THE IMAGE OF LIE POLYNOMIALS ON REAL
LIE ALGEBRAS OF DIMENSION UP TO 3

LUCIO CENTRONE AND SEHMUS FINDIK

ABSTRACT. Let Fj be the free Lie algebra over R of rank n generated by
Yl,..-,Yn, and let f € F} be a multilinear Lie polynomial contained in the
commutator ideal F), of F,. In this paper, we determine the image

Imf = {f(w1,...,wn) |w; € L,i=1,...,n} C L,

for Lie algebras L of dimension < 3, and of the Lie algebra of dimension 4
stated in a paper of Baker dating back to 1901. In all the cases studied, the
L’vov-Kaplansky Conjecture has a positive answer.

doi.org/10.1016/j.jalgebra.2024.07.006

1. INTRODUCTION

Motivated by the problem known as L vov-Kaplansky Conjecture, the study of
images of polynomials attracted several authors in the last decade. In few words,
given an (possibly not) associative multilinear polynomial f = f(x1,...,2,) in m
variables, the L’vov-Kaplansky Conjecture asks whether or not the image of f on
the full matrix algebra M,,(K) over a field K, seen as a function from M, (K)™ to
M, (K) itself, is a vector space. In the case of the full matrix algebra, we only have
four possibilities, i.e., M, (K) itself, the set of traceless matrices s, (K), the set of
scalar matrices (identified with the ground field K), or the set {0}. Nevertheless, a
complete answer to the L’vov-Kaplansky Conjecture is known only for some values
of n or of the total degree m of the polynomial. For instance, the case m = 2 is
a consequence of a well-known result by Shoda [22] and Albert and Muckenhoupt
[1] which states that any trace zero matrix is in the image of a commutator. The
case m = 3 was handled in [11] where only partial results were achieved. If the
size of the matrix algebra is n = 2, then we have a solution in [10] for K being a
quadratically closed field and in [14] for K being the field of real numbers. The case
n = 3 has a partial solution too and we address the reader to the paper [11]. Indeed,
the analogue of the L’vov-Kaplansky Conjecture does not hold if we evaluate the
image of a polynomial on a non-simple or not-finite dimensional algebra and, on the
purpose, in [21], the authors provide an example of a non-simple finite dimensional
algebra whose images on a certain class of polynomials are not subspaces. The
L’vov-Kaplansky Conjecture has been studied on several relevant algebras such
as the algebra of upper triangular matrices UT,,(K) and that of strictly upper
triangular matrices [8, 13, 6] (see [20] for relations with Waring type problems) as
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well as the algebra of quaternions [15]. We also have some results in the graded
case for the full matrix algebra M, (K) [5, 7].

In a nonassociative setting, we can cite the results obtained in [17] for some
classes of simple Jordan algebras, or for a rock-paper-scissors algebra in [16]. In
[2] the authors showed L’vov-Kaplansky Conjecture is true for Lie polynomials of
degree 3 and 4 evaluated on the simple Lie algebras su(n, K) and so(n, K), whereas
in [12] all the possible images of a Lie polynomial in My(K) where founded and an
example of a polynomial whose image is the set of non-nilpotent trace zero matrices,
together with 0 was showed. We would also mention the paper [19] by Nehra and
Rani about the evaluation of Lie polynomials of degree 2 on nilpotent Lie algebras
whose derived algebra has dimension less than or equal to 4.

The present paper fits in the environment of evaluation of Lie polynomials on Lie
algebras. More precisely, we consider all real Lie algebras of dimension up to 3 and
we show the L’vov-Kaplansky Conjecture is true on the whole set of Lie algebras
we have considered. Moreover, we also consider evaluations on multilinear Lie
polynomials over a four dimensional Lie algebra which appeared in a paper by Baker
(see [4]) and representing key examples of matrices of infinitesimal transformations
generating continuous groups. We want to point out among the Lie algebras of
dimension three we have so0(3,R) that means our work improves consistently the
results obtained in [2]. Moreover, it is worth mentioning so(3,R) is isomorphic to
the real three-dimensional space endowed with the cross product.

