GRADED IDENTITIES OF SEVERAL TENSOR PRODUCTS OF THE GRASSMANN
ALGEBRA

LUCIO CENTRONE® AND VIVIANE RIBEIRO TOMAZ DA SILVA*-°

ABSTRACT. Let F' be an infinite field of characteristic different from two and E be the unitary Grassmann
algebra of an infinite dimensional F'-vector space L. Denote by Eg4, an arbitrary Zz-grading on E such that
the subspace L is homogeneous. We consider Eg, @ E®™ as a (Zy x Z})-graded algebra, where the grading
on E is supposed to be the canonical one, and we find its graded ideal of identities.
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1. INTRODUCTION

The way approaching the study in PI theory changed radically in 1972 after the paper by Regev [19]
about the existence of identities in the tensor product of two Pl-algebras. Two decades later Kemer in
his famous work [16] proved that the ideal of identities of a given associative PI-algebra over a field of
characteristic 0 is the same as the ideal of identities (is PI-equivalent to ~) of the Grassmann envelope of a
finite dimensional superalgebra. We recall if A = A° @ A! is a superalgebra, then its Grassmann envelope
is G(A) = (A" ® E%) @ (A' ® E'), where E = E° @ E' is the infinite dimensional Grassmann algebra
endowed with its canonical Zs-grading. In particular as a consequence of Kemer’s theory (see [15]) we have
the following set of PI-equivalences also called Tensor Product Theorem (TPT) over a field of characteristic
0:

EQ®E ~p; My1(E),

Ma,b(E) QF ~PI Ma+b(E),

M, y(E)® Mc4a(E) ~pr Mactbdad+oc(E),

where the algebra M, ;(E) is a block-subalgebra of M,44(E) in which the upper left and lower right blocks
are respectively of size a x a and b x b and fulfilled with elements of E° and all the other entries are from
El. We want to point out that the algebras M, (F), M,,(E) and M, ,(E) are the building blocks of Kemer’s
Theory because they generate the only T-prime varieties over a field of characteristic 0. The behavior of the
T-ideals of T-prime algebras in positive characteristic has been studied in [1], [3] and [4]. Tt has also been
proved that TPT is still valid over infinite fields of characteristic p > 2 as long as one considers multilinear
polynomials only. Moreover, another proof of TPT theorem can be found in the paper [18] by Regev.

Due to the importance of TPT type problems and the key role of the infinite dimensional Grassmann
algebra in PI-theory, in [12] Di Vincenzo and Nardozza compared the G-graded identities of a G-graded
algebra A = P A9(over a field of characteristic 0) with the (G x Z)-graded identities of A ® E, where
the (G x Zsy)-components are A9 ® E* and E is endowed with its canonical grading. Using the ideas of
Kemer, they construct a map ¢; (where J is any subset of N) such that if S is a generator set of the G-
graded polynomial identities of A, then {(;(S)}scn is a set of generators for the (G x Zz)-graded identities
of AR F.
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At the light of the arguments above and the work by Di Vincenzo and Nardozza, if A is a G-graded
algebra over an infinite field, it seems interesting to investigate how do the (G x Zs)-graded identities of
A ® E behave with respect to the G-graded identities of A. In [10] the authors studied the case of UTy(FE),
the algebra of upper triangular matrices with entries from F of size 2, endowed with the Zs-grading inherited
by the canonical grading of E. It turns out that the ideal of Z,-graded identities of UT(E) is generated
by the same finite set of multilinear polynomials over any infinite field of characteristic different from 2
(the same result can be obtained as a consequence of [8] too). Notice that in [7] the author proved that
the ideal of Zs-graded identities of F endowed with the canonical grading is also generated by the same
finite set of multilinear polynomials provided the field is infinite. In [9] the authors deal with the case of
(Zy x Zs)-graded identities of Ex+ ® E, where Ej+ denotes one of the three up to isomorphism kinds (E«,
E, Ej) of homogeneous Zs-gradings of E which will be denoted by E,, without distinguish them. In the
latter paper they show the graded ideal of Ex+« ® E is not generated by multilinear identities, then it cannot
be covered by Di Vincenzo and Nardozza’s results. We want to point out that by TPT the algebra E®" is
PI-equivalent to Mon_z a2 (E) if n is even whereas is PI-equivalent to M ns (E) otherwise and in both

of the cases the graded identities are of interest on its own. For this purpose we want to cite the paper by
Popov [17] in which he found a basis of polynomial identities of F® E in characteristic 0, the paper by Diniz
da Silva [11] in which he found a basis for the Zs-graded identities of Ey @ Ey, for some particular cases
over an infinite field.

Following this line of research, in this paper we generalize the results in [9] finding an explicit set of
generators and a basis for the graded relatively free algebra for Ey @ E®™ as a (Zo x Z1%)-graded algebra,
where E is supposed endowed with its canonical Zs-grading. As a consequence we get the relatively free
graded algebras of F,, do grow at the same rate under tensorization by the Grassmann algebra endowed
with its canonical Zs-grading. The last result is a particular case of the conjecture formulated by the authors
in [9].

2. PRELIMINARIES

All algebras we refer to are associative with unit, all fields are to be considered infinite with characteristic
different from 2, and all groups we refer to are finite and abelian unless explicitly written.

Let G = {g1,...,9s} be any group of finite order s and let F' be a field. If A is an F-algebra, we say that
A is a G-graded algebra if there are subspaces A9 for each g € G such that

A=p A% and A9A" C A9
geG
If 0 # a € AY we say that a is homogeneous of G-degree g or G-graded homogeneous of G-degree g, and we
write deg(a) = g.

