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The spectral properties of the Heisenberg spin-1/2 chain with random fields are analyzed in light of recent
works on the renormalization-group flow of the Anderson model in infinite dimension. We reconstruct the j
function of the order parameter from the numerical data, and observe that it may not admit a one-parameter
scaling form and a simple Wilson-Fisher fixed point. Rather, it appears to be more compatible with a two-
parameter, Berezinskii—Kosterlitz-Thouless-like flow with a line of fixed points (the many-body localized phase)
terminating at the localization transition critical point. We argue that this renormalization group framework
provides a more coherent and intuitive explanation of numerical data, up to the system sizes available with the

present technology.
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I. INTRODUCTION

Dynamical properties of disordered systems have been at
the center of an intense activity of research since the 1950s.
Surprising behavior and new physics have been found in the
dynamics of spin glasses [1-3], and of quantum particles in a
random potential, where the most counterintuitive effect is the
complete localization of such particles at large disorder [4,5].

Despite the enormous amount of progress on the single-
particle Anderson localization, including experiments with
cold atoms in optical lattices [6,7], the problem of whether
localization persists in an ensemble of weakly interacting
particles has traditionally been a source of controversy. In the
early 1980s, perturbative calculations pointed to the resilience
of the localized phase towards the introduction of interactions
[8], and a series of papers bootstrapping perturbative calcula-
tions by means of renormalization group (RG) ideas appeared
[9-11]. The difficulty of the problem soon became apparent,
because no controlled calculation or numerical experiment
was considered resolutive of the situation. The question of

“Contact author: jniedda@ictp.it
TContact author: gbraccit@sissa.it

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI. Open
access publication funded by Max Planck Society.

2469-9950/2025/112(14)/144201(14)

144201-1

whether an arbitrarily small interaction destroys localization
or not has remained open, and for some, it still is [12].

In recent years, the topic has seen a resurgence of in-
terest mainly because of the appearance of the works by
Gornyi, Mirlin, and Polyakov [13] and by Basko, Aleiner,
and Altshuler (henceforth BAA) [14]; the latter addressed the
problem through the calculation of quasiparticle lifetime to
all orders in perturbation theory. To tame such a formidable
task, BAA necessarily resorted to some approximation, which
allowed them to map the problem to a sort of Anderson model
on a tree with correlated energies, in the spirit of Ref. [15].
However, they also incorporated the spatial dimension d, with
the connectivity representing the number of physical channels
open for transmission at a given energy. The result of the cal-
culation is a critical value for the interaction strength, below
which the localized quasiparticle lifetime is typically infinite.
This phase is called many-body localized (MBL).

Some time after the BAA paper, people started investigat-
ing the problem using exact diagonalization of small systems
[16-25] and the concept of local integrals of motion (LIOMs)
arose [26,27]. The existence of LIOMs in the MBL phase was
proved, within the same approximations used in BAA, in Ros
et al. [28], but it is still debated whether those approximations
are crucial for the result or can be justified. The question,
therefore, is whether the neglected diagrams in BAA, which
deform the tree-like geometry into the real Fock-space ge-
ometry underlying the perturbation theory, would change the
renormalization group equations to the point of eliminating
the transition altogether. That this is not the case in one di-
mension, and under sufficiently weak interactions, is the claim

Published by the American Physical Society
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of Refs. [28,29] (see also the review [30]). Those claims,
however, whose reliance on some additional assumptions on
the statistical behavior of energy levels has been contested,
have been recently revisited and found to be sound [31].

In this work, we take a different approach to analyzing
the numerical data obtained by exact diagonalization of small
systems, using the numerical data and the theory of finite-size
scaling to infer the RG flow of the MBL transition in the
light of the recent works [32,33]. Within the accuracy of our
analysis, the numerical reconstruction of the model phase dia-
gram appears consistent with the picture already discussed for
the Anderson model in infinite dimension [33]. The ergodic
fixed point has the nature of a random matrix theory (RMT)
fixed point [34], with volumic scaling (i.e., the natural scaling
variable is the Hilbert space volume and not the physical
volume of the system), while the critical point seems to lie
at the end of a line of fixed points representing the localized
phase.

The question is then reduced to understanding the flow near
the line of fixed points, which is qualitatively reminiscent of a
Berezinskii—Kosterlitz-Thouless (BKT) RG flow (the appear-
ance of BKT physics is a recurring theme in MBL [35-38]).
We show that the flow can have two possible topologies.
In one, like in the BKT analysis of the XY model or the
Anderson model in infinite dimensions, the line of fixed points
is attractive and corresponds to the MBL phase. Alternatively,
the line can be repulsive, and the MBL phase does not exist for
any value, no matter how large, of disorder. To discriminate
between the two scenarios, we analyze the numerical data at
moderately high disorder in terms of the RG trajectories. We
further realize that the RG flow can be mapped onto the phase
space orbit of a classical, Newtonian particle. We try to infer
the potential in which the particle moves, and from this, the
fate of the MBL phase.

The paper is structured as follows. In Sec. II, we introduce
the model studied and the observable used in order to probe
the presence of a disorder induced localization transition. In
Sec. III, we review the renormalization group approach based
on the numerical study of the scaling theory of localization,
highlighting the difference between the standard scenario
of one-parameter scaling hypothesis and the two-parameter
scaling hypothesis. Furthermore, we discuss a family of dy-
namical systems that describe the RG flow, and we show how
this framework allows for a better interpretation of numerical
data. In Sec. IV, we discuss the numerical data and the prob-
lem of the significance of the statistical ensemble used; finally,
we draw our conclusions and discuss future perspectives in
Sec. V.

II. MODEL

The random-field XXZ spin chain is defined by the
Hamiltonian

L L
H=7%8" S+ ns, 1
i=1 i=1

where Si = (S'f,S'iy ,S‘f) are spin-1/2 operators and h; are

i.i.d. random variables distributed uniformly over the interval
[-W, W]. Since the relevant parameter is the ratio between

the disorder strength W and the hopping parameter J, in
the following we will fix / = 1 and consider W as the only
parameter. The model has a global symmetry given by the
conservation of the total spin §¢ = )", §?. For numerical ef-
ficiency, in this work we will always restrict to the §¢ =0
sector, whose dimension is given by dim(#) = ( 52) <2k

It has been conjectured that the Hamiltonian (1) undergoes
a many-body localization phase transition at a critical disorder
strength W, [17,18]. While a small disorder W breaks the
Bethe-ansatz integrability of the clean model and makes it
ergodic, for W > W,, the system becomes a nonergodic in-
sulator, failing to thermalize. Moreover, studies of transport
properties in the disordered Heisenberg chain showed the
presence of a transition from diffusive to subdiffusive trans-
port within the ergodic phase [39,40]. It would be impossible
to summarize in a few lines the huge body of work that has
investigated the features of this intriguing nonthermal phase
of matter, and of the phase transition leading to it: We refer
the reader to the several reviews [12,41-45]. However, here
we stress the main points, that lead to the still open questions
in the field.