2. PRELIMINARIES

All algebras and vector spaces throughout the paper will be considered on the
ground field R of real numbers unless stated otherwise.

A Lie algebra L is a vector space with a bilinear map (commutator) [., .] satisfying
the following identities.

[,y] + [y, 2] =0 (skew-symmetry)
[z, v], 2] + [[y, 2], 2] + [[2, 2], y] =0 (Jacobi identity)

The Lie algebra L is called abelian if [x,y] = 0 for all z,y € L; whereas L is called
metabelian if [[z,y],[z,t]] = 0 for all z,y,2,¢t € L. We shall use the left normed
commutators throughout the paper; i.e.,

[z,y,2] = [[z,9], 2].
Now consider the free Lie algebra F), over R of rank n generated by y1,...,%,. We
denote by F)} = [F,, F,] its commutator ideal generated by all commutators [z, y],
where z,y € F,.

The set M L(F,,) of multilinear polynomials of F;, in the set of variables {y1,...,yn}

is a vector space and an S,-module, too with the natural left action of the sym-

metric group on n elements. The following result is well known, see for instance
[9, 3].

Proposition 2.1. The space ML(F,) has a linear basis of elements of the form
[yla Yn(2)s - - ayw(n)]a

where T € Sp_1 acts on the set {2,...,n}.

The quotient algebra M,, = F,,/(F),) = F,/F) is the free metabelian Lie algebra
of rank n generated by z; = y; + F/, i = 1,...,n. Let u € M/ and z,y € M,,
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where M), is the commutator ideal of M,. Then by the fact that [z,y] € M),
have

[U,%Z/] = —[l‘,y7u] - [:l/,’lh!l)] = [U,y,$]~
Thus by induction
vadz;, - -adzy, = [U, 2y, .00 2] = (U Zrgiy)s - o o0 Zri)] = vadzn(y) - - adzr(y),
for each permutation m € Sy of {i1,...,ig}. This yields that M/ is a right
R[z1, ..., zn]-module by the action

w-p(2z1,...,2,) = up(adz, ..., adz,),

where R[z1,. .., 2,] stands for the commutative associative unital polynomial alge-
bra in n variables.

It is well known (see for instance [3]) that the commutator ideal M has a linear
basis consisting of the elements of the form

(2,25, Zigs o ooy Zi )y >0 <01 <o <l
As a consequence, we get the following.
Remark 2.2. Let f € M/, be a multihomogeneous Lie polynomial of multidegree
(14+a1,...,14a,), a; >0, 1<i<n,

with respect to the ordered set {z1, ..., z,} of generators of the free metabelian Lie
algebra M,. Then f can be written as

Idaj—1 aj ldajiq 1+an
flz1,..0 2n E aijlz1, 5] - ez T e )T )

:[217 Zz} . (Z11zt212Z1+a3 . ZlJran) 4 [217 23] (zll 1+a22g5 14+aq | ,ZTILJran)

M o [z (T,

For the sake of notation, we used the symbol 2% to denote the adjoint map adz®.
Similarly, a multihomogeneous Lie polynomial g of multidegree

(0,14 ag,...,14+a,), a; >0, 2<i<n,

is of the form

g(z1,... Z aojlz2, 2] - (252 - 1+a1 12;3 z;j;f”l e ghtan)
=[22: 23] - (25225025 T 2T ) o+ [0, 2a] - (25225022 T )
(2) + o4 22, 2] - (25225798 - ~z711+5{" 1zam),
Now let f(y1,...,yn) be a multihomogeneous Lie polynomial of multidegree
(14+a1,...,14a,), a; >0, 1<i<n,

in the commutator ideal € F), of the free Lie algebra, and consider any metabelian
Lie algebra L. If wy,...,w, € L, then f(wi,...,w,) is of the form (1). Similarly
a multihomogeneous Lie polynomial g(y1,...,y,) € F) of multidegree

