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Abstract In this note, we study the blow – up dynamic of a semilinear Cauchy
problem for the wave equation with a nonlinear memory term. More precisely, we
consider as memory term the Riemann – Liouville fractional integral of order 1 − γ
of the p power of the solution, where γ ∈ (0, 1). We prove two blow – up results
by using an iteration argument. In the subcritical case we show the blow – up in
finite time of the space average of a local in time solution, under certain integral
sign assumptions for the initial data. In the result for the limit case, we refine this
approach by considering a weighted average of a local solution instead and applying
the so – called slicing method.
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1 Introduction

In this paper, we investigate the blow – up dynamic for local in time solutions to the
semilinear wave equation with the Riemann – Liouville fractional integral of order
1 − γ of the p power of the solution as nonlinear term
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utt − ∆u = Nγ,p(u) x ∈ Rn, t ∈ (0,T),
u(0, x) = εu0(x) x ∈ Rn,

ut (0, x) = εu1(x) x ∈ Rn,

(1)

where

Nγ,p(u)(t, x) � cγ

∫ t

0
(t − s)−γ |u(s, x)|p ds, cγ � 1/Γ(1 − γ), (2)

and p > 1, γ ∈ (0, 1), ε > 0 is a parameter describing the size of initial data and Γ
denotes the Euler integral of the second kind.

For the sake of brevity we shall refer hereafter to the nonlinearity Nγ,p(u) in (2)
as nonlinear memory term and, vice versa, whenever we mention in what follows a
nonlinear memory term we mean the nonlinearity in (2).

Over the last decade several papers have been devoted to the study of semilinear
evolution model with the nonlinear term of memory type as in (2). In the pioneering
paper [4] the authors determine the critical exponent for the semilinear heat equation
with nonlinear memory term. Afterwards, this kind of result has been generalized
for fractional (either in space or in time) heat equations [21, 13, 39] and for weakly
coupled system of heat equations [12, 26, 37].

Another evolution equation, which has already been studied with nonlinear mem-
ory term on the right – hand side, is the classical damped wave equation (cf.
[10, 2, 7, 3]). Moreover, we recall that the structural damped wave equation and
the beam equation have been investigated in the case of a nonlinear memory term in
[6] and [8], respectively.

Finally, we mention that the semilinear wave equation with nonlinar memory
term has been considered in the case of bounded domains in [11] and in the case of
initial – boundary value problem (and in space dimension 1) in [22]. So far, up to the
knowledge of the authors, no satisfactory result has been obtain for the semilinear
wave equation with nonlinear memory term in the whole space. For this reason, we
shall determine two blow – up results for the Cauchy problem (1).

By a slight abuse of terminology, we shall refer to the two different cases in which
we are able to prove the blow – up of the solution as to the subcritical case and to
the critical case, respectively.

Recalling that

lim
γ→1−

cγs−γ+ = δ0(s) in the sense of distributions, where s−γ+ �

{
s−γ if s > 0,
0 if s < 0,

it would be suitable to find in the blow – up results an upper bound p0(n, γ) for the
exponent p in (2) that satisfies formally

lim
γ→1−

p0(n, γ) = pStr(n), (3)
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where pStr(n) denotes the Strauss exponent, i.e. the critical exponent for the semilinear
wave equationwith power nonlinearity |u|p , whose analytic expression can be derived
from the quadratic equation n−1

2 p2 − n+1
2 p − 1 = 0 for n > 2 (in the one spatial

dimensional case, we put pStr(1) = ∞). For the formulation and proof of Strauss’
conjecture on the critical exponent for the semilinear wave equation with power
nonlinearity we refer to classical works [19, 20, 32, 31, 30, 15, 16, 43, 25, 14, 35,
18, 38, 44] (moreover, for the sharp lifespan estimates in the subcritical and critical
case we quote [24, 40, 41, 42, 9, 34, 23, 45, 33, 17]).

Let us introduce the following quadratic equation:

n − 1
2

p2 −

(
n + 1

2
+ 1 − γ

)
p − 1 = 0, (4)

where γ ∈ (0, 1) and p > 1. Then, for any n > 2 we denote by p0(n, γ) the positive
root of the above equation, that is,

p0(n, γ) �
n + 3 − 2γ +

√
n2 + (14 − 4γ)n + 4γ(γ − 3) + 1

2(n − 1)
.

Moreover, for n = 1 we set formally p0(1, γ) = ∞ for any γ ∈ (0, 1). This exponent
p0(n, γ) is the upper bound for p, below which we shall prove the blow – up results.
Let us point out explicitly that according to this choice of p0(n, γ), the formal limit
relation (3) is always fulfilled.

