This is the pre-print of the paper

E. Jannelli

Critical behavior for the polyharmonic operator with Hardy potential
NONLINEAR ANALYSIS 119 (2015) 443-456
https://dx.doi.org/10.1016/j.na.2014.10.037

CRITICAL BEHAVIOUR FOR THE POLYHARMONIC OPERATOR
WITH HARDY POTENTIAL

ENRICO JANNELLI

ABSTRACT. Let us consider the Dirichlet problem
Lylu] := (=A)"u - MH% =u? 7t 4 u>0in B
x
DPulgp =0 for |B] <m —1

where B is the unit ball in R"™, n > 2m, 2* = 2n/(n — 2m). We find that, whatever n may
be, this problem is critical (in the sense of Pucci-Serrin and Grunau) depending on the value
of u € [0,1), @ being the best constant in Rellich inequality. The present work extends to
the perturbed operator (—A)™ — p|z|~*™I a well-known result by Grunau regarding the
polyharmonic operator (see [6]).

1. INTRODUCTION
The present paper deals with non—existence results for weak solutions to the problem

Lylu] = (=A)"u—p

=u¥ 4+ )\, u>0in B
|z[2m

(1.1)
u € Hg:‘r(B)

where B is the unit ball in R", n > 2m + 1 and H{'(B) is the space of the functions
v € H*(B) with spherical symmetry.
Throughout this paper we shall assume that 0 < p < 77, where 71 is the best constant for

the Rellich inequality (see the Notations below)
2
(1.2) |D™u|? dx > ﬁ/ N dr Vue D"™2(R")
R re 22
which is not achieved by any u € D™*(R") (see [3], [12]). Being p < [, £, is positive
defined.
Let us set

(1.3) Py(z) = (=1)"[[(z + n = 2i)(z + 2 = 2i) — p;

i=1
this polynomial will play a crucial role in all our discussion, as it is a sort of “symbol” for
L,,. We know from [3], [12] that

(1.4) = Py(m—n/2) = (—4)"(1 —m/2 —n/4)"(n/4 —m/2)"
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h—1
where a" := H(a + j) (see the Notations below).
=0
The behavior of problem (1.1) is deeply influenced by the amount of 1, and we shall obtain
non-existence results depending on g and .
More precisely, let us define

M1 = {PO(_H/Q) = (4" (1= n/4)" (n/9™ n>4m+1;

(1.5)
0 2m+1<n < 4m.

An elementary investigation about FPy(z) for € [2m — n, 0] shows that 0 < g < .

Definition 1. We say that ju is critical for £, if pn < p <t when n > 4m, or pn < p <7t
when 2m +1<n<4m —1.

In other words, any p € [0,72) is critical when 2m +1 <n <4m —1; any pu € (u1, 1) is
critical for n > 4m.

Now we may state our theorem.

Theorem 1. If u is critical for L,,, then there exists A, = \(p,n) > 0 such that for A < A,
problem (1.1) admits no nontrivial positive radial weak solutions in Hy'(B).

A few words of comment. Theorem 1 generalizes to the case of problem (1.1) the well-
known result by Grunau (see [6]) regarding the case p = 0, i.e. when the linear operator is
the polyharmonic operator (—A)™, and indeed, when possible, we have tried to transpose
to our case Grunau’s reasonment, which in turn originates from Theorem 1.2” of [1].

In [6] Grunau shows that, when n = 2m + 1...4m — 1, (—A)™ has a critical behavior,
which means that there exists A, > 0 such that the critical problem for (—A)™ has not
positive radial solution for A < A,; this was a considerable step forward in proving the well-
known conjecture by Pucci-Serrin (see [13]), which states the same claim, but without the
restriction of the positivity of u.

Now, if we consider the fundamental solution of (—A)™ in R™, i.e. |2[*"", we may remark
that |z|*"" belongs to L, iff n = 2m + 1...4m — 1. In the light of the results of Pucci-
Serrin and Grunau, this is not a coincidence: in [7] it is shown for some classes of problems,
each class depending on a continuous parameter, that

critical behavior occours when the (generalized) fundamental solution (depending on the pa-

rameter) belongs to L7 .