(031+a2a-~'71+an)7 CLiZO, 2§’L§Tl,

can be expressed as (2) when being evaluated in the metabelian Lie algebra L.
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3. MAIN RESULTS

In this section, we consider the Lie algebras of dimension 2 and 3 with respect
to the Mubarakzyanov’s Classification [18] of real Lie algebras. Furthermore, we
handle the 4 dimensional Lie algebra considered in a paper [4] by Baker in 1901.
We skip abelian Lie algebras because in this case, Imf = 0 for any f € F),. We also
do not handle the simple Lie algebra g3 ¢ of dimension 3, known as Bianchi VIII or
5[(2,R), with multiplication table on its basis {z1, z2, 23} as follows.

93,6 ‘ T1 T2 I3
T 0 T 2332
X9 —I1 0 I3
I3 721‘2 —xIs3 0

Because in this case it is known by [9] that Imf = g3 for f € F) that is not a
polynomial identity of g3 .

In the following lines, the notation g; stands for the one dimensional abelian Lie
algebra.

3.1. The Lie algebra g2 1®g1®---@g1. The Lie algebra gs 1 is the 2 dimensional
Lie algebra with the multiplication table on the basis elements z1, x5 as below.
92,1 ‘ r1 X2
Iy 0 Iy
T2 —T1 0

Its commutator ideal (go.1)" is contained in the vector space spanned on z;, and
hence (g2,1)” = 0. Therefore it is metabelian (solvable of class 2).

Theorem 3.1. Let f(y1,-..,Yn) be a multihomogeneous polynomial in the commu-
tator ideal F) of the free Lie algebra F), that is not a polynomial identity of ga1.
Then,

Imf = {f(w1,...,w,) | w; € g2,1,4=1,...,n} = Spang{z1}.
Proof. (i) Let f € F), be a multihomogeneous polynomial of multidegree
1+ay,...,14+a,), a;>0,1<i<n.
Then by Remark 2.2, we may assume that f is of the form

n
F-um) = aglyn ] ity Py gt
j=2

for some a1; € R. There exists at least one nonzero coefficient o # 0, 1 < j,
since f # 0. In this case, choosing

B o
wj =T, Wy = ———a1 + T2, jF£J
alj/
gives that
14+a.,_ . 1+4a,;
Flwr, oy wn) = angfwr,wy] - (i - wp, " T g wp Lt
24 L a;
= Oz1j/[$2, —71‘1] (= X1 + x9)%’ (J;Z Lt ag)
alj’ alj’
n—2+> . a;
= (Bxy) - 2y 7 = Blar, wa, ... w0] = By
———

"—2+Ej aj
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(7) Let f € F! be multihomogeneous of multidegree

(0,14as,...,1+4ay), a; >0, 2<i<n.

Then f can be expressed as

n
14a; 1 a; l14a;
Funson) =Y onglya,ys] - (s? -y, 0 Yy gt
i=3

for some ap; € R. In a similar way, considering a nonzero coeflicient apj/, one may
choose

b 1+, 1<j#7
Qg 1

wj = T, ’U)j/ = —
that implies f(w1,...,wy,) = 1.
The technique used in (i) and (i¢) can be used inductively for all types of mul-
tihomogeneous functions f.

(]

The proof of Theorem 3.1 also works for the next result.

Corollary 3.2. Let f € F) be a multihomogeneous polynomial that is not a poly-
nomial identity of go21. Then,
Imf = {f(wl, .. ,wn) | w; €ge1BPg1 DD 91} = SpanR{xl}.

Remark 3.3. Corollary 3.2 covers the result for the 3 dimensional Lie algebra go 1®
g1 that is decomposable and solvable, called Bianchi III, with the multiplication
table on the basis {1, x2,z3} given as follows.

92,1@91‘ Ty T2 I3

T 0 X1 0
To —x1 0 O
T3 0 0 0

3.2. The Lie algebra g3 ®91®---®g1. The Lie algebra g3 ; is the 3 dimensional
nilpotent of class 3 Lie algebra, called Heisenberg-Weyl algebra or Bianchi II, with
the multiplication table on the basis elements x1, z2, 3 as below.

