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Number of steady states
of quantum evolutions

Daniele Amato*?"*! & Paolo Facchi®?

We prove sharp universal upper bounds on the number of linearly independent steady and asymptotic
states of discrete- and continuous-time Markovian evolutions of open quantum systems. We show
that the bounds depend only on the dimension of the system and not on the details of the dynamics. A
comparison with similar bounds deriving from a recent spectral conjecture for Markovian evolutions is
also provided.

Spectral theory is still a hot topic in quantum mechanics. Indeed, quantum theory was developed at the begin-
ning of the last century in order to explain the energy spectra of atoms’.

In particular, the dynamics of a closed quantum system, namely isolated from its surroundings, is encoded in
the eigenvalues (energy levels) of its Hamiltonian® Similarly, for an open quantum system under the Markovian
approximation?, studying the spectrum of the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS) generator (the
open-system analogue of the Hamiltonian) allows us to obtain information about the dynamics of the system®.

In spite of this general interplay between spectrum and dynamics, a complete understanding of open-quan-
tum-system evolutions still remains a formidable task. However, a more detailed analysis may be performed if
we restrict our attention to the large-time dynamics of open systems. This amounts to study the steady and, more
generally, asymptotic states towards which the evolution converges in the asymptotic limit.

This topic was already investigated at the dawn of the theory of open quantum systems in various works®~”’
(see also the review®), focusing on the existence and the uniqueness of a steady state for Markovian evolutions.
Moreover, the structure of steady and asymptotic manifolds were taken into account in several later articles**-17.

Besides their theoretical importance, stationary states also play a central role in reservoir engineering'®-%,
consisting of properly choosing the system-environment coupling for preparing a target quantum state, or in
phase-locking and synchronization of quantum systems?'. Moreover, GKLS generators with multiple steady
states?? may be used in order to drive a dissipative system into (degenerate) subspaces protected from noise
or decoherence®, in which only a unitary evolution, related to purely imaginary eigenvalues of the generator"!,
may be exploited for the realization of quantum gates >>-?’. For this reason, the analysis of stationary states and,
more generally, the study of the relaxation of an open quantum system towards the equilibrium is needed for
applications in quantum information storage and processing?=!.

The asymptotic properties of open quantum systems have also been deeply studied in quantum statistical
mechanics. In particular, dissipative quantum phase transitions*>**, as well as driven-dissipative systems***,
require the study of the large-time dynamical behaviour of the system. More generally, determining the steady
states of an open system sheds light on the transport properties of the system itself. In particular, the existence
of discontinuities of the dimension of the steady-state manifold should correspond to a jump for the transport
features of the system®*".

Finally, open-quantum-system asymptotics naturally emerges in quantum implementations of Hopfield-type
attractor neural networks®®. Indeed, the stored memories of such type of network may be identified with the
stationary states of its (non-unitary) evolution®*.

Despite the much effort devoted to the asymptotic dynamics of open quantum systems, general constraints
for the number of steady and asymptotic states of quantum evolutions are still to be found, as far as we know.
Besides the theoretical relevance of this problem, they may allow us to elucidate the potential of some of the
above mentioned applications.

In this Article, we find sharp universal upper bounds on the number of linearly independent steady and
asymptotic states of discrete-time and Markovian continuous-time quantum evolutions. Importantly, these
bounds are only related to the dimension of the system and not on the properties of the dynamics. These findings
quantify the effects of noise and decoherence in the implementation of unitary gates in a concrete experimental
setup. More precisely, these bounds allow us to understand the minimum number of physical qubits needed to
design decoherence-free subspaces with a desired dimension, i.e. a targeted number of logical qubits, for quantum
information and computation tasks.
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The Article is organized as follows. After introducing some preliminary notions in Sect. “Preliminaries’,
we will discuss our main results in Sect. “Bounds on the dimensions of the asymptotic manifolds, then we
will provide explicit examples proving the sharpness of the bounds in Sect. “Sharpness of the bounds”. Sub-
sequently, before proving the theorems in Sect. “Proofs of Theorems 1-4”, our results will be compared with
analogous bounds derived from a recent universal spectral conjecture proposed in*' in Sect. “Relation with
the Chru$cinski-Kimura-Kossakowski-Shishido bound”. Finally, we will draw the conclusions of the work in
Sect. “Conclusions and outlooks”.

Preliminaries
In the present Section we will recall some basic notions about evolutions of finite-dimensional open quantum
systems, see also Sect. “Proofs of Theorems 1-4” for more details.

The state of an arbitrary d-level open quantum system is given by a density operator p, namely a positive
semidefinite operator on a Hilbert space H (d = dim H) with Tr(p) = 1, whereas its dynamics in a given time
interval [0, ] with T > 0 is described by a quantum channel ®, namely a completely positive trace-preserving
map (a superoperator) on B(H), the space of linear operators on H*.

If the system state at time t = 0 is p, its discrete-time evolution at time t = nt, with n € N, will be given by
the action of the n-fold composition ®” of the map ®, namely,

p(nt) = ®*(p), n=20,1,.... (1)

As the Hilbert space H is finite-dimensional, B(H) is isomorphic to the space of complex matrices of order d.
We will indicate the space of d x d’ matrices with complex entries by M 4 (C) and, for the sake of simplicity,
M4(C) = Mgq(C).

Let g, = 0,...,n — 1, withn < d*be the distinct eigenvalues of ®, namely

D (Ay) = taAo> (2)

with A, being an eigenoperator corresponding to jio. The spectrum spect(®) is the set of eigenvalues of ®. Let
£, be the algebraic multiplicity* of the eigenvalue /1, so that S"Z! £, = d?. It is well known'? that:

(i) The spectrum is contained in the unit disk,

spect(®) € D, D={1eC: | <1} (3)
(ii) 1 isalways an eigenvalue, namely,
o = 1 € spect(®); 4)
(iii) The spectrum is symmetric with respect to the real axis, i.e.,
Hq € spect(®) = ui € spect(P), and ®(A)) = purAl, (5)

(iv) The unimodular or peripheral eigenvalues 11, € 0D, the boundary of D, are semisimple, i.e. their algebraic
multiplicity £, coincides with their geometric multiplicity.

