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Abstract

In this paper we consider the N-dimensional Euclidean Onofri inequality proved by del Pino
and Dolbeault (Int Math Res Not IMRN 15:3600-3611, 2013) for smooth compactly sup-
ported functionsin RV, N > 2. We extend the inequality to a suitable weighted Sobolev space,
although no clear connection with standard Sobolev spaces on S” through stereographic pro-
jection is present, except for the planar case. Moreover, in any dimension N > 2, we show that
the Euclidean Onofri inequality is equivalent to the logarithmic Moser—Trudinger inequality
with sharp constant proved by Carleson and Chang (Bull Sci Math 110(2):113-127, 1986)
for balls in RV,
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1 Introduction

In this paper we discuss connections between Onofri-type inequalities on the Euclidean space
and the logarithmic Moser—Trudinger inequality on balls in RY. Let N > 2 be an integer
and let wy—1 and Vi denote respectively the N — 1 dimensional measure of the unit sphere
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and the volume of the unit ball in R¥ . In [9] del Pino and Dolbeault obtained the following
N-dimensional Euclidean Onofri inequality for any u € C§° (RN):

1
In </ e" dMN) <= Hy(u, uy)dx +/ udup, (1.1)
RV WON JRN RV
where
_ N \V-!
WN = NN (ﬁ) WN—1, (12)
1
uN(x) = TN dun(x) == puy(x)dx, (1.3)
Vv (14 177
and
Hy(u, uy) == [Voy + Vul¥ —|Voy ¥ = N|Voy |V 2Voy - Vu, (1.4)
with
vy (x) :=1In uy(x). (1.5)

They were able to obtain (1.1) by considering the endpoint of a family of optimal
Gagliardo-Nirenberg interpolation inequalities, discovered in [7] and extended in [8]. We
point out that the Euclidean Onofri inequality (1.1) was obtained with different techniques
also by Agueh et al. [2], for any u € WLN(RN). We also refer to [15] for an improved
version of (1.1) involving singular weights (see also [10-12]).

In dimension N = 2, (1.1) becomes

1
In / dus ) < — |Vu|2dx+/ udp, (1.6)
R2 167'[ R2 R2

for any u € Cg° (RM). Actually, the 2-dimensional Euclidean Onofri inequality (1.6) holds
for any function u € LY(R2,dusy) such that |Vu| € L%(R?, dx). Indeed, by using the
stereographic projection from S? onto R? with respect to the north pole, (1.6) is equivalent
to the following classical Onofri inequality

1 1 ) 1
In (E \/82 et dvg0> < E /S2 |Vg0u|g0 dUgO + E \/52 MdUgO, (17)

forany u € H 1(S2, go), where go is the standard metric on S2. Inequality (1.7) plays an
important role in spectral analysis for the Laplace-Beltrami operator thanks to Polyakov’s
formula (see [18, 19, 21, 22]) and it was proved in 1982 by Onofri [17] using conformal
invariance and an earlier result by Aubin [1].

Inequality (1.7) is also strictly related to the Moser-Trudinger inequality [16, 20, 24, 25].
Specifically, in [16, Theorem 2] Moser proved via symmetrization techniques that there exists
a constant S > 1 such that

1,
u—gz= '/SZ udvgg

1 4”(]' |V u|2 dv >
E/;ze 52 1780 %0 50 dvgy < S, (1.8)

for any u € H'(S?, go). As a straightforward consequence of (1.8) and Young’s inequality,
one can prove that

1 1 5 1
In (E /52 e”dvgo> = E/gZ [Vgotlg, dvgy + E/Szudvgo +1InS, (1.9)
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which is a non-optimal version of (1.7) due to the constant In S > 0. For this reason (1.7) is
sometimes called Moser—Onofri or Moser—Trudinger—Onofri inequality in the literature.

An extension of (1.7) to SV in higher dimensions was stated in [4, 5], however no clear
connection with (1.1) through stereographic projection is present. Taking into account this,
we want to extend (1.1) to a suitable weighted Sobolev space. More precisely, we will consider
the space

Wy RYY = {u e L'RY, duy) : |Vul e LN (RY, dx),
IVulP|Voy V7% € L'RY, dw)),

endowed with the norm

1
2
el :=/N|u|duzv+||w||N+(/N|w|2|WN|N—2dx> SR
R R

We observe that, if N = 2, W, (R?) coincides with the set of functions u € L' (R2, du»)
such that |Vu| € L2(R2, dx), in which (1.6) holds.