93,1‘551 T2 T3

z1 | O 0 0
T2 0 0 T
I3 0 —T7 0

Theorem 3.4. Let f € F! be a multihomogeneous polynomial that is not a poly-
nomial identity of gsz1. Then,

Imf ={f(w1,...,wn) | w; €g31,4=1,...,n} = Spang{z1}.

Proof. Because of the nilpotency index, the only possibility for the total degree of
a polynomial f € F/ is 2, and when it is of multidegree

(0,...,0,1,0,...,0,1,0,...,0)
filled with 1’s only at i-th and j-th positions, then f is of the form

Fs -5 un) = islyi, vyl
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for some 0 # «;; € R. Then choosing
w; = —T2, W; =1I3, wk:()a k#l,],
Oéij
it turns out f(wsy,...,w,) = Bx; and the proof follows.
U

Corollary 3.5. Let f € F! be a multihomogeneous polynomial that is not a poly-
nomial identity of gs.1. Then,

Imf = {f(wi,...,wn) | w; €931 Dg1 D g1} = Spang{r}.

3.3. The Lie algebra g3,@®g1®---®g1. The Lie algebra g3 o is the 3 dimensional
metabelian Lie algebra, called Bianchi IV, with the multiplication table on the basis
elements 1, x2, x3 as below.

g32 | 21 T2 3
X1 0 0 X1
i) 0 0 1+ T2
I3 —X1 —X1 — X2 0

Theorem 3.6. Let f € F) be a multihomogeneous polynomial that is not a poly-
nomial identity of gz 2. Then,

Imf = {f(w17 s 7w’n,) ‘ w; € 9372} = SpanR{xl,xg}.

Proof. The proof is similar to the one of Theorem 3.1. Let f € F), be a multiho-
mogeneous polynomial of multidegree

1+a,...,14a,), a; >0, 1 <i<n.
By Remark 2.2, we may assume f is of the form
n
I4a; 1 a; 1+a;
f(y17 e yn) - Zalj[ylvyj] . (yfl . yj—ilj 1y;1;yj+111+1 . y}L+an)
j=2

for some a; € R and suppose further a;;, # 0 for some 1 < j’. Now choose

B (n— 1+Zaj)52x1 P

wjr = To+ a3, wy =213, jF] .
alj’ alj/
Then f(wi,...,wy,) = B1x1 + P2x2. Any other case can be solved similarly and we
are done.

(]

Corollary 3.7. Let f € F! be a multihomogeneous polynomial that is not a poly-
nomial identity of gz 2. Then,

Imf = {f(wy,...,wn) | w; €932 B g1 - D g1} = Spang{z1,x2}.

3.4. The Lie algebra g33@&91®---®g1. The Lie algebra g3 3 is the 3 dimensional
metabelian Lie algebra, called Bianchi V, with the multiplication table on the basis
elements 1, xo, x3 as below.

93,3 ‘ T T2 T3

X1 0 0 X1

X9 0 0 i)

I3 —X1 —X2 0
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Theorem 3.8. Let f € F) be a multihomogeneous polynomial that is not a poly-
nomial identity of gs.3. Then,

Imf = {f(wsy,...,wy,) | w; € g3,3} = Spang{z1,z2}.

Proof. Similar to the proof of Theorem 3.1, then choose

Bl 2 . ./
T — Ty + a3, W; =23, jFJ
Q40 Q4

wyr = —

and the proof follows.
O

Corollary 3.9. Let f € F! be a multihomogeneous polynomial that is not a poly-
nomial identity of gz 3. Then,

Imf = {f(wi,...,wn) | w; €g33B g1 ®--- D g1} = Spang{x1,x2}.

