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QUANTIZATION OF THE POISSON TYPE CENTRAL LIMIT
THEOREM (1)

YUNGANG LU*

ABSTRACT. A sequence of binomial random variables, both classical and al-
gebraic, is modelized in terms of the creation—annihilation operators in a
natural way and each of these random variables is a sum of four terms. By
taking a proper interacting Fock structure, these random variables verify a
certain pre-given (classical, Boolean, free, monotone, anti-monotone, etc)
independence and the sum of finite independent binomial random variables
formulates the corresponding Bernoulli sequence. With the help of such a
structure, the Poisson type central limit theorem is quantized by considering
individually the contribution of those four terms to the limit. Moreover, its
off-diagonal part gives a quantization of the Laplace—de Moivre type central
limit theorem.

1. Introduction

The main goal of the present paper and [10], [11], [12] is to set a quantization
of both the classical and the algebraic (Boolean, free, monotone, anti-monotone,
etc) Poisson central limit theorem (CLT in short).

In this paper, we give

e a general discussion of the problem;

e an outline of the main results;

e a full treatment of a quantization of the classical Poisson CLT.

Other cases will be discussed elsewhere (see [10], [11] and [12]).

1.1. Main problem, both the classical and the algebraic cases. Recall
that the classical Poisson CLT can be formulated as follows:
If {pn},, C [0,1] verifies np, — A, then in the weak convergence,

Jim (1= pn) o +pndy)™ = (L.1)

hereinafter,
e §, is the Dirac measure centred on x for any x € R;
e x is the classical convolution;
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o 1) is the Poisson distribution with the parameter A\, i.e.,
0 N k,—Ak
DRSS Z % Ok
k=0
in particular, po = &o.

It is well known (see [16], [18], [19]) that, replacing the classical convolution
by either Boolean, or free, or monotone (anti-monotone) convolution, there exists
such a probability measure py that (1.1) holds whenever np,, — A. These results are
called the corresponding Poisson CLT, u) is named as the corresponding Poisson
distribution with the parameter A and in particular, ug := dg-

One can also reformulate all the Poisson type CLT (classical or algebraic) in
terms of algebraic random variables and the independences as follows:

Let (X,4) be an algebraic probability space and let {&n, :n € N*, k <n} be a
—binomial family of algebraic random variables, that is

° qp(fgfk) = (&) and py, := Y (§uk) € [0, 1] for any n,m € N* and k < n (one
says naturally that any &, x has the binomial distribution b (1, p,,) with respect to
¥);

o for any n € N* {&, x : k < n} is an independent (either classical or Boolean,
or free, or monotone, or anti-monotone, etc) family with respect to 1.

Then, the yY—distribution of Y ._; &k goes to the corresponding Poisson distribu-
tion with the parameter A whenever np, — A.

The main problem to be treated in this paper and [10], [11], [12] is a quanti-
zation of the above Poisson type CLT.

In order to understand the meaning and results of this quantization, one notices
first of all that the above reformulation of the Poisson type CLT in terms of
random variables does not depend specific construction of the algebraic probability
space and random variables. In other words, if we take a specific (A, ¢) and
{Xnr:neN* k<n}, versus the general (X,1) and {&, r : n € N*, k <n}, the
Poisson type CLT does not change whenever

e for any n € N* and k < n, the ¢—distribution of X,, ; is the same as the
1—distribution of &, x;

o for any n € N*, ¢p—independence of family {X,, x : & < n} is the same as the
1—independence of the family {&, ; : k <n}.

Thanks to this observation, one can take a specific-concrete (A, ¢) and a
¢—binomial family {X, 1 :n € N, k <n} such that the Poisson type CLT can
be realized and one gets, in addition, some new information. In fact, we will take
the following Fock random variables

X = Vpn (1= pn) (ax + aff ) + prarai + (1= pn) ajf ay (1.2)

for any n € N* and k£ < n, where

o {Pn}ns, € [0,1];

o for any k € N*| a, (respectively, a;:) is the annihilation (respectively, creation)
operator a(ey) (respectively, a™(ey)) defined on a certain interacting Fock space
(IFS in short and see, e.g. [3], [8] and [9] for the detail) over a given (pre—)Hilbert
space H with orthogonal normal family {e;}7— ;.

e ¢ :=the vacuum state.
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The structure of the IFS said before will be taken in such a proper way that

(H1) ¢—distribution of X, j is the binomial distribution b(1,p,) (X 2
b(1,pn) in short) for any n € N* and k < n;

(H2) with respect to ¢, {Ay},—, is a family verifying a pre-given (classical,
Boolean, free, monotone, anti-monotone, etc, according requirement) indepen-
dence, hereinafter, A is the algebra generated by aj and a:, ie., Ay is the
totality of polynomials in a; and aZ‘ with the degree greater than or equals to 1.

By taking A the algebra generated by the family {Ax}7° ;, one has an algebraic
probability space (A, ¢). Since Y ,_; X, is a sum of n independent (classical,
Boolean, free, monotone, anti-monotone, etc) random variables of the distribu-
tion b(1,p,), it is natural to say that it has the (classical, Boolean, free mono-
tone, anti-monotone, etc) binomial distribution with the parameter (n,p,),

i.e., ZZ:l Xn,k f’ b (nvpn)

Remark 1) As a consequence of the above (H2), for any n € N* and ¢ €
{-1,0,1,2}", the family {a,(f(k)) k< n} is independent (with respect to a
pre—given independence), and so {X,, 5 : k < n} is independent, hereinafter

ag, ife=-1
a;:, ife=1
araf, ife=0
a;ra;€7 ife=2

al = Vk € N* (1.3)

2) Different independence requires different interacting Fock structure and the
concrete constructions will be given case by case.

By using notations introduced in (1.3), one writes (1.2) to

Xn,k = VDPn (]- 7pn) (agc_l) + a;:rl)) +pna§€0) + (1 7pn) a](f) (]-4)

Since \/py (1 — pn)a,(gl) and +/pp, (1 — pn)a,(jl) are conjugate each other, we call

them the off-diagonal components of X, j; similarly, since (1 — p,,) a,(f) and

pna,go) are self-adjoint, we call them the diagonal components of X, j.

As the above said, the Poisson type CLT can be realized in terms of the concrete
Fock random variables {X,, x : n € N*, k <n} with X,, ; given in (1.4). Further-
more, one can read from (1.4) more information: each X, ; is a sum of four
terms and each term has a specific coefficient. This information is absent
if one considers general algebraic random variables.

By denoting

n n n
BED = i T a5 B = Sl B2 = (1— ) Sl
k=1 k=1

k=1

By =B+ B+ B +B® =" X, (1.5)
k=1

then the usual Poisson type CLT is to consider the weak limit of the ¢p—distribution
of {B,}—, while the quantization of the Poisson type CLT is:

n=1"’
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1) to examine, for any m € N and € € {—1,0,1,2}", the limit

: (1 e(m
nl;n;o¢(3;< ) ... B >>) (1.6)
i.e., to see individually the limits of B for any € € {—1,0,1,2}, not only their
sum;
2) to study, for any {cg, c1,ca} C R, the weak limit of the ¢—distribution of the
sequence {01 (Bgfl) + Bgﬂ)) + COBS)) + 023512)}20:1 instead of {B,},~ ;
3) to give a suitable representation to the above limits.