To extend (1.1) to W, (R™), we show that smooth compactly supported functions of R
are dense in W, (RM) with respect to the norm (1.10).

Theorem 1.1 Assume N > 2. Then
WMN (RN) — CSO(RN)“HMN.

Therefore, by using the previous density result, we are able to prove the following
Theorem.

Theorem 1.2 Assume N > 2. Then, for any u € Wy, (RN, we have

1
In (/ e“d,uN> < T/ HN(u,/LN)dx—I—/ uduy. (1.11)
RN WwN JRN RN

Now, let us recall the Logarithmic Moser—Trudinger inequality on domains of R . Let Q2
RY be a bounded domain. Similarly to (1.9), by means of the Moser—Trudinger inequality
for the Sobolev space W(;’N (2) [16, Theorem 1], it is simple to prove that there exists a
constant ¢ = ¢(N) such that

1 u 1 N
In{ — eldx | < — [Vul” dx +1Inc, (1.12)
12| Jo on Jo

for any u € W3V ().
In [6], Carleson and Chang improved inequality (1.12) when 2 is the unit ball B; of RN,
Indeed they prove that for any u € WO1 i (B1):

1 1 Ny
In —f e"dx> < 7/ [VulY dx + - (1.13)
(VN B oy JB, ,; k

Actually, by (1.13) one can easily show that for any open ball B ¢ R", and for any u €
W(}’N(B), we have

1 1 N
In —/e“dx) < Tf |Vu|Ndx+ —.
<|B| B wn Jp ,;k
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Inequality (1.13) is sharp, in the sense that the functional J : WOI’N (B1) — R defined as

1 N 1 u
J(u) = — [Vul" dx —In|{ — e'dx ), (1.14)
B

WN JB VN
satisfies
N1
inf J=-) -
W N By =k

Our goal is to establish a natural connection between the sharp inequality (1.13) and the
inequality (1.11). We can consider the functional I : W, (RY) - R defined as

1
1(u) = T./ HN(M,/LN)dX-‘r/ uduy —In (/ e”d,uN). (1.15)
WN JRN RN RN

In our main result, without using (1.1) or (1.13), we prove the following identity between

inf Jand inf J.
wyN (B1) Wiy (RN)

Theorem 1.3 For any N > 2, we have

N-1 1
inf = inf J+ —.
WuN(RN) W(}’N(Bl) 1; k

Theorem 1.3 shows that the sharp inequalities (1.11) and (1.13) are equivalent. In particular,
we can give a simple alternative proof of (1.11). On the one hand, it follows from (1.13) that,
forany u € Wol’N(Bl):

N-1
J(u) > — — = inf J.
/; kew ey

On the other hand, since 7(0) = 0, Theorem 1.3 yields

O= inf [I= min [I.
Wy ®RY) Wy (RY)

Theorem 1.3 is interesting even in the simplest case N = 2. Indeed, as announced in
[3] (see also [13]), it shows that Onofri’s inequality (1.7) on S? is equivalent to the sharp
Logarithmic Moser-Trudinger inequality (1.13) by Carleson and Chang.

As discussed above the inequalities with non-optimal constants (1.9) and (1.12) are direct
corollaries of the Moser-Trudinger inequality for the sphere [ 16, Theorem 2] and its analogue
for bounded domains [16, Theorem 1]. In [16], Moser proved these theorems indipendently,
although their proofs are based on similar arguments relying on symmetrization techniques.
He explicitly states that it seems impossible to deduce one Theorem from the other. Although
the equivalence between Moser’s theorems is still an open problem, here we have proved the
equivalence between the corresponding logarithmic inequalities with sharp constants (1.13)
(with N = 2) and (1.7).
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2 Preliminaries and function spaces

In this section we establish some preliminary estimates and discuss the optimal weighted
Sobolev space in which the N-Euclidean Onofri inequality holds. Throughout the paper we
let @y, iy, dun and vy be defined as in (1.2), (1.3), (1.4) and (1.5). A straightforward
computation in polar coordinates shows that d iy is a probability measure on RV, namely

/ duny = 1.
RN

Moreover, we have

and

N N—-1
Ayvy(x) = =NV <ﬁ) Vi iw (x), Q.1

where Ay denotes the N-Laplacian operator, defined by

Ayu = div (|W|N*2w>.
Let us denote
RvX,V)=|X+Y"N—1x)N=NXI"2X.Y (X,Y)eRN xRV,

and

Hy (u(x), uny(x)) := Ry (Vuy (x), Vu(x))

= [Voy ) + Vu@)[N = [Voy )|V = N|Voy @) [N Vo (x) - Vu(x).
Lemma 2.1 Forany N € N, N > 2, there exists a constant ¢y such that

0<RN(X,Y) <en(YIN +1Y*IXIN7), VX, Y eRV.

