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Abstract
The aim of this paper is investigating the existence of weak bounded solutions of the
gradient—type quasilinear elliptic system

—div(a;(z,ui, Vug)) + As i (x, ui, Vi) = Gi(z,u)  in
(P) for 1€ {1,...,m},
u=20 on 0,

with m > 2 and u = (u1,...,um), where Q C RY is an open bounded domain and some
functions A; : Q xR x RY = R, i € {1,...,m}, and G : © x R™ — R exist such that
ai(z,t,8) = VeAi(z, 8, ), Ais(x,t,€) = 8£i (z,t,€) and Gi(z,u) = %i(mu).

We prove that, under suitable hypotheses, the functional J related to problem (P) is ct
on a “good” Banach space X and satisfies the weak Cerami—Palais—Smale condition. Then,
generalized versions of the Mountain Pass Theorems allow us to prove the existence of at least
one critical point and, if 7 is even, of infinitely many ones, too.
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1 Introduction
In this paper we look for weak bounded solutions of the following class of gradient—type quasilinear
elliptic systems
—div(a;(z,u;, Vug)) + Ai (2, u;, Vu;) = Gi(z,u)  in Q
for i €{1,...,m}, (1.1)
u=20 on 0,
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with m > 2 and u = (uy, ..., ), where @ C RY is an open bounded domain and some functions
A OxRxRYN 5 R i€ {l,...,m}, and G: Q x R™ — R exist such that

Ai,t($7t7§) = 6t (l’,t7£), a/i(x7t7€> = (661 (l',t,é-), R 8§N (xﬂt7£)> (12)
it 1 <i<mand VyG(z,u) = (G1(z,u),...,Gp(z,0), ie,
Gi(z,u) = g—i(;v,u) if1<i<m. (1.3)

A special model of system (1.1) is obtained if A;(z,t,&) = p%fli(z,t)\ﬁ
to problem

Pi p; > 1, s0 (1.1) reduces

—div(A4;(z,u;)|Vu; [P =2 V) + ifli,t(%ui)\Vuﬂpi =Gi(r,u) inQ

for i € {1,...,m},
u=20 on 0,

with A;4(2,t) = aéi (z,t), which has been studied in [12] if m = 2, and generalizes the classical
gradient-type (p1,...,pm)-Laplacian system

—Apu; =Gi(z,u) inQ, forie{l,...,m},
u=20 on 01,

which has been widely analized in the past (see, e.g., [4, 13, 19, 21]).

Many variants of system (1.1) have been studied by using several theories such as the fixed
point index, the cohomological index, the sub—super solutions methods, the bifurcation theory and
also some non—variational techniques (see, e.g., [2, 4, 6, 13, 14, 15, 18, 21] and references therein).

On the contrary, here we use the variational approach introduced in [7, 8], and already applied
to systems in [12], so that, under suitable hypotheses, finding solutions of problem (1.1) turns into
searching critical points of the functional

J(u) = Z/QAi(x,ui,Vui)dx - /QG(x,u)dm (1.4)

in a suitable Banach space X obtained as product of the intersection spaces between Sobolev spaces
and L () (for more details, see Section 3).

Differently from the problem in [12], here we deal with a more general system. In spite of it, a
regularity result on J in X can be proved under basic assumptions on G(z, u) and suitable growth
conditions on the C'~Carathéodory function A;(z,t,£) and its partial derivatives, i € {1,...,m},
but pointing out that it has to growth with power p; > 1 with respect to £ (see Proposition 3.5).
Since, in general, J satisfies neither the Palais—Smale condition nor its classical Cerami variant
(see [10, Example 4.3]), following the lead of ideas developed in [8], which exploit the interaction
between two different norms on X, we inquire whether J verifies the weak Cerami—Palais—Smale
condition (see Definition 2.1) so to apply the abstract theorems in [9]. To this aim, by considering



not the interplay just between A;(z,t, &) and the partial derivative A;(x,¢,€) as in [12], but the
interaction among them and a;(z,t, &) (see the hypotheses at the beginning of Section 4), together
with an Ambrosetti-Rabinowitz type condition and suitable subcritical growth assumptions on
G(z,u), we have that the weak Cerami-Palais-Smale condition holds (see Proposition 4.8). Then,
suitable requirements on the behavior of G(z,u) in a neighborhood of the origin, respectively at
infinity, allow us to state an existence result, respectively a multiplicity one if 7 is even by means
of a “good” decomposition of the Sobolev spaces Wy (2) as given in [8, Section 5].

Anyway, in order to not weigh this introduction down with too many details, we prefer to
specify each hypothesis when required and to state our main results at the beginning of Section 5
(see Theorems 5.1 and 5.2). Note that, here, we look for bounded solutions of problem (1.1), so we
introduce some subcritical growth hypotheses on G(z,u) which are stronger than the usual ones
(compare (3.8) with [4, Theorem 3]).

This paper is organized as follows. In Section 2 we introduce the abstract tools and, in partic-
ular, the weak Cerami—Palais—Smale condition and some related existence and multiplicity results
which generalize classical Mountain Pass Theorems. In Section 3, we introduce the variational
setting and give the first assumptions in order to prove the variational principle required by prob-
lem (1.1). Then, in Section 4 we prove that functional J satisfies the weak Cerami—Palais—Smale
condition and, finally, in Section 5, our main results are stated and proved.

2 Abstract tools

We denote N = {1,2,...} and, throughout this section, we assume that:
e (X,|-]lx) is a Banach space with dual (X', || - ||x/);

o (W,||-|lw) is a Banach space such that X < W continuously, i.e. X C W and a constant
oo > 0 exists such that
lyllw < oo llyllx  forally € X;

e J:DCW = Rand J € C(X,R) with X C D.

Anyway, in order to avoid any ambiguity and simplify, when possible, the notation, from now
on by X we denote the space equipped with its given norm || - ||x while, if the norm || - ||w is
involved, we write it explicitly.

For simplicity, taking 8 € R, we say that a sequence (y,), C X is a Cerami-Palais-Smale
sequence at level 3, briefly (CPS)g—sequence, if

im () =8 and lim[ldd (yn) oL+ lx) =0

As (CPS)g-sequences may exist which are unbounded in || - ||x but converge with respect to
I lw (in our setting with m = 1, see [10, Example 4.3]), we have to weaken the classical Cerami-
Palais—Smale condition in a suitable way according to the ideas already developed in previous
papers (see, e.g., [7, 8, 9]).

Definition 2.1. The functional J satisfies the weak Cerami—Palais—Smale condition at level 3
(8 € R), briefly (wCPS)g condition, if for every (CPS)g—sequence (y,)n, & point y € X exists,
such that



(i) lim ||y, —yllw =0 (up to subsequences),
n—-+oo

(ii) J(y) =B, dJ(y) = 0.
If J satisfies the (wC'PS)s condition at each level 5 € I, I real interval, we say that J satisfies the
(wCPS) condition in 1.