Clearly, by taking ¢g = ¢; = ¢ = 1 in the above 2), one has the usual Pois-
son type CLT. Moreover, in the case of np, — X\ (recall that this is a standard
assumption for performing the Poisson type CLT), one has

n N 1 n N
Bgﬂ:l) = \DPn (1 —pn)Zaé b ~ \5%2&,& D
k=1 k=1

and so by taking ¢y = co = 0 and ¢; = 1, one gets the usual Laplace-de Moivre
type CLT. Therefore, the usual Laplace-de Moivre type CLT is in fact
the off-diagonal part the quantization of the Poisson type CLT. In this
way, the quantization of the Poisson type CLT gives a view to understand the
relationship between the (classical, Boolean, free monotone, anti-monotone, etc)
Poisson type CLT and the corresponding Laplace-de Moivre type CLT: roughly
speaking, the Laplace—de Moivre type CLT is one part of the Poisson type CLT.
Furthermore, by using the representation mentioned in the above 3), one can also
understand the relationship between the (classical, Boolean, free monotone, anti—
monotone, etc) Poisson distribution and the corresponding Gaussian distribution.
Hereinafter,

e the classical Gaussian distribution:=the Normal distribution;

e the Boolean Gaussian distribution:= the 2 points symmetric distribution with
equi—probability;

e the free Gaussian distribution:=the Wigner distribution;

e the monotone (anti-monotone) Gaussian distribution:=the arc—sine distribu-
tion.

Moreover, the determinative standard could be added before the above four
distributions, it presumes zero-mean and uni—variance.

1.2. Re-scaling in (1.5). The coefficients of operators in (1.5), as well as in
(1.4), are in fact some kinds of re—scaling. These re—scaling are not put by hand,
in fact they have a natural motivation and now we see it in classical case.

The starting point is the following common accepted convention (see, e.g.
1], [2], [7], [14], [17]): by denoting M, :=the set of all 2 x 2 complex matrices,

the matriz (1) (1) , as an algebraic random variable on the algebraic probability
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space (Ma, 1) with ¢1 (+) = << (1) ),( é >>, is a natural quantization of

classical random variable with the distribution % (6-1 4+ 61).

A step forward from the above staring point, one asks naturally, on the algebraic

probability space (Ma,¢1), what A = ( g ZC) > (where {a,c} CR and b € C)

does give a quantization of a random variable distributed (1 — p) d_1 + pd1, instead
of £ (6-1+61), with a given p € [0,1]?

It is easy to find an answer as follows.

On the one hand, the definitions of A and ¢; say that

61(A) = a; 61 (4%) =a® + o*5 1 (A7) = a(a® + o) + b (a+0)  (17)

On the other hand, the fact A 2 (1 —p)do_1 + pdy gives
o1 (A)=2p—1; ¢ (A% =1; ¢ (A%*) =2p—1 (1.8)
So one gets, by combining (1.7) with (1.8),
a=2p—1; b=2¢"/p(1—p); c=1—-2p
with 0 € R, i.e.,
A=Ay, = ( 2r -1 2% v/p (1 =) ) (1.9)
27\ /p(1—p) 1—2p

Moreover, in the classical case, a random variable ¢ distributes (1 — p) §_1+pd1,
if and only if % (14 ¢) distributes (1 — p) dp + pd1. That is, a natural quantization
of a classical random variable with the distribution (1 —p)do + pdy is sgp =
% (1 + AQJ)) , 1.e.

S0 = ( P ¢’/p(1-p) )

e \/p(1—p) 1-p

Notice that a := ( 8 (1) ) (respectively a™ := ( (1) 8 ) ) is nothing else the
o . 10 i 0 0
baby—annihilator (respectively, the baby—creator), 0 o | =ae and 01

= a*a. So (without loss of generality, one takes § = 0), a natural quantization of
a classical random variable with the distribution (1 — p) dg +pd1 (i.e. the binomial
distribution b(1,p)) is

p(1—p)(a+a’)+paat +(1—p)ata (1.10)

1.3. Outline of main results. The main results of the quantization of the Pois-
son type CLT could be formulated as follows:

1) In all cases (by assuming anyone of the classical, Boolean, free, monotone,
anti-monotone, etc, independence), the limit (1.6) exists for any m € N* and
e € {-1,0,1,2}". Moreover the limit (1.6) can be represented to

(BB plem) ) \TEL 1-lehl/2) (1.11)
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where, ® and b)’s will be given in the below 3). In other words, B,(f) —
bEAIIel/2 in the convergence of mized—moments for any e € {-1,0,1,2}.

2) The weak limit of the vacuum distribution of the sequence {cl (Bffl) +
o0

B7(l+1))+ cOB,(ZO) + CQB'ELZ)} goes to the vacuum distribution of the operator

n=1
Ver (6D 4+ 6D 4 Aegh® 4 b3,

3) b(¥)’s are operators defined on a certain Fock space I' over a (pre-)Hilbert
space H and @ is the vacuum vector of I'. The precise construction of the Fock
space I' depends on the pre—given independence. In addition, in the monotone
(anti-monotone) case, b*1) depends also on a certain test function (i.e., an element
of H). In more detail

e if one assumes the classical independence, the above Fock space I' is the
one-mode interacting Fock space (IM-IFS in short and see [3] for the detail)
['(C,{wy},) with w, = n for any n € N; b(-1) and b+1) are the annihilation—
creation operators (recall that in this case, the vacuum distribution of b(=1) 4 p(+1)
is the standard normal distribution N (0,1)); b(®) = 1 :=the identity of I’ and
b2 = wy = A = b(EVH(=D | hereinafter, in all cases, if without any alternative
mention, A :=the number operator on the Fock space I'; wp := wo A and w is the
application from N to [0, +00), defined as w(n) := w,, for any n € N;

e if one assumes the Boolean independence, the above Fock space I' is the 1M—
IFS T'(C, {wy},) with w; = 1 and w, = 0 for any n > 2; b= and b+ are the
annihilation—creation operators (recall that in this case, the vacuum distribution
of =1 + b+ is L (5_1 + &1), i.e. the standard Boolean-Gaussian distribution);
b0 = Py = bDp(HD) and 5@ = wy =1 — Py = btV hereinafter, Py :=the
projector to the vacuum if without any alternative mention;

e if one assumes the free independence, the above Fock space I' is the 1IM-IFS
I'(C,{wn},) with w, = 1 for any n € N*; b(-1) and b+ are the annihilation—
creation operators (recall that in this case, the vacuum distribution of b(—1) 4 p(+1)
is the standard free-Gaussian distribution); b(*) = 1 = b(=Dp(+1) and b2 = wy =
1— Py = b(tDp(=1);

e if one assumes the monotone (anti-monotone) independence, the above Fock
space I' is the monotone (anti-monotone) Fock space over L?([0,1]) (no more
a IM-TIFS), b(-1) and b(+1) are the annihilation—creation operators with the test
Junction xp,1) € L?([0,1]) (recall that in this case, the vacuum distribution of
b(=1) 4+ b+ s the standard monotone-Gaussian distribution); b(0) = p(=Dp+1)
and b(?) =1 — Pg.