Let {X9 | g € G} be a family of disjoint countable sets. Set X = |J .5 X¢ and denote by F'(X|G) the
free associative algebra freely generated by the set X. An indeterminate (or variable) € X is said to be of
homogeneous G-degree g, written deg(xz) = g, if x € X9. We always write 29 if © € X9. The homogeneous
G-degree of a monomial m = x;,x;, - - - x;, is defined to be deg(m) = deg(x;,) - deg(x;,) - - - deg(x;, ). For
every g € G we denote by F(X|G)9 the subspace of F/(X|G) spanned by all monomials having homogeneous
G-degree g. Notice that F(X|G)9F(X|Zy)9 C F(X|G)99 for all g,¢' € G. Thus

F(X|G) = @ F(X|G)*

geG
and F(X|G) is a G-graded algebra. We refer to the elements of F(X|G) as G-graded polynomials or just
graded polynomials. An ideal I of F(X|G) is said to be a Tg-ideal (or graded T-ideal) if it is invariant under
all G-graded endomorphisms ¢ : F(X|G) — F(X|G) such that ¢ (F(X|G)?) C F(X|G)9 for all g € G. If
A is a G-graded algebra, a G-graded polynomial f(z1,...,x,) is said to be a graded polynomial identity of
A if f(ay,as,...,a,) =0 for all a,ag,...,a, € UQGG A9 such that aj, € Adee@r) k=1 ... n. We denote
by T¢(A) the ideal of all graded polynomial identities of A. It is a Tg-ideal of F(X|G) in the sense that
it is invariant under all graded homomorphism of F(X|G). We shall call substitution with elements of A
any graded homomorphism F(X|G) — A and we sometimes use the notation T = ¢ € A in order to denote
explicitly such evaluation of the variable x.
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Given a subset S C F(X|Zs) one can talk about the least Tg-ideal of F(X|G) containing the set S. Such
Tg-ideal will be denoted by (S)r. and will be called the T-ideal generated by S. We say that elements of
(S)T,, are consequences of elements of S, or simply that they follow from S. If T¢(A) = (S)r1,, we say that
S is a basis for the graded polynomial identities of A.

Definition 1. We consider the vector space
PG = SpanF{xgl(l)xg"’(z) e U(n | : € G,o € Sy}
We shall refer to the elements of PS¢ as multilinear polynomials of degree n.

Since the ground field F is infinite, a standard Vandermonde-argument yields that a polynomial f is a
G-graded polynomial identity for A if and only if its (multi)homogeneous components (with respect to the
ordinary (Z°°)Z-grading), are identities as well. Moreover, if the characteristic of the ground field is 0, the
well known multilinearization process shows that the Tg-ideal of a G-graded algebra A is determined by its
multilinear polynomials.

Now, for ng,,...,ng, € N we consider the subspace of P¢ (n = ng, +---+n,_) spanned by the multilinear

monomials in the following set of variables:
{2 @l 0 1T g T ey, |
We denote this vector space by P, n A and its quotient space by the graded identities by
G G G
PS o (A)=PS LIPS L ATg(A)).

It is well known that studying the graded identities of A in P is equivalent to studying the graded identities
of Ain Pf;p__”ng' for all (ng,,...,ny,) such that ng, +--- +n,, =n.

As we said in the introduction, we shall study the behavior of graded T-ideals of graded algebras tensorized
by the Grassmann algebra. When the ground field has characteristic 0, a complete description is given in
[12]. For this purpose, we recall one of the main results obtained in [12] by Di Vincenzo and Nardozza.

The relatively free algebra F(X|G x Zs) is both a G-graded algebra and a Zs-graded algebra, then let
us consider F(X|G X Zs) as a Zy-graded algebra. Let m be a multilinear monomial in F(X|G x Zz) and
let i < --- < ig be the indices of the variables with odd Zs-degree occurring in m. Then we may write
M = M024(i,) M1 20 (ip) * * * TMhk—124(i) Tk, Where myg, ..., my, are multilinear monomials in even variables and
z;; are odd variables, for some ¢ in the symmetric group Sy ({i1,...,ix}). We define ((m) := (—1)7m as
in the work by Kemer [16] and note that ¢(¢(m)) = m. Similarly, we define a map from the free G-graded
algebra to the free (G x Zs)-graded algebra as below.

Definition 2. Given J C N, we denote for every r € N

0 0 ifr¢J
Ty 1 ifre .

Let ¢y : F(X|G) — F(X|G x Z3) be the unique G-homomorphism given by
@ (x9) = 2909, for any r € N.

Moreover if m € PY is multilinear, define ¢;(m) := ((¢s(m)). We may extend the map ¢; by linearity to
the space of all G- graded multilinear polynomials PS. If f € P, then (;(f) is a multilinear element of
F(X|G x Zs).

Remark 3. In particular, for the Lie commutator [z9", 25?] := 7' 25> — 25?27", if J C N, then

CJ([iCih’CCQ ) = C([:L,gglﬁl,.])’xéQQﬁQ,J)] _ :L‘g 1,91,J)xég2,02,J) _ (_1)91,J62,Jx592>92‘1)x§91»91,J)_

Remark 4. Given a v-tuple V' = (r1,...,r,) of pairwise distinct positive integers and the v-tuples S =
(Srys---ySr,) € ZY and (gry,--.,9r,) € GY, then ((z/ (g”’s”) coglIrose) ) depends on the v-tuples V e S

v

only. Let us denote by cy,s the coefficient of x(g” s”) x$9””5” in {(xy (g”’s”) . xﬁi””s”’)), that is, cy,s

is defined by the equality ¢(xy (q”’s”) . xﬁg'”’s’“)) =cy,s xffi”’srl) . xﬁi'“s’“).
3



Let J C N and set
OV, J) = Oy g, 00, 0),

then
- o 7100, o Oy, 71407, 01y,
et oa) = (a0 g D) gy 2 e,
Let us denote by F the unitary infinite dimensional Grassmann algebra with generators €1, €2, ... subject
to the condition €;e; = —e¢je; for all 4,5. Let A be a G-graded algebra and let us consider ¥ endowed

with its canonical Zy-grading E = E° @ E', where E° (resp. E%) is the span of the monomials in the €s
of even length (resp. odd length). We consider A ® E endowed with the (G X Zs)-grading such that its
(G x Zsy)-components are (A ® E)@) .= A9 @ E*.