On one hand, the perturbative computation leading to
MBL [14], extended in Refs. [28-30] to spin chains, predicts
that the eigenstates at strong enough disorder assume the
form of exponentially localized integrals of motion (LIOMs)
[26,27]. Correspondingly, the spectral statistics is Poissonian.
On the other hand, it has been argued that nonperturbative
effects such as avalanches [46,47] and many-body resonances
[48,49], can lead to delocalization. The conflict between these
opposite views seems not to be solvable by numerical meth-
ods, as exact diagonalization is confined to too small systems
[50-52], and tensor network methods to too short times [53].
The absence of clear-cut numerical results has led different
authors to claim that MBL does not exist at all [54,55] or that
a wide, prethermal regime hinders the numerical observation
of the actual MBL transition [49,56].

In modern studies of disorder-induced localization in quan-
tum systems, it is customary to analyze the spectral properties
to probe the ergodic or localized nature of the model. A quan-
tity typically considered for discriminating between chaotic or
localized spectra is the spectral gap ratio, or r-parameter [16],

1 %2 min(AE,, AE,.))

"TN 2 2 max(AE,, Ay 1)’

n=1

@

where AE, = E, .1 — E, is the nth energy gap in a narrow
energy window containing N, energy levels. Notice that the
use of such a window in the ergodic case would define the mi-
crocanonical ensemble. The value rp =21In2 — 1 >~ 0.386 is
the Poisson value for integrable systems, while rwp >~ 0.5307
is the Wigner-Dyson value for random matrices of the Gaus-
sian orthogonal ensemble (GOE), corresponding to chaotic
systems with time-reversal symmetry. For convenience, we
rescale the average gap ratio, defining

r—rp
¢=— 3
'wp — rp
It follows that ¢ = 0 corresponds to a nonergodic behavior,
while ¢ = 1 to ergodicity.
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FIG. 1. System-size dependence of the rescaled r-parameter ¢,
Eq. (3), in the XXZ spin chain. Different colors correspond to differ-
ent values of the disorder strength W. Dots represent numerical data,
while solid lines are polynomial interpolating curves, later used for
the B-function computations. Dashed lines represent the asymptotic
values: ¢ = 0 for the localized and ¢ = 1 for the ergodic phase.

The rescaled r-parameter of the random-field XXZ spin
chain averaged over many disordered samples is shown as a
function of the system size in Fig. 1. The data are obtained via
exact diagonalization, see Appendix A for a short summary
of the numerical methods (see also Ref. [22] for an extended
discussion). The solid lines are polynomial interpolations of
the data; we comment extensively on the numerical analysis
in Sec. IV. First, however, we introduce in the next section the
framework of the § function, necessary to interpret coherently
the numerical data.

III. SCALING THEORY OF LOCALIZATION

In this section, we briefly review the renormalization group
(RG) approach, based on the construction of the 8 function
from numerical data, for the scaling theory of localization.

The use of RG to study localization transitions goes back
to the seminal work of Abrahams, Anderson, Licciardello,
and Ramakrishnan [57]. The great achievement of this “gang
of four” was to understand that a one-parameter scaling hy-
pothesis explains the localization of noninteracting particles in
d < 2 for any disorder strength, and predicts a finite-disorder
localization transition in d > 3.

Extending the RG analysis to interacting models, however,
has proven to be difficult. Some authors took inspiration from
the Ma-Dasgupta-Hu-Fisher strong-disorder RG [58-60], and
applied a similar procedure to models hosting MBL [61,62].
However, more promising results were found upon applying
the same real-space RG rules to phenomenological models of
conducting/insulating regions [61,63—65]. In this framework,
some evidence for a BKT-like phase transition was found
[35-38]. Here, we set the stage for a controlled RG analysis
of a microscopic model of MBL.

A. One parameter RG flow

Consider a generic observable A—that later will be spec-
ified to the rescaled average gap ratio ¢—and define its g

function as
_dInA
T dInN’

where N is the volume of the system. One can identify the vol-
ume either with the Hilbert space dimension N ~ 2%, or with
the spatial volume N = L4 In the definition of the B function,
we have traded the RG parameter for the system size, which in
the context of finite-size scaling can be thought of as a relevant
operator of the renormalization group [66,67]. We will use the
convention A € [0, 1], with asymptotic values A}, = O for the
localized fixed point and A, = 1 for the ergodic one, which
indeed agrees with the rescaled r-parameter ¢.

If the one-parameter scaling hypothesis [57] holds, the S
function is a function of A alone, i.e.,

dIlnA
dInN

Therefore, the dependence of A on the system size In N is ob-
tained by solving the differential equation above by separation

of variables,
A dA N
/-———zm—, ©)
2, AB(A) Ny

where Ay is the value of A at N = N,. If one is far from a zero
of the g function, one can integrate formally and find

“

= B(A). &)

GA) —GAp) =1 N 7
(4) = GlAo) = In )

where G is a primitive of the integral in Eq. (6). Inverting this
equation for A, one finds

A = f(N/No), 8)

where f(x) = G~!(Inx) turns out to be a universal scaling
funcgon, in one-to-one correspondence with the function B,
and Ny = Nye %0 Therefore, in a regular section of the flow
and far from a critical point, the observables are functions of
the volume N, whether this volume is the spatial or the Hilbert
space volume.

