GRADED MONOMIAL IDENTITIES AND ALMOST
NON-DEGENERATE GRADINGS ON MATRICES

LUCIO CENTRONE, DIOGO DINIZ, AND THIAGO CASTILHO DE MELLO

ABSTRACT. Let F be a field of characteristic zero, G be a group
and M, (F) be the algebra of matrices of size n with entries from
F with a G-grading. Bahturin and Drensky proved that if the
G grading on M, (F') is elementary and the neutral component of
M, (F) is commutative, then the graded identities of M, (F') fol-
low from three basic types of identities and monomial identities
of length > 2 bounded by a function f(n) of n. In this paper we
prove the best upper bound is f(n) = n. More generally, we prove
that all the graded monomial identities of an elementary G-grading
on M, (F) follow from those of degree at most n. We also study
gradings which satisfy no graded multilinear monomial identities
but the trivial ones, which we call almost non-degenerate gradings.
The description of non-degenerate elementary gradings on matrix
algebras is reduced to the description of non-degenerate elementary
gradings on matrix algebras that have commutative neutral com-
ponent. We provide necessary conditions so that the grading on
M, (F) is almost non-degenerate and we apply the results on mono-
mial identities to describe all almost non-degenerate Z-gradings on
M, (F) for n <5.
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1. INTRODUCTION

A fundamental problem in the theory of algebras with polynomial
identities is finding a set of generators (or basis), as a verbal ideal (or
T-ideal), for the ideal of identities of any given algebra. For associative
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algebras over a field of characteristic zero Kemer (see [18],[19]) proved
that there always exists a finite set of generators but he did not give
any algorithm to determine such a set. A finite basis for the ideal
of identities is known for commutative algebras, whereas for matrix
algebras over an infinite field F' it is known only for the algebra of 2 x 2
matrices, see [14], [22]. If F is a field of positive characteristic p > 2 we
have a description of a finite basis of identities for My(F) (see [20]). We
note that some further partial results for Ms(F) in the case of fields of
characteristic 2 were obtained in [13] and [21] but it is still unknown if
the ideal of identities of My (F') is finitely generated or not in this case.
Hence finding out explicit sets of generators of T-ideals is in general
an interesting problem. In this frame some "weaker" identities arise
such as the graded polynomial identities for graded algebras. This
kind of identities started to be studied in the theory developed by
Kemer and plays an important role in the study of ordinary polynomial
identities. In particular the T-ideal of any associative algebra can be
obtained manipulating (via the Grassmann envelope) the ideal of Zo-
graded identities of a finite dimensional Zj-graded algebra. Moreover
two algebras graded by the same group satisfying the same graded
identities must satisfy the same ordinary identities. A fundamental
result by Bahturin, Giambruno and Riley (see [5]) shows that if an
algebra is graded by a finite group and the component associated to
the neutral element of the group is a Pl-algebra, then the whole algebra
is also a PI-algebra. All of this justifies the interest in studying graded
identities.

A grading on a matrix algebra is said to be elementary if the el-
ementary matrices are homogeneous in the grading. Group gradings
on matrix algebras are described in terms of elementary gradings and
division gradings, i.e., gradings in which every non-zero homogeneous
element is invertible. If the group is cyclic or torsion-free, then every
grading on a matrix algebra is an elementary grading, see the paper [6]
by Bahturin and Zaicev and the references therein. From now on every
field is assumed to be of characteristic 0. A basis for the graded iden-
tities of My(F') with the canonical Zsy-grading, and related algebras,
was determined by Di Vincenzo in [11]|. Later Vasilovsky provided a
basis for the graded identities of the algebra of n x n matrices with
the canonical gradings by the groups Z, and Z, see [24], [25]. In [4]
Bahturin and Drensky described a basis for the identities of the alge-
bra M, (F) of n x n matrices with an elementary grading such that the
neutral component is commutative. In particular, they proved that ev-
ery graded identity follows from three types of identities and monomial
identities of length (the usual degree of the monomial) bounded by a
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function f(n) of n. In [8, Theorem 3.1] a similar result is obtained
for every subalgebra of M, (F') having a basis consisting of elementary
matrices with the canonical (or Vasilovsky) Z,-grading. The authors
proved that in the ideal of graded identities we only need monomial
identities of degree up to 2n — 1. It was conjectured in [8, Conjecture
5.1] that the best upper bound is n. In [10] the authors extend such
result, and the corresponding conjecture, for arbitrary groups and for
infinite fields of arbitrary characteristic. In this paper we prove the
last conjecture for M, (F). More precisely we prove that the graded
monomial identities of M, (F") with an elementary grading by a group
G follow from those of degree up to n, see Theorem 3.5 in the sequel.

The canonical Z-grading on M, (F') has an interesting property: the
monomial identities are consequence of the most trivial ones, i.e., the
indeterminates with homogeneous degrees that lie in the complement
of the support of the grading. A natural question is to consider the
G-gradings on the matrix algebra M, (F) satisfying the same prop-
erty, i.e., that each of its graded multilinear monomial identities fol-
low from the trivial ones. We shall call such gradings almost non-
degenerate. This notion is related to the so called non-degenerate grad-
ings, (see |2, Definition 1.1]). Such gradings are defined as gradings
R = @®4ec R, such that given an n-tuple (g1, ..., g,) of elements of G,
we have Ry --- Ry, # 0. Using the terminology of this paper, to be
non-degenerate means R does not satisfy any graded multilinear mono-
mial identity. As examples, the canonical (or Vasilovsky) Z,-grading on
M, (F) is non-degenerate, whereas the canonical Z-grading on M, (F)
does not satisfy this property. Indeed it is clear from the definition
that if a finite dimensional graded algebra graded by a group G has a
non-degenerate G-grading, then G is finite. Of course the notions of
non-degenerate grading and almost non-degenerate grading are strictly
related. Notice that if A is an algebra with an almost non-degenerate
grading, then the grading on A is non-degenerate if and only if its
support coincides with the grading group. Hence if an algebra with
an almost non-degenerate fails to be non-degenerate then it admits a
trivial monomial identiy.