Proposition 5 (Lemma 4 of [12]). Let f be a multilinear G-graded polynomial identity of A of degree n,
and let J C{L,...,n}. Then (;(f) € Taxz,(A® E).

Theorem 6 (Theorem 11 of [12]). Let S be a system of multilinear generators for To(A). If the characteristic
of the ground field F' is zero, then

{Cs(f) e F(X|G x Zy)| f € S,J SN}

is a set of multilinear generators for Taxz,(A® E).

3. (G x Z%)-GRADED IDENTITIES OF A @ E®"

In this paper we deal with (G x Z%)-graded identities of A® E®" := AQ E® --- ® E over an infinite field
times
of characteristic different from 2, where A is a G-graded algebra, n > 1 and é Lis supposed to be Zs-graded
with its canonical grading. We consider A® E®™ endowed with the (G x Z%)-grading such that its (G x Z%)-
components are (A® E®")(9:8) .= A9x (E®")8 where (E®")8 = E9"®---®@ B9 when g = (g1,...,9n) € Z3.
Motivated by Remark 3, we start off by the following.

Definition 7. Let B be a Z-graded algebra. We define the Z% -graded commutator

n

[0,V = B — (—1) =,

for every homogeneous elements b,b’ € B, where deg(b) = (i1, ..., i) and deg(d') = (i},...,1,).

r'n

Notice that A® E®™ as well as the free algebra F/(X |G x Z) are both G-graded algebras and Zj-graded
algebras. Therefore, referring to the Zj-grading, one considers in A ® E®™ and also in F(X |G x Z%), the
Z3-graded commutator as defined above.

Remark 8. Let J C N. We can see that the notation introduced above helps us to rewrite big expressions
in a compact way. In particular,

0 102, 02, ,0
g2 (91 1,J)xég2 2,])_(_1)01J921ng92 2,])33%91 1,0) _

1 o0
CJ(['T‘(l] , Lo ]) =Ty |:Z‘(191 1,7)

xggzﬁz,‘]) 7
Za

3

for all g1, 92 € G.
Furthermore, if V- = (r1,...,74,01,...,1;) is a (v + t)-tuple of pairwise distinct positive integers (with ¢
even) and (Gry s+, Grys Giyy-- -5 01,) € GUT, then

ry Iroy 1,901 912 i1 Gy
Cr(am* -] [5511 Ly, ] le—1 %1, ]) =
(gry ,0ry,0) (Gry Oy, 0) [ (911:011,5)  (915:015,7) (Gre 1011 5)  (914,00,,0)
= Cv,0(V,J) Try c Ty, Ty, » Ly, 2 Ly, 4 Tyt 7.
2 2

We introduce the generalized analog of the (; function. Let [ € N, J; C N and consider the map

@, F(X|G x Z5 ) — F(X|G x Zb)
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such that
(9581, s01—1,0r,5;)
» .

P g
We observe that F'(X|G x Zb) is a Zy-graded algebra via its natural (1 x 1=! x Zy)-grading. Hence we can
define
Ca(m) = (e, (m))
for every monomial m of F(X|G x Z) as in the definition of Di Vincenzo and Nardozza.
The following generalization of Remark 8 holds.

Remark 9. Counsider the subsets Ji,...,J, C N. Then for any ¢1, g2 € G,

[mgglxgl)7 xégmgz)}zg,

where g1 = (917(]1, e ,91“]71) and g2 = (927J1, ey 027‘]").
Moreover, given an even integer ¢ and the (v + ¢)-tuples V. = (r1,...,7y,l1,...,1;) of pairwise distinct
positive integers and (grys .-, Gry s Giys-- -, g1,) € GUTF, one obtains

giy,_
(Cap0r0Co )@t a2 2] ) 2l ]) =

n
(gry+8r1) (gro -8ro) [ _(917:811)  (915:815) (91, 181,_1)  (91,.81,)
- (H CV,G(V,JS)> Lry R EN 1L, g [Pl L,
=1 2

S Zg 7
where g; = (0;.4,,...,0;.4,), for any i € N.
In what follows we say that a subset S = {l1,...,ls} of {1,...,m} is ordered if [y < --- <.
Definition 10. Given m > 1 and an even integer t > 0, let T = {ly,...,l;} be an ordered subset of

{1,...,m}. Consider {rq,...,r,} the ordered complementary set of T in {1,...,m}, (that is, r1 < --- <1y,
v+t =m, {ry,...,r,l,..., .} = {1,...,m}). Given the m-tuple (g1,...,9m) € G™ and the n-tuples
g = (hi1,...,hin) €Zy, withi=1,...,m, let us set

gr Ty g g giy_ g
hd fT(xl Yo ,17‘(7]”’") =Ty zg'u [xllllazléz} e [xltillvxltltL
il mssm 18T Ty 18Ty ’ ) (g t— 8 t— ) 5

L4 fT ( (o g1)7 o ,1’7(7‘({ & )) = ‘T&? 18n) : xﬁg &) |:xl(;ql1 gll)’xl(flz ng)]Zg. N [Ilt: PR ’xl(tg“ 5 7y y

° g = (gl,---’gm)a

® Crg = [15o1 €V, (heyrohiry ooty iy )
where V.= (r1,...,7ry,01,. .., 1p).
Remark 11. Consider m > 1 and an even integer ¢t > 0, let T = {ll,...,lt} be an ordered subset of
{1,...,m}. Given the m-tuple (g1,...,gm) € G™ and the subsets Ji,...,J, C N, we obtain

(Cro 00 Ca)fr(af, . a8)) = Crgfrn (28, algmen),

where g; = (0;.7,,...,0:.5,), foreach i =1,...,m.

