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noiseless case. We consider further noise models also, which
do not enjoy the same mechanism. In addition to the fidelity
based advantages, the multipath scheme is shown to be useful
when one considers a situation in which the completion of the
teleportation needs to be delayed. We also find the efficiencies
of a quantum channel when a quantum state is transferred over
long distances and the entire channel is divided into several
small blocks.

© 2020 Elsevier Inc. All rights reserved.

1. Introduction

From the dawn of civilization, communication between different persons and groups played a
crucial role in shaping human society. With the emergence of modern science and technologies,
a new era in the transmission of information with and without security has been developed. In
both the cases, it has been realized, both theoretically [ 1-5] and experimentally [6,7], that quantum
technologies can provide higher efficiencies [1] than their classical counterparts. In most of the
cases, the main ingredient that helps to achieve such advantage is the bipartite entanglement of
a shared quantum state between the sender and the receiver [1], (cf. [8-13] for other quantum
information processing tasks).

One of the most interesting consequences of bipartite entanglement is the ability to transfer an
arbitrary quantum state, with the additional help of a finite amount of classical communication —
quantum teleportation [5]. It is an indispensable feature of quantum mechanics, since to achieve this
task by using unentangled states, one requires infinite amount of classical communication between
the sender, Alice, and the receiver, Bob (cf. [14,15]). Significantly, within few years of its discovery,
it has been realized experimentally [5,7], first by using photons [16-19] and then in other physical
substrates [7,20-25], thereby establishing a new epoch in communication, which can potentially
lead to a quantum internet [10], parallel to the extremely useful internet already in use, as well as
to a part of a quantum computer [26].

One of the avenues by which this breakthrough can become more prominent is by the in-
volvement of multiple parties, which will be a step-forward towards building a quantum network.
Over the years, several quantum information transmission protocols with multipartite states were
proposed and some of them have also been demonstrated in experiments [27,28]. On the other
hand, if Alice and Bob are located over a long distance, it has been noticed that the task of
teleporting an unknown quantum state from Alice to Bob by using a single entangled state is not
the best resort. For example, in case of photonic systems with polarization degrees of freedom,
photon loss approximately becomes exponential with the length of the channel [17,19], reducing the
quantum capacity of a quantum channel. As a remedy, it was proposed that in a noisy environment,
quantum state transfer over a long distance can be divided into several small segments, in which
entanglement distillation [29] followed by a modified version of quantum teleportation, known as
entanglement swapping [30] are performed to obtain quantum efficiency — the entire process being
called a quantum repeater (QR) [31].

In this work, we consider a multipath teleportation protocol where the quantum information is
distributed through various pathways before concentrating it back to the desired sender. For some
parameter ranges, such a protocol offers better fidelity compared to single path schemes both in the
presence and absence of noise. Having specified one advantage of using multiple pathways instead
of a single one, let us now mention another advantage of the same, which however preassumes
the existence of a quantum memory. In this case, we consider a teleportation protocol in which
Alice would like to teleport an arbitrary state to Bob, but at a predetermined later time, at which
she would not be able to be present at her port. Therefore, the process has to be mediated by
an intermediate party (Claire) who would complete the objective of the process. However, if the

2



S. Roy, T. Das, D. Das et al. Annals of Physics 422 (2020) 168281

intermediate party is not trustworthy, she/he might teleport the state before the predecided time.
To reduce this possibility, Alice decides to resort to multiple Claires, so that the process is completed
if and only if all the mediators complete their actions. Therefore, even if some Claires break the trust,
Bob does not receive the state before the predecided time. More Claires would naturally imply a
better assurance in terms of the completion of the protocol in the required time. The above two
arguments explain the primary motivation behind considering a multipath teleportation scheme.

At this point, we want to mention that to distribute entanglement over large distance, there
are two important schemes in the literature — entanglement percolation [32] and quantum
repeaters [31]. In the classical percolation of entanglement (CEP), non maximally entangled or less
entangled states are transferred to singlets or Greenberger Horne Zeilinger (GHZ) states with an
optimal probability by local operations followed by classical communication and then entanglement
swapping leads to the distribution of entanglement among nodes situated in distant location. It was
shown that depending on the lattice structure, if one initially performs certain operations which can
transform lattice to an optimal setting, and then CEP can be applied, one can enhance the probability
of entanglement distribution. On the other hand, for repeaters, starting from many copies of a noisy
entangled states, a maximally entangled state is created via distillation and after that, entanglement
swapping is performed between adjacent nodes to create entangled states in distant parties.

Inspired by recent experimental achievements which establish an entangled channel over a few
thousand kilometers [ 19] and developments on QRs [33], we consider a quantum state transmission
protocol, which is divided into several small blocks, involving multipartite states. In particular, each
block consists of two multipartite states, among which one is used to transfer an arbitrary quantum
state among multiple parties while the other one is for accumulating it back to a single one. We call
this process as the “multipath quantum repeater” which has two components, “teledistribution” and
“teleconcentration” (TD-TC) (see Fig. 1). The port which possesses the initial state to be transferred
can be referred as an input port while the receiver who finally receives the unknown state is
the output port, and other parties involved in this protocol can be called the auxiliary nodes. To
summarize, Alice achieves the delayed teleportation without she being available at her port but
also ensuring the specific time of teleportation by:

1. Invoking a third party, Claire, between Alice and Bob who would mediate the teleportation
process at the predecided time.

2. Involving two or more Claires which provides a better assurance of the perfect timing of the
protocol even if some of the intermediates do not abide by the temporal guideline.

As we will report, the results obtained in this scenario also show some other advantages of this
process. Of course, there is an established fact that sharing entangled state in a smaller distance
compared to a longer one, is always advantageous due to the presence of decoherence.

The multiple-path protocol can reduce to a bipartite linear-chain scenario if all the auxiliary
parties excepting one, perform optimal local measurements — we refer to such scheme as “local
measurement-based single-path QR”. Such a situation might be relevant when one of the Claires
refuses to take part in the protocol but assists it, in terms of the fidelity yield, to the best of her
ability by optimal local measurements.

In this paper, we compare (one shot) quantum capacities, in terms of fidelities, obtained in these
two processes and report that both in noiseless and noisy scenarios, TD-TC protocol can yield higher
fidelity, than that of the local measurement-based single-path QR, for a set of three-qubit states,
justifying the importance of multipartite states, in QR process. Specifically, in a noiseless case, we
demonstrate this advantage when the shared state is the three-qubit generalized W (gW) [34] state
for certain range of parameters although such benefit is not observed for the family of generalized
Greenberger-Horne-Zeilinger (gGHZ) states [35]. Interestingly, in presence of local noise in one
or in both the auxiliary ports, the gGHZ and the gW states, for some choices of parameters
show a clear advantage of TD-TC scheme with multiple paths over the single-path one. Moreover,
we find that in the TD-TC protocol, the gGHZ state possesses an inherent local noise detection
and rectification mechanism for a specific type of noisy environment. Other relevant studies in
similar lines include distribution accompanied by error correction of quantum information [36] and
remote information extraction during teledistribution [37]. For a quantitative analysis, a numerical
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Fig. 1. A schematic diagram of multipath quantum repeater. It consists of teledistribution and teleconcentration parts.
A sender, Alice, A, who possesses a unknown quantum state to be teleported to a receiver, Bob, denoted by B shares a
multiparty state, p, with Claires, C; and C,, while B is also connected with the same Claires via another multiparty state,
p. A and B are respectively called input and output ports while Claires are the auxiliary nodes. (a)- First step: A performs
a joint measurement on her part of the shared state and the state to be teleported. (b)- The scenario when A has left
the protocol after the joint measurement by A and unitary operations by C; and C, on p. (c) Last step is when C; and
C, perform their measurements and complete the process.

simulation is performed which gives the percentages of shared initial states, having better fidelity
in multipath protocol than the local measurement-based ones in presence of several paradigmatic
noise models [38,39], namely, bit flip, phase flip, bit-phase flip, amplitude damping and phase
damping channels. By using recursion relation, we finally obtain quantum capacities of a quantum
channel over a large distance, having arbitrary number of blocks, when the gGHZ and the gW states
are used in each block, performing multipath as well as single-path schemes. In case of the gGHZ
states, we also show that more mediators lead to the same fidelity as obtained with two mediators,
even in the presence of bit flip, phase flip, bit phase flip noises.