Since the (wCPS)g condition allows one to prove a Deformation Lemma (see [9, Lemma 2.3]),
then the following generalization of the Mountain Pass Theorem can be stated (see [9, Theorem
1.7] and compare it with the classical statement [20, Theorem 2.2]).

Theorem 2.2. Let J € CY(X,R) be such that J(0) =0 and the (wCPS) condition holds in R..
Moreover, assume that there exist some constants Ry, 0o > 0, and a point e € X such that

(i) yeX, lylw=Ro =  J(y) > oo;
(i) |lellw > Ro and J(e) < oo.
Then, J has a Mountain Pass critical point y € X such that J(y) > 0o.

Furthermore, with the stronger assumption that J is even, also the symmetric Mountain Pass
Theorem can be generalized as follows (see [11, Theorem 2.4] or also [9, Theorem 1.8] and compare
it with [20, Theorem 9.12] and [3, Theorem 2.4]).

Theorem 2.3. Let J € CY(X,R) be an even functional such that J(0) = 0 and the (wCPS)
condition holds in Ry. Moreover, assume that o > 0 exists so that:

(H,) three closed subsets V,, Y, and M, of X and a constant R, > 0 exist which satisfy the
following conditions:

(1) Vo, and Y, are subspaces of X such that
Vo +Y, =X, codimY, < dimV, < +oo;

(it) M, = ON, where N C X is a neighborhood of the origin which is symmetric and
bounded with respect to || - [|w;

(i41) y € M,yNY, = J(y) > o;
(iv) y €V, ||y||X > R, = J(y) <0.

Then, if we put

B = inf sup J(v(y)),
7€le yev,

with
I'y={v:X — X : v odd homeomeorphism such that
Y(y) =y if y € V, with ||yl|x > R,},

functional J possesses at least a pair of symmetric critical points in X with corresponding critical

level B, which belongs to [0, 01], where g1 > sup J(y) > o.
yeV,



If we can apply infinitely many times Theorem 2.3, then the following multiplicity abstract
result can be stated.

Corollary 2.4. Let J € C1(X,R) be an even functional such that J(0) = 0, the (wCPS) condition
holds in Ry and a sequence (9n)n C ]0,+00[ exists such that g, / +o0 and assumption (H,,)
holds for all n € N.

Then, functional J possesses a sequence of critical points (uy, )n C X such that J(uy,) / +0o as
n S +oo.

3 Variational setting and first properties

From now on, let  C RN be an open bounded domain, N > 2, and m € N such that m > 2, so
we denote by:

o u=(U,...,Uny), Uy = (uf,...,ul),0=1(0,...,0) € R™,;

i+ 1 < j < m} the standard basis of the Euclidean space R™, i.e., e; has components
J _ sJ
e] = 0};

°
——
¢]

<

o L"() = L"(%,R), 1 < r < +0o0, the classical Lebesgue space with norm |ul, = ([, \u|Td:U)1/T;
o L®°(02) = L>°(Q,R) the space of Lebesgue-measurable essentially
bounded functions with norm |u|. = ess sup |ul;
Q

o WyP(Q) = WyP(2,R) the classical Sobolev space equipped with norm ||u||W01,p = |Vul, if
1 <p < +4o0;

e meas(D) the usual Lebesgue measure of a measurable set D in RY.

For simplicity, here and in the following we denote by | - | the standard norm on any Euclidean
space, as the dimension of the considered vector is clear and no ambiguity occurs. Moreover, for

short, we replace
m m

with and with .
i=1 i .‘]7;1 j#i

Definition 3.1. A function f: Q@ x R! = R, | € N, is a C*~Carathéodory function, k € NU {0}, if
o f(,w): 2 € Qs f(z,w) € R is measurable for all w € R,
o f(r,)):weR — f(z,w) € Ris Ck for ae. z € Q.

For each i € {1,...,m}, let 4; : (,£,£) € QA x R x RN = A;(x,t,€) € R be a given function
such that the following conditions hold:

(ho) Ai(m,t,€) is a C1-Carathéodory function with partial derivatives
Ai,t(xataf) and a/i(xat7£)

as in (1.2);



(h1) a power p; > 1 and some positive continuous functions ®f, ¢f, 4, ¢%, O}, ¢4 : R — R exist

such that
e &)l < @)+ ohler, (3.)
[Aie(z,t,O)] < 1(t) + 1 ()€, (3.2)
lai(z,t,6)] < @5(t) + o5 (1)|E[7 T,

for a.e. x € Q and for all (t,£) € R x RV,

So, taking p; > 1 as in (h1), we consider the related Sobolev space
Wi =Wy P(Q) with norm || - ||lw, = | - HWOUM

From the Sobolev Embedding Theorem, W; is continuously embedded in L"(£2) for any r € [1, p}]

with pf = ]\J,Vf’p if N > p;, or r € [1,400[ with pI = +o0 if p; > N, i.e., for such an r a positive
constant 7;, exists such that
lul, < 7pllullw, for all u e Wi. (3.4)
For simplicity, we put
1
— =0 if pj=+o0. (3.5)
b;

Now, assume that a function G : (z,u) € Q x R™ — G(z,u) € R exists such that

(g9o) G(x,u) is a C'~Caratheodory function with partial derivatives G;(x,u) as in (1.3) such that
G(-,0) € L=(Q)

and
Gi(z,0) =0 for a.e. z €, for each i € {1,...,m};

(g91) for every ¢, j € {1,...,m}, j # i, some real numbers ¢; > 1, s; ; > 0 and a constant ¢ > 0
exist such that

|Gi(z,u)| <o (1 + g | B+ Z |uj|sivj> (3.6)
JFi
for a.e. x € 2 and all u € R™, with
1<q <p; (3.7)
and )
bi *

Remark 3.2. For a.e. z € Q and all u € R™, condition (go) together with Mean Value Theorem
implies that ¢ €]0, 1[ exists such that

|Gz, u)] < [G(- 0)] + Z |Gi(x, tw)||usl,



then from (3.6) it follows that

Glaw)] < o1 Y 1+ ul® + > Jugfuy ] (3.9)
i J#i
for a.e. z € Q, all u € R™, with o7 > 0 which depends on o, m and |G(+,0)|sc-

In order to investigate the existence of weak solutions of the nonlinear problem (1.1) as critical
points of J defined as in (1.4), we have to introduce the “right” Banach space. To this aim, the
notation introduced for the abstract setting in Section 2 is referred to

W=W; x---x W, (3.10)

with norm

hallw = ll(us, - wa)llw = Y luillw,  ifueW, (3.11)

while the Banach space (X, || - ||x) is defined as

X=X1 X xXy (3.12)
with norm
lallx = [(u1,. .., um)llx = Z llwillx, ifueX,
where, for any ¢ € {1,...,m}, it is
equipped with norm
lullx, = llullw, +[uloo  if u € X;. (3.13)

We note that, setting
L=L>*Q)x- - x L>®(Q)

with norm
[ullz = [(u1, - um)ll = Z [uiloo  ifu €L,

3

we have that X in (3.12) can also be written as
X=wnL  with [jullx = [ufw + [a]z.