A relation between the grading group G and the exponent of a PI-
algebra W (exp(1V)) that admits a non-degenerate grading is given in
[2]: there exists an abelian subgroup U of G with [G : U] < exp (W)X,
where K is a constant not depending neither on W nor GG. The graded
simple finite-dimensional algebras with a non-degenerate grading are
easy to describe: a graded simple algebra A has a non-degenerate grad-
ing if and only if the grading is strong, i.e., AjA, = Ay, for every
g,h € G, see |2, Lemma 3.3]. This motivates the following problem.
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Problem 1.1. Given a group G determine the G-graded simple finite-
dimensional algebras which are almost non-degenerate.

The above problem for elementary gradings on matrix alge-
bras is reduced, using Proposition 3.2, to the problem of describing
the elementary gradings on matrix algebras with commutative neutral
component that are non-degenerate. The polynomial identities of such
gradings on M, (F') are completely described in [4]. However even for
such gradings and G = Z the problem above is not trivial. In the
last section we use Theorem 3.5 to solve Problem 1.1 for the Z-graded
matrix algebras M, (F'), where n < 5 (see Theorems 4.12 and 4.13 in
the text) and F' is a field of characteristic 0. It is worth mentioning
that a similar problem was considered in [12, Theorem 21| for
other verbally prime algebras.

2. PRELIMINARIES

All fields we refer to are assumed to be of characteristic zero and all
algebras we consider are associative and unitary.

Let G be a group with neutral element 15 and let F' be a field. If A
is an F-algebra, the decomposition

r:A=A4,

geG

of A as a direct sum of subspaces indexed by the elements of the group
G is called a G-grading on A if A;A, C Ay, for every g,h € G. The
subspaces Ay, g € G, are called homogeneous components of the grad-
ing. An algebra A with a fixed G-grading is said to be G-graded. If
0 # a € A, we say that a is homogeneous of degree g and we write
dega = g. We define the support of I' as

Supp(l') := {g € G|A, # 0}.

An ideal I of A is graded by the group G if I = Bgea(I N Ay).
A graded algebra A is called graded simple if A*> # 0 and the only
graded ideals of A are the zero ideal and A. Moreover a graded algebra
is a graded division algebra if every non-zero homogeneous element is
invertible.

In order to compare two different gradings we need the notions of
isomorphic, weak isomorphic and equivalent gradings.

LetI'y : A = @gecAgyand I'y : B = @pen By, be a G-grading on A and
an H-grading on B respectively. Let ¢ : A — B be an isomorphism
of algebras. We say ¢ is an isomorphism of the gradings I'y and I's if
G = H,and foreach g € G, p(A,) = B,. If there exists an isomorphism
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of groups o : G — H such that p(A,) = By for all g € G, then we
say  is a weak isomorphism of the gradings I'y and I's. We say that
@ is an equivalence of the gradings T'y and I's if there exists a bijection
a : Supp(I'y) = Supp(I'y) such that p(Ay) = By for every g € G.

Note that weakly isomorphic gradings are equivalent, but the con-
verse, however, does not hold. For example, the Z-gradings on M, (F)
induced by (0,1,...,n—1) and (0,d,...,d(n—1)), for d > 1, are equiv-
alent but are not weakly isomorphic. Nevertheless, for non-degenerate
gradings those equivalence relations coincide by [8, Corollary 3.6].

For the above notions, we follow the terminology in [15].
Different terminology is also used in the literature, see |16,
Section 2.7] or [17, Remark 1.3].

Another important notion we are going to use is that of a coarsening
of a grading. Let ' : A = @y Ay and I : A = §pep A, be a G-grading
and an H-grading on A respectively. We say [ is a coarsening of I if
for every g € G there exists h € H such that A, C A} .

Let us list some useful examples of gradings. Any algebra can be
endowed with a trivial G-grading, where G is any group, if we set A, =
A and for each g # 1¢ A, = 0. This is called trivial grading on A.
Let E be the algebra generated by a countable infinite set {ey, e, ...}
with the condition e;e; = —eje; for all 4,7 > 1. This algebra is called
Grassmann algebra and it can be seen its basis as a vector space is given
byB:B()UBI, where B(] = {eil---e,;k |Z1 < e < g, k is even}U{l}
and By = {e;, e, |11 < -+ < ig, kis odd}. We denote by E; the
subspace of E generated by B;. Then it is easily seen that E is Zo-
graded by E = Ey & E; which is called canonical Zs-grading of E.

A grading on a matrix algebra R = M,,(F') is called elementary if the
elementary matrices e;; are homogeneous in the grading. Given an n-
tuple g = (g1, ..., gn) of elements of G' we set R, = span{e,, | gp_lgq =
g9}, then R = @, o R, is an elementary G-grading on R. Moreover,
it was proved in [9] that every elementary grading on M, (F) can be
defined this way. The importance of such gradings is that over an
algebraically closed field of characteristic 0 every grading on R by a
finite group is obtained by a certain tensor product construction from
an elementary grading and a fine grading (see [6]).

We will refer to the Z-grading on M, (F) induced by (0,1,...,n—1)
as the canonical Z-grading on M, (F'). Analogously the Z,-grading on
M, (F) induced by (0,1,...,n— 1) is called canonical Z,-grading on

In order to give the analogous definition of a polynomial identity
for graded algebras, we define a free object in the class of G-graded
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algebras. Let {X?9 | ¢ € G} be a family of disjoint countable sets of
variables. Set X = (J, . X? and denote by F(X|G) the free associative
algebra freely generated by the set X over F. If x € X9 we set
degz = ¢g. For a monomial m = z;,x;, - - - x;, we set degm = degx;, -
degz;, - - - degx;,. Given g € G we denote by F(X|G), the subspace of
F(X|G) spanned by the set {m = z;,z;,---x; | degm = g}. Notice
that F/(X|G),F(X|G), C F(X|G),, for all g, h € G. Thus

F(X|G) = P F(XIG),

geG

is a G-graded algebra. We refer to the elements of F'(X|G) as graded
polynomials.