3.5. The Lie algebra g3 4®g1®---@g1. The Lie algebra g3 4 is the 3 dimensional
metabelian Lie algebra, called Bianchi VI, with the multiplication table on the basis
elements x1, xo, x3 as below.

g34 | %1 T2 T3
T 0 0 T
To 0 0 Y2
r3 | —r1 —vyxe O

where ;, —1 <~y <1, v # 0. It is called Poincaré algebra when v = —1.

Theorem 3.10. Let f € F!, be a multihomogeneous polynomial that is not a poly-
nomial identity of gz 4. Then,

Imf = {f(wlv cee 7wn) \ w; € 93,4} = SpanR{Il,l’z}-
Proof. Similar to the proof of Theorem 3.1, choose

B TR g, o
Tl — T2 + X3, w]:$37j7é]
alj/ alj/

’LU]'/:—
0

Corollary 3.11. Let f € F! be a multihomogeneous polynomial that is not a
polynomial identity of gs.a. Then,

Imf = {f(wi,...,wn) | w; €P34P g1 D---Dg1} = Spang{z,x2}.

3.6. The Lie algebra g35®©g1®---®g1. The Lie algebra g3 5 is the 3 dimensional
metabelian Lie algebra, called Bianchi VII, with the multiplication table on the
basis elements 1, x2, x3 as below.

93,5 T T2 T3
T 0 0 YX1 — Ta
To 0 0 r1 + yxe
T3 | —yx1 + T2 —T1 — VT2 0

where v > 0.
We need the following technical lemma.
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Lemma 3.12. (i) If [x1,23,...,23] = cx1 + dxa, for some ¢,d € R, then
———
k
[I’Q,I’g, s axB] = —dz1 + cxo
—_———
k
for any k > 1.
(1) [x1,x3,23,...,23) # 0 and [z, x3,T3,...,23] # 0, for any k > 0.
— —
k k

Proof. (i) We perform an induction on k& > 1. First, by the multiplication table,
we have

[x1,23] = yo1 — 22 and [zg, 23] = 21 + Y2
proving the case k = 1. Now assume that
[x1,235,...,23] = cx1 + dze and [x9,z3,...,23] = —dxy + cxa ,
—— —_——
k k
for some ¢,d € R. Then

[x1,25,..., 23, 23] = [cx1 + dxa, 3] = (ey + d)x1 + (—c+ dy)z2
—_———
k
and
[x2, 3, . .., 23, 23] = [—dx1 + cxe,x3] = (—dy + ¢)z1 + (d + ¢y)xs
—_————
k

which completes the proof.
(#4) Assume that [c121 + coxa, 3] = 0 for some c1, co € R. Then,

(c1y + c2)x1 + (—c1 + cay)xe =0,
which gives the homogeneous system
ye1+c2 =0
—c1+7c2 =0
The determinant
'71 i’ = 1+72 # 0.

of the coeflicients of the system yields ¢; = ¢o = 0. However, we have [z1,23] =
yx1 — To is nonzero and, inductively,

[x1,x3,T3,...,23] = [yx1 — T2, T3, ..., T3]
k k
cannot be zero. The same holds for [zq, 23,23, ..., 23], as well.
k

O

Theorem 3.13. Let f € F! be a multthomogeneous polynomial that is not a poly-
nomial identity of gz 5. Then,

Imf = {f(wy,...,wy) | w; € g35} = Spang{z1,x2}.
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Proof. Let f € F be a multihomogeneous polynomial of multidegree
(I+ai,...,1+an), a;>0,1<i<n

be of the form
n
Fi-oum) = aglyn ] ft -y Pyt
j=2

for some a1; € R, and assume aq;, # 0 for some 1 < j'. We shall show that there
exist c¢1,co € R such that

. -/
wjr = 11 + CaTo + T3, wW; =7T3, JEJ .

with f(wy,...,w,) = G121 + Bz for any given B, B2 € R. Assume that

[X1,23,...,23] = cx1 +dry and [x1,22,...,2T2] = —dxy + cao
— —
n—14>" a; n—14>" a;

for some ¢,d € R by (i) of Lemma 3.12. We have the following.