For every i € {1,...,m}, we have that (W, ||-||w,) is a reflexive Banach space and, by definition,
it is X; — W; and X; — L*°(Q) with continuous embeddings. Thus, also (W, || - ||w) is a reflexive
Banach space and, obvioulsy, X — W and X — L with continuous embeddings, too.

Remark 3.3. If i € {1,...,m} is such that p; > N, then X; = W;, as W; — L*(Q). So, in
general, if an ¢ € {1,...,m} exists such that p; < N then X # W, but if for all i € {1,...,m} it
is p; > N, then X = W and the classical Mountain Pass Theorems in [1] can be used, if required.



If conditions (ho)—(h1), (go) and (3.6) hold, by (3.9) and direct computations it follows that
J(u) in (1.4) is well defined for all u € X. Moreover, taking any u, v € X, the Gateaux differential
of functional J in u along the direction v is well defined as

dJ(u)[v] = Z </ a;(z,u;, Vuy) - Vi dz
4 Q
i (3.14)

—|—/ A; (2, ui, Vug)v; doe — / Gi(z,u)v; dx) .
Q Q

We note that, since u,v € X imply that u,v € L, no critical growth upper bound on the
powers ¢; and s; ; is required in order to have dJ (u)[v] € R.

For smplicity, for every i € {1,...,m} we introduce the i—th partial derivative of J in u € X
as
0T oJ
: X; = ] € R
o, (w:veX;— O, (w)[v] = dJ(u)ve;] € R,
where from (3.14) it follows that
0T
S (w)v] = [ ai(z,u;, Vug) - Vo de + | A (x,u, Vu)v dz
' @ @ (3.15)
— [ Gi(z,u)v dz.
Q
Remark 3.4. Taking u € X since dJ(u) € X', then
gi@)eX{ forall i e {1,...,m}
and 0
dJ(u)[v] = Z . (Wfv;]  forall v=(vy,...,0,) € X. (3.16)
Moreover, direct computations imply that
oTJ .
(u) < ||[dT (u)||x forallie {1,...,m} (3.17)
Bui X
and 07
il < [ 2w (3.18)
i i X

Clearly, we have that

oJ
3ui

dJ(u)=0in X < (u)=0in X; forallie{l,...,m}.

Now, we can state a regularity result.



Proposition 3.5. Suppose that conditions (ho)—(h1), (90) and (3.6) hold. Let (u,), C X and
u € X be such that

u,, — u strongly in W, u, - u ae inQ ifn— +oo. (3.19)

If M > 0 exists such that
lupllr £ M for alln €N, (3.20)

then
Ju,) = J) and |[dT(un) —dT(u)||lxs =0 asn — +oo.

Hence, J is a Ct functional on X with Fréchet differential defined as in (3.14).

Proof. Let (u,), C X and u € X be such that (3.19) and (3.20) hold. Taking any i € {1,...,m},
from hypotheses (ho)—(h1), (3.19) and (3.20), by reasoning as in the proof of [8, Proposition 3.1],
it follows that the “partial” functional

A ueX; — / A;(z,u, Vu)dx € R
Q

is such that
A;(ul) = A;j(u;)  as n — +oo.

Moreover, by means of Dominated Convergence Theorem, conditions (go), (3.9), (3.19) and (3.20)
imply that

/ G(z,up,)dr — / G(z,u)dx.
Q Q
Thus, summing up, we have that

J(u,) = J(u) asn— +oo.
Now, we observe that (3.16) gives

a7
aui

||dj<un>dj<u>X/§;H§i<un> <u>H |

X!

so, in order to prove that ||[dJ(uy) — dJ (u)||x — 0, it is enough to verify that

oJ oJ .
‘ a—m(un) ~ (u) » —0 forallie{l,...,m}. (3.21)
To this aim, fixing any ¢ € {1,...,m} and taking v € X; such that ||v||x, < 1, from (3.15) we have
that
0 e}
j(un)[v] - j(u)[v] < / la;(x, u, Vui) — a;(x, u;, Vug)||Voldz

Uy
+/ |Ai,t(x,u?,Vu?)—Ai7t(a:,ui,Vui)|dx—|—/ Gl u,) — G, w)da,
Q Q



where, by reasoning as in [8, Proposition 3.1], it can be proved that
/ lai(z, u;, Vul') — a;(x, u;, Vu;)||Volde — 0 uniformly with respect to v
Q

and
/ |A; o (z, ul, Vui') — A o(x, ug, Vug)|de — 0.
Q

Moreover, (3.19), (3.20), hypotheses (go), (3.6) and, again, Dominated Convergence Theorem,
imply that

/ |Gi(z,u,) — Gi(z,u)|dz — 0.
Q

Hence, summing up, we conclude that

9] 7]
j(un)[v} - j(u)[v] — 0 uniformly with respect to v € X;, ||v]|x, <1,
8u,- 6ui ‘
and, by the arbitrariness of i € {1,...,m}, it follows that (3.21) is satisfied, too. O O

4 The weak Cerami—Palais—Smale condition

In order to prove some more properties of functional 7 : X — R defined as in (1.4), we require that
not only (ho)—(h1) hold but also R > 1 exists such that for each ¢ € {1,...,m} function A;(z,t,¢)
and its partial derivatives in (1.2) satisfy the following conditions:

(h2) a constant A > 0 exists such that
ai(z,t,€) - &> NEPT ae. in Q, for all (t,&) € R x RY
with p; > 1 as in (h1);

(h3) some constants 1y, 72 > 0 exist such that

Ai(z,t,8) <mai(z,t,6) - ae inQif |(¢,8)] > R, (4.1)
sup |Ai(z,t,8)| <mne a.e. inQ; (4.2)
[(tEOISR

(h4) a constant p; > 0 exists such that
U,i(x,t,f) . f + Ai,t(xat7€)t Z ,Ula,i(l'7t,§) f a.e. in Q if |(t7§)| Z R’

(hs) taking p; > 1 as in (hq), some positive constants 0;, ue > 0 exist such that

Ai(x,t,8) — Osai(x,t,8) - § — 0; A 4 (2,8, )t > ppay(x,t,€) - €

a.e. in Q if |(¢,€)] > R, with

1
0; < —; 4.3
DPi ( )

10



(he) for all £, & € RN, with € # ¢, it is
[ai(z,t,€) — ai(x,t,&)] - [ —€]>0 ae inQ, foralteR.
Moreover, let us assume that function G(x,u) satisfies not only hypotheses (go)—(g1) but also
the following Ambrosetti—-Rabinowitz type condition:

(g92) taking 0; as in (hs) for all s € {1,...,m}, we have that

0< G(m,u) < ZGZGl(Z‘,u)UZ if |u| > Ra u= (ula cee 7um)7

for a.e. x € Q, with R > 0 as in the previous set of hypotheses (hz)—(hs).