The eigenspace Fix(®) corresponding to (o = 1, called the fixed-point space of @, is spanned by a set of £y density
operators, which are the steady (or stationary) states of the channel &.

Also, the space Attr(®) corresponding to the peripheral eigenvalues pq € 9D is known as the asymptotic** or
the attractor subspace*>* of the channel ®, since the evolution ®"(p) of any initial state p asymptotically moves
towards this space for large times, i.e. as n — 00, see Sect. “Proofs of Theorems 1-4” for more details. These
limiting states may be called oscillating or asymptotic states, and it is always possible to construct a basis of such
states for the subspace Attr(®), analogously to Fix(®P).

Note that closed-system evolutions are described by a unitary channel

®(X) = UXU", forall X € B(H), (6)

and some unitary U. Importantly, a quantum channel is unitary if and only if spect(®) C 9D, i.e. all its eigen-
values belong to the unit circle'.

The Markovian continuous-time evolution of an open quantum system is described by a quantum dynamical
semigroup ®

p()=Pi(p) =eCp, 120, )
where the generator £ takes the well-known GKLS form*"4¢
d*—1

1
LX) = —ilH,X]+ Y (AkXA,t — E{A,tAk,X}) = Ly(X) + Lp(X), X € B(H), (8)
k=1
where the square (curly) brackets represent the (anti)commutator, H = H' is the system Hamiltonian, the noise

operators Ay are arbitrary, and the first and second terms Lg and Lp in Eq. 8 are called the Hamiltonian and
dissipative parts of the generator, respectively. Notice that the GKLS form 8 is not unique and, in particular, so
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is the decomposition of £ into Hamiltonian and dissipative contributions. £ is called a Hamiltonian generator if
Lp = 0 for one (and hence all) GKLS representation 8.

If A, ¢ = 0,...,m— 1, with m < d2, denote the distinct eigenvalues of £, from the GKLS form one obtains
that 4o = 0 and, given an eigenoperator Xy > 0 corresponding to this eigenvalue, then Xo/Tr(Xo) is a steady
state of @; = e'“*. The kernel of £, i.e. the eigenspace corresponding to the zero eigenvalue, will be denoted by
Ker(L). Moreover,

Ao € spect(L) = A € spect(L), and Re(ly) = —Ty <0 (9)

with "y, being the relaxation rates of L. These parameters, describing the relaxation properties of an open system*’,
may be experimentally measured. A condition for the relaxation rates of a quantum dynamical semigroup,
recently conjectured in*! and which we will call Chrusciriski-Kimura-Kossakowski-Shishido (CKKS) bound, is
recalled in Sect. “Relation with the Chruscinski-Kimura-Kossakowski-Shishido bound” in order to investigate
its relation with the main results of this work, stated in Sect. “Bounds on the dimensions of the asymptotic
manifolds”.

Finally, note that the purely imaginary (peripheral) eigenvalues of £ are semisimple and are related to the
large-time dynamics of ®, = ‘%, as the space corresponding to such eigenvalues is the asymptotic manifold
Attr (L) of the Markovian evolution, see Sect. “Proofs of Theorems 1-4” for details. Importantly, as for unitary
channels, the generator £ is Hamiltonian if and only if 'y = 0forallae =0, ..., m — 1, i.e. all its eigenvalues
are peripheral.

Bounds on the dimensions of the asymptotic manifolds

In this Section we will present the main results of this work, whose proofs are postponed to Sect. “Proofs of
Theorems 1-4”. First, let us introduce the quantities involved in our findings. Remember that we denoted with 14
the o-th distinct eigenvalue of ® and with £ its algebraic multiplicity witha = 0,...,n — L In particular, £ is the
algebraic multiplicity of uo = 1, and coincides with the dimension of its eigenspace, the steady-state manifold, i.e.

£y = dim Fix(®). (10)

We define the peripheral multiplicity £p of ® as the sum of the multiplicities of all peripheral eigenvalues, which
coincides with the dimension of the attractor subspace Attr(®P), made up of asymptotic states. Namely,

op = Z £, = dim Attr(®).
Ho €D

(11)

Physically, £y and €p are respectively the number of independent steady and asymptotic states of the evolution
described by ®.

Analogously, denote with my (¢ =0, ..., m — 1) the algebraic multiplicity of the a-th distinct eigenvalue
Aq of the generator £ of the continuous-time semigroup 7. In particular mg denotes the multiplicity of the zero
eigenvalue 4y = 0, so that

mgy = dim Ker(£). (12)

Moreover, the peripheral multiplicity mp of L is the sum of the multiplicities of its purely imaginary eigenvalues
and measures the dimension of its attractor manifold:

mp = Z my = dim Attr(L).

13
o €IR ( )

The integers mg and mp represent respectively the number of independent steady and asymptotic states of the
Markovian evolution ®; = e'* generated by L.

Now we will provide sharp upper bounds on such multiplicities. Let us call a quantum channel non-trivial if
it is different from the identity channel, ®(p) = p.

Theorem 1 (Unitary discrete-time evolution) Let ® be a non-trivial unitary quantum channel on a d-dimensional
system. Then the multiplicity £y of the eigenvalue 1 and the peripheral multiplicity £p of ® satisfy

o< d®—2d+2,  tp=d> (14)

Theorem 2 (Non-unitary discrete-time evolution) Let ® be a non-unitary quantum channel. Then the multiplicity
Lo of the eigenvalue 1 and the peripheral multiplicity £p of © obey

Oy < lp < d% —2d + 2. (15)

The content of the latter result is schematically illustrated in Fig. 1. Now, it is possible to construct quantum
channels with £( and £p attaining the equalities in Eqs. 14 and 15, namely all the upper bounds are sharp, see
Sect. “Sharpness of the bounds” for explicit examples. Obviously, for a trivial quantum channel £y = £p = d2,
therefore the bounds 14 and 15 are not valid.

The above results, valid for discrete-time evolutions 1 are perfectly mirrored by the following results on
Markovian continuous-time evolutions 7, with GKLS generators 8.
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Figure 1. Schematic representation of the content of Theorem 2. A system S coupled to a bath B evolves
according to the non-unitary discrete-time evolution ®” with n > 1. The asymptotic states pi, . . ., p¢p Of S,
spanning the attractor subspace Attr(®), are at most d> — 2d + 2, where d is the dimension of the system.