Remark In the monotone (anti-monotone) case, it is impossible like in other cases
to represent (1.11) on a IM-IFS such that b= and b(+1) are the corresponding
annihilation—creation operators. For the detail, see [12].

2. Quantization of the Classical Poisson CLT in Terms of the Moments

In the classical case, we use the baby—Fock space as model space.
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Recall that on the baby—Fock space, the annihilation—creation operators are
defined as follows:

(-1 ._ (01 +._ n._ (00
a0 (O 1), at e (0]

Let’s introduce
1 0 0 0
a\"V = aa ( 0 0 >, a'” i=a"a ( 0 1 )
then

At — g0, () Z (@), 404+

)

a0 — (D). 4@ ) — o). 4142 — g

) )

al® = ( (1) (1) ) —a®; (aFV)" =aFY; (a9) =4, Vee{0,2} (2.1)

and

sp := the expression (1.10) = +/p(1 —p) <a(71) + a(H)) +pal® 4 (1 - p)a®

_ ( p Vp(1—p) )
vp(l=p) 1-p
. . 1 1
Moreover, s, is a projector, ¢1 (sp) = p (recall that ¢; (+) := < < 0 ) L ( 0 > >)
and so the ¢ —distribution of s, is b(1,p).
Xn
(1) ) and ¢, (+) = (D, -D,) for any n, then ¢, is a

state on MS™ and ¢ :=the inductive limit of {¢,}, is a state on @y, Ma. Let’s
introduce also the elements of @ ,-; M»

Let’s introduce ®,, := (

al¥ :=19¢"1 g0 @1, Vkand Ve € {~1,1} (2.2)
then
19t Ves, 1= Y 18 Dgd@gr= Y o
ee{-1,0,1,2} ee{-1,0,1,2}

is clearly a projector and has the ¢—distribution b (1,p). So, with respect to the
state ¢,
e X, i introduced in (1.4) is a projector and has the ¢—distribution b (1, p,);
o {X,r:k<n}isa classical independent family.
Moreover, it follows easily from (2.1) and (2.2) that

™, 0§] = Sunlal® — ), [ol?, "] = Gunaf™,
[a,(f), afl)} = §k7ha§€+1), aio) =1- a,(f),
(a}cﬂ))* = a,(fl)7 (a,(:))* = a,(f)7 Ve € {0,2} and Vk, h (2.3)

By using these notations, the well-known classical Poisson CLT can be formu-
lated algebraically. In fact, in the following Proposition 2.1,
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e the second affirmation is nothing else than the classical Poisson CLT in terms
of the annihilation—creation operators on the baby—Fock space;
e the first affirmation is its moment version.

Proposition 2.1. Iflimy_,o Npy = A, one has,
1) for any m € N,

N N
i o{(3508)") = g (o (3 00) "0
=m~th moment of the Poisson distribution with the parameter \ (2.4)
2) for any t € R,

oo (3 300) = i (.00 (13 50
k=1

k=1
=exp (A (e — 1)) (2.5)

Proof. Since each Xy 1 is a projector (so, Xﬂ, » = X for any j € N*) and since

Z 1=r" VmeN' 1<r<m

1<j1,..0r<m
Jit...+gr=m

one gets, for any m,

N
(ZXN,k> = Z Z XNy XNk
k=1

1<k1 <..<kp <N 1<j1 00, jr <m
it tir=m

> > Xk Xng,

1 1<k <..<kn<N 1<j1.....3n<m
Ji+...+gr=m

Z Z TmXN,k1~-~XN,kT

r=11<k; <...<k.<N
Moreover, the p—independence of the family {Xn:1 <k < N} gives

O( XNy - Xnk,) = (PN, XNky - XNk, Bv)

=[[ @~ Xvw,@n) = [ 6(Xnkn)
h=1

h=1

M 1

T

and the fact Xn 2 b(1,pn) guarantees that (;S(XN,;C) = pn. So, one finds

(X)) =

Z Tm¢(XN’k1 '~~XN,I<:T)

r=11<k,<...<kr<N

>
i S e _ ()o@

1<k1<...<k <N r

T
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where, the last equality is obtained thanks to the fact

N
1( >, VN eN, 1<r<N
1<k1<...<k.<N "

Let, for any N € N, {én1,...,&v,n} be independent random variables de-
fined on a probability space (2, F,P) and {n g ~ b(1,pn) for all k& < N, then
25:1 Eng ~ b(N,pn) and so for any m,

(o))

Il
]
2]

o,
=

=
—~
e

JN
-SN.N
0<j1,.-,jN<m
jit...+jin=m

m/! ; ;
= > WE( 1) E ()
0< gty <m 717N
Jit...+jin=m
: 1 ifj=0 :
o & , ~ S J _
Because &y, = { Exp )1 and {n, ~ b(1,pn), one gets E(EN’O
1, ifj=0 .
{ oy, ifj>1 Moreover, by noticing that the set
{ Gty sdn) 0 < g1,y in <my Ji 4o+ i = m}

equals to

m
U U {(i1ye e yinN) Sk e, > 1, 1+ iy =m}

r=11<k;<...<k <N

one has

(o)) -

Pﬂs

> > B(R )

T1<k1<...<kr <N 1<j1,.000-Sm
Jit..Ajr=m

XX B(G) B ()

1<...<kr<N 1<j1,....jr<m
Jit.tir=m

> > E(wnw)---E(éyw,)

<k
1<k <...<kr <N 1<j1,.. 7]r<7”
Ji+..+jr=

> >, Py

11<k1<...<kp<N 1<j1,...,j-<m
]1+ +jr:m

_ i (]j ) P (2.7)

ﬁ
I

[
Dﬂs

I
_

T 1

Pﬂs

ﬁ
Il
—

I
Pﬁs

1
Il

and so

g;XNx>m¢N>::E<(é§€N$>m> (28)

P
KA
z
VS
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On the other hand, in virtue of the fact Z,Icvzl Enk ~ b(N,pn) and the assump-
tion Npy —> A, one gets

B((3en)") = (s 0

N ]
k™ _ k™ _
:ZWN(N71)...(ka+1)p’;v(1pr)N k%}:ﬂ)\ke A (2.9)
k=0 k=0

and the affirmation 1) is proved by combining together (2.8) and (2.9).

