1 + -+ + ¢s), where d = 3b and
s = 4b for some integer b > 2 (if b equaled 1, then we would have P, = Py = Ps =q1 + -+ - + qu).

Suppose that b # 2. Given a point x € {qi,...,qs}, it belongs to the support of three points of
C®, say Py, Py, P3. Then Supp(P;) U Supp(P») U Supp(Ps) consists of at most 10 distinct points.
Since s = 4b > 12 and d = 3b > 9, there exists a point y € {q1,...,¢s} ~ {z} belonging to the
support of three other points of CY), say Py, Ps, Ps. Hence we can choose n < d — 7 distinct points
a, ... an € {q1,...,qs} ~ {x,y}, such that the set A := {x,y,a1,...,a,} contains a point in the
support of P; for any i = 1,...,d — 1 and A N Supp(P;) = (). Therefore A satisfies the assumption
of Lemma 3.3, with |A| < d —5 < gon(C) — 4, a contradiction.

If instead b = 2, we have d = 6 and s = 8. We claim that there exist x,y € {q1,...,¢gs} such that
x4y < P; for only one i € {1,...,d}. To see this fact, consider the point ¢; and, without loss of
generality, suppose that ¢; belongs to the support of Py, Py, P3 and Supp(P1+Py+Ps) = {q1,...,q}
for some 5 < r < 8. If there exists j € {2,...,7} such that g; lies on the support of only one point
among Py, P, P, then ¢ + ¢; < P; for only one i € {1,2,3}, and we may set (z,y) = (q1,¢;). If
instead any g; belongs to the support of two points among P, P», P3, then it is easy to check that
Supp(Py + P» + P3) = {qi1,...,q5}, because the divisor P := P, + P, + P53 has degree 12, where
mult,, P = 3 and mult,; P > 2 for any j = 2,...,r. Then we consider the point g and, without
loss of generality, we suppose that gs € Supp(Py). As s =8, Supp(FPy) contains at least an element
of {q2,...,q5}, say ga2. Since g2 belongs also to the support of two points among Pi, Ps, P, we
conclude that g2 + g¢ < P; only for i = 4, and we may set (z,y) = (g2, g6)-

So, let z,y € {q1,...,qs} as above. Therefore A := {x,y} C {q1,...,qs} intersects all the sets
Supp(P1), . .., Supp(Ps) but one, say all but Supp(P;), with Py :=q; +--- +q4. Let £ C P9~! be
the line passing through x,y and consider the 3-planes Ay,...,Ag C P9~! defined in (3.2), which
are SP(g — 5). Since /¢ intersects Asg, ..., Ag, we have that ¢ meets A; also. Thus z,y,q1,...,q4 €
Span(¢, A1) and 3 < dim Span(¢, A1) <4, so that [t+y+q1+---+q|isagfon C, with 1 <r < 2.
Since g > k+4 =8, (2.4) gives dim W§ < 4 — 2r. Thus we get a contradiction, since the locus of
divisors * +y + q1 + - - - + g4 as above has dimension at most 3, but P, = ¢q; + --- + g4 is a general
point of C®.

In conclusion, case (ix) does not occur. O

Lemma 3.14. Configuration (z) of Case B.1—that is k =4, |[Na| = 2d, and Ny = N3 = Ny = ) —

does not occur.

Proof. The divisor D has the form D = 2(¢1 + - + qoq) and |q1 + - -+ + qoa| is a gs;. We may
assume that P, := ¢; +--- + q4. Of course d # 2, otherwise we would have P, = Ps.
Let Ay,...,Aq C P9~! be the 3-planes defined in (3.2). We point out that for any i = 1,...,d,

Ain{p1,...,p2q} = Supp P;. (3.9)
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Otherwise we would have a complete gi, with dim W2 < 1 by (2.4). Since P; € C® is a general
point, we would obtain a contradiction, as the locus of divisors defining a g% would have dimension
at most 2.