In Lemma 6 of [9] the authors showed up some properties of the (G x Zg)-graded identities of A ® E,
where A is a G-graded algebra, relating them with the G-graded identities of A. Down here we generalize
such result for the (G x Z%)-graded identities of A @ E®".

Proposition 12. Let A be a G-graded algebra. Then the following properties hold.

(a) If [29",292] € Ta(A) then { gl,gl) ggz,gz)]zne TGXZQ(AQ?E@");

(b) if [xl 7m2 7x3 3] € Tg(A) then [xggugﬂ,xégmgﬁ?xégmgx)}zne Taxzy (A® E®™);
2



() if [af", a?][a5”, 23] + 21", 21" ][x5’, 25%] € Tg(A) then

xgghgﬂ, xggz,gz)}zn[xggs,g3)7 3351947%4)} + c { (91,g1) 4(194’84)}Zn[x£())93’g3)’ xggz,gz) i, c TGXZQ (A®E®n),
: 2
where ¢ = (_1) o hz,shs,s+h2,sh4,s+hs sha, o

(d) if a7 25?29 € Ta(A) then xggl’gl)xggQ’gz) e x%‘i’”’g’") € Toxzy (A® E®™);

(e) if T; C {1,...,m} is ordered, a; € F (i = 1,...,s), and >_;_, o fr,(zf",...,297) € T(A), then
S aiCrp, ng (@08 gy € Ty g (A @ BB,
for every g; = (hi1,...,hipn) € G, with i € N.
Proof. Tt follows directly from Proposition 5 and Remarks 9 and 11. O
Now, if the elements of the subset {1, €2,...} C F are the generators of E as an algebra, then a linear
basis of E is given by B := {l,€;, ---€;; |i1 < --- < i5;j > 1}. Therefore, since E is endowed with its
canonical grading, then B®" := {b; ® --- ® by, | b1, ...,b, € B} is an homogeneous basis of E®™.

The next is an easy, but very useful, result.

Lemma 13. Let A be a G-graded algebra, then for every homogeneous elements a1, as € A and by, by € BO™,
we have

[a’l ® b17 az & bz]Z; - [al, GQ] ® b1b2.
As a consequence the following holds.

Remark 14. Consider the polynomials fr and fr, given in Definition 10. If T 7(9“&) = a; ® b;, where
a; € A% b; € (B®™")8 then

fr n(fgghgl) o fgrgim,gm))

(aT1 & le) to (a?”u ® bTv) [all ® bl17a'l2 & blz]Zg T [alt—l & blt—l ,ar, ® blt]zg

(@, ar,) @ (bry b)) ([ary, ar,] @by, biy) - ([ar,_y ar,] @ by, by,)
=y apnfay,an] o [an,_,a,] @ (bey - be by, o by)
= ifT(al77am)®(b1bm)

4. THE HOMOGENEOUS Zs5-GRADINGS OF THE (GRASSMANN ALGEBRA

In the following sections we shall focus on the description of the (Zy x Z%)-graded identities of E,, @ E®™,
where E,, is the unitary infinite dimensional Grassmann algebra generated by {e1,es,...,} and endowed
with an arbitrary Zs-grading such that the subspace L := spang{ej,es,...} is homogeneous. We start by
recalling the known results about the Zy-graded identities of Ej,.

We denote by By, := {1,e;, ---e;; |i1 < --- < i;;j > 1} the homogeneous basis of Ey,. and by {(a) the
length of a basis element a € By,.
Given k > 0, let us consider the following maps defined on the generators of the Grassmann algebra:

0, i even 0,i=1,....k 1L,i=1,...,k
l€iloo := . ek = ) and  |ej|pe = .

1, ¢ odd, 1, otherwise 0, otherwise.

We denote by Eo, Er and Ey« the Zo-gradings of the Grassmann algebra endowed with the Zs-grading
induced by the maps | - |, | - |x and |- |+, respectively. It is well known that we may assume any E,,
being one among Fo., Ey or Eg- (see for instance [2]). Therefore, in order to describe the (Zg x Z7)-graded
identities of Ey. ® E®" for any Eg,, it is enough to describe the (Zy x Z%)-graded identities of E ® E®n,
E, ® E®" and Ej« @ E®™.
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We recall that since [z, 22, 23] is an ordinary identity of E then [2{', 25, 25%] is a Za-graded identity of

E,,, for all g1, 2,93 € Zs. Remembering that [z1, z2][x3, 4] + [21, 24][x3, 22] € ([21, 22, 23]), We obtain

[z, 29?][x3®, 2] + [2]', 2§'][25®, 25°] € <[$?17$32,$§3]; hi,ho, h3 € Z2>T ;
Zo

for all g1, g2, 93, 94 € Zo.

We define the following set of polynomials involving the polynomials fr given in Definition 10.