In our considered protocol, each block is constructed out of single copies of multipartite states
enabling a one-shot process. It bears a strong resemblance with quantum repeaters without the
initial step of entanglement distillation. We proceed to work with the states at hand without at-
tempting to enhance its entanglement. Specifically, by performing measurements in different nodes
(entanglement swapping), we establish entangled connections between two distant nodes. The
novelty of our work lies on the fact that the proposal involves entanglement distribution followed
by entanglement concentration which have distinct advantages like time delayed teleportation,
detection and rectification of certain noise, etc. as mentioned before. Furthermore, compared to
the percolation scheme, our method can be applied to obtain fidelities for some mixed states as
well, specifically those states that suffer from various local noise models. Note however that the
computations of fidelity as well as designing the measurement-based protocol become harder both
the noisy case and for initial shared mixed states.

The paper is arranged as follows. Section 2 is devoted to a more detailed discussion of TD-TC
protocol involving multipartite entangled states, between the source and the receiver. In Section 3,
we discuss the entire protocol in detail for two families of three-qubit pure states, namely the
generalized GHZ and the generalized W states belonging to two inequivalent SLOCC classes of
three-qubit states, as quantum channels in a multipath protocol while optimal fidelities in local
measurement-based case are also derived for the similar families of multiparty quantum states
in Section 4 for comparison. Section 5 deals with the case when one of the parties is affected by
different kinds of local noise. Before conclusion (Section 8), we discuss the capacities of quantum
state transfer when the entire distance is divided into several small blocks (see Section 6).

2. Multipath quantum repeater: Setting the stage

In this section, we will discuss a communication protocol where a sender and a receiver are
connected via multiple channels. Alice, A, intends to send an unknown quantum state, |v), given
by

ly) =al0) +b[1), (1)
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with a and b being complex numbers, satisfying |a|> + |b|> = 1, to Bob, B, with the help of N — 1
Claires, Cq, Cy, ..., Cy_1. Two multiparty quantum states, py, and py are shared between Alice and
Claires, and between Claires and the Bob respectively (see Fig. 1 for illustration with N = 3). The
protocol consists of the following steps:

Step 1. Alice initiates the process by performing a joint measurement, My, on the unknown input
state |¢), and her part of the quantum state py.

Step 2. Alice communicates her measurement outcome classically to the Claires, Cq, Cz, ..., Cn_1,
post which each of them performs local unitary operations, {U] Li=1, -1, j=
1, ..., d, on their respective parts of the shared state py, where d'is the number of elements

in the measurement basis. Alice may now leave the protocol.
Step 3. The ith Claire performs a measurement {Mc,}, jointly on her part of the rotated post-
measured state of py and her part of the shared py, at some later time which is predecided.
Step 4. Based on the measurement results communicated by the Claires, Bob rotates his part of the
quantum state with unitary operators, {U,’;}. We refer to such a protocol as “multipath QR”,
where Steps 1 and 2 are parts of TD while Steps 3 and 4 together constitute the TC (for the
same, (cf. [40])).

Let us suppose that at the end of the protocol, Bob obtains the state p,,. The fidelity under TD-TC
is then defined as

7o f Wl l¥)dv. @)

which depends on the choice of measurements, Ma, {Mc, }N 1 at the Alice’s and N — 1 Claires’ nodes
respectively and also on the unitary rotations {U’ i} and {Ug k1 Hence, the optimal fidelity of multipath
QR by shared multiparty quantum channels, py and py, is obtained by maximizing Eq. (2), over all
measurement strategies and unitary operators, given by

F*(ow, on) = max /Wlpwlllf)dllk (3)

My (M, ) UG, ). (U)

Note that if a sender and a receiver share a quantum state having vanishing entanglement, the tele-
portation fidelity of sending a qubit cannot go beyond % with the help of classical communication,
while the fidelity reduces to % when there is no classical communication allowed between them.
In this paper, whenever we encounter a product state, shared between Alice and Claires or between
the Claires and Bob, we put the value of fidelity to be % Note that a pure quantum state between
two parties, if without entanglement, can only be product.

Before presenting the results, let us discuss the scenario where multipath QR can be useful. The
advantages of QR are well known and hence we only concentrate on the benefit of TD-TC protocol.
Apart from the advantages obtained in terms of fidelity, we discuss the importance of the auxiliary
nodes in the protocol and then the benefit of several nodes instead of a single one. First of all,
consider a scenario where Alice wants to send an unknown quantum state at some predecided later
time, when Alice is not available and Claires are ready to help Alice. In particular, Claires’ presence
is essential when Alice needs to leave the laboratory at some earlier time, or the location of her
laboratory is in such a place that she could not be present at the time of transmission. For example,
such a situation can arise if Alice is a part of secret agency and she has to perform her measurement
as soon as she gets the unknown state, any delay on her part can cause unnecessary threat to her as
well as to the protocol. Secondly, it can also be argued that if the protocol involves a single Claires,
and if she is “uncooperative” or is compromised by any third party (enemy), there is a possibility
of a measurement and a feed forward procedure, resulting in information leakage before the time.
We will show that the introduction of many Claires, not only helps Alice-Bob to overcome Alice’s
constraints, but also leads to a better fidelity compared to a bipartite scenario. In this paper, we also
assume that the Claires are not allowed to communicate between each other even classically, and
classical communication is only between (Alice, G;) (i =1, 2, ..., N) and between (C;, Bob) pairs.
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Our aim here is to analyze the performance of the shared quantum channels, both noiseless
and noisy, in terms of fidelity of the TD-TC protocol defined in Eq. (3). However, finding optimal
fidelity after maximizing over measurements and unitaries in a multipartite scenario is not easy.
As a way-out, looking at the symmetries of the states involved, we choose a particular kind
of measurement and unitary operators, which provides a lower bound on F(p). In this paper,
we deal with two information-theoretically important families of three-qubit pure states, the
generalized Greenberger-Horne-Zeilinger (GHZ) [35], and the generalized W states [34], shared
between (A, C1, C3) and (Cy, Gy, B)-trios. In the subsequent calculations, we do not explicitly mention
about the time delay issue but only consider the fidelity yield of various configurations considered in
this manuscript. However, note that all these strategies can be easily continued to fit the conditions
of delayed teleportation.

3. Two-path quantum repeater: Noiseless scenario

In this section, we assume that the shared three-qubit states used as quantum channels are
noiseless, and we explicitly discuss the protocols as well as the evaluation of their fidelities. The
effects of local noise on the protocol will be discussed in the succeeding sections.