If, instead, the RG trajectories—obtained varying the val-
ues of the initial parameters (e.g., disorder strength)—do not
always lie on a single curve, one needs to take into account
corrections to the one-parameter scaling solution. For a fixed
value of the initial parameters, let us assume that the curve
starts close to the one-parameter curve 8y(A),

dlnA
dInN |y_y,

= Bo(A) + ¢ withc < By, )

and quickly converges to it; see Fig. 2 for a sketch. One can
then write a phenomenological set of equations, projecting the
RG flow in the plane spanned by the relevant and the least
irrelevant operator

dInA p (10)
dInN ’
dp
IInN —(B — Bo(A)). (11

In the limit @ — o0, one recovers the one-parameter scaling
equationd InA/dIn N = By(A). Taking w large but finite, and
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p(A)

FIG. 2. Sketch of a one-parameter-scaling RG flow with irrele-
vant corrections, similar to what can be observed in the Anderson
model in d-dimensional space [32]. The solid black curve represents
the one-parameter-scaling B function By(A), which vanishes at the
critical point A.. The colored solid lines represent the 8 function for
different choices of the initial parameters, as described by Eq. (13).
The starting point of these lines occurs at N = N, and N grows in the
direction indicated by the arrows. Around the critical point A., the 8
function can be linearized as described by Eq. (14).

assuming to start sufficiently close to the one-parameter scal-
ing curve, such that By(A) can be considered a constant for a
first part of the RG flow, one can find the solution

dlnA
— A —w ln(N/No)' 12
TN Bo(A) +ce (12)
Upon integration, in the approximation ¢ < 1, one has
AN, Ag) = F(N/No) + fi(N/No)N ™, (13)

where w corresponds to the dimension of the smallest irrele-
vant operator. Only rarely w is so large that it can be ignored
altogether. In particular, for the Anderson model in the limit
of d — oo—which corresponds to the model defined on the
random regular graph (RRG)—it has been argued that actually
w — 0[32,33]. Let us mention that the limit d — oo has to be
taken with caution and cannot be obtained by simply setting
w = 01in Eq. (13). We comment more on this in Sec. III B.

B. Critical point as a simple zero of 8

Close to a critical point, if the g function has a simple zero
B(A.) = 0 for some value A, # O of the observable, then the
dependence of A on N acquires the form of a scaling law.
Let us write the Taylor expansion of 8(A) close to the fixed
point as

B =s(A—A)+ ) HA—A). (14

n=2

Going back to Eq. (6), it holds

A dA/ A ) 1
/ / = dA /
a ABAN  Ja  Acs(A—Ap)
A ASA —A)—ABA
n / JA’ s( ) B(A")
A Acs(A" —ADA'B(A)
A— A,
Aog — A,

0

1
= In
Acs

A
—I—/ dA/g(A/—Ac).
Ao
(15)

The function
Acsx — (x + A)B(A: + x)

80 = ot AOB A 1) (16)

is regular close to x = 0,

2s + CzAC

A2 + O0(x) = —a+ O(x), a7

gx) = —
where again ¢, = d"f/dx"|—o.
Putting everything together and defining the primitive
[ dx g(x) = G(x) = —ax + O(x*) and the critical exponent
v = 1/A.s, one has

1 N 1 A-4 +GA—-A.)—GAy—A,), (18)
n— =vln — — —AL),
No Ao — A, ¢ 0
which can be inverted first as
N 1/v
A = Acle? UM = ( ) ! (19)
No&(Ao)

with £(Ag) = |Ag — Ac| Ve~ 04 ~ |A; — A.|7" being a
critical length. Consequently, by calling f the inverse of the
function x > xe%®/V_ one gets

N 1/v
sovso = o((gag) )@

Notice that for small x it holds xe“®/V ~ xe™ "% ~ x — 4 x> 4
O(x?), therefore the function f(x) ~ x in the same region.
Under the hypothesis that, at In Ny = O(1), Ag is a smooth
function of the microscopic parameters of the model, it is
possible to collapse the data with a universal scaling function
f, in one-to-one correspondence with the function §. In the
context of localization transitions, the Anderson model in
finite dimensions d > 2 exhibits a phase transition that is char-
acterized precisely by this kind of scaling theory. Including
also the irrelevant corrections discussed in Sec. III A, one finds

AN, Ag) =Ac + f(x) + N fi(x), 2

where w is the scaling dimension of the least irrelevant op-
erator [68] and x = (N/No&(Ap))'/". Notice that Eq. (21) has
a notation similar to Eq. (13), but the scaling functions in-
volved are different, as an explicit linearization was performed
around the critical point.

As mentioned previously, in the limit d — oo of the An-
derson model (corresponding to the RRG), the irrelevant
exponent w becomes marginal, but this does not correspond to
simply setting @ = 0 in Eq. (21). In fact, Eq. (21) has been de-
rived for a critical point A, isolated from the other “Gaussian”
fixed points, while in the RRG A, = Ajoc = 0. One can show
that, when these two limits are taken consistently, one obtains
logarithmic corrections to Eq. (21), indicating the occurrence
of a marginal direction [33].

Let us see what happens if we collapse our numerical data
by working in the framework of the one-parameter scaling.
As discussed above, the subleading corrections to Eq. (20)
are taken into account as in Eq. (21). Near the critical point,
the critical length & (Ag) diverges, and therefore x < 1. In this
limit, one can expand fi(x) = ¢ + c1x + O(x?), and we will
consider the nonzero term fj(x) = ¢, which is a customary
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FIG. 3. Naive finite-size scaling for the average rescaled gap
ratio ¢. In the main plot, the collapse is shown for the larger sizes,
L > 12, while the inset contains data before the collapse down to
size L = 8. The collapse is obtained by fixing ¢. = 0, and it yields a
critical disorder W, =~ 8.0 and exponents v >~ 5.5, w =~ 2.0. We will
present a different explanation for the critical exponent w = 2 in the
next section. Notice also the similarity with the data for the Anderson
model on the RRG in [69]. For a collapse in which we allow ¢, to
vary, we refer to Appendix B.

choice in the literature (see, e.g., Ref. [69]). In order to col-
lapse the rescaled r-parameter ¢, we use the relation

L, W) = ¢, +f(L'/“w> +cl™®, (22)

where five constants—¢o., W,, v,  and c—and a function f
are to be determined. In the argument of the scaling function,
we have replaced & ~ (W — W,)™" according to the usual
scaling law, and we have chosen to use the chain length L
instead of the Hilbert space dimension N, since it turned out
to provide a better collapse of the data.

In Fig. 3, a fairly good data collapse is obtained for the
rescaled r-parameter by fixing ¢. = 0, which is what one ex-
pects observing the data in Fig. 1. The collapse yields a critical
disorder W, >~ 8.0 and exponents v >~ 5.5 and w =~ 2.0. The
collapse, however, cannot be taken too seriously. First, such
a large v exponent seems to signal an exponential scaling
with system size near the critical point, rather than a power
law. Second, and more importantly, the function f in Eq. (22)
appears not to be linear near x = 0 in Fig. 3, i.e., df /dx =0
at the critical point, and this is a clear contradiction with the
previous discussion.