Theorem 3 (Hamiltonian generator) Let £ be a non-zero Hamiltonian GKLS generator. Then the multiplicity my
of the zero eigenvalue and the peripheral multiplicity mp of L fulfill

mo < d?> —2d+2, mp = d°. (16)

Theorem 4 (Non-Hamiltonian GKLS generator) Let £ be a non-Hamiltonian GKLS generator. Then the multiplic-
ity mg of the zero eigenvalue and the peripheral multiplicity mp of L satisfy

mo < mp < d? —2d + 2. (17)

The bounds 16 and 17 are also sharp as the previous ones, see Sect. “Sharpness of the bounds”. Clearly, the
two latter theorems do not apply to the zero operator because in such case mg = mp = d>.

Theorem 1 provides a tight universal upper bound on the number of linearly independent steady states
of a (non-trivial) unitary quantum channel ®, depending only on the dimension d of the system. Similarly,
Theorem 2 shows that the number of linearly independent steady and asymptotic states of a non-unitary channel
® is bounded from above by the same d-dependent quantity. Theorems 3 and 4 provide analogous constraints
for non-zero Hamiltonian and non-Hamiltonian generators respectively and, indeed, Theorem 4 easily follows
from Theorem 2, as shown in Sect. “Proofs of Theorems 1-4",

Interestingly, Theorem 4 implies that when we add to a Hamiltonian generator a dissipative part, no matter
how small, the peripheral multiplicity mp undergoes a jump not smaller than the gap

A=2d-1, (18)
varying linearly with d. Consequently, we have
Nf=2(d—1) (19)

forbidden values for mp. The same minimum jump 18 for the peripheral multiplicity £p occurs when we pass
from unitary channels to non-unitary ones according to the bound 15 and, consequently, the same number of
non-allowed values 19 for £p. Therefore, the bounds in Theorems 1-4 quantify how the implementation of a
desired decoherence-free logical gate is affected by the non-trivial interaction of the system with the environment.

For example, in the case d = 4, viz. a two-qubit system, the upper bound for the dimensions £ and £p (19
and mp) in the non-unitary (non-Hamiltonian) case is d*> — 2d + 2 = 10, thus the Ny = 6 forbidden values for
the dimensions are 11, 12, 13, 14, 15, 16. Therefore, on a two-qubit system one can exploit up to 10 (linearly
independent) asymptotic states in order to implement unitary gates within decoherence-free subspaces.
Equivalently, at least three physical qubits are needed to implement a decoherence-free subspace with dimension
higher than 10, i.e. spanned by more than 10 asymptotic states.

As a final remark, it is worth stressing that the obtained bounds are a consequence of complete positivity of
the dynamics. Indeed, positivity alone is not sufficient for implying the bounds in Theorems 1 and 2. For instance,
consider the qubit transposition map

TX) =X', XeB(C?), (20)

with respect to the computational basis of C2, which is known to be positive but not completely positive 2.
It is easy to check that the peripheral multiplicity of T is £p = 4 = d?, while its fixed-point multiplicity is
€y =3 > d* —2d + 2 = 2, i.e. it violates the bound 14. Similarly, if we consider the qubit positive map

SX)=pTX)+ (1 —pX, XeBECH, pe(1), (21)

then its fixed-point and peripheral multiplicities are £y = £p = 3, and do not satisfy the upper bound in 15.

Interestingly, one can show that Theorems 1 and 2 remain valid for Schwarz maps'?, an important class of
positive maps which are not necessarily completely positive. In fact, the Schwarz property, which lies between
positivity and complete positivity, has proven to be sufficient for the analysis of the asymptotic dynamics of open
quantum systems'>!°.
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Sharpness of the bounds
In this Section we will prove the sharpness of the bounds stated in Theorems 1-4. Let us start with the proof of
the sharpness of the bound 16 for non-zero Hamiltonian GKLS generators. If we take

d
LX) =—ilH,X],  H=hle){er| + h2 E lei)(eil, i #h eR, X eB(H), (22)

i=2
for some basis {|e,')};j:1 of H, then it is immediate to check that
Ker (£) = span{|e1)(e1], lej){ex| : jk=2,...,d}, (23)
whence mg = (d — 1)> + 1 = d? — 2d + 2. Furthermore, if we require that
hy — hy # 2km, Vk e Z, (24)

the multiplicity £ of the corresponding unitary channel ® = e~ attains the inequality in Eq. 14. Note that
condition 24 guarantees that ® is not trivial.

Let us now turn our attention to the sharpness of the bounds 17 for GKLS generators. Recall that the
commutant § of a system of operators § = {Ak}ﬂdz1 C B(H)is defined as

S ={BeB(H) : AxB=BAy, k=1,...,M)}. (25)
Now consider the system S = {Ak}fj:l of diagonal operators with respect to the basis {|e;) }fizl of H with
Ac=2Pp 4+ PPy, k=1,...,N. (26)
Here, )vgk), )ék) e C, with )vgk) # igk), are the eigenvalues of A, and
Py =le1){e1l, P, =1-Py, (27)

are the corresponding spectral projections, with I being the identity operator on . Note that, by construction,

the eigenvalues i(lk), igk) have respectively multiplicitiesm; = 1,my =d — 1forallk = 1,...,N. Let us now
take into account the generator

N

1
LX) = ; (AkXA,t - E{A,tAk,X}), (28)
for which £(I) = 0. We have
mo = dim Ker(£) = dim §' = dim{P,} = d* — 2d + 2. (29)

Here, the second and fourth equalities follow respectively from Proposition 8 and Corollary 5.1 in Sect. “Proofs
of Theorems 1-4”, whereas the third one is a consequence of Eq. 26. Moreover, as £ is non-Hamiltonian by
construction, we necessarily have

mo =mp = d> —2d + 2, (30)

by Theorem 4. A quantum channel saturating the equalities in Eq. 15 is simply ® = e, with £ given by Eq. 28.

In particular, we can construct a more physically transparent example of GKLS generator saturating the
boun;ls 17 by taking S = {Py, P,}. The associated Markovian channel ® acts as follows with respect to the basis
{le:) }i=1

_ (Xu X2 _( Xu Xpe!
BH)>X = <X21 Xzz) = O(X) = (lee_1 X0 ) , (31)

with X;; € C, X2 € M;-1(C), X12 € My4-1(C), and Xp; € My_1,(C).