Proof If N =2, Ry(X, Y) = |Y|? does not depend on X and the thesis is trivial.
Let N > 3andlet X, Y € RY. We consider the C? function f : R — R given by

f@) =ty + x|V
By a direct computation, we have
=Nty + XN 2y +X) - Y,
and
f/O=NWN =2ty + XN (Y + X) - V)2 + N[ty + X|V 2|y

if 1Y + X # 0, and f”(r) = 0 otherwise.
Now we observe that, if r € [0, 1], we have

0= " = 2en (V1N +1YPIXIN?), 22)
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where cy = N(N — 1)2V~4. By Taylor’s theorem with Lagrange remainder, there exists
t €10, 1] such that

|
ST O=1D=fO=fO=1+X" X" =N IX"X Y.
Taking into account (2.2), we deduce that

0= Ry(X.¥) < ey (1YY + 1Y PIx1V2).

We define
Wy RY) :=(u e L'RY, duy) : |Vul € LNRY, dx),
IVul?|Voy |V 2 e LYRY, dx)).

In this space we introduce the following norm:

2 N=2 z
lleell 1=/ luldun + IVully + (/ [Vul"|Vuy| dx) .
RN RN

An immediate consequence of Lemma 2.1 is the following integrability condition for Hy.

Corollary 2.2 Letu € W, (RY). Then

/ Hy(u, uy)dx < 4o0.
RN

It is interesting to compare W, with WV,

Lemma23 Ifu € W'NVRY) is such that |Vul*|Voy|V=2 € LYRYN,dx), then u €
Wiy (RNY). Moreover, we have Wiy (]RN)\WI’N(]RN) # (.

Proof Letu € WYY (RY) such that |Vu|?|Vuy [V 2 € LY (RY, dx).

1
[ weldu = [ e —dx.
R R Vi (1 + |x|ﬁ)
By assumption ||u]|y < +o0o, while
1
YN = —— dx < 4o00.
N N\ N-T
(14 1a177)
By Holder inequality we have
N-1

N

Y
/ ) dpy < 2 flully < +oo.
RN Vn

Therefore u € W, (RM).
Finally, the constant u = 1 is such that u € W,,,, (RV)\ WV (RV). O

The next lemma shows that the condition |Vu|?|[Vuy Y2 € LY(RY, dx) is necessary for
the integrability of H (u, (), at least in even dimension.
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Lemma24 If N > 4 is even, then
N _
Hu, ) = [Vul?[Von "2,

Proof The proof is based on the following inequalities, which hold for @, b € R and k € N,
witha >0anda + b > 0:

(1) ifk > 2, then (a + b)* > a* + ka*~'b + b*.

(2) ifk > 3, then (a + b)* > aX + ka*='b + kab*~" + bk

Both (1) and (2) can be easily proved by inductionon k. Let X, Y € RN If % is even, using
inequality (1) withk = &, a = |X|? and b = 2X - ¥ + |Y|* we get that

N
2

RvX, V)= (IXP+2X - Y +|Y*)? —|X|Y = NIXI" 72X .Y

N
2

N
> E|X|N—2|Y|2 +(2X Y +|Y)

Since % is even, we get
N o No2v2
Ry(X,Y) > EIXI [Y|=. (2.3)

Similarly, if % is odd (hence N > 6), we can apply inequality (2) (with k, a and b as
above) to get:

Nz

N _ N N_q
Ry(X,Y) > E|X|N 2|Y|2+5|X|2(2X.Y+|Y|2)2 +(2X - Y +YP)
N _ N (N
= S IXIVYP 4 (2X Y 4 YP?) 2 <5|X|2+2X~Y+|Y|2>
N _ N
> E|X|N AYP+ (XY +[YH)?2 X+ YA

Since & — 1 is even, we get again (2.3). Hence (2.3) holds whenever ¥ is integer and the
conclusion follows by taking X = Vuy and Y = Vu. O

Remark2.5 If N > 3 and u € WUN(RY), in general the integrability condition
[Vul?|Voy|V=2 € LY (RN, dx) of Lemma 2.3 is not satisfied. Indeed, let

X1
= 2 —k)),
u(x) k;kmw( (x| — k)

where

1+r ifre[—1,0[,
w(r):=41—r ifr €[0,1],
0 otherwise.