As a workaround (see Appendix B for details), one could
leave ¢, free and obtain a fairly good collapse by fixing the
critical value of the disorder to W, ~ 3.8, which can be lin-
early extrapolated from the finite-size zeros of the 8 function
(see e.g., the points ¢4 in Fig. 8 below up to W = 3), and
which agrees with the literature [21]. However, this collapse
yields a critical value ¢. ~ 0.13, which is larger than the
upper bound one finds from the same numerical data: for

W =4 one already sees a turning point at ¢4 = 0.085(4).
Moreover, the best fit critical exponents are v >~ 1 and w =~ 2,
with v violating the Harris bound v > 2/d [50,70], where the
spatial dimension is d = 1 in the present case.

C. From one to two parameters

In the previous sections, we considered the situation where
there is only one relevant parameter in the Hamiltonian, and
the lowest anomalous dimension is sufficiently large and neg-
ative that it can be included as a small correction to the
one-parameter formulas. This occurs when the unstable fixed
point A, is well separated from the two other “Gaussian” fixed
points, which in this case represent the localized and ergodic
phases. When instead A, — Ajoc (like the Anderson model as
d — 00) or A, — Ae (like the Anderson model as d — 2),
one of the parameters must necessarily become a flat direction
or, in the language of RG, marginal. As a concrete example,
this happens when the Wilson-Fisher critical point merges
with the Gaussian fixed point in the Ising model at the upper
critical dimension [71].

In order to go beyond one parameter scaling, let us define
the RG time r = In N and

o =InA. 23)

Let us also represent with a dot the derivatives with respect to
RG time, da/dt = «. The RG equations acquire the general
form

a=p,

B =y B),

for a certain function y. This is the general system of
equations describing a two-parameter scaling RG flow. In
principle, the function y depends also on 8. This dependence
is of particular importance also to model the adherence to the
one-parameter scaling curve towards the ergodic fixed point
as the overdamped limit of a dynamical system. However, in
the region of A near zero it can be seen from the numerical
data that y is a function of « alone; therefore, one can reduce
to the system of equations
a=p,

B=v).
The simplification y(«, 8) — y () is crucial, because now
the RG equations can be interpreted as Hamilton’s equa-
tions of motion for an effective one-dimensional particle,
living on the half-line o < 0. Its Newton’s equation reads
a = y(a), so y(a) is the force field. RG equations that ac-
quire Hamilton’s (or Newton’s) form are special because they
admit an integral of motion, the energy

E=1a"+V(a), (26)

(24a)
(24b)

(25a)
(25b)

where V() = — [ y(a)da. The conservation of energy is a
manifestation of the time/scale invariance that arises near the
critical point A = 0.

In order to fix ideas, it is instructive to consider the illustra-
tive example of the Anderson model on random regular graphs
(RRG) [33]. There, the numerics for the fractal dimension is
well described by y () o €* in the region « — —00, giving
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FIG. 4. (Left) B function for a two-parameter scaling transition
scenario. In the localized phase, the RG flow reaches A =0 at a
finite and negative 8 = —1/&, and its value depends on W, thus
generating a line of fixed points (solid red). In the ergodic phase,
instead, the curves flow to A =1 as prescribed by random matrix
theory. The RG flow around the ergodic fixed point is described by
a one-parameter scaling, meaning that all the RG curves for W < W,
ultimately approach a universal curve (dashed black). The red dotted
line is the critical line for W = W,, which separates the localized
and ergodic phases. (Right) B function in the absence of a localized
phase. For any finite value of W, the RG flow never reaches A = 0
and flows to the ergodic fixed point at large enough sizes.

rise to the Liouville equation
a = ce” (27)
for some constant c. The energy, in turn, reads
E = 16* —ce”. (28)

The orbits of this dynamical system depend strongly on the
value of E, which is fixed by the initial microscopic param-
eters. If E > 0, the particle can go all the way to « — —o0,
ie., A=A =0; for E < 0, it bounces back with ¢ — 0,
i.e., A — Ae, = 1. Therefore, one can see that the presence of
two stable phases, separated by a critical point E = 0, corre-
sponds to whether the force field is confining or not: confining
potentials correspond to the absence of localization, while
nonconfining ones admit a localized phase. This is shown by
the sketches in Figs. 4 and 5.

In the case of the RRG—Eqgs. (27) and (28)—the crit-
ical trajectory is Acn(t) o 1 /t%, which describes well the
numerical findings [33]. Notice that the existence of a local-
ized region is universal for all n > 0 in y (@) = €. In fact,
one can reabsorb n by rescaling « — «/n, but this corre-
sponds to A — A!/" and therefore the critical line becomes
Acit(t) ~ 1/t*". The value of the exponent n determines the
power-low behavior of observables near the critical point and
thus “labels” different universality classes.

This example also clarifies the meaning of the second equa-
tion for B: It describes the renormalization of the localization
length &, as a function of the distance from the localized
critical point. This can be seen from the fact that observables
(e.g., the r-parameter) decay exponentially with the system
size L = In N, where in this case N is the number of vertices
in the RRG. Assuming A o< eL/5=_ one sees that = —1/&o.
and B = & /SI%C. The effects encoded in this equation are
nonperturbative, since the usual perturbation theory in the
hopping term (locator expansion) only predicts exponential
decay, without renormalization of the decay length.

The example considered so far allowed the presence of a
localized phase. A second, natural class of forces to consider

Via) Via)

E>0 E>0
Ioc_ah_zed
E=0 E=0 \—
a a
——
a=0 — a=0
(——* | ergodic (—* | ergodic

E<O E<O

FIG. 5. (Left) Example of potential function for the one-
dimensional dynamical model in presence of a localization transition,
similarly to what happens for the RRG. For small disorder, corre-
sponding to energies E < E. (E. = 0 in the sketch), the presence of
the potential confines the trajectories, excluding the point « = —oo
(i.e., A = 0): the original system is ergodic. For large enough disor-
der, corresponding to energies E > E., the potential does not confine
the classical trajectories, and @ — —oo when t — oo: the localized
phase is approached in the thermodynamic limit. Notice also that,
at t = 0, particles move from right to left, since 8 < 0, being the 8
function negative at small enough sizes. (Right) When the potential is
such that V(¢ — —o0) — +00, the classical trajectories are always
reflected and « — 0 (equivalently A — 1) when r — oo. In this
case, there is no localized phase.

is the one in which all trajectories go to the ergodic fixed point
a =0 (i.e., A = 1), corresponding to confining potentials. A
paradigmatic form which has such a behavior is the logarith-
mic potential V(o) = In ||, leading to Newton’s equation

& =—1/a. (29)
This equation can be solved by quadratures using the formula

alt) do

=110, (30)
w V2E —In|al)
since the energy reads
E=1¢"+In|al| (31)
All the trajectories have a turning point, located at a4 = —eF,

and are therefore confined as claimed above. For such a
potential, the localized phase—in the sense of observables ex-
ponentially decreasing with system size—does not exist. The
only thing happening as the disorder is increased is a slower
and slower approach to ergodicity. From the perspective of
the renormalization of the localization length, the logarithmic
potential entails

Eioc ¢ 1/1In(1/A). (32)

In the limit A — O one sees that éloc =0, but such a slow
convergence towards this value makes the entire localized
phase unstable towards developing ergodicity.