Anideal I of F(X|G) is said to be a T-ideal if it is invariant under all
F-endomorphisms ¢ : F(X|G) — F(X|G) such that ¢ (F(X|G),) C
F(X|G), for all g € G. A subset S C I is a basis for the Ti-ideal I if
I is the intersection of all the Tg-ideals of F(X|G) containg S.

If Ais a G-graded algebra, a polynomial f(zi,...,z,) € F(X|G)
is said to be a graded polynomial identity of A if f(ay,as,...,a,) =0
for all ay,as,...,a, € UgeGAg such that a; € Agegs,, k=1,...,n. If
A satisfies a non-trivial graded polynomial identity, A is said to be a
(G-)graded PI-algebra. We denote by T (A) the set of all graded poly-
nomial identities of A, it is clear that Tz(A) is a Ti-ideal of F/(X|G).
We remark that if the group G is finite, then for every G-graded alge-
bra A the Tg-ideal T;(A) admits a finite basis, see [1], [23]. In the case
the group G is the trivial one we shall refer to ordinary polynomials
(or simply polynomials), polynomial identities, T-ideals, etc.

Let R be the matrix algebra M, (F') with an elementary grading in-
duced by the n-tuple g = (¢g1,...,9,) € G™. Since for an elementary
grading the trivial component contains the subalgebra of diagonal ma-
trices, it is clear that the neutral component R, is commutative if and
only if the entries of g are pairwise distinct. In this case the following
are graded polynomial identities for R.

(1) X129 — Xox1 = 0,degx1 = degxy = 1g
(2) 17973 — 23797, = 0,degx; = dega, ' = degws # 1g
(3) 21 = 0, Rgegz, = 0.

In the identities of (2), we may consider Ryegyy 7 0 and Rgeg s, 7 0.
If S is a subalgebra of R admitting a linear basis consisting of ele-
mentary matrices, then S = ©g4cc Sy, where S; = SN R, is a G-grading
on S.
In Theorem 3.7 of [10], the authors prove the next result.
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Theorem 2.1. Let F' be an infinite field and let G be a group. Let us
consider M, (F) with the elementary G-grading induced by the n-tuple
7= (91,---,9n) € G", where the elements g1, ..., g, are pairwise dif-
ferent. If S is a subalgebra of M, (F') generated by elementary matrices
eij, then a basis of the graded polynomial identities of S consists of
(1) — (3) and a finite number of graded monomial identities of degree p
where 2 < p <2n — 1.

Determining a finite set of monomial identities as in the previous
theorem is not a trivial task and some examples can be found in [4], [8].
In [4] the authors proved the graded monomial identities of M, (F') are
bounded by a function f(n) whereas in [8] and in [10] it is conjectured
that every graded monomial identity of the subalgebra S as in the
previous theorem follows from the graded monomial identities of degree
at most n. In the next section we are going to prove such conjecture
for S = M, (F). We start off with the following definition.

Definition 2.2. [12, Definition 17| Let R be a G-graded algebra, let
Iy be the Tg-ideal generated by the set {z; | deg(x1) ¢ Supp(R)}. A
monomial M € Tg(R) is a trivial graded monomial identity for R if
M € 1y, otherwise we say that M is a non-trivial graded monomial
wdentity for R.

We recall that the G-grading I' : R = @®geqli, on the algebra R
is called non-degenerate if for every tuple (g1,...,9,) € G" we have
Ry --- R, # 0, see [2, Definition 1.1]. Equivalently the grading I
is non-degenerate if it admits no monomial identity and in this case
Supp(I') = G. The grading I is called strong if R,R) = Rgyp,. It is clear
that if I' is strong and Supp(I") = G, then it is also non-degenerate. The
canonical Z,-grading on M, (F) is a strong grading and, in particular,
it is also a non-degenerate grading. The canonical Z-grading on M, (F')
is not a non-degenerate grading because it satisfies the identities x1,
where |degx;| > n. This grading, however, satisfies no non-trivial
graded monomial identities (see [24] for the description of its graded
identities). With this example in mind, we introduce here the concept
of almost non-degenerate grading.

Definition 2.3. The G-grading R = ©,cqRy on the algebra R is
almost non-degenerate if it satisfies no non-trivial multilinear graded
monomial identities.

In Section 4 we consider the problem of determining the almost non-
degenerate gradings on matrix algebras. A more specific problem is to
determine the almost non-degenerate Z-gradings on M, (F"). Even this
is a non-trivial task, and we provide necessary conditions so that certain
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gradings on M,,(F) are almost non-degenerate and we completely solve
this problem for n < 5.

Let n be a positive integer § = (g1,...,9n) be a tuple of elements
of the group G and let D = ®,cqD, be a G-graded algebra. Then it
is easy to verify that the algebra M, (F') ® D may be endowed with
a G-grading such that the element e;; ® d is homogeneous of degree
gi_lhgj for every 1 < 4,57 < n and every d € D;. We refer to this as
the grading on M, (F) ® D induced by g. If D = @, is a division
grading then M, (F) ® D is a graded simple algebra. The next result
implies every finite-dimensional graded simple algebra is obtained in
this way, it is a direct consequence of some of the results in [6], [7] and
[15, Corollary 2.12].

Theorem 2.4. Let G be a group and let R be a G-graded algebra. If R
s a finite-dimensional graded simple algebra, then there exist a positive
integer n, an n-tuple g of elements of G and a graded division algebra
D such that R is isomorphic to M, (F) ® D with the grading induced

by g.
3. MONOMIAL IDENTITIES IN MATRIX ALGEBRAS

In this section we prove that all multilinear graded monomial iden-
tities of the full matrix algebra of size n follow from those of degree n
provided the grading is elementary.

First, we mention that for elementary gradings a graded monomial
identity is a consequence of a suitable graded multilinear monomial
identity.

Remark 3.1. A monomial M = x;, ---x;, is a graded monomial iden-
tity for a n elementary G-grading A on a matriz algebra if and only

if the multilinear graded monomial M = x; - - x,,, where degg z; =
degg i, is a graded identity for A. Hence an elementary G-grading
on a matriz algebra is almost non-degenerate if and only if it satisfies
no non-trivial monomaual identity.