For more detailed motivation of this principle we refer to [7]; what is relevant here is that
this principle applies in the present work. To see this, let us remark (see Section 2) that |x|”
solves L,[|z|’] = 0 in R™\ {0} iff P,(c) = 0; now, if we denote by 5 = () the continuous
branch among the roots of P, which starts from 2m —n when @ = 0, we may reasonably call
2| the (generalized) fundamental solution of £,,. Then it is easy to see that y is critical in
the sense of our Definition 1 iff 5; > —n/2, which means that the (generalized) fundamental
solution is in L.
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When m = 1,2, the nonlinear critical problem for £, has been extensively studied in [7],
[2] respectively, where the analogous of Theorem 1 has been proved in a stronger version:
namely it is proved that, when g is critical, there exist no nontrivial radial solutions w
for A > 0 sufficiently small, without any assumption about the positivity of u (indeed the
theorem in [7] is enounced for positive solutions, but from the proof it is evident that the
theorem holds for any radial solution). This is achieved by means of sharp radial Pohozaev
identities and, when m = 2, suitable Hardy inequalities; this technique does not seem to
apply to £,, for general m.

Another remark: many results about critical behavior of nonlinear critical problems state
nonexistence theorems of classical solutions. But in our case, when p > 0, we must face
singular (hence weak) solutions, which in general have a pole at the origin. This, among
other technicalities, leads to state a Pohozaev identity for weak solutions (see Section 4) in
a ball.

This paper is organized as follows: in Section 2 we give an explicit representation formula
for the solution to the linear problem

{ﬁu[u] —f inB,

(1.6) u e H(B)

in terms of the roots of the polynomial P,(z). Section 3 is devoted to the study of the
auxiliary function w,, which solves the problem

L,lw,] =0 in B
(1.7) w, € H"(B)

wu(1) = = w2 (1) = 0,0 V(1) = (-1)" 1,

where H™(B) is the closed subspace of the functions of H™(B) with spherical symmetry; by
coupling problems (1.6) and (1.7) we shall get useful estimates about u when f is the right
hand side of problem (1.1).

In Section 4 we derive a Pohozaev identity for weak solutions to (1.1), and finally in
Section 5 we collect together all the informations, so proving Theorem 1.

Notations
u* The Schwarz symmetrization of u (see, for instance, [10]).
2

2" n , the limit exponent for the Sobolev embedding H™(£2) C LP(2);

n—2m
a" Rising factorial power (see [5]). For a € R and h non negative integer it is

defined as

h—1
- a+j) m=>1;
o — E}( 7) 2

1 h=0.
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Falling factorial power (see [5]). For a € R and h non negative integer it is

defined as

h—1
h H(a_j) m>1;
at =<

7=0

1 h=0.

For any p > 0 and z = o + i with «, § € R we set
p* = p*(cos(Blog p) + isin(Blogp)) .

Heaviside function. H(x) =1 for x > 0, H(z) = 0 for z < 0.

One dimensional Dirac delta at point p. The distribution §,(s) is defined as
(0,(5),¢(s)) = p(p) for any test function ¢ € C.(R).

A™2y if mis even; VA D24 if m is odd.
D™ ul| 2()
The completion of C2°(R™) with respect to the norm |[u||, 2.

Hilbertian Sobolev space of the m—times weakly differentiable functions in 2
with L? derivatives.

In bounded domains €2, the completion of C2°(2) with respect to the norm

[eellm,2-
B={xeR":|z| <1}

If X is any function space on R"™ or B, X, is the subspace of the functions in
X with spherical symmetry.

Euler’s Gamma function; I'(z) = / e 't dt (z€C, Rez>0).
0

nﬂ.n/Q

The n — 1 dimensional measure of the euclidean sphere S"; w,, = ———.
L(1+3%)
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2. THE LINEAR RADIAL PROBLEM

The main goal of this section is to give an explicit representation formula for the solution
to the equation
u
(—A)"u —p =fin B
(2.1) [
u € Hy,.(B)

where f € L¥'(B). We shall achieve this kind of results by means of clementary ODE
techniques.

Lemma 2.1. Let 21,25 ...z be k distinct complex numbers. Then:

k N 0 0<h<k-2
2.
(2.2) E +:<1 h=k—1

J#i (st zm b=k

0 0<h<k-2

: A )y hek—1
(23) 2 TG Kk 1)

= JF#i 21+t 2y — h=k.
\ 2

Proof. As for (2.2) see [11], Section 1.2.3, Exercise 33. Equation (2.3) is a trivial consequence
of (2.2) by means of linear combinations. O
Definition 2. Let

dk k s dk—i
24 ['=— — .
( ) dpk +izlpzdpk—z

be an homogeneous linear differential operator defined for p € (0, 00) with coefficients a; € R.
We define the symbol of I' as the polynomial

k
(2.5) P(z) = 2%+ Z a; 2"t
i=1

and we call characteristic roots its (real or conjugate complex) roots.

Remark 1. We obviously have that I'[p*] = 0 if and only if P(z) = 0. Moreover, if z is a root
with multiplicity p, then T'[p*log p] = - -- = I'[p*(log p)? '] = 0.