3.1. TD-TC protocol via generalized GHZ state

Let us first consider the situation, in which Alice shares a three-qubit generalized GHZ state
|gGHZ), given by

|gGHZ(«)) = +/a |000) 4+ /1 — € [111) , (4)

where o € (0, 1) and ¢ € [0, 2x), with C; and C,. The receiver, Bob, shares another copy of the
same state, |gGHZ(«)), with the auxiliary nodes, C; and C,. Note here that all the parties except Bob
(to whom the unknown state has to be teleported) initially possess two qubits. Alice first performs
a joint Bell measurement {|¢*), [y *)} [41] on the input state |1/), and the subsystem of |gGHZ())
in her possession. The unnormalized post measured states (PMS) at C; and C, read as

&) cic, = wal@*1(1¥)w ® 1GHZ) ac,c,):

= (av/a|00) + bv/T — ae®|11))/+/2 (5)
) cic, = wa(W 1) ® |18GHZ) e, )
= (by/a|00) + av/T — ae®|11))/+/2. (6)

Depending on the measurement outcomes obtained and communicated by Alice, the Claires perform
local unitary operations, chosen from the Pauli operators, {I, ox, 0y, 0,} on their respective parts
of the shared |gGHZ(«)) state. The set of local unitaries at the end of C; and G, can jointly be
represented as {I ® I, I ® o3, 0x ® ox, 0x ® 0y}, corresponding to {loT), [¥*)} clicks.

After performing these unitary operations, the PMS shared by C; and C, are the |§J )c,c, and
|§$ )c,c,» Without normalization. Note that the normalization constants of these states are the
probabilities of obtaining the outcomes of the Bell measurement performed by Alice. The first two
steps is a part of TD protocol. After this, C; and C, perform two independent Bell measurements
on their auxiliary nodes, communicate their measurement results to Bob and finally Bob chooses
unitary operators given in Table 6, depending on the eight measurement outcomes {|¢*)®|¢*)} and
{l¥*) ® |¥*)}. An interesting point to note here is that the structure of the gGHZ state guarantees
that if |¢) clicks at Cy’s port, then |*) can never click at C;’s end and vice-versa. Thus we can have
only eight possible outcomes of the measurements instead of sixteen, which would later turn out
to be useful in a noisy scenario. In each of the cases, the (unnormalized) quantum state, teleported
to Bob, is given in Table 1.
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Table 1

Table of four possible teleported states at the output port, B, after
different measurement outcomes by Alice and Claires, C; and C, and the
unitary rotations by Claires and Bob.

Outcomes by Teleported state to

G G Bob (B)

When Alice obtains |¢F)

l9*) l9*) (acr|0) + b(1 — a)e?(1))/2/2

) lv*) Ve(T = a)e(al0) + b|1))/2v/2
When Alice obtains |*)

%) 6= (T = a)e(al0) + b[1))/2v/2
) lv*) (a(1 — )e??|0) + ba|1))/2v/2

Therefore, the fidelity in multipath QR by using gGHZ state is constrained by
/dzadzb ([1aie + b2(1 — e

+20(1 — a) + ||aP(1 — a)e? + |b%a|’ )

FPC(gGHZ)

v

= % + ga(l — a)cos® ¢. (7)

The lower bound on FP¢(gGHZ) can be improved if one absorbs the phase factor of the gGHZ state
to any one of the measurements by the Claires or in any one of the unitary operations by Claires
or Bob. For example, in the Bell measurement, performed by Alice, she can choose the basis by
redefining |1) — |1) = e'¢|1) Immediately, Eq. (7) reduces to

FP(gGHZ(a)) > 5 + 50{(1 — «) = F(gGHZ). (8)

Notice that it reaches to unity, when o = % implying the protocol to be optimal when the shared
multiparty quantum state is the GHZ state. It is tempting to conjecture at this point that the TD-
TC protocol described above is possibly the optimal one also for the gGHZ state. Furthermore, we
would show in a later section that the fidelity obtained above is independent of the number of
intermediate Claires.

3.2. Generalized W states as multipath quantum channels

We now move on to a scenario, where the distribution and concentration channels are from the
two-parameter family of three-qubit generalized W states [34], given by

lgW(a, B)) = +/a |001) + /B 1010) + /1 — a — $]100) (9)

where @, 8 € (0,1) and @ + B < 1. Like the case of the gGHZ state, (A, C1, (3) and (Cy, Cy, B)
share two copies of gW state, |gW(«, B)). At the input port and at both the auxiliary nodes, Bell
measurements are carried out as before. However, the choice of unitary operators are different than
that in the preceding section. C; and C, perform identities if ‘(b*) or |w+) clicks at Alice’s node while
for the rest of the measurement outcomes, they operate o, in their subsystems. The applications of
these local unitaries reduce the PMS from four to two, shared by C; and C,, and are given by

&), = %(a(\/&wl) +V/B10) +by/T—a— Bl00)), (10
66 = —= (a\/l—a— 100} + b(v/al01) +/BI10)) ). (1)
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Fig. 2. Map of fidelity of a generalized W state vs. state parameters, « and B, in the multipath QR process. Both axes
are dimensionless.

In the TC part, local unitaries on the output port, B, are given in Table C.9 of Appendix C, depending
on the results of two Bell measurements, executed by C; and C,. Therefore, the fidelity of the TD-TC
protocol, described above, for the shared generalized W states can then be estimated as

f“@wmﬂ»zF@Ww={/fw%[ammﬁ+wm
1 2
+Z<(mﬂa+ﬁ»+w%1—a—ﬂ0 (12)

2
+(lafe = B+ 1bP(1 - - )
2
+(1aP(1 = o = )+ bl + )

2
+(1aP(1 — o = )+ b - B) )}+xa+ﬁx1—a—ﬂx

\S]

= Sl -a-p) (13)

w

Remark. The behavior of fidelity for the generalized W state in the («, 8)-plane is depicted in Fig. 2.
From the figure, it is clear that the choice of measurements and unitaries discussed above leads to
a maximal fidelity in a region where o ~ % and B ~ 0. This situation arises when the shared gwW
state is close to a product state in the A(B)C, : C; bipartitions, having negligible genuine multipartite
entanglement. A similar scenario is true when the state is product across A(B)C; : C;, bipartition,
although the choice of unitary operators in this case needs to be different.

4. Local measurement-based single-path quantum repeater

Instead of the TD-TC scenario, we now consider a scheme where one of the Claires initially
performs optimal local measurements in the shared state, thereby reducing the protocol consisting
of two linear quantum channels. As discussed earlier, such a situation is important if one of
the Claires declines active participation in the TD-TC scheme and leaves the protocol before
its implementation. Note that this would decrease the guarantee of the perfect timing of the
protocol completion, since there is only one Claire left. Nevertheless, our aim here is to compare
fidelities obtained by multipath protocol with that of the local measurement-based single-path ones.

8
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¢

~

G

Fig. 3. Local measurement-based single-path QR. Optimal local measurements are performed by C,, reducing tripartite
channels to bipartite ones. For example, executing local measurements by C, disentangles C, from A and C; and the entire
TD-TC scheme reduces to the one consisting of (A, C;) and (Cy, B) duos.

Specifically, from three-party quantum states, p and p, shared between (A, C;, (;) and (Cq, Cy, B)
trios, certain two-party states, o, and 6; are obtained by operating suitable rank-one projective
measurements by one of the Claires, say, C; (see Fig. 3). In this case, C; which actively participates
in the protocol can be called functioning port where as C, is the non-functioning port. As in the
previous case, initially, either two copies of the generalized GHZ or the generalized W state as
multiparty channels are shared among all the parties.