Proof. Let h; = degox;, i =1,...,m and for each h € G, let
Mh = Z eij.
9; "gj=h
For 1 < ¢,5 < n denote by k;; the number of tuples of elementary

matrices (e; j,,- -, €, j,) such that degge;, ;, = hy fort =1,...,m
and e;, j, - €, i, = €;. Then we have

(4) - My, = Z kijeis-
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Clearly if M is an identity for A then M is also an identity for A.
Now assume that M € T (A). In this case My, --- My, = 0, hence
it follows from (4) that k;; = 0 for every 1 < 4,j < n. Assume that
M is not an identity for A, hence there exist a tuple of elementary
matrices (e, ;- -, € .jn) such that degge;, ;, = by fort =1,...,m
and e;, j, - - €, i, 7 0. As a consequence k;, ; # 0 which is a contra-
diction since k;; = 0 for every 1 < ¢,7 < n. Hence we conclude that
M € Ta(A). O

The above remark is not true in general. For instance, let us
consider the Grassmann algebra E with its canonical Z,-grading. Of
course £ satisfies the monomial identity 22, where z is an indetermi-
nate of degree 1, whereas it does not satisfy any multilinear monomial
identity.

Let us show now the next fact. If a matrix algebra is graded by a
group GG and this G-grading is elementary and induced by an n-tuple
(g1, -, gn) of elements of G, then it is not a restriction for our purposes
to consider g1, ..., g, to be pairwise distinct. This is the content of the
following result.

Proposition 3.2. Let A be the matriz algebra M, (F) with the ele-
mentary grading induced by (g1,...,9n). Let hy, ..., hy be pairwise dif-
ferent elements of the group G such that {¢1,...,gn} = {h1,..., hx}.
Let Ay be the algebra My(F) with the elementary grading induced by
(hi,...,hx). Then M = xy...x,, is a graded multilinear monomial
identity for A if and only if it is a graded multilinear monomial iden-
tity for Ag. In particular, the algebra A has an almost non-degenerate
grading if and only if Ay has an almost non-degenerate grading.

Proof. Note that supp A = supp Ag. The result now follows if we prove
that a multilinear monomial is an identity for A if and only if it is an
identity for Ag. Let M = x; - - - x,,, be a monomial in the free G-graded
algebra. Note that Aj is isomorphic to a suitable subalgebra of A.
Hence if M is a graded identity for A, then M is a graded identity
for Ag. Now we assume that M is a graded identity for Ay. We may
assume, up to isomorphism, that the entries of the n-tuple (g1, ..., g,)
lie in the set {hy,..., hi} and that the first ¢; entries are hy, the next
g2 entries are hy and so on. Let d; = ¢ +--- 4+ ¢q; for i = 1,... k.
Let J; ={1,...,di} and J; ={d;—1 + 1,...,d;} for i = 2,... k. Note
that U;J; is a partition of {1,...,n}. Then g; = h; if i € J;. For each
i in {1,...,n} there exists a unique [ such that i € .J; and we denote
by i’ the smallest integer in J;. Now let e;, ;,,..., €, ;,, € A such that
degs e, j, = degg ay for each t = 1,...,m and let r be the result of the



10 L. CENTRONE, D. DINIZ, AND T. C. DE MELLO

substitution of x; by e;, ;, on M. Then

T =€i1,51 """ Cimyjm-
Now let

/.
= A A ;! il
r 611 »J1 ean $Im

If r # 0, then 7’ # 0. On the other hand, 7’ is the result of an admissible
substitution for M by elements of A" which is is the subalgebra of A
generated by the elementary matrices e;;, where i,j € {1’,...,n'}.
As a consequence, M is not a graded identity for A’. However A’ is
isomorphic to Ay that is a contradiction. Thus » = 0 and M is a graded
identity for A. O

Until the end of this section R will denote the algebra M, (F') with the
elementary grading induced by an n-tuple g = (g1, ..., gn) of pairwise
distinct elements of G. For every g € Supp(R) let {e; ,,... €} be
the basis of R, consisting of elementary matrices. Let I, = {i1,...,4},
Jy = {J1,...,71}. Since the entries of § are pairwise distinct given
i € I, there exists a unique j € J, such that e;; € R,. This defines an
injective map ¢ : I, — J,, this a map was introduced in [10].

We start off with the next result about graded multilinear monomial
identities, which is a key step in the proof of the main theorem of this
section.

Lemma 3.3. Let G be a group and let R be the elementary G-grading
on M, (F) induced by the n-tuple (g1,...,gn) of pairwise distinct ele-
ments of G. For h € Supp(R), let us denote

Mh = Z €kl -

-1
9, 9i1=h
Let hy, ..., hy be elements of Supp(R). If hy - - - hy = 1g, then the num-
ber of non-zero lines in My = My, My, - - - My, and My = My, - - My,
1s the same.

Proof. Let iy, ...,1, be the non-zero lines of M; which are, of course,
also non-zero lines of My,,. Then j; = hy(i1), ..., jr = hy1(4,) are non-
zero lines of Ms. The claim follows once we prove ji, ..., j, are exactly

the non-zero lines of Ms.

Since M}, is homogeneous of degree hy, we have M, is homogeneous
of degree h;!. If the j-th line of M is non-zero, then there exists i such
that ej; has degree hy'. Of course deg(e;;) = hy and j = }All(z'), where
i is a non-zero line of My, since e;; M, # 0 and the result follows. [

As an easy consequence of the previous result we get the next result.
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Lemma 3.4. Let m = x1---x, be a graded monomial identity of
homogeneous degree 1g of R, where for every i = 1,...,k we have
deg(x;) € Supp(R). Then m is a consequence of the graded monomial
identity m' = xq -+ - xy.

Now we are ready for the main result of the section.

Theorem 3.5. Let G be a group and let R be the algebra M, (F') en-
dowed with an elementary G-grading. If m = x1---xp is a graded
monomial identity for R and k > n, then m is a consequence of a
graded monomial identity of R of degree at most n.