For each N, {Xn : k < N} is a commutative family and so

N N
exp (it Z XN,;C) = H exp (itXn )
k=1

k=1
Since < py (1=pn) ) is a projector, one finds
VN (1=pn) 1—pn
exp (itXn 1) = exp (it1®(k—1) ® ( pn (L —pN) ) ® 1)
VN (1—pn) 1—pn
_180k-1) g (1 + < PN pN (1 —pw) ) (it) ) ©1
pv(1—py) 1-pN = ml
=190k~ 1>®(1+< pN(le))(e“—l))@m
VN (1—pn) 1—pn
and so
®N N QN
1 . 1
<(0) ,Hexp(tiN,k)(()) >

k=1

O =
N————
~_—

lf[l<<(1))’(1+<prN(1_pN) 1?]\;]\(,1_[)1\’) )(6”1))(

Consequently, by combining these with the fact

<(é>’<prN(1—pzv) 152151PN))<‘1)>>:Z)N

one gets, thanks to the assumption Npy — A,

N N
<(I)N76Xp (ZtZXN,k:)(bN> = H <@N,6Xp (itXN)k)(bN>

=(1+pn (" - 1))N — M) O

The following result plays crucial role in the proof of Theorem 2.3 and moreover
it has its own interest as well.
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Lemma 2.2. 1) On the baby—Fock space, by denoting Sj(\f) = ﬁ Zg:1 agf)
for any e € {-1,0,1,2}, one has

sVon =y SPon =0, vee {-1,2}; (xS Von) =0 (210)

and

2 1 1 0 1 L (41
[s9,550] = 5405 s, s87] = - 58
_ 1 1
1 +1 0 2 0 2
[S69,857] = 89 - %505 P =1- 50 (2.11)
2) On the IM-IFS T (C,{wy},,) with the w, = n for all n € N, by denoting b
(b™ and A respectively) the annihilation operator (the creation operator and the

number operator respectively) and

b, ife=-1
+ e
(e) o b s ZfE =1
b\ . 1. ife=0 (2.12)
A, ife=2
for any e € {—1,0,1,2}, one has
[b<—1>7b<+1>} — p0). [b<2>,b(+1>} — p(+D), [b<o>,b(+1>} -0 (2.13)

Proof. 1) One gets (2.10) just by the definition; the last equality of (2.11) is trivial
in virtue of the 4** equality in (2.3), i.e. a,(go) 1- a,(f) for all k.
By applying the first three equalities in (2.3) and by summing k and h, one

finds
S =5 2 [ el
h<N

ay,

1<k,
1 5o (0@ _g@y g _ Lg@
=N ey —ap) =Sy *ﬁSN
1<k,h<N
1
0 +1 +1
{SJ(V)7SJ(V )} = N3/2 Z [al(c)’agz )]
1<k,h<N
Lo+
— N3/2 Z 61@ ha ——NSN
1<k,h<N
1 2)  (+1)
S%, ¢V = Yo (e
| l-7w .2
1 (+1) (+1)
= —F= 6k,hak = SN (214)
\/ﬁ 1<k,h<N

2) The last equality of (2.13) is trivial because of b(® = 1. Recall that on any
IM-IFS I' (C, {wy},,) , one has always

bb+ = WA+1, b+b = WA, b+wA+1 = wAb+
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In particular, in the case of w, = n for any n € N,

bt =A+1, bTb=A, bT(A+1)=Ab"
So, the first and the second equalities of (2.13) are obtained. O
Remark As noted in Subsection 1.3, the vacuum distribution of the sum of cre-

ation and annihilation operators (i.e., b+ b") on the IM-IFS I'(C, {w,},) with
the wy, = n for all n € N is the standard normal distribution N (0,1).

The following result gives practically the limit (1.6), i.e., B — p@\1-lel/2 iy
the convergence of mixed—moments for any ¢ € {—1,0, 1,2} as said in Subsection
1.3.

Theorem 2.3. Iflimy_ oo Npy = A, then for any n € N and € € {-1,0,1,2}",
lim <<1>N,B§§<1”...B§§<"))q>,v>

N—00
=(®, pe) b(s(n))@>AZZ:1(1*IE(1€)I/2) (2.15)
and
; ((1)) ((n)) _ n
Jim (@, S§O s ey ) = (0,060 pEe)  (2.16)
hereinafter,

e O is the vacuum vector of the IM-IFS T (C,{wy},,) with the w, = n for all
n € N;

o b°’s (where, ¢ € {—1,0,1,2}) are operators on the above 1M-IFS, defined in
(2.12).

Proof. The definitions of B](\?) and S](\f) say that
BYY = VNpy T=pw)S§Ys BY = NpwsVs BY = (1-py) ST
and so
BEM) | BEM) _ (np g ERle®I2) () (T ®I/2 gl glen)
The assumption Npy — A gives clearly

lim (Npy)Zr=i(mle®I2) (Wil ®I/2 _ \Fl, a-le®)l/2)
N—o00

So, (2.15) and (2.16) are equivalent, we are going to prove (2.16).
The formula (2.10) and the definition of b¢)’s (i.e., (2.12)) tell us that

©) _ [0, ifee{-1,1,2} _ ()
(@, Sy ‘I’N>_{ 1, ife=0 _<@’b6¢>

i.e., (2.16) holds for n = 1.
Suppose that the thesis is proved up to n and let’s see it for n 4+ 1, i.e., we go
to show that, for any ¢ € {—1,0,1,2}"""

~ (1) glmtg \ _ ! nt1
Jim (@, SE s ey ) = (0,060 ptg) (2.17)

If e(n+1) € {—1,2}, by using the second equality of (2.10) and its analogy
bE)® = 0 for any ¢ € {—1,2}, the two scalar products in (2.17) are zero.
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If € (n + 1) = 0, by using the first equality of (2.10) and its analogy b0 ® = &
(in fact b(®) = 1), the assumption of the induction gives

(Bx, S50 S50 0y ) = (2,550 sE )
. <¢,b<s<1>> o b(e<n>>q>> — <q)’b(6(1)) , “b(f("))b(o)q)>
_ <¢, pE) b(s(n+1))¢,>

The last case to be examined is € (n 4+ 1) = 1. We have first of all
Sﬁ(l)) ) -~Sz(\?(n+l)) _ 51(5(1)) o Sj(g(n))sj(\;%l) — S}(\;H)S](\?(l)) ) _.55\?(“))

= g(1 e(k—1 e(k “+1 e(k+1 e(n
£ SEI LG [5G0 (] S0 st
k=1

and analogously,
pe)  plent1)) _ p(e(1))  ple(n))p(+1)

—p(FDpe))  ple(m) 4 Zb(E(l)) o ple(k=1)) [b(a(k)),b“'l)} ple(k+1))  ple(n))
k=1
Since

(o, SEVSE sy ) = (sh Von, 5§ s ey ) =0
and since
<¢,7b<+1>b<s(1>> o b(s(n))¢> _ <b<I>,b(5(1)) , “b<s<n>>¢)> -0
the thesis will be obtained if one is able to show that for any k € {1,...,n},
lim <<I>N,S](\f(1)) . S](\‘}:(kfl)) [S](\f(k)),S](\fl)} Sj(\f(kﬂ)) e S](\f("))q)N>

n—oo

— <¢, pe)  ple(k—1) [b@(k)), b(+1>} pleh1)) b<e<n>)¢> (2.18)

and now we turn to prove (2.18).
(2.18) is trivial if € (k) = 1: in this case, both of commutators in (2.18) are zero.
If € (k) = —1, the third formula in (2.11) tells us that the scalar product in the
left hand side of (2.18) equals to
(03,5500 . SEEDSOSEOD  siemg, )
1