The motivation behind considering such a protocol is as follows. First of all, there can be a
situation where one of the parties, say C,, for some reason, has to leave the protocol, reducing the
initial pure state to a mixed state. In case of the gGHZ state, such scenario leads to a separable state
between A and C; as well as C; and B, although for the gW state, the reduced state, P[/B |01) +
J1—a — B |10)] + «P[|00)], where P[|Y¥)] = |¢) (| is entangled and hence can be used for
teleportation protocol with quantum fidelity. The example of the gGHZ state shows that such
betrayal or absence can sometimes eliminate the quantum advantage from the communication
protocol. Under such circumstances, a profitable situation can be regained if one considers a local
measurement-based protocol, if the situation is not of betrayal and the absent party can pre-
measure in some basis of his/her parts of the system. In particular, instead of leaving the protocol,
G, can help to share highly entangled state to (A, C;) and (Cy, B) pairs by performing suitable local
measurements on her parts, transforming tripartite states to bipartite ones, which are useful for
quantum teleportation. In the local measurement-based scenario, after optimization performed over
local measurements, the optimal fidelity can be obtained by using the formula of teleportation
fidelity in terms of singlet fraction [14]. Note that, similar motivation leads to the concept of
entanglement assistance or localizable entanglement [42].

4.1. Generalized GHZ vs. generalized W states for local measurement-based scheme

Let us start the discussion with a scenario where an arbitrary three-qubit gGHZ state is shared
between the Alice (Bob) and Claires. As mentioned, complete ignorance in the non-functioning port
leads to a two party reduced density matrix, given by

phcme, = al00)(00] + (1 — e)|11)(11]. (14)

As it is a separable state in the A(B) : C; bipartition, ]—‘{ = % On the other hand, if C; chooses an
arbitrary rank-one projective measurement, given by

IM) = /x|0) + /1 —x|1), (15)
IM*) = VT—x]0) — Vxe”|1), (16)
the PMS between Alice (Bob) and C; can be represented as
1 .
= ——(/xa|00) + @9 /(1 —x)(1 — a)[11)), 17
|Em) m(fl ) ( X 1)) (17)

9
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Table 2
Table of the post measured states (PMS) and the corresponding probabilities, py = o + x — 2ax and pM =1-
(¢ + x — 2ax). AM and Ail are the Schmidt numbers [43] for PMS when M and M*' clicks, and are given by

+_ 1 _ a2(1-a—p) + _ 1 _ 40-xPB—a—p)
Ay =3 (1 +,/1 Rorracye ) and A}, =5 (l +,/1 (—(etx—2an)? ) The corresponding Schmidt vectors are labeled

as {‘()), ‘i)} and {[0), |1)} for Alice and C; respectively.

Outcome Probability Normalized PMS Schmidt form
IM) Pu (€70 V/a(T=3)|00) + V/Bx|01) + v/x(T—a — B)|10)) A7 100) + /Ay 111)
IM*) Py ﬁMwOHeWﬂ(l =%)01) + T =x)(T —a = B)I10) AFL100) + /AL, 111)
Py
&) = (Vx(1 = @)|00) — e~ \/x(1 — )[11)), (18)

¥

where py = xa + (1 — x)(1 — «) is the probability of obtaining |[M) and pi; = x(1 — a) + (1 — X)e
for [M+). The teleportation fidelity by using PMS as channels between Alice to C; is [14]

o = 2 + 2 a1 = (1 — ), (19)
3 3

which reaches its maximum value for x = % representing the optimal measurement basis as

|+) = %(lO) +1]1)). We now assume that the teleportation fidelity, by using single-path QR, attains

its maximum value when each segment can teleport at its maximum capacity. Starting from the

gGHZ state, optimal measurements on both parts of the shared state by C, lead to the bipartite

states shared between Alice (Bob) and C;, given by

I5)5ime, = Val00) = /1 —ae?[11), (20)

with probability % The fidelity of single-path QR, via quantum channels, (A, C;) and (Cy, B) pairs,
finally reads

Fi(gGHZ) = % + goz(l —a). (21)

For the details, see Appendix A.
Comparing Eqgs. (8) and (21), we find that the fidelities obtained by the specific TD-TC protocol
with that of the local measurement-based ones exactly match and therefore, we have

FPC(gGHZ) > FL(gGHZ) = F(gGHZ), (22)

where the equality holds for the GHZ state with @ = % If we now assume that with the shared gGHZ
state, the protocol presented in Section 3 is the optimal one, we have that multipath QR in terms
of teleportation fidelity does not provide any advantage over local measurement-based single-path
QR. We will show that when the shared state is the gW state, two scenarios no more remain the
same.

Let us now move to the protocol with the initial state being the generalized W state. Let us first
state the following proposition.

Proposition. Consider two copies of a generalized W state shared between A, C1, C; and Cy, Gy, B.
Suppose that C, must remain non-functional during the actual implementation of the teleportation, but
agrees to make measurements before. The optimal fidelity in the single-path quantum repeater can be
obtained when the local measurements at C, are performed in the computational basis.

Proof. After performing measurements by C, in an arbitrary basis given in Eqgs. (15) and (16),
the PMS and their probabilities of occurrence can be computed (see Table 2). The maximum

10
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Table 3

Table of measurement outcomes by C,. The probabilities of getting the outcomes and
the post measured states, shared between Alice (Bob) and C;, when two copies of
three-qubit generalized W states are shared. The output states, |£p) and |¢;), are given
in Eqs. (27) and (28) respectively.

Outcome Probability Output state
[0)|0) PoPo [%0)ac; [$0) e
[0)|1) Pop1 [So)ac, 1$1)8c,
[1)]0) PiPo [81)ac 180)Bc,
[1)[1) P1P1 [&1)ac; 181) e

teleportation fidelity, f5 max, via PMS from A to C; in terms of the maximal singlet fraction [14], Fyax,
is given by

w M LMt
r%ax = PMImax + P max » (23)

where

) 2R 4 q
max 3 ?

L 1
FMM) 2(1+2 A ey At )- (25)

Substituting values from Table 2, and maximizing over the measurement basis, we obtain

and (24)

2 2
ﬁ$=§+§ (1 —a—p). (26)

We now note that if C; makes the measurement in the {|0), |1)} basis, the PMS reduces to

1¢0) = f|01 +/1—a — B[10)), (27)

1€1) = |00)- (28)

with pp = 1—« and p; = «. Following the protocol described in Section 3.2, we can easily find that
fngﬁ,/( can be maximized. If we now assume that the fidelity of local measurement-based single-path
QR is maximized when the fidelities at each segment (i.e., A — C; and C; — B) are maximized, the
optimal measurement basis is the computational basis. ®

After proving the optimality of the measurement basis, let us now explicitly evaluate the optimal
fidelity in this process. If C, performs measurements in the computational basis on her parts of the
shared states, the PMS between Alice (Bob) and C; are given in Table 3. From this table, it is clear
that except the first outcome, a pure product state is shared between A and C;, or between C; and
B, or between both in all the three cases, and hence for these situations, the fidelity reduces to % In
the first situation, i.e., when the outcome is |0)|0), the fidelity reads as B o — B). For a
detailed calculation see Appendix A. Therefore, the optimal fidelity in the locafJ measurement-based
single-path QR, when the initial shared state is the generalized W state, can be shown to be

2
2
@“<§+%mﬁ

4
+ 5801~ = p). (29)

— (po) )2

Fi(gW) = 3

( ﬁU—a—ﬁO
2
-3

Remark. For the shared gW state, instead of performing any measurement, if C, leaves her
laboratory, or if C; tries to communicate the quantum state secretly to Bob ignoring C,, one can
show that sending unknown quantum state with fidelity better than the classical is still possible,

11



S. Roy, T. Das, D. Das et al. Annals of Physics 422 (2020) 168281

and the fidelity is given by

2 2
FhiealeW) = 5 +5 (280 —a = B o1 - ). (30)

Since, a(1 — «) > 0, we conclude that the local measurement-based protocol is always better than
the scheme where C, just leaves the protocol without performing the measurement.