Proof. From Proposition 3.2 we may consider R an elementary grading
induced by the tuple (gi,...,g,) of pairwise distinct elements of G.
Suppose k > n. If x1---x, is a graded monomial identity for R we
are done. Assume that 7 ---x, is not a graded identity for R. In this
case there are indexes 41, ji, ..., %, jn such that dege;, ; = h, for all
r e {l,...,n} and e; j, ---€;,j, # 0. Of course, j, = i,41, for all
r < n. Defining 4,1 := j,, since i, € {1,...,n}, for all r, at least two
among the indexes i1, ...,%,41 are equal. Let 5 and 7,1 = j; be such
indexes. Then degx;, ---x;, = lg, i.e., z1---x; has a submonomial
m' = x;, - x;, of degree 1g.

Suppose first s = 1, i.e., m’' is at the beginning of the monomial m.
Then Lemma 3.4 shows that m is a consequence of x5 - - - xy.

Suppose now s > 1. We claim the monomial

Ty Ts—oYTsi1 " T,

is a graded monomial identity for R, where degz; = h; € G, for all ¢
and degy = hs_1hs. For this, it is enough to show that the non-zero
lines of My, My, --- My, and My _ p, My, --- My, are the same. To
prove this claim notice that any non-zero line of the former product is
a non-zero line of the latter.

Now let ¢ be a non-zero line of My,__ ., My, , - - - Mp,. As before, there
are matrices e;, ;. for r € {s+1,...,t} such that dege;,; = h, and
€ijCivirdorr " Civge 7 0, where dege; j = hg_1h,. Since h,---hy = 1g,
we have dege;j, ;. ., = hs.

Comparing degrees, one gets dege; j, = hs_1. Hence,

€5t Citsis+1Cistr,dst1 " Cirygie 3& 0,
which means 4 is a non-zero line of Mj,,_ My M), --- Mj,.

In order to complete the proof we have to argue by induction on
k>n+1. If Kk =n+ 1 the discussion above shows m is a consequence
of a graded monomial of degree n and we are done. Suppose the result
is true for k — 1 > n + 1 and let us prove it for £ > n + 2. As above,
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m is a consequence of a graded identity of degree strictly less than £
that is, by induction, a consequence of a graded monomial of degree
less than or equal to n and now the proof is complete. 0

We remark that the proof of the above result uses the hypothesis
that R is a grading on M, (F), hence for an arbitrary subalgebra of
M, (F) generated by elementary matrices the conjecture in [10] is still
open.

The next example shows that the bound f(n) = n is sharp.

Example 3.6. Let us consider R = M, (F') with the Z,1-grading given
by (0,1,...,n—1). In this case, R? = 0 provides a graded monomial
identity of length n which does not follow from a graded monomial
identity of lower degree. In fact, R does not satisfy any monomial
identity of degree less than n, indeed notice that if g # 1g then the
component of Ry is n — 1-dimensional, so if we consider the graded
monomial x4, ...x, , we get the linear span of its image (considered as
a function of R¥ to R) is a vector subspace of Ry,..q, of dimension at
least n — k.

In the next section we consider almost non-degenerate gradings on
matrix algebras.

4. ALMOST NON-DEGENERATE GRADINGS

Let G be a group. In this section we consider the problem of deter-
mining the n-tuples of elements of G inducing almost non-degenerate
elementary gradings on M, (F'). We recall that almost non-degenerate
gradings are gradings which satisfy no non-trivial multilinear graded
monomial identities.

Throughout this section R will denote the matrix algebra M, (F')
over an algebraically closed field of characteristic zero. Moreover we
will use the word length instead of degree of a monomial.

In the next paragraphs we would like to show why it is sufficient to
consider the hypothesis of the neutral component being commutative,
starting with we the following characterization result.

Due to the fact the ground field is algebraically closed, then D, , = F'
is commutative and the neutral component of the algebra Ay above is
commutative which makes the hypothesis of the neutral component
being commutative consistent at the light of the characterization of
the graded algebras given by Bahturin and Zaicev in [6].
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Now we start the study of the almost non-degenerate gradings on
M, (F). By Lemma 3.2, we can restrict our attention to elementary
gradings on M, (F') generated by n-tuples of pairwise distinct elements.

Remark 4.1. The elementary gradings on M, (F') induced by the tuples
(g15---,9n) and (hy, ..., h,) in G™ are isomorphic if and only if there
erists a permutation m € S, and g € G such that hy = g59, for
i=1,...,n (see [3] and |15, Corollary 2.12]).

As we have already mentioned, a direct consequence of the main
result of [24] is the following.

Proposition 4.2. The canonical Z-grading on M,(F) is an almost
non-degenerate grading.

In this section we determine sufficient conditions so that a G-grading
on M, (F), where G is a linearly ordered abelian group, turns out to be
almost non-degenerate. We recall a linearly ordered group is a group
equipped with a total order that is translation-invariant. In particular,
linearly ordered groups are always torsion-free. Since we are working
with abelian groups, we will use additive notation for the group G. In
particular, the neutral element will be denoted by 0.

The proof of the next lemma is easy and will be omitted.

Lemma 4.3. Let G be a linearly ordered abelian group, let n be a
positive integer and let 0 = g1 < g2 < -+ < g, € G such that g; — g; €
{g1,---,gn}, for each i and j € {1,...,n} with i < j. Then for all
ke {l,...,n} we have g, = (k — 1)ga.

Remark 4.4. Any grading by a torsion-free group on a matriz alge-
bra is an elementary grading (see |15, Corollary 2.22|). In particular
a grading by a linearly ordered group G on a matriz algebra is an ele-
mentary grading.

The next proposition gives a characterization of G-gradings on ma-
trix algebras that are equivalent to the canonical Z-grading, where G
is a linearly ordered abelian group.

Proposition 4.5. Let G be a linearly ordered abelian group and let
I': M,(F)=R=®&4cR,

be a grading on M, (F) such that the neutral component is commutative.

Then the following statements are equivalent:

(a) T is equivalent to the canonical Z-grading of M, (F).
(b) The support of the grading has exactly 2n — 1 elements.
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(¢) There exists g > 0 in G such that T is the elementary grading
induced by (0,¢9,2g,...,(n—1)g).
(d) There exists g € G such that dim Ry = n — 1.