D. Two possible scenarios for MBL

Let us here spend a few words to summarize the main
results discussed in the previous sections. We have presented
two possible scaling theories for localization transitions. The
first one is compatible with the one-parameter scaling hypoth-
esis, around both the ergodic and the localized fixed points
and rules the critical behavior of the Anderson model in finite
dimensions d > 2; the second one is instead characterized by
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one-parameter scaling only around the ergodic fixed point,
while trajectories approach a line of localized fixed points
according to a two-parameter scaling hypothesis. This is the
case of the Anderson model in the limit d — oo, which is also
the model defined on the RRG.

It is natural to ask what happens in many-body problems,
e.g., the XXZ quantum spin chain. In this case, we can draw
two possible scenarios, which will be addressed by our numer-
ical analysis in the following section. The first is the transition
scenario: If a localization transition occurs, the critical point
has to be localized (as we will also discuss in the following)
and, consequently, a two-parameter scaling theory describes
the critical properties. This case corresponds to the 8 function
cartoon on the left in Fig. 4: The ergodic trajectories are sepa-
rated from the localized ones by a critical line that terminates
on the point (A =0, B = —1/&,c = 0), which is the last of
a line of localized critical points (A =0, 8 = —1/&,c < 0).
This scenario is well captured by a nonconfining potential
as the one sketched in the left panel of Fig. 5. The second
scenario, on the other hand, is the no-transition scenario:
In this case, all the trajectories, despite displaying finite-size
localization, will flow eventually to the ergodic fixed point
A =1, governed by a one parameter curve in the large size
limit (see right panel of Fig. 4). The no-transition scenario is
well captured by a confining potential as the one sketched on
the right in Fig. 5.

In the following Sec. IV, we present numerical data that
will be analyzed in the light of the observations made above.

IV. NUMERICAL RESULTS

We now analyze the B function for ¢, the rescaled r-
parameter defined in Egs. (2) and (3). Two regions can be
identified in the RG flow, which will be discussed separately:
In the (finite-size) ergodic region, the RG trajectories flow
toward the fixed point at ¢ = 1 reaching an asymptotic limit
described by a one-parameter-scaling curve; in the (finite-
size) localized region (where ¢ < 1), the RG trajectories
follow a two-parameter-scaling scenario, and flow to a line of
fixed points terminating at the critical point (¢ =0, 8 = 0).
The B function is shown in Fig. 6 for the ergodic regime,
where it is computed using the definition (4) [72]. We refer
to Fig. 10 below for the 8 function in the localized region,
to compute which we resorted to a more refined technique,
discussed in Sec. IV B.

A. The ergodic fixed point

From the numerical data in Fig. 6, one can observe that in
the XXZ spin chain the RG curves flow towards the ergodic
fixed point by eventually attaching to a one-parameter-scaling
curve Bo(¢). As the disorder W increases, the RG time needed
to reach fy(¢) also increases.

The one-parameter-scaling component By (¢ ) of the 8 func-
tion can be obtained from the data by considering the envelope
of the curves towards the ergodic fixed point, leading to the
black dashed curve in Fig. 6. In practice, it is obtained by
binning the values of ¢ and considering the maximum among
the data corresponding to different W in each bin. The list of
maxima is then interpolated with a polynomial function with

0.05¢ 1
0.00 [

o« —0.05¢ 14 — 26]

—0.10f T Lo 28y

— 18 3.0

_0.15k — 20 3.5]

— 929 4.0

-0.20r — 924 1

00 02 04 06 08 10
¢

FIG. 6. B function of the rescaled r-parameter in the ergodic
regime. Each line represents the flow of the observable towards
the ergodic fixed point, and corresponds to a different value of the
disorder strength W. The lines are parametrized by the system size
(sizes increase from bottom to top). The figure is obtained by plotting
the logarithmic derivatives in N of the fitting functions used in Fig. 1,
according to the definition Eq. (4). The dashed black line is the
envelope of the curves obtained numerically, and represents our best
estimate of the one-parameter scaling curve By(¢).

simple zeros in ¢ = 0 and ¢ = 1,
Bo(¢) = a1p(1 — ¢) + arp(1 — $)’
+asp(1 — ¢)’ + asp’(1 — )
+asp’(1— ) +asp’ (1 —¢).  (33)

This is the best lower bound to the one-parameter scaling
curve By(¢) that can be obtained with our data. The curves
at W = 3.5 and 4, which reasonably also flow to ¢ =1 for
system sizes larger than the ones numerically accessible, may
produce an envelope that is greater than the dashed curve in
Fig. 6, especially far from the region ¢ ~ 1.

Denoting with Ny the smallest value of N allowing to
approximate the flow with the one-parameter flow, i.e.,

B¢, L > Ly) = Bo(¢), one has

ding a4
Ty = @), (34)

from which
¢(W, L) = f(N/Noe®®), (35)

where f(x) = G~ '(In(x)), G(x) = fx do/¢Bo(¢) and G~ is
the inverse function. Notice that the scaling form is obtained
by dividing the volume N by a critical volume Ny, which
means

N/Ny ~ 2t1o, (36)

which needs to be contrasted with L/Ly.

The collapse near the ergodic fixed point is shown in
Fig. 7. For each W, we determine In No(W) = Ly(W) such
that ¢p(W, Lo(W)) = 0.95, so that all the curves meet at the
same point along the one-parameter arc By(¢). The specific
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FIG. 7. Data collapse near the ergodic fixed point. The black
dashed curve is the scaling function f obtained by integrating Sy
from Eq. (33). Data are collapsed according to Eq. (35) and as
explained in the main text.

value chosen for ¢(W, Ly(W)) is not important, provided that
it is large enough to allow all curves to be in the one-parameter
scaling regime.