A direct computation shows that the function u satisfies
ue WHY@RYY and  |VulPVoy V2 ¢ LYRY, dx). (2.4)

In particular, if N is even, Lemma 2.4 yields

/ H(u, uy)dx = +oo.
RN
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To prove (2.4) we observe that the functions x — w(2(|x| — k)) have disjoint support as k
varies in N with k > 2. Then

> 1
@)V =Y ——— (x| - )"
=2 kN (Ink) 2>

Integrating in polar coordinates and using that 0 < w < 1, we find

k+1 N |
ulV dx < oy / “Ldp
/JR ZkN(lnk)z -1

2

I S P
N k_sz(lnk)% 2 2

< c1(N) 400
: ,(X;k(lnk)z

since % > 1. Similarly, we have

A\ =2
|Vu(x)| ,;kf

lw' (x| = k)l

and

1 k-ﬁ-l
f V)N dx = c2(N)Z 7f oVl dp < +oo.
RN k= 2kN(lnk)2 7

Now, we observe that |[Vuy (x)| ~
obtain

N i \xl if |x| > 1, hence, taking ko sufficiently large, we

] Lo
[PV 2y = a4 Y i [ et
RN s =1 P

k2Ink -
=Ko
=1
>es(N) [ 1+ ) —— | = +oo.
k=k0klnk

Now, we want to prove the density result of Theorem 1.1. Let us define
Yo— W”'”MN '

Clearly, C§° RNy ¢ Woun (RM), so that X C Wiy (RM). Our aim is to prove that the two
spaces coincide. We will prove this in two steps. Firstly, by using a similar idea of Tintarev
and Fieseler in [23, Remark 2.2], we show that bounded functions in W, RM) belong to X'.

Lemma2.6 Letu € Wy, (RV) N L®RN). Thenu € X.

Proof For any k € N, k > 2, let us denote
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We define
%ﬁ if [x] <1,
Nk (x) := kl +i—1 if1 < |x| <k*,
X[~ Yk
0 if k* < |x|.

Letu € W, (RN)y N L®(RN). We define uy := u ;. Observe that

1 .
- Vu(x) if |x| < 1,
k
._ 1 1 I ux) x .
Vug(x) = (— + - 1) Vu(x) — - il < |x| < k*
\k/]; v [x] k |x|%+1 | x|
0 if k* < |x].

First of all, since u € L%°(RY) and ny(x) — 1 for any x € RN ask — +00, we can apply
dominated convergence theorem to say that

/ lu —ur(x)|duy — 0 ask — +o0.
RN

Now we want to prove
IVu —u)lly -0 ask — +oc.

We will denote with o(1) any quantity that goes to 0 as k — +o0.

/ Vi — Vug|N dx
]RN
[x|>k*

:/ IVu—VuklNdx—i-/ IVu—VuklNdx—i-/ [Vul¥ dx.
[x]<1 1<|x|<k*

We have

1 N
Vi — Vur|N dx = (1—,—) / |VulN dx = o(1).
/lx\<1 k W [x]<1

Since ||Vul|y < 400 and k* — +00 as k — 400, we easily obtain

/H ) |Vu—Vuk|Ndx:/ [VulN dx = o(1).
x|>k*

|x|>k*

Since u € L®(RY), there exists a constant M, such that |u(x)| < M, for almost every
x € RN,

@ Springer



80 Page100f22 N. Borgia et al.

/ [Vu — Vug|N dx
1<|x|<k*

1 1 1 u(x) x
=/ <2‘T—T>W(")+* SINES
1<|x|<k* k [x] k|x|?+1 x|
<c/ (2 ! ! >N|V()|Nd
< - — = u(x X
1<|x| <k* Sk W]

MYy 1
+Ck;\‘,/ Non dx
I<|x|<k* |x|*

Now we observe that

MmN too

c
——dx < — —
N N
kN ﬁ<\x|<k* |x|T+N kN 1 pT'H

2

dp =

Moreover, we can apply dominated convergence theorem to say that

1 1 \"

22— — — ) [Vu(x)|N dx — 0 ask — +o0.
/1<|x|<k*< W «k/m

Hence

IVu —up)lly = 0 ask — 4o0.

It remains to prove, in the case N > 3, that

1

2
(/ |Vu — wk|2|vUN|N*2dx> — 0 ask — 4oo.
]RN

1
We observe that |[Vuy (x)| ~ ﬁ as |x| — 400, by which there exists a constant ry > 1
X

such that [Vuy (x)] < ﬁ if |x| > ry. Since k — +o0 implies k* — 400, we can assume
x

from the beginning that & is such that k* > ry. Moreover, we recall that |Vuvy| is bounded
from above.