Therefore, goal of this paper is to show the blow – up in finite time of local in time
solutions to (1) in the case 1 < p 6 p0(n, γ), provided that the initial data satisfy
certain integral sign assumptions and regardless of the size of the Cauchy data. Our
approach is a quite standard one; in fact, we will study the blow – up dynamic of
the spatial average of a local in time solution by determining a sequence of lower
bound estimates for this time – dependent functional via an iteration procedure. Let
us stress that in the critical case (that is, for p = p0(n, γ) and n > 2), this standard
approach with the spatial average is no longer successful and it has to be refined by
working with a weighted space average instead. More specifically, we shall employ
the approach recently introduced in [36]. As byproducts of the iteration arguments
we will obtain upper bound estimates for the lifespan of the solution.

1.1 Main results

Before stating the main results, we introduce the notion of energy solutions to the
Cauchy problem (1) that we are going to use in our results.

Definition 1 Let u0 ∈ H1(Rn) and u1 ∈ L2(Rn). We say that

u ∈ C
(
[0,T),H1(Rn)

)
∩ C1 ([0,T), L2(Rn)

)
such that Nγ,p(u) ∈ L1

loc([0,T) × R
n)
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is an energy solution of (1) on [0,T) if u fulfills u(0, ·) = εu0 in H1(Rn) and the
integral relation∫

Rn

∂tu(t, x)ψ(t, x) dx − ε
∫
Rn

u1(x)ψ(0, x) dx

+

∫ t

0

∫
Rn

(∇u(s, x) · ∇ψ(s, x) − ∂tu(s, x)ψs(s, x)) dx ds

= cγ

∫ t

0

∫
Rn

ψ(s, x)
∫ s

0
(s − τ)−γ |u(τ, x)|p dτ dx ds (5)

for any ψ ∈ C∞0 ([0,T) × R
n) and any t ∈ [0,T).

After a further step of integration by parts in (5), one has∫
Rn

(ψ(t, x) ∂tu(t, x) − ψs(t, x) u(t, x)) dx − ε
∫
Rn

(ψ(0, x) u1(x) − ψs(0, x) u0(x)) dx

+

∫ t

0

∫
Rn

(ψss(s, x) − ∆ψ(s, x)) u(s, x) dx ds

= cγ

∫ t

0

∫
Rn

ψ(s, x)
∫ s

0
(s − τ)−γ |u(τ, x)|p dτ dx ds. (6)

for any ψ ∈ C∞0 ([0,T) × R
n) and any t ∈ [0,T).

Let us state now our first result in the subcritical case.

Theorem 1 Let us consider p > 1 such that{
p < ∞ if n = 1,
p < p0(n, γ) if n > 2.

Letu0 ∈ H1(Rn) andu1 ∈ L2(Rn) be nonnegative and compactly supported functions
with supports contained in BR for some R > 0 such that u0 is not identically zero.
Let

u ∈ C
(
[0,T),H1(Rn)

)
∩ C1 ([0,T), L2(Rn)

)
such that Nγ,p(u) ∈ L1

loc([0,T) × R
n)

be an energy solution on [0,T) to (1) according to Definition 1 with lifespanT = T(ε)
such that

supp u(t, ·) ⊂ BR+t for any t ∈ (0,T). (7)

Then, there exists a positive constant ε0 = ε0(u0, u1, n, p, γ, R) such that for any
ε ∈ (0, ε0] the energy solution u blows up in finite time. Furthermore, the upper
bound estimate for the lifespan

T(ε) 6 Cε−
2p(p−1)
Υ(p,n,γ)

holds, where C is a positive constant independent of ε and
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Υ(p, n, γ) � 2 + (n + 1 + 2(1 − γ))p − (n − 1)p2. (8)

In the next result, we examine the critical case.

Theorem 2 Let n > 2 and p = p0(n, γ). Let u0 ∈ H1(Rn) and u1 ∈ L2(Rn) be
nonnegative, nontrivial and compactly supported functions with supports contained
in BR for some R > 0. Let

u ∈ C
(
[0,T),H1(Rn)

)
∩ C1 ([0,T), L2(Rn)

)
such that Nγ,p(u) ∈ L1

loc([0,T) × R
n)

be an energy solution on [0,T) to (1) according to Definition 1 with lifespanT = T(ε)
and satisfying (7). Then, there exists a positive constant ε0 = ε0(u0, u1, n, p, γ, R) such
that for any ε ∈ (0, ε0] the energy solution u blows up in finite time. Furthermore,
the upper bound estimate for the lifespan

T(ε) 6 exp
(
Cε−p(p−1)

)
holds, where C is a positive constant independent of ε.

Notation

We give some notations to be used in this paper. We write f . g when there exists
a positive constant C such that f 6 Cg. We denote g . f . g by f ≈ g. Moreover,
BR denotes the ball around the origin with radius R in Rn.

2 Subcritical case: Proof of Theorem 1

Let us introduce the time – dependent functional

U(t) �
∫
Rn

u(t, x) dx.