If d = 3, then |¢1+- - -+¢e] is a complete g with 1 < r < 2, and (2.4) ensures that dim W < 4—2r.
Therefore, the locus of divisors defining a g has dimension at most 4 —r < 3, but P; € CW is a
general point, so we get a contradiction.

If d = 4, we may assume ¢; € Supp(P;) N Supp(P,) and we consider the projection 7y : PI~1 -5
P9=2 from ¢;. By Lemma 2.5, the 3-planes I's := 71 (A3) and I'y := 71 (A4) are in special position
with respect to (g — 6)-planes. Hence I's = I'y & P3| and m; *(T's) = Span(q1, Az, Ay) = P* contains
at least 6 points of C, so that we obtain a g§. Then we argue as in case d = 3 with respect to the
general point P5 € C™ | and we obtain a contradiction.

Let d = 5, and suppose that ¢; € Supp(P1) NSupp(P2). Then Supp(P;) NSupp(P,) consists of at
most 7 distinct points. As s = 2d = 10, there exists a point ¢; ¢ Supp(P;)USupp(FP), and we may
set ¢; € Supp(P3)NSupp(Fy). Since the 3-planes Aq,. .., As are SP(g—5), the line £ := Span(q, ;)
intersects As. Thus dim Span(qi, ¢j, As) = 4, so that |q1 + ¢; + Ps| is a g¢, a contradiction.

We handle the case d > 11 by using Lemma 3.3. Namely, given a point z € {q1,...,q24} C C, it
belongs to the support of two points of C¥), say P; and P,. Then Supp(P;)U Supp(P;) consists of
at most 7 distinct points. As s = 2d > 22, there exists a point y € {q1,...,q24} ~ {z} belonging to
the support of two other points of C), say P; and P,. By iterating this process twice, we obtain
four distinct points x,y,z,w € {qi,...,q2q} such that {z,y,z,w} N Supp(P;) for any i = 1,...,8.
So we can choose n < d — 9 distinct points a1,...,an € {q1,...,924} ~ {z,y,2z,w}, such that the
set A :={z,y,z,w,a1,...,a,} contains a point in the support of P; for any i = 1,...,d — 1 and
AN Supp(Py;) = 0, but this is impossible as |A| < d — 5 < gon(C) — 4.

In order to discuss the remaining cases 6 < d < 10, we note that since the points P, € C ) must
be indistinguishable and any g; appears in the support of exactly two points F;, we necessarily have
one of the following configurations:

(a) for any i € {1,...,d}, there exist j € {1,...,d}\{4} such that [Supp(F;) N Supp(P;)| = 1;
(b) for any two distinct indexes 4,5 € {1,...,d}, either Supp(F;) N Supp(P;) = 0 or
[Supp(#5) N Supp(F;)| = 2.
Indeed, suppose that case (b) does not occur. Since the points P; are indistinguishable, this means
that for any ¢ € {1,...,d}, there exists j # ¢ such that either |[Supp(P;) N Supp(F;)| = 1, as in case
(a), or | Supp(F;) N Supp(P;)| = 3. In the latter case, let ¢ € Supp(P;) \ Supp(F;). Since ¢ € No,
there exists [ # i such that Supp(F;) N Supp(F;) = {¢}, as in configuration (a).

Now we assume that d = 6. We have to study the following cases:

I. The points P; satisfy configuration (b). Up to reordering indexes, the only admissible
configurations for the points P; € CW are:

Pr=q+q¢+tqg+aq, P=q+q+q5+gs, P3 = g5 + g6 + g7 + gs,

3.10
Py=qr+q+q +q0, Ps=q+qo+q1+aq2 FPs=qi+q2+aq+q. (3.10)
or
Pr=q+q¢+tqeg+q, P=q+q+q5+ge, P3 = g5+ g6 + q1 + g2, (3.11)

Py=qr+q+q +qo, Ps=qo+qo+aq1+aq2, FPs=qi+q2+q7r+gs.
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II. The points P; satisfy configuration (a) and there exist three points among qi,...,q2 in
the support of two distinct points P;, say ¢2 + q3 + g4 < P1, P». Since the points P; are
indistinguishable, up to reordering indexes, the only admissible configuration for the points
P e OW is

Pr=q+@+tag+qy, Po=q¢g+qg+aqr+aq, Ps=q+qo+q1+aqo2,

3.12
Py=qg+q+q+q, Ps=q+q+aqr+a, Ps=aq +qo+q1+qo. (3.12)

ITI. The points P; satisfy configuration (a) and for any distinct 4, j € {1,...,6} either Supp(P;)N
Supp(P;) = 0 or [Supp(F;) N Supp(F;)| = 1.