Let us now state one of the main results of the paper. In particular, we compare the quantum
capacities of multipath QR with that of the local measurement-based single-path ones. Before
discussing the results for the entire family of the gW state, let us state the following theorem which
is true for the W state with o = g = 1:
Theorem. If two copies of the three-qubit W state are shared between A, C1, C; and Cy, C;, B, sending
an unknown qubit in the teledistribution and teleconcentration protocol is always beneficial than using
a single-path quantum repeater, consisting of two bipartite quantum states derived from optimal local
measurements in the non-functioning port, and the corresponding advantage is 9.1% or better.

Proof. For the W state, [W) = %(IOO]) +[010) + [100)), FPY(W) > & > Z = F\(W), by using
Egs. (13) and (30), thereby establishing the advantage of multipath protocol for sending quantum
information over the single-path ones. ®

The above Theorem holds even for the shared generalized W states, for some values of « and B.
In particular, we show that the TD-TC scheme is better than the optimal local measurement-based
ones when

o=

N[

In general, for gW states with o > g the TD-TC protocol performs better than the local
measurement based scheme by % x 100% or better. Note, however, that it is still possible
that the region in which the TD-TC protocol cannot give better fidelity, may show the benefit over
the local measurement-based scheme if one can construct optimal measurements and unitaries
involved in the two-path protocol.

Note that in the case of local measurement-based single-path quantum repeater, using Bell
measurements, we obtain the maximal possible fidelity attainable for non maximally entangled
bipartite states. However, restricting to Bell measurements in the multipath setting is an assumption
in our case. We are prompted to make this assumption due to two main reasons:

1. Apart from the intrinsic advantage that the multipath protocol offers in terms of security
in delaying the teleportation protocol appropriately, we want to compare single-path and
multiple path protocols when both of them use the same setup. In this situation, we find wide
parameter ranges in both noiseless and noisy scenarios (which we deal in the subsequent
section), where the later performed better in terms of fidelity and detection as well as
correction of local errors. Since the single-path protocol is the optimal one, after optimization
over measurements, the fidelity of the multipath scheme can only improve and hence our
conclusion remains same.

2. If we want to use any other measurement setting, one requires to perform a nonlinear
optimization over multiple parameters which in some sense intractable even numerically.

5. Noisy channels

Until now, the results obtained involve quantum channels which are not affected by any kind
of noise. In practice, quantum states can never be kept completely isolated from the environment,
and hence it is important to investigate the effects of environmental interaction on the quantum
capacities of the protocol. In particular, we assume that local noise acts on both the qubits, possessed
by Cy, as shown in Fig. 4 in both multipath and local measurement-based single-path protocols. In
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Fig. 4. Two-path QR where two qubits of C; are affected by local noises. In case of local measurement-based single-path
scheme, local measurements are performed on both the qubits of C, which are not affected by any kind of noise.

this section, we find out the robustness of fidelities, against noise in one of the subsystems of the
shared channels. The initial shared state is again two copies of a three-qubit generalized GHZ or a
generalized W state. We will consider five different kinds of noise [38] models — (1) Bit flip noise,
(2) phase flip noise, (3) bit-phase flip noise, (4) amplitude damping, and (5) phase damping. The
detailed actions of these noise models on the quantum state are given in Appendix B. We assume
that irrespective of the noise acting on the subsystems, Alice, Claires (C;, and C;) and Bob continue
with their protocol of the noiseless scenario, described in Sections 2 and 4. This is probably a natural
and important assumption since we believe that the senders and the receivers may not always be
in a position to alter their actions, depending on the noise or they may not always be aware of the
types of noise acting on the system.

5.1. Generalized GHZ state against noise: Inherent detection and rectification

As before, A (B), C; and C, share a |gGHZ(«)) state, and local noise acts on both the subsystems
of C;. Before comparing the fidelities obtained from the two-path and local measurement-based
single-path QRs, let us first discuss that the multipath TD-TC protocol enables us to identify and
rectify certain kinds of noise in the system when the gGHZ state is shared between them.

First note that in the TD-TC scheme, due to the symmetry of the gGHZ states, when |¢*) (|y*))
clicks in the measurement performed by C;, the outcome of the measurement at the node of C,
cannot be |*)(|¢*)) in a noiseless scenario or when phase flip error occurs. However, when bit
flip or bit-phase flip noise happens on both the qubits of C;, such correlations in measurement
results are broken and new correlations appear, leading to identification of noise models acting
on C;. In particular, in these cases, when |¢i) clicks in C;’s port, wi) can only be the outcome
at C; and vice-versa. Therefore, this contrasting feature in the measurement outcomes enables us
to conclusively distinguish the local bit flip and bit-phase flip noises acting on one of the Claires’
subsystem in the TD-TC protocol from the noiseless and phase flip noisy scenarios. Interestingly,
by designing suitable local unitary operators at Bob’s port, the effects of noise, either bit or bit-
phase flip errors, on fidelities can be corrected. Let us illustrate the unitary operators of B which
are appropriate to correct the bit flip error at the node of C;. When the measurement outcomes
at the end of C; and G, are {|¢*) [y*), |o) [w= ) (|o*) [w™), [o7) [w ). (v ) [e*), [v™) o)
and {|¢")|¢~), [¥~)|#*)}, the corresponding unitary operators at the output port can be set to
{I, 0;, 0x, 0y} respectively. If Bob now employs the above set of unitaries, the lower bound on
the fidelity for TD-TC under bit flip channel coincides with the noiseless case. Interestingly, the
detection and subsequent rectification are not possible in the local measurement-based case, where
the fidelity depends on the noise parameter, p, (see Table 4). This rectification procedure again
shows another superior characteristic of multipath QR protocol over the single-path one.

Suppose now that the sender and the receiver a priori know the more probable error at the
C1’s port to be the bit-phase flip one. Hence the circuit for implementing the multipath protocol
can be designed in such a way that the fidelity remains unaltered in this scenario. Specifically, the
bit-phase flip error can be corrected if Bob applies {0, ® Uj} (i = 1, 2, ..., 8) where {U;} are the
set of unitaries used in the bit flip case. In presence of different kinds of noise models, the lower
bounds on FP¢, and the exact values of ]—‘é with the measurement being performed in the {|+) , |—)}
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Table 4
Effects of five kinds of paradigmatic noise model on fidelities obtained in the TD-TC and local measurement-based schemes
when two copies of the three-qubit gGHZ state are shared between input, auxiliary and output nodes.