Remark 4.1. We note that hypothesis (hy) is satisfied also if ¢ = 0 and |¢] > R, then from (hg)
we have p; < 1. Furthermore, hypotheses (hy) and (hs) give

Ai(x,1,8) > (Oipn + p2) ai(@,t,€) - & ae. in Q if|(£, )] > R, (4.4)
whence, from (hg) we have that
Ai(2,t,8) = (Oipr + p2) A€

Summing up, from (4.5) and assumption (4.2) it follows that a positive constant nz exists such
that

Pi>0 ae. inQ if [(¢,€)] > R. (4.5)

Ai(x,t,€) > (Oipn + p2)MNEPT — 3 ae. in Q for all (£,€) € R x RY. (4.6)
Remark 4.2. Taking ¢ € {1,...,m}, we note that (3.1) in (h1) is not required as hypothesis if
(ha)—(hs) and (3.3) hold. In fact, in these assumptions not only (4.6) is satisfied but also direct
computations imply that
Ai(@,t,€) < m®(t) + 2+ m (P5(1) + 95(1))[€
a.e. in Q, for all (¢,€) € R x RY. Hence, (h1) can be replaced by the weaker condition
(h}) assumptions (3.2) and (3.3) hold.

Furthermore, taking ¢ = 0 and |¢| > R in both (4.1) and (hs), from (hg) it follows 1 > ps + 6; so,
without loss of generality, we can assume that ps is so that

Ppi

1 — p2 — 0; > 0.
Thus, in order to give better growth conditions on function A4;(x,t,&), hypotheses (4.1) and (hs)
give
(771 —p2 —b;
mb;

Hence, (4.5), (4.7) with hypotheses (3.3), (4.1) and direct computations imply that 74 > 0 exists
such that

) Ai(z,t,8) > A; o (x,t,8)t  ae inQ if |(¢,£)| > R. (4.7)

M2

n1—H2—6;
Aiz,t,6) <malt]” mo[¢

Piae in Qifft] > 1, ¢ > R,
then (4.4) gives

(2,1,6) - € < — T " e in Qi [t > 1, |¢] > R
aj(x,t,€) £ < ——m— 10; i a.e. in 1 > 1, > R.
’ Oipn1 + o

11



Remark 4.3. Taking i € {1,...,m}, from (g2) we have that
0< G(z,ue;) <0;Gi(z,ue;))u forae z€Q, if ueR,|ul>R.

Hence, (go) and direct computations imply that h; € L>=(), h;(x) > 0 for a.a. x € Q, exists such
that
G(z,ue;) > hi(z)|lu % foraa zc Q, if weR, |u] >R. (4.8)

Thus, if also (3.6) holds, from (3.9), (4.3) and (4.8

—

not only we obtain that

| —

1<p < < q; (49)

>

K2

but also

G(z,ue;) > hi(z)|u [ o; foraa. . zeQ, aluelR (4.10)

for a suitable o; > 0.

Example 4.4. Let us consider

m

G(z,u) = Zci|ui|q‘ +cy H Jui |,
i=1

i
where we assume that
gG>1, ~v>1 for alli € {1,...,m}.
Then, (go) is verified and for any ¢ € {1,...,m} we have

m
Gi(w, ) = ciqi|ui| % 2u; + coryi|ug| 2wy H luj|??  for a.e. x € Q.
=
If, in addition, we suppose that
Y < g foralli e {1,...,m},

then the generalized Young inequality and direct computations allow us to conclude that also (3.6)
holds by taking

g —1
qi — i

si; = (m—1)y; forall i, j € {1,...,m}, j #1.

Finally, if we have that
SRS
;i
then hypothesis (go) is verified, too, by taking each 6; > é.

Up to now, no upper bound is required for the growth of the nonlinear term G(z,u). Anyway,
the subcritical assumptions (3.7) and (3.8) are required for proving the weak Cerami-Palais—Smale
condition.

12



Remark 4.5. Let i, j € {1,...,m}, j # 4, be such that s; ; verifies condition (3.8). Then, ¢; > 0
exists such that N
- 8i.iGs
1<g<pj, 0<3;;:= q”qi <p;. (4.11)
i —

In fact, if both p; < N and p; < N, then (3.8) implies that

*

P, ____ Db

* *
pip; —Ns;; >0 and 1< — < — <pi,
i " p;—sij — pipj—Nsiz '
hence, ¢; exists such that
pip; — Nsij Lo '

so that both estimates in (4.11) hold. On the other hand, if p; > N, respectively p; > N, with
p; = +0o0, respectively pj = 400, and (3.5) imply that the conditions in (4.11) are less restrictive
and the existence of ¢; and s; ; is easier to prove.

Remark 4.6. Assume that (gg) and (g1) hold. If for every i, j € {1,...,m}, j # i, by using the
same notations in Remark 4.5, from (4.11) and Young inequality it follows that

i q. _ ~ _
Shi < —‘uf‘ + &—- — Fd < ug | 4 |ul®7 for all u € R™. (4.13)

|uil Ju; |uj

3 K3

Thus, from (3.9) and (4.13) we obtain that
|G(z,u)| < oy Z (1 + Jug " + Z(|ui|q" + |u]\?”)) for all u € R™.
i j#i
Hence, setting
g; =max{¢;,§;,S;:: 1<j<m, j#i} foranyie{l,...,m}, (4.14)

it follows that -
%) for allu e R™ (4.15)

Gz, w)| < o9y (14 |u;

K2

for a suitable constant og > 0.
At last, if (go) is verified too, then from (4.9) and (4.11) we obtain that

1
1<pi<0—§§i<p;‘ foralli e {1,...,m}. (4.16)
i

Now, we show that the (wC'PS)— condition holds. To this aim, the following boundedness
result is required (for its proof, see [16, Theorem II1.5.1]).

Lemma 4.7. Let Q be an open bounded subset of RN and consider u € Wol’p(ﬂ) with p < N.
Suppose that v > 0 and kg € N exist such that

/Q+ |[VulPde < ~ (/QJr(Uk)de)

k k

P
r

+7 Z ket [meas ()]~ R T
=1
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for all k > ko, with Qf == {z € Q:u(z) >k} and r,v, oy, e, are positive constants such that
1<r<p’, g >0, p <o <egp’+p.

Then, ess sup u is bounded from above by a positive constant which can be chosen so that it depends

only on n?eas(ﬂ), N,p,v, ko, 7, v, 1, 04, |ulp (eventually, |uly for some ¢ > r if p* = +00).

Proposition 4.8. Assume that hypotheses (ho)—(hg) and (go)—(g2) hold. Then functional J in
(1.4) satisfies condition (wCPS) in R.