N <<I>N, S](\f(l)) . S}Va(k‘l))sﬁ)gj(\f(kﬂ)) o S](\?(n))q)N>

which goes, thanks to the assumption of induction, to

<q>7 pEW)  pek=1)p(0)p(e(h+1) b<s<n>>¢,>

i.e., because of the first formula in (2.13)

<q>’ pED)  ple(k—1) {b<—1>7 b<+1>} pleh+1)) b(E(n))q)>
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If € (k) = 2, the first formula in (2.11) tells us that the scalar product in the
left hand side of (2.18) equals to

which goes, thanks to the assumption of induction, to

<q>7 pEW)  pEk=1) (D pe(k+1)) b(£(”))q>>

i.e., in virtue of the second formula in (2.13).
<q>’ pE)  ple(k—1) {b@), b(+1)} plekt1)) b(a<n>>¢>

If £ (k) = 0, the second formula in (2.11) tells us that the scalar product in the
left hand side of (2.18) equals to

! - n
N <<I)N, S](\?(l)) e Sj(\f(k 1))51(\;*1)5](5(’“‘1)) o S](\f;‘( ))(I)N>

which goes to zero, in virtue of the assumption of induction. On the other hand,
the third formula in (2.13) makes sure that

<q)’b(€(1))  ple(k—1)) {b<o>7b<+1)} pe(k+1)) “b(e<n>>¢> —0

Summing up, the induction principle gives the thesis. O

Corollary If limy_,o, Npy = A, then for any n € N and {c_1,¢q,c1,¢2} CC
: ©\"
i (ev. (3 enf)en)
ee{—1,0,1,2}

:<<I>, (\F/\ (C_1b+61b+) +Co>\+02A)n‘b> (2.19)

In particular,
e by takingc_.1 =c;=1and ¢g =co =0

: (=1) +\" _\n/2 n
Jim (o, (B +BYY) ax) = a2 (@, (b +5%)" @) (2.20)
e the (®,-®) —distribution of VA (b+ bT) 4+ A1 + A is the Poisson distribution

with the parameter A (recall that the Poisson distribution with the parameter 0
is understood as the Dirac measure dy).

Proof. The thesis is obtained just by combining Theorem 2.3 with the fact

n n
Z CEBJ(\?)) = Z Bj(\f(l)) v B](\f(n)) H Ce(k) (]
e€{-1,0,1,2} e€{-1,0,1,2}" k=1
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3. Quantization of the Classical Poisson CLT in Terms of the
Generalized Characteristic Function

Now let’s examine the limit of an arbitrary real affine combination of B](\f)’s in
the weak convergence.

Theorem 3.1. Iflimy_,oc Npy = A, then for any {co,c1,c2} CR,

lim <<I>N, exp (it (cl (B](V_l) + Bﬁ_l)) + cOBg\?) + CQB](\?))) <I>N>

N—oo
= <;, exp (it (Cl (b(—l) + b(+1)) T+ cob® + 625(2)>) ¢)>
eitheo ifer=0
—{ €xXp (_ tQQC% + itACo) , ifc1#0 and co =0 (3.1)

/\cf it)\(coczfcf)

exp (E (eitC2 — 1) + T)’ ifc1 20 and co #0

i.e., the weak limit of the vacuum distribution of the sequence {cl (Bj(vfl) + BJ(\;rl))

o0

+coB](\?) + CQB](\?)} 18

5>\007 Zf Cc1 = 0
N (Ao, Act), if e #0 and c; =0 (3.2)
Pocres(N), ifcr#0andcy #0
where
e both N ()\co, )\c%) ‘/\ . and Pey ¢,y (A) ‘/\ , e understood as 6y;

o foranya € R and o > 0, N (a,JQ) s the normal distribution with the mean
a and the variance o?;

o for any {co,c1,c2} CR and A > 0, Pey ¢y ¢, (A) is a linear transformation
of the Poisson distribution, more precisely, Pe, c,.c, (A) is the distribution of

)\(COCQ—Cf) . . . . . . At
cal &+ —a with € having the Poisson distribution of parameter = m
other words,
ko Aef
> (%Cj) e q
Peyer,e (A) = Z : Ll 502 (k__i_*(vo%z*%)) (3.3)
k=0 ’ €2

Remark For understanding well the distribution P, ., c, (), it is better to notice
that Py 11 () is the Poisson distribution with the parameter A, i.e., Z,;“;O Ak,‘j%%.

In order to prove Theorem 3.1, we begin with the ¢;—distribution of a generic
element of My 5, s(R) :=the set of all symmetric 2 x 2 real matrices.

Lemma 3.2. Let A := ( Z ¢

b > € My 445 (R).
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1) If c =0, one has

) eite () , ita
exp (itA) = ( 0 eith ) ;o1 (exp (itA)) = e

or equivalently, the ¢1—distribution of A is 6.
2) If ¢ £ 0, the matriz A has two different eigenvalues %(b—!—a:l: (b—a)® + 402)

. . 1 .
and the corresponding eigenvectors ( v ) with
+

1
Ut = 2—(bfa:t (bfa)2+402) (3.4)
c
Moreover
1 1 V4 v_
_=-1 =1 =0 3.5
i ’ 1+vi+1+vz ’ 1+v_2~_+1+113 (3.5)
and
¢1 (exp (itA))
_ 1 e%(b+a+\/(b—a)2+4c2> n 1 eL;(bJra—\/m) (3.6)
1+0i 1402 ’
i.e. the ¢1—distribution of A is the two points distribution
1 1
1402 5% (b+a+\/(b7a)2+402) + 1+ 02 5% <b+a7\/m) (3.7)

Proof. The affirmation 1) is obvious and we prove the affirmation 2). Notice that
¢ # 0 in this case.
The fact

det (a1l —A)=(a—a)(a—b)—c*=a®— (b+a)a—c*+ab

tells us that A has eigenvalues ag = %(b +aty/(b—a)+ 402). Moreover

e oy # a_ (in fact a_ < ag) since (b—a)® +4¢2 > 4¢2 > 0 in virtue of the
fact ¢ # 0;
e a;a_ =0 (ie. A has an eigenvalue zero) if and only if ab = ¢? (so a and b
have the same sign), in more detail
0=a_ <a, ifand only if ab=c? and a+b > 0
a_<ay=0ifand only if ab=c* and a+b < 0
e v introduced in (3.4) is (so a+ cvy = ay).
Furthermore, by rewriting the equation a2 — (b+a)ax — c? +ab =0 to

at+—a
c

A +blar —a)=ay (ar —a)

one gets
atL —a atr —a
c+b = o4
c c

i.e.
c+bvy = aqvy
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A(U:(Z‘IESI)z(iivi)w(;) (3.8)

1 . . . . .
In other words, v ) is the eigenvector of A with the corresponding eigenvalue
+

at. Moreover, one gets the first formula of (3.5):
1
ViU = W(bfaqt (bfa)2+402) (bfaf (bfa)2+402) =-1 (3.9
c

and in particular, v4 # 0. Consequently,

viv: =1; <(i_>(i+ >>=0 (3.10)