Proposition 2.2. Let I' as in Definition 2, and let us suppose that its symbol P has distinct
roots z1, 2y ... z,. Finally, let

(2.6) = (ZHZZ_;)H(S—/)), §>0.

Then I'(¢(p, s)) = d,(s); moreover, if k > 2, then ¥ (p,s) is of C*=2 class with respect to p
for any fixed s > 0.
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Proof. Let us define
e
(2.7) 90:9) == o)

then, by (2.3), we get

g 0 0<h<k-2
(2.8) a—ph(p,p)— {_1 h— k1
and therefore
g
) a—ph(p,s)H(s—p) 0<h<k-1
(29 9 =1 o
S JH(s = ) +3,(s) b=k

Hence
L ( - (Z H (z; — z]Zi>H(S —p) +0,(s) = dy(s).

As for the regularity of ¥(p, s) with respect to p, it is an immediate consequence of (2.8). O

Remark 2. Obviously the same conclusion of Proposition 2.2 holds for any function ¢ (p, s) =
k
v(p,s) + Z fi(s)p™ with arbitrary f;(s).
i=1

Remark 3. When double roots occour, (2.6) must be modified accordingly. If, say, z5 = z1,
then (2.6) becomes

21 ok—1—21
_(_rs ( 1 1 g)
b(p, ) ( =) j§>3 o, e
>3 =
2.10 =
( ) k IOz’Sk 1—2z;
— H(S - P) ) s>0.
; (21— 2)* 1 (2 — 2))

7>3

Of course (2.10) is nothing but the limit of (2.6) for z5 — 2.
From now on we shall denote by £, both the partial differential operator in cartesian

m_ M
_d_2_(n—1)i m_L]
dp? p dp P

BER
From the context it will be always clear if we consider £, as a PDE or a ODE operator.

coordinates (—A)
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We specialize Proposition 2.2 (together with Remark 2) to the case I' = £,,. To this aim,
we must discuss about the characteristic roots of £,,. The following assertions, contained in
Remarks 4-8, are quite easily verified:

Remark 4. Let

(2.11) P,(z)=(—1)™ | (x+n—20)(x+2—2i) —p;

then P, is the symbol of L,,.

Remark 5. The line z = m — n/2 plays a relevant role, as i = FPy(m — n/2) and P,(z) has
the following symmetry property:

(2.12) P,z)=PFP,2m—n—=z).

Hence P,(z) has m roots in the half plane Re(z) > m —n/2 and m roots in the half plane
Re(z) <m —n/2.

Remark 6. The roots of P,(z) are all real for ;1 > 0 sufficiently small. When  increases, up
to m — 1 pairs of complex conjugate roots may appear, their number depending on n, m, .
Anyway, for any p € [0,7) there is one and only one real root of P,(z) in the interval
(m —n/2,0]. Hence, when p € [0,71) we set

o the unique real root in (m — n/2,0];
a,t=2...m the remaining m — 1 roots
in the half plane Re(z) > m —n/2;
(2.13)
Bi=n—2m—o the unique real root in [2m — n,m — n/2);
Bi=n—2m—qo;,i=2...m the remaining m — 1 roots

in the half plane Re(z) < m —n/2.

Remark 7. Py(2) has 2m — 1 distinct real roots. Being P/, (z) = Fy(z), P,(2) has all distinct
roots but for a finite number of values of u. Coincident roots may only be real ones, and
they may have only multiplicity equal to 2. When p € (0,7), this may happen only if
m > 3 and p = Py(Ty), where Ty is the unique root of Py(z) in the interval [4k — 2,4k],
1 <k < (m—1)/2. In particular this implies that, when p € [0, 71),

ay, Re(as) ... Re(ay,) >m —n/2;

(2.14) B1,Re(Bs) ... Re(Bn) < m —n/2.

Remark 8. It holds p; = max{0, Py(—n/2)}. Hence p is critical for £, iff 8, > —n/2.

Figure 1 shows the graph of Py(x) compared with different values of p, which provides a
visual representation of some of the preceeding remarks.
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=

H1

. i .
——
Bi

-nf2 B m-n/2 a o \/

FIGURE 1. Py(z) =pu

Now we want to prove some more subtle properties regarding the location of the roots of
P,(z). To this aim we need the following

Proposition 2.3. Let f € L* ' (R"). Then the problem

(2.15) (—A)™y — ’x/‘ému =f; ueDm?

has one and only one solution. Moreover, if f is positive and decreasing, then u is positive
and decreasing too.