IV. The points P; satisfy configuration (a) and for any ¢ € {1,...,6} there exists k €
{1,...,6}\{¢} such that | Supp(F;) N Supp(Pr)| = 2.

Concerning the first three cases, the following holds.

Claim 3.15. In cases LIl and III there exist two distinct points x,y € {q1,...,qi2} such that

- {x,y} N Supp(Py) # O for exactly four indexes k € {1,...,6};
- ifi,j € {1,...,6} are other two indezes (i.e. {x,y}NSupp(P;) =0 and {z,y}NSupp(P;) =
(), then Supp(P;) N Supp(F;) = 0.

Proof. If the points Py, ..., P satisfy (3.10), (3.11) or (3.12), it suffices to set x = ¢; and y = ¢7.
In case III, for any i € {1,...,6}, there exists a unique j € {1,...,6} \ {i} such that Supp(F;) N
Supp(P;j) = 0 and [Supp(P;) N Supp(FPy)| = 1 for any k # 4,j. Up to reordering indexes, we may
assume Supp(P;) N Supp(P,) = Supp(Ps) N Supp(Py) = Supp(Ps) N Supp(FPs) = . By taking
x € Supp(P1) N Supp(P3) and y € Supp(P2) N Supp(Fy), the set {x,y} satisfies the assertion of the
claim. U

Using notation as in the claim, let us set ¢ := Span(z,y). We note that ¢ does intersect neither
A; nor Aj. Indeed, if ¢ intersected A;, the space H := Span(¢, A;) = P* would contain six points
among qi, . ..,qie. Thus |x +y+ P;| would be a gé on C' and, by arguing as above, we would get a
contradiction as P; is a general point.

Then we consider the projection 7: P91 ——» P9=3 from /. By Lemma 2.5, the 3-planes I'; :=
7(A;),T; := m(A;) are in special position with respect to the (g — 7)-planes. Hence I'; = I'; & P3,
and H := 7~ Y(T;) = Span(z,y, A;, Aj) =2 P?. Moreover, H contains ten points of C' as Supp(FP;) N
Supp(P;) = 0. Hence the divisor L := z +y + P, + P; gives a g}, on C.

If |L| is very ample, then Castelnuovo’s bound implies g < 9. On the other hand, as 6 =

gon(C) < [#J, we conclude that g = 9. Therefore, C' maps isomorphically to an extremal curve

of degree 10 in P*. Thus [1, Theorem III.2.5 and Corollary II1.2.6] ensure that C' possesses a gzl,),
but this contradicts the assumption gon(C') = 6.

Therefore |L| is not very ample and then there exist two points p;,p2 € C, such that either
|L —p1] is a g3 or |[L — p1 — po| is a g3. Since gon(C) = 6, both these linear series satisfy the
assumption of Lemma 2.10, and we obtain a contradiction.

It remains to analyze case IV. In this setting, for any i € {1,...,6}, there exists a unique
ke {l,...,6} ~ {i} such that |Supp(F;) N Supp(Px)| = 2.

Claim 3.16. In case IV, let P;, Pj, Py, three distinct points such that | Supp(FP;) N Supp(Py)| = 2

and Supp(P;) N Supp(P;) # 0. Then Supp(P;) N Supp(Py) = 0.
17



Proof. Up to reordering indexes, we may assume that | Supp(P;) N Supp(P2)| = |Supp(P3) N
Supp(Py)| = | Supp(Ps) N Supp(Fs)| = 2. Suppose by contradiction that Supp(P3) intersects
both Supp(P;) and Supp(P2). Then we may set P; = q1 + q2 + q3 + q4, Po = q1 + g2 + g5 + g6 and
P3 = q3 + g5 + q7 + gs, where g7, gs € Supp(Fy).