Therefore we realize that @ is a phase-damping channel causing an exponential suppression of the coherences
X12,...,X14 € X12, and we immediately see that it attains the equalities in the bounds 15, in line with the
discussion above.

Relation with the Chruscinski-Kimura—Kossakowski-Shishido bound

In this Section we will make a comparison between the bounds given in Theorems 1-4 and similar bounds arising
from a recent spectral conjecture discussed in*'. As already noted in Sect. “Introduction’, the real parts of the
eigenvalues 14 of a quantum dynamical semigroup ®; = e'* with GKLS generator £ are non-positive. However,
it was recently conjectured in*! that the relaxation rates ', = —Re(4y) are not arbitrary non-negative numbers,
but they must obey the CKKS bound

lm—l
FQ<EZmﬂF5, a=1,....m—1, (32)
B=1
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where myg is the algebraic multiplicity of Ag. This upper bound was not proved yet in general, but it holds for
qubit systems, while for d > 3 it is valid for generators of unital semigroups, i.e. with £(I) = 0, and for a class
of generators obtained in the weak coupling limit*' (see also® for further results). Also, it was experimentally
demonstrated for two-level systems®>*.

The CKKS bound 32 implies the following inequalities for non-Hamiltonian generators

mo < mp < dz —d. (33)
Indeed, summing Eq. 32 over the bulk, i.e. non-peripheral, eigenvalues of £ yields
mp
> mala < 4 > mpl, (34)
Iy <0 p<0

where mp = ) ' _( Mg is the number of the repeated eigenvalues in the bulk. If £ is not Hamiltonian, viz.
mp # 0 as noted in Sect. “Preliminaries”, this implies that

mp >d= mp <d*>—d, (35)

namely the assertion.
Interestingly, the CKKS bound 32 implies also the following bound on the real parts x, of the eigenvalues 11,
of an arbitrary quantum channel ®*

n—1
Zﬁﬂxﬁgd(d—l)—l—dxa, a=1,...n—1, (36)
B=0

where £ is the algebraic multiplicity of .
Although Eq. 36 does not yield an upper bound similar to Eq. 33 for the peripheral multiplicity £p of ®, the
multiplicity £¢ of the eigenvalue 1o = 1, i.e. the number of steady states of ®, satisfies

by < d*—d, (37)

if @ is not trivial. The proof goes as follows: when £y = d? we have the identity channel, so suppose
lo=d*—d+ Nwitho< N <d-— 1. Then from Eq. 36 one gets

1 N
xa>EZZﬂxﬂ+g, a=1,...,n—1. (38)
p=1
Now, the right-hand side of Eq. 38 is the arithmetic mean of the set
S={X,+ s X ev s Xp—1s++sXn—1-1,...,1},
—— ~—_—— —— (39)
0 e N

therefore condition 38 is equivalent to require that all the elements of S exceed their arithmetic mean, which is
true if and only if N = 0 and

X1 =-=xp-1 =x€[-11), (40)

which concludes the proof of Eq. 37.
Furthermore, from Eq. 33 it follows that

0y < tp < d*—d, (41)

for non-unitary Markovian channels, viz. of the form ® = £ with £ non-Hamiltonian generator.

Now let us compare the bounds 33, 37, and 41 arising from the CKKS conjecture 32 discussed in the present
Section with the ones stated in Sect. “Bounds on the dimensions of the asymptotic manifolds”. First, the upper
bound 15 for €p is also valid for non-Markovian channels, differently from the bound 41 and, in the Markovian
case, it is stricter than Eq. 41 when d # 2. Analogously, the bound in Eq. 14 and the one for ¢, in Eq. 15 boil
down to Eq. 37 in the two-dimensional case, but they are stricter otherwise.

Similarly, the bounds 33 for mg and mp are not tight for alld > 3, whereas they are equivalent to condition 17
in the case d = 2. Consequently, the jump for mp is also predicted by the bound 33 but A = d, which is loose for
alld # 2. In conclusion, the bounds given in Theorems 1- 4 imply the bounds 33, 37, and 41 deriving from the
CKKS conjecture 32, in favor of the validity of the conjecture itself.

Proofs of Theorems 1-4

In this Section we will prove Theorems 1-4 stated in Sect. “Bounds on the dimensions of the asymptotic manifolds”

To this purpose, let us recall several preliminary concepts, besides the ones introduced in Sect. “Preliminaries”
First, given a quantum channel @, it always admits a Kraus representation,

N N
®(X) =) BXB], Y BlBi=1  withX e B(H), (42)
k=1 k=1
Scientific Reports|  (2024) 14:14366 | https://doi.org/10.1038/s41598-024-64040-5 nature portfolio



www.nature.com/scientificreports/

in terms of some operators {B; }N | C B(H). Note that the second equation in 42 expresses the trace-preservation
condition.

Let pg,a =0,...,n— 1, with ug =1 (g, =0,...,m — 1, with 19 = 0) denote the n (m) distinct
eigenvalues of @ (£). Let L, (M) be the algebraic eigenspace of @ (L) corresponding to the eigenvalue iy (Ao),
whose dimension is the algebraic multiplicity £, () of the eigenvalue. The attractor subspaces of ® and £ read

Attr(@) = @B Lo, (43)
o €D

Attr(L) = @D M, (44)
o €IR

whose dimensions are the peripheral multiplicities £p and mp of ® and £ defined in Egs. 11 and 13, respectively.
Let Fix(®) stand for the fixed-point space of ®, i.e.

Fix(®) = {A € B(H) : ®(A) = A}, (45)
and Fix(®*) indicate the fixed-point space of the dual ®* of ®, defined via
Tr(A®(B)) = Tr(®*(A)B), A, B e B(H). (46)

Note that ®* has the same eigenvalues with the same algebraic multiplicities of ®*. In addition, the spectral
projections P and Pp onto Fix(®) and Attr(P) are quantum channels themselves'?. Finally, let My = Ker(L)
be the kernel of £, given by

Ker(£) = {A € B(H) : L(A) = 0}. (47)

Before discussing the proofs of Theorems 1-4, we need a few preparatory results.