Proof. The solution u to (2.15) is the unique minimum for the strictly convex functional
J : D™* — R defined by

1 " u?
2.16 Jw] == meQ——/ ——/ u.
(2.16) wl=5 [ 1"l =5 | e | S

Now let f be positive and decreasing, so that f = f*, where ()" denotes the Schwarz
symmetrization. Let {u,} C D, be a sequence of smooth functions such that u, — w in
D72 and let v, in D7? such that

m/2 m even

(2.17) (=8) 0 = (=8)wn)", k= {(m —1)/2 modd
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Arguing as in [9], by means of Talenti comparison theorem (see [15]) we know that v, > u,
hence

1D vl = D™} (meven);  [[D™0,[12 < 1D uall} (m 0da):
(2.18) V2 w2

| o [ fonz | pun= | gz g

R» Rn R» Rn Rn Rn

therefore J[v,] < J[u,]. Being Schwarz symmetrization non expansive, v, is a Cauchy
sequence in D;”’Q; if v = lim v,,, we have that v = u, and therefore u is positive and decreasing.
n

O

Now we give a representation for the solution u to (2.15) in terms of the characteristic
roots of P,(2):

Proposition 2.4. Let p € [0,7) be such that P,(z) has distinct roots, and let

m ,8182m 1-8;
91( m Z 14
P 1;[ Ai) T1(B: — )
J#i j
(2.19) 1 m miea
92(p, 5) )"
; [[(a —%)H( i = B)
J#i J
where oy, f; are defined in (2.13). Then the solution u to (2.15) is given by
P [e'S)
(2.20) up) = [ o) fG)ds+ [ a9 fs)ds,  p>0.
0 p
Proof. Let us suppose at first that f € D,. By means of Proposition 2.2 we easily get that
(2.21) Lul(g2(p,8) — 91(p, s))H (s — p)] = 0(s)
and therefore (see also Remark 2)
(2.22) Lulgi(p, s) + (92(p, s) — 91(p,5))H(s — p)] = 0,(s);

hence the function u(p) defined by (2.20) is a solution in the interval (0,00) to the ODE
L,[u] = f, and all the other solutions to this ODE are given by u + Z cpP ! p™i for

2
arbltrary constants ¢}, ¢/. We want to show that the solution to (2.15) is the one with
¢=c¢' =0fori=1...m,ie. it is u(p) as defined in (2.20). To this aim, let us estimate u
when p — 0 and When p — 00.

Remembering that f is bounded and that Re(f;) < 0, from

p P /s —Re(8:)
/ p5i82m—l—ﬂif(8) ds| < / (_) 82m—1|f(8)| ds
0 \P
we get

(2.24) / " 0(p ) f(s)ds = O(P™) (0= 0).

(2.23)
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As for gy, let us distinguish between Re(a;) > 0 and Re(a;) < 0. In the first case we have

[ oramegwas < [T (8 e selas < [T e selas =

p 0

(2.25)

while, when Re(a;) < 0, we can argue as follows:

—= pai

/ pai82m—1—aif(8) dS
p

/OO SQm—l—aif(S) ds
p

(2.26) N
SW/SM+MWWﬂ%=®%
0

Setting 71 = min{ay, Re(as) ... Re(ay,)}, we can conclude from the preceeding relations that

(2.27) u(p) =0(")  (p—0).

Now let us estimate u(p) for p — co. Having f compact support we get
(2.28) / g2(p,s)f(s)ds =0 for p sufficiently large;
p

on the other hand

— p/Bi

p
/ pﬂi82m*1*ﬁif<8) ds
0

oo
< / §2m—1-Re(B:)
0

Setting 72 = max{f1, Re(52) ... Re(fn)}, we can conclude
(2.30) u(p) =0(p”)  (p—=00).

/Op szm*l*ﬁif(s) ds
(2.29)

f(s)|ds = Cphi.

Summing up, u(p) is a continuous function on (0, co) which verifies (2.27) and (2.30); being
Yo < m —n/2 <y, we get that u(z) € L* (R™), and indeed the solution to equation (2.15)
has this summability, belonging to D™?2. Hence the conclusion of the proof in the case f € D,
follows by observing that u + Z ¢ pP + ¢ p* belongs to L*" (R™) if and only if ¢, = ¢/ =0

fori=1...m.