Far from the ergodic fixed point ¢ = 1, the functions
¢(W, L) are regular and nonvanishing, and therefore the di-
vergent length scale is given by Ny. The divergence of N is
entirely caused by the two-parameter flow that goes close to
¢ = 0 and therefore needs to be determined by this.

It is also instructive to plot, as a function of the disorder
strength W, the values ¢4 at which the B function vanishes,
i.e., B(¢a) = 0. If there was a transition, one should observe
a zero of the function ¢4(W): Extrapolating the data to the
thermodynamic limit, one would then be able to pinpoint a
localization transition. The points ¢4 (W) displayed in Fig. 8

1.0p } ----- ag+a W ]
‘g
0.8[ . a a as 1
o W+ g g s
0.6 N 1
< ®,
- 9,
0.4} N, ]
%
0.21 RN '
R
0.0 rw-ersesreessrea e e ]
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w

FIG. 8. Values of ¢ at which the B function vanishes, i.e.,
B(¢pa) = 0, as a function of the disorder W. The linear fit (blue) is
obtained by considering points up to W = 3 and yields a critical
value of the disorder W, >~ 3.8, which is consistent with the old
estimate of Ref. [21]. The nonlinear fit (yellow) is obtained by fitting
points with W > 2.2 and extrapolates to a larger value of the critical
disorder W, >~ 4.7.

clearly display a curvature, not crossing the axis ¢ = 0 at
a finite value of W. It is thus not possible to use a simple
linear fit to predict the critical disorder W,, and different fitting
functions lead to different values of W,, possibly even infinite.
The same analysis, when performed for the Anderson model
on RRGs, shows instead no sign of curvature, and from a
simple linear extrapolation, one is able to extract the value of
W, [33]. Such value agrees with the critical disorder strength
predicted by the analytical computation on the Bethe lattice
[73,74] with an error of about 1%. Unfortunately, for the XXZ
chain, there is no independent method of extracting the critical
disorder value, and one is not able to assess the presence of a
transition by looking only at the small disorder data. In the
next section, we complement the analysis by looking at larger
disorder strengths, and with the help of the two-parameter-
scaling formalism, we analyze the possibility of a finite-W,
localization transition.

B. Large disorder: Localized and critical behavior

The numerical analysis of the B function in the criti-
cal localized region—i.e., the region defined by 8 < 0 and
¢ <« 1—presents an intrinsic difficulty, since the system sizes
required are too large to be accessed numerically. In the
following, we show what the expected behavior is for an ob-
servable near the critical region, given the dynamical system
formulation developed in Sec. III C.

Upon defining &« = InA = In ¢, the two RG equations can
be put in the form Eq. (25). The force y (@) = —V'(«) is to be
determined from the numerical data. As discussed before, a
confining potential corresponds to the absence of a transition,
while a nonconfining potential corresponds to the existence of
a transition.

In order to explore the possible behaviors of «, we start by
solving Hamilton’s equations (25) with a force y (o) = ce™.
Later on, we will comment on the choice of this functional
form. The exponent n and the coefficient ¢ are left free
for now, and will be fixed by confronting to the numeri-
cal data. This exponential force y comes from a potential
V(a) = —(c/n)e"™, and therefore the conservation of energy
can be written as

B> ¢ n
= —(d)" + —E) —0. 37)
2 n c

From this, one finds that the § function is given by

2c n
Blp) ==+ —,/¢"+ —E, (38)
n c

where negative E corresponds to the ergodic phase (which
possesses both branches 8 > 0 and 8 < 0), while positive E
corresponds to the localized phase (for which B < 0). The
region ¢ < |§E|1/ " corresponds to the critical region.

Let us focus on the critical curve E = 0. If one integrates
Eq. (38), using the definition 8 = ¢ /¢, one finds an algebraic
scaling with the system size

B = —\/%Wz, (39)
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FIG. 9. Comparison between numerical results and trajectories
obtained through the integration of the dynamical system, Eq. (25),
with potential function V(o) = c €™ /n, where o = log ¢. All the or-
bits are consistent with a scaling coefficient ¢ 2~ 0.1 and an exponent
n =~ 1. The dashed gray line is the critical line according to Eq. (40),
with ¢ >~ 0.25.

and in turn
%o
(14 V50— L)) ™"

where (¢g, Lo) are the initial conditions (¢ is a microscopic
function of W, L that can be obtained from the numerics). For
large L >> L, one finds a power-law decay

¢(L) ~ L™, (41)

(L) = (40)

This is the same scenario found for the Anderson model on
the RRG, where the data support n = 1 and a law ¢ ~ 1/L?
[33]. We will see in a moment that n = 1 is also compatible
with the numerical data for the XXZ chain.

Inside the localized region, it holds E > 0. If the start-
ing point has ¢ > (ncE/2)*/", there is an initial decay that
follows the critical law Eq. (41), after which an exponential
scaling sets

2
p —\/g (6al"? = —1/810c,  $(L) ~ T (42)

In Fig. 9, we show a comparison between the trajectories
obtained from the integration of the equations of motion and
the numerical data. We have also included data corresponding
to intermediate values of the disorder, to check whether it
is possible to fit them with the same potential function. The
free parameters n, ¢ are obtained from a best fit of the data
corresponding to small values of ¢, or moderately large disor-
der values W = 3.5, ..., 8. The best fit values are n = 1.0(1),
c = 0.10(5).

Once n, c are fixed, the best fitting curves are obtained by
choosing initial conditions (¢, By) for each W. In this way,
a value of the energy can be associated with each trajectory
by using Eq. (37) at the initial condition: we find £ < 0 for
disorder values W < 4 and E > O for W > 5. This places the
value of the critical disorder between W = 4 and W = 5. The
critical line Eq. (40) is drawn by fixing ¢ to a value such that

0.08 -
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] e
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0.2r 3456758 T
W e

0.41
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-0.41

0.0 0.1 0.2 0.3 0.4 0.5

FIG. 10. B function of the rescaled r-parameter for the disorder
strengths W in legend, obtained as a phase-space plot of the trajecto-
ries in Fig. 9. Lines are continuous up to the point where data are
available. The dashed gray line is the critical line, separating the
ergodic from the localized behavior. In the inset, the energies of each
trajectory are shown as a function of the disorder, with the same color
map. The linear fit yields a value W, = 4.4(4).

the line does not cross the other trajectories: this results in a
tiny interval of possible values around ¢y =~ 0.25.