Consider A € B(H) with spectrum spect(A) = {ik}fc\’:l. If my, ny are the algebraic and geometric multiplicities
of the eigenvalue A, let dj,k with j=1,...,nrandk = 1,..., N indicate the dimension of the j-th Jordan block
corresponding to the eigenvalue A of the Jordan normal form J of A .

Proposition 5 (°*) Let A € B(H) with Jordan normal form ] € M 4(C). Then

N  my
A = dim{A}/ = Z Z SiZ’k’ (48)
k=1 i=1
where
Sik = I{]: L...,ng : dj,k = l}|, (49)

withi=1,...,mp,k =1,...,N and |I| being the cardinality of the set I.

Corollary 5.1 Let A € B(H) with A # cI, ¢ € C. Then
ca <d*—2d+2. (50)

In particular, the equality holds if and only if A is diagonalizable with spectrum spect(A) = {41, A2} having algebraic
multiplicitiesm) = landmy =d — L.

Proof By definition {si,k}:ﬂ‘l is a partition of my, so

N
ca <y mp (51)
k=1
where the equality holds if and only if A is diagonalizable, viz. my = ny for all k = 1,...,N. Now, by the
fundamental theorem of algebra®?, {mk}g:1 is a partition of d, consequently
CA < d2) (52)

where the equality holds if and only if A = cI,c € C. If A is a non-scalar matrix, then the maximum value
is attained when A is diagonalizable and has spectrum spect(A) = {41, 42} with multiplicities m; = 1 and
my = d — 1, and it reads

¢ = 2 pomd = d® —2d + 2, (53)

which concludes the proof. O

Let us now recall several known facts about open-system asymptotics. Let us start with the following
definition.
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Definition 6 (*) A quantum channel @ is said to be faithful if it admits an invertible steady state, i.e.
®(p) = p > 0invertible state.

The structure of the fixed-point space of the dual of a quantum channel is related to its Kraus operators in
the following way.
Proposition 7 ('%) Let ® be a quantum channel with Kraus operators B = {B, Bz}i‘lzl. Then
B’ C Fix(®*). (54)
Furthermore, if ® is faithful, then the equality holds in Eq. 54.

Let us now state the analogue of the latter result for GKLS generators, exploiting the representation 8.

Proposition 8 ('?) Let £ be a GKLS generator of the form 8 with A = {H, Ak,A};}ﬁ:ll. Then
A’ C Ker(L*), (55)
and the equality is satisfied if there exists an invertible state 0 < p € Ker(L).
Finally, the following proposition shows that we can reduce to faithful channels for the analysis of the fixed-
point space.
Proposition 9 ('?) Given a quantum channel ®, define the map @gp as
O(X) = poo(Xo) 0, X =Xo®0e B(Hop) &0, (56)
where Ho := supp(P (L)), i.e. the support space® of P(L). Then @y is a faithful quantum channel and
Fix(®) = Fix(¢go) @ 0, (57)
with Fix(¢qo) indicating the fixed-point space of ggo.
Now we are ready to prove Theorems 1-4.
Proof Theorem 1: Let® # 1be a unitary quantum channel with unitary U. Then it is easy to see from the spectral
decomposition of U that
= ),k)fg, k,t=1,...,d, (58)

where Ak, with k = 1,...,d are the (repeated) unimodular eigenvalues of U. Thus the maximum value of the
algebraic multiplicity £, of the eigenvalue 1 of ® is d? — 2d + 2, achieved when /; = - -+ = 41 # A4

The equality £p = d? is trivial because all the eigenvalues of a unitary channel are peripheral, as it is clear
from Eq. 58. d

Proof Theorem 2: First, let us prove that £y < d?> — 2d + 2 for any non-unitary channel. Let ® be a non-unitary
channel with Kraus operators B = {B, B,t}szl. In the faithful case, see Definition 6, by applying Corollary 5.1
and Proposition 7, we obtain

£y = dim Fix(®*) = dim B’ < d? — 2d + 2. (59)

If @ is not faithful, then we can define the faithful channel gg as in Eq. 56, therefore we have as a consequence
of Proposition 9

o = dim Fix(¢}y) = dim By < df < d* —2d + 2. (60)

where dy = dim Hy < d — 1and By = {Bok, Bg,k}&l is the system of Kraus operators of ¢go.
Let us now prove the analogous bound on the peripheral multiplicity £p of ®. Observe that the spectral
projection Pp of @ onto Attr(P) satisfies

Pp #1, (61)
because not all the eigenvalues of the non-unitary channel ® are peripheral. Indeed, Pp is a non-unitary channel
as Pp is non-invertible. Therefore, since the fixed-point space of Pp is Attr(®), it is sufficient to apply the
bound 60 to Pp. O
Proof Theorem 3: Let L be a non-zero Hamiltonian GKLS generator. Then it is straightforward to show that?’

de = —ilhy —he), kK L=1,....d, (62)
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where hg, with k = 1,.. ., d, are the (repeated) real eigenvalues of the Hamiltonian H. Therefore this implies
that the maximum value of the algebraic multiplicity g of the zero eigenvalue of £ is d*> — 2d + 2, obtained by
settinghy = hy = --- = hy_; # hy. The equality mp = d? follows immediately from Eq. 62. O

Proof Theorem 4: Let L be a non-Hamiltonian GKLS generator. The first inequality is trivial. Since
mp = dim Attr(®) = dim Attr(L), (63)

where Attr(®) is the attractor subspace of the non-unitary channel ® = e%, the second inequality follows from
Theorem 2. 0

Notice that the universal bounds given in Theorems 1-4 may also be proved by using the structure theorems
on the asymptotic evolution of quantum channels'>'.

Conclusions and outlooks

We found dimension-dependent sharp upper bounds on the number of independent steady states of non-trivial
unitary quantum channels and an analogous bound on the number of independent asymptotic states of non-
unitary channels. Moreover, similar sharp upper bounds on the number of independent steady and asymptotic
states of GKLS generators were also obtained. We further made a comparison of our bounds with similar ones
obtained from the CKKS conjecture 32 and 36.

Interestingly, the upper bound on the peripheral multiplicity of GKLS generators reveals that adding a
dissipative perturbation to an initially Hamiltonian generator causes a jump for the peripheral multiplicity across
a gap linearly depending on the dimension, and an analogous remark may be made for the peripheral multiplicity
£p of quantum channels on the basis of condition 15. These bounds provide the number of physical qubits needed
to implement quantum information gates within decoherence-free subspaces of a desired dimension.