Now we want to pass to the general case f € Lf*/(R”). Let {f,} C D, such that f, — f
in L2 (R"), and let us denote by u,, u the solutions to (2.15) with right hand side equal to
fn, [ respectively; then, in particular, u,(p) — u(p). Hence, if we show that for any p > 0

/Opgl(ﬁ, 8) fu(s)ds — /Upgl(p,s)f(s) s

(2.31) o %
‘/MMM®$%/QWW@%

we are done. But (2.31) holds true; indeed, by (2.14) we know that, for any p > 0,
(2.32) e L ({o s ol < p})s JaP T e L (o fal > p})s
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therefore

/op S0 (f(s) — fuls)) ds| <

P
/ SZm—n—Re(Bi)
0

/ e (f(s) = fuls)ds| <

0o
/ S2m—n—Re(ai)
p

Remark 9. When 1 = fi is one of those (finite number of) values for which double real
roots occour, the definition of gy, g2 in (2.19) must be modified; the expression of g, go may
be easily computated passing to the limit for u — i (see Remark 3). However this is not
relevant at all in what follows.

f(s) = fu(s)ls" ds < CIIf = fu

2%y

(2.33)

o/ .

f(s) = fuls)ls"ds < C|If = fu

[l

As a consequence of Proposition 2.4 we get the following result of location of the charac-
teristic roots:

Corollary 2.5. The following estimate holds true:
(234) (65} S Re(ai) s 51 Z Re(ﬁz) s 1=2...m.

Proof. Let f € D, be positive and decreasing, and let u the solution to (2.15) for such f.
From Proposition 2.3 we know that wu is positive decreasing, while from Proposition 2.4 and
its proof we know that

(2.35) Z kip™ /OO ¥ f(s)ds +O(1)  (p—0)

Re(a;)<0
where k; are universal constants from (2.19). If there exists j > 2 such that Re(q;) < aq, by
choosing f € D, positive decreasing and such that / s¥m—1mai f(s) ds # 0, we get by (2.35)

0
that u oscillates around the p-axis near p = 0, which is absurd. Quite analogous reasonment
if two or more characteristic roots verify Re(c;) < ;. Obviously the result about the f;
follows by symmetry. O

Now let us come to the representation formula for the solution to problem (2.1). All
we have to do is to modify (2.20) (we may think f = 0 for p > 1) in such a way that
u(l) = - =umV(1)=0.

To get this we must add to g1(p, s), g2(p, s) a suitable linear combination of the functions
p%, p% in such a way that the boundary conditions at p = 1 are fulfilled. So let us denote
by gs(p, s) the term which will be added to g1(p, s), g2(p, s); we have

(2.36) Z 8)p™ + Z dy

=1
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and we want to determine ¢;(s), d;(s) in such a way that

P 1 1
(2.37) u(p) = / g1(p,s)f(s)ds +/ g2(p d8+/ g3(p, s)f(s)ds, p€(0,1].
p
solves problem (2.1).
But u must belong to Hy'.(B), and this implies that di(s) = -+ = d,,(s) = 0; now the
boundary conditions u(1) = --- = u™"Y(1) = 0 become m relations in the m unknown

functions ¢;(s); namely

m h
(2.38) Za?ci(s)—i- (%—gpl) (1,s) =0, h=0...m-—1.
i=1

If P, has all distinct roots, the coefficient matrix in system is invertible. After some calcu-
lations, we find

2m—1—/6’]-

(2.39) ()= (0" Y e T —an) TG~

J hi hj

Hence we get the following

Proposition 2.6. Let p € [0,71) be such that P,(z) has distinct roots; let g1, go defined
by (2.19) and

2.40 = (—1)™! sl

( . ) 93(p> 5) —\— ) ; (5j _ Cki) H(az _ ah) H(ﬁ] _ Bh)
’ h#i h#j

where oy, f; are defined in (2.13). Finally, let

(241> h<p7 8) = gl(,o, S) + (g2<p7 S) - gl(ﬂa 5>>H<S - p) + gS(ﬂa S) :

Then the solution u to (2.1) is given by

(2.42) wp) = [ o s s, pe.l.

Remark 10. Again, as in Remark 9, when double real characteristic roots occour, formula
(2.42) must be changed accordingly. This, however, has no relevance in what follows.

Proposition 2.7. The solution u(p) to (2.1) belongs to C*™~'((0,1]), and

(2.43) (a%)ju@) _ / 1(8%)%, 9 f(s)ds,  pe(0,1].

Proof. The proof is similar to the proof of Proposition 2.2. Indeed, in our case (2.8) becomes

0 \7 :
(2.44) <0_,0> <92_91)‘5:p207 j=1...2m—2;
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therefore, in the distributional sense,

(a%)jh(p, s) = (%)jgl(p, s) + ((%)jgz(p, s) — (a%)jgl(p,S))H(s —p)
(2.45) ,
+<§p>]93(/)7 ),  0<j<2m—1;
now our claim easily follows. O

As a consequence we may state the following two propositions:

Proposition 2.8. Let i € [0,77), and let u be a solution to (2.1, with f € L* (B) such that
PV f(p) is bounded. Then, for any 6 > 0 3Cy such that

(2.46) W™ (p)| < Csp/#m="=0  g<h<2m—1, pe(0,1].