Definition 15. Given m > 1 and the m-tuple (¢1,...,9m) € Z3*, put

naf) i=af

and, for m > 2, set
(el =Y () e,
TC{l,...,m}
|T| even
The generators of the graded identities of E,,. were described by Di Vincenzo and da Silva in [13] when
the ground field has characteristic 0.

Theorem 16 (Theorems 10 and 38 of [13]). Given k > 0 and a field F' of characteristic zero, let Ty, (Eq)
be the Ty, -ideal of graded polynomial identities for the F-superalgebra Eq, with d = oo, k*, k. Then

g2 93]

(a) Tz,(Ew) is generated by the triple commutators (25", x5, £3*], with g1, g2, 93 € Za,

(b) Ty, (Ey~) is generated by the set of the following polynomials:

b [1“(1]1,.13%273?%3]7 with 91,92,93 € ZQ7

1.1 1
® LTy Ty,

(¢) Tz, (Ey) is generated by the set of the following polynomials:

o [af", 28, 2], with g1, 92,95 € Z2,

o (29, 28] [af_y, aQ]ad sy, 2D ] with grys € Lo, (if k is even)

o [2%,28) - [2] s, 2Ry ]laR, 2] 4] (if k is odd)

© Ve—tr2(@, - T [2]pgs Bl [0, TR 4] (VI <k, leven)

o [m-rra (@l ko) PR sl (R R pys] e [ER 0 7R ) (VI <k, Lodd)
 Yh—t2(T - T o) [Tk TRl R s TRl [0 2Rs] (VIS K, Lodd).

As a consequence of the results of [13] we also obtain the following

Remark 17. Given ng,n; > 0 with ng + ny > 1, consider, for each ordered subset T of {1,...,n¢ + n1},
the polynomial fr := fr(9,...,20 &l .1, .., 2k 1n,) € P22, (given in Definition 10) and let

rp={1<i<ng|ieT} and sp:=|{no+1<i<no+ni|i¢T}.

Then a basis for the quotient space Pfgm (F%) is given by the polynomials fr satisfying the following
conditions:

e rr+sr<k+1
e ifrpr+sr=k+1thensyr#O0andng+1¢7T.

When the characteristic of the ground field is p > 2, in [7] Centrone showed that a list of generators of the
Ty,-ideal of E4 (with d = oo, k*, k) is given by the polynomials described in Theorem 16 plus the monomial

(z1)P.



5. THE (Zs x Z%)-GRADED IDENTITIES OF E,, ® E®™ IN CHARACTERISTIC ZERO

In this section we will give an explicit set of generators for the (Zo x Z%)-graded identities of E,, @ E®™
over a field of characteristic zero. Notice that the next results are a direct consequence of a combination of
Theorem 6 (Theorem 11 of [12]), Theorem 16 and Proposition 12.

Theorem 18. Let F be a field of characteristic 0, then the Ty, xzp-ideal of Eoo ® E®" is generated by

[ﬂghgl),xggz’gﬂ,%:(agg’g?’)}zn, with g1,92,93 € L2, 81,82,83 € Ly
2

Theorem 19. Let F be a field of characteristic 0 and consider k > 0. Then the TZMZgr—ideal of B @ E®"
is generated by

° {x(lghgl),Iggz,gz)’l,gg&gs)}zni with g1, 92, g3 € Lo,
5

(1,81) (Lgr+1)
° xl e xk+1 5

with g; € 7%, for all i.

By using the notation given in Definition 10, let us introduce the generalization of the polynomials given
in Definition 15. The latter will have a crucial role in the description of the graded T-ideals of Ej, ® E®™.

Definition 20. Given m > 1, the m-tuple (g1,...,gm) € Z5" and the n-tuples g; € Z%, with i = 1,...,m,
put

i (@l E)) = 28
and, for m > 2, set
_lrl
’Ym,n(xggl’gl)w-'7$£gm7gm)) = Z (_2) 2 CT,ng,n(xgglygl)w--axgm’gM))
TC{l,...,m}
|T| even

As above, the next result is a direct consequence of a combination of Theorem 6 (Theorem 11 of [12]),
Theorem 16 and Proposition 12.

Theorem 21. Let F' be a field of characteristic 0 and consider k > 0. Then the Tz,xzy-graded ideal of
identities of Ey @ E®™ is generated by the following set of polynomials:

° m§91,31)7$ég2’g2)’mggaxg3)}zn7 with g1, 92,93 € Za,
2
[ 0,85 0 . ) .
o ;zzgo’gl),xgo’g”] [a:;c_’%k 1)71”1(907&)} [$,i_;g1k+l),x,iﬂe;2’gk+2)} , With gryo € Za (if k is even)
L zp 73 73
o m(107g1)793§07g2)} . |:z/(i:07gk)7xl(€(1:-glk+l)i| (if k is odd)
L zy 73
1, Lk 0,25 0,85 0, 0,8k
. ’kal+2,n($§ gl)’ o ’xl(c—?j-QlH)) [x](c_%ings)’ xl(c—?i;ﬂ)]zn. .. |:1~§€+g1k+1), fl(v-&-%kﬂ)]zn’ (V1< k, Leven)
2 2
(1,g1) (Lgk—1+42)y .(0,8k—1+3) (0,8k—1+4) ,.(0,8k—1+5) (0,8k+1) ,.(0,8k+2)
* |Yr—it2n(zy ™ v~~~»xk—l—7—2l+2 )7xk—li3l+3 }Z" [xk—ziz;lﬂ vxk—l—];-5l+5 :|Z”- a {xk+1k+1 7xk+2k+2 :|Z"7 (VI< K, lodd)
2 2 2
1, 1,8k— L.gk— 0,8k 0,g 0,g
o Vi rron(aB L ,x,(c,ligl”)) {x,(ﬁ,ligl”),x,(c,li4’+“)]zn~ = [ac,(HQk”),x,(HSHS)]Z”, (VI <k, Lodd),
2

with g; € 2%, for all i.