Since the points P; are indistinguishable, there exists a point P, whose support intersects both
Supp(P3) and Supp(Py). Looking at Supp(Ps), we see that ¢ = 1 or 2. We may assume t = 1, so
that q4 € Py.

Finally, there exists a point Pj, with h = 1,...,4, whose support intersects both Supp(Ps) and
Supp(FPs) at two distinct points. However, this is impossible because by construction each set
Supp(Pp) may share at most one element with Supp(Ps) U Supp(Fs). O

Now, let Py = q1 + g2 + g3 + q4, with q1, g2 € Supp(P), g3 € Supp(P3) and ¢4 € Supp(Ps). By
Claim 3.16 we have Supp(P2)NSupp(Ps) = 0, Supp(P2)NSupp(Py) = 0 and | Supp(Ps)NSupp(Py)| #
2. So let Ps and Fg such that | Supp(Ps) N Supp(Ps)| = 2 and | Supp(Py) N Supp(Fs)| = 2. We
necessarily have Supp(P) N Supp(P5) # 0 and Supp(P2) N Supp(Ps) # 0, so we can suppose
Py =q1+q2+ g5+ g6, g5 € Supp(Ps) and gs € Supp(Fs).

If Supp(Ps)NSupp(Py) # 0, say q7 € Supp(P3) NSupp(FPy), then the set {x,y} = {gs, g7} satisfies
the assertion of Claim 3.15 (note that Supp(P1) N Supp(Ps) = (). Hence we can argue as for cases
I-III above, and we obtain a contradiction.

If instead Supp(P3) N Supp(P;) = @, we can suppose Supp(Ps) N Supp(Fs) = {q¢7} and
Supp(Py) N Supp(Ps) = {gs}. Let ¢; := Span(qi,q7) and ¢ := Span(qe,q7). Both {q1,q7}
and {q2,q7} have empty intersection only with the support of Py and Ps;. Therefore, by con-
sidering the projections from ¢; and ¢o, and arguing as in cases I-III above, we obtain two
linear spaces Hy := Span(qi,qr, A4, As) = P> and Hs := Span(qo,q7,As,As) = PP, Since
| Supp(Py) U Supp(Ps5)| = 7, each of the spaces H; and Hy contains at least 9 points among
q1,---,q12, 8 of which—i.e. the point g7 and the elements of Supp(Py) U Supp(Ps)—Ilie in Hy N Hy.
Therefore, if H; = Ho, then H; = P® contains 10 points of C' and we obtain a 941107 but we saw that
C does not admit such linear series. If instead Hy; # Hs, then H; N Hy = P* contains 8 points of
C, which define a g3 on C. Since gon(C') = 6, this linear series satisfies the assumption of Lemma
2.10 and we get a contradiction. This concludes the analysis of case d = 6.

Now we assume d € {7,8,9,10} and we set L :=q1 + - + q2q4-
Claim 3.17. Ifd € {7,8,9,10}, then dim Span(Ay,...,Ay) =d.

Proof. Since deg L = 2d and d = gon(C') < [#J , we deduce dim |L| < d—1 by Clifford’s theorem.
Then the geometric version of the Riemann—Roch theorem yields

dim Span(Ay,...,Ay) = dimSpan(q; + -+ +2d) =2d — 1 —dim [L| > d.

In order to show that dim Span(Aq,...,Ay) < d, we assume ¢; € Supp(P;) N Supp(FP2) and we
consider the projection 71: P9~ -=» P972 from ¢;. Thanks to (3.9) we have that p; ¢ A; for any
j=3,...,d. Hence the 3-planes I's := m1(A3),..., 'y := m1(Ag) are in special position with respect
to (g — 6)-planes by Lemma 2.5.