Proof. Taking 8 € R, let (u,,), C X, with u,, = (uf,...,ul), be a sequence such that
Tu) =8 and AT (w)llx (1+ [uallx) = 0. (4.17)
We have to prove that u = (uq,...,uy) € X exists such that
(4) u, — u strongly in W;
(1) J(u) =8, dJ(u) = 0.

To this aim, our proof is divided in the following steps:
1. (un)n is bounded in W; hence, up to subsequences, u € W exists such that

u, — u weakly in W, (4.18)

ie., ul = u; weakly in W; for all i € {1,...,m},
ui — u; strongly in L™ (Q) if r; € [1,pf[, forallie {1,...,m}, (4.19)
u, — ua.e. in Q; (4.20)

2. u€ L, then u € X;
3. for any k> 0, let T, : R — R and 7 : R™ — R™ be defined as

{t if |t < k
Tkt =

kit [ >k

and
Tiltrs- o stm) i= (Tkts, .., Titm), (4.21)

then, taking any k > max{|ju|z, R} + 1 (with R > 1 as in our set of hypotheses), we have
4T (Tewn)|lxr — 0 (4.22)
and
I (Tru,) — B; (4.23)

4. ||Tku, — ullw — 0, then (7) holds;

5. (i) is satisfied.

For simplicity, here and in the following we will use the notation (&), for any infinitesimal sequence
depending only on sequence (Uy)n, (€gn)n for any infinitesimal sequence depending not only

14



on (u,), but also on a fixed integer k. Moreover, b; will denote any strictly positive constant
independent of n.
Step 1. Firstly, we observe that (3.17) and (4.17) imply that

—(u,)[ul] =€, forallie{l,...,m}. (4.24)

Thus, taking 6;, i € {1,...,m}, as in hypotheses (hs) and (g2), and fixing n € N, from (1.4),
(3.15), (4.17) and (4.24) we have that

B+en=JT(uy,) —Zﬁig—i(u,L)[u?]

= Z/ (x,ul, Vul) — ;0 (x,ul, Vul) - Vul — QiAi7t(ac,u?,Vu?)u?)dm

+/Q (Z (@Gi(m,un)u?) - G($7un))dx.

Now, fix i € {1,...,m} and set
0, r={z € Q: [(uf(2), Vui(z))| > R}.
Then, we have that
/ [Vu|Pidz < RPimeas(92). (4.25)
Q\Q

n,R

On the other hand, hypothesis (k1) implies that

Z/ i@y ul, Vul) — 0;a;(z,ul, Vul') - Vul
o\QF

R

—0; A 1(z,ui, Vui)ui'|de < b,

) 7

while from assumptions (hs) and (hs) it follows that

Z/ Ai(z,ul, Vulul — O;a;(x, ul, Vul) - Vul — 0;A; ¢ (x,ul, Vul )u ")dm

>u22/ a;(x,ul, Vuy) - Vup dx>u2/\2/ |Vu

Moreover, from hypotheses (3.6), (g2) with (3.9) and direct computations we have that

/Q (X it wur) = G, u,) ) do = <b.

Thus, summing up, from the previous estimates and (4.25), we obtain that

64‘5”2#2)\2/‘ |Vul
7 Q:L,R

pi dl‘

pidm—bgi

15



Hence, (u,,), is bounded in W and so u € W exists such that, up to subsequences, (4.18)—(4.20)
hold.

Step 2. In order to prove that u € L, arguing by contradiction, we assume that i € {1,...,m}
exists such that p; < N (the proof if p; = N is simpler) and u; ¢ L>°(Q), then either

ess sup u; = 400 (4.26)
Q
or
ess sup(—u;) = +00. (4.27)
Q

If (4.26) holds, then for any fixed & € N we have that

meas(Qp7) >0, with Q0" = {z € Q: wiz) > k). (4.28)
Defining R,:r :R—=Ras
0 if t <k
Rit = nrsE (4.29)
t—k ift>k

from (4.18) it follows that
R:uf - R,i'ui weakly in W,

whence the sequentially weakly lower semicontinuity of || - ||w, gives

/ IV,
Qbt

with Q;'Z ={x € Q: ul(z) > k}. On the other hand, from (3.17), (4.17) and definition (4.29) we
have that

Pidy < liminf/

Pide, (4.30)

i,
n

vl
.k

0T n
o (wlrfar] 0.
so, from (4.28) an integer nj € N exists such that
oJ +,.n i,+
S (up)[Rui] < meas(Q2,")  for all n > ny. (4.31)

Now, taking k > R (R as in our set of hypotheses) and n € N, as y7 < 1 (see Remark 4.1) from
(3.15), (ha), (h4) and direct calculations it follows that

0 k
T twrpar) = [ (1= ) ol V) Val + Ayl Val s

i+ u.
Qn,k 1

k
+/ — ai(z,ui, Vui') - Vuide — / Gi(z,u,) R ulrdx
> 1 / . a;(z,ul, Vul) - Vul'de — / Gi(x,un)RZ'u?da:

o

n,k Q

> [ [
Qb

n,k

pidxf/ Gi(z,u,)Rfuldz,
Q

16



which, together with (4.31), implies that

1)\/ [Vur pldx<meas( /G z,u,) R uldx (4.32)
for all n > n;. We note that
/Gi(x,un)R:u?daz—)/Gi(m,u)R'k"uidx. (4.33)
Q Q

In fact, from (go) and (4.20) we obtain that
Gi(z,un)Rful = Gi(z,u)Rfu; ae. inQ,

while, since (3.8) implies that suitable exponents can be choosen so that (4.11) holds, from (3.6),
(4.13) and also (3.7), (4.11), (4.19), [5, Theorem 4.9] it follows that a function h € L'(Q) exists

such that
"3
JF#i

Gl wn) B ] < o (Juf | + Juf o)) <hiz)  ae in Q,

then Dominated Convergence Theorem applies.
Thus, summing up, from (4.30), (4.32), (4.33) and, again, (3.6) and (4.13) we have that (3.8) and
direct computations imply that

/L [Vu; Pldas<b5(meas( T+ / | |7 dJH_Z/

J#i
with g; as in (4.14) and s; ; as in (4.11).
At last, Holder inequality and (4.11) imply that

Sid da: (4.34)

3 35 . . 1_51';]'
wj|¥49 de < |u;| Y [meas(Q) " ?j  for each j # 1,
Qi+ J Jlp3 k

Y

while (4.16) and direct computations give

[
Qpt

so from (4.34), Sobolev Embedding Theorems and direct computations we obtain that

Pz

JTide < 25y, g%_pi(/ (u; — k)qld:c> + 2% ETimeas(Q) 1),
i Qid—

|Pi < A7 ﬁ
/;+ Vg Pida < bﬁ(/w(ul R)dz)

+ bg Z k> [meaS(Q;’J“)]l*%“j,
J

(4.35)

with b = bg(||uljw) > 0, where we set
g ifj=i o
O‘J‘{o if £ sﬂ_{

17
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From (4.12) it follows that €; > 0 for each j # ¢, so (4.35) with (4.16) (here, e;p} +p; = p}) allows
us to apply Lemma 4.7 and u; is essentially bounded from above in contradiction with (4.26).
Similar arguments make us to rule out also (4.27); hence, it has to be u; € L™(Q).