In Fig. 10, we show the phase space plot (¢, 8) constructed
from Fig. 9. Notice that the curves possessing a positive en-
ergy (corresponding to W =5, 6, 8) attach to the negative
axis. On the other hand, the curves possessing a negative en-
ergy (W = 3, 3.5, 4) are confined by the potential and, though
starting with a negative §, reach a turning point and flow away
from the localized phase. The critical line Eq. (40) yields the
separatrix between the ergodic and the localized behavior.

Let us stress that, although somewhat arbitrary, the choice
of the potential function family V(a) = —(c/n)e"™ to fit the
data is the simplest option and is, a priori, compatible with
both the transition and no-transition scenarios, depending on
whether # is positive or negative. This choice is motivated by
physical intuition, namely the approximate similarity between
the topology of the Hilbert space of the Anderson model in
infinite dimension and that of the Fock space of the XXZ chain
[15,75]. The outcome of the fitting procedure corroborates
this intuition. While more elaborate functional forms might
yield slightly better numerical fits, such fits would be entirely
phenomenological and would lack the suggestive physical
interpretation provided by our approach.

C. Significance of the results at large disorder:
A problem of statistics

Resolving the value of ¢ for large disorder necessitates a
heavy numerical effort. In fact, since the critical point is the
final point of a line of fixed points, one needs to distinguish
between two different decays of ¢(L), one in the critical
region W >~ W, and the other in the MBL phase W > W,. If
this is not done, one cannot bona fide claim that the transition
is not just a crossover. This brings up the necessity to have
very precise values of ¢ (or any other order parameter), whose
value in the MBL region is zero.
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After an initial power-law decay ¢ ~ L™ [with y = 2/n,
the critical power law obtained from (25)] the system either
reverses course and flows back to ¢ = 1 at the ergodic fixed
point, or settles on an exponential decay that will follow
asymptotically for L — oo. At what values of ¢, W, L this
occurs is dictated by the value of W,. If this is too large, ¢
will be very small already at small L (say L < 14), and a huge
sample is needed to distinguish the signal from the noise. In
this section, the Kolmogorov-Smirnov hypothesis test is used
to estimate how large a sample one needs to distinguish the
data from a Poisson distribution, and therefore the significance
of the value of ¢ itself.

The probability distribution function of the r-parameter for
an integrable system is (see e.g., Ref. [76])

r e [0, 1]. (43)

This law is very broad in its domain; hence, the average value
might not be an efficient numerical estimator. It is then con-
venient to quantify the difference between the numerical and
the theoretical probability distribution function beyond the
average value. This way, it is possible to provide an estimate
of how much statistics is needed to have a significant dataset.
To do so, we compute the difference between the theoretical
and numerical cumulative distribution functions,

k(r) = |C7(r) = C™(r)], (44)

where CP(r) =2r/(1 +r) and C®P = {3, ni < r}/N. This
choice is motivated by a physical argument: It is expected
that, for small system sizes and in the large disorder limit, the
system still exhibits some level repulsion, which is reflected
in the small values of r. The error associated with C**P is a
simple Poissonian counting error, C**P(r) = /C*P/N.

In Fig. 11, we compare the signal and noise from our data
as a function of the system size, for the particular cases of
W = 6 and 20. In the case of extremely large disorder W =
20, we considered a larger number of samples (from 103 to
6 x 10°) to show that the difficulty of collecting meaningful
statistics increases both with the disorder and with the system
size.

The condition to have a significant dataset is that the signal
is much greater than the noise, i.e., «(r) > §C*P(r). One
can be more quantitative considering «; = sup, (o 1) € (), ks
is called the Kolmogorov-Smirnov parameter.

We compute (L) and compare it with §C®*P(r,), where r;
is the value at which §C®*P(r) is maximal. The dataat W = 6.0
clearly shows exponential decay of the Kolmogorov-Smirnov
value all the way from L = 8 to L = 20, therefore confirming
the existence of a transition at W < 6. The data at W = 20
instead fall quickly into the region where the signal is compa-
rable to the error.

We can provide a rough estimate of the size of a significant
dataset Ngig by extrapolating with an exponential fit «(L) for
W = 20 (inset of the second panel of Fig. 11), and consid-
ering the point at which the signal is equal to the statistical
error, \/Ngg ~ 8C™" ~ ky(L). We find Ny ~ €*F; meaning
that, with 50 eigenvalues per sample, the number of samples
needed to have an accurate estimate of the average value of the
r-parameter at L = 20 is >10°. This bona fide computation
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FIG. 11. Comparison of signal and noise for W = 6 (top) and
W = 20 (bottom). The solid lines represent the numerical data, while
dashed lines represent the Poissonian error associated with the signal
(with matching color code). In the insets, the behavior of x,(L) is
compared to its associated error.

shows that a meaningful statement is quite hard to make, even
in the localized region.

V. DISCUSSION AND CONCLUSIONS

Motivated by the recent progress in the scaling theory
of Anderson localization transitions [32,33] and by the even
more recent analytical work on the Imbrie model [31], we
developed the renormalization group (RG) analysis of the
many-body localization (MBL) transition in the random-field
XXZ spin chain. The presence of a localization transition in
this model, though initially assessed by analytical (approxi-
mate) and numerical studies, has been undermined by general
arguments based on nonperturbative effects, such as many-
body resonances and thermal avalanches, and still remains
debated in the community. With this work, we provide a novel
contribution to the debate by focusing on the scaling theory
and giving particular attention to the methodological aspects
of analyzing numerical data for MBL at the small system sizes
that are currently available with the present technology.
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By exploiting numerical data for the rescaled r-parameter
¢, Egs. (2) and (3), obtained via exact diagonalization, our
approach allows for the reconstruction of the 8 function of the
model. This is an essential tool for the understanding of the
scaling theory of phase transitions in general, and localization
transitions in particular. In fact, as discussed in Sec. III B, the
properties of the 8 function determine the nature of the scaling
functions with which one can obtain a good data collapse
near the critical point. If one assumes that the critical point
is a simple zero of the 8 function, and therefore the flow to
the attractive fixed points is ruled by a one-parameter scaling
curve (as it usually happens in critical phenomena), then one
is led to inconsistent data collapses in the case of MBL, as the
one shown in Fig. 3.