(T+v)(1+02) =14+0v70% +0] +0v2 =247 +02 (3.11)
vp(l+v2) +o_(1+v7) =vy +v30” +v- +v_v? =0 (3.12)
and so one finds the second and the third formulae of (3.5):
1 N 1 1403 +1+02 (311
1402 1402 (1+02)(1+02)
ve v vl +02) +o-(1403) 312)
1+02 1402 (1+02)(1402) B

Let’s introduce

1 1
1 v v
Ti::<1 ); To= (T, T )= Vit vife

J1+vt N Vitor /1
then
o (10 s [ ar O
TT—(O 1) and TAT—(O oz) (3.13)
Moreover, as a consequence of the first formula of (3.13), one knows (see e.g., [4])
. (10
-

By using above results, one finds that

¢1(exp (itA)) = <T* ( (1) ),T* exp (itA)TT* (

. 1
\/ﬁ ( eitar () ) 1+02 >
) ita 1
1+’U 0 ¢ \/1+v2
1 itog 1

140l i

O =

)

6ito¢,

which is nothing else than the characteristic function of the distribution (3.7). O

A particular important case is that a = cop, b =c2 (1 — p) and ¢ = ¢14/p (1 — p)
with p € [0,1] and {co, c1,c2} C R. In this case, the distribution (3.7) will be called
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generalized binomial distribution with the parameters (¢, ¢1, ¢2,p), which
IS 0c,p if either ¢; =0 or p € {0,1}.

Proposition 3.3. Let b, b™ and A be the annihilation—creation operators and the
number operator on the 1M-IFS T'(C,{w,},) with a sequence of the canonical
Jacobi coefficients {w,}, (hereinafter, one says that a sequence of the Jacobi co-
efficients {w, }, is canonical if wyir, = 0 for all k € N whenever w,, = 0). One
has, by denoting ® := the vacuum vector of I' (C,{wy},,) and
Fp:={f:Z—C: f(k)=0Vk <0} (3.14)
1) for any n € N and e € {—1,1}", for any f1,..., fn, f € F4

Fr (W) £ (M) ECY L f (A) B £ (M) @

—£(0) ﬁ fm( 3 g(k))b(5<1>>b(5<2>> L bEM (3.15)
m=1

k=m

2) for any n being odd, for any e € {—1,1}" and f1,..., fa, f € Fy
<<1>, £ (A)BED) £, (A)BE@) £ (A)bEE) £ (A) <1>> =0
3) for anyn € N and c € C, for any f € Fy,
(@, (c(0+b") + fF(A)" @) = (D, (—c(b+b") + f(A)" @)

= > Y 2
0<m<n k,k1,..., km >0 ee{-1,1}™
m is even k+ki+...+km=n—m

(@, (7 ()M BED) (7 ()"0 ( (AP B (£ () @) (3.16)

In particular, if c € R

o with respect to the vacuum state, ¢(b+bT) + f(A) and —c(b+b") + f(A)
have the same moments;

e in case of the vacuum distribution of c(b+b%) + f (A) being determined by
its moments, the distribution is invariant with respect to the sign of c.

Proof. Because of f(A)® = f(0)®, one needs to see the affirmation 1) only in
the case of f being the constant 1.
(3.15) holds trivially for n = 1. Suppose that it holds for n, one gets

F1(A)BED) £y (A)BE@) f o (M) bECHI (3.17)
n+1 n4+1
=f1 (M) T] fm( S e (k) )b(5(2))  pem) g
m=2 k=m
n+1 n+1
= H f’m( Z e (k) )b(s(l))b(f(Q)) ) g
m=1 k=m

where,
e the first equality follows from the induction’s assumption;
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e the second equality dues to the fact
n+1
F1 (M) bEMDBERD -yt — f1( e (k) )b(E(l))b(€(2)) et ) g
k=1
The affirmation 2) is a trivially consequence of the affirmation 1) and the fact
<<I>7 b)) b(e("))¢> = 0 for n being odd.

Now we turn to prove the affirmation 3). Just by expanding the power n terms
in (3.16), one has

n

(e (b+07) + £ (N)" =) ()™ >
m=0 k,k1,...,km >0
k+ki+...4+kyp=n—m

(f (A (b +0) (F (M) (b+b%) .. (f (W)™ (b+0T) (F ()"

S ICLIED SRS

m=0 kikis k>0 ee{—1,1}m
k+ki+...+kpm=n—m

(f (A" W) (A)™ B (f (A) 0 (£ (A)F

By combining this formula with the affirmation 2), one obtains

3 %

(@, (£ (b+bT) + £ (A)" @) = (x0)" > >
m=0 kki,ikm>0  ee{—1,1}™
k+ki+...+km=n—m

(. (F ()" BED) (£ (A)*2 8D (£ (A))F ) (£ (A))* @)

-y ¥ ¥

0<m<n koK1 km >0 ee{—-1,1}™
m is even k+ki+..+kp=n—m

(@, (7 (A)M B (7 (A" 6D (F (A) 5 (f(a)FB) O

The proof of Theorem 3.1 Without loss of generality, we assume that py = 2
By the definition, for any {cg,c1,c2} C R

A
e (BJ(\,*” + BJ(V“)) +coBY + c,B?

N
:Zl®(k—1) ® ( CoPN c1v/pn (1 —pn) ) o1
k=1

civpon (L—pn) c2(1—pn)

So by taking, in Lemma 3.2, the element of My 4,s(R) as the matrix

< COPN c1v/pn (1 —pw) >
cvrn (1 =pn) c2(1—pn)
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one finds
(@n,exp (it (e (B + BYY) + By + 2BY) ) o )

1 (T—pv)
—H¢1(exp(z‘t( copN ciy/pn (1 —py )))
P ciy/py (L—pn) c2(1—pn)
:( 1 e%(b+a+\/(b—a)2+402) n 1 6%(b+a—\/(b—a)2+4c2)>N (3.18)
1+ 0% 1+02 '

and where

\/(b —a)® +4c2 = \/(02 (1 - pn) — copn)® +4c3py (1 — py)

— \/c% +2(2¢2 —ca(co +c2))pn + ((co + 02)2 - 4c%> pf\,
(3.19)

b+a+/(b—a)’+4c

=co + (co — c2) pN =+ \/cg +2(2¢2 —co(co+ ) pn + ((co + 02)2 — 405) PA
(3.20)

¢ (1= pn) — copw + 1/ (2 (1~ pv) — copn)? + 4c3py (1 — pw)
2c1y/pn (1 —pN)

V4 =

ca — (co+c2)py £ \/cg +2(2¢% —ca(co+c2))pn + ((co + 02)2 — 40%) P

2c1y/pn (1 —pN)
(3.21)
The 1%t case: ¢; = 0. In this case, Lemma 3.2 says that the expression in (3.18)
equals to ngl eiteoPN e, e NPy which goes to e'*® as N — oco. So the
weak limit of the ¢—distribution of coBJ(\(,)) + CQB](\?) is Oxc, - On the other hand, the
vacuum distribution of ¢gb(®) + ¢y (i.e., Aol + o) is I, as well, since