6. THE (Zs x Z%)-GRADED IDENTITIES OF Ey, ® E®™ IN ODD CHARACTERISTIC

Now we are going to exploit the case of ground field having odd characteristic.



Before listing some crucial (Zs x Z%)-graded identities of E,, @ E®™ in positive characteristic, we introduce
the following “test elements” of Ey. ® E®™ jointly with a relation involving only the elements of the Z%
part. We recall that B®" = {b; @ --- ® b, | b1,...,b, € B} is an homogeneous basis of F®", whereas
Bgr = {1,ei, ---ei; |i1 < --- <ij;j > 1} is the homogeneous basis of E,. and {(a) is the length of a basis
element a € By,.

Definition 22. Consider g € Za, g = (g1, ..., 9n) € Z%, and non-negative integers h < m.

e An 57(5 f)—element is an element of the form
a1 @by + -+ ap @by + ant1 @bpy1 + -+ G @ by,

where by,...,b, € (B®" — {1}) N (E®™")8, ai,...,a, € (By — {1}) N EY

9., and f(a;) is even for
1 < i < h, whereas ¢(a;) is odd for h+1 < i < m.

e If g+ 4+ g, =g (mod 2), then we say that g ~2 g.

The next results are a generalization of Lemmas 12, 13 and 16 of [9] and their proofs follow word by word
the ones given in that paper.

Lemma 23. Letu=1®14+a; ®b; and v = c®d, where a; @by is an S( 0) -element, ¢ € By, and d € Bo"
are homogeneous elements. Then, for all m > 1,

I) uMmM=1®1+ma; Qb
2(a1¢) ® (b1d), if U(c) is odd

0, otherwise.

) um—1 [u,v]Z;L = {

Lemma 24. Letu =a1 @by + -+ ap @by, + apt1 @ bpyp1 + -+ + @ @ by, be an Sg”,%)—element, where
g ~2 0. Let ¢,d be homogeneous elements such that ¢ € By, and d € B®"™. Then by setting v = ¢ ® d we
obtain

ml(ay- - am)® (b1 bm), fh=m-—1m
I) um = _
0, otherwise

2(m — Dw, ifh=m—1 and {(c) is odd

0, otherwise
where w = (a1 -+ apme) @ (by -+ - bpd).

Lemma 25. Letu =a; @by +---+a, @by + apy1 @ bpy1 + -+ + am ® by, be an Sfff)—element, where
g ~2 1. Let ¢,d be homogeneous elements of Ey, such that ¢ € By, and d € B®"™. Then by setting v =c®d
we obtain

m!(al"'am>®(b1"'bm)v if h =0
Dur=¢(m—-—D(ar - amn)®(0b1-by), ifh=1andm is odd
0, otherwise
m!(—1)4) (=1)4(D) y, ifh=0
— DI(=DID (1)) — 1 fh=1 ;
1) w1ty = (m —1)( )~ ((-1) ) w, z‘fh and m z‘s even
(m — 1)1(—=1)d) q, if h=1 and m is odd
0, otherwise
2m' w, if h=0 and ¢(c) is odd
I0) u Nw, if h=1, m is even and (c) is odd
otherwise.
where w = “ame) @ ( bmd), and €(d) is such that deg(d) ~y 0(d).

9



Because of Lemmas 24 and 25 we get the next result.
Proposition 26. Let F' be an infinite field of characteristic p > 2, then
o (29, with g ~3 0 and (g,8) # (0,0);
o (x(98)P g (hb) 4:(9:8) yith g~y 1;

° (x(g,g))p—l [x(g’g),x(h’h)]zn, with g ~g 1;
2

are (Zy x Z%)-graded identities for E, @ E®™.
We observe that if (g,g) € Zs x Z%, then
{x(g,@ a:(g»gq _ )0 if g~z 0
’ zp 2(x(98))2 if g~y 1.
Then we may rewrite Lemma 25 in the following way.
Lemma 27. Letu =a; @by +---+a, @by + apy1 @ bpy1 + -+ + @ ® by, be an Sr(g:}%)—element, where

g ~2 1. Let ¢,d be homogeneous elements of Eg such that ¢ € By, and d € B®", and set v = c® d.
If m is even, then

m 27m! (a1 ) @ (b1 bm), ifh=0
D) ([u,u]zp)=> = (a1 n) ® (b1 ), :
0, otherwise
2% m!lw, if h=20 and ¢(c) is odd
1) u([u,u}zg)m2_2 [u, ”]Zg =42%(m—1)w, ifh=1 and{(c) is odd
0, otherwise.

If m is odd, then

, mo1 2" mlw, ifh=0 and £(c) is odd
1) (o, ulog) " [, o = {

0, otherwise

2" ml(ay - am) ® (by -+ by, ifh=0
1) u(fu,ulzg) ™ = 2" (m=1)1a1 - am) ® (by---by), ifh=1
0, otherwise,

where w = (ay -+ ame) @ (by -+ by d).