Proof. Let us fix the order of derivation h. We shall use (2.43) and the structure of h(p, s).
The right hand side of (2.43) is a linear combination of terms like

P 1 1
(247) phh / SmIB () ds,  ph / Smeteap(s) s, ph / S £ () ds
0 p p

which we shall estimate. Taking (2.14) into account, let § > 0 so small that f1+6 < —n/2+m.
We have

p
‘pﬁi—h/ SQm—l—ﬁif<S) ds
0

P/ —n/24+m—p3;—8
p—n/2+m—h—6 / (E) Sn/2+mf(s)8—1+6 ds
0

(2.48)
< C& p—n/2+m—h—6

where we used the boundedness of p™/>*™ f(p) and the inequality —n/24m —Re(5;)—d > 0.
Analogously, remembering that n/2 — m 4+ Re(q;) + 9§ > 0, we get

1
pai—h/ SQm—l—aif(S) ds
p

(2.49) X N
‘p—n/%—m—h—é/ <£>n/ et 8n/2+mf<8)8—1+5 ds < C& p—n/2+m—h—6
S
p
and finally
1
paih/ S2m7176]~f(s> ds| =
(2.50) °
paih/ an/2+mf,3j76Sn/2+mf(8)871+6 ds| < C& pRe(ai)fh < C«prn/Zerfhfé.
0

O

Proposition 2.9. Let p € [0,71), and let u be a solution to (2.1); moreover, let us suppose
that p™ f(p) = p™ L, [u] € LX(B). Then

r

(2.51) [u(p)| < Cllp™ Lululllp™ ;
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moreover, if pu is critical for L, then
(2.52) [ulla < Cllp™ Lyufullls -

Proof. The proof is similar to the proof of Proposition 2.8. Remembering that 2m — 1 =
n — 1+ ay + B1, we have

p P/ B1—Bi
esy) | [ a) = o [ (/—)) 16 f(s) ds| < Cllgllup™
0 0
_ 1 o 1 a;—p1 el o
(2.54) W/WHv®m=Vﬁ<@ s f(s) ds| < Cllgllp™
P P

< Cllgll™ < Clgllip™

1 1
(2.55) po‘i/ §*M=10i f(s) ds pai/ sP17Pign 1501 f(s) ds
0 0

From the above relations (2.51) immediately follows. Taking into account that p is critical
for £, iff 81 > —n/2, we see that (2.52) is a consequence of (2.51).

O

3. AN AUXILIARY FUNCTION

Now we want to study the properties of an auxiliary function, which throughout the rest
of the paper we shall denote by w,(p); this function will be useful in what follows.
We define w,(p) to be the solution to the problem

L,w,]=0 inB,
(3.1) w, € H"(B),

wy(1) = -+ = w2 (1) = 0,w(™ V(1) = (=)™

Proposition 3.1. Let p € [0,). Then w,(p) is positive and decreasing.
Proof. Let p: P,(z) has all distinct roots. By (2.3) and (2.14) we easily get that

(32 ul0) =Y ey

while, if for a certain p’ double roots occour, then, as usual, w,/(p) = lim w,(p). Moreover,
p—p!
an elementary verification (see [6]) shows that

(1 _ pZ)mfl
3.3 =
We claim that
if p is such that w, > 0 in B, then w,(p) is a decreasing function,

(34) and w,(p) > wo(p) .
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Indeed, if we set w,, = wy + v, then v, is the solution to the problem

0

(=AY, = ——w

(3.5) o fapm
v, € Hy,(B).

From [14] (see also [4]) we know that, if (—A)™v > 0in B and v = 0 on 0B, thenv > 0in B
and v is radially decreasing. Hence, for any p such that w, > 0, we have that w, = wo + v,
is the sum of two positive decreasing functions, so that (3.4) holds true. Therefore, to end
the proof we must show that w, > 0 for any u € [0, 7).

Now let I = {p € [0,7) : wy(p) > 0 Vo € [0,u"]}. By its very definition [ is an interval,
and I # (), because 0 € I. We must show that I = [0,71), and we argue by contradiction.
So, let ft = sup I and let us suppose that i < 1. By continuity it is obvious that g € I. To
fix ideas, let us suppose that P;(z) has distinct roots.

Due to boundary conditions and continuous dependence on the parameter p, there exists
91 > 0 such that w,(p) > 0 for p € [i, 4+ 1] and p € (1 — d1,1]. Now let us estimate
w,(p) in the remaining part of the interval, namely (0,1 —d;]. By (3.2), making explicit the
dependence on 1, we have w,(p) = p***y),(p), where

(3.6) Yu(p) = cr(p) + ea(p)p™ M1 W) g gy () pom 00— ®)

for suitable ¢; ().