These findings may be framed in a series of works, addressing the general spectral properties of open quantum
systems'>#136-%9 in particular Markovian ones, and can motivate further study of the spectral properties of
channels and generators, far from being completely understood. In particular, the bounds found in this Article
may be the consequence of a generalization of the CKKS bound 32 involving also the imaginary parts of the
eigenvalues of a GKLS generator. Moreover, structure theorems on the asymptotic dynamics'>!* may be employed
in order to find further constraints for the quantities studied in this work.

Data availibility
All data generated or analysed during this study are included in this article.

Received: 11 April 2024; Accepted: 4 June 2024
Published online: 22 June 2024

References

1. Haar, D. T. The Old Quantum Theory (Pergamon Press, Oxford, 1967).

2. Teschl, G. Mathematical Methods in Quantum Mechanics With Applications to Schrodinger Operators (American Mathematical
Society, Providence, 2014).

3. Breuer, H. P. & Petruccione, . The Theory of Open Quantum Systems (Oxford University Press, Oxford, 2002).

4. Baumgartner, B. & Narnhofer, H. Analysis of quantum semigroups with GKS-Lindblad generators: II. General. J. Phys. Math.
Theor. 41, 395303. https://doi.org/10.1088/1751-8113/41/39/395303 (2008).

5. Spohn, H. An algebraic condition for the approach to equilibrium of an open N-level system. Lett. Math. Phys. 2, 33. https://doi.
org/10.1007/BF00420668 (1977).

6. Frigerio, A. Stationary states of quantum dynamical semigroups. Commun. Math. Phys. 63, 269. https://doi.org/10.1007/BF011
96936 (1978).

7. Frigerio, A. & Verri, M. Long-time asymptotic properties of dynamical semigroups on W*-algebras. Math. Z. 180, 275. https://
doi.org/10.1007/BF01318911 (1982).

8. Spohn, H. Kinetic equations from Hamiltonian dynamics: Markovian limits. Rev. Mod. Phys. 52, 569. https://doi.org/10.1103/
RevModPhys.52.569 (1980).

9. Fagnola, F. & Rebolledo, R. On the existence of stationary states for quantum dynamical semigroups. J. Math. Phys. 42, 1296 https://
doi.org/10.1063/1.1340870 (2001).

10. Arias, A., Gheondea, A. & Gudder, S. Fixed points of quantum operations. J. Math. Phys. 43, 5872. https://doi.org/10.1063/1.15196
69 (2002).

11. Albert, V. V. & Jiang, L. Symmetries and conserved quantities in Lindblad master equations. Phys. Rev. A 89, 022118, https://doi.
org/10.1103/PhysRevA.89.022118 (2014).

12. Wolf, M. M. Quantum Channels & Operations: Guided tour. https://mediatum.ub.tum.de/node?id=1701036 (2012).

13. Nigro, D. On the uniqueness of the steady-state solution of the Lindblad-Gorini-Kossakowski-Sudarshan equation. J. Stat. Mech.
Theory Exp. 2019, 043202. https://doi.org/10.1088/1742-5468/ab0clc (2019).

14. Amato, D., Facchi, P. & Konderak, A. Asymptotics of quantum channels. J. Phys. A Math. Theor. 56, 265304. https://doi.org/10.
1088/1751-8121/acd828 (2023).

15. Amato, D., Facchi, P. & Konderak, A. Asymptotic dynamics of open quantum systems and modular theory. In Correggi, M., Falconi,
M. (eds) Quantum Mathematics II. INAAM 2022, Springer INAAM Series, vol. 58, 169-181, (2023) https://link.springer.com/chapt
er/10.1007/978-981-99-5884-9sps5.

16. Amato, D., Facchi, P. & Konderak, A. Decoherence-Free Algebras in Quantum Dynamics. arXiv:2403.12926 [quant-ph] (2024).

17. Yoshida, H. Uniqueness of steady states of Gorini-Kossakowski-Sudarshan-Lindblad equations: A simple proof. Phys. Rev. A 109,
022218. https://doi.org/10.1103/PhysRevA.109.022218 (2024).

18. Poyatos, J. E, Cirac, J. I. & Zoller, P. Quantum reservoir engineering with laser cooled trapped ions. Phys. Rev. Lett. 77, 4728. https://
doi.org/10.1103/PhysRevLett.77.4728 (1996).

Scientific Reports |

(2024) 14:14366 | https://doi.org/10.1038/541598-024-64040-5 nature portfolio


https://doi.org/10.1088/1751-8113/41/39/395303
https://doi.org/10.1007/BF00420668
https://doi.org/10.1007/BF00420668
https://doi.org/10.1007/BF01196936
https://doi.org/10.1007/BF01196936
https://doi.org/10.1007/BF01318911
https://doi.org/10.1007/BF01318911
https://doi.org/10.1103/RevModPhys.52.569
https://doi.org/10.1103/RevModPhys.52.569
https://doi.org/10.1063/1.1340870
https://doi.org/10.1063/1.1340870
https://doi.org/10.1063/1.1519669
https://doi.org/10.1063/1.1519669
https://doi.org/10.1103/PhysRevA.89.022118
https://doi.org/10.1103/PhysRevA.89.022118
https://mediatum.ub.tum.de/node?id=1701036
https://doi.org/10.1088/1742-5468/ab0c1c
https://doi.org/10.1088/1751-8121/acd828
https://doi.org/10.1088/1751-8121/acd828
https://link.springer.com/chapter/10.1007/978-981-99-5884-9sps5
https://link.springer.com/chapter/10.1007/978-981-99-5884-9sps5
http://arxiv.org/abs/2403.12926
https://doi.org/10.1103/PhysRevA.109.022218
https://doi.org/10.1103/PhysRevLett.77.4728
https://doi.org/10.1103/PhysRevLett.77.4728

www.nature.com/scientificreports/

19. Verstraete, E, Wolf, M. M. & Cirac, J. I. Quantum computation and quantum-state engineering driven by dissipation. Nature Phys.
5, 633. https://doi.org/10.1038/nphys1342 (2009).