We can choose ψ such that ψ = 1 over {(s, x) ∈ [0, t] × Rn : |x | 6 R + s}. Then,
using this test function in (5), it results∫

Rn

ut (t, x) dx − ε
∫
Rn

u1(x) dx = cγ

∫ t

0

∫
Rn

∫ s

0
(s − τ)−γ |u(τ, x)|p dτ dx ds,

that is,

U ′(t) = U ′(0) + cγ

∫ t

0

∫
Rn

∫ s

0
(s − τ)−γ |u(τ, x)|p dτ dx ds. (9)

Hence, integrating the above relation over [0, t], we get
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U(t) = U(0) +U ′(0) t + cγ

∫ t

0

∫ s

0

∫
Rn

∫ τ

0
(τ − σ)−γ |u(σ, x)|p dσ dx dτ ds

> cγ

∫ t

0

∫ s

0

∫ τ

0
(τ − σ)−γ

∫
Rn

|u(σ, x)|p dx dσ dτ ds > 0,

where the nonnegativity of u0 and u1 is applied.
The use of Hölder’s inequality, as well as (7), implies∫

Rn

|u(σ, x)|p dx > C(R + σ)−n(p−1)(U(σ))p,

which leads to

U(t) > Ccγ

∫ t

0

∫ s

0

∫ τ

0
(τ − σ)−γ(R + σ)−n(p−1)(U(σ))p dσ dτ ds. (10)

Our proof of Theorem 1 is based on an iteration procedure which provides us a
sequence of lower bounds for the functional U. This sequence of lower bounds will
be determined iteratively by applying the iteration frame (10).

With the aim of deriving a first lower bound estimate for functional U(t), we
follow [38] and we introduce the function

Φ(x) �

{
ex + e−x if n = 1,∫
Sn−1 ex ·ωdσω if n > 2.

(11)

The function Φ is a positive smooth function and satisfies the remarkable properties

∆Φ = Φ,

Φ(x) ∼ |x |−
n−1

2 ex as |x | → ∞.

If we introduce the function with separate variables Ψ = Ψ(t, x) = e−tΦ(x), clearly,
the function Ψ is a solution to the wave equation Ψtt − ∆Ψ = 0.

Furthermore, we introduce the auxiliary functional

U0(t) �
∫
Rn

u(t, x)Ψ(t, x) dx.

Differentiating with respect to t the equation (9), we obtain

U ′′(t) = cγ

∫ t

0
(t − s)−γ

∫
Rn

|u(s, x)|p dx ds.

Therefore, by applying Hölder’s inequality to U0(s), one finds∫
Rn

|u(s, x)|p dx > |U0(s)|p
(∫

BR+s

|Ψ(s, x)|
p

p−1 dx
)−(p−1)

. (12)
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So, if we determine a lower bound estimate for U0(s), then, the previous inequality
provides a lower bound for

∫
Rn |u(s, x)|p dx in turn.

According to [38] the time – dependent functional U0 satisfies

U0(t) > ε
2 (1 − e−2t )

∫
Rn

(u0(x) + u1(x))Φ(x) dx + ε e−2t
∫
Rn

u0(x)Φ(x) dx > C̃ ε

for any t > 0 with a suitable constant C̃ > 0 depending on u0 and u1, where we
applied our assumption that u0 is nonnegative and not identically 0.

Indeed, in [38, Lemma 2.2] the only condition on the nonlinearity that is actually
used is the nonnegativity, which holds trivially also for our nonlinear memory term.
For a detailed proof of the lower bound estimate for U0 see also [27, Lemma 4.3.6],
for example.

Additionally, by the asymptotic behavior of Ψ, it is known that the inequality∫
BR+s

|Ψ(s, x)|
p

p−1 dx 6 K̃(R + s)(n−1)(1−p′/2)

holds for some positive constant K̃ > 0, cf. [38, Estimate (2.5)]. So, from (12) we
have ∫

Rn

|u(s, x)|p dx > C0ε
p(R + s)n−1− n−1

2 p for any s > 0, (13)

where C0 = C̃pK̃1−p , and, consequently,

U ′′(t) > C0cγεp
∫ t

0
(t − s)−γ(R + s)(n−1)(1−p/2) ds

> C0cγεp
∫ t

0
(t − s)−γ(R + s)−

n−1
2 psn−1 ds

>
C0cγεp

n
(R + t)−

n−1
2 ptn−γ

for any t > 0. By integrating the above inequality twice, we get for U the lower
bound estimate

U(t) > U(0) +U ′(0) t +
C0cγεp

n

∫ t

0

∫ s

0
(R + τ)−

n−1
2 pτn−γ dτ ds

>
C0cγεp

n(n − γ + 1)(n − γ + 2)
(R + t)−

n−1
2 ptn+2−γ

for any t > 0. In other words, we have

U(t) > K0(R + t)−α0 tβ0 for any t > 0, (14)

where the multiplicative constant is defined by
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K0 �
C0cγεp

n(n − γ + 1)(n − γ + 2)

and the exponents are

α0 �
n − 1

2
p and β0 � n + 2 − γ.