Taking into account (3.4), we know that ¢;(p) > 0 in (0,1 — d;]; indeed, being Re(a; (1) —
aj(p)) > 0 for any p € [0,72) (see Corollary 2.5), a moment’s thought shows that 3n > 0 :
Ya(p) = min (0,1 —4y].

By continuity, which we can invoke as Re(a; (1) — a1(p)) > 0, there exists a dy > 0 such
that ¥,(p) > n/2 > 01in (0,1 — &;] for any u € [f1, fi + 02].

Summing up, w,(p) keeps non-negative for u € [fi, i + 6], where § = §; A J2, an absurd.
Hence i = 1. The reasonment is perfectly analogous if double roots occour for p = fi.

U

Remark 11. From the proof of Proposition 3.1 it is clear that there exists v > 0 such that

(3.7) ywu(p) = p™,  pe(0,1/2).

Proposition 3.2. Let u € [0,71), and let f(p) be a measurable, positive and nonincreasing
function on (0,1). Then there exists C' = C(n,u) > 0 such that

(3.5) [ oetoao<e [ i i,
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Proof. By means of (3.7) we get

1 1/2 1
/ P F () dp = / P f () dp + / () dp <
0 0 1/2
1

1/2
/ PP (p) dp+2‘°“f(1/2)/ p"dp =
0 1

(3.9) /2

1/2 1/2
/ P () dp (20— 1)2° f(1/2) / oV dp <
0 0

1/2 1/2 1
7 / P F () dp < 2 / o wa(p) (o) dp < 2% / 0w, () F(p) dp.

Proposition 3.3. Let p € [0,7), and let u € H{.(B) N C*™(B\ {0}) be a solution to (2.1),
with f € L¥'(B) such that p"**™ f(p) is bounded. Then

(3.10) ( / wuﬁu[mf — W2 (1))

Proof. Let Q be a bounded smooth region in R™ with outward normal v, and let ¢, ¢ €
C?™(Q) such that

(3.11) D%l,, =0, D°¢| =0, la] <m—1, |8 <m—2;

then, by Gauss—Green formula we get

| et=are— [ ooy -
(3.12) /ag (V((=A)"271p) - v) (—A)™ %) m even;

/89((—A)(m—1)/2¢) (V((—A)(m_l)/2¢) ) V) m odd.

For any ¢ € (0,1) let B. = {z : ¢ < |z| < 1}. Taking into account (3.1) and (3.12) with
=B, ¢ =uand ¢ = w, we get
2m—1
(3.13) / wuLpfu] = (=) w,u™ (1) + "7 > quP (@ w1 () Vee (0,1).
Be h=0
for suitable fixed constants cj,.
By (2.14) we know that ar; > —n/2+m, so let us choose § > 0 such that a;+n/2—m—0 >
0. By Proposition (2.8) we have

(314) |u(h)(€)| < Cg—n/2+m—h—5
while
(3.15) |wL2m—1—h)(5)| < Qeoa—2mtith
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Therefore
2m—1

(3.16) "> au (wPrT M ()] < Ce A 500 (e 0).
h=0

On the other hand, w,£L,[u] € L'(B), and therefore

(3.17) / |5 / WL (c=0),

so that (3.10) follows from (3.13), (3.16) and (3.17). O

4. A POHOZAEV IDENTITY

The keystone of most of non existence theorems in nonlinear critical problems is the
Pohozaev identity, which is obtained classically by means of multiplication of the equation by
suitable testing expressions and integration by parts. In the present work we shall establish
the following Pohozaev—type result:

Proposition 4.1. Let u € Hy'.(B) be a weak solution to

L,u] = |u* u+ A u inB
(4.1)
DPulap =0 for |B| <m —1
where A\ € R. Then, the following identity holds:
(4.2) 2mA / W2 dz = o, (1™ (1))2
B

Remark 12. The identity (4.2) is well-known in the non-singular case, i.e. when p = 0, under
the hypothesis that the solution u is classical, i.e. u € C*™(B) (see [6] and Theorem 7.27
in [4], where it is proved in general domains €2). In our case the solution u is no more of
C*™ class; to move around this problem, we shall resort to a method which requires weaker
assumptions: namely, we shall compare two admissible variations of the involved functional.