<‘I’7 (Cob(o) + czb(Q))n (I)> = (@, (Acol + 2A)" @) = (Acp)", Vn

The 29 case: ¢; # 0 and ¢y = 0. In this case, one has

b+at+/(b—a)>+4c =a+Va+ 42

and the expression in (3.18) equals, in virtue of Lemma 3.2, to

( 1 eg(awmn#e%(“‘m))]v (3.22)
1402 L+02

i.e.,

e’”Z“N( 1 VA 1 Qeugm)N
1+v7 1+0v2
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where, as particular cases of the formulae (3.19), (3.20) and (3.21), one has (recall
the py = %)

Acy

N
N — A2 (cg —4c%)
Va2 +4¢2 = \/0 +4>\c1( \/1
N N2 - VN
1
2¢

( ax+va?+ 462> Aco g

+ + 4 2>\>
Since for any A > 0

+4Xc2

UVt =

le( N - N — >\

1 2171
L+ 2 (VA+a?Fa)’] = o to(a? 3.23
1+ 4 | =5% gm0 (3:23)
one gets, by taking A := 4¢3\ and x := \/%,
1 1
T+of 1 Ac reo )2 ’
1+4C§A( a0 f(Aes) +4C§A)
1 /\CO ( 1
=—F* ——FT—F—+0| = 3.24
2 4\/AN/N =) N ( )
Because for any A € R, B> 0and C € C
Ax/B+Cx? A2B 2 2
e =14 AVBz + 2?4 o (z%) (3.25)
one gets, by taking A := i” , Bi=4)\é2, O := \? (CO 401) and z = \/%
. 02402 .
e ;t\/m _ ei;tﬁ 4>‘C§+w — 14 it )\C% . tz)\C% +o i (326)
VN 2N N
Consequently

U yvemae |1 syemae
1+vi 1402

G+ o= @) -5 e (w)

+(1_ Aco +0(1>>(1 AF A +0<1))
2 4,/EA/N A N JN 2N N
itAco t2\c? 1 >
=1+ - +o| —
2/N(N—)) 2N N

1 sitheg  t2AS3 1
+N( : : )+o N (3.27)
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and so,
N —o00
. itAcg 1 itACO - t2)\01 1
= Jm e ¥ (1 (P05 o (5))

t2ae?
=exp ( - + zt)\c0> (3.28)

lim ¢ (exp (zt <C1 (Bj(v_l) + B(+1 ) + C)B(O)>>)
N

In other words, the weak limit of the ¢—distribution of {cl (B](\,_l) +BJ(\;FI))
+coBJ(\(,)) }Nil is the normal distribution N (Aco, Acf) . On the other hand, it is ob-

vious that the vacuum distribution of vAcy (b + b+) + b (i.e. VAer (b+bT)+
Acol) is N (Aco, Ac?) as well.

The 3"¢ case: ¢; # 0 and ¢y # 0. In this case one introduces

s(x):=sign(x), Vxr€R

then
s(b)=s(c2); w=s(x)|z], VoeR;
btaty/(b—a)’ +4c2=s0) bl +at\/(b—a)’ +4c
b—a+s(b)\/(b—a)® +4c?
Us(b) = vS(CQ) = (329)
2¢14/pn (1 = pN)
So,
; S rarVTarrad) | L (v Ta )
1+0} 1+02
& (b+a—s(b)y/(b—a)®+4c?
:ez( a m) <1+v S(0) 4 (s(6) 1) IS
2
L+vZ) 1+ov}
M i (s(b)-1) <bfa>2+4cz)
1402
it (p4a—s(b)y/(b—a)?+4c?
_< ( Vo) Z 1402 <b> o E(s(b)+e)y/(b—a)®+4c>
1402 1+ 02
s(b) ec{—1,1}

Thus one is able to rewrites the expression in (3.18) as follows

( 1 e%(b+a+ (b—a)2+4c2)+ 1 2€%(b+a— (b—a)2+4c2)>N

1+U-2+ 1+0v2
N b+afs(b)\/m
e ( ) > T2 n<s(b>+s)\/m) (3.30)
(1+ 22 )N L+v2
78(17) 66{71’1}

Now we see its limit as N — oo.
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First of all, by taking

.tCQ it (CO — CQ) it
A= A =22 g, =072, 8

Cy, A1 5 2 B) ; A3 23(02)
Ay =2 (2¢] —ea(co+ ), As = (co+ e)® — 43

one obtains, thanks to the fact py = %,

Zg(bJrafs(b) (bfa)2+4c2)

a2 a2 g () (3.31)
=4 2y 3 4 s\ :
Since
it
Ay +A3\/A:%(02 — 5(c2)lea]) =0 (3.32)
AsAy it s(co) (ZC% —ca(co+ 02)) it (0002 — c%)
Ao+ —— = —(cy —cy — = 3.33
B i R al )= e

and since for any {4, Ag, A3} C C, {A4, A5} C R and A > 0,

e+ As A AT At Ase® _ o AvtAsVA | (g, 4 A3A) AV L ()
2V A

:eAﬁASﬂ(l + (A2 + %)x) +o(z)

2VA
(3&2) A3A4
= 1+(A2+ 2\/Z>m+o(x) (3.34)
one finds, by taking z := 3

G%‘N(Ha—s(b)\/m) (6% (b+a—s(b)/(b—a)*+ac?) ) N

2\ N N
O s A AAT IGO0 (1 (4, 4 20), 4 o))

(3.33) it (coca — c3) A 1\\N it (coca — F) A
S RCE ESYE R DRSO L CORY: /B R

Second of all, (3.5) permits us to rewrite 1 + vsz in different forms:

1 1
1—|—1}3:=1—|—v—2=1+vi = 1}2 (336)
+ +

By introducing

Ay i=|eal = s(e2) ca = s(b) ca, Az :i=—s(c2) (co+ ca) = —s(b) (co + ¢2)
A3 =2 (2¢] —ca(co+2)), As:=(co+ @)’ =43, A=, B:=43
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and by applying (3.20), one has

2 1— 2 2 1— 2

o ( c1y/pn (1= pn) ) _ ( c1y/py (1 = pn) )
a)? +4c? s(b) (b—a) ++/(b—a)® + 42

b—a-+s(b)y/(b—
By (1- )
2
(A1 + A3+ \/A + A3+ Ay (%)2>
Since for any such a {B, A, A1, A2, A3, A4} C R that A > 0 and A; # —V/A (in
our case, A} = VA= |cy| >0)
z(l—x T
(1—=) = tol)
(A1 + Az + VA + Asz + Aya?) <A1 +\/g>

and
1 1 Bz +o(a)
Ba(l—2) =4~ z TOoW
1+ (Ar+Aza+VAT szt Asa?) (A1 + \/Z)
. . A . B _ ﬁ
one obtains, by taking z := & and noting that 7(A1+\/Z)2 2
c? )\ 1 1 A\
—2 -2 -l ‘@
=2 — o - 12 —; =1-=—=+o(x 3.37
st) = Vste) T @ N T (N> ) gy tow@ (3.37)
This gives surely
1 \Va 1 \N 2\ 1\\V | -
(i)™ (g) = 0o (3)) =77 oo
1+ V) 1+ s(b) cs N N
Finally, since
[M L(s(b)+e) (bfa)2+402:| -1
1+ 02 e=—s(b)

one gets, thanks to (3.37), that

1402, b) it 2 1 . 2
5(b) L it(s(b)+e)y/(b—a)>+4c? _ 1+ pits(b)y/ (b—a)®+4c?