In the next step, we will derive a sequence of lower bounds of U by using the
iteration frame (10). To be specific, we will show that

U(t) > Kj(R + t)−αj tβ j for any t > 0, (15)

where {Kj}j∈N, {αj}j∈N and {βj}j∈N are sequences of nonnegative real numbers
that will be specified later.

Obviously, we already proved (15) for j = 0. Therefore, in order to prove (15) for
all j ∈ N by using an inductive argument, it remains to show the induction step.

Plugging (15) in the iteration frame (10), we derive

U(t) > CcγKp
j

∫ t

0

∫ s

0

∫ τ

0
(τ − σ)−γ(R + σ)−n(p−1)−pαjσpβ j dσ dτ ds

> CcγKp
j (R + t)−n(p−1)−pαj t−γ

∫ t

0

∫ s

0

∫ τ

0
σpβ j dσ dτ ds

>
CcγKp

j

(pβj + 1)(pβj + 2)(pβj + 3)
(R + t)−n(p−1)−pαj tpβ j+3−γ

for all t > 0. Thus, we showed (15) for j + 1, provided that the recursive relations

Kj+1 �
CcγKp

j

(pβj + 1)(pβj + 2)(pβj + 3)
, αj+1 � n(p − 1) + pαj, βj+1 � pβj + 3 − γ

are satisfied.
For what follows it is useful to determine a suitable estimate from below of Kj .

For this purpose, we have to determine first the explicit representation for αj and βj .
From the relation αj = n(p − 1) + pαj−1 and βj = pβj−1 + 3 − γ, we deduce

αj = pjα0 + n(p − 1)
(
1 + p + · · · + pj−1

)
= (α0 + n)pj − n, (16)

βj = pj β0 + (3 − γ)
(
1 + p + · · · + pj−1

)
=

(
γ−3
1−p + β0

)
pj −

γ−3
1−p . (17)

Thus,

(pβj−1 + 1)(pβj−1 + 2)(pβj−1 + 3) 6 (pβj−1 + 2)3 = (βj + γ − 1)3

6 β3
j 6

(
γ−3
1−p + β0

)3
p3j,
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where we used γ ∈ (0, 1). It follows that

Kj >
C

Γ(1−γ)

(
γ−3
1−p + β0

)−3︸                   ︷︷                   ︸
�D

p−3jKp
j−1 = D p−3jKp

j−1 for any j ∈ N.

Applying the logarithmic function to both sides of the inequality Kj > Dp−3jKp
j−1

and using iteratively the resulting inequality, we derive

log Kj > pj log K0 − 3

(
j−1∑
k=0
( j − k)pk

)
log p +

(
j−1∑
k=0

pk
)

log D

> pj

(
log K0 −

3p log p
(p − 1)2

+
log D
p − 1

)
+

3 j log p
p − 1

+
3p log p
(p − 1)2

−
log D
p − 1

for any j ∈ N, where the identity

j−1∑
k=0
( j − k)pk =

1
p − 1

(
pj+1 − p

p − 1
− j

)
(18)

is used. Let j = j0(n, γ, p) ∈ N be the smallest nonnegative integer such that

j0 >
log D
3 log p

−
p

p − 1
.

Therefore, for any j > j0 the inequality holds

log Kj > pj

(
log K0 −

3p log p
(p − 1)2

+
log D
p − 1

)
= pj log

(
p−3p/(p−1)2 D1/(p−1)K0

)
= pj log (E0ε

p) (19)

for a suitable constant E0 = E0(n, γ, p) > 0.
If we combine with (15), (16), (17) and (19), we get

U(t) > exp
(
pj log(E0ε

p)

)
(R + t)−αj tβ j

= exp
(
pj

(
log(E0ε

p) − (α0 + n) log(R + t) +
(
γ−3
1−p + β0

)
log t

))
(R + t)nt

3−γ
1−p

for any j > j0 and any t > 0.
Finally, since for t > R it holds log(t + R) 6 log(2t), from the previous inequality

we have

U(t) > exp
(
pj log

(
E0ε

p2−(α0+n)t
γ−3
1−p +β0−(α0+n)

))
(R + t)nt

3−γ
1−p (20)

for any j > j0. The exponent of t in the exponential term in the last inequality is
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γ−3
1−p + β0 − (α0 + n) = 1

2(p−1)

(
2 + (n + 3 − 2γ)p − (n − 1)p2

)
=
Υ(p,n,γ)
2(p−1) ,

where Υ(p, n, γ) is defined in (8). So, for p > 1 when n = 1 and 1 < p < p0(n, γ)
when n > 2, the exponent for t in the exponential term of (20) is positive. Let us fix
ε0 = ε0(u0, u1, n, p, γ, R) > 0 such that

ε
−

2p(p−1)
Υ(p,n,γ)

0 > E1R, where E1 �
(
2−(α0+n)E0

) 2(p−1)
Υ(p,n,γ)

.