Let us recall the notation used by the authors in [9] when working with the (Zy x Zz)-graded identities
of i« ® E. Given a multiset
B = {I(gipgil) ai(gi“gil)},

“ P
we denote by Py the vector space generated by all monomials obtained by permuting the order of the
variables in

pog) o (9i80)

i1 i

We denote by mp(u) the multiplicity of the element u in the multiset B. We say that a multiset A is a
submultiset of B if, up to multiplicity, all the members of A are also members of B, and m.4(u) < mg(u),
for all u. Given a submultiset A of B, we denote by B — A the complementary multiset, that is, B — A is
the submultiset of B such that the multiplicity of each member u is given by mp(u) — ma(u).

In what follows we shall consider the natural order on Zs x Z5. Moreover, let us assume, for simplicity,

that the elements of the multiset B are the variables azgg’g), . ,xﬁﬂ’f;), where (g,g) € Zo x Z% and xgg’g) has

multiplicity ms(z\%®)). We denote

7
N(g.g)
B = Y3 mp(a®).
(9:8) € Z2xZy =1
10



At the light light of Proposition 26 we reformulate the notion of an adequate multiset given in Definition
19 of [9].

Definition 28. Let F be a field of characteristic p > 2. We call a multiset B adequate if 0 < mp(x; (, g)) <bp,
for every i = 1,...,n(y¢) with (g9,8) € Zs x Z%, (9,8) # (0,0).

We are in position to introduce a generalization of the polynomials fr,, given in Definition 10.
Definition 29. Given an adequate multiset B, let T = {uq,...,us} be a submultiset of B and B — T =
{v1,...,vB/—¢} its complementary set such that:

(2) t is even

(i) 0 < my(z'98) <1if g~y 0
(#ii) 0 < mB,T(xgg’g)) <lifgnrol
(i) <y

(v) - S YB|—t-

The following “objects” will play a special role in the sequel and we will use them intensively in our next
proofs. Let us denote

. f? =U1cViB|—t [ulau2]zg e [ut—l’ut]ZS’ ’

0,8 0,
o 7= Ygeny Y mr(a"®),

1
® ST —dean ¥ mp-T (7 . g))

Furthermore we shall use the following substitution and we shall call it canonical substitution. For each
multiset T we consider the evaluation T given by

(0,0) _ 1®1 if xl(o,o) ¢T
Z Lo+ i e,
e T( . s an Si,o70)_element Stlll for every (g g) 7& (07 O) and 7 = 1, e 777/(97%)7 we pUt fgg’g) = ’Ti(gag)7
where 7-(9 g) ; is an Sr(f” -element with m = mg(z; (9.2) ) and

m if g~y 0 and 298 ¢ T
b= m—1 1fg~20andm7(gg)€7'
o 1fg~21andx(gg)¢8 T
(

1 1fg~21andxgg)65 T.

Moreover, all of the elements and summands have disjoint supports.
We are ready to state our main results.

6.1. The case of E,, ® E®". The generators of the (Zy x Z%)-graded identities of Fo, ® E®™ are given by
the set of generators of the (Zs x Z2)-graded identities of Es ® E®™ in characteristic 0 as in Theorem 18
and the polynomials described in Proposition 26. Actually, we have the following.

Theorem 30. Let F' be an infinite field of characteristic p > 2. The generators of the (Zs x Z%)-graded
identities of Eoo @ E®™ are given by the following polynomials:

(Z) {xgglygl), 33(292@2)7.1‘&937%3)}2”7 with g1,92,93 € ZQ, £1,82,83 € Zg.
2

(i) (x gag))P with g ~2 0 and (g,8) # (0,0);
(iii) (x(98))P g (hh) 2:(9:8) pith g ~y 1;
) (af

(iv) (z(98))P— [x(g*g),x(h’h)]zn, with g ~o 1.
2

Moreover, if B is an adequate multiset, then a basis for Pg(Es ® E®™) is given by the polynomials f7l§
such that:
11



(x) for each (g,g) # (0,0) and 1 < i < n(yg) with mg(xgg’g)) = p, we have xl(-g’g) €T if g ~2 0 whereas
xgg’g) eB-T ifg~y 1.

Proof. Let I, o be the (Zy x Z})-graded ideal generated by the polynomials (i) to (iv). Clearly I, ., C
T7,x73 (Fso ® E®™) and, for any adequate multiset 3, each polynomial of Pg may be written, modulo I, .,

as a linear combination of polynomials f2 € Pg satisfying ().
Let f be a (Zy x Z%)-graded identity of Fo, ® E®™ such that

F=> vt} (rrep),
T

where the sum runs over all submultisets 7 of B satisfying (). We want to prove vy = 0 for all such 7.

We shall denote by E the evaluation of f? by a substitution. For each multiset 7 we consider the
canonical evaluation. Let us denote by O(T) the cardinality of the union of the sets

U U @@ en |ULU U & ai®es-1)

g~20re{0,1} g~21ref{0,1}

Let 7 be a multiset such that O(T”) is maximal and let us consider the evaluation 77. Then by Lemmas

23, 24 and 27 we obtain f? # 0 if, and only if, T = T'. Hence v = 0, then by proceeding inductively we
conclude the linear independence.