20. Pastawski, E, Clemente, L. & Cirac, J. I. Quantum memories based on engineered dissipation. Phys. Rev. A 83, 012304. https://doi.
0rg/10.1103/PhysRevA.83.012304 (2011).

21. Stérba, D., Novotny, J. & Jex, I. Asymptotic phase-locking and synchronization in two-qubit systems. J. Phys. Commun. 7, 045003.
https://iopscience.iop.org/article/10.1088/2399-6528/acc0 (2023).

22. Albert, V. V. Lindbladians with Multiple Steady States: Theory and Applications. Ph.D. thesis, Yale University (2017).

23. Zanardi, P. & Rasetti, M. Noiseless quantum codes. Phys. Rev. Lett. 79, 3306. https://doi.org/10.1103/PhysRevLett.79.3306 (1997).

24. Lidar, D. A, Chuang, I. L. & Whaley, K. B. Decoherence-free subspaces for quantum computation. Phys. Rev. Lett. 81, 2594. https://
doi.org/10.1103/PhysRevLett.81.2594 (1998).

25. Zanardi, P. & Campos Venuti, L. Coherent quantum dynamics in steady-state manifolds of strongly dissipative systems. Phys. Rev.
Lett. 113, 240406. https://doi.org/10.1103/PhysRevLett.113.240406 (2014).

26. Zanardi, P. & Campos Venuti, L. Geometry, robustness, and emerging unitarity in dissipation-projected dynamics. Phys. Rev. A
91, 052324. https://doi.org/10.1103/PhysRevA.91.052324 (2015).

27. Burgarth, D., Facchi, P, Nakazato, H., Pascazio, S. & Yuasa, K. Generalized adiabatic theorem and strong-coupling limits. Quantum
3, 152. https://doi.org/10.22331/q-2019-06-12-152 (2019).

28. Viola, L. et al. Experimental realization of noiseless subsystems for quantum information processing. Science 293, 2059. https://
doi.org/10.1126/science.1064460 (2001).

29. Kwiat, G., Berglund, A. J., Altepeter, J. B. & White, A. G. Experimental verification of decoherence-free subspaces. Science 290,
498. https://doi.org/10.1126/science.290.5491.498 (2000).

30. Campos Venuti, L., Ma, Z., Saleur, H. & Haas, S. Topological protection of coherence in a dissipative environment. Phys. Rev. A
96, 053858. https://doi.org/10.1103/PhysRevA.96.053858 (2017).

31. Yao, Y., Schlémer, H., Ma, Z., Campos Venuti, L. & Haas, S. Topological protection of coherence in disordered open quantum
systems. Phys. Rev. A 104, 012216. https://doi.org/10.1103/PhysRevA.104.012216 (2021).

32. Fitzpatrick, M., Sundaresan, N. M., Li, A. C. Y., Koch, J. & Houck, A. A. Observation of a dissipative phase transition in a one-
dimensional circuit QED lattice. Phys. Rev. X 7, 011016. https://doi.org/10.1103/PhysRevX.7.011016 (2017).

33. Casteels, W., Fazio, R. & Ciuti, C. Critical dynamical properties of a first-order dissipative phase transition. Phys. Rev. A 95,
012128. https://doi.org/10.1103/PhysRevA.95.012128 (2017).

34. Biella, A., Mazza, L., Carusotto, I, Rossini, D. & Fazio, R. Photon transport in a dissipative chain of nonlinear cavities. Phys. Rev.
A 91, 053815. https://doi.org/10.1103/PhysRevA.91.053815 (2015).

35. Debnath, K., Mascarenhas, E. & Savona, V. Nonequilibrium photonic transport and phase transition in an array of optical cavities.
New J. Phys. 19, 115006. https://doi.org/10.1088/1367-2630/aa969e (2017).

36. Benatti, E, Floreanini, R. & Memarzadeh, L. Bath-assisted transport in a three-site spin chain: Global versus local approach. Phys.
Rev. A 102, 042219. https://doi.org/10.1103/PhysRevA.102.042219 (2020).

37. Benatti, F, Floreanini, R. & Memarzadeh, L. Exact steady state of the open XX-spin chain: Entanglement and transport properties.
PRX Quantum 2, 030344. https://doi.org/10.1103/PRXQuantum.2.030344 (2021).

38. Hopfield, J. J. Neural networks and physical systems with emergent collective computational abilities. Proc. Natl. Acad. Sci. USA
79, 2554-2558. https://www.pnas.org/doi/abs/10.1073/pnas.79.8.2 554 (1982).

39. Lewenstein, M. et al. Storage capacity and learning capability of quantum neural networks. Quantum Sci. Technol. 6, 045002.
https://doi.org/10.1088/2058-9565/ac070f (2021).

40. Lewenstein, M. et al. Corrigendum: Storage capacity and learning capability of quantum neural networks. Quantum Sci. Technol.
7,029502. https://doi.org/10.1088/2058-9565/ac419f (2022).

41. Chruscinski, D., Kimura, G., Kossakowski, A. & Shishido, Y. Universal constraint for relaxation rates for quantum dynamical
semigroup. Phys. Rev. Lett. 127, 050401. https://doi.org/10.1103/PhysRevLett.127.050401 (2021).

42. Heinosaari, T. & Ziman, M. The Mathematical Language of Quantum Theory: From Uncertainty to Entanglement (Cambridge
University Press, Cambridge, 2012).

43. Horn, R. A. & Johnson, C. R. Matrix Analysis (Cambridge University Press, Cambridge, 2012).

44. Albert, V. V. Asymptotics of quantum channels: Conserved quantities, an adiabatic limit, and matrix product states. Quantum 3,
151. https://doi.org/10.22331/q-2019-06-06-151 (2019).

45. Novotny, J., Alber, G. & Jex, I. Asymptotic properties of quantum Markov chains. J. Phys. A Math. Theor. 45, 485301. https://doi.
org/10.1088/1751-8113/45/48/485301 (2012).

46. Novotny, J., Maryska, J. & Jex, I. Quantum Markov processes: From attractor structure to explicit forms of asymptotic states. Eur.
Phys. J. Plus 133, 310. https://doi.org/10.1140/epjp/i2018-12109-8 (2018).