Step 3. In order to prove this statement, we extend the main arguments used in the corresponding
Step 3 in the proof of [12, Proposition 4.6] to our setting but introducing some technical changes
as in [8, Proposition 4.6]. Anyway, for the sake of completeness, here we give the main tools.
Taking k > max{||lu||r, R} + 1, we define Ry : R — R and Ry : R™ — R™ as

0 if |t < k

t—kb [t >k

Ryt =t— Tt = {
Rk(tl,. .. ,tm) = (Rktl,. .. ,Rktm),

and denote ‘
Ok ={r € Q: |ui(z)] > k} forany n € N, i € {1,...,m}.

By definition, it follows that

ITeunllx < |lunllx and  [|Reun|x < |lunllx forall n e N. (4.36)

Moreover, we have that Tpu = u and Ryu = 0 a.e. in Q, so from (4.18)—(4.20), in particular, it
follows that

Tru, — u ae. in , (4.37)
Rew, — 0 in L™ (Q) x --- x L™ (Q) (4.38)

for any (T17 o ,’I"m) € [17p>{[>< e X [17prn[7
meas (€, ;) — 0 foralli € {1,...,m}. (4.39)

Fixing any i € {1,...,m}, from (3.17), (4.17) and (4.36) we have that

oTJ
(‘3ui

(un)

||Rkuzn||xl — 0. (4.40)
X!

Then, reasoning as in the previous Step 2 but replacing Rkaui with Rpu;, from (4.40) it follows
that

En—i—/ Gi(z,up)Rpulde = a—j(un)[Rkuf]—i—/ Gi(xz,u,)Rpuldx
Q 5‘ui 0

> ul/ a;(z,ul, Vuy) - Vulde (4.41)

n,k

2)\,111/» [Vui|Pide.

n,k

Since arguments similar to those ones used for proving (4.33) apply, from (4.38) we obtain that

/ Gi(z,up)Rpuldr — 0,
Q

18



then (4.41) implies both

/ IV
Q

7
n,k
and

/ a;(z,ui, Vuy) - Vuider — 0.
O

n,k
By means of (3.18), if we prove that

oJ
6ui

(Teuy)

X!

Pidp — 0, ie. ||Rguillw, — 0,

—0 forallie{l,...,m},

(4.42)

(4.43)

then (4.22) holds. To this aim, fixing any ¢ € {1,...,m}, we take v € X; such that |Jv||x, = 1.

Direct computations imply that

o (Tl = 5

- /Q (ai(z,ul, Vul) - Vo + A; 1 (z

i
n,k

+ / _ (ai(z, Txui', 0) - Vo + A; (z, Trul, 0)v) dz

n,k

+ /Q(Gz'(l“,un) — Gz, Tyuy))v de.

(4.44)

We observe that (hy) with & = 0 and |Tpu?| < k for all n € N imply the boundness of both
A; (z, Truf, 0) and a;(x, Tiujt, 0) in set € ;; hence, from (4.39) and direct computations so to

“erase” v from the limit, we obtain that

/ (ai(z, Trui',0) - Vo + A 1 (x, Trul', 0)v) de — 0
Qi

n,k

(4.45)

uniformly with respect to v. On the other hand, Dominated Convergence Theorem implies that

/ |Gi(x,u,) — Gi(x, Tpuy,)|dx — 0.
Q

In fact, we have that

/|Gi(x,un)—Gi(x,77€un)|dm§ /|Gi(x,un)—Gi(m,u)|daj
Q Q

+/ |Gi(x, Tru,) — Gi(z,u)|dz,
Q

where (go) together with (4.20), respectively (4.37), give

Gi(z,u,) = Gi(z,u) and G(z, Tru,) = Gi(z,u)

19
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and from (3.6), Young inequality, (3.7), (4.11), (4.19) and [5, Theorem 4.9] we obtain that

J#i

|Gi(xz,u,)| < b7 [ 14 |u? Sii | < h(z) ae inQ

for a suitable h € L(€), while, again, (3.6) and the boundedness of (Txu,), in L give
|Gi(x, Truy,)| < bg  a.e. in Q,

so Dominated Convergence Theorem applies and (4.46) holds.
Thus, summing up, from (4.44)—(4.46) we obtain that

N
8ui

(Thun)[v]

< Ek,n

(4.47)
+

/ (ai(z,u, Vui') - Vo + A, o(z,ul’, Vul v)dz|,
Q

i
n,k

where ¢, ,, is independent of v. At last, the estimate of the last integral in (4.47) can be obtained

as in the corresponding Step 3 in the proof of [8, Proposition 4.6] but testing %(Eun) on the

new test functions vR; ul and vR; ul, with R, : R — R such that

,_Jo if > —k

Ul t+k ift< -k

Then, (4.22) holds.

Finally, we have to prove (4.23). From (1.4), (4.21) and direct computations, we have that

j(ﬂcun) - j(un) - Z/ (Al(x,u?,Vu?) - Az(xaTku??O))dx

+/ (G(z,up) — G(z, Truy)) dz,
Q
where (4.1), (4.5), (4.43), respectively the boundness of A;(z, Trul,0) and (4.39), imply that

/ Ai(z,ul, Vui') de — 0 and Ai(z, Tpuy,0)de — 0
Q

i i
n,k Qe

for all i € {1,...,m}. On the other hand, from (4.15), (4.16), (4.19), (4.20), (4.37) and, again,
Dominated Convergence Theorem, we have that

A (G(LE, un) - G(.’ﬂ, 7761177,)) dx — 0.