To prove Proposition 4.1 we need the following two lemmas:

Lemma 4.2. Let v € Hy'(B). For any v € (0,1) let ,(p) : [0,1] — [0,1] be a smooth
non-increasing function such that o,(p) =1 in [0,1 =], ¢,(p) =0 in [1 —~/2,1], and let
©4(p) = poy(p). Finally, let us set 0,.(p) = p+ cp,(p) and uy(p) = u(o,:(p)). Then

o d [wn /1 .

lim — | = [ "D (p)?dp| =
(4.3) HO d€2 P =

n—azaom n— m Wn m
SIS [ ) dp = G ()
0

Proof. See [8], Lemma 4.2. O
Lemma 4.3. Let u € Hy,(B). Then
(4.4) lim u(p)p™> ™ =0.

p—0
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Proof. By classical Hardy-Rellich inequalities (see for instance [3], [12]), the functions u(p)p™*~/2~™,
u' (p)p™*+1/27™ belong to L2(0,1). Hence, if we set

(4.5) p(p) =u*(p)p" "1 W(p) = pelp) =u*(p)p" ™"
we get that o(p), ' (p) € L*(0,1). As ¢(p) € L'(0,1) we have

(4.6) lim inf (o) = lim inf p p(p) = 0,
whch implies lir% ¥(p) = 0, because ¥(p) is an absolutely continuous function. O
p—

Proof of Proposition 4.1.

Let u as in the statement of the proposition; then u is a critical point of the functional
J : Hy'.(B) — R defined by

-4 et £ [ o fleor

n— m M mn m—
(4.7) :5-0p %w><»dp—;%[:p2 L2(p) dp

A ! n—1 2 1 ! n—l 2%
—gwn | P (p)dp — >/, ()" dp.
0

Let u,. € ng’r(B) as in Lemma 4.2. Then
1 1
[ oot =2 [ ol e o) do
0 e=0 0
1 1
/wﬂm@m}zg/wﬂWW@%w@;
LJ O e=0 0

gfw%mww]ﬂjwwwmwwmmw

L e=0 0

(4.8)

d
de
d
de
d
de

Taking into account (4.4), we see that we may integrate by parts in (4.8), getting

d 1 ! n —2m !
I; —Zw, n—2m—1 2 d _ n/ n—1 2 d
lim Qw/op ()paz0 o Hen | P (p)dp;

od oA n b
49) g[S [0 wixmd4 = D [ ) dp,
L 0 0

v—0 e=0 2
od [ owe [T n—1 2+ n—2m ' n—1 2"
lim == 5 ) f [ty e (P)] 5:0_ 5 wn/o p" ulp)|” dp.

Now let us compare two admissible variations for J. Being u a critical point for J, we
know that

(4.10) %[J[U%EH =0 = Iim %[J[U%E]]EZO —0;
(4.11) d [J[(1+e)u]]_,=0.

de
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Taking into account (4.7), from (4.3), (4.9) and (4.10) we get

n—2m L Wn , (m
S [ () dp = S 1)+

(4.12) B

2

2m ! e «
: wn/ P Hu(p)* dp =0
0

n 1
SAWn / P (p) dp +
0

while from (4.11) we obtain

1 1 1
(413)  w, / 7 (W™ (p))2 dp — A / 7 2(p) dp — wa / 7 ulp) dp=0.
0 0 0

Now the thesis follows by adding to (4.12) the equation (4.13) multiplied by (n/2 —m).
U

5. THE PROOF OF THEOREM 1

If A\ <0, Theorem 1 follows immediately from (4.2), while, if A = 0, the claim follows by
comparing (3.10) and (4.2) (and indeed problem (1.1) admits no nontrivial solutions for any
A <0, whatever p may be in [0,77)); hence, for the rest of the section, let A > 0.

The proof is based upon the following chain of equalities—inequalities, which holds true, if
p is critical for £, for any u € Hy,(B) weak positive radial solution to (1.1):

1
Aul|2 =
(5.1) el 2muwy,

(1) (11) (111

lwLululllf > Cullp™ Lu[ulll} > Callull;

where (', Cy are strictly positive constants.

Proof of (5.1)-(I).
By standard regularity arguments, v € Hg.(B) N C*™(B \ {0}); moreover, by Lemma 4.3

we get that, setting f = u® ~1 4+ Au, the function p™/>*™ f(p) is bounded. Hence we may use
Proposition 3.3; now (5.1)-(/) follows by comparing (3.10) and (4.2).

Proof of (5.1)-(11).
Being u a radial positive solution to (1.1), it solves
u

|x|2m

(5.2) (=A)™u =g :=p +u” T M u€ H'R(B);

the right hand side ¢ in (5.2) is positive, therefore from [14], [4] we know that u is radially
decreasing, and so the same is true for «* ~* + Au and for £,,[u]. Now (5.1)-(II) follows from
Proposition (3.2)

Proof of (5.1)-(I111).

The inequality (5.1)-(11) is nothing but (2.52), which holds true as p is critical for £,,.
U
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