47. Gorini, V., Kossakowski, A. & Sudarshan, E. C. G. Completely positive dynamical semigroups of N-level systems. J. Math. Phys.
17, 821. https://doi.org/10.1063/1.522979 (1976).

48. Lindblad, G. On the generators of quantum dynamical semigroups. Commun. Math. Phys. 48, 119. https://doi.org/10.1007/BF016
08499 (1976).

49. Alicki, R. & Lendi, K. Quantum Dynamical Semigroups and Applications (Springer-Verlag, Berlin Heidelberg, 2007).

50. Kimura, G., Ajisaka, S. & Watanabe, K. Universal constraints on relaxation times for d-level GKLS master equations. Open. Syst.
Inf. Dyn. 24, 1740009. https://doi.org/10.1142/S1230161217400091 (2017).

51. Chruscinski, D., Fujii, R., Kimura, G. & Ohno, H. Constraints for the spectra of generators of quantum dynamical semigroups.
Linear Algebra Appl. 630, 293. https://doi.org/10.1016/j.1aa.2021.08.012 (2021).

52. Abragam, A. Principles of Nuclear Magnetism (Oxford University Press, New York, 1961).

53. Slichter, C. P. Principles of Magnetic Resonance (Springer-Verlag, New York, 1990).

54. Kato, T. Perturbation Theory for Linear Operators (Springer-Verlag, Berlin Heidelberg, 1995).

55. Humphreys, J. E. Conjugacy Classes in Semisimple Algebraic Groups (American Mathematical Society, Providence, 1995).

56. Minganti, E, Biella, A., Bartolo, N. & Ciuti, C. Spectral theory of Liouvillians for dissipative phase transitions. Phys. Rev. A 98,
042118. https://doi.org/10.1103/PhysRevA.98.042118 (2018).

57. Denisov, S., Laptyeva, T., Tarnowski, W., Chruscinski, D. & Zyczkowski, K. Universal spectra of random Lindblad operators. Phys.
Rev. Lett. 123, 140403. https://doi.org/10.1103/PhysRevLett.123.140403 (2019).

58. Kukulski, R., Nechita, 1., Pawela, £, Puchala, Z. & Zyczkowski, K. Generating random quantum channels. J. Math. Phys. 62,
062201. https://doi.org/10.1063/5.0038838 (2021).

59. Tarnowski, W. et al. Random generators of Markovian evolution: A quantum-classical transition by superdecoherence. Phys. Rev.
E 104, 034118. https://doi.org/10.1103/PhysRevE.104.034118 (2021).

Acknowledgements

This work was supported by Regione Puglia and QuantERA ERA-NET Cofund in Quantum Technologies (Grant
No. 731473), project PACE-IN. We acknowledge the partial support by Istituto Nazionale di Fisica Nucleare
(INFN) through the project “QUANTUM”, by PNRR MUR Project PE0000023-NQSTI, by the Italian National
Group of Mathematical Physics (GNFM-INdAM), and by the Italian funding within the “Budget MUR -

Scientific Reports|  (2024) 14:14366 | https://doi.org/10.1038/s41598-024-64040-5 nature portfolio


https://doi.org/10.1038/nphys1342
https://doi.org/10.1103/PhysRevA.83.012304
https://doi.org/10.1103/PhysRevA.83.012304
https://iopscience.iop.org/article/10.1088/2399-6528/acc0
https://doi.org/10.1103/PhysRevLett.79.3306
https://doi.org/10.1103/PhysRevLett.81.2594
https://doi.org/10.1103/PhysRevLett.81.2594
https://doi.org/10.1103/PhysRevLett.113.240406
https://doi.org/10.1103/PhysRevA.91.052324
https://doi.org/10.22331/q-2019-06-12-152
https://doi.org/10.1126/science.1064460
https://doi.org/10.1126/science.1064460
https://doi.org/10.1126/science.290.5491.498
https://doi.org/10.1103/PhysRevA.96.053858
https://doi.org/10.1103/PhysRevA.104.012216
https://doi.org/10.1103/PhysRevX.7.011016
https://doi.org/10.1103/PhysRevA.95.012128
https://doi.org/10.1103/PhysRevA.91.053815
https://doi.org/10.1088/1367-2630/aa969e
https://doi.org/10.1103/PhysRevA.102.042219
https://doi.org/10.1103/PRXQuantum.2.030344
https://www.pnas.org/doi/abs/10.1073/pnas.79.8.2 554
https://doi.org/10.1088/2058-9565/ac070f
https://doi.org/10.1088/2058-9565/ac419f
https://doi.org/10.1103/PhysRevLett.127.050401
https://doi.org/10.22331/q-2019-06-06-151
https://doi.org/10.1088/1751-8113/45/48/485301
https://doi.org/10.1088/1751-8113/45/48/485301
https://doi.org/10.1140/epjp/i2018-12109-8
https://doi.org/10.1063/1.522979
https://doi.org/10.1007/BF01608499
https://doi.org/10.1007/BF01608499
https://doi.org/10.1142/S1230161217400091
https://doi.org/10.1016/j.laa.2021.08.012
https://doi.org/10.1103/PhysRevA.98.042118
https://doi.org/10.1103/PhysRevLett.123.140403
https://doi.org/10.1063/5.0038838
https://doi.org/10.1103/PhysRevE.104.034118

www.nature.com/scientificreports/

Dipartimenti di Eccellenza 2023-2027” (Law 232, 11 December 2016) - Quantum Sensing and Modelling for
One-Health (QuaSiModO).

Author contributions
D.A. contributed to the conceptualization, investigation, methodology, and the writing of the manuscript. PE
contributed to the conceptualization, investigation, methodology, and the writing of the manuscript.

Competing interests
The authors declare no competing interests.

Additional information
Correspondence and requests for materials should be addressed to D.A.

Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the
Creative Commons licence, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2024

Scientific Reports|  (2024) 14:14366 | https://doi.org/10.1038/s41598-024-64040-5 nature portfolio


www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Number of steady states of quantum evolutions
	Preliminaries
	Bounds on the dimensions of the asymptotic manifolds
	Sharpness of the bounds
	Relation with the Chruściński–Kimura–Kossakowski–Shishido bound
	Proofs of Theorems 1–4
	Conclusions and outlooks
	References
	Acknowledgements