Z 1+ ’U2 ez U2
ee{—-1,1} € s(b)
C2 )\ 1 . 2 2
_1 (717 . ) ’Lts(b) (b—(l) “+4c 339
+ 2N +o (N) e \ (3.39)
By taking

A= cg, A1 =0, Ay:=0, Az :=ils(co)
Ay:=2(2c] —ca(co+ ), A5 = ((CO +9)? — 40%)

one finds A
Ap + AsVA = itey; Ay + 222
1 3 [226) 2 2\/2

=it (2¢1 — (¢o + ¢2))

So, (3.19) and (3.34) give us
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eits(b)\/m _ gites (1 n it (2¢1 — 5\0[0 +c2)) A Yo <1> ) (3.40)

By applying this formula, (3.39) becomes to

T+o?, ) o :
Z S(b)ei(s(b)—&-a)\/(b—a) +4c?
1+02

ee{-1,1}

2 .
_ A 1N ite it (2c1 — (co + ¢2)) A 1
1+(C§N+O<N)>e (1+ N +ol % )

TP 1
:1 71 itca 70 7
“geire(y)
and consequently

2 2
(1 N0 e B (5B (b—a)®+4c2 | ) e%(s(b)q)\/m)N

1+03 1402

2 oA 1 N A2
— (14 Geitee 2 — ) . (—1 ”02) 3.41
( —&—C%e N+0(N> exp C%e ( )

Summing up, we have proved

lim ( 5
N—o0 ]_-|—’U+

At 12 G
o (i - 222D

€%<b+a+ (b—a)®+4c?) L e%(b‘l*a*\/m))]v
1402

and so the weak limit of ¢—distribution of ¢; (B](V_l) + B](\',H)) + cOB](\(,)) + CQB](\?) is
Pey 1,0 (A) given in (3.3).
On the other hand, since

o (bH) n b(+1>> + cob® + b
01\/X
2

C

n (COCQ - C%) A

C2

3\
:clﬁ(b+b+)+c0)\+c2A=cQ( (b+b+)+cl—2+A>
2
and since the vacuum distribution of Cl%f (b+b") + CE—;‘ + A is the Poisson dis-
2
tribution with the parameter CE—QA, one knows that the vacuum distribution of

2
¢ (b(_l) + b(‘H)) 4 cob® + b s Py oy en (N). O

Remark The proof of the above affirmation 2) becomes much easier if in additional
co =0 (i.e. the case of ¢; # 0 and ¢y = ¢g = 0). In fact, in this case

(o ot ") =evi i (¢

and so

low (i (St al | ))) e (i @)
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Since cos (z) =1 — % + o (x?), one gets

lim ﬁ ¢1(exp (it ( COPN c1v/pn (1 —pn) > )) _ 67)\6212

N—voo civon (L—pn) c2(1—pw)

=1
(3.42)

So the weak limit of the ¢—distribution of ¢; (BJ(V_I) +Bl(\;r1)) is the normal distribu-
tion NV (0, )\c%) . On the other hand, the vacuum distribution of ¢; (b(_l) + b(+1))
is N (0, /\cf) as well.

Acknowledgment. Partially supported by the Italian INDAM-GNAMPA and
Fondi di Ateneo Universita di Bari Probabilita Quantistica e Applicazioni.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

References

. Accardi, L., Bach, A.: The harmonic oscillator as quantum central limit of Bernoulli process.

preprint of Dipartimento di Matematica, Univ. Roma II, 1986.

. Accardi, L., Bach, A.: Central limits of squeezing operator. in Lecture Notes in Mathematics,

n. 1396, p.7-19, Springer—Verlag, 1987.

. Accardi, L., Bozejko, M.: Interacting Fock space and Gaussianization of probability mea-

sures, Infin. Dimens. Anal. Quantum Probab. Relat. Top., v.1, n.4, p.663-670, 1998.

. Beckman, F.S.; Quarles, Jr. D. A.: On isometries of Euclidean spaces, Proceedings of the

American Mathematical Society. 4 (5), p.810-815, 1953.

. Franz, U.: Multiplicative Monotone Convolutions, in Quantum Probability, p.153—166, Ba-

nach Center Publications 73, Warsaw, 2006.

. Hasebe, T.: Monotone Convolution Semi-groups. Studia Math. 200, n.2, p.175-199, 2010.
. Lindsay, M., Parthasarathy, K.R.: The passage from random walk to diffusion in quantum

probability II, Sankhya Ser. A 50. p.151-170, 1988.

. Lu, Y.G.: On the interacting free Fock space and the deformed Wigner law, Nagoya Math-

ematical Journal, v.145, p.1-28, 1997.

. Lu, Y.G.: An interacting free Fock space and the Arcsine law, Proba. Th. Math. Sta., v.4,

p-15-32, 1997.

Lu, Y.G.: Quantization of the Boolean Poisson central limit theorem and a generalized
Boolean—Bernoulli sequence, submitted to Journal of Stochastic Analysis.

Lu, Y.G.: Quantization of the free Poisson central limit theorem, submitted to Journal of
Stochastic Analysis.

Lu, Y.G.: Quantization of the monotone Poisson central limit theorem, submitted to Journal
of Stochastic Analysis.

Massen, H.: Addition of Freely Independent Random Variables, J. Functional Analysis, 106,
p-409-438, 1992.

Meyer, P.A.: Approximation de ’oscillateur harmonique. in Eléments de probabilités quan-
tiques, X., Séminaire de probabilités (Strasbourg), tome 23, p.175-182, 1989.

Mingo, J.A., Speicher, R.: Free Probability and Random Matrices, Fields Institute Mono-
graphs,ON, v. 35, Springer, New York, 2017.

Muraki, N.: Monotonic independence, monotonic central limit theorem and mototonic law of
small numbers, Infin. Dimens. Anal. Quantum Probab. Relat. Top., v.4, n.1, p.39-58, 2001
Parthasarathy, K.R.: The passage from random walk to diffusion in quantum probability, in
Celebration Volume in Applied Probability, p.231-245. Applied Probability Trust, Sheffield,
Ed. J. Gani, 1988.

Speicher, R., Woroudi, R.: Boolean Convolution, in Free Probability Theory, (Waterloo, ON|
1995), p.267-279. Fields Inst. Commun, 12, AMS Pro. RI, 1997.

Voiculescu, D., Dykema, K., Nica, A.: Free Random Variables, CRM Monograph Series,
American Mathematical Society, Providence RI, 1992.



QUANTIZATION OF THE POISSON CLT (1) 27

YUNGANG LU: DIPARTIMENTO DI MATEMATICA, UNIVERVERSITA DI BARI “ALDO MORO”,
Via E. ORABONA 4, 70125, BARI, ITALY
Email address: yungang.lu@uniba.it



	Quantization of the Poisson Type Central Limit Theorem (1)
	Recommended Citation

	tmp.1658067685.pdf.XfYXX