The main message of this work can be summarized as
follows. There are two possible scenarios for the fate of MBL
in the XXZ spin chain: Either there is no transition in the
thermodynamic limit and the observed localized regime is
just a pre-asymptotic effect that is eventually destabilized
nonperturbatively; or, if there is a stable localized phase, then
the transition is characterized by a two-parameter scaling to-
wards a line of fixed points, of which the critical point is the
endpoint, in a way that resembles the Berezinskii—Kosterlitz—
Thouless (BKT) transition. This critical theory, which has
also been observed in the Anderson model on random regu-
lar graphs (RRG) [33], is more difficult to study than usual
critical phenomena. Since the critical point coincides with a
localized fixed point, the system is both repulsed and attracted
in the critical region: to understand whether the system is
actually flowing towards the localized phase means being able
to distinguish between a power-law or exponential decay. This
is a very subtle task, which requires having access not only to
larger system sizes, but also to huge statistics for the higher
accessible sizes.

We therefore analyze the data in the light of the two-
parameter scaling transition scenario. We divided our analysis
by focusing first on the flow to the ergodic fixed point for
small disorder values W in Sec. IV A, and then on the lo-
calized behavior at larger disorder values in Sec. IV B. The
former is governed by a one-parameter scaling function Sy, to
which each finite-size curve attaches for a certain value of the
Hilbert space volume Ny(L, W). A consistent data collapse of
the values of the rescaled r-parameter ¢ near the ergodic fixed
point can be obtained by exploiting the one-to-one correspon-
dence between fBy(¢) and the scaling function f used for the
collapse. The volume N sets a scale (i.e., a correlation length)
that is larger and larger upon increasing W. The divergence of
Ny reflects the fact that the observable displays a minimum
that is more and more flat as W grows. The question then is:
Is there a finite value of the disorder for which the minimum
shifts to the localized value at infinite Ny?

In order to answer this question, we fitted the numerical
data for large disorder by adopting a more “physical” point
of view, rather than just using some fitting functions depend-
ing on many parameters. In fact, our purpose has been to
avoid nasty fluctuations in the data and to find their general
trend, in a way that is grounded in the understanding of the
scaling theory. For this purpose, we realized that the phe-
nomenological equations of the two-parameter scaling of a
generic observable A can be cast into the equations of motion

for a Newtonian one-dimensional particle with coordinate
a =In¢. The Hamiltonian part of these equations in-
volves a force term, which can be derived from a potential
f(x) = —V'(a), and rules the scaling of the observable
near the critical point and in the localized region. Whether
the potential is nonconfining/confining corresponds to the
presence/absence of the transition: in the first case, there is a
critical energy (related to the critical disorder W,) above which
orbits can escape the potential and have access to the localized
phase.

We focused on the Hamiltonian dynamics for intermediate
and high values of the disorder strength, and found the free
parameters n and ¢ of the nonconfining potential V(x) =
—ce™ that allow for a better fit of the data. It turned out that
n =~ 1, leading to a scaling near the critical point of the kind
¢ ~ 1/L?, which is precisely the same scaling observed in the
Anderson model on RRGs. This suggests that the two models
may belong to the same universality class. From the sign of
the energy labeling the orbits, we were able to assess that in
this scenario the critical disorder should be between W = 4
and 5. This is confirmed by a fit of the minima of ¢, i.e., the
zeros of the 8 function at finite size.

Given the fact that the observable is flowing to its localized
value at the critical point, it is challenging to resolve an expo-
nentially decaying observable from the statistical fluctuations
in the data. For this reason, we performed a careful analysis of
the signal and noise extracted from our data by means of the
Kolmogorov-Smirnov test.

Summarizing, we believe that the study of the full RG
B function is the correct way to address ergodicity-breaking
transitions in quantum systems, lacking strong analytical ar-
guments in favour of a simple one-parameter scaling fixed
point. In the case of the XXZ model, our study of the 8
function points quite strongly against the possibility of having
such a simple critical fixed point. This observation has impor-
tant consequences, namely, if a localization transition occurs
at finite W,, it must be described by two-parameter scaling,
and we provided a suitable candidate that fits the data. If a
localization transition does not exist at any W, then this is an
even stronger reason to prefer a two-parameter scaling, and we
have shown concretely how to describe this scenario. Further
work is needed to resolve the correct two-parameter RG flow
for the XXZ (our analysis suggests that this is within reach
of existing computing power), and for the other many-body
models showing breaking of ergodicity caused by disorder
(e.g., [77-80]).
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APPENDIX A: DETAILS OF THE NUMERICAL
PROCEDURE

We performed an exact diagonalization algorithm using
the shift-invert method, implemented on the libraries SLEPc
[82] and PETSc [81]. The main numerical bottleneck is the
amount of memory needed to solve the linear system to invert
the resolvent operator [22], that scales as ~dim(#)3. In the
present case, we focused on the spin-0O sector, which is the
largest symmetry sector for even sizes, for which we remind
that dim(#) = (,},)-

In Table I we present a summary of the data that we used
to perform the analysis.
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FIG. 12. Data collapse near the critical point according to the
one-parameter scaling hypothesis of the first works on MBL [20,21],
estimating W, >~ 3.8, v ~ (0.9, and w =~ 2. The dashed line denotes
the “fake” critical value ¢. ~ 0.13. The two-parameter scaling dis-
cussed in this paper starts from the assumption that ¢. = 0. In the
inset the drift of the crossing point between the rescaled r-parameter
of adjacent sizes is shown. The dashed line in in ¢, =~ 0.13, which is
compatible with the error bars of the the last two crossing points.

APPENDIX B: DATA COLLAPSE IN THE
ONE-PARAMETER-SCALING FRAMEWORK

In this Appendix we show the other data collapse men-
tioned in the main text in Sec. III B, which wrongly assumes
a one parameter scaling at the critical point. This collapse is
shown in Fig. 12. Here, instead of fixing ¢. = 0, we leave
it as a free parameter, while fixing W, =~ 3.8 as results from
the linear extrapolation in Fig. 8. This fit yields the same
exponent v >~ 0.9 already obtained in [21], which violates the
Harris bound. Moreover, it gives a value of ¢, ~ 0.13, which
is inconsistent with the lowest finite-size critical value for the
turning point ¢4 = 0.085(4) observed for W = 4.

In the inset of Fig. 12, we show the crossing point ¢, be-
tween data for the r-parameter at adjacent sizes as a function
of the disorder strength W. One can observe as the crossing
point is drifting towards ¢, = 0, instead of saturating to a
finite value.
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