Thus, for any ε ∈ (0, ε0] and t > E−1
1 ε−

2p(p−1)
Υ(p,n,γ) > R, it holds

log
(
εp 2−(α0+n)E0 t

Υ(p,n,γ)
2(p−1)

)
> 0.

Consequently, for any ε ∈ (0, ε0] and any t > E1ε
−

2p(p−1)
Υ(p,n,γ) letting j → ∞ in (20) we

may observe that the lower bound for U(t) blows up. So, U may not be finite for this
t as well. This proves that u is not globally in time defined and, in particular, the
lifespan of the local (in time) of u can be estimated by

T(ε) . ε−
2p(p−1)
Υ(p,n,γ) .

All in all, the proof of Theorem 1 is complete.

3 Critical case: Proof of Theorem 2

3.1 Auxiliary functions

Let us recall the definition of a pair of auxiliary functions from [36], which are nec-
essary in order to introduce the time – dependent functional that will be considered
for the iteration argument in the critical case p = p0(n, γ).

Let r > −1 be a real parameter. Then, we introduce the functions

ξr (t, x) �
∫ λ0

0
e−λ(t+R) cosh(λt)Φ(λx) λr dλ, (21)

ηr (t, s, x) �
∫ λ0

0
e−λ(t+R)

sinh(λ(t − s))
λ(t − s)

Φ(λx) λr dλ, (22)

where λ0 is a fixed positive parameter and Φ is defined by (11).
Some useful properties of ξr and ηr are stated in the following lemma, whose

proof can be found in [36, Lemma 3.1].

Lemma 1 Let n > 2 and λ0 > 0. Then, the following properties hold:

(i) if r > −1, |x | 6 R and t > 0, then,
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ξr (t, x) > A0,

ηr (t, 0, x) > B0〈t〉−1;

(ii) if r > −1, |x | 6 s + R and t > s > 0, then,

ηr (t, s, x) > B1〈t〉−1〈s〉−r ;

(iii) if r > n−3
2 , |x | 6 t + R and t > 0, then,

ηr (t, t, x) 6 B2〈t〉−
n−1

2 〈t − |x |〉
n−3

2 −r .

Here A0 and Bk , with k = 0, 1, 2, are positive constants depending only on λ0, r and
R and we denote 〈y〉 � 3 + |y |.

Remark 1 Although in [36] the previous lemma is stated by assuming r > 0 in (i)
and (ii), the proof provided in that paper holds true for any r > −1 as well.

Proposition 1 Let n > 2 and r > −1. Assume that u0 ∈ H1(Rn) and u1 ∈ L2(Rn)

are nonnegative, nontrivial and compactly supported in BR functions. Let u be an
energy solution to (1) on [0,T) according to Definition 1 satisfying (7). Then, the
following integral identity holds:∫

Rn

u(t, x) ηr (t, t, x) dx = ε
∫
Rn

u0(x) ξr (t, x) dx + εt
∫
Rn

u1(x) ηr (t, 0, x) dx

+ cγ

∫ t

0
(t − s)

∫ s

0
(s − σ)−γ

∫
Rn

|u(σ, x)|p ηr (t, s, x) dx dσ ds, (23)

for any t ∈ (0,T), where ξr and ηr are defined in (21) and (22), respectively.

Proof According to (7) u(t, ·) has compact support contained in BR+t for any t > 0.
Therefore, we may employ (6) for a noncompactly supported test function. So, we
choose as test function

ψ = ψ(s, x) = λ−1 sinh(λ(t − s))Φ(λx),

whereΦ is defined by (11). AsΦ is an eigenfunction of the Laplace operator and the
function y(t, s; λ) = λ−1 sinh(λ(t − s)) solves the parameter dependent ODE

(∂2
s − λ

2)y(t, s; λ) = 0

with final conditions y(t, t; λ) = 0 and ∂sy(t, t; λ) = −1, we get that ψ solves the free
wave equation ψss − ∆ψ = 0 and satisfies

ψ(t, x) = 0, ψ(0, x) = λ−1 sinh(λt)Φ(λx),

ψs(t, x) = −Φ(λx), ψs(0, x) = − cosh(λt)Φ(λx).

Let us prove (23). Employing in (6) the above defined ψ and its properties, we get



12 Wenhui Chen and Alessandro Palmieri∫
Rn

u(t, x)Φ(λx) dx = ε cosh(λt)
∫
Rn

u0(x)Φ(λx) dx + ε
sinh(λt)

λ

∫
Rn

u1(x)Φ(λx) dx

+ cγ

∫ t

0

sinh(λ(t − s))
λ

∫
Rn

∫ s

0
(s − σ)−γ |u(σ, x)|p dσΦ(λx) dx ds.