Noise type Fidelity

Multipath q. repeater Single path q. repeater
Bit flip 2tda(l1—a) 2(1-p(1 - p)} + (1 — a){1 — 2p(1 — p)}
Phase flip 24+4(1-2pPa(1-a) 24+4(1-2pPa(1-a)
Bit phase flip 2+ 301 —2pfe(l —a) 2+301-2pfa(l — o)

Amplitude damping 2 + (1 — &) — 2(1+a —20% —p+2ap — o?p) 2 + L Pg(1 - @)

Phase damping 24 40(1—a)— 22— 20 —p+ap) 24+ %0(1—a)— %2220 —p+ap)

basis are given in Table 4 for the shared gGHZ state. As discussed before, for bit flip/bit-phase flip
errors, the multipath setting turns out to be maximally robust compared to any other noise models
while the opposite occurs for the amplitude damping ones, provided the set of measurements and
unitaries discussed before in the TD-TC protocol for the shared gGHZ state is optimal. On the other
hand, the lower bounds on the TD-TC, match with ]—‘é, when other noises like phase flip, bit-phase
flip, phase damping act locally on C;, if we assume that the rectifying unitary operators are only
applied for bit flip errors.

Remark. For an arbitrary noise model, for example for amplitude damping, when Claires perform
measurements in the Bell basis, all possible (sixteen) outcomes can arise, and hence Bob applies all
the sixteen unitary rotations mentioned in the noiseless and bit flip cases. In this sense, when the
shared state is the gGHZ state, one can always distinguish amplitude damping or other noise models
from the errors like bit, phase, bit-phase flips and phase damping channels, although rectification
might not always be possible.

Effects of local bit-flip noise on the intermediate ports

In the above considered situation, we have taken the noise to act on only one node (C;). Since
these two nodes (C; and C;) are at distant (different) locations, we can safely assume that presence
or absence of noise in one of the nodes is completely uncorrelated to that of the other. Thus, we
argue that it is quite likely that one of the two nodes suffers from local noise, thereby rendering one
node to be noisy and the other to be completely error-free. Let us consider how the situations when
both C; and G; are affected by local noise. Specifically, we present a detailed analysis of fidelity in the
presence of bit-flip noise in both the nodes for the gGHZ state. The calculation can be prototypically
carried out for other noise models also.

When the shared gGHZ states in both the distribution and concentration sector are affected by
noise in both the connecting nodes, the fidelity of the multipath teleportation protocol (designed
to correct local bit flip noise in C;) reads as

2 4
fDC:5{1—Q(1—Q)}+§a(1—a){1—261(1—61)}, (31)

Here, p and q are the probabilities with which bit-flip noise acts on C; and C, nodes respectively
and the noise on G, can be corrected as discussed before. Note, when g = 1 or 0, the expression of
fidelity reduces to that of the noiseless scenario. For intermediate values of g, the perfect detection
and correction of error is not possible. Nevertheless, in the multiparty scenario, we still obtain an
error detection probability of 2q(1 — q){1 — 2p(1 — p)} + 2p(1 — p){1 — 2q(1 — q)}. As expected, for
q = 1, the detection probability is unity for all values of p, while for ¢ = 1/2, the same falls to 1/2
for the entire p-range. The corresponding linear chain fidelity, where C, leaves the protocol after
performing the measurement, is given by

2 4
FE = 5{1 —p(1—p)}+ ga(l —a){1—2p(1 —p)}. (32)
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Table 5
Similar consideration as in Table 4 when the shared state is the generalized W state instead of the gGHZ state.
Noise type Fidelity

Multipath QR Single-path QR

Bit flip 21 2(a+ B —a—p)x 244B(1—a—p)— Ip(1—p) x
(1-2p+2p)+p(p — 1)) (=) —4p(1 —a = p)

Phase flip §+§(2a(17a)+ﬁ(17ﬁ)(17 24401 —a—B)(1—4p(1—p))
20) - 3p +4app(1 - p))

Bit phase flip 2o (et prI—a ) 2441 —a—B)— 2p(1-p) x
(1-2p+2p%) + plp — 1)) (1-af =461 —a = £)

Amplitude damping %+%<(2a+;‘3)(] —o—pB)+ %+%ﬂ(170t7ﬂ)72;3p(170()+
p(ap — 26+ F(1+p)) 5pB2+p)

Phase damping §+%<2a(lfa)+ﬁ(lf 24 4B(1—a—pB)(1—p(2-Dp))

BY1 = — 3ap +app2 - p)

Table 6
Table of the unitary rotations performed by Bob corresponding to the
possible Bell basis outcomes of the Claires.

Measurement outcomes Unitaries
Claire 1 Claire 2 Bob
lp™) lp™) I

lp™) ™) oy

l¢™) o) oy

[¢7) [¢7) I

) ) Ox

) ) oy

¥) (/) oy

¥ ™) Ox

On the other hand, when C; leaves the protocol, we have

2 4
A= 50— 40— @) + So(1 - (1 - 2q(1 - g)). (33)

Note that if the knowledge of which node (C; or C;) suffers from more noise is available, the DC
protocol can be chosen such that the highest fidelity obtained is

FC = max{FE, FEL (34)

Therefore, we can assert that the fidelity obtained in the TD-TC protocol is equal to or greater than
the linear chain scheme. Here, we have assumed that the party (if any) which leaves the protocol,
is typically unknown.

5.2. Generalized W state: Quantitative analysis

We now consider the similar scenario as discussed above, when the initial state is the gW state.
Fidelities in two different processes under different noisy channels are listed in Table 5. Note that
in case of TD-TC and local measurement-based schemes, both the bit flip and the bit-phase flip
errors have similar effects on fidelities. In both the cases, the local measurement-based single-path
protocol outperforms the two-path ones for most of the regions in system parameters of gW, i.e., in
(o, B)-plane. On the other hand, there is a contrasting situation in presence of phase damping and
phase flip errors — TD-TC yields a better fidelity than the single-path case for almost the entire
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Fig. 5. Multi-path vs single-path QR performance for gW. The green regions indicate the fidelity of the gW state in the
(e, B)-plane obtained using multipath scheme. In this region, teleportation via distribution and concentration protocols
yields a higher fidelity than the local measurement-based single-path ones which is marked by red. Here p = 0.3. Both
axes are dimensionless. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

parameter space of gW state. Moreover, there exists a finite region in the («, 8)-plane of the shared
gW state with local amplitude damping noises at C; where multipath performs better than the single
ones.

To put things in a quantitative perspective, we calculate percentages of gW states for which
two-path TD-TC protocol provides better quantum capacities than that of the local measurement-
based single-path ones under the actions of various local noises. For such comparison, we fix the
noise parameter at p = 0.3, for all the noise models. We generate 10 gW states according to the
parameterizations, given in [34]. The observations are the following:

1. For bit flip and bit-phase flip noises, only 9.1% of the states are useful in TD-TC setting.

2. In case of amplitude damping channel, the percentage of the TD-TC with multipath goes up
to 41.9%.

3. For phase damping and phase flip errors, J-‘é(gW) < FPC(gW) holds for 80.3% and 92.6%
respectively, thereby establishing the two-path protocol as a better ones than the local
measurement-based ones (see Fig. 5).