/ |Vu — Vug || Voy |V 2 dx
RN
:f |Vu—Vuk|2|VvN|N_2dx+/ |Vu — Vug > Voy |V 2 dx
[x]<1 I<|x|<ry
+/ |Vu—Vuk|2|vUN|N*2dx+/ IVul?|Voy |V 2 dx.
Ty <|x|<k* k*<|x|
Reasoning in a similar way to the previous case, we obtain

/ [Vu — Vug |2 Voy |V 2 dx = o(1),
|x|<1

/ IVu — Vur | [Von |V 2 dx = o(1),
I<|x|<rn
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and
/ [IVul?IVoy |V "2 dx = o(1).
k*<|x|
Now we observe that

/ [Vu — Vur 2| Von |V 2 dx
ry <|x|<k*

/ (2 1 1 )V()+lu(x) X
= N — u(x — -
ry <|x|<k* \k/E \/k x| k |x|%+1 x|
1

1 1 \? 1
§C/ (2—7—7> [Vu@)? |Voy N2 dx + C— —dx.
ry <|x|<k*

[Voy |V 2 dx

Vi Y] rv<lal x| FHV
Clearly,
i/ # dx = o(1).
K2 Jry<ixl [ N

Moreover, taking into account that |Vu |2 |Voy IN el (RN ,dx), we can apply dominated
convergence theorem to say that

f (2 Lo b >2|V P Yoy ¥ 2 dx = o(1)
- u(lx UN X =0 .
ry <|x|<k* \](/E \/k [x]

Finally, we have

1
2
(/ |Vu—Vuk|2|VvN|N_2dx> -0 ask — 4oo.
RN

We have proved that {uy}; is a sequence of compactly supported functions such that ||u —
ulluy — 0ask — +oo.

We want to take a sequence {iix}x C CgO(RN) such that ||u — ik ||, — 0ask — +oo.
Let us denote with By the open ball By« (O).

Since Uk|p,, € W()I’N(Bk*), there exists iy € C3°(By+) such that

Huk‘b’k* - uk‘

1
(s, = ) e
LN (Byx) + H Ukl — Uk LN (Byx) = k

We can extend to 0 in RV \ B+ and consider iy € cy° (RV). Hence

- - 1
g — trlly + IV (up — ur)llnv < T

Since

1
VYN ::/ —dex < +00,

N R Sl
(14 71) ™

we can apply Holder inequality and say that

N—-1

. Nl . Yy
/RN lug (x) — i) dpn < vy~ llug — dilly < NT =o(1).
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80 Page120f22 N. Borgia et al.

Now let k such that k* > ry. Since
/ [Voy [V dx < C (Ink* + 1),
0<|x|<k*

we have

N-2

Ink*+1) v

Ve — ) PIVoy V2 dx < A D T
RN k2

Now we observe that, as k — 400

N-2
(Ink* +1)'% ~ "7 (—m (1 - %)) ,
Vk

N-2

- LYV
k7 (=) "
k2 k1+%

by which

Hence
f IV (ux — iip) )| Voy |V 2 dx — 0.
]RN

Finally, we have

lu —tixllpy < Nl —wiclly + lug — txlluy — 0 ask — +oo.
[m}

Thanks to previous lemma, it remains to prove that any function u € W, (RM) can be
approximated by a sequence of bounded functions in W, (R").

Lemma 2.7
Let u € Wy, (RN). There exists a sequence {ug}ren C Wiy (RM) N L®@RY) such that
lu — uglluy — 0ask — +oo.

Proof Letu € Wy, (RM). Taking into account [14, Lemma A.4, Chapter 2], we have |u| €
W, RY) with
Vu ae.in {x e RY | u(x) > 0},
Viul=10 ae.in {x e RY | u(x) =0},
—Vu ae.in{x e RV |u(x) < 0}.
For any A > 0, we can define the truncated function of u of parameter X\ as u; :=
max{—A, min{u, A}}, that is
A aein{x e RV |u(x) > A},
up(x) =1qu ae.in{x e RN | — A <u(x) <A},
—1 ae.in{x e RV |u(x) < —A).

Let k € N, k > 1, and let {u;}reN a sequence of truncated function of u of parameter k.
Clearly, {uglkeny C Wy RY) N L®(RN).
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Let us denote with Ej := {x € RN | |u(x)| > k}. Hence

f |u—uk|dMN=/ |M—Mk|dMNS/ uldpey.
RN Ex Ex

Since u € L' (RN, duy), by Chebyshev’s inequality, we know that
|Etluy — 0  ask — +oo.

Moreover, we can apply absolute continuity of the integral and say that
/ lulduy — 0 as k — +o0.
Ey

Therefore, we deduce uy — u in L'(RY, duy).

Let now & > 0 and let us consider the set

0 0
xeRY |2 X = el
ax,‘ ax,‘
Since
0 0
xeRY 2% - 2y =6l c By,
3)6,' 3)6,‘
we deduce that
ouy ou . .
— — in measure with respect to wy .
3x,- ax,-

Hence there exists a subsequence {uy : } jen such that Vu K —> Vu almost everywhere in RN
with respect to the measure py. Since the Lebesgue measure dx is absolutely continuous
with respect to the measure duuy, we deduce that Vuy;, — Vu almost everywhere in RV
also with respect to the Lebesgue measure.

Finally, since

Vux) = Vu, 0¥ < 1Vu)¥ ae.x e RV,
and
Vi) = Vg, ()| Voy )Y < [Vu)P|Voy )N ae.x e RY,
we can apply dominated convergence theorem to say that
[Vu — Vug; Iy — 0 as j — +oo,

and
1

2
(fN [Vu — Vukj|2|VvN|N_2dx> -0 asj— +oo.
R

Taking into account Lemmas 2.6 and 2.7, we have proved Theorem 1.1, that is
W, (RN) — v = 7C§°(IRN)”'”“N.

Now, we can extend the N-dimensional Euclidean Onofri inequality to the weighted
Sobolev space W, (RM).
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Proof of Theorem 1.2 Let u € W, (RY). Since W,,,, (RY) = C* (RN YN there exists a
sequence {uy, }men C CSO(RN) such that ||u — up|l,,, — 0. By (1.1), we have

1
In ( / om duN) < 2 Hym ) dx + / o iy
RN on Jry RN

for any m € N.

The condition |lu — uy|l,,, — 0 implies that there exists a subsequence, that we recall
{um}men, and a nonnegative function w € LY RV, dx) with w?|Vuy |V =2 e LL(RY, dx),
such that

o uy(x) = ulx)ae. inRY asm — +o0;
e Vi, (x) = Vu(x)ae in RN asm — +o0;
o forany m, |V, (x)| < w(x) a.e.in RV,

We easily obtain that

/ MmdpLN—>/ uduy asm — +00.
RN RN

It’s easy to observe that
Hy (un (), iy (1)) = Hy@(x), uy(x))  ae.in RV as m — +oo.

Taking into account Lemma 2.1, we have

CN

A

0= Hy (), ix (1)) = 55 (Vi (01 + Vit ()P Yoy (1) 2)

2
%v (w(x)N + w(x)ZIVvN(xHNfz) ,

IA

almost everywhere in RY and for any m.
Since w" +w?|Voy|V =2 € L' (RY, dx), we can apply dominated convergence theorem
to say that

/ HN<um,uN>dx+f Hi (e, 1) dx.
RN RN

Finally, by Fatou’s Lemma, we have

1
/ e duy < liminf (f elm d,uN) < eZ’FJ'fRN HN(”’“N)derfRN”d“N,
RN RN

m— 400

and passing to logarithm we can conclude that

1
In </ e”d/uv) < = HN(u,uN)dx+/ uduy.
RN WN JRN RN

3 Equivalence between Logarithmic Moser-Trudinger inequality and
Euclidean Onofri inequality

This section is devoted to the proof Theorem 1.3, that is to the equivalence between the sharp
inequalities (1.11) and (1.13).
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Proof of Theorem 1.3 Let I and J be the functionals defined in (1.15) and (1.14). We need to
prove that

N—1 1
inf. I = inf J+ —.
Wiy RN) W(;'N(Bl) 1; k

We begin with the proof of " > ".

Letu € Wy, (RY). Since W, (RY) = CSO(RN)”.”MN , we can assume u € CS°(RY) and
the thesis will follow by density.

Let us consider the following cutoff function ¥ € Cgo (RN )suchthat) < ¥ < 1,¥ =1

1
if [x] < > and ¥ = 0if [x| > 1.
X r
Let r > 0 and let us define W, (x) := W (7) sothat ¥, = 1if |x| < 5 and ¥, = 0 if
r
|x| = r. Obviously, W, (x) — 1 asr — 400, forany x € RV,
For simplicity of notation, let’s say B, := B,(O); moreover, we will denote with o(1)
any function that goes to zero as r — +o00.
Using the characteristic function y, we can write

f OV )N () gy — /N eM(X)\pr(X)+UN(X)XBr (x)dx.
B, R

Now we observe that |u| is bounded by a constant M,,, so for any x € R" and for any r > 0,

eu(x)\llr(x)+vN(x)XBr (x)' < Muton (o) — eM”MN(x) e L'®RY).

Moreover, for any x € RN,

IV () Foy (x) u(x)+vpy (x)

xB, (x) = e asr — +o0.

Therefore we can apply dominated convergence theorem and say that, as » — +00,

/ OV () FoN () gy e OFuN ) gy — / eduy.
B, RN

RN

In e'duy ) = lim In OV HoN ) g
RN r—>—+00 . ’

therefore we can estimate
In ( / SV (D) oy () dx) _
B,

In general the function u W, + vy ¢ W(;’N (B)).
If we define w := uW, + vy — vy (r), (Where with vy (r) we make a slight abuse of
notation to denote a constant function on B, whose value is vy (x) as |x| = r), we have
I.N
w e Wy (By).

In (/ PLICORTACY dMN) —In (/ O () Fuy (x) dx)
B, B,
1
=NIn ;N +1n< / ew(x)dx>
14+ rnT |BI’| B,
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N 1
i lnr+ln<|Br| /,ew(X)dx) +o(1).

Since w € WOI’N(B,), we have

1 1
inf J<— \Vw|N dx — ln( / P dx) .
Wy (B1) WN JB, |Br| JB,

Therefore

1 N
In (/ MY dp,N) <— | VwNdx - Inr — inf J4o(1).
: on Jp, N—1 WiV (By)

1
We need to compute —- IVwIN dx.
WN JB,
Since

Vw=VuVvy,) + Vuy,

and

Hy W, uy) = VoY — [Voy [V — N|Voy [N 2Voy - V@w,),
we have

IVw|Y = Hy@¥,, un) + [Voy [N + N|Voy |V 2Voy - V@d,),
by which

|Vw|Ndx=/ Hy (u¥,, o) dx
B, B,

+ | VvoyIVdx+ | [Voy|VN2Voy - V@, dx.
B, B,

By Green’s formula and taking into account (2.1), we obtain

N N-2
— [Voy| Voy - VuW,)dx = uV,un dx.
wN JB, B,

1
Now, we need to compute — / [Voy |V dx.
WN JB,
N

N
1 N? N1
— [ 1Von |V dx = e [
N JB, (N —DVon Jp, (1+|x|ﬁ)
N
/rN—l N-1
o a4V
N _N_

|
o\‘
1
1
—_
¥|-
-
L
~
|
M1
b
e
=
=
—_
N—
:\‘
=]
1
—_
I~
N—
=
L
~
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By induction, we prove that

N —
k
forany k =0, ..., N — 2.
If k = 0, we have

n vtk 1
)/ di =
0 A+ N—k—1

+o(1)

_N_ N

N—1\ " 4k
(N wee
k 0 (1+nN

Now, let N > 3, k > 1, and let assume (3.2) to hold for k — 1.

N -1\ [k
(L e
k 0 a+nV

r N
N—1 k R
NP | EURSLEY
k N—-1Jp (141
- N
(N_1> (1>+ﬁ L oem) A rN_l
= o N—1 — o —
k I (V- \N —k N—1J
_N_
1 N k N—1/"N‘ ik dt +o(D)
— — _— o(l).
N—1 N-1\ &k 0 1+
Therefore
_N_
N-—1\ V" 1
dt = +o0(1).
( k )/0 a+nV N—k—1 M
By (3.2) we deduce that
N
N-2 N-T k N—-1
N-—-1 /r t 1
——dt = —+o0().
,;( k >o (1+0V ,;k
Finally,
N—-1
1 N 1
— Voy |V dx = Inr — - D.
a7 J, (VoI dy = e ;k“()

Summing up, we have shown that

N-1
1
inf J+ — < I(u¥,) + o(1).
Wy ) 1; k

Now, we pass to the limit as » — +o0.

TV 1
dt =
/o a+nV N-—1

(3.2)
+o(1).
tk
— _d
1+nV !
(3.3)
(3.4)

We observe that |u| is bounded by a constant M,,, so for any x € R" and for any r > 0,

()W, () ey (x)| < Mypuy (x) € L'(RY).
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Moreover, for any x € RV,
u()W () un (x) = u(x)uy(x) asr — +oo.

We can apply dominated convergence theorem to say that

/u\IeruN—>/ uduy.
RN RN

Now we observe that, for any x € RV,
Hyu(x)Vr(x), uy(x)) - Hy@ux), uy(x))  asr — +oo.

Moreover, taking into account Lemma 2.1 and u € C§° (RY), there exists a function v €
L! (RN, dx) such that, for any x € R and for any r > 1, we have

0 < Hy(u(x)¥,(x), un(x)) < v(x).

Therefore we can apply dominated convergence theorem and say that

1 1
— [ Hy@V, ) dx — T[ Hyv(u, juy) dox.
wN RN

wWN JRN
Finally,
N-1,
inf  J+ - < I(u),
Wy (B1) k=1 k
by which
N-1
inf J+ — < inf [I.
w8y ,; k™ cgemm

By density, that is by the proof of Theorem 1.2, we obtain

N—-1 1
inf J+ - < inf [I.
Wy (B1) ,; kT Wy ®Y)

Now, we prove “<”. Letu € WOI’N(Bl) and let » > 0. We define the function u, : RY — R
as

u(>) = oweo+on@) iflxl =7,
p
ur(x) =
0 if [x| > r.

By Lemma 2.3, we have u, € Wy, (RN), by which

inf I <I(u),
)

Wiy ®RY

where

1
Iy = E/RN HN(ur,uN)dH/RN urdpuy —In (/RN o dMN)- (3.5)
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We need to compute the terms in (3.5).

In <f el a’,uN) =In (MN(r) () dx—i—/ MN(x)dx);
RN B, RN\B,
N 1
un ) | e ax = (— - */ "M dy;
B, 14+rvT1 Vv B

/ t N-1 e rN
un@x)dx = |:<> i| =l-— ¥
RN\ B, 1+1¢ A (l—i—r%)N 1

Therefore
ln(/ e”’d//,N>
RN
In ( ) 1/ etdx + 1 i
= —_— x e —
i) V. (1)
N 1 "
= — Inr+In| — edx+ N —14o0(1) ) +o(1).
N -1 Vv JB,
1
Now, we compute —- Hy(uy, uy)dx.
WN JRN
We have
1 1 N N — N
— Hy@uy, py)dx = — | |Vul"dx + — [Voy|™ dx
WN JRN WN JB WN  JB,

N
- — |VUN|N 2VvN Vu( )dx

WN B,
Taking into account (3.4), we have
N-—1
N-—1 1
— |VvN|Ndx:Nlnr—(N—l)Zf—l—o(l).
wN B, =1 k

Moreover, by Green’s formula and taking into account (2.1), we obtain

f IVun |V "2Vuy - Vu( )dx——/Bru(;) dun.

Therefore

1

- Hy(ur, pun)dx

wWN JRN
1 X Ny

= — | vuNdx —/ u (7) duy +Nlnr—(N =1~ +o(1).
wN r k
B By k=1
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Now, we compute / urduy.
RN

X
/ urd/w=/ u (%) duN—/ v @) duy + v [ duy.
RN B r B, B,

2

vN(r)/ duy =—InVy — Inr + o(1).
B, N —1
N 11n( p%)
—/ ov(x)dpuy =In VN+N2/ - dp + o(1).
e
Taking into account (3.1) and (3.3), we have
r pN_l In (1 + p%>
NZ/ i dp
0 L
(1+p )
.
= ; \N-2
=N -1 —_— In(1+41¢) dt
( )/ (1+t)2<l+t> (I+0)
N
P rv- PN N-1
=N e In(1+¢ —/ —dt
[<1+t) ( )L o (+n¥
N-1
N — (1 +r%) v N-T
=N —5 ln(l—i—rﬁ)—i—zz—i—o(l)
<1 +rﬁ) k=1
N-1
=N - 1
/; L o

Therefore

X N2 N=ly
duy = (—)d _ nr+NS = +o().
/I‘QNMI UN /B,u ) dun N—lnr+ I;k-f-o()

Summing up, we have shown that

inf [
W/LN(RN)
1 g 1
< — |Vu|Ndx+Zf—ln< / e“dx—i—N—l—i—o(l))—i—o(l).
wWN k=1 VN B;
Passing to the limit as r — 400, we obtain
1 N 1
inf < — |Vu| dx—i—zf—ln( /e”dx—i—N—l),
Wiy RY) N P Vn Jg,
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by which
N-1
W,ti,n(fRN)I < J(u) + ,; T
Finally,
. . N-1
W,L:\,n({RN) I= W(}-I’I"lfBl) It ,; K

[m}
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