Multiplying both sides of the last equality by e−λ(t+R)λr , integrating with respect to
λ over [0, λ0] and applying Tonelli’s theorem, we get finally (23). �

3.2 Iteration frame and first lower bound estimate

Hereafter until the end of Section 3, we shall assume that u0, u1 satisfy the assump-
tions from the statement of Theorem 2. Let u be an energy solution of (1) on [0,T).
We introduce the following time – dependent functional:

U(t) �
∫
Rn

u(t, x) ηr (t, t, x) dx, (24)

where
r �

n − 1
2
−

1
p
.

From Proposition 1 it follows immediately the positiveness of the functional U.
The next step is to derive an integral inequalities involving Uboth in the left and

in the right – hand side, which will set the iteration frame for the iteration procedure.

Proposition 2 Let U be the functional defined by (24). Then, there exist positive
constants C depending on n, p, γ, λ0, R such that the estimate

U(t) > C〈t〉−1
∫ t

0
(t − s)〈s〉−

n−1
2 +

1
p

∫ s

0
(s − σ)−γ 〈σ〉(n−1)(1− p

2 )
(U(σ))p

(log〈σ〉)(p−1) dσ ds

(25)

holds for any t > 0.

Proof For the proof of this proposition we follow the main ideas of Proposition 4.2
in [36]. Applying Hölder’s inequality and the support property for u(σ, ·), we obtain

U(σ) 6

( ∫
Rn

|u(σ, x)|pηr (t, s, x) dx
) 1

p

( ∫
Bσ+R

ηr (σ, σ, x)p
′

ηr (t, s, x)
p′

p

dx

) 1
p′

. (26)

We begin with the estimate of the second factor on the right hand side in the last
inequality.

By (ii) and (iii) in Lemma 1 (note that, according to our choice of r , both r > n−3
2

and r > −1 are always fulfilled), since |x | 6 σ + R implies |x | 6 s + R for any
σ ∈ [0, s], we obtain
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Bσ+R

ηr (σ, σ, x)p
′

ηr (t, s, x)
p′

p

dx . 〈t〉
p′

p 〈s〉
p′

p r
〈σ〉−

n−1
2 p′

∫
Bσ+R

〈σ − |x |〉(
n−3

2 −r)p
′

dx

. 〈t〉
1

p−1 〈s〉
r

p−1 〈σ〉−
n−1

2 p′
∫
Bσ+R

〈σ − |x |〉−1 dx

. 〈t〉
1

p−1 〈s〉
r

p−1 〈σ〉−
n−1

2 p′+n−1 log〈σ〉,

where in the second step we used the definition of r . Combining (23), (26) and the
previous estimate, we find

U(t) &
∫ t

0
(t − s)

∫ s

0
(s − σ)−γ

∫
Rn

|u(σ, x)|p ηr (t, s, x) dx dσ ds

&

∫ t

0
(t − s)

∫ s

0
(s − σ)−γ 〈t〉−1〈s〉−r 〈σ〉

n−1
2 p−(n−1)(p−1) (U(σ))

p

(log〈σ〉)(p−1) dσ ds

which is exactly (25). �

Proposition 3 Let us assume p = p0(n, γ). Let U be the functional defined by (24).
Then, there exist a positive constant M depending on n, p, γ, λ0, R, u0, u1 such that

U(t) > Mεp log (2t/3) (27)

holds for any t > 3/2.

Proof We start by noticing that (13) may be rewritten as∫
Rn

|u(σ, x)|p dx > C0ε
p 〈σ〉n−1− n−1

2 p for any σ > 1, (28)

up to a modification of the multiplicative constant. By using (23), Lemma 1 (ii) and
(28), we get

U(t) &
∫ t

0
(t − s)

∫ s

0
(s − σ)−γ

∫
Rn

|u(σ, x)|p ηr (t, s, x) dx dσ ds

& 〈t〉−1
∫ t

0
(t − s)〈s〉−

n−1
2 +

1
p

∫ s

0
(s − σ)−γ

∫
Rn

|u(σ, x)|p dx dσ ds

& εp 〈t〉−1
∫ t

1
(t − s)〈s〉−

n−1
2 +

1
p

∫ s

1
(s − σ)−γ 〈σ〉n−1− n−1

2 p dσ ds.

Therefore, for t > 1 by shrinking the domain of integration we find
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U(t) & εp 〈t〉−1
∫ t

1
(t − s)〈s〉−

n−1
2 +

1
p

∫ s

s/2
(s − σ)−γ 〈σ〉n−1− n−1

2 p dσ ds

& εp 〈t〉−1
∫ t

1
(t − s)〈s〉−

n−1
2 +

1
p +n−1− n−1

2 ps1−γ ds

& εp 〈t〉−1
∫ t

1
(t − s)〈s〉−

n−1
2 p+ n−1

2 +1−γ+ 1
p ds.