14a./_ a; 1+4a.,;
f(w17 .. ’wn) = Oélj’[wlij’] . (w?l .. .wjlif/ 1wjljle,+1]’+1 .. .wT]:LJFCLn)

= aqj[z3, 121 + coxo + 23] - (xg)”ferZ ai
= —aijyci[z, 23, .., 23] — a1 cafTa, X3, .. ., T3]
—_——— —_———
n—1+3a; n—1+3a;
= —oyjci(cxy + dra) — arjea(—dey + cxo)
= —ayj(c1c — cad)z1 — a1/ (1d + cac)za.
Now f(wsi,...,w,) = B1z1 + Paz2 gives the system
—ayj(cic— cpd) = By
—Oéljl(Cld + CQC) = fs
with the determinant of coefficients with respect to unknowns ¢y, co as follows:

—QyyC Oéljld
—0¢1j/d —QyyC

Indeed it is nonzero by (i7) of Lemma 3.12, and we are done.
O

Corollary 3.14. Let f € F! be a multihomogeneous polynomial that is not a
polynomial identity of gs5. Then,

Imf = {f(wi,...,wn) | w; €g35P g1 ®--- D g1} = Spang{x,x2}.

3.7. The Lie algebra g3 7®g1®---@g1. The Lie algebra gs 7 is the 3 dimensional
simple Lie algebra, called Bianchi IX or so(3,R), with the multiplication table on
the basis elements x1, x2, 3 as below.

93,7 ‘ T1 T3 T3

T 0 T3 —x2

i) —XI3 0 X1

I3 T2 —X1 0
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In the sequel, we shall provide two results: the first one, more constructive,
showing what kind of substitutions must be performed on a multilinear monomial
in order to show its image is the whole s0(3,R); the second one, theoretical, showing
the image of any multilinear Lie polynomial that is not a polynomial identity is
again so(3,R).

Theorem 3.15. Let f, € F), be the multilinear polynomial of the form
Jr@is s yn) = [Yn)r -1 Yn(m)] 5 T E Sn

that is not a polynomial identity of gs37. Then,
Imfr = {fa(w1,...,wn) | w; € 937} = 93,7

Proof. 1t is sufficient to prove the statement of the theorem for only

i yn) =[ya, -yl
We have to show that there exist w; = ¢;x1 + d;z2 +e;23 € gz 7, =1,...,n, such
that
flwy, .. wy) = Biwy + Bawa + Bars
for given real numbers (1, B2, 3.

(¢) Initially let us state the following technical straightforward results.

—xz2  ifn =1 (mod4) z1 ifn=1 (mod4)
(o1, 73 23] = —x1  ifn =2 (mod4) (2, 7 23] = —x2  if n =2 (mod4)
S zz if n =3 (mod4) 0 —z;  if n =3 (mod4)
" z1  ifn=0 (mod4) " z2 ifn=0 (mod4)
zz ifn=1 (mod4) —xz1  ifn=1 (mod4)
(o, @ 23] = —z1  if n =2 (mod4) (s, 23] = —z3  if n =2 (mod4)
A —z3 if n =3 (mod4) RN z1 if n =3 (mod4)
" z1  if n =0 (mod4) " zs  if n =0 (mod4)

(73) Let B3 = 0. Then choosing wy = w3 = -+ - = wy,, we get that

flwy, ... wy) = —[wa,wy, ..., wi).
—_———
n—1

Now by (i), choosing w; = x3, where j # 2, and

—prx1 — Paxy  ifn=1(

Boxr — Brze  ifn=2(

Brz1 + Poxe  if n =3 (mod4
—Boxy + frze  ifn=0
implies that f(wy,...,wy,) = B1x1 + Baxs.

W9 =

(74i) Let 3 # 0 and let n = 2. The fact

c1B81 + di 52 cof1 + daf3o
—————13,C2% + dpTy — ————7T
B3 B3

implies that choosing

c1x1 + dizg — 3| = B1x1+Foxa+B3x3

B2
wy = P31 — firs w2 =To — —-x3

Bs
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gives f(wi,wz) = (w1, ws] = Brx1 + Paxz + Baxs, B3 # 0.