Proof. By Remark 4.4 we get I' is an elementary grading. The neutral
component is commutative, hence I' is induced by an n-tuple of pairwise
distinct elements of G. As a consequence of Remark 4.1 we may assume,
without loss of generality, that I' is an elementary grading induced by
an n-tuple (g1,...,9,) € G" such that 0 = g1 < go < -+ < g,. Note
that Supp(I") has at least 2n — 1 elements, indeed the 2n — 1 elements
€11, €12, - - -, €1n, €21, - - - , €1 have pairwise distinct degrees.

(a) = (b) It is immediate since the cardinality of the support is invari-
ant under equivalence of gradings.

(b) = (c¢) Now assume that Supp(I") has 2n — 1 elements, then
Supp(r> = {07 9255905 =925 - - - _gn}

In this case, for each ¢ < j, g; — g; is one among ¢s, ..., g,. By Lemma
4.3, for each k, gr, = (k — 1)go.

(c¢) = (d) Notice that the set ejq, €03, ..., €,-1, is a linear basis of the
subspace R, hence dim R, =n — 1.

(d) = (c) Up to an isomorphism of gradings, by Remark 4.1, we may
assume the gradings is induced by the n-tuple (gi,...,g,) with 0 =
g1 < gz < --- < gpn. Let g # 0 be an element of G such that dim Ry, =
n — 1. Since dim R, = dim R_,, we may assume g > 0. If dege;; > 0,
then i < n, therefore there exist i1, ...,4,_1 such that the elementary
matrices with degree g are ey;,,...,€,-1,, ,. For 1 <k <l <n-1
the equality gr — g;, = g — ¢;, implies that g;, < g;,. Therefore 1 <
1 <+ <ip1 <n. Thusi; =t+1fort=1,...,n— 1. Hence
g=¢92—91 =Ggs—go = -+ = gn — gn—1 and for each k € {1,...,n},
g = (k—1)ga.

(¢) = (a) It is immediate that the map induced by 1 € Z — g € G
gives an equivalence between the canonical Z-grading of R and the
grading I". U

Notice the hypothesis of G being linearly ordered cannot be removed
in Proposition 4.5 as we show in the next example.

Remark 4.6. Let R be endowed with the Zso,_1-grading induced by the
n-tuple (0,1,...,n —1). We have Ry— = (E\,). In particular, R: - =

0, and this yields a non-trivial monomial identity, since 2(n — 1) = —1
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and R_7 # 0. The grading R is equivalent to the canonical Z-grading
on M, (F), however it satisfies a non-trivial monomial identity.

The next result shows some characterizations of the canonical Z-
grading on R. This will be helpful in order to determine the almost
non-degenerate gradings on R.

Theorem 4.7. If G is a linearly ordered abelian group and T' is a
G-grading on R such that |[Supp(I')| = 2n — 1, then I' is an almost
non-degenerate grading.

Proof. Proposition 4.5 implies that there exists A > 0 in G such that I'
is the elementary grading on M, (F) induced by (0, h, 2h, ..., (n—1)h).
Therefore Supp(I') € H, where H is the subgroup of G generated
by h. Let A denote M, (F') with the canonical Z-grading. The map
@ : z = zh is an isomorphism from Z to H such that A, = R, for
every z € Z. This implies that the gradings on R and A, viewed as
gradings by the groups Z and H respectively, are weakly isomorphic.
Proposition 4.2 implies that the H-grading on R is also almost non-
degenerate. This gives that I' is an almost non-degenerate grading. [

A natural question now arises. Does the converse of Proposition 4.7
hold? More precisely, if G is a linearly ordered abelian group and the
G-grading I" on M,,(F) is almost non-degenerate does it follow that I'
is equivalent to the canonical Z-grading on M,,(F')?

The answer to the above question is negative and counterexamples
exist only for n > 4, as we can see in what follows.

Proposition 4.8. Let G be a linearly ordered group and I' be an almost
non-degenerate elementary G-grading on R, n < 3, such that the neu-
tral component s commutative. Then I' is equivalent to the canonical
Z-grading on R.

Proof. Let us consider n = 2, then for any non-trivial G-grading there
exists g € GG such that

F 0 0 F 0 0
we (o r) e (00) (7))

It is clear that this grading is equivalent to the canonical Z-grading on
R. If n = 3, by Remark 4.4 and Remark 4.1 we may assume that I" is
the elementary grading induced by the triple g = (0, g1, g2) of elements
of G, where 0 < g; < go. In this case the positive elements in Supp(T")



16 L. CENTRONE, D. DINIZ, AND T. C. DE MELLO

are {g1, 92,92 — g1}. If g2 # 2¢; we have

0 F 0 00 F 00 0
Ry={000|,By=(000 | Rpy=|00F
00 0 00 0 00 0

As a consequence, it satisfies a non-trivial monomial identity of length
2: xyx9 = 0, if degxy = g2 — g1 and degxy = g;. This contradicts
the fact that I' is almost non-generate. Therefore we get go = 2g;
which leads us to state the grading on R is equivalent to the canonical
Z-grading on R. U

We now introduce a grading on R which will play an important role
in the characterization of its almost non-degenerate gradings.

Let n be a positive integer and denote by e; the element of yARL
whose i-th entry is equal to 1 and the remaining entries are 0. We
consider the (n — 1)-tuple d = (di, ..., d,_,) where d; = ¢; for 1 < i <
L%J and d; = d,_; for L%J <i<n-—1. Nowletg= (g1,...,9,) be
the n-tuple of elements of ZL%J such that g =0 and ¢;.1 — ¢; = d; for
1=1,...,n. Let

(5) R = D, czl3) R,

be the elementary yARL -grading on R induced by g. Then we get the
following.

Proposition 4.9. Let G be an abelian group without elements of order
2. Let us consider R with an elementary grading induced by a tuple
(g1, ---,9n) of pairwise distinct elements of G. If there exists g € G
such that dim R, = 1 and R satisfies no non-trivial multilinear identity

of length 2, then this grading is isomorphic to a coarsening of the zls).
grading in (5).