Thus, (4.23) follows from (4.17).
Step 4. For each i € {1,...,m}, by using the same arguments as in Step 4 in the proof of [8,
Proposition 4.6] but applied to the partial derivative %('Eun), we prove that

||T1€u;-I — ut||Wl — 0. (4.48)
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So, condition (i) follows from (4.42) and (4.48).
Step 5. By applying Proposition 3.5 to the uniformly bounded sequence (Txu,),, from (i) and
(4.37) we have that

J(Teun) = J(u) and  [[dT(Tyun) = dJ (w)][x = 0,

which, together with (4.22) and (4.23), implies (4i). O O

5 Main results

In order to prove a multiplicity result, for each i € {1,...,m} we make use of the decomposition
of W; as introduced in [8, Section 5]. More precisely, it is known that the first eigenvalue of —A,,
in W; is given by

VulPidz
Aig = fﬂ‘%a (5~1)
ueW;\{0} fQ |u|P'tdx
it is simple, strictly positive and isolated and has a unique eigenfunction ¢; ; such that
wi1>0ae inQ, ¢1€L°) and |pi1lp, =1 (5.2)

(see, e.g., [17]). Then, a sequence of positive real numbers (A; ), and a corresponding sequence
of pseudo—eigenfunctions (v; ,)n C W; exist such that

0<Xig <Ao< --<XN,<..., with), 7"+c0 asn— +o0, (5.3)
and for all n € N we have that 1, ,, € L>(12), hence v, , € X;. Moreover, taking k € N and
Vi :=span{®;1,...,Yixr},
a suitable (infinite dimensional) topological complement Y; ; can be found in W; such that
Wi=Vir®Yik

and the following inequality holds:

Aiki+1 /|w’”dm < /|Vw
Q Q

(cf. [8, Proposition 5.4]). Hence, defining Y, := Y; x N L®(Q) C X;, from the boundedness of
each 1; ,, we have that V; ; is a subspace of X, too, and then

Pidg  for all w € Y; (5.4)

X =Vir oY),

with
dimV; j, = codimYkXi =k.

Thus, by means of (3.10) we have that

W= WVigx- X Vyur)® Yk X xXYnr)

)
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and then from (3.12) it follows that
X=V,aYX
with
Vi=Vig X X Vi, VX =75 xox v (55)
where dimV}, = codimY;* < +oc. .
Now, we are able to state our main results.

Theorem 5.1. For each i € {1,...,m} let p; > 1 and assume that A;(x,t,&) satisfies hypotheses
(ho)—(hg). Moreover, suppose that a given function G(x,u) verifies (go)—(g2). If, in addition,
s > 0 exists such that

(h7) for everyi e {1,...,m} it is
Ai(xata'g) 2 /~L3|£

(g3) taking A} := min {)\m D 1<i< m}, with A\;1 as in (5.1), assume that

Pi e in Q, forall (t,€) € R x RY;

G(z, ‘ .
lim sup ﬁ < pgAl  uniformly a.e. in §;
u—0 Zl Ui|pI

then functional J in (1.4) possesses atl least one nontrivial critical point in X ; hence, problem
(1.1) admits a nontrivial weak bounded solution.

Theorem 5.2. For each i € {1,...,m} let p; > 1 and assume that A;(x,t,&) and G(z,u) satisfy
hypotheses (hg)—(he), (go)—(g2). If we also suppose that

(hg) for eachi € {1,...,m} function A;(x,-,-) is even in R x RY for a.e. x € ;

(g4) liminf M
uf=o0 ZZ |Ui|97

(95) G(x,-) is even in R™ for a.e. x € §);

>0  uniformly a.e. in §;

then functional J in (1.4) has an unbounded sequence of critical points (W), C X such that
J(u,) 7 +oo; hence, problem (1.1) admits infinitely many distinct weak bounded solutions.

From now on, assume that for each ¢ € {1,...,m} function A4;(x,t,¢) satisfies (hg)—(hg) while
G(z,u) verifies (go)—(g2). Moreover, let 1 < p; < N for each ¢ € {1,...,m} (otherwise, the proof
is simpler) and, for simplicity, suppose that

/ Ai(2,0,0x)dz =0 forall i € {1,...,m}, (5.6)
Q
with O = (0,...,0) € RV, and
/ G(z,0)dz = 0 (5.7)
Q
(otherwise, we replace J (u) with J(u) =, [, Ai(x,0,0x)dz + [, G(x,0)dx which has the same

differential on X).
Firstly, we state the following preliminary result (for the proof, see [8, Proposition 6.5]).
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Proposition 5.3. Leti € {1,...,m} be fized. Then, for any (t,£) € R x RN with |(t,£)] > R we
have that

Ai(z, st,s€) < 89%<17%)Ai(.%‘,t,€) a.e. i), foralls>1,

with R, 0;, po and n1 as in our set of hypotheses. Moreover, some constants by, by > 0 exist,
independent of i, such that for all (t,€) € R x RN it is

A, t,€)] < b; (1 n |t|9?<“4f)) T (1 n |t|9?<“5f>’”) e (5.8)

m
small enough or m large enough).

a.e. in 2, with % (1 — ﬂ) —p; > 0 (without loss of generality, as we can take, a priori, either us

Now, we are able to prove our main results.

of Theorem 5.1. We note that, being puz A} > 0, then from hypothesis (g3) a constant A € R exists

such that o
A>0 and limsup % < A < p3A} uniformly a.e. in €. (5.9)
u—0 i W™

Thus, a radius p* > 0 exists such that

G(z,u) < XZ|ui|p7‘ for a.e. z € Q if |u| <p". (5.10)
i

Now, let u € R™ be such that |u| > p*, u = (uq,...,un). Then, an integer i* € {1,...,m} exists

* q;x _
such that |us-| > 2-; hence, 1 < (pm*) |t |%*. Thus, from (4.15) direct computations allow us

to prove the existence of a constant ¢* > 0 such that

|G(z,u)| < o* Z |u;|%  for a.e. z € Q if |ul > p*. (5.11)
Summing up, from (5.10) and (5.11), we have that

G(z,u) <\ Z |u;|Pt 4+ o* Z lu;|%  for a.e. x € Q, all u € R™. (5.12)

Then, taking u € X, from (1.4), assumption (h7) and inequality (5.12) we have that

J(u) > Z (ﬂg/ |Vu; p"'da:—X/ lu; p"'dx—a*/ uiqidx>,
Z Q Q Q

or better, (3.4), (4.16), (5.1), the definition of A} and also (3.11) imply that
g = 3 (- L)
& il
> 3 (Wl (s — 2 = ol ™)
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for a suitable & > 0. We note that from (4.16) and (5.9) some constants Ry, p; exist such that

A T b
0< Ro <2m and ,ug—y—fiRgl Pi> p1 >0 (5.14)
1
for all i € {1,...,m}. Since (3.11) and |Julw = Ro imply that |ju;|w, > 22 for some j €
{1,...,m}, from (5.13) and (5.14) we have that
7w > o Y lully, = pilslly, = o (22
_pli ) ,i_Pl JWj—pl om
with p = max{p; : 1 <1i < m}. So, a constant pg > 0 can be found so that
uc X, |ullw=Ro = J(u) > po. (5.15)

Finally, in order to prove that also the geometric condition (i7) in Theorem 2.2 is satisfied, fixing
any 7 € {1,...,m}, we take ;1 € X; as in (5.2). Then, from (1.4), (4.10), (5.6), (5.8) and direct

computations, for any s > 0 we obtain that

J(spi1€i) :/Ai($73@i,173v@i,1)d$+ E /Aj($7070N>d-T
Q — Jo
J#£i

— | G(z,sp;1€;)dz
Q
< b’{meas(Q)—l—b’{s"%(l*%)/ i1
Q
+b359%<175—3>/ 1| A5
Q

_50%/hi(x)\<pi71\9%dx—l—crimeaS(Q),
Q

Pi dx

7 (=50 4 4 by / Vi
Q

Pi dx

Vi1

where (5.2) and Remark 4.3 imply that all the integrals are finite and

/th(ilf)|%,1

Thus, since 11, 2 > 0, from (4.9) it follows that

"iid:v > 0.