6. Multiple blocks of multipath vs. local measurement-based protocols

We now illustrate the multiple blocks scheme with tripartite states which can be easily gen-
eralized to arbitrary number of parties. As shown in Fig. 6, the total length between the sender
and the receiver is divided into arbitrary, say m, number of units (blocks) — each unit shares two
copies of the same given state as in Fig. 1, which execute a multipath TD-TC scheme following
the same steps as given in the beginning of Section 2. The output state after implementing TD-TC
protocol for i — 1 blocks, becomes the input state for the ith block. See Fig. 6(a). We are interested
in evaluating quantum capacities of an entire quantum channel in terms of the fidelity, ]-‘,ﬁc, after
m blocks. We will compare the above scenario with the local measurement-based scheme. In the
local measurement-based scheme, as before, one of the Claire’s of each block, performs optimal
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Fig. 6. (a) Multipath QR: a schematic diagram of QR with m blocks, each consists of a multipath TD-TC scenario with
shared tripartite entangled quantum states. (b) Local measurement-based QR: in each block, one of the parties performs
an optimal local measurement on her/his qubits, which converts each block to two single-path quantum channels.

local measurements, reducing the entire block structure to a single-path, consisting of 2m bipartite
states as depicted in Fig. 6(b).

When three-qubit gGHZ states are used as quantum channels and Bell measurements as well as
the same unitary operations are performed as described before, the fidelity for the entire QR process
reads as

Fn(gGHZ) = 2*"a™(1 —oe)m/2|a|2|b|2d2ad2b

2m
2m
+Z( B )(Xk(l _a)Zm—I(/(|a|4 + |b|4)d2ad2b

k=0
2 22m m DC
=3+ ?((x(l —a))" < FhC(gGHZ). (35)

On the other hand, if one obtains m blocks of single-path quantum channels (which therefore
consists of 2m bipartite states) by optimal local measurements which in this case is {|+), |—)},
iterative methods lead to the fidelity given by
. 2 22m m

F(gGHZ) = 3t ?(am —a)), (36)
which happens to coincide with F,(gGHZ), which in turn is upper bounded by J—‘QC(gGHZ ). If the
similar QR problem is considered for the shared generalized W states of m blocks, the fidelity, after
a rather tedious algebraic iterative calculation, is given by

2
Fu(gw) = 5(1+2""@a + B)"(1 = = B)"). (37)
On the other hand, the local measurement-based protocol leads to the fidelity
1 2 2" m m
Fm(gW) =5+ " (1 —a — p)". (38)

For comparison, Fp,(gW), for m = 2 and m = 4, is depicted in Fig. 7. We observe that the region in
the («, B)-plane, in which the specific TD-TC protocol shows quantum advantage, shrinks with the
increase of the number of blocks. Moreover, comparing Eqs. (37) and (38), we find that the benefit
of the two-path scheme over the single-path ones by using gW states reduces with m.
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Fig. 7. Contour plots of fidelities for multipath TD-TC scheme with few blocks in («, B)-plane of the generalized W state.
Number of blocks are chosen as (a) m = 2, (b) m = 4. Both the axes are dimensionless.

7. Multiple Claires in a single block of the TD-TC scheme

Instead of considering multiple distribution-concentration blocks which leads to a repeater like
situation, in this section, we consider the effect of multiple Claires (say, n of them) in a single
distribution-concentration block. Specifically, if we construct the distribution-concentration block
using a (n 4 1)-qubit gGHZ state, which contains n Claires, we find that the obtained teleportation
fidelity is independent of n. This is because, due to the symmetry of the gGHZ states, the final states
with Bob and their corresponding probabilities remain unaltered with changing n. In particular,
for Bell measurements performed at n Claires, in principle, one expects, 4" clicking combinations.
However, as also noticed in the two-Claire situation, for gGHZ states, the clicks occur with non-zero
probability iff all the outcomes are either from the ¢-group or from the v -group. Therefore, for n
Claires, one only needs to consider 2" (¢ group) + 2" (¢ group) = 2"*! outcome combinations.
Moreover, the post-measurement states for any ¢(y) group clickings can be respectively mapped
to states that were obtained in the two-Claire scenario (see Table 1) via local unitary operations,
thereby making the fidelity independent of the number of Claires. This further suggests, that the our
protocol for the gGHZ states is optimal resulting in the best teledistribution and teleconcentration
possible for a gGHZ state with a given value of «, which in turn measures its genuine multiparty
entanglement content [44]. The genuine multiparty entanglement (G) content of a n-qubit gGHZ
(/@]00...0) ++/1 —«a|11...1)) state as measured by GGM [44] is computed to be

G(gGHZ) = o« = (39)

1—a o>

[STE TR

We now want to contrast the two incremental settings considered in the manuscript:

1. Increasing the number of distribution-concentration blocks (m), leading to a repeater like
scenario, and
2. Increasing the number of Claires (n) in a distribution-concentration block.

Our investigations show that gGHZ states respond in qualitatively different manner to these
increments. In particular, one gets reduction of fidelity on increasing m as shown in Eq. (35), while
it is robust to increasing n, as argued above. The robustness of fidelity on increasing n implies
that in principle, there is no upper bound to the number of intermediate parties (Claires) that
one may employ in a given distribution-concentration block. Recall, one of our motivations to
introduce multiple Claires was to guarantee that the teleportation protocol gets completed at the
stipulated time. If the intermediate party is not trustworthy, she/he might teleport the state before
the predecided time. To reduce this possibility, Alice decides to resort to multiple Claires, so that the
process is completed if and only if all the mediators complete their actions. Therefore, even if some
Claires break the trust, Bob does not receive the state before the predecided time. Let us elaborate
this with an example. Suppose the probability that each of the Claires breaks trust, i.e., completes
the protocol before the stipulated time is p. Then for n Claires, the probability that the protocol gets
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completed before the required time is p", which approaches zero for large n. Therefore, the correct
timing of the protocol can be ensured by involving more Claires as per our wish without hampering
the fidelity at all.

In addition the above result right away implies that when one considers a repeater-like scenario,
it yields the same fidelity as in Eq. (35) since the output states and their probabilities after a
distribution-concentration block remain unchanged for any n. Our analysis further reveals that the
linear chain obtained by considering (n — 1) local measurements, each performed in the {|+), |—)}
bases as seen in Eq. (19), results in the same two-party state as obtained in the two-Claire scenario.
Therefore, the fidelity for the single-path reduced linear chain setting also remains unaltered, and
is given in Eq. (36).

In the noisy case, when only one of the n Claires suffers from bit flip, phase flip, or bit phase
flip noise, the fidelities again remain insensitive to n. Therefore, features of detection, rectification
or both of these noises remain true even when the number of intermediate Claires increases. These
computations can be exactly carried out like in the noiseless case, noting that the clicking sectors
of bit flip and bit phase flip noises are orthogonal to the noiseless scenario, while phase flip noise
shares the same clicking sector as the noiseless gGHZ state. Therefore, bit flip and bit phase flip
errors are auto-detected. Now one can design the protocol to correct either bit flip or bit phase flip
errors. Lastly, we mention that the n-Claire-scenario can only be tackled for the gGHZ state and its
noisy variants, for which symmetries simplify the calculations.