Since p = p0(n, γ), from (4) we get

− n−1
2 p + n−1

2 + 1 − γ + 1
p = −1. (29)

Hence, for t > 3/2 it follows

U(t) & εp 〈t〉−1
∫ t

1
(t − s)〈s〉−1 ds & εp 〈t〉−1

∫ t

1

t − s
s

ds = εp 〈t〉−1
∫ t

1
log s ds

& εp(3t)−1
∫ t

2t/3
log s ds & εp log(2t/3).

This completes the proof. �

In this subsection we determined the iteration frame (25) for the functional U

and a first lower bound estimate (27) for U containing a logarithmic factors. In the
next subsection we are going to prove a sequence of lower bound estimates for Uby
using the so – called slicing procedure, which has been introduced for the first time
in [1]. More specifically, we will follow the main ideas of [28, 29, 5] concerning the
slicing procedure.

3.3 Iteration argument via slicing method

Let us introduce the sequence {`j}j∈N, where `j � 2 − 2−(j+1). The goal is to prove
the following sequence of lower bound estimates for the functional U

U(t) > Mj(log〈t〉)−b j

(
log

(
t
`2j

))a j

for t > `2j and for any j ∈ N, (30)

where {Mj}j∈N, {aj}j∈N and {bj}j∈N are sequences of nonnegative real numbers
that we shall determine recursively throughout the iteration procedure. For j = 0 we
have already shown that (30) is true thanks to Proposition 3 with

M0 � Mεp, a0 � 1 and b0 � 0.

We are going to prove the validity of (30) for any j ∈ N by using an inductive
proof. As we have already pointed out the validity of the base case, it remains to
prove the inductive step. Let us assume that (30) holds for j > 1, we want to prove
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it now for j + 1. Plugging (30) for j in (25), one finds

U(t) > CMp
j 〈t〉

−1
∫ t

`2 j

(t − s)〈s〉−r
∫ s

`2 j

(s − σ)−γ 〈σ〉(n−1)(1− p
2 )

(
log

(
σ
`2 j

))a j p

(log〈σ〉)(p−1)+b j p
dσ ds

> CMp
j (log〈t〉)−(p−1)−b j p 〈t〉−1

×

∫ t

`2 j

(t − s)〈s〉−
n−1

2 +
1
p −

n−1
2 p

∫ s

`2 j

(s − σ)−γ 〈σ〉n−1
(
log

(
σ
`2 j

))a j p
dσ ds

for t > `2j+2. For s > `2j+1, the σ – integral in the last line can be estimated in the
following way:∫ s

`2 j

(s − σ)−γ 〈σ〉n−1
(
log

(
σ
`2 j

))a j p
dσ

>

∫ s

`2 j s
`2 j+1

(s − σ)−γσn−1
(
log

(
σ
`2 j

))a j p
dσ

>
(
`2 j
`2 j+1

)n−1
sn−1

(
log

(
s

`2 j+1

))a j p
∫ s

`2 j s
`2 j+1

(s − σ)−γ dσ

> 1
1−γ

(
`2 j
`2 j+1

)n−1 (
1 − `2 j

`2 j+1

)1−γ
sn−γ

(
log

(
s

`2 j+1

))a j p
.

Using the inequalities 2`2j > `2j+1 and 1 − `2j/`2j+1 > 2−(2j+3) and the estimate
4s > 〈s〉 for any s > 1, it follows∫ s

`2 j

(s − σ)−γ 〈σ〉n−1
(
log

(
σ
`2 j

))a j p
dσ

> 1
1−γ2−2(1−γ)j−3n−2+5γ 〈s〉n−γ

(
log

(
s

`2 j+1

))a j p
.

So, combining the lower bound estimate for the σ – integral with the lower bound
estimate for U(t) and using again (29), for t > `2j+2 it holds

U(t) > Ĉ 2−2(1−γ)jMp
j (log〈t〉)−(p−1)−b j p 〈t〉−1

×

∫ t

`2 j+1

(t − s)〈s〉−
n−1

2 p+ n−1
2 +1−γ+ 1

p

(
log

(
s

`2 j+1

))a j p
ds

> Ĉ 2−2(1−γ)jMp
j (log〈t〉)−(p−1)−b j p 〈t〉−1

∫ t

`2 j+1

(t − s)〈s〉−1
(
log

(
s

`2 j+1

))a j p
ds

> 2−2Ĉ 2−2(1−γ)jMp
j (log〈t〉)−(p−1)−b j p 〈t〉−1

∫ t

`2 j+1

t−s
s

(
log

(
s

`2 j+1

))a j p
ds,

where Ĉ � C(1 − γ)−12−3n−2+5γ. Integration by parts and a further shrinking of the
domain of integration lead to
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U(t) >
2−2Ĉ Mp

j

22(1−γ)j(ajp + 1)
(log〈t〉)−(p−1)−b j p 〈t〉−1

∫ t

`2 j+1

(
log

(
s

`2 j+1

))a j p+1
ds

>
2−2Ĉ Mp

j

22(1−γ)j(ajp + 1)
(log〈t〉)−(p−1)−b j p 〈t〉−1

∫ t

`2 j+1t
`2 j+2

(
log

(
s

`2 j+1

))a j p+1
ds

>
2−2Ĉ Mp

j

22(1−γ)j(ajp + 1)