J(spi1€;) = —oc0  as s = +o0.
Hence, v € X; exists such that
lveillw > Ry and  J(ve;) < oo,

Ry and gg as in (5.15).

(5.16)

So, since (1.4), (5.6) and (5.7) imply that J(0) = 0, by means of Theorem 2.2 we have that
Propositions 3.5 and 4.8 together with (5.15) and (5.16) imply the existence of a critical point

u* € X such that J(u*) > go > J(0). O
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of Theorem 5.2. Since (hg) and (g5) imply that J is an even functional on X, in order to apply
Corollary 2.4 we have to prove that assumption (#,) holds for infinitely many p.
For simplicity, here and in the following, b; will denote any strictly positive constant independent
of the index i € {1,...,m}.
Firstly, we prove that, taking any finite dimensional subspace V' of X, a radius Ry > 0 exists such
that

J(u) <0 forallu eV, |lul|x > Ry. (5.17)

To this aim, for any ¢ € {1,...,m} and u; € X;, from (5.8), and, then, (3.13), direct computations
imply that
% (1—‘43))

1 (1 K2
0 (1 1
X;

/ Ai(z,u;, Vu;)dr < bimeas(Q) (1 + |u;
Q

L(1-£2)_p,

g 0-it) ) o

it follows that \ exists such that

(5.18)
+ 3 lu;

W, < b1+ ballu

pPi
X;

~

On the other hand, from hypothesis (g4

~—

G -
lim inf (z,u > A>0 uniformly a.e. in Q,
ul=oo Zz |u;

%‘H

i

so R1 > 0 exists so that

G(z,u) > A Z Iui|"% for a.e. x € Q, if |u| > Ry,

while from (3.9) we obtain

<o forae. ze€,if |ul <R;.

Hence, we have that

Gz, u) > X > |u;

%5 forae. z¢ Q, for all u € R™. (5.19)

Thus, from (1.4), (5.18) and (5.19) we obtain that

+(1-£2 . = 1
J(u) < Z (bg + ballu; )9(( "1) + 05 [|luill, — )\/ ;| dm) (5.20)
i Q
for all u € X. Now, if V is a finite dimensional subspace of X, V = Vi x .-+ x V,,,, for any
1 € {1,...,m} also the projection V; onto X; is a finite dimensional subspace, so all the norms are

equivalent and in particular v; > 0 exists such that

(r

0;
édm) > vi||lvll x, for all v € V.
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So, from (5.20) it follows that

1 _ K2
0; (1 n1)

X + bl Juil|%, — ballus

J(u) < Z (bs + balu; i) (5.21)

for all u € V or better, taking ¢ € {1,...,m} and

Ci s e [0,+OO[P—> CZ(S) == bg + ngeii(li%) + b;S‘Di — b459%' e ]R,
estimate (5.21) reduces to

J) <> G(luillx,)  forallueV. (5.22)

We note that for each i € {1,...,m} the continuous function ¢; is such that (;(0) = b3 > 0 and
Ci(s) = —o0 as s — +o0o. Hence, a constant b5 > 0 and a radius R > 0 exist such that

max (i(s) <bs and  (i(s) < —mbs if s> R forallie{1,...,m}. (5.23)

Thus, if (s1,...,8m) € (R4)™ is such that >, s; > mR, we have that s; > R for some index
je{l,...,m}, then (5.23) and direct computations allow one to prove that

ZCi(Si)<O if Zsi>mR.

Whence, (5.17) holds from (5.22) with Ry > mR, s; = |lu;| x, -
Now, we want to prove that for any fixed ¢ > 0 there exists k = k(9) > 1 and Ry > 1 such that

weYX, fulw=R =  Ju)>o (5.24)

with VX as in (5.5).
To this aim, we note that if u € X estimate (4.6) gives

Ai(z,u;, Vug)de > X011 + ,ug)/ |Vu; |P*dx — nzmeas(£2),
Q

Q

for each i € {1,...,m}. Then, (1.4) and (4.15) imply that

J(u) > E <>\(91M1 +/L2)/ |V,
- Q
p (5.25)

700/ |ug| % da — aomeas(Q)) .
Q

Pidy — nameas(Q)

We note that, for every i € {1,...,m}, inequality (4.16) allows us to take 0 < r; < p; such that

i Qi — T . N s
— — =1, ie 1r=p;— ,
Di D; p; —Di
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so that from (3.4), standard interpolation arguments and, fixing any k € N, condition (5.4), it

follows that
1

ik+1

-
Q

Thus, from (5.25) and (5.26), taking bg, b7, bg > 0 such that

idy < 78T < S
)

b = min A\(0;u1 + b; = max 717
6 12i%m (Osper + pz), 7 DX Tip;

we obtain that

) b
B (bﬁ - Z

7=y (1

with o
A\ = in (A\; i
k 1§i§m( 'L,k:+1)

We note that (5.3) implies )
A — +oo  as k — 400,

then, if we assume
1

be < \ 77
Ry = (%7/\1@> ;

= min p; g = max g;
p 1§i§mp“ q 1§i§qu’

with

g >p>1 from (4.16), limit (5.28) gives

Ry — 400 ask — +oo.

Thus, an integer k1 € N exists such that for all £ > &y it is Ry > 1 and

RI7P < RIP forallie{1,...,m}.

x .
) uillfy,  for all u; € Y.

"og, bg =m(ns+ op)meas(Q),

?M—P>> —bg forallue Y,

(5.26)

(5.27)

(5.28)

(5.29)

Or better, if ko > ky is such that for all k£ > ko we have Ry > 2m, taking k > ky and u € YkX such

that ||u|lw = Ry, direct computations imply not only that

Lid
N

. by
qi —Pi

bs — x
k

[l

but also »
. Ry,
E I > == -
i [ w; = (2m)

Hence, (5.27) gives

be [ Ri\”
J(u) > =2 <k> —bs ifue Y is such that |ullw = Ry.
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Thus, taking any ¢ > 0, (5.24) follows from (5.29) if k = k(o) € N is large enough.
Moreover, taking k > k, the k—dimensional space V3, defined as in (5.5), is such that not only
codimY), < dimV but also (5.17) holds. Whence, assumption (#,) is verified with M, = {u €

X :

[ullw = Ry}

Finally, since (5.6) and (5.7) give J(0) = 0, from Propositions 3.5, 4.8 and the arbitrariness of
o for condition (#,), we have that Corollary 2.4 applies to J in X and a sequence of diverging

critical levels exists. O O
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