Suppose that the sequence I's,...,I'y is indecomposable in the sense of Definition 2.3, then
dim Span(I's,...,I'y) < d—1 by Theorem 2.4, and the linear space H; := Span(qi,As,...,Aq)

satisfies dim Hy < d.
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If Py,..., Py satisfy configuration (a), we can suppose Supp(P;) N Supp(P2) = {¢q1}, so that
Supp(P3)U---USupp(Py) = {q2,---,q24}. Thus H; = Span(Ay,...,As), and the assertion follows.

If instead P4,..., Py satisfy configuration (b), we can assume Supp(P;) N Supp(FP2) = {q1,¢2}.
Therefore, Supp(Ps) U --- U Supp(Py) = {gs,...,q24} and H; contains {q1,qs,...,qq}. We claim
that go € Hy too, so that H; = Span(A1,...,Ay), and the assertion follows. To see this fact, we
assume by contradiction that go & H;, and we consider the projection my: P9~ ——» P9=2 from g.
By arguing as above, we deduce that the linear space Hy := Span(ge, As,...,As) has dimension
dim Hy < d and contains {qa,...,qq}. Hence H; N Hs has dimension at most d — 1 and contains
the points ¢s, ..., g2q. Then the Riemann-Roch and Clifford’s theorems imply that g3 + - - - + g24]
is a gh,_ 5, with » > d — 2. Since gon(C) = d, this linear series satisfies the assumption of Lemma
2.10, and we get a contradiction as r > d — 2 > 5 > 2. Therefore ¢qo € H1, as claimed.

Finally, we suppose that the sequence I's, ..., 'y is decomposable in the sense of Definition 2.3,
and we show that this situation does not occur.

Suppose that there exists a part {I's,I'4} consisting of 3-planes satisfying SP(g — 6), so that
I's =Ty = P3. We note further that this is always the case when d = 7, because the number of T';
isd—2=>5. As [Supp(Ps3) U Supp(Py)| > 5, the space H := Span(qi, Az, Ay) = P* contains at least
six points of C' and has dimension 4. This gives a g§ on C, which does not exist as gon(C) = d > 7.

So we assume that d > 8 and we suppose that there exists a part {I's,I'y,I'5} consisting of 3-
planes that satisfy SP(g — 6), which is always the case when d = 8,9. By Theorem 2.4, their linear
span has dimension at most 4. Moreover, |Supp(P3) U Supp(Py) U Supp(Ps)| > 6 since ¢g; € Ny for
any j = 1,...,2d. Thus H := Span(q1, A3, A4, A5) has dimension at most 5 and contains 7 points
of C. Then C should admit a gi, contradicting the assumption gon(C) = d > 8.

To conclude, assume d = 10 and that there are no parts of cardinality 2 and 3. Then there
exists a part {I's,...,Is} consisting of 3-planes that satisfy SP(¢g — 6). By arguing as above,
H := Span(qi, As, ..., Ag) has dimension at most 6 and |Supp(Ps) U - - - U Supp(Ps)| > 8. Therefore
we obtain a gj on C, with r > 2, which is impossible as d = 10. g

By Claim 3.17 and the geometric version of the Riemann-Roch theorem, we deduce that |L| is

a gggl on C. In order to conclude case (x), we analyze separately the following three cases: (x.a)

L is very ample, (x.b) there exists p € C such that dim |L — p| = d — 1, (x.c) there exist p,q € C
such that dim |L —p| =dim|L —p —¢q| =d — 2.

(x.a) Assume that |L| is very ample. Then Castelnuovo’s bound implies ¢ < d+4. On the

other hand, as d = gon(C) < L%J, we have 2d — 3 < g < d + 4, which is impossible for d > 8.

For d = 7, we necessarily have g = 11, and |L| embeds C' in PS as an extremal curve of degree 14.
Thus [1, Theorem I11.2.5 and Corollary I11.2.6] ensure that C' possesses a g, but this contradicts
the assumption gon(C) =d =T7.