Proof. Let R, := span{e;;} be a one dimensional component of the
grading and let h = (hy,...,hy), where hy =g, —g; for t =1,... n.
We claim that for every ¢ € {1,...,n} there exists an index ()
such that e;;); € Rjp,. Otherwise there exists ¢y such that e; ¢ Ry,
for [ = 1,...,n or, equivalently, e;; ¢ R_p,, for I = 1,...,n. This
implies that m = 29, with degz; = g and degxy = —hy,, is a graded
monomial identity for R. Since degm = g — hy, = g; — g1, € Supp(R),
then m is a non-trivial monomial identity, that is a contradiction. Thus
we obtain a map ¢ — [(t), where I(t) is the index such that h; — ) =
9j — ity = hy. This map is injective and therefore a permutation in
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Sy. Hence we conclude that h; — hy € {hy,..., h,}, for t € {1,...,n}.
Thus we have a permutation « € S, so that

(6) hj — he = ha),

for t = 1,...,n. Since the group G is abelian we conclude that o? =
1, hence « is the product of disjoint transpositions. Since G has no
elements of order 2, the homomorphism g — 2¢ is injective and «
has at most one fixed point. We may consider, up to isomorphism,
R being graded by the tuple (hg(, ..., hgwm)), for some § € S,. The
effect of this in (6) is to change « for f~'af. Indeed, let hj = hgw),
for t = 1,...,n and let us rewrite (6) for the tuple (h},...,h!). Let

j' = B71(j), then
Ry = hy = hj = he) = hape) = h-10s0)-

Since « has at most one fixed point, we can choose, without loss of
generality, a being of the following form

(1 2 ... n—1 n
““\n -1 .. 2 1)
In this case, (6) implies that hy 4+ hy41-¢ = hj for t =1,...,n. Now let
dy = hyyy —hy fort =1,...,n— 1. As a consequence we have

dn—t—dy = hptp1—hpn—t— (g1 —he) = hp—ep1+he— (Rt +hysr) = 0,

and d; = d,,_;, which means the grading is a coarsening of the grading
in (5). O

Remark 4.10. The converse of the above proposition does not hold
and the grading in Remark 4.6 provides a counter-example since it is
isomorphic to a coarsening of the grading in (5), has a 1-dimensional
component but satisfies a monomial identities of length 2, for n > 2.

Looking back at the hypothesis of Proposition 4.9, it is natural to ask
whether or not the fact that R satisfies a non-trivial graded monomial
identity, implies R satisfies a non-trivial monomial identity of length
2. The answer to this question is negative and Example 3.6 furnishes
a counterexample. In fact, the graded algebra in Example 3.6 satisfies
a non-trivial monomial identity of length n but does not satisfies any
non-trivial monomial of length 2.

Remark 4.11. Let us specialize Proposition 4.9 for G being a linearly
ordered abelian group and R = M, (F) with a grading induced by an n-
tuple (g1, . .., gn) of pairwise distinct elements of G. Up to isomorphism
of gradings, we may consider 0 = g1 < g2 < -+ < gn. In particular,
R, plays the role of the 1-dimensional component of R and R,, =
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span{ei,}. In the notation of the proof of Proposition 4.9, i = 1,
Jj=mn and since gp — g1 > Gn — Go2 > -+ > Gn — Gn, and all of them lie
in{g,..., g}, we have g, — g = gn_r+1. In this case, this grading is a
coarsening of the grading in (5), defined by an n—1-tuple (dy, ..., d,—1),
with dy > 0, for all t. More precisely d; = gi11 — gy

Now we are ready to state our first main result of the section linking
graded identities of M,(F') and almost non-degenerate gradings.

Theorem 4.12. Let G be a linearly ordered abelian group. Let R
denote the algebra My(F') with a G-grading such that the neutral com-
ponent is commutative. Then the Tg-ideal T(R) is generated as a
Te-ideal by the identities (1) — (3) if and only if there exist a,b > 0 in
G, with a # 2b, 2a # b, such that R is isomorphic to the elementary
grading on My(F') induced by (0,a,a + b,2a + b).

Proof. We assume that Ti(R) is generated by the identities (1) — (3).
Proposition 4.9 and Remark 4.11 imply that there exist a,b > 0 in
G such that R is isomorphic to the elementary grading induced by
(0,a,a + b,2a +b). If a = 2b or 2a = b, then Ry, # 0 and R, =
(e93), hence x1xq9, with degz; = degxy = b, is a non-trivial monomial
identity, which is a contradiction. Therefore we get a # 2b and 2a # b.

Now assume R is endowed with the elementary grading induced by
(0,a,a + b,2a + b) with a, b > 0, a # 2b and 2a # b. If a = b, then
by Theorem 4.7 we have T (R) is generated by (1) — (3). Now assume
that a # b; in this case the non-zero homogeneous components of R
are

Ry = (611, €22, €33, 644>, R, = <€127 634>, Ry = (623>,
Ry = <€13, 624>, Roqip = <€14>, R_, = <€21, 643>7
R_y = (e32), R_q—p = (€31, €42), R_9q—p = (€41).

By Theorem 3.5, we may consider only monomials of length up to 4.
Let us assume first that there exists a monomial M = z;z9x314 Of
length 4, with degz; = ¢g; € G, that is not a consequence of mono-
mials of length less than 4. Note that if Ry, R, , = Ry, 14, , for some
i € {1,2,3}, then the monomial N of degree 3 obtained by replac-
ing x;x;y1 in M by a variable of degree g; + ¢g;+1 is an identity for
R. It is clear that M is a consequence of N, which is a contradic-
tion. If M has a submonomial of degree 0, the same argument in the
proof of Proposition 3.5 implies that M is a consequence of a mono-
mial identity of length 3, and we may assume that M does not have
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a submonomial of degree zero. In particular, each variable has non-
zero degree. Direct verification shows that dim(R,R,) = 1 when-
ever 0 # g,h € Supp(R) and 0 # g + h € Supp(R). Hence we get
dim Ry, Ry, < 1fori=1,2,3. If Ry, R,,,, = 0 for some 7 € {1,2,3},
then M is a consequence of a monomial identity of degree 2, which is
a contradiction. Therefore we have dim Ry, Ry, , = 1 for 7 = 1,2,3.
The monomials z1x9x3, Tox314 are not identities for R and, as a conse-
quence, dim Ry, Ry, R,, = dim R, R4, R,, = 1. This implies that there
exist uniquely determined tuples (i1, 9, i3, 74) and (5, i}, i}y, i5) such that
Ciyiy, Cinis» Cigiy Nave degree gi,go, g3, respectively and ey, €y, €y,
have degree g9, g3, g4, respectively. Note that e;,;, = e€,is€i, and
eini, = i Ciy, lie in Ry, Ry, Since dim(Ry, Ry,) = 1 we obtain iy = 15,
is =iy and iy = 4. It means the matrices e;;,, €iyiy, €igiys €igis NaVE de-
gree gi, 92, 93, 94, respectively. Then €i1igCigizCizis Cigis = Ciris 7é 07 which
is a contradiction, since M is a graded identity for R. Hence, every
non-trivial identity of length 4 is a consequence of identities of shorter
length.