8. Conclusion

Quantum teleportation is a pioneering discovery which forms one of the pillars in the success
story of quantum information science. Its exclusivity to the quantum domain puts it in sharp con-
trast with classical ideas. In this work, we have designed a multiparty teleportation protocol which
offers better fidelities compared to single path schemes for some ranges of state parameters both
in the noiseless and noisy scenarios. In addition to this, we have also argued that such multiparty
schemes (involving distribution and concentration) can be useful in delayed teleportation which
necessitates inclusion of multiple paths and intermediate parties. Specifically, we have considered
a teleportation protocol in which the teleporter wants the teleportation process to be completed at
some later, but fixed time, when she/he would not be available in her/his port. So, the teleportation
must be completed by intermediate parties who would complete the process at the predecided
time. However, to assure the perfect timing of the protocol, one opts for multiple intermediaries,
so that even if some of them attempt a premature completion, the process gets accomplished only
when all the intermediate parties complete their actions. We intended to achieve this using two
entangled multiparty states, where one is used to “teledistribute” the information, while the other
“concentrates” it back at the predecided time. In particular, we have investigated the performance
of this multiparty protocol (in terms of its fidelity) for two important families of three-qubit states,
the generalized Greenberger-Horne-Zeilinger (gGHZ) and the generalized W states. We have then
compared them with a protocol consisting of linear chains obtained from these multiparty states by
performing optimal local measurements in one of the nodes. In both noiseless and noisy scenarios,
we have shown that for certain families of multiparty shared states, one shot capacities, in terms
of average output to input fidelity, of multipath protocols are strictly higher than that of the
corresponding single-path cases. We have also observed that the protocol proposed in this paper
inherently possesses a noise correcting mechanism, when local noise is either bit flip or bit-phase
flip, acting on one of the parties of the shared gGHZ state. Moreover, we have found the capacities of
long distance quantum channels, consisting of arbitrary number of multipartite as well as bipartite
units by using iterative methods. Advantages in quantum state transfer by using multiple path
protocol show the importance of creating multipartite entangled states in quantum communication
protocols over the bipartite ones.
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Table A.7
Un-normalized teleported state in the Claire’s port, after Alice performs
Bell measurements and Claire rotates her part with proper unitary

operators.
Outcome (Alice’s) Teleported state
l¢*) 7 (ay/@il0) + by/T=ai1))
[v*) 75 (avT=110) + b/ai|1))
Table A.8
Un-normalized teleported state in Bob’s port, depending on Claire’s measurement outcomes.
Outcome (Claire’s) Teleported state
For % (ay/@110) + by/T—aq|1))
I6*) 3 (ay@iez|0) + by/(T— a1 - a3)[1))
[y*) 3 (avar(T=a2)|0) + b/(T—ap)ez| 1))
For %(a«/l —a1|0) + b/a1|1))
I¢*) 3 (@[T = an)|0) + by/er(T—az)[1)
[v*) 3 (a/(T= (T = a2)|0) + by/araz 1))

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relation-
ships that could have appeared to influence the work reported in this paper.

Acknowledgment

This research was supported in part by the ‘INFOSYS scholarship for senior students’.We ac-
knowledge the support from Interdisciplinary Cyber Physical Systems (ICPS) program of the De-
partment of Science and Technology (DST), India, Grant No.: DST/ICPS/QuST/Theme- 1/2019/23.

Appendix A. Fidelity of a configuration of two different linear chains

Consider now a teleportation protocol with two different linear chains, [/1)ac, = /@1/00) +
+/1—0a]11), connecting Alice and C; and [v2)c,p = /02100) + 4/1 — a|11), connecting C; and
Bob. For such a situation, the optimal teleportation fidelity from Alice to Claire (Claire to Bob) can be
obtained by performing Bell measurements and unitary rotations as given in Ref. [5]. To compute the
optimal fidelity for two linear chains, we again use Bell measurements and the respective unitaries.

Suppose, |¥), is the arbitrary state that Alice wants to teleport to Bob. In the first step, Alice
performs a joint Bell measurement on the unknown state and on her part of the shared state,
followed by a classical communication of measurement results to Claire. Claire then applies local
unitary operator on her part, depending on the measurement outcomes that Alice obtained. The
teleported state (un-normalized) on Claire’s part in the first chain, is given in Table A.7.

In the second step, Claire teleports each of the quantum states that she obtains (see Table A.8)
to Bob by applying the similar protocol as above.

The repetitive iteration of the above protocol for the two linear chains, leads to the total fidelity,
given by

F =4 [ daip [ [ (10 V@@ + Py — a1 — )
(1P V(T = aa) + PV — ez
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Table C.9
When the initial state is the generalized W states, the computation of fidelity for each measurement outcomes obtained
in the ports of Alice, C; and C; are listed. The corresponding unitary operators at Bob’s node are also mentioned.

Alice’s measurement outcome |¢*) Alice’s measurement outcome |*)
Outcomes Unitary  Fidelity Outcomes Unitary  Fidelity
a o B |(outl@)I? x 8 G« o B |(outig)|? x 8
2 2
%) 167) (aP@+p)+ b0 —a=p) 169 19" o (1aP(1—a—p)+ b+ )
2 2
6 8 o (laPa-p+BbEI-a=p) 167 8 o (laP(0—a-p)+ bR - B))
69 W) o all—a—p) 7)) o(1—a—p)
69 W) o all—a—p) 190 W) e ali-a—p) )
67 1e7) (aP@=pr+ b —a=p) 167 19" o (1P —a—p)+ bl - )
2 2
9 o o (APt pHBEI—a=p)  le) 1¢) I (1aP(1 = a = B)+ bl + )
) W) o all—a—p) 7)) o(1—a—p)
) W) o al-a-p) 97) W) e all—a—p)
W Ieh o l—a—p) W) Ity Bl —a — )
W o6 o Bl—a—p) W) Iy Bll—a = p)
o ) I daplal* W) 1) o 4aplbl*
W o) 0 W W) e 0
W) et o Bl—a—p) W) 8 o Bl—a—p)
W) e) o Bl—a—p) W) 6 o Bl—a—p)
W) 0 W) W) e 0
WO W) 4aplal* W) W) o daphbl
2 2
+(lal V(T = e + 1bPVar(T =)+ (1aP V(T = anaz + biEVan(1 = a2)) }
2 4
= §+§\/a1a2(1—a1)(1—a2). (Al)
Note, when o1 = a; = «, Eq. (A.1) reduces to
2 4
F= 3 + ga(l — ). (A.2)

Appendix B. Various noisy channels

Let us briefly discuss about various kinds of noisy channels [38,39] required in the main text.

Bit flip channel: The bit-flip operation is achieved by applying the Pauli operator oy. As the name
suggests, it flips the quantum state |0) to |1) and vice-versa with a probability 1 — p while it keeps
the state unchanged with a probability p, (0 < p < 1). Hence in the presence of bit flip channel, a
quantum state p is transformed as

bit fli
p =3 pp + (1 = p)oxpoy. (B.1)

Phase flip channel: The phase flip operation transforms |1) — — |1) The transformation in this
case reads as

p 228 b+ (1= plowpos. (B.2)

Bit-phase flip channel: Bit-phase flip channel changes a quantum state as follows:

bit-phase flip
——— pp + (1 =poypoy. (B.3)
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Amplitude damping channel: A quantum state, p, under the action of amplitude damping
channel, transforms as

amplitude

—_—

— MopM] + My pM], (B.4)
damping

where M;, i = 0, 1, are the Krauss operators, given by

elp ) )

satisfying the condition M{Mo + M{M; = I.
Phase damping channel: The Krauss operator representation of the phase damping channel,
when a quantum state p is passing through it is given by

h
p ——s MopM{ + M1 pM] + Mz pMj, (B.5)
damping

where
1 0 1 0 0 0
M":Vl_p(o 1)’ Ml:ﬁ(o 0)’ MZ:‘/E(O 1)'
Appendix C. Tables

We notice from the table that like the gGHZ states, when |1/f+ > clicks in one of the Claire’s port,
say, Cq, C; can never obtain |1//_> as her measurement outcome. Note, however that the correlations
in the measurement outcomes for gGHZ are more prominent than that of the gW states.
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