Recalling that in the case of an infinite field all the identities are consequences of the homogeneous ones,
we conclude our statements. ]

6.2. The case of Ejy- ® E®". Let I, be the (Zgy x Z%)-graded ideal generated by the polynomials in
Theorem 19 and the ones in Proposition 26. Following verbatim the proof of Theorem 30, we obtain the
description of the graded relatively free algebra of Ej- @ E®" as well we state Tz, xzp (Ege ® E®m) = Np’k*.
The reader should pay attention to the fact that the canonical substitution fits in our computations in this
case, too. Nevertheless, we have some restrictions, actually there exists only &k distinct elements e; € E;T,

Theorem 31. Let F be an infinite field of characteristic p > 2. The generators of the (Zao X Z%)-graded
identities of Ey« @ E®™ are given by the following polynomials:

(i) x(gugl) xégmgz)’még&gs) " with g1, 92,93 € Zo, g1, 82,83 € L8
2

(Lgl) (Lgr+1)
.. xk+

(i , with g1,...,8r € ZY;

) @

) (¢9®)P, with g ~> 0 and (g, )% (0,0);
(iv) (z(98))P £ () 1:(9:8) qyith g~y 1;

) (9:8)\p

(v) (z\9®))P= [x(g’g),m(h’h)]zn, with g ~g 1.
2

Moreover, if B is an adequate multiset, then a basis for Pg(Er @ E®") is given by the f7Ki such that:
e for each (g,g) # (0,0) and 1 < i < nyg) such that mB(ﬂcEg’g)) = p, we have ng’g) eT ifg~s0
whereas m(g’g) EB-T ifg~21;
o gens Ti ms(a®) < k.

(i3

6.3. The case of E, ® E®". Given an adequate multiset B, let

My = {2 | (9,8) # (0,0) and mp (")) = p}.
Consider a submultiset 7 C B satisfying conditions (i) to (v) of Definition 29 and such that for each
(9,8) # (0,0) and 1 < i < ny gy with xl(-g’g) € M,, we have atl(-g’g) € T if g ~9 0 whereas a:l(-g’g) eB-Tif
g ~9 1. By Lemmas 23, 24 and 27 we get that, in order to obtain a non-zero evaluation of f?, the amount

of distinct elements e; € EST required, for each variable xz(-g ) ¢ B, is at least
12



° mT(acZ(-g’g)), if g =0;

o mB,T(xgg’g)), if g = 1 and one of the following conditions is satisfied:

o g ~o 0 and 298 € T or

o grgl, xgl’g) € M, and ml(-l’g) €B~T or

o gl a:l(l’g) ¢ M, and xgl’g) ¢B-T;

. mB_T(a:Z(-g’g)) — 1, if g = 1 and one of the following conditions is satisfied:

o g~y 0, acl(-g’g) ¢ M, and J:Z(-g’g) ¢ T or
o gl xig’g) ¢ M, and xgg’g) eB-T.
Therefore, since there exist only k distinct elements e; € EY,, we have the next.

gr
(1,g)
i

Proposition 32. If r++ s =k + 1 and each variable x € B satisfies one of the following conditions:

e g~y 0 and xgl’g) €T or

o gyl :cgl’g) € M, and xl(l’g) €eB~-T or
e gyl xz(-l’g) ¢ M, and asgl’g) ¢B-T,

then f? is a graded identity for E; @ E®™.

Finally, let I~p7k be the (Za x Z%)-graded ideal generated by the polynomials in Theorem 19 and the ones
in Propositions 26 and 32.
Theorem 33. Let I' be an infinite field of characteristic p > 2. Then Tz, xzy (B, @ E®™) = fp,k.
Moreover, if B is an adequate multiset, then a basis for Pg(E, @ E®") is given by the polynomials f7[f
such that:
e for each (g,g) # (0,0) and 1 < i < nyg) such that mB(ch(_g,g)) = p, we have xl(-g’g) eT ifgn~a0
whereas 98 € B—T ifgr~o1;

e rr+sr<k+1;

o ifrr+sr=k+1, then st # 0. Let (go,i0) be the smallest element in Z5 x N such that :El(;’gO) eB
and x%’go) ¢ M,. Then :cgi’go) ¢ T if g~ 0 whereas 28 € B— T if g~y 1.

i
Proof. The fact that the polynomials above form a system of generators of Pg(E) @ E®") follows from
Theorem 21, Propositions 26 and 32 and the techniques used in [13].
For the linear independence we shall argue as in the proof of Theorems 30 and 31 using the canonical

substitution for all variables, except for the variable xl(;,go) whenever 7 + s+ = k + 1. In this case we take
El(-;’g(’) = Ti(ol’go), where Ti(ﬂl’g") is an Sfi’,gl“)-element with m = mg(mgi’g(’)) and
m—1 ifgn~y0
h— : g ~2
0 if g ~o 1.
Note that this substitution fits in our computation because we need mT(xz(-O’g)) distinct elements e; € Egr
for a substitution of the type fﬁ‘*g), mB_T(xgl’g)) distinct elements e; € EY, for a substitution of the type

Tgl’g) if either r+ + s+ < k or r+ + s+ = k+ 1 and xl(l’g) % xl(-j’g(’), whereas mB,T(mg"gO)) — 1 distinct
elements e; € EgT for the remaining case. Finally, we need a total of r+ + s7 distinct elements e; € Egr if
rr+ sy <k and r7 + sy — 1 distinct elements e; € EY, if ry + s7 = k4 1. O

We want to spend some words towards the growth of the relatively free graded algebras of Ey, @ E®". In
[6] we can find a survey on graded Gelfand-Kirillov dimension of graded relatively free algebras. In [9] the
authors made the following conjecture.

Conjecture 34. Let A be a G-graded Pl-algebra over an infinite field and let m be a non-negative integer.
Then
GKdim% (A) = GKdim&** (A ® E).
13



Comparing Theorems 30, 31 and 33 with the results in [5] we have another generalized result in that
direction. In particular, we get the next.

Corollary 35. Let k> 0 n,m > 1 be integer and F be an infinite field. Then the following equalities hold.
GKdim”*% (E,, © E®") = GKdim%2(E.,) = 2m,
GKdim? % (B ® E®") = GKdim? (Ej.-) = m,
GKdimZ "% (E), ® E®") = GKdim’ (Ey) = m.
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