(
1 − `2 j+1

`2 j+2

)
(log〈t〉)−(p−1)−b j p 〈t〉−1t

(
log

(
t

`2 j+2

))a j p+1

> 2−8Ĉ (ajp + 1)−12−2(2−γ)jMp
j (log〈t〉)−(p−1)−b j p

(
log

(
t

`2 j+2

))a j p+1

for t > `2j+2. Also, we proved (30) for j + 1 provided that

Mj+1 � 2−8Ĉ (ajp + 1)−12−2(2−γ)jMp
j , aj+1 � ajp + 1, bj+1 � (p − 1) + bjp.

Next we determine a suitable lower bound for the term Mj . For this purpose, we
provide the explicit representations of the exponents aj and bj . By using recursively
the relations aj = 1+paj−1 and bj = (p−1)+pbj−1 and the initial exponents a0 = 1,
b0 = 0, we get

aj = a0pj +

j−1∑
k=0

pk = p j+1−1
p−1 and bj = pjb0 + (p − 1)

j−1∑
k=0

pk = pj − 1. (31)

In particular, aj−1p + 1 = aj 6 pj+1/(p − 1) implies that

Mj > D̂ (22(2−γ)p)−jMp
j−1 (32)

for any j > 1, where D̂ � 2−8+2(2−γ)Ĉ(p − 1)/p. Applying the logarithmic function
to both sides of (32) and using iteratively the resulting inequality, we obtain

log Mj > p log Mj−1 − j log
(
22(2−γ)p

)
+ log D̂

> pj log M0 −

(
j−1∑
k=0
( j − k)pk

)
log

(
22(2−γ)p

)
+

(
j−1∑
k=0

pk
)

log D̂

= pj

(
log M0 −

p log
(
22(2−γ)p

)
(p − 1)2

+
log D̂
p − 1

)
+

(
j

p − 1
+

p
(p − 1)2

)
log

(
22(2−γ)p

)
−

log D̂
p − 1

,

where we used the identity (18). Let us define j1 = j1(n, p, γ) as the smallest
nonnegative integer such that

j1 >
log D̂

log
(
22(2−γ)p

) − p
p − 1

.
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Then, for any j > j1 we may estimate

log Mj > pj

(
log M0 −

p log
(
22(2−γ)p

)
(p − 1)2

+
log D̂
p − 1

)
= pj log(L0ε

p), (33)

where L0 � M
(
22(2−γ)p

)−p/(p−1)2 D̂1/(p−1).
Combining (30), (31) and (33), we arrive at

U(t) > exp
(
pj log(L0ε

p)

)
(log〈t〉)−p

j+1 (log (t/2))(p
j+1−1)/(p−1)

= exp
(
pj log

(
L0ε

p (log〈t〉)−1 (log (t/2))p/(p−1)
))

log〈t〉 (log (t/2))−1/(p−1)

for t > 2 and any j > j1.
For t > 4 the inequalities

log〈t〉 6 log(2t) 6 2 log t and log(t/2) > 2−1 log t

hold true, so,

U(t) > exp
(
pj log

(
2−(2p−1)/(p−1)L0ε

p (log t)1/(p−1)
))

log〈t〉 (log (t/2))−1/(p−1)

(34)

for t > 4 and any j > j1. Let us denote J(t, ε) � 2−(2p−1)/(p−1)L0ε
p (log t)1/(p−1).

We can choose ε0 = ε0(n, p, γ, λ0, R, u0, u1) sufficiently small so that

exp
(
21−2pL1−p

0 ε
−p(p−1)
0

)
> 4.

Consequently, for any ε ∈ (0, ε0] and for t > exp
(
22p−1L1−p

0 ε−p(p−1)
)
we get t > 4

and J(t, ε) > 1. Therefore, for any ε ∈ (0, ε0] and for t > exp
(
22p−1L1−p

0 ε−p(p−1)
)

taking the limit as j → ∞ in (34) we see that the lower bound for U(t) blows up;
so, U(t) may not be finite. Thus, we proved that U(t) blows up in finite time and,
furthermore, we have shown the upper bound estimate for the lifespan

T(ε) 6 exp
(
22p−1L1−p

0 ε−p(p−1)
)
.

This completes the proof of Theorem 2.
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