We suppose now m = x1T.x3 is a monomial identity of degree 3,
with degz; = g;, for i = 1,2,3. First we observe that if dim Ry, = 1,
then m is a consequence of one of the monomial identities x4, x4, or
Tg,Tgy, OF dim Ry, Ry, = dim Ry, Ry, = 1 and, in this case, m is not an
identity. Hence, it remains to consider the case dim R, = 2. We must
have dim R,, = 2 or dim R,, = 2, otherwise, by direct verification, m is
a consequence of a monomial of length 2. In the cases above, we may
verify that Ry, Ry, = Rgy1g, 0r Ry Ry, = Ry 44,- In any case, m is a
consequence of a monomial identity of length 2.

Finally we consider the case of monomial identities of degree 2. In
this case, we just need to observe that they are consequences of z, = 0,
with g & Supp(T"). One can check that, since a,b > 0, this happens if
and only if a # b, a # 2b and b # 2a. O

Now we are going to show an analogous result about M;(F).

Theorem 4.13. Let G be a linearly ordered abelian group. Let R de-
note the algebra Ms(F) with a G-grading such that the neutral compo-
nent is commutative. The Tg-ideal Tg(R) is generated, as a Tg-ideal,
by the identities (1) — (3) if and only if there exist a,b > 0 in G, with
a # 2b, b # 2a, a # 3b and a # 4b, such that R is isomorphic to the
elementary grading on Ms(F') induced by g = (0, a,a+b,a+2b, 2a+2b).

Proof. We assume that Ti(R) is generated by the identities (1) — (3).
Proposition 4.9 and Remark 4.11 imply that there exist a,b > 0 in
G such that R is isomorphic to the elementary grading induced by
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(0,a,a + b,a + 2b,2a + 2b). Now we prove that a # 2b, b # 2a, a # 3b
and a # 4b. If a = b then these inequalities are clearly true, now
assume that a # b. If a = 2b, then 2a = a + 2b € Supp(R) and 1z,
with degx; = degxs = a, is a non-trivial graded monomial identity. If
2a = b, then 2a = b € Supp(R) and 125, with degz; = degxzy = a,
is a non-trivial graded monomial identity. If a = 3b, then a — b =
2b € Supp(R) and z1x9 = 0, with deg(z1) = a and deg(z2) = —b, is
a non-trivial graded monomial identity again. Finally, if a = 4b, then
4b € Supp(R) and z1z9 = 0, with deg(z;) = 2b and deg(x2) = 2b,
is a non-trivial graded monomial identity. Since by assumption, R is
generated by (1) — (3), it does not satisfy non-trivial graded monomial
identities and this implies that a # 2b, b # 2a, a # 3b and a # 4b.

Now assume the elementary grading on R is induced by (0, a,a +
b, a+2b,2a+2b) with a,b > 0 in G and a # 2b. If a = b, then Theorem
4.7 implies that T (R) is generated by (1) — (3). Now assume a # b.
In this case the non-zero homogeneous components of R are

Ry = (e11, €2, €33, €4, €55), Ry = (€12, €45), Ravy = (€13, €35),
Royop = <€14, 625>, Rogiop = (615>, Ry = <€23, 634>, Ry = <€24>
R_,= <€21, 654>7 R_q_y = (a1, 653>7 R_q_op = (€41, €52),

R 942y = <€51>, R, = <€327 643>, R g = <€42>

Direct calculations show that dim(R,R;,) = 1 whenever 0 # g,h €
Supp(R) and 0 # g + h € Supp(R). Again, by Theorem 3.5, we may
consider only monomials of length up to 5. Following the same argu-
ments in the proof of Theorem 4.12, we obtain any monomial identity
of length 3, 4, or 5 is a consequence of a monomial identity of shorter
length.

Finally, we consider the case of monomial identities of degree 2. By
direct computations we obtain that, since a,b > 0, the graded mono-
mial identities of length 2 are consequences of x, = 0, with g ¢ Supp(I')
if a # 2b and b # 2a, a # 3b and a # 4b and we are done. 0

The problem of the existence of non-trivial monomial identities has
the following combinatorial interpretation. Let (g¢i,...,g,) be a tuple
of integers and consider the set

For any k € S let X}, be the matrix with 1 in the positions (i, j) such
that g; — g; = k and 0 elsewhere. We consider the complete directed
graph G with vertices {vy,...,v,} (ie. a graph with arrows v; — v;
for every 1 <i,j < n) and arrows v; — v; labeled by ¢g; — g;. Then for
ki,...,k €S, the (i, 7)-th entry of Xy, -+ X}, is the number of paths

t
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from v; to v; going through ¢ vertices (not necessarily distinct) such
that the sequence of numbers in the arrows of the path is (ki,..., k).
We now consider the following "elementary" related problem. We say
(g1, ---,9n) is a good sequence of integers if Xy, --- Xy, = 0 implies that
there exist 1 < ¢ < j < ¢ such that k; +--- + k; ¢ S or one of the
products Xy, -+ Xk, ,, Xg, - -+ Xk, Is zero.

t

Problem 4.14. Determine all good sequences of integers.
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