(x.b) In this case there exists p € C such that |L — p| is a gg;_ll. If |L — p| is very ample,

then Castelnuovo’s bound and d < {#J yield 2d — 3 < g < d + 2, which is impossible for any
d > 6. Therefore |L — p| is not very ample and then there exist two points ¢1, g2 € C, such that
either |L —p —qi] is a 95(2_12 or |[L—pi—q1—qlisa 935_23. Since gon(C') = d, both these linear
series satisfy the assumption of Lemma 2.10. Hence we obtain a contradiction as their dimension
is larger than 2.

(x.c) Assume that there exist p,q € C such that |[L —p —¢| is a 935_22. If|L—p—gqlis

very ample, we argue as above, and we obtain 2d — 3 < g < d + 3, which is impossible for any
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d > 7. Therefore |[L — p — q| is not very ample and there exist two points wy,ws € C, such that
either |[L —p—q¢—w;|isa 935_23 or |[L—p—q—w; —wsis a 9353’4. Since gon(C') = d, both these
linear series satisfy the assumption of Lemma 2.10, and we get a contradiction as their dimension
is larger than 2.

In conclusion, case (x) is not possible. O

Remark 3.18. We point out that the hypothesis of Theorem 1.1 can be slightly weakened, replacing
the assumption “C' is not a smooth plane quintic” by “C' is not a smooth plane quintic with an
automorphism of order 2”. Indeed, we used the fact that C is not a smooth plane quintic only
in the proof of Lemma 3.4, in order to rule out the case d = 4. Therefore, it is enough to show
that if £ = 2 and d = 4, then C' admits an involution ¢: C' — C. In this setting, the divisor in
(3.3)is D =2(q1 +---+q4) and |q1 + -+ + q4| is a g} on C. Up to reordering indexes, the points
Pi,...,P; € C® in (3.1) are given by

Pi=qg+q P=¢p+qg, P3s=¢g+qu, Pr=qu+aq.

It follows that there is an involution on {qi,...,q4} not depending on the ordering, such that
q1 — g3 and g2 — g4 (i.e. each ¢ is associated to the unique ¢’ such that ¢ + ¢’ is not one of the
points P;). Since |q1 + - -+ + q4] is a base-point-free g}, for any j = 1,...,4 we have that the only
effective divisor F' € |q1 + - - - + ¢4 such that ¢; € Supp(F') is F' = g1 + - - - + qa. Therefore, as we
vary (t,y) € {t} x P!, the involution on {qi,...,q4} defines an involution +: C — C.

Thus all the curves that we need to exclude in Theorem 1.1—i.e. hyperelliptic curves, bielliptic
curves and plane quintics with an involution—possess some non trivial automorphism. As a con-
sequence, we obtain an improvement of [3, Theorem 1.5], which asserts that when k = 2, if C' is
a curve of genus g > 6 without non-trivial automorphisms and & — T is a family of irreducible
curves as in Theorem 1.1, then the general member E; = 7~ 1(t) is isomorphic to C.

Proof of Corollary 1.2. Let X = C'®) and let Hilb(X) denote the Hilbert scheme of curves on C¥).
Let £ = T C Hilb(X) be a family of irreducible curves on C (k) computing the connecting gonality
of C®) . In particular, given two general points x,y € C (k) there exist t € T such that , ye by =
771(t) and gon(E;) = conn.gon(X). Therefore, the natural map & — X (which includes any
curve Fy in X)) defines a dominant map £ x7 & — X x X. Thus dim(€ x7 &) > dim(X x X) and,
since dim(& xp &) = dim T + 2, we conclude that dim T > 2k — 2.

By [8, Theorem 1.1], we deduce that gon(E;) = conn.gon(X) > cov.gon(X) = gon(C), and
Theorem 1.1 ensures that equality holds if and only if & —— T is the (k — 1)-dimensional family
parameterizing curves of the form Cg = Q + C, with @ € C*-1) However, as k — 1 < 2k — 2 for
any k > 2, we conclude that gon(E;) = conn. gon(X) > cov.gon(X) = gon(C). O
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