Now let n > 2. Similar to (¢7), utilizing (i), one may obtain
[wi,..., wn—1] = Bzz1 — Pras

by choosing w; = x2, j ¢ {2,n}, and

—Prxy — Bzrs  if n =0 (mod4)
w Bar1 — frwz  if n =1 (modd)
7] e —Bsas  ifn =2 (modd)
—B3x1 + frrs i n =3 (mod4)
Thus, the choice w,, = x5 — %xg yields that f(wy,...,w,) = B121 + Baza + PBsxs.

O
Corollary 3.16. Let f € F), be a multilinear polynomial of the form

fTr(yla s ayn) = [yﬂ'(l)a s 7y7r(n)] , TE Sn )
that is not a polynomial identity of gs7. Then,

Imf = {f(wi,...,wn) |w; €Eg37 @ g1 DD g1} = 93,7

As stated before, we can generalize the result obtained in Theorem 3.15. Here
is the complete statement.

Theorem 3.17. Let f € F!, be a multilinear polynomial that is not a polynomial
identity of g3 7. Then

Imf = g37.

Proof. We shall make use of the well known fact so(3,R) is isomorphic to R? en-
dowed with the cross product ” x”. Keeping this in mind, given any w = w;, € R?
of length 1, it is possible to find out, via a small modification of the orthonormal-
ization process of Graham-Schmidt, wq, w3 € R? so that B = {w1,ws, w3} is an
orthonormal basis of R and w; x ws = w3, wy X w3 = wy and w3 X W, = wa.
Of course the map p sending x; — w;, where ¢ = 1,2,3 is an automorphism of
Lie algebras. Now, if f € F/ is a multilinear polynomial that is not a polynomial
identity of g3 7, then, because y is an automorphism, we have

Imf = {f(a1,...,an) | a; € 937} = {f(u(ar),. .., p(an)) | a; € g3 7}

It is easy to see there exist ay,...,a, € g3,7 such that f(a1,...,a,) = 1. Indeed,
we have w = wy = u(z1) = f(u(ar),...,pu(ay)) € Imf. This shows Imf = R3 =
50(3,R) and the proof follows. O

3.8. The Lie algebra g4 3®g1®---@®g1. The Lie algebra g4 3 is the 4 dimensional
indecomposable metabelian Lie algebra, stated in Baker’s paper [4] in 1901, with
the multiplication table on the basis elements x1, z2, T3, x4 as below.

94,3‘ T1 T2 T3 T4

I 0 T2 X4 0
T2 —x2 0 0 0
T3 —T4 0 0 0
Ta 0 0 0 0
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Theorem 3.18. Let f € F] be a multihomogeneous polynomial that is not a poly-
nomial identity of ga 3.
(i) If degy = 2, then

Imf = {f(wy,...,wy) | w; € ga3} = Spang{zs, z4}.
(ii) If deg; > 2, then
Imf = {f(wy,...,w,) | w; € ga,3} = Spang{z2}.

Proof. (i) Let f € F! be of degree 2, and of multidegree

(0,...,0,1,0,...,0,1,0,...,0).
Then, similar to the proof of Theorem 3.4, f is of the form

s yn) = aizlys, vyl
for some 0 # a;; € R. Then choosing
w; = Pax1 + 22, wj=—Pex1+w3, wp=0, k#1,j

gives f(wy,...,wy) = Bowa + Bazs.
(#4) Similarly to the proof of Theorem 3.1, choose

wjr = Po(—1)" XY, wy =y, A£G
O

Corollary 3.19. Let f € F) be a multihomogeneous polynomial that is not a
polynomial identity of g4 3. (i) If deg; = 2, then

Imf ={f(wy,...,wn) | w; € ga3 D91 D - ® g1} = Spang{ws, x4}
(ii) If degy > 2, then
Imf = {f(wi,...,wn) | w; € ga3® g1 ®--- g1} = Spang{zs}.
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