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Abstract

We consider non smooth general degenerate/singular parabolic equations in non
divergence form with degeneracy and singularity occurring in the interior of the spatial
domain, in presence of Dirichlet or Neumann boundary conditions. In particular, we
consider well posedness of the problem and then we prove Carleman estimates for the
associated adjoint problem.
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1 Introduction

The present paper is devoted to give a full analysis of the following problem:

up — a(T) gy — b()\x)u =h(t,z)xu(z), (t,z)€ Qr,
Bu(0) = Bu(1) = 0, te(0,T), (1.1)
u(0, ) = ugp(x), x € (0,1),

where Bu(z) = u(t,z) or Bu(z) = uy(t,x) for all ¢t € [0,T], Qr := (0,T) x (0,1), Xw
is the characteristic function of a set w C (0,1), up € L2(0,1) and h € L3 (Qr) :

1
L2(0,T;L%(0,1)). Here L2 (0,1) is the Hilbert space

1,2
L3(0,1) := {u € L*0,1) | / Ldw < 00}7

a O a

endowed with the inner product
L uw
<u,v>%2 ©01) = / —dz, for every u,v € L3 (0,1),

a 0o @ “

which induces the obvious associated norm.
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Moreover, we assume that the constant \ satisfies suitable assumptions described below
and the functions a and b, that can be non smooth, degenerate at the same interior point
xo € (0,1) that can belong to the control set w. The fact that both a and b degenerate at
T is just for the sake of simplicity and shortness: all the stated results are still valid if they
degenerate at different points. We shall admit different types of degeneracy for a and b. In
particular, we make the following assumptions:

Hypothesis 1.1. Double weakly degenerate case (WWD): there exists zg € (0,1)
such that a(zg) = b(xg) = 0, a,b > 0 on [0,1] \ {xo}, a,b € WHL(0,1) and there exist
K1, K5 € (0,1) such that (z — z¢)a’ < Kya and (z — z0)b' < Kb a.e. in [0, 1].

Hypothesis 1.2. Double strongly degenerate case (SSD): there exists zy € (0,1)
such that a(xg) = b(zo) = 0, a,b > 0 on [0,1] \ {zo}, a,b € W1°(0,1) and there exist
Ky, K3 € [1,2) such that (z — z¢)a’ < Kya and (z — 29)b' < Kab a.e. in [0, 1].

Hypothesis 1.3. Weakly strongly degenerate case (WSD): there exists 29 € (0,1)
such that a(xg) = b(zo) = 0, a,b > 0 on [0,1] \ {xo}, a € W11(0,1), b € W>(0,1) and
there exist K7 € (0,1), K3 € [1,2) such that (z — x¢)a’ < Kja and (x — )/ < Kab a.e. in
[0, 1].

Hypothesis 1.4. Strongly weakly degenerate case (SWD): there exists xg € (0,1)
such that a(xg) = b(wg) = 0, a,b > 0 on [0,1] \ {z0}, a € W1>(0,1), b € W11(0,1), and
there exist K7 € [1,2), Ko € (0,1) such that (z — x¢)a’ < Kja and (x — )b/ < Kab a.e. in
[0,1].

Typical examples for the previous degeneracies and singularities are a(z) = |z — z|%
and b(z) = |x — z0|%2, with 0 < K1, Ky < 2.

In the last recent years an increasing interest has been devoted to (1.1) in the case when
A = 0. For example, we recall the works [1], [5], [6], [7], [10]-[13], [21]-[25], where the authors
focus their attention mainly on well posedness and on global null controllability for (1.1),
also via Carleman estimates (for the nonlinear case see also [20]). We recall that (1.1) is said
globally null controllable if for every ug € L2 (0,1) there exists h € L% (Qr) such that the

solution w of (1.1) satisfies u(T,x) =0 for every z € [0,1] and ||hH%i(QT) < C||u0|\%i ©.1)
for some universal positive constant C'. ' '
If A £ 0, the first results in this direction are obtained in [30] for the heat operator with

singular potentials
1

Up — Ugy — )\x72u’ (t,z) € Qr, (1.2)
and Dirichlet boundary conditions. The case K5 = 2 is the critical one and it is the case
of the so-called inverse square potential that arises for example in quantum mechanics (see,
e.g., [3], [15]) or in combustion problems (see, e.g., [9], [16], [26]). This potential is known
to generate interesting phenomena: in [3] and in [4] it is proved, for example, that if Ky < 2
then global positive solutions exist for any value of A, whereas, if K5 > 2 then instantaneous
and complete blow-up occurs for any value of A. Finally, when Ky = 2, the value of

the parameter determines the behavior of the equation: if A < 1 (which is the optimal

1
constant of the Hardy inequality) then global positive solutions exist, whereas, if A > 1
then instantaneous and complete blow-up occurs.

Moreover, in [17], [18], [19], [29] and [30], great attention is given to null controllability
in the case A # 0. Indeed, in [30], new Carleman estimates (and consequently null control-

1
lability properties) were established for (1.2) under the condition A < 1 On the contrary,

1
if A > T in [17], it was proved that null controllability fails.



Recently, in [29], J. Vancostenoble studies the operator that couples a degenerate diffu-
sion coefficient with a singular potential. In particular, under suitable conditions on K7, Ky
and A, the author established Carleman estimates for the operator

1
uy — (x5 uy), — /\ﬁu7 (t,z) € Qr,

unifying the results of [12] and [30] in the purely degenerate operator and in the purely
singular one, respectively. This result was then extended in [18] and in [19] to the operators

we— (@@)ug)e ~Agu, (63) € Qr, (13)

under different assumptions on a and K5. Here, as before, the function a degenerates at the
boundary of the space domain and Dirichlet boundary conditions are in force.

However, all the previous papers deal with a degenerate/singular operator with degen-
eracy or singularity at the boundary of the domain. For example, in (1.3) as a, one can
consider the double power function

a(z) =21 —2)*, z € [0,1],

where k and « are positive constants. To the best of our knowledge, [6], [7], [22], [23] and
[25] are the first papers deal with well posedness and Carleman estimates (and, consequently,
null controllability) for operators (in divergence and in non divergence form with Dirichlet
or Neumann boundary conditions) with purely degeneracy (i.e. A = 0) at the interior of the
space domain. In particular, [23] is the first paper that deals with a non smooth degenerate
function a.

Recently, in [24] the authors treat for the first time well posedness and null controllability
for operator with Dirichlet boundary conditions in divergence form with a degeneracy and
a singularity (i.e. A # 0) both that occurring in the interior of the domain (we refer to [24]
for other references on this subject). We underline the fact that in the present paper we
cannot use the results of [24], since the equation in non divergence form cannot be recast, in
general, from the equation in divergence form: for example, if A = 0, it was proved in [25]
that the simple equation

up = a(T)Ugy
can be written in divergence form as
up = (aug)y — a'uy,

only if @’ does exist; in addition, even if a’ exists, considering well-posedness for the last
equation, additional conditions are necessary: for instance, for the prototype a(z) = |z —
xo|%1, well-posedness is guaranteed if K; > 2 (see [25]). However, in [23] the authors prove
that if a(z) = |v — 29|%* global null controllability fails exactly when K; > 2. Thus, it is
important to prove directly that, under suitable conditions for which well-posedness holds,
the problem in non divergence form is still globally null controllable.

For this reason, the object of this paper is twofold: first we analyze well-posedness of
(1.1) for a general degenerate diffusion coefficient and a general singular potential, with
degeneracy and singularity at the interior of the space domain; second, under suitable con-
ditions on all the parameters of (1.1), we prove related global Carleman estimates. Finally,
as a consequence of Carleman estimates, using a reflection procedure, we prove an obser-
vability inequality: there exists a positive constant Cp such that every solution v of the
adjoint problem

V¢ + AUy +
Bv(0) = Bu(l) = te (0,7),

A
b($> =0, (t,:c) € Qr,
o(T,z) = vr(z) € (0, 1),



satisfies, under suitable assumptions,
2 2
[0(0) 125 (0.1) < Crlloxcl2 () (1.4)

As an immediate consequence, one can prove, using a standard technique (e.g., see [27,
Section 7.4]), null controllability for the linear degenerate/singular problem (1.1).

Clearly, this result generalizes the result obtained in [7]: in fact, if we consider Neumann
boundary conditions and if A = 0 (that is, if we consider the purely degenerate case), we
obtain exactly the result of [7] in the case of a problem in non divergence form.

Finally, we remark that also in the case of degenerate and singular problems a key step
in the proof of Carleman estimates is not only the correct choice of the weight functions,
but also some special inequalities that we will show later, together with Hardy—Poincaré
inequalities (see Subsections 2.1 and 2.2).

The paper is organized in the following way: in Section 2, which is divided into two
subsections, we give some preliminary results, such as Hardy—Poincaré inequalities, that
will be useful for the rest of the paper. In Section 3 we study well posedness of the problem
applying the previous inequalities. In Section 4, we prove Carleman estimates and we use
them, together with a Caccioppoli type inequality, to prove observability inequalities in
Section 5.

A final comment on the notation: by C we shall denote universal positive constants,
which are allowed to vary from line to line. Moreover, in the rest of the paper we will write,
for shortness, (Dbc) or (Nbc) in place of Dirichlet boundary conditions or Neumann ones,
respectively.

2 Preliminary results

In this part of the paper we give different weighted Hardy—Poincaré inequalities that will
be very important for the rest of the paper. In particular, we divide this section into two
subsections. In the first one we give Hardy—Poincaré inequalities in the case of Dirichlet
boundary conditions; in the last one we prove them in the case of Neumann ones. In order
to deal with these inequalities we consider different classes of weighted Hilbert spaces, which
are suitable to study the four different situations given in the Introduction. We remark that
we shall use the standard notation H for spaces with degenerate weights and (Dbc) and the
calligraphic notation H for spaces with degenerate weights and (Nbc). Thus, we introduce

H1(0,1):= L3 (0,1) N H}(0,1), if (Dbc) hold,
Ka:= v 5 . .
H1(0,1) :=L32(0,1) N H(0,1), if (Nbc) are in force,

and

Vab
/ —da:Jr/ u'v'dz,
oy Y
(u,v)K, ., —dm—l— wv'de + %dx,
0

Moreover, we will use the following results several times; we state the first lemma for a,
but an analogous one holds for b replacing K7 with Ka:

Kap = {u el : . € L*(0, 1)}

with the inner products

and

respectively.



Lemma 2.1 (Lemma 2.1, [22]). Assume that there exists zo € (0,1) such that a(xg) = 0,
a>0 on[0,1]\ {zo}, and

e a € WH(0,1) and there exist Ky € (0,1) such that (x — zg)a’ < Kia a.e. in [0,1], or
e a € Wh(0,1) and there exist K1 € [1,2) such that (x — zg)a’ < Kya a.e. in [0,1].
1. Then for all v > K1 the map

| — xo|? . . .
T — —— 1is non increasing on the left of x = x¢
a

and non decreasing on the right of © = xg,

.|z —zo|”
so that lim Q
r—rxo a

=0 for all v > K;.
1 1

2. If K1 <1, then — € L(0,1).
a

1 1
K €[1,2 — e LY0,1 ¢ LY0,1).
3. If 16[,),then\/a€ (O,)anda¢ (0,1)

For the next result we make the following assumption:
Hypothesis 2.1. The functions a, b are such that
1. a,b € WH*(0,1), or
2. a,b € WH(0,1) and there exist K1, Ko, c1,c2 > 0 such that K; + Ko > 1 and

|z — 20" > c1a and |z — x0|"2 > cob for all z € [0,1]. (2.1)

Observe that the last assumption is not restrictive. Indeed, if we consider the prototype
functions a(x) = |z — 2o|%* and b(x) = |v — xo|%2, with K; + Ky > 1, the last part of
Hypothesis 2.1.2 is clearly satisfied with ¢; = ¢ = 1.

Lemma 2.2. Assume that Hypothesis 2.1 holds. Then
1
1. — ¢ L*0,1);
— ¢ L1(0,1);

2. u(zo) =0 for every u € Ky p(0,1).
Proof. 1. First of all assume that Hypothesis 2.1.1 is satisfied. Then the assumptions on a

and b imply (ab)(x) = / (ab)’(s)ds. Thus there exists a positive constant C' such that, if

o

Hypothesis 2.1.1 is satisfied, then
(ab)(z) = |(ab)(z)| < Clz — wo|.
1

1
Hence, for all  # xg and for a suitable constant C' > 0, >C ¢ L'(0,1).
(ab)(z) — [z — o

Assume now that Hypothesis 2.1.2 is satisfied. Then

1 C1C2 1
b Z o ggiria £ 1O,

being K1 + KQ 2 1.

L
2. Since u € WhH1(0,1), there exists lim,_,,, u(z) = L € R. If L # 0, then |u(x)| > 3 in a
neighborhood of zg, that is
u(@)? _ L* 4
> — &L (0,1
ab — 4ab # L0, 1)
by the first point, and thus L = 0. O



We also need the following result, whose proof, with the aid of Lemma 2.2, is a simple
adaptation of the one given in [25, Lemma 3.2].

Lemma 2.3. Assume that Hypothesis 2.1 is satisfied. Then

H0,1) := {u € H}(0,1) such that suppu C (0,1)\ {xo}}

u
is dense in Kqp = {u € H1(0,1): —— € L*(0,1) 5.
’ @ Vab

2.1 Hardy—Poincaré inequalities in the case of (Dbc)

The first inequality is proved in [22, Proposition 2.6] (we refer also to [23, Proposition 1.1]
for some comments):

Proposition 2.1. Assume that p € C([0,1]), p > 0 on [0,1] \ {zo}, p(xo) = 0 and there
exists ¢ > 1 such that the function

T Lx) 18 mon increasing on the left of T = xg
|l' — x0|q (22)
and non decreasing on the right of x = xq.
Then, there exists a constant Cgp > 0 such that for any function w, locally absolutely
continuous on [0, x9) U (zg, 1], satisfying

w(0) = w(1) = 0 and /O (@)W (@) de < +oc,

the following inequality holds:

/o (p(x)QwQ(x)da:S CHP/O pla)lw (2)] dz. (2:3)

T — )

Using the weighted spaces introduced before we can prove the next Hardy—Poincaré
inequalities. First, we make the following assumption:

Hypothesis 2.2. 1. Hypothesis 1.1 holds with K7 + K < 1, or
2. Hypothesis 1.1 holds with 1 < K7 + K5 < 2 and
J¢1,¢o > 0 such that |2 — x| > cia and |z — 20|52 > cob for all z € [0,1], (2.4)
or
3. Hypothesis 1.3 or 1.4 holds with K; + Ko <2 and (2.4), or
4. Hypothesis 1.2 holds with K7 = Ky = 1.

Lemma 2.4. Assume that Hypothesis 2.2.1 holds. Then there exists a constant Cyp > 0

such that L )
/ < géHP/ (u')?dz (2.5)
o ab 0

for every u € ICy.



(x — 20)?
ab
p(z)
|z — zol®’
where ¢ := 2 — (K7 + K2) > 1, is non increasing on the left of z = zy and non decreasing
on the right of z = x¢. Thus, Proposition 2.1 implies,

1,2 1 U2 1 1
—_ = - < \2 < AV
/0 pr dx /0 p(x—x0)2 dm_C’Hp/O p(u’) dx_ﬁC’Hp/O (u")*dx,

for a positive constant Cgrp, being

— max 3 (1—x0)?
f= {<ab><o>’ (@b)(1) } (26)

Hence (2.5) is satisfied with Czp = SCp. O

Proof. Let u € K, (recall that in this case (K, = H!(0,1)) and define p(z) :=

Using Lemma 2.1 and the assumtpion K; + K3 < 1, one has that the function

Lemma 2.5. Assume that one among Hypothesis 2.2.2, 2.2.3 or 2.2.4 is satisfied. Then
there exists a constant Cgp > 0 such that (2.5) holds for every u € Kqp.

Proof. By Lemma 2.2 we know that, taken u € Iy 3, u(z9) = 0. Fix e € (O, min{zg, 1 —xo})

and write L N ) )
Xo—E& xo TroTE
/“dm:(/ s e[ )d
0 ab 0 xro—€ x0 xo+e ab

Now, by the Poincaré inequality applied to functions in [0, z¢g — €] vanishing at 0, we get

To—€ u2 1 xro—¢€ ) 1 xro—¢€ o 1 o
—dr < ——— de < ——— dr < d
/0 ab™" = min ab /o = i ab/o () de < C/O (') dz, (2.7)

0,z0—¢] [0,20—€]

1 2

for some C > 0 independent of u. A similar estimate holds for / u—bdm.
zote @

Moreover, by Lemma 2.1, there exists C' = C(a,b) > 0 such that

o 2 zo 2 To 2
/ Lir<c B — e — Y dr (2.8)

0—¢& a To—¢€ |I‘_':CO|I(1—"_I<2 To—¢€ |x_$0‘2 ’

being K7 + K2 < 2. Since u(zg) = 0, the classical Hardy—Poincaré inequality implies that

xo 'LL2 X0
/ —dz < C/ (u')?dz, (2.9)
ro—E€ a‘b xTro—E€

for a suitable constant C. By (2.7) and (2.9), and operating in a similar way in [z, 1], the
claim follows. O

Observe that the previous estimates give Hardy—Poincaré inequalities in all situations,
namely the (WWD), (SSD), (WSD) and (SWD). However, Lemma 2.5 allows us to consider
for the (SSD) case only the situation when K; and K5 are both 1.

2.2 Hardy—Poincaré inequalities in the case of (Nbc)

In this subsection we give the analogous Hardy—Poincaré inequalities stated before for the
case of Dirichlet boundary conditions.

In particular, the following inequality is the analogous of Proposition 2.1 in the Neumann
case:



Proposition 2.2. Assume that p € C([0,1]), p > 0 on [0,1] \ {zo}, p(x0) = 0 and there
exists ¢ > 1 such that (2.2) holds. Then, there exists a constant Cyp > 0 such that for any
function w, locally absolutely continuous on [0, z¢) U (xo, 1], satisfying

1
w'(0) =w'(1) =0 and / |w'(x)|? dz < +o0,
0

the following inequality holds:

') o Lol @) 2= [ ) PO 22O
/0 (x—a0)2 " (w)dxsch/O p(x)|w' ()] dm+2~[ (1)(17x0)q+ (0) rak

Here

_ (1—z) ! 1
= 1= max , .
q—1 qg—1

Proof. Fix any 8 € (1,q) and € > 0 small. Then, since (2.2) holds:
1 1 1 2
px) / p(x) { / / }
————w(x)dr = ———— |w(l) — w' (y)dy| dx
fommpt@a= [ G2 o= [ v

2

<) [ gtagee | g ([ vom) o

2

2y P(D) (1= mp)e! L p) oy ’
< 2w*(1) T ri— —|—2/I0+E @ — o) (/g; w (y)dy) dx.

Moreover, proceeding as in [22, Proposition 2.6], one can prove that

2

[ ([ ) = [ 2O ([

w%yD@r—xw‘gdy>dw

[Nljey

1 ! / 2
< GG L, P @
(2.11)

Hence

1 &uﬁ z)dx w2 p(1) (1 —mz)?! 2 ! o ()2
| s < e S St e [ sl ey
Analogously, one has

T p@) a2y PO) 1 2 o
/0 (70 — 2)2 (x) dz < 2w*(0) o q—1+(ﬁ—1)(q—ﬂ)/0 p(y)|w'(y)] di/2.12)

Passing to the limit as € — 0 and combining (2.11) and (2.12), the conclusion follows. [

As a consequence, one has the next result:

Corollary 2.1. Assume that p € C([0,1]), p > 0 on [0,1]\ {zo}, p(z0) = 0 and there exists
q > 1 such that (2.2) holds. Then,



1. there exists a positive constant Cyrp1 such that for any function w € H*(0, 1) satisfying
w'(0) = w'(1) = 0, the following inequality holds:

1
p(x) 2 2
a2 dr < ; 2.1
/0 (z _x0)2w () dx < Cupa wllE 013 (2.13)

2. for all yo € [0,1], there exists Cypo > 0 such that for any function w € H'(0,1)
satisfying w'(0) = w'(1) = 0, the following inequality holds:

/o1 (p(x)QwQ(m) dv < Cup (/Ol(w’)Q(y)dy + w2(yo)> . (2.14)

T —T)

Proof. 1.: Since H'(0,1) is continuously embedded in L>(0,1), one has that for all w €
H'(0,1)
lw(yo)l < llwllLee(0,1) < Cllwllm10,1), ¥ o € [0,1],

for a positive constant C. In particular, w?(0) and w?(1) can be estimated by CHwH%{l(O -
Thus, by Proposition 2.2, (2.13) follows immediately.
2.: Fix now yo € [0, 1]. Since the standard H'- norm is equivalent to the norm

wllyo = llw'llz2(0,1) + [w(yo)l,
(2.14) follows immediately by (2.13). O
We will proceed with some estimates similar to the ones given in Lemmas 2.4 and 2.5.

Lemma 2.6. Assume that Hypothesis 2.2.1 holds. Then there exists a constant Cyp > 0
such that

1,2 ,
| %5 < Curlulip oy (215)

for all u € K,(0,1) with v/ (0) = u'(1) = 0. Moreover, if u(xg) =0, then

1,2 _ 1 )
/0 LS C’HP/O (u')(x)da. (2.16)

2
Proof. Let u € K, (recall that in this case (K, = H%(0,1)) and define p(z) := (= 20)®

As in Lemma 2.4, one can prove that the function p satisfies the assumptions of Corollary
2.1, thus, applying (2.13), one has

1 u? 1 u? 9
/o %daz :/0 pm dx < Cypy ||“HH1(0,1)'

Hence, (2.15) holds with Cyp = Cypy. Moreover, if u(zg) = 0, we can apply Corollary
2.1.2, obtaining

/O1 %de _ /Olp(x_“;)z dr < Chps (/Ol(u’)z(x)da: + u2(a:o)) — Crpy /Ol(u’>2<x)dx-

In this case Cyp = Cpa. O

Lemma 2.7. Assume that one among Hypothesis 2.2.2, 2.2.3 or 2.2.4 is satisfied. Then there
exists a constant C'gp > 0 such that (2.16) holds for every u € Ko with v'(0) = /(1) = 0.



Proof. By Lemma 2.2 we know that, taken u € KCyp, u(rg) = 0. As in Lemma 2.5, fix
€€ (0, min{zg, 1 — xo}) and write

[ ([ )

Now,
To—€ 2 1 Tro—€
/ L dx < 7/ u?dz. (2.17)
0 ab min ab J,
[0,z0—¢]
1,2
A similar estimate holds for / —bdx Moreover, by Lemma 2.1, there exists C
zo+e @
C(a,b) > 0 such that ’
o) 2 zo 2 zo 2
To—E ab To—€ |1' - I0| ! 2 To—€ |3§ - ‘TO‘

Being u(zg) = 0, the classical Hardy—Poincaré inequality implies

To u2 To u2 To
/ —dx < C 5 dr < C/ (u')?dz, (2.19)
Tro—E€ a‘b Tro—E€ |a: - x0| Tro—E&

for a positive constant C. An analogous estimate holds also in [zg, o + €]. Hence

1 'LL2 2 1 o xo+e
/ —dx < 7/ u?dx + c/ (u')?dx + C’/ (u')?dx
o ab [Omln ]ab _ -

0
<— ab/ 2da:+0/ Y2dz < Cuplull3n o),
[0,z0—¢]

for a suitable positive constant C'yp. Proceeding as in Corollary 2.1.2 the claim follows
immediately taking as yo the point xg. O

Observe that, as for the Dirichlet case, the previous estimates give Hardy—Poincaré
inequalities in all situations, namely the (WWD), (SSD), (WSD) and (SWD) and Lemma
2.7 allows us to consider for the (SSD) case only the situation when K; = Ky = 1.

In the rest of the paper we will denote by Cyp one of the Hardy—Poincaré constants that
appear in Proposition 2.1, 2.2, Corollary 2.1 or in Lemmas 2.4, 2.5, 2.6 and 2.7.

3 Well- posedness

In order to study well-posedness of problem (1.1) and in view of Lemmas 2.4, 2.5, 2.6 and
2.7, we introduce the space

e Ko,  if Hypothesis 2.2.1 is satisfied,
o Kap, if Hypothesis 2.2.2, 2.2.3 or 2.2.4 is in force,

where the Hardy—Poincaré inequality (2.5), (2.15) or (2.16) holds.

Remark 1. Obseve that, thanks to Lemma 2.4 or 2.6, if K1 + K5 < 1 the spaces K, and
Kap coincide and the two norms are equivalent in both (Dbc) or (Nbc).

10



Remark 2. If the assumptions of Lemma 2.4, 2.5 or 2.7 are satisfied, then the standard
norm || - || is equivalent to

1
ol = [ @)
for all u € K. Indeed, if (2.5) or (2.16) holds, for all u € KC, we have

1,2 1,2 1
Y e = / b dr < c/ (u')?dz,
o @ o ab 0

for a positive constant ¢, and this is enough to conclude. Analogously, one can prove that if

(2.15) holds, then the standard norm || - ||k is equivalent to |ju||g1(g,1) for all u € K.

In particular, setting C* the best constant of (2.5), (2.15) or (2.16) in K, one has the
next result:

Corollary 3.1. Assume that one among Hypothesis 2.2.2, 2.2.3 or 2.2.4 is satisfied. If
(Nbc) hold, then for all u € K4, we have

1
1 + C* + max[OJ]

2 2 2
s ullk, o) < W12z, < max{l, maxat|ulli, ,0,1):

Proof. Take u € K with v/(0) = /(1 ) = 0. By Lemma 2.7,

1
—dx < maxb —dx < max bC* ( "2 (x)dz.

Thus,

1.2 1.2 1
u w * *
||’U/||2K:a)b(0’1) = /O ;dfﬂ + /0 Jdl' + /0 (u/)Q({[;)de S (1 + C + 1'[%,31.)]( bC )”u/”%?((),l)'

On the other hand,

1 1
410 < Il = [ wtde+ [ )Pdo < maxa / et / ()2ds
0 0 [0,1] (3.1)

< max{1, %ﬁfa}||u||/2ca,b(o,1)'

Thus, the claim follows. O

From now on, we make the following assumptions on a, b and \:

Hypothesis 3.1. 1. Hypothesis 2.2 holds;

2. A#0and A < if (Dbc) hold, or

1
c*’
0, if Hypothesis 2.2.1 holds

A< 1 3.2
o otherwise, (32)

if (Nbc) are in force.

Observe that the assumption A # 0 is not restrictive since the case A = 0 is considered
in [7] and in [23].

Using the lemmas given in the previous section one can prove the next inequalities, which
are crucial to prove well-posedness.
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Proposition 3.1. Assume that Hypothesis 3.1 and (Dbc) are satisfied. Then there exists
A > 0 such that for all u € K

! ! 2 _ ! u2(x) T u2
| @@y [ 2o > Al

1
Proof. If A < 0, the result is obvious by Remark 2. Now, assume that A € (0, C*) Then,
by (2.5) and Remark 2,

/0 (' a)de = [ i) CONN

2/0 (u'(x)) dw—)\C*/O (v (x))*dx
1

—(1-AC7) / (! (2))2dz > Alull2,

for a positive constant A. O

Proposition 3.2. Assume that Hypothesis 3.1 and (Nbc) are satisfied.

1
1. If Hypothesis 2.2.2, 2.2.3 or 2.2.4 is satisfied and A < — o , then there exists A > 0 such
that for all u € Kq

! 1 2 o ! u2(x) T u2
| w@rar—x [ S0 Ak,

2. If Hypothesis 2.2.1 is satisfied and A < 0, then there exists A > 0 such that for all

UEICa’b
! / 25 ' u? () " ull?
| w@par - [ 2osde = A,

Proof. 1.: Assume that Hypothesis 2.2.2, 2.2.3 or 2.2.4 is satisfied and take u € Kqp. If
A < 0, then, by Corollary 3.1, we have

1
— > > 2
/ (u/ ()P — A / b 2 10 2 e

1
Now, assume that \ € (0, C*) By Lemma 2.7 and Corollary 3.1:

1 1 2
[ w@rar—x [ 20> (100w
0 o a(x)b(z) ’
AC*
Z1+C*+m boe el 2
aX[O

Allullk

a,b’
for a positive constant A.

2.: Assume now that Hypothesis 2.2.1 is satisfied and take u € K 5. Recall that, by Remark
1, K4 and K, coincide and the two norms are equivalent. Clearly

1
—da: < maxb/ —da:
0 (0,1]

12



Being A < 0, one has

1.2 1,2
—#/udmg—)\/udx.
maxjg11b /o a o ab

Hence, we get

! o2 A Lu?(z)
u'(z 2dm—)\/ Mdm> |2, - / dx
| @) [t 2 e — ey [0

A
> win {1, -2,

maxjg 1] b

The thesis follows by Remark 1. O

Remark 3. Observe that all the previous results hold if we substitute (0,1) with a general
interval (A, B) such that zg € (4, B).

We recall the following definition:

Definition 3.1. Let ugp € L3 (0,1) and h € L% (Q7). A function u is said to be a weak
solution of (1.1) if ’ :
ue C([0,T}; L3 (0,1)) N L*(0, T; K)

and satisfies

! ’U,(T,:L‘)QD(T7$) N ! UO("E)@(QI') v — @t(tﬂx)u(t7x) rdt —
/O—dx /Oid /Tddt—

a(x) a(z) )
o b ut, 2)e(t, )
/T o(t, ) e (t, 2)d dt+>‘/QT a(z)b(z) ot

+ h(t, z)Xw (J;)dedt
Qr a’(‘r)

for all ¢ € H*(0,T; L% (0,1)) N L%(0,T; K).

Finally, we introduce the Hilbert spaces

W Hi’%(o, 1) :=que Hi(0,1)| v € H(0,1) and Ayu € L3(0,1)p, if (Dbc) hold,
SO H2 L (0,1) = {ueHL(0,1)] o € HY(0,1) and Asu € L2(0,1)}, if (Nbc) are in force,
a’b a a

A
where A;u := au” + 7% 1 =1,2, with

D(Ay) = H? ,, if (Dbc) hold,
a’b

and

D(Ap) = {u € 7-[2% 2/ (0) =4'(1) = 0} , if (Nbc) are in force.

1
B

Remark 4. Observe that if u € D(4;), ¢ = 1,2, then % and %
and (2.5), (2.15) or (2.16) holds if Hypothesis 2.2 is satisfied.

€ L3(0,1), so that u € Ka

As in [23, Lemma 2.2], one can prove the following formula of integration by parts which
is a crucial tool for the rest of the paper:

13



Lemma 3.1. Assume that one among the Hypothesis 1.1, 1.2, 1.3 or 1.4 is satisfied. Then,
for all (u,v) € D(A;) x K, i =1,2, one has

1 1
/ wvdr = 7/ u'v'dr. (3.3)
0 0

The following existence result holds:

Theorem 3.1. Assume Hypothesis 3.1. For all h € L2 (Qr) and ug € L3 (0,1), there exists
a unique weak solution u of (1.1). In particular, the operators A; : D(A;) — L% (0,1),

i = 1,2, are non positive and self-adjoint in L3 (0,1) and generate two analytic contraction

a

semigroups of angle m/2. Moreover, if ug € D(A;) and h € WH(0,T; L3 (0,1)), then
we CH0,T5 I3 (0,1)) N C((0,T); D(A).

Observe that in the non degenerate case we know that the heat operator with an inverse-
square singular potential gives rise to well posed Cauchy problems if and only if the param-
eter A that appears in (1.1) is not larger than the best Hardy inequality (see, for example,
[30]). For this reason, it is not strange that also in this case we require an analogous condition
for (1.1) (for other comments see [24]).

We recall that the case A = 0 is considered in [7] and in [23] when Neumann or Dirichlet
boundary conditions hold, respectively.

Proof of Theorem 3.1.
If Dirichlet boundary conditions hold: Observe that D(A;) is dense in L2 (0,1). We will

proceed as in [24] proving that A; is nonpositive, self-adjoint and hence m— dissipative.
A; is nonpositive. By Proposition 3.1, for all u € D(A;) we have

1 1 1,2
A\ u 9 U 9
_<A1U,U>L2% (0,1) = —/0\ (au” + bu) Ed.’l} = /O (’U,/) dx — )\/0 Edl’ Z A”'U/”’C Z O,

which proves the result.
A; is self-adjoint. Let 7 : L% (0,1) — L2 (0,1) be the mapping defined in the following

usual way: to each h € L3 (0,1) we associate the weak solution u = T'(h) € K of

1 1
h

/ (u’v’ — )\%) dr = / Y g
0 ab 0o @

for every v € K. Note that T is well defined by the Lax—Milgram Lemma via Proposition
3.1, which also implies that T is continuous. Now, it is easy to see that T is injective and
symmetric. Thus it is self-adjoint. As a consequence, A; = T—! : D(A;) — L%(0,1) is
self-adjoint (for example, see [28, Proposition A.8.2]). ’

A; is m—dissipative. Being A; nonpositive and self-adjoint, the m— dissipativity of the
operator is a straightforward consequence of [14, Corollary 2.4.8].

Hence (A1, D(A1)) generates a cosine family and an analytic contractive semigroup of angle

g on L% (0,1) (see, for example, [2, Example 3.14.16 and 3.7.5]).

The additional regularity is a consequence of [14, Lemma 4.1.5 and Proposition 4.1.6].

If Neumann boundary conditions hold: The proof in this case is similar to the previ-
ous one, but the nonpositivity of the operator Ay and the wellposedness of T follow by
Proposition 3.2. O
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4 Carleman estimates for the adjoint problem

In this section we prove one of the main result of this paper, i.e. new Carleman estimates
for solutions of the following problem:

v + a(T) gy + b);:) = h(t,z) =h, (t,x)cQr,
Bv(0) = Bu(1) =0, te(0,7),
v(T,z) = vr(z) € L3 (O 1),

which is the adjoint problem of (1.1). Here T' > 0 is given. As it is well known, to
prove Carleman estimates the final datum is irrelevant, only the equation and the boundary
conditions are important. For this reason we can consider only the problem

=h(t,z) =h, (t,z)€ Qr,

v + a(T)Vgy +
)
0, te(0,7).

Bv(0) = Bu(1)

( (4.1)

First of all, we will consider the case when a and b are strictly positive, since it will
be crucial in the next section to prove observability inequalities. On a and b we make the
following assumptions:

Hypothesis 4.1. There exist two strictly positive constants ag, bg such that a > ag and
b > by in [0,1]. Moreover, b € C([0,1]) and a satisfies

(a1) a € WH1(0,1), there exist two functions g € L1(0,1), h € W1°°(0,1) and two strictly
positive constants go, ho such that g(x) > go and

23@(/ dt+bo)+\ﬁg (¢) forae. € [0,1]

or
(az) a € W1>(0,1).
Now, define
1
Ot) = ———5 st — 07, T~ 4.2
()= g (o0 ast > 0%17) (42)
and
/ / s)dsdt + / bo_ 4| — ¢, if (ay) holds,
po,1( va( a(t) (4.3)
er(@) _ ¢ if (az) holds,
where
!
=0 [ —=dt,
a0 =2 [ 3
0 = ||| L= (0,1) and ¢ > 0 is chosen in the second case in such a way that I{r&&f}( po,1 < 0.

Proposition 4.1 (Nondegenerate Carleman estimate). Assume Hypothesis 4.1. Let z
solves the non degenerate system

;= h e L*(Qr),

(4.4)
Bz(0) = Bz(1) =0, t € (0,7).

{zt + azZgpg + )\E
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Then, if Dirichlet boundary conditions hold, there exist three positive constants C, r and sg
such that for any s > sg

/ (50(25)% + s°0%2%) e**Pdadt < C (/ h*e**®dxdt — (B. T)) , (4.5)

where

(B.T.) = . /oT o) [\/5 (/; g(r)dr + ho) (%)2623“’} : dt, if (ay) holds,

r=1

sr/ [ae%@@erﬁ (22)%] _, dt if (a2) holds.

z=0 """
0

(4.6)

If Neumann boundary conditions hold and (o,v) C (0,1), then there exist three positive
constants C (depending on o and «y), r and so such that for any s > sg

T rv
/ (s0(22)% + s°0%2%) e**Pdadt < C (/ h2e*® dxdt +/ / zze2sq>d:vdt> .47
Qr 0 o

T
Here ®(t,z) := O(t)po,1(x).
(Observe that ® < 0 and ®(t,z) — —o0, ast — 07, 77.)

Proof.
If Dirichlet boundary conditions hold: Rewrite the equation satisfied by z as z; + azz, =

h, where h := h— )\%. Then, applying [23, Theorem 3.1}, there exist three positive constants
C, r and sg > 0, such that

/ (50(25)% + s°0%2%) e**Pdadt < C </ h?e**®dxdt — (B.T.)> , (4.8)

for all s > so. Here the boundary terms (B.T.) are as in (4.6). Using the definition of h, the
term [, h*e**®drdt can be estimated in the following way:

b2

2
/ R2e25® dzdt < 2 / h2e® dadt + 2)2 / Z et (4.9)
T T
Now, we proceed as in [24, Proposition 4.3]: applying the classical Poincaré inequality to
w(t,z) := e*®2(¢,z) and observing that 0 < inf © < © < ¢©?, one has

2 . 2 )\2
22 / 262 drdt = 22 / Codwdt <2250 [ (w,)’dedt
b2 b2 b2
Qr Qr 0 Qr

<C (520222 + (2,)%)e** P dxdt
QT

3
</ g@(zx)ZeQ@dxdt—F/ %@322625¢d$dt,

for s large enough. Substituting this inequality in (4.9), we have
3
/ Rh2e2® dudt < 2 / h2e® dpdt + / 5 0(2,)2e® P dudt + / 5 0322e® dzdt.
T T T 2 Qr 2
Using the last inequality in (4.8), (4.5) follows immediately.
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If Neumann boundary conditions hold: We will use a reflection procedure. Consider a
smooth function € : [—1,2] — Rsuch that £ = 1in [—0,140] and £ = 0in [—1, —|U[1+7, 2].
Now, define

z(t,2 —x), z€][l,2],
W(t,x) = ¢ 2(t, ), z € [0,1], (4.10)
z(t,—x), x € [-1,0],

where z solves (4.4). Thus W satisfies

Wi+ aWey + A% =h, (t,z) € (0,T) x (—1,2), (4.11)
We(t,—1) =W,(t,2) =0, te(0,T),
being
a2-z), zelL,2, b2—-1x), xzell,2],
a(x) :== < a(w), x € [0,1], b(x) := < b(x), x € [0,1], (4.12)
a(—x), xz € [-1,0], b(—x), xz € [-1,0]
and

h(t,2 —xz), x€]l,2],
h(t,z) :== ¢ h(t, x), x € [0,1], (4.13)
h(t,—z), x€[-1,0].

Observe that @, b belong to W1 (—1,2) or to W>°(—1,2), if a, b belong to W1(0,1) or to
W1:2°(0,1), respectively. Now, set Z := EW; then Z solves

Zi+ aZy, = H, (t,z) € (0,T) x (—1,2),
Z(t,—1)=Z(t,2) =0, te(0,7T),

- w
with H := §h + a(§eeW + 26, W) — )\57. Observe that Z,(t,—1) = Z,(t,2) = 0 and, by
the assumption on a, H € L?((0,T); L3 (~1,2)). Now, define ®(t,z) := O(t)p_1 2(z), with

pora(@) = —r V_l \/(%/tzg(s)dsdt—i—/j Zo(t)dt] e

if the analogous of (a1) holds for @ in [—1,2], and

por2(z) = e —,

if the analogous of (a2) is in force for a in [—1,2]. Here

2
Gr) =0 / %da

0= Hd/||Loo(,172) and ¢ > 0 is chosen in the second case in such a way that [max] p-1,2 <O0.
1,2

Thus, we can apply the analogue of [23, Theorem 3.2] on (—1,2) in place of (A, B) and
with weight ®, obtaining that there exist two positive constants C' (depending on ¢ and )
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and sq (so sufficiently large), such that Z satisfies, for all s > s,
/ / s@ 24 53@3Z2) 25
. T 2 - r=2
<C (/ / H?e*®dxdt — sr/ O(t) [\/ﬁ (/ g(r)dr + bo) (Zz)2625¢] dt)
0 —1 0 x r=—1
T 2 3 T 2/ _ w2 . -
c / / H?e*®dzdt = C / / (gh + a(EpaW + 26, W,) — A55> e2*®dxdt
0o J-1 0o J-1
T 2 2
gc/ / <i32+>\2 (VZ) )dxdt
-1

—0o 14+~
+C (/ (W2 + W2)dxdt +/ (W2 + Wg)dxdt> :
1+

Hence, by definitions of Z, W and b, we have

/ (50(22)% + s°0%2%) e**Pdadt < / / s0(Z,)* +5°0°2?) 2% dydt
<C’// <h2+A2( ))dmdt
—o 14y
+C / (W2 + W2)dxdt +/ (W2 + W2)dxdt
gl
C h2 + A2 ( ) ) > dadt +/ / (22 + 22)e** P dadt
b 0 o
)\2 T ¥
/ h2e®® dadt + — b / 22625(I>d(£dt+/ / (22 4 22)e*®dxdt
T T 0 o

25<I>dxdt+/ S@(Zw)2€25¢dxdt)

+C / h2e**®dzdt + / / 2e25® dydt
Qr

for s large enough and for a positive constant C' depending on ¢ and . Thus the claim
follows immediately. O

IN

IN

C

IN

C

/—\/\

Remark 5. We underline that Proposition 4.1 still holds if we substitute the spatial domain
[0, 1] with a general interval [A, B] where the functions a and b satisfy Hypothesis 4.1.

In the following we will assume that the functions a and b are zero at xq. In particular,
we make the following assumptions:

Hypothesis 4.2. 1. Hypothesis 3.1 is satisfied;

(x — xp)a’(2) Lo/ 11
2. € W0 (0,1);

1
3. if K4 > 2 there exists 6 € (0, K] such that the function z — is nonincreas-

x — xg?

ing on the left and nondecreasing on the right of x = x;
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4. if A <0, then (z — )b (z) > 0 in [0, 1].

To prove Carleman estimates, let us introduce the function ¢ := ©1, where O is as in
(4.2) and

Y(x) :=dy </I %emwm)rzdy - dg) . (4.14)

Here R and d; are general strictly positive constants, while
(1- xo)QeR(l—ro)z xgeng
(2= K)a(l) " (2-K)a(0)

do > max{

The choice of ds implies immediately, by Lemma 2.1, that
—dyde <(x) <0 for every z € [0,1].

Now, define the space
V:=H"(0,T;K)NL*(0, T W). (4.15)
The main result of this section is the following:

Theorem 4.1. Assume Hypothesis 4.2. There exist two positive constants C and so (de-
pending on A\) such that every solution v of (4.1) in V satisfies, for all s > sg,

2
/ (s@(vm)2 + 5393 <$IO> v2> e*Pdxdt
. a

2sp
<C h?
Qr

if (Dbc) hold and

T — Xo 2 e2s¢
/ 50 (vy)? + s°0° () v? | e2Pdxdt < C (/ h?——duxdt —|—/ vgegwdxdt> ,
Qr a Qr a Qr

(4.17)

(4.16)

T 2 =1
dxdt + sdq / © [(33 — xo)eR(mﬂcO) (wx)ﬂ dt)
0

=0

if (Nbc) are in force.
More precisely, if w is a strict subset of (0,1) such that xy € w, then (4.17) becomes

xr—x 2 e2s® T
/ 50 (vy)? + s°0° <0> v? | e2*Pdxdt < C / h? dxdt +/ / vZe*Pdxdt | .
T a Qr a 0 Jw

(4.18)

Here dy is the constant introduced in (4.14).

4.1 Proof of Theorem 4.1 if (Dbc) hold
For the proof of Theorem 4.1 we proceed as in [24]. First, for s > 0, define the function
w(t,z) == eyt ),

where v is any solution of (4.1) in V; observe that, since v € V and ¢ < 0, then w € V and

satisfies
e SPw

(" w)s +ale " w)ay + A =, (t.) € Qr,
w(t,0) = w(t,1) = 0, te (0,7), (4.19)
w(T,z) =w(0,z) =0, z € (0,1).
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As usual, we re-write the previous problem as follows: setting
v
Ly := v + (avg)z + )\5 and Lsw = e*?L(e *%w),

then (4.19) becomes
Lsw = e%?h, (t,z) € Qr,
w(t,0) =w(t,1) =0, te€(0,T),
w(T,z) =w(0,2) =0, z€(0,1).

Computing Lsw, one has
Low=L{w+ L w,

where w
Lj‘w = QWgy + )\E — sppw + SQa@iw
and
L w:=w: — 25040, Wy — 5Pz W.
Of course,

2L{w, Lyw) 2 (@r) < 2Liw, Liw) 2 (gqr) + ||ij||2L2‘l @n T HLS_wH%i (Qr)
¢ 9 ¢ o112 “ * (4.20)
= ||st||Li(QT) = ||he ”Li(QT)

Proceeding as in [23] and in [24], we will separate the scalar product (Lfw, Ly w) 2 (g in

distributed terms and boundary terms:

Lemma 4.1. The following identity holds:

<ij7Ls_w>Li (Qr)

= f/ b2 w3dzdt — / gpmgomdexdt
2 T a T

+s / T(zwm + d's) (wy) ddt {D.T.}

+ s / (20022 + a'p2) (pr) widadt
T

/ 4.21
+ 8/ (aprz)cwwodrdt — s) @Zzb w?dzdt ( )

Qr

T 1
+/ [wawe 2= odt——/ [uﬂ(pt _1_7/ Vw?i=T gy
0 2 Jo a lt=0

T
+/ [—spea(w,)? + s*prpw? — sPa(p,)w?® — sA%wQ]gz})dt {B.T}
0

! g L[ Y =
—l—/o [—sa@wwy 5= t—§/0 [(ww) %w L:o x.

Proof. Computing (LT w, L;w>L2L (Qr)» one has that

<ij»L;w>Li @r) =11+ 12+ I3+ I4,
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where

awg, — spuw + s%a(ipy) w) %dxdt,
a

L.
/,

J

Iy = )\/ B(wt — 25ap, Wy — sa(pmw) dzdt.
Qr Clb

]

Il : (
I : (awm — sppw + sza(@w)Qw)(—Qsaprw)dxdt,
Ig : (

AWy — SPLW + sza(gaz)2w) (—$pgew)dadt,

o

T

and

It is sufficient to compute I4, since I1 + Iy + I3 follows as in [23]. Hence
1 1 ©
L=\ — W= dr — / ~p(w?) pdadt — / 22 w? dxdt
4 (/0 2ab[w licodz — s o bcp (w*)dx s T wdzx
! 21t=T 1 2 ot
=\ — =dx — — Qg dt
| smptetizias—s [ [ L_O
—|—s/ (%) demdt—s/ gozwadxdt>
1 T — /
1 _ " z=1 )
= / —[w2]§;0Td;Ufs/ [So—wﬂ dtfs/ P20 w2dadt | .
0 2ab 0 b x=0 T b2

For the boundary terms in (4.21), we have:

(4.22)

Lemma 4.2. The boundary terms in Lemma 4.1 reduce to

=1

—sdy /0 Con) (@ = 20)ePe= (w,)?] " at

x=0

Proof. Asin [23, Lemma 4.4], using the definition of ¢ and the boundary conditions on w, one

1 t=T
1
has that the boundary terms in (4.21), without considering the terms A / [“wz] dzx
0o L@ t=0

T s g17=!
and sA [—wz} dt, reduce to
0 b =0
=1

—sd /0 ' o(t) [(x - xo)eR@-wo)z(wm)ﬂ dt.

=0

Moreover, since w € V, w € C([O,T];IC); thus w(0,2), w(T,z) are well defined, and using
again the boundary conditions of w, we get that

11 t=T
/ —w? dr = 0.
o |2ab 0

T r=1
Now, consider the last boundary term s\ / [%wﬂ dt. Using the definition of ¢, this
0

=0

T ’ =1 ’
term becomes s)\/ {@djuﬂ] dt. By definition of 1, the function @%w2 is bounded in
0 =0

(0,T). Thus, by the boundary conditions on w, one has
1

T / r=
s)\/ [@wwﬂ dt = 0.
0 b z=0
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Now, the crucial step is to prove the following estimate:

Lemma 4.3. Assume Hypothesis 4.2. Then there exist two positive constants C' (depending
on X) and so such that for all s > sg the distributed terms of (4.21) satisfy the estimate

f / @U}Qdﬂ}dt — 252 / @w@tm’wzdl‘dt ‘|‘ S/ (2G/S0;Ew + alwi)(wi)zdl‘dt
2 T @ T T

/
+ 53/ (2050 + a'@m)(apI)Qw?dmdt + s/ (s ) g Wy drdt — s)\/ $ob w2dzdt
T

Qr b

T

C c3 —20\°
> —s @(w$)2dmdt + —s?’/ o3 (W) w2dzdt.
2 Qr 2 T a

We omit the proof since it follows as in [24]. We observe only that, if A < 0, the thesis
follows immediately by [23, Lemma 4.3] via Hypothesis 4.2.4. Otherwise, if A > 0, by
definition of ¢ and by the assumption on b, one has

b/ /b/
—sA | EEhw’dadt = —s) @wb2 wdzdt
Qr Qr
_ /
= —s\d; @MeR(“’_QBU)dewdt

Qr ab2
S R(z—z0),,,2
> —sAd1 Ko —e Y w dxdt.
Qr ab

Since w(t,-) € K for every ¢ € [0, 1], for w € V, we get

/ ngeR(’”_”)dmdt S/ ngdxdt <C* G(wx)2dacdt.
Qr @ Qr ab Qr

Hence,

b’
—sA / P22 widzdt > —shdi KoC* / O(wy)?dxdt > —sdy Koy / O(wy)?dxdt.
T

2
b T T

Again the thesis follows by [23, Lemma 4.3], as in [24, Lemma 3.3].

From Lemma 4.1, Lemma 4.2 and Lemma 4.3, we deduce immediately that there exist
two positive constants C' and sg, such that for all s > s,

1
/ —LfwL;wdzdt > Cs / O(w,)*dxdt
QT a T

2
+Cs? / o3 (‘”””0) w2dzdt (4.23)
Qr a

T 2 r=1
— sdy / o(t) [(x—xo)emﬂo) (w,)?| _ dt.
0 T=
Thus, a straightforward consequence of (4.20) and (4.23) is the next result.

Lemma 4.4. Assume Hypothesis 4.2. Then, there exist two positive constants C (depending
on X) and so, such that for all s > sy,

2
8 @(wx)dedt—FSB/ e? <J:—amo) w?dadt
Qr T

250 (t,) T =1
< C </ h2 € dxdt + 5d1 / @(t) |:(I’ — IEO)QR(If:L’o)? (wr)2:| dt> .
T a 0

z=0

(4.24)
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Recalling the definition of w, we have v = e *?w and v, = —sOY'e *Pw + e *Pw,.
Thus, substituting in (4.24), Theorem 4.1 follows if (Dbc) hold.

4.2 Proof of Theorem 4.1 if (Nbc) hold

In this case we will proceed as in [7], using Theorem 4.1 in the case of Dirichlet boundary
conditions and a technique based on cut off functions.

Proof of Theorem 4.1. Choose o, 8 > 0 such that a < § < xg, 14+ < 2—1z0, and consider a
smooth function € : [-1,2] — Rsuch that { = 1in [—a, 14+a] and € = 0in [—1, —3]U[1+5, 2].
Now, we consider
v(t,2—x), z€ll,2],
W(t,z) = { v(t,x), x € [0,1], (4.25)
v(t, —x), x € [-1,0],

where v solves

v + a(T)Vgy + %v =h(t,z) =h, (t,z)€ Qr,
U (t,0) = vy (t,1) = 0, te(0,7).

(4.26)

Thus W satisfies (4.11), where @, b and & are defined as in (4.12) and (4.13), respectively.
Clearly, in this case a and b are 0 at z and, as before, @,b belong to W11(—1,2) or to
Whee(—~1,2), if a,b belong to W(0,1) or to W1°(0, 1)7 respectively. Now, set Z := EW
and take § > 0 such that 8+ 0 < zgand 14+ 8+ < 2 — xg. Clearly, —xg < —8 — . Then
Z solves

Z
Zt—i—dZm—f—)\Z:H, (t,2) € (0, T) x (=8 =6,14+ 8 +9),
Z(t,—B—08) = Z(t,1+ B+0) =0, te(0,T),
with H = &h + a(EeaW + 26,W,). Observe that Z,(t,—3 — 6) = Zy(t,1+ B +6) = 0 and,

by the assumption on a and the fact that &, &, are supported in [—f, —a] U [1 +a, 14 3],
H e L*((0,7T); Li(—ﬁ — 6,14+ 8 +9)). Now, define ¢(t, x) := O(t)y(z), where

V(2 —x)=d; {/:mo #GR(Q_t_IO)dt — d2:| , x€][1,2],
P(z) == < P(x), x € [0,1], (4.27)

Y(—x) =dy {/I %BR(—t—mo)dt — dg] , x € [-1,0].

Thus, we can apply the analogue of Theorem 4.1 with (Dbc) on (=8 — 4,1+ 8+ ) in place
of (0,1) and with weight ¢, obtaining that there exist two positive constants C' and sy (sg
sufficiently large), such that Z satisfies, for all s > sq,

14+B+46 _ 2 ~
/ / ( Z,)? + 5°0° (“’a”’o> 22> 2P dpdt
1+B+5 o258 T 2 r=14+p+3
(/ / / {@eR(”_%) (m—xo)(Zﬂz} s dt)
0 r=—p—
1+8+6
~-C / / H26

23



By definition of ¢, W and Z, we have

2
/ / ( +53@3 <a$O> v2> 2% dxdt
2
/ / < )2 + 503 <a“”°) Z2> 2% ddt
14+5+6 0 1+B+5
/ / Z.)? + s°0° () Z? | e**dadt < C/ /

Using the fact that &, and ., are supported in [—8, —a] U [l 4+ «, 1+ ], it follows

1+ﬂ+5 1+68+5 257
/ / / / (Eh + a(Exe W + 26,W,))? - dxdt
1+,8+5 025 —a 148 i
<C / / / / / (W? 4+ W2)e2 P dadt
< C/ / ( + W2+ W2> €25 dzxdt.

Hence, using the definitions of @, a, h and W, it results

/ / ( )2 + 5308 (”50> ) 25 dadt < C/ / ( +W2+W2> 25 dudt
a
< C/ / ( +02 +0v )er“adxdt,

for a positive constant C. Hence, we can choose sq so large that, for all s > s,

[ ( 2 el (“)21;2)
o[ [l s [ o)

for a positive constant C'.
Assume now that w is a strict subset of (0, 1) such that xg € w. Then, by (4.17),

2
/ (s@(vz)2 + 5°0° (mﬂm) v2> e*Pdxdt
Qr a
e2s¢
/ 2 / UQGQS“Ddxdt)
T a Qr
6254/) T T
=C / h? / / v2625“’dxdt+/ /v2e2ss"dmdt
T a 0,1)\ w
— 20 T
/ / @3< ) 2dedt+/ /v2e2swdxdt
0,1)\ w
2s¢p . _
<C / B2 < dasdt+/ o3 (M)) ZS@dde/ / 2S¢da;dt).
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Hence, we can choose sqg so large that, for all s > sy and for a positive constant C"

s (z—120\" e25¥ T
/ 50(v,)? + s°0° <O) v? | e*¥dadt < C / h? / / v2e*Pdadt | .
T a T a 0 w

O

Observe that (4.17) and (4.18) are the analogous estimates proved in [7] when A = 0.

5 Applications to observability inequality

In this section we shall apply the just established Carleman inequalities to observability
issues. For this, we assume that the control set w satisfies the following assumption:

Hypothesis 5.1. The subset w is such that
e it is an interval containing the degeneracy point:
w= (a,B) C (0,1) is such that zy € w, (5.1)
or
e it is an interval lying on one side of the degeneracy point:

w = (a, ) C (0,1) is such that z¢ & ©. (5.2)

On the functions a, b and on the constant A we make the following assumptions:

Hypothesis 5.2. Hypothesis 4.2 is satisfied. Moreover, if Hypothesis 1.1 or 1.3 holds, there
exist two functions g € Lo ([0,1]\ {zo}), b e W.h2°([0,1]\ {zo}; L°°(0,1)) and two strictly

loc

positive constants go, ho such that g(x) > go and

2‘&% (/ a(t)dt + f)o) + \/79 )=h(z,B) fora.e. x,B¢€|0,1] (5.3)

with x < B < xgor zg < x < B.

Hypothesis 5.3. If 29 € w, (Nbc) hold and K; + K5 < 1, then

maxa < 5
[0,1] Cup

where Crp; is the Hardy—Poincaré constant of Corollary 2.1.

Remark 6. Since we require identity (5.3) far from xg, once a is given, it is easy to find
9,5, 00 and ho with the desired properties (see [7, Remark 4] for some examples).

Now, we associate to problem (1.1) the homogeneous adjoint problem

Vp + QUzgp + b( ) =0, (t,z)€ Qr,
Bu(0) = Bu(1) =0, te(0,7T), (5.4)
(T, ) = vr(z),

where T' > 0 is given and vy(x) € L% (0,1). By the Carleman estimates given in Theorem
4.1, we will deduce the following obsgrvability inequality for all the degenerate cases:
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Proposition 5.1. Assume Hypotheses 5.1 — 5.3. There exists a positive constant Cp such
that every solution v € U of (5.4) satisfies

! 1 T 1
/ v*(0,2)~dx < CT/ /vz(t,:z:)fdxdt, (5.5)
0 a 0 Jw a

where

U:= C([O,T];L% (0,1)) N L*(0,T;K). (5.6)

5.1 Proof of Proposition 5.1
We will give some preliminary results. As a first step, consider the adjoint problem
vy + A;v =0, (t,z) € Qr,
(B) Bv(0) = Bu(1) =0, te(0,7T),
o(T,z) = vr(z) € D(A;?),

where
D(A?) = {u € D(A;) | Au € D(A;) }

Observe that D(A;?) is densely defined in D(A;) (see, for example, [8, Lemma 7.2]) and
hence in Lé (0,1). As in [23], define
Q= {v is a solution of (H)}
Obviously (see, for example, [8, Theorem 7.5]),
QcScvcu,
where V and U are defined in (4.15) and (5.6), respectively, and
S = Cl([O,T] SW).
In order to prove Proposition 5.1, we need the following result:

Lemma 5.1. Assume Hypotheses 5.1 and 5.2. Then there exist two positive constants C
and sg such that every solution v € Q of (P;), i = 1,2, satisfies, for all s > sq,

-0\’ T 12
/ <s@(vm)2 +s%0? <O> v2> 2P dxdt < C/ / —dzdt.
T a 0 w a

Here © and ¢ are as before.
The proof of the previous lemma follows by the next Caccioppoli’s inequality:

Proposition 5.2 (Caccioppoli’s inequality). Assume Hypothesis 2.2 and (5.3) if Hypothesis
1.1 or 1.3 holds. Let w' and w two open subintervals of (0,1) such that w' CC w C (0,1)
and o € @. Let p(t,z) = O(t)Y(x), where © is defined in (4.2) and

Te C([Oa 1]7 (700, 0)) n 01([07 1] \ {l‘o}, (700, 0))
satisfies

IT,| < % in [0,1]\ {zo}. (5.7)
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Then there exist two positive constants C and sg such that every solution v € Q of the
adjoint problem (P;), i = 1,2, satisfies

T T T 1
/ /(vz)2e2wdacdt < C’/ /v2dxdt < C/ /vadxdt (5.8)
0 w’ 0 w 0 w a

for all s > sg.

See [23, Remark 10] for some comments on (5.7).

Proof of Proposition 5.2. The proof is an adaptation of the one of [23, Proposition 5.4], so
we will skip some details. Let us consider a smooth function ¢ : [0,1] — R such that

0<¢&(z) <1, forallze|0,1],
§(x) =
§(x) =
Hence, by definition of ¢, we have
T d 1
0= / — (/ 5262&‘01}26&3) dt = / (258%pie**0? + 262> vuy ) dadt
0 dt 0 T

(since v solves (F;), i =1,2)

:2/ sz@teQS‘Pdexdt—&—Q/ (£2e%%%q) v, dxdt
T

T

1, T €W,
0, z€[0,1]\ w.

2
+2 €2e*?a(v, ) dadt — 2) 526259"U—dxdt.
QT QT b

If A <0, one has

2 £2e*%a (v, ) dadt = —2/ s€2p,e® P drdt — 2/ (£2e%5%a) v, dadt

Qr T T

02
+2A §2€28(’9?d$dt

< 72/ sﬁchteQS“"vzda:dth/ (fzezswa)zvvxdxdt.
T T

Hence, proceeding as in [23, Proposition 5.4], the claim follows.

If A > 0, we can apply Lemmas 2.4, 2.5, if (Dbc) hold, or Lemmas 2.6, 2.7, if (Nbc) are
in force, to w = £\/ae*?v. Hence, fixed ¢ > 0, by the Cauchy-Schwarz inequality and by
definition of &, we get, for some C¢ > 0,

v? w?
22\ £2e2% —dxdt = 2\ —dzdt < 2\C* / (wI)Qdmdt
QT b Qr ab T

T T
< ANC* (e/ /5262S¢a(vx)2dxdt+ce/ /[(&S‘Pﬁ)ﬂ%%dt) =:Jy,
0 w 0 w
if (Dbc) hold or if (Nbc) are in force and Lemma 2.7 is applied, and

2 2
21 / €222 dpdt = 2\ / Y <o [ / (wy)2dzdt + / w2dxdt]
T b Q b T T

r @

T T
< A4ANC* (6/ /EQeQSwa(vw)Qdm’dt—i—Cﬁ/ /[(gesw\/ﬁ)w]zvzdxdt>
0 w 0 w

T
+2)\C* / / 22 qu2dxdt
0 w

= J27
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in the case of (Nbc) and Lemma 2.6. In every case, setting J := J; or J := Jo, we have

T T
2/ /52625“’a(vx)2dxdt < —2/ /s£2<pt625“"v2dxdt
0 w 0 w

T
— 2/ / ({“2625“’61)3C VU, dedt + J.
0 w

(5.9)

Now, as in [23, Proposition 5.4],

T T T
_ 2 2sp 2 2sp 2 sp 2,2
2/0 /w(é e a)wvvx dxdt S/o /wf e“*?a(vy) dxdt—|—4/0 /w[(fe \/5)951 v2dxdt.

Substituting this last inequality in (5.9) and using the definition of J, it follows
T T T
/ / 2e252q(v,) 2 dadt < —2/ / s&2pe?5Pv dadt + 4/ /[(gesw\/a)z]Qdemdt +J
0 w 0 w 0 w
T T
< —2/ / s€2pe* v dadt + 4(1 + )\C*C’e)/ /[(fes“"\/a)z]%dedt
0 w 0 w

T T
+4)\C*6/ /erQS‘pa(vz)2dxdt+2)\C’*/ /52628¢av2d9€dt.
0 w 0 w

Hence

T T
(1 74)\0*6)/ /52625“"a(v1)2dxdt < 72/ /s§2¢t628“"v2dzdt
0 w 0 w

T T (5.10)
+4(1 4+ AC*Ce) / / [(¢e*?V/a) J*v*dadt + 20C* / / e avidudt.
0 w 0 w

Moreover, using the fact that xg & @, we have, as in [23, Proposition 5.4], the existence of
a positive constant C' depending on € such that

T T
—2/ / s&2pe? v dadt + 4(1 + )\C*CG)/ /[({ew\/ﬁ)z]%%xdt
0 w 0 w

T
< C/ /’uzdmdt.
0 w

Substituting in (5.10), we get

T
(1—-4XC"¢ )/ /52 2520(v, d:vdt<C/ / 2da:dt—|—2)\0*/ /fzezswavzdxdt
0 w
< c/ / vidzdt < c/ /vtdxdt,
w @

— 1
for a positive constant C (still depending on €). Since xg € w’ and choosing € < oo e
can prove that there exists a positive constant C such that

1nfa / / 25 (y dxdt</ / £2e*?a(v, ) dadt
/ /52 25 (v, ) dadt < C/ /v —dxdt.
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Remark 7. Clearly (5.8) holds also if the state space (0,1) does not contain a degenerate
point.

Proof of Lemma 5.1 if xog ¢ w. Recall that w = («, 8) and suppose zo < « (the proof is
200+
3 and

,so that < 7 <y < f. Now, fix & € (a,7), Be (7, B8) and consider a smooth
function & : [0,1] — R such that

similar if we assume that 8 < xo with simple adaptations); moreover, set 7 :=
a+2p3
=

0<¢&(z)<1, forallzxel01],

§(z) =1, zelral
§(x) =0, z € [0,1]\ (&, ).
Define w := &v, where v is any fixed solution of (FP;), ¢ = 1,2. Hence, neglecting the

final-time datum (of no interest in this context), w satisfies

b

Wi + QWgy + )\E = a(ﬁwwv + 2£wvm) = f7 (t,l‘) S QTa
w(t,0) = w(t,1) = 0, te(0,T).

Applying Theorem 4.1 with (Dbc), there exists two positive constants C' and sg such that,
for all s > s,

_ 2 2s¢p
/ (s@(wga)2 + 5303 (W> w2)62‘w dedt < C €
T a Qr a

Then, using the definition of £ and in particular the fact that £, and &, are supported in
@, where @ := (&, 7) U (v, 8), we can write
f2

= a(&pzv + 2&1}1)2 < 0(02 + (UI)Q)X@. (5.12)

fdxdt. (5.11)

Hence, using the fact that & CC w and x¢ € @, we find

o T — T 2
/ / 50(v,)? + 5203 () v? | 2% dadt
0 T a
T T — T 2
= / / (s@(wm)2 + 503 () w2> 5% dxdt
0 T a

< / (s@(ww)Q + s°0° (x_axo>2 w2)623“" dzdt
(by (g.n) and (5.12)) (5.13)

T
< C/ / %% (v + (vy)?)dadt
0o Jo

(by Proposition 5.2 with ¢ = Ot and using the fact that

€2¥ is bounded)

T 02
< C/ / —dxdt.
0 w @

Now, consider a smooth function 7 : [0, 1] — R such that

n(x) = € [, 1],

0<n(x) <1, forallzel01],
n(z) =0, z € [0,7],

1
0
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and define z := nv. Then z satisfies the non degenerate problem

{zt + azge + A% =h, (t,z)e (0,T)x (a,1),

Bz(a) = Bz(1) =0, te (0,7),

with A = a(nz.v + 2n,v,) € L2((0,T) x (o, 1)).

Moreover, since the problem is non degenerate, we can apply, thanks to Remark 5,
Proposition 4.1 in («, 1). In the following of the proof, we will distinguish between Dirichlet
boundary conditions and Neumann ones.

Dirichlet boundary conditions: By Proposition 4.1 there exist two positive constants C
and sg such that

T 1 T 1 h2
sO(z)" + s z7)e xdt < —e xdt, .
/ / (@( )2 3(_)3 2) 25¢>d d O/ / - qu)d d (5 15)
0 o 0 o

for s > sp. Observe that the boundary terms in (4.5) are non positive (z,(¢,0) = 0 for all
te€0,717).

Now, proceeding as in (5.12), we get that there exists a positive constant C' such that
h2
— < C’(v 4+ )Xm where & = (7,v). Hence, by Remark 7, we can apply Proposition 5.2,
a

(5.14)

and recalling what the support of 7 is, we get

T 1
/ / (50(22)? + s°0%22) **Pdzdt
0 «a

T T T
< C/ /em(u2 + (vz)?)dxdt < C/ /v2dxdt+0/ /625¢(vr)2d:pdt (5.16)
0 @ 0 @ 0 @
T ’U2
< C/ /—dmdt.
0

Since xg & (o, 1), one has that there exists & > 0 such that

/ / s@ (22)* + 5203 < xo) )eQS“"dxdt
T 1
§k/ / s@(zx)QeQSdedtJrk/ / $30322e* % dzdt (5.17)
0 a 0 a
T o2
SC/ /—dmdt,
0 w @

for a positive constant C' and s large enough. Hence, by definition of z and by the inequality

above, we get
/ / s@ (vz) 24 5303 < xo) )eQS‘”dxdt

/ / s@ (20)° + s°03 ( xO) )eZS“”dxdt
2
/ / 5@ 24 4%08 (mx0> 22)625‘pdxdt
a

<C /—d:cdt
0 Jw @

for a positive constant C' and for s large enough. Thus, there exists two positive constants
C and sg such that, by (5.13) and (5.18),

— X T 1]2
/ / s@ (vp)? + 503 ( ) 2)62899 dzdt < C/ / dedt, (5.19)
0 w

30

(5.18)



for all s > s¢. To complete the proof it is sufficient to prove a similar inequality for z € [0, 7].
To this aim, we follow a reflection procedure already introduced in [22] considering W given

by
t 0,1
Wit,z) =4 o eel
—vu(t,—x), z€[-1,0]
and the functions @ and b introduced in (4.12) but restricted to [~1,1], i.e
0,1 ~ b 0,1
a(—x), z€[-1,0]
so that W satisfies the problem
~ w
Wi+ aWyy + )\? =0, (t,z)e(0,T)x(-1,1),
W(t,—1) = W(t,1)=0, te (0,T).
Now, consider a cut off function p : [-1,1] — R such that

plx) <1, forallxze[-1,1],
p(.]?) = 17 HAES [_T7 T]a
p(z) =0, z € [-1,—]U[y,1],

and define Z := pW. Then Z satisfies

Zt+aZm+)\E = (t,z) € (0,T) x (—1,1),
Z(t,—-1)=Z(t,1)=0, te(0,T),

(5.20)

where h = a(peaW + 2p:W,). Now, considering the function ¢ introduced in (4.27) but
restricted to [—1,1], i.e. ¢(t,x) := O(t)y(x) with

~ ¢($)a T > O7

P(x) = b(s) = di Uw %eR(mo)zdt_dz R (5.21)

we use the analogue of Theorem 4.1 on (—1,1) in place of (0,1) and with ¢ replaced by .
Moreover, using the fact that Z,(¢t,—1) = Z,(t,1) = 0, the definition of W and the fact that
p is supported in [—y, —7] U [1, 7], we get

2
/ / ( +s3@3< :170> ZQ> 2% ddt
0 a
<c / / h
<C / / (W2 + (W,)*e**?dxdt + C / / W2+ (W,))e?*?dxdt

(since (z) = (—z), for z < 0)

—20/ / (W2 + (W,)?) 25¢d:cdt—20/ / v? + (v,)?)e**Pdadt

(by Propositions 5.2)

T U2
< C'/ / —dzxdt,
0 w @

(5.22)
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for some positive constants ¢, C' and s large enough. Hence, by definitions of Z, W and p,
and using the previous inequality one has

2
/ / ( +s3@3 (aﬂco> v2> e dxdt
2
/ / ( )2 4 5303 (”C IO) W2> 25 dudt
a
T T x — xg 2
z/ / s@(Zr)Q—i—s?’@?’( ) Z? | 2P dxdt (5.23)
o Jo a
2
/ / ( )2 + 5308 (x_x‘)) Z2> 25 dudt
a
< c/ /U—dxdt,
0 w a

for a positive constant C' and s large enough. Therefore, by (5.19) and (5.23), the conclusion
follows.

Neumann boundary conditions: In this case (5.15) becomes

T 1 T 12 T
/ / (50(2,)% + s°0%2%) e ®dxdt < C / / ;ezs(pdxdt —|—/ / 22 dzxdt |,
0 a 0 a 0 @

for a positive constant C' and for all s > sg. Here, we recall, @ = (7,7). As for (5.16), we

get
T 1
/ / (s0(22)? + s70©%22) **Pdzdt
0 a

T T
< C/ / e ®(v? + (v,)?)dxdt + C’/ / 22625 dydt
0o Jao 0o Jo
)

(since z = no (5.25)
< C/ / 2d:vdt+C/ / % (v, )2 dadt
0
< C/ / —dxdt.
Proceeding as before (see (5.17) and (5.18)), there exists k£ > 0 such that
/ / s@ (vz)? + s°03 ( :c0> )e%“’da:dt
0
/ / s@ (2zz) 24408 ( x0> )e%“’dmdt

(5.26)

<k/ / (22)? 25¢dg:dt+k/ / 3032262 dxdt
< C’/ / —dxdt,
0 w @

for a positive constant C' and s large enough. Thus (5.13) and (5.26) imply again (5.19).
As before we have to prove a similar inequality for z € [0, 7]. We consider W defined as in
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(4.25), but restriced to [—1,1] and @, b, and Z defined as for the case when (Dbc) holds.

Then W satisfies the problem

W
WetaWee + A =0, (t2) € (0.7) x (~1,1),

We(t,—1)=W,(t,1) =0, te(0,7),

while Z satisfies (5.20) and (5.22). As a consequence, if v solves (Pz), v satisfies (5.23).

Hence, the conclusion follows.

Proof of Lemma 5.1 if xg € w.

O

Dirichlet boundary conditions: Assume that v € Q solves (P;). By assumption, we can
find two subintervals wy; = (A1, 81) C (0,20), w2 = (A2, B2) C (20, 1) such that (w; Uwy) CC

w\ {zo}. Now, fix & € (a, A1), B € (52, 0) and consider a smooth function ¢ : [0, 1

such that
0, z¢€]0,a]
g(x) = 13 HANS [)\1352]
0, ze€ [3, 1]

and define w := £v. Hence, w satisfies

{wt + awgy + )\B = a(gacxv + 2£IUI) = f’ ( ) € QT’
t

b
w(t,0) = w(t,1) =0, €(0,7).

—10,1]

Applying Theorem 4.1, using the fact that w,(¢,0) = w$( 1) = 0, the definition of f
and in particular the fact that &, and &, are supported in @ := [&, \] U [ﬁg,ﬁ] cCCw=

[, B1] U [X2, B], we can write

2
/ (s@(wz)z + 5703 (az;xo) w2> e**?dxdt

T
< 0/ / v? 4 v2)e* P dadt < c/ /—dxdt+0/ /vgemdxdt
0 @

<0/ /—dxdt—i—C/ / e25? dadt

(by Proposition 5.2)

<c/ /—dwdt—i—C/ /—dwdt<0/ /%dmdt

for a positive constant C'. Hence,

2
/ / < + 53@3 ( ax0> 1}2> ezs“"dmdt
A1
B2 To 2
/ / +53@3 (a) w? | e2%dxdt
A1

-0\ T2
< / (s@(wgg)2 + 5303 (0> w2> 2P dxdt < C/ / —dzdt.
T a 0 w a

Now, consider the smooth function 7 : [0,1] — [0, 1] such that

{1, x € [0, )\1],

7](33) B 0, € [ﬂh 1],
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and define z := nv; hence, z satisfies

b

2 + QZpy + AL = a(Nezz + 2Np2e) = h, (t,x) € (0,T) x (0,1),
2(t,0) = 2(t,1) = 0, te (0,7).

Applying Theorem 4.1, using the fact that the boundary terms in (4.16) are non positive
(observe that z,(t,1) = 0), and the fact that 7, and 7, are supported in [\, 81] CC & =
@ 51] where 3, € (B1,m0) is fixed, we get

A1 2
/ / ( 21508 (axo) v2> e dxdt
A1 T 2
/ / +53@3 (ao> 22 | e®*?dxdt
2
< / <s®(zw)2 + s°0° (x—xo> z2> e**?dxdt
- a

(by Theorem 4.1)

< C/ / 2P dadt < C’/ / v? —|—v 2dedt (5-29)
T A1
<C / / (” + v;‘;) 2 dudt
0 Jxa a
T 02 T rp1
< C’/ / —dxdt—FC’/ / vier“odxdt
0 Ju @ 0o Jx

(by Proposition 5.2)

<c/ /—dmdt—i—C/ /—dmdt<0/ /%dwdt

for a positive constant C. Finally, consider the smooth function p : [0,1] — [0, 1] such that

ple) = {0, 2 € [0, M), (5.30)

and define ¢ := pv; hence, fixed Ay € (z0, \2), q satisfies

qr + aqzx + )\% = G(qu + QP:EQz) = H7 (tax) € (O>T) X (5\27 1);
Q(ta 5‘2) = q(ta 1) = 07 te (OaT)

The previous problem is non degenerate, so we can apply Proposition 4.1. Since the bound-
ary terms in (4.5) are non positive (observe that ¢, (¢, A2) = 0) and p,, p.. are supported in
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[/\2 ,82] CCw= /\27 , we get

2
/ / ( 24408 ($0> v2> e25? dxdt
, a
2o\ 2
/ / ( 24 5%03 (O> q2> e dxdt
X a
< k/ / (s0(g.)* + 5°0%¢%) e**Pdxdt
0 JA,
T g
C/ / e dxdt < C/ / v? —|—v 2s“”al:lcdt (5.31)
0o Jx, A2 ’
T rpB2
< C/ / ( + vi) e25? dadt
0 Jx; a
T 02 T rpB2
< C/ / —dmdt—l—C/ / vie%“’dxdt
A2

(by Proposition 5.2 for the non degenerate case)

<C/ /—dmdt—i—C/ /—dmdt<0/ /—dmdt

for positive constants k and C. Thus, by (5.27), (5.29) and (5.31) the conclusion follows.
Neumann boundary conditions: We proceed as for the Dirichlet case, obtaining (5.27).
Now, consider the cut-off function 7 defined in (5.28) and set z := nv; hence, z satisfies

IN

b

2t 4 aZps + ,\E = a(Neez + 20222) =t h, (t,z) € Qr,
2 (£,0) = 2,(t,1) = 0, t € (0,7).

Applying Theorem 4.1 and using the fact that 7, and 7., are supported in [Ay, /1] CC w =
[&, B1], where 81 is as before, we get

A1 z 2
/ / < 24 %08 <O> v2> e dxdt
a
A1 2
/ / ( 21 s%08 (%> 22> e2%? dadt
a
z— x>
§/ 50(2,)? + 5203 (0> 22 | e**Pdxdt
Qr a
h2 T
C / —e2s‘pd:zrdt+/ /22625‘pdxdt
Qr @
T rp1 B1
c / / (v? +v2)e**Pdxdt + C / / 225 dydt
0 A1

T o v?
/ / ( +vz) e*¢dadt + C / / —dxdt
0 Ja 0 Jw @
T
C / / dxdt + C / / 225 dydt
0 w A1

(by Proposition 5.2)

T 2 T 02 T 02
<C / dmdtJrC'/ / —dzdt < C'/ / —dzdt,
0 Jw 0o Jo @ 0 Jw @
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for a positive constant C'. Finally, consider ¢ := pv, where p is the cut-off function defined
n (5.30); hence, fixed ; as before, ¢ satisfies

b

Gt + Qze + - a(praq + 2p2q:) = H, (t,x) € (0,T) x (A2, 1),
Ge(t, o) = qu(t,1) = 0, t e (0,7).

The previous problem is non degenerate, so we can apply Proposition 4.1. Since pz, pz. are
supported in [Ag, B2] CC & = [Ag, 8], we get

2
/ / ( 21508 (ax0> v2> e dxdt
N
/ / ( ester () qz) et
< k/ [ (s0(gs)? + s°0%¢?) e**Pdxdt
0 )\2
T 1 pp2 T B2
C / / —625¢dxdt+/ / 26252 dydt <c/ / v? 4 v2)e* P dadt
0o Jx, @ 0 Jx Az
T B2 02
< C’/ / < + Ui) 2% dxdt
0 Jxs a
T 02 T rp2
<c / / Y dndt + C / / V262 dadt
0 Ju @ 0 Jxs

(by Proposition 5.2 for the non degenerate case

)
<c/ /—dmdt+0/ /—dmdt<(]/ /%dwdt
(5.33)

for positive constants k and C. Thus, by (5.27), (5.32) and (5.33) the conclusion follows.
O

IN

Lemma 5.2. Assume Hypotheses 5.1 - 5.3. There exists a positive constant Cp such that
every solution v € Q of (P;), i = 1,2, salisfies

1 T ri
/ fvz(O,x)dx < CT/ / 7v2(t, x)dxdt.
o @ 0 Jw@

Proof. Multiplying the equation of (P;), i = 1,2, by —* and integrating by parts over (0, 1),
one has

1 1 1
1 1
0= / (vt + AUy + /\E) L / (vf + VgV + )\m}t> dx = / —vidr + [vgve]5 [1)
0 a o \a ab 0 a

1 1 1 2
Ad 1d . Ad
_/O 'Um'Utxd.'L"f' 2dt/ abd /O *’Utd — 5& ; (Uw) + 53 %dI

Thus, the function

36



is non decreasing for all ¢ € [0,T]. In particular,

lv 2(0,z)dx — 1Mm lv 2(t, z)dx — 171]2@’%) x
/O(z) (0,z)d )\/0 a(:c)b(x)d g/o (vg)?(t,x)d )\/0 a<x)b($)d. (5.34)

If Dirichlet boundary conditions hold, then, by Lemma 2.4 or 2.5,

! 2 _ 1M €T 17} 2 xr)axr — 1M €z
/O(%) (0, z)da )\/0 @) g/o (v2)"(t, )d /\/0 TN

1
<1+ |)\\C*)/O (v2)2(¢, )dz.

T 3T
Integrating the previous inequality over [4, 4], © being bounded therein, we find
! v (0, x) 2 ot
(v2)%(0, z)dx — )\/ ———dr < =(1+ |)\|C*)/ / (vg)2dxdt
/ a(x)b(x) T z Jo
< 2 28Lp
CT/ / S@ dxdt (5.35)

(by Lemma 5.1)

T 'U2
< C/ / —dzdt,
0 w @

for a strictly positive constant C.
Hence, from the previous inequality, if A <0

/Ol(v;c)z(o,m)dxé/ (v2)%(0, d:c—/\/ ”ZC()O (? gc/OT/w"jdxdt,

for some positive constant C' > 0.
Now, suppose that A > 0. Then, by (5.35), one has

1
/ (vm)2(0,x)dx§>\/ 0 2) O +c/ /U—dxdt
0 0 a

(by Lemma 2 4 or 2.5)

1 T
< )\C*/ (v2)%(0,z)dx + C / v—dwdt
0 w

a

1 T U2
(1— /\C’*)/ (v2)%(0, z)dx < c/ / —dxdt,
0 0 Ju @

for a positive constant C. In every case, there exists C' > 0 such that

/()1(%)2(0,3:)@ < C/OT/Wfdxdt. (5.36)

Now, applying the Hardy—Poincaré inequality (see Proposition 2.1) and (5.36), we have

Thus

! 2 L., _ ' p(x) 2 ! 2
/0 v (O,I)de—/o ( 5V (O,x)d;CgCHp/O p(x)(v,)*(0, z)dx

T —xp)

1 T ’02
< Cup / (v:)2(0, z)dx < C / Edzdt,
0 0 w
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2
for a positive constant C'. Here p(z) = &= 20)°

2 1— 2
and v := max{?g), ((f;)} Observe that the function p satisfies the assumptions of
a a
Proposition 2.1 (with ¢ = 2 — K7) thanks to Lemma 2.1. Hence, the conclusion follows.
If Neumann boundary conditions hold. Assume, first of all, that Ky + K5 < 1. Then, by

(5.34) and Lemma 2.6:

/Ol(vz)g((),x)dm — )\/01 Ci);j(;)’é))dm < (14 |A|CT) [/Ol(vx)Q(t, x)dr + /01 vQ(t,x)dx] .
(5.37)

, Cgp is the Hardy—Poincaré constant

T 3T
As before, integrating the previous inequality over [4, 4] , we find
1 1,2
v*(0, x)

(v2)2(0, 2)dx )\/ — " dx

/ a(z)b(z)
<2 .
T (1+[xC™) / / ((v2)* + v®)dxdt

4 4 1
< CT/ / 5O(vy)?e?*Pdxdt + CT/ / v?dxdt (5:38)
T T 0

(by Lemma 5.1)

< C’/ /—dzdt—!—C’T/ / dedt

for a strictly positive constant C.
Now, we distinguish between the two cases z¢ € w and zy & w.
If ¢ € w, then

/ / deasdtS/ / U2d:1:dt—|—/ /UZdJCdt
z 0 T 0,1]\w T w
<C (/ / 203 ( ) 2 2S‘pdxdt+/ /vzdxdt>
[0,1]\ w
sc(/ $30° (“_axo> QS‘Fda:dt—i-/ /dxdt)

(by Lemma 5.1)

< C/ /—dmdt

Substituting this inequality in (5.38), we obtain

/Ol(vz)g(O,x)dm—)\/O o) 0 ’ dm<C/ /%dmdt (5.39)

where C' is a positive constant.
If ¢ &€ w, then, by Corollary 2.1, defining p as before,

3T
/ ’ / v2dadt < maxa/ / 2d:vdt
z 0,1] .’L‘ — 370

3T

<maxaCHp/ / v + v?)dxdt.

0.1 z
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Hence
L1 L1
(1 fmaxaCHp)/ / vidadt < maxaCHp/ / vidmdt.
(0,1] % 0 [0,1] % 0
1

(indeed in this case Cgp = Crp,1), we have, using

Since, by assumption, max 1) a <
HP,1

ot maxjg 1] aCy p ot
/ / v3dxdt < [0,1] / / vfcdxdt
z Jo 1 —maxyo1yaCup JT Jo

S T o2
< CT/ / sOv2e? P dxdt < C/ / —daxdt.
% 0 0 w @

Again (5.39) holds. In every case, under the given assumptions, one has (5.39).
Now, recall that, by assumption, if K7 + K5 < 1 one has that A < 0. Hence, proceeding

as for the (Dbc), one has
1 T 2
/ v2(0, z)dx < C’/ / —dxdt, (5.40)
0 0 Jw @

for a positive constant C'. Now, applying Corollary 2.1 and defining p as before, it results

/01 Mdaz - /01 (p(x)2v2(0,x)da: <Cup {/01 v%(0, x)dx + /Olvi(o,x)dx}

again Lemma 5.1,

a T — )
1 2 1
<Cyxp {maxa/ Mdm—&—/ vi(O,x)dx} .
01  Jo a 0

Hence, by the previous inequality and (5.40),

1,2 T 2
(1- maxaCHp)/ #dm < C/ / % dwat.
0 0 w

[0,1] a

By assumption, the thesis follows. Assume now that one of Hypothesis 2.2.2, 2.2.3 or 2.2.4
holds. Then, using Lemma 2.7, (5.37) becomes

/1(11 12(0 x)daz—)\/l 20.2) bc 4 |A|C*)/1(v V(1 2)dx
o o a(x)b(z)  ~ o .
Proceeding as for the case K1 + Ky < 1, we can prove that (5.39) holds and, if A < 0, the

claim follows. Indeed in this case we have again (5.40) and, by Corollary 2.1 (using the fact
that v(zg) = 0),

1,92 1 1 T 2
/ Mdm = / %W(O,x)dw < CHp/ v2(0,2)dx < C/ / U—d:rdt,
0 a o (z— o) 0 0 Jw @

for a positive constant C. Again p is as before.
On the other hand, if A > 0, by (2.16) and (5.39), we have

/Ol(vm)Q(O,z)de)\/ol mdz+C/OTLfdxdt

1 T 2
< )\C*/ (v2)2(0, 2)dx + C/ / Y dzdt.
0 0 Jw @
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Thus

(1—)\6’*)/01(vw)2(07x)dx < C/OT/WUdedt,

a

1
for a positive constant C. By assumption A < o hence there exists C' > 0 such that

/Ol(vz)Q(O,x)dx < C/OT/wfdxdt. (5.41)

Since v(xg) = 0 by Lemma 2.2, proceeding as before and using Corollary 2.1, we get

1 1 7 1 p(fﬂ) 1
/0 vz((),:z:)gdxf/o ﬁvz(ﬂ,x)szCHp/O (v,)%(0, z)dx

x — xo)

T ’U2
< C/ / —dzxdt.
0 w @

Hence, also in this case, the conclusion follows.
O

The proof of Proposition 5.1 follows by a density argument as in [22, Proposition 4.1].

Acknowledgments

The author is a member of the Gruppo Nazionale per I’Analisi Matematica, la Proba-
bilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (IN-
dAM) and she is partially supported by the GDRE (Groupement De Recherche Européen)
CONEDP (Control of PDEs) and by the reaserch project Sistemi con operatori irregolari of
the GNAMPA-INdAM.

References

[1] F. Alabau-Boussouira, P. Cannarsa, G Fragnelli, Carleman estimates for degenerate
parabolic operators with applications to null controllability J. Evol. Eqs 6 (2006), 161-
204.

[2] W. Arendt, C.J.K. Batty, M. Hieber, F. Neubrander, Vector-valued Laplace Trans-
forms and Cauchy Problems, Monographs in Mathematics 96 (2001), Birkhauser Ver-
lag, Basel.

[3] P.Baras and J. Goldstein, Remarks on the inverse square potential in quantum mechan-
ics, Differential Equations, North-Holland Math. Stud. 92, North—Holland, Amsterdam,
1984, 31--35.

[4] P. Baras and J. Goldstein, The heat equation with a singular potential, Trans. Amer.
Math. Soc. 284 (1984), 121—139.

[5] K. Beauchard, P. Cannarsa, R. Guglielmi, Null controllability of Grushin-type operators
in dimension two, J. Eur. Math. Soc. (JEMS) 16 (2014), 67--101.

[6] I. Boutaayamou, G. Fragnelli, L. Maniar, Lipschitz stability for linear cascade parabolic
systems with interior degeneracy, Electron. J. Diff. Equ. 2014 (2014), 1-26.

40



[7]

[17]

[18]

[19]

I. Boutaayamou, G. Fragnelli, L. Maniar, Carleman estimates for parabolic equations
with interior degeneracy and Neumann boundary conditions, J. Anal. Math., to appear.
ArXiv: 1509.00863.

H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations,
Springer Science-+Business Media, LLC 2011.

H. Brezis and J.L. V azquez, Blow-up solutions of some nonlinear elliptic equations,
Rev. Mat. Complut. 10 (1997), 443—469.

P. Cannarsa, G. Fragnelli, D. Rocchetti, Controllability results for a class of one-
dimensional degenerate parabolic problems in nondivergence form, J. Evol. Equ. 8
(2008), 583-616.

P. Cannarsa, G. Fragnelli, D. Rocchetti, Null controllability of degenerate parabolic
operators with drift, Netw. Heterog. Media 2 (2007), 693-713.

P. Cannarsa, P. Martinez, J. Vancostenoble, Null controllability of the degenerate heat
equations, Adv. Differential Equations 10 (2005), 153-190.

P. Cannarsa, P. Martinez, J. Vancostenoble, Carleman estimates for a class of degen-
erate parabolic operators, SIAM J. Control Optim. 47 (2008), 1-19.

T. Cazenave, A. Haraux, An Introduction to Semilinear Evolution Equations, Claren-
don Press, Oxford 1998.

A.S. de Castro, Bound states of the Dirac equation for a class of effective quadratic plus
inversely quadratic potentials, Ann. Phys. 311 (2004), 170—181.

J.W. Dold, V.A. Galaktionov, A.A. Lacey, and J.L. V azquez, Rate of approach to a
singular steady state in quasilinear reaction-diffusion equations, Ann. Sc. Norm. Super.
Pisa Cl. Sci. 26 (1998), 663—687.

S. Ervedoza, Null Controllability for a singular heat equation: Carleman estimates and

Hardy inequalities, Com. in Partial Diff. Eq. 33 (2008), 1996-2019.

M. Fotouhi, L. Salimi, Controllability results for a class of one dimensional degener-
ate/singular parabolic equations, Commun. Pure Appl. Anal. 12 (2013), 1415-1430.

M. Fotouhi, L. Salimi, Null controllability of degenerate/singular parabolic equations, J.
Dyn. Control Syst. 18 (2012), 573-602.

G. Floridia, Approximate controllability for nonlinear degenerate parabolic problems
with bilinear control, J. Differential Equations 257 (2014), 3382—3422.

G. Fragnelli, Null controllability of degenerate parabolic equations in non divergence
form via Carleman estimates, Discrete Contin. Dyn. Syst. Ser. S 6 (2013), 687-701.

G. Fragnelli, D. Mugnai, Carleman estimates and observability inequalities for parabolic
equations with interior degeneracy, Advances in Nonlinear Analysis 2 (2013), 339-378.

G. Fragnelli, D. Mugnai, Carleman estimates, observability inequalities and null con-
trollability for interior degenerate non smooth parabolic equations, Mem. Amer. Math.
Soc., to appear. ArXiv: 1508.04014.

G. Fragnelli, D. Mugnai, Carleman estimates for singular parabolic equations with
interior degeneracy and nonsmooth coefficients, submitted. ArXiv: 1507.07786.

41



[25]

[26]

[27]

[28]

[29]

[30]

G. Fragnelli, G. Ruiz Goldstein, J.A. Goldstein, S. Romanelli, Generators with interior
degeneracy on spaces of L? type, Electron. J. Differential Equations 2012 (2012), 1-30.

V. Galaktionov and J.L. V "azquez, Continuation of blow-up solutions of nonlinear heat
equations in several space dimensions, Comm. Pure Appl. Math. 50 (1997), 1-67.

J. Le Rousseau, G. Lebeau, On carleman estimates for elliptic and parabolic operators.
applications to unique continuation and control of parabolic equations, ESAIM Control
Optim. Calc. Var. 18 (2012), 712-747.

M.E. Taylor, Partial Differential Equations I. Basic theory. Second edition. Applied
Mathematical Sciences 115. Springer, New York, 2011.

J. Vancostenoble, Improved Hardy—Poincaré inequalities and sharp Carleman estimates
for degenerate/singular parabolic problems, Discrete Contin. Dyn. Syst. Ser. S 4 (2011),
761-790.

J. Vancostenoble, E. Zuazua, Null controllability for the heat equation with singular
inverse-square potentials, J. Funct. Anal. 254 (2008), 